Chapter 7

Various Types of Somewhat Functions Using 8 P¢-Open Sets

7.1 Introduction

Gentry introduced and studied the concept of somewhat continuous and somewhat open
functions in the year 1971. These ideas are closely related to weakly equivalent topologies
which was first introduced in 2010. Benchalli and Priyanka introduced somewhat b-
continuous and somewhat b-open functions in topological spaces. Inspired with these
developments, in this chapter we introduced somewhat §Pg-continuous, somewhat almost
& Pg-continuous, somewhat &Pg-irresolute, somewhat §Ps-open and somewhat almost §Ps-
open functions. These findings result in procuring several characterizations, properties and

interrelations with other types of functions.

7.2 Somewhat 8P s-Continuous Functions
Definition 7.2.1. A function £ is said to be somewhat §Pg-continuous if for U € ¢ and
f~1(U) # 0, there exists a non-empty §Pg-open set V in (X, t) such that V < f~1(U).

The following two examples are established to show the existence of somewhat §Ps-
continuous function, and not all functions are somewhat §Ps-continuous.
Example 7.2.2. Let X =Y = {a, b, c} with 7 = {X, 0, {a},{a, b}, {a,c}}and 0 =
{v,0,{a},{a b}}. Let f: (X,7) = (Y,0) bedefined by f(a) = a, f(b) = a, f(c) = b. Then
f is somewhat §Ps-continuous.
Example 7.2.3. Let X =Y = {a, b, c} with 7 = {X, 0,{a},{a, b}, {a,c}}and 0 =
{v,0,{a},{a,b}}. Let f: (X,7) - (Y, 0) be the identity functions. Then f is not somewhat
& Pg-continuous.
Proposition 7.2.4. Every §Ps-continuous function is somewhat §Pg-continuous function.
Proof. Let f: (X,7) = (Y, o) be §Ps-continuous. Let x € X and U € ¢ and f~1(U) # 0.
Therefore, there exists x € f~1(U) = @ = f(x) € U. Since f is §Ps-continuous, there exists
a 8Pg-open set V in (X, ) suchthat f(V) € U = V € f~1(U). Hence f is somewhat §Ps-
continuous.
Remark 7.2.5. The converse of above proposition is not true, in general.

The following example exhibits somewhat-§Ps-continuous function need not be §P-
continuous.
Example 7.2.6. Let X = {a,b,c}and Y = {a, b,c,d} witht = {X,0,{a}} and o =
{v,0,{a},{c},{a,b},{a,c},{a,b,c},{a, c d}} Let f:(X,T) » (Y,0) be defined by f(a) =
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d,f(b) =b,f(c) =c, then f~H(a) = B,f(c) ={c}, f'(ab) ={b},f(ac) =

{c}, f~Y(a,b,c) ={b,c}, f1(a,c,d) = {a,c}. Here, f is somewhat §Ps-continuous. Since
5Ps0(X) = {X,®,{b},{c},{b, c}} but not §P-continuous as f ~1(a, c,d) is not §Ps-open.
Note 7.2.7. The composition of two somewhat §Pg-continuous functions need not be
somewhat §Ps-continuous functions. In general, which is shown in the following example.
Example 7.2.8. Let X =Y = Z = {a, b, c} with t = {X, @, {a}, {a, b}, {a,c}}, 0 =
{v,0,{a},{a,b}} and n = {Z,®,{a}, {a, b}} Let f: (X,7) > (Y, 0) be defined by f(a) =
b,f(b) =a,f(c) =aand g(a) = b,g(b) = a,g(c) = a. Then the functions

f and g are somewhat & Pg-continuous but their composition g o f: (X, t) = (Z,n) is not
somewhat & Pg-continuous. Since there exists no §Ps0 (X, t) contained in (g o f) " {a} =
{a}.

Proposition 7.2.9. If f is somewhat & Ps-continuous and g is continuous, then g o f'is
somewhat §Ps-continuous.

Proof. Let f: (X,7) — (Y, g) be a somewhat § Pg-continuous function and g: (Y, o) = (Z,n)
be a g-continuous function. Let U be open in (Z,n) then g~1(U) is open in (Y, o) since g is
complete continuous. Since f is somewhat §Pg-continuous, f~1(g~1(U)) will contain a non-
empty 8 Pg-open set in (X, 7). Therefore g o f is somewhat &§Pg-continuous.

Corollary 7.2.10. If f is somewhat §Pg-continuous and g is super continuous (resp.,
complete continuous), then g o f is somewhat § Ps-continuous.

Proof. Follows from the definition of super continuity (resp., complete continuity) and every
&-open set (resp., regular open) is open. The proof follows as in Proposition 7.2.9.
Proposition 7.2.11. A subset A of (X, 1) is §Ps-dense in (X, ) if there is no proper §Ps-
closed set C in (X,t) suchthat A € C € X.

Proof. Suppose there exists C, §Ps-closed setin X suchthat Ac C € X —» 1)
Since A is §Pg-dense, 6P ClL(A) = X.

6Pscl(A) =N {M|A € M and M is §Ps-closed in X}
(1) and (2) = C is one set in the above intersection. Therefore §Pscl(A) < C,
XclC=>C=X.

)

Theorem 7.2.12. For a surjective function f, the following statements are equivalent:
a) f is somewhat §Pg-continuous.
b) If C is a closed subset of (Y, ) such that f~1(C) # X, then there is a proper &Ps-
closed subset D of (X, 7) such that f~1(C) € D.(Equivalently, if C is an open
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subset of (Y, o) such that f~1(C) # X, then there exists a proper &§Ps-open subset
D of (X, ) such that f~1(C) € D).

C) If A is a 6Pg-dense subset of (X, 7), then f(A) is a dense subset of (Y, o).
Proof. (a) = (b) Let C be a closed subset of (Y, o) such that f~1(C) # X. Then Y\C is an
open set Y such that f~1(Y\C) = X\f1(C) # 0. By (a), there exists a non-empty subset
U € 6Ps0(X,t)suchthat U = @ and U < f~1(Y\C) = X\f~1(C). This means that
f~1(C) € X\U and X\U = D is a proper §Ps-closed set in (X, 7).
(b) = (a) Let U € g and f~1(U) # @ then Y\U is closed and f~1(Y\U) = X\f1(U) # X.
By (b), there exists a proper §Pg-closed set D such that f~1(Y\U) € D, X\f~*(U) € D.
This implies that X\D € f~1(U) and X\D is §Pg-open and X\D # @.
(b) = (c) Let A be a §Ps-dense set in (X, 7). Suppose that f(A) is not dense in Y. Then
there exists a proper closed set C in Y such that f(4) € € €Y. Clearly f~1(C) # X. By (b),
there exists a proper §Ps-closed set D such that A € f~1(C) € D € X. This is a contradiction
to the fact that A is §Ps-dense in (X, 7).
(c) = (b) Suppose (b) is not true there exists a closed set € in Y such that f~1(C) # X but
there is no proper §Ps-closed set D in (X, 7) such that f~1(C) € D. This means that f~1(C)
is 8Pg-dense in (X, 7). But by (c), f(f ~1(C)) = C must be dense in Y, which is a
contradiction to the choice of C.
Definition 7.2.13. If X is a set and t and o are topologies on X, then t is said to be §P;-
equivalent to o provided if U € o and U # @, then there is a non-empty §Ps-open set V in
(X,r)andV C U.
Proposition 7.2.14. Let X be a set, t and o are 6 Ps -equivalent topologies on X. When f is
identity then f: (X,7) = (Y,0) and f~1: (Y, o) - (X, t) are somewhat §Pg-continuous.
Conversely, if the identity function f is somewhat §Ps-continuous in both directions, then T
and o are § Pg-equivalent.
Proof. Let T and ¢ be two §Ps -equivalent topologies on X. Let f: (X,t) = (Y,0) bean
identity function. Then foranopenset CinY, f~1(C) = Cin (X,7) suchthatD € C =
f~1(C). By Theorem 7.2.12, f is somewhat § Pg continuous function.
Conversely, Retracing the steps the converse can be proved.
Proposition 7.2.15. Let f: (X, 7) = (Y, 0) be a surjective somewhat §Ps -continuous function
and T be a topology for X, which is §Ps-equivalent to 7. Then f: (X,7*) = (Y, o) is

somewhat §Ps-continuous.
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Proof. Let V € o such that f~1(V) # @. Since f: (X,7) = (Y, 0) is somewhat §Ps-
continuous, there exists a non-empty §Ps-open set U in (X, t) suchthat U € f~1(V). But by
hypothesis, 7* is § Ps-equivalent to t. Therefore, there exists a §Pg-open set U* € (X, 7") such
that U* € U. But U € f~1(V) then U* € f~1(V), hence f: (X,t*) — (Y, o) is somewhat 5P
-continuous.

Proposition 7.2.16. Let f: (X,7) = (Y, 0) be a surjective somewhat §Ps-continuous function
and ¢* be a topology for Y, which is equivalent to . Then f: (X,7) = (Y,0™) is somewhat
& Pg -continuous.

Proof. Let V* € ¢* such that f~1(V*) # @. Since ¢* is equivalent to o, there exists a non-
empty open set V in (Y, 0) such that V < V. Now @ # f1(V) < f*(V"). Since f: (X, 1) =

(Y, o) issomewhat §Pg -continuous, there exists a non-empty §Ps -open set U in (X, 1) such
that U € f~1(V). Then U < f~1(V*), hence f: (X,1) = (Y,c") is somewhat §Pg-

continuous.
7.3 Somewhat Almost §Ps- Continuous Functions

Definition 7.3.1. A function f is said to be somewhat almost 6 Pg-continuous if for every
U € 6PO(Y,o0) and f~1(U) # @ there exists a non-empty V € §P;0(X, 1) such that V = @
andV < fF~1(U).

Proposition 7.3.2. Every somewhat almost § Ps-continuous function is a somewhat 6 Ps-
continuous.

Proof. Let f: (X,7) = (Y, o) is a somewhat almost § Ps-continuous. Consider U € o such
that f~1(U) # @. Then U € §P0O (o). Since f is somewhat almost §Ps-continuous there
exists a §Ps-open set V in (X, 1) such thatV € f~1(U).

= f is somewhat § Ps-continuous.

Example 7.3.3. Let X =Y = {a,b,c} with = {X,0,{a, b}},0 = {¥,0,{a}} and f: (X,T) -
(Y,o0) such that f(a) = b, f(b) = cand f(c) = a. Then §P;0(7) = {X, @, {c}} and
SPO(X,t) = P(X). Hence f is somewhat 6P but not somewhat almost §Pg-continuous.
Remark 7.3.4. 5P continuous and somewhat almost § Ps-continuous are independent.

The following examples show that both are independent.

Example 7.3.5. Let X, Y, t,0 and f be as in Example 7.3.3. It is § Pg-continuous but not
somewhat almost § Pg-continuous.

Example 7.3.6. Let X = {a,b,c},Y = {a, b, c,d} with T = {X, @, {b}} and
o=Y,0,{a},{c},{a,b},{a,c},{ab,c},{acd}}and PO(Y) =0,and f: (X,7) =
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(Y,0),f(a) =a,f(b) =band f(c) = cThen f is somewhat almost § Ps-continuous but not

& Pg-continuous.

Proposition 7.3.7. The composition of two somewhat almost § Pg-continuous functions is

somewhat almost & Ps-continuous.

Proof. Let f: (X,7) = (Y,0) and g: (Y, o) — (Z,n) be somewhat almost § Pg-continuous. Let

U € 6PO(Z,n)suchthat (go f)"IU =0 = f (g t(U)) = 0 = g 1 (U) # @. Since g is

somewhat almost § Ps-continuous, there exists a non-empty V € §P;0(Y, o) such that V # @

and V < g~1(U). Since every 6Ps-open set is §P-open set, we get V € §PO(Y, o) and since

f is somewhat almost § Ps-continuous, there exists W € 6P;0(X,t)and W # @and W <

) = Y g7t (W)) = (g ° £)"1(U). Hence g o f is somewhat almost §Ps-continuous.

Remark 7.3.8. If f is somewhat almost § Pg-continuous and g is §*-continuous, then g o f is

somewhat almost & Pg-continuous.

Proof. Since g is an §* almost continuous functions, by Theorem 5.2.7(b) for every §Ps-open

setof V, g~ 1(V) is 6Ps-open in (Y, o). Now f is somewhat almost § Pg-continuous implies

there exists a §Ps-open set U in (X, 7) suchthat U < f~1(g~1(V)) = (g  f)~1(V). Hence

g ° f is somewhat almost § Pscontinuous function.

Proposition 7.3.9. If f: (X, t) = (Y, 0) is somewhat almost § Pg-continuous and g: (Y, o) —

(Z,m) is pre-irresolute, then g o f: (X, t) = (Y, 0) is somewhat almost § Pg-continuous

function.

Proof. Since §PO(Y,0) = PO(Y,ds) and 6PO(Z,n) = PO(Z,ng) by Lemma 1.1.21(b) and g

is pre-irresolute, we get for every V € 6P0O(Z,n), g~ *(V) € §PO(Y,o). Now f is somewhat

almost §Ps-continuous function and hence f~1(g~1(V) contains a §Ps-open set W in (X, 1)

(i)W S (gof) X(V) = g o f is somewhat almost §Ps- continuous function.

Theorem 7.3.10. For a surjective function f, the following statements are equivalent:

(@) f is somewhat almost § Pscontinuous.

(b) If C is a 5-semi closed subset in (Y, o) such that f~1(C) # X, then there is a non-empty
D € 6P;C(X,7) and f~1(C) € D.

(c) If Alisa §Ps-dense subset of (X, 1), then f(A) is a 6P-dense subset of (Y, ).

Proof. (a) = (b) Let C be a §-preclosed subset of (Y, o) such that f~1(C) # X. Then Y\ C is

a §-preopen set in (Y, o) such that f~1(Y\C) = X\f~1(C) # @. By (a), there exists a non-

empty V € §P;0(X,7) and V € f~1(Y\C) = X\f~1(C). Thus, f~1(C) € X\V and X\V =

D is a proper §Ps-closed set in (X, 7).
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(b) = (a) Let U € 6PO(Y,0) and f~1(U) # @ then Y\U € §PC(Y,0) and f~1(Y\U) =
X\f~1(U) # X. By (b), there exists a proper D € §PsC(X,t) such that f~1(Y\U)D. This
implies that X\D < f~1(U) and X\D is §Ps-open and X\D # 0.

(b) = (c) Let A be a §Ps-dense set in (X, 7). Suppose that f(A) is not §Pg-dense in (Y, o).
Then there exists a proper subset C e 8PC(Y, o) such that f(A) € C € Y. Clearly f*(C) # X.
By (b), there exists a proper subset D € §PsC(X,7) suchthat A € f~1(C) € D € X. Thisisa
contradiction to the fact that A is §Ps-dense in (X, 7).

(c) = (b) Suppose (b) is not true there exists C € SPC(Y, o) such that f~1 (C) # X but there
is no proper subset D € §PsC(X, t) such that f~1(C) € D. Thus f~1(C) is §Pg-dense in

(X, 7). But by (c), f(f_l(C)) = C is 6P-dense in (Y, o), which contradicts the choice of C.
Proposition 7.3.11. Let f be a function and X = AUB, where A, B € RO(X, t). Then, if the
restriction functions f|a and f|g are somewhat almost &Pg-continuous, then f is somewhat
almost & Ps-continuous.

Proof. Let U e 8PO(Y, o) such that f~1(U) # @. Then (f|a)™*(U) # @ or (flz)™*(U) # @ or both
(fla) *(U) 0 and (flg) *(U) # @. Suppose (fla) ™ (U) # @, since f|a is somewhat almost §P;-
continuous, there exists a §Pg-open set V in A such that V # @ and V € (fla) ™ (U) Sf*(U).
Since V is §Ps-open in A and A is Regular open in (X, 1), V is § Pg-open in (X, 1), by
Proposition 2.2.15. Thus, f is somewhat almost §Ps-continuous.

The proof of other cases is similar.

Proposition 7.3.12. Let f: (X, 1) = (Y, o) be a somewhat almost § Ps-continuous surjective
and T be a topology for X, which is §Ps-equivalent to 7. Then f: (X, T ) — (Y, o) is
somewhat almost § Ps-continuous.

Proof. Let V € §PO(o) such that (V) # @. Since f is somewhat almost §Ps-continuous,
there exists a non-empty §Ps-open set U in (X, 1) such that U € f~(V). But by hypothesis T
is §Ps-equivalent to t. Therefore, there exists U € §P;O (X, T ) such that U” < U. But

Uc (V) then U* € f~1(V), hence f: (X,t*) = (Y, 0) is somewhat almost §Ps-

continuous.

Definition 7.3.13. If X is a set and T and T are topologies on X, then 7 is said to be
d-pre-equivalent to t provided if U € 5PO(X, 1) and U = @ then there exists U"e §PO(X, t)
such that U" = @ and U" € U and if U € SPO(X, t) and U # @ then there exists V € SPO(X,
T)suchthat V=@ and U o V.
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Proposition 7.3.14. Let f: (X, t) = (Y, ) be a somewhat almost § Ps-continuous surjective
and ¢~ be a topology for Y, which is 8-pre-equivalent to 6. Then f: (X, 1) — (Y, 6 ) is
somewhat almost § Ps -continuous.

Proof. Let V'€ 8PO(Y, o) such that (V") # @. Since 6~ is 3-pre-equivalent to o, there
exists a non-empty 8-preopen set V in (Y, o) such that VEV". Now @ # f~1(V) € f~1(V").
Since f is somewhat almost § Ps-continuous, there exists a non-empty §Pg-open set U in (X,
t)such that U € f~1(V). Then U € f~1(V*), hence f: (X,t) — (Y, ™) is somewhat almost
& Pg-continuous.

7.4 Somewhat 8Py - Irresolute Functions

Definition 7.4.1. A function f: (X,t) — (Y, 0) is said to be somewhat §Pg-irresolute if for

U € 6P;0 (Y, o) and f*(U) # @, there exists a non-empty 6Ps-open set V in (X, t) such that

V c f1().

Example 7.4.2. Let X =Y = {a,b,c} witht= {X, @, {a,b}} and 6 = {Y, @, {a}, {a,b}, {a,c}}.

Let f: (X,7) = (Y, 0) be the identity function. Then f is somewhat &§Pg-irresolute but not

somewhat irresolute as for the semi open set {a} in (Y, o), f{a} = {a} doesn’t contain any

non-empty semiopen set in (X, 1).

Example 7.4.3. Let X =Y = {a,b,c} with t= {X, @,{a},{b},{a,b}} and 6 = {Y, 0, {a}, {a,b},

{a,c}}. Let f: (X, 1) = (Y,0) be defined by f(a) = b, f(b) = c, f(c) = a. Then fis not

somewhat §Ps-irresolute as f*{a} = {c} contains no non-empty 8Ps-open set in (X, 1), but f is

somewhat irresolute.

Proposition 7.4.4. If f and g are somewhat §Ps-irresolute functions from f: (X,7) — (Y, o)

and g: (Y,0) = (Z,n) then g o f is §Ps-irresolute.

Proof. Let W € (Z,7n) be in §PsO(n). Then, since g is somewhat §Ps-irresolute then there

exists V € §Ps0 (o) such that V € g~1(W). Since f is somewhat §Ps-irresolute there exists

U € §P;0(7) such that U < f~1(V).

=UCSfrMcf g7 W)=(gNTW)

~ g o f is somewhat §Ps-irresolute.

Theorem 7.4.5. For a surjective function f, the following statements are equivalent:

(a) fisasomewhat §Ps-irresolute function.

(b) If Cisa 8Ps-closed subset of (Y, o) such that f(C) # X, then there is a proper §Ps-closed
subset D of (X, 1) such that f*(C) € D.

(c) If Alisa dPs-dense subset of (X, 1), then f(A) is a §Pg-dense subset of (Y, o).
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Proof. (a) = (b) Let C be a §P;-closed subset of (Y, o) such that f(C) # X. Then Y \C is a
8Ps-open set in (Y, o) such that (Y \ C) = X \ f1(C) # @. By (a), there exists a non-empty
8Ps-open set V in (X, 1) and VE (Y \ C) = X \ f}(C). This means that f*(C) < X \V and
X\V =D s a proper §Ps-closed set in (X, 1).

(b) = (a) Let U € 6P;0(Y, o) and £(U) # @ then Y \ U is 8P -closed and f*(Y \ U) =

X\ fY(U) # X. By (b), there exists a proper §Ps-closed set D such that f*(Y \ U) €D. This
implies that X \ D € f*(U) and X \ D is §Ps-open in (X, ) and X \ D # @.

(b) = (c) Let A be a §Ps-dense set in (X, 7). Suppose that f(A) is not §Pg-dense in (Y, o).
Then there exists a proper §Ps-closed set C in (Y, o) such that f(A) € C € Y. Clearly f*(C) #
X. By (b), there exists a proper §Ps-closed set D such that A €f*(C) € D € X. This is a
contradiction to the fact that A is §Ps-dense in (X, 7).

(c) = (b) Suppose (b) is not true, there exists a §Ps-closed set C in (Y, o) such that f(C) # X
but there is no proper §Ps-closed set D in (X, 1) such that f*(C) € D. This means that f*(C) is
8Ps-dense in (X, 7). But by (c), f(f*(C)) = C must be §Ps-dense in (Y, o), which is a
contradiction to the choice of C.

Proposition 7.4.6. Let f be a function and X = AUB, where A, B € RO(X, 1). Then, if the
restriction functions fla: (A; t|a) — (Y, o) and flg: (B; 1|s) — (Y, o) are somewhat §Pg-
irresolute, then f is a somewhat §Ps-irresolute function.

Proof. Let UE §P5O(Y, o) such that £(U) # @. Then (f|a)™(U) # @ or (fls)(U) # @ or both
(fla) (U) # @ and (f|lz)™(U) # @. Suppose (f|a) (U) # @, since f|a is somewhat §Ps-irresolute,
there exists a §Pg-open set V in A such that V # @ and V € (f]a)™(U) € f}(U). Since A is
regular open in (X, 1) and V is § Ps-open in (X, ), by Proposition 2.2.15. Thus, f is somewhat
& Pg-irresolute.

The proof of other cases is similar.

Proposition 7.4.7. If f is the identity function on a set X. The two topologies on X, t and ¢
are 8Ps-equivalent. Then f and f* are somewhat §Ps-irresolute functions. Conversely, if the
identity function is somewhat §Ps irresolute in both directions, then t and ¢ are §P-
equivalent.

Proof. Let T and o are § Pg-equivalent.

For every U € 6P;O(X, 1) there exists VedPsO(X, o) such that V € U — (1)

and for every U € 6P;0(X, o), there exists V € §P;O(X, 1) such that U o V —(2)

If f: (X,7) = (X,0), Let U e 6P;O(X, o) then f*(U) = U since f is identity. By (2), there
exists V € §Ps0 (X, 7) such that V € U = f*(U). Therefore, f is somewhat §Ps-irresolute.
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If f~1: (X, 7) = (X,0), Let U € §P-0(X, 7) then (F*)™(U) = U since f is identity. By (1),
there exists V € §P;0(X, o) such that V € U = f(U). Therefore, f is somewhat §Ps-irresolute.
Proposition 7.4.8. Let f: (X,7) = (Y, o) be a somewhat §Ps-irresolute surjective and © be a
topology for (X, t), which is § Pg-equivalent to t. Then f: (X, T*) — (Y, o) is somewhat §Ps-
irresolute.
Proof. Let V e §PO(Y, o) such that (V) # @. Since f: (X, ) = (Y, o)is somewhat &Ps-
irresolute, there exists a non-empty 8Ps-open set U in (X, 1) such that U € fY(V). Since 7 is
8Ps-equivalent to T. By (2) in the above Proposition, there exists U e §PsO(X, 1) such that
U'c U.ButU c f1(V) then U" € f1(V), hence f: (X, T ) — (Y, o) is a somewhat §Ps-
irresolute function.
Proposition 7.4.9. Let f: (X, 1) = (Y, 0) be a somewhat §Pg-irresolute surjective function
and ¢~ be a topology for Y, which is equivalent to 6. Then f: (X, 1) — (Y, ¢ ) is somewhat
& Pg-irresolute.
Proof. Let V" e §P;O(Y, o) such that f*(V") # @. Since ¢ is equivalent to &, by (1) in
Proposition 7.4.7, there exists a non-empty Ve 6P;0(Y, o) such that V € V". Now @ # (V)
c £1(V"). Since f is somewhat §Ps-irresolute, there exists a non-empty §Ps-open set U in (X,
1) such that U € f1(V). Then U € £1(V"), hence f: (X, 1) — (Y, 6 ) is a somewhat §P;-
irresolute function.

7.5 Somewhat §Ps-Open Functions
Definition 7.5.1 A function f is said to be somewhat 8 Pg-open provided that if Ue tand U
# @, then there exists a non-empty §Ps-open set V in (Y, o) such that V € f(U).

The following function f is both somewhat open and somewhat & Ps-open.

Example 7.5.2 Let X =Y = {a,b,c} witht= {X, @, {a}, {a,b}} and 6 = {Y,
?.{a}{b}{a,b}}. Let f: (X, 1) = (Y, 0) be the identity function. Then f is somewhat §P;s-
open and somewhat open.

Remark 7.5.3. The following examples exhibits somewhat openness and somewhat & Ps-
openness are independent.

Example 7.5.4. Let X =Y = {a, b, ¢} with 1= {X, @,{a},{b},{a,b},{a,c}} and o = {Y, O,
{a}}. Then f: (X, t) = (Y, 0) is neither somewhat open and nor somewhat §Ps- open.
Example 7.5.5. Let X =Y = {a, b, ¢} with t= {X, @,{a},{b},{a,b}} and 6 = {Y, 0,
{a}.{b},{a,b},{a,c}}. Then the identity function f: (X,7) = (Y, o) is somewhat open but not

somewhat §Ps- open.
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Example 7.5.6. Let X =Y = {a, b, ¢} with t= {X, @, b},{c},{b,c}} and 6 = {Y, @, {a}}.
Then the identity function f: (X, t) = (Y, 0) is not somewhat open but it is somewhat & Ps-
open.
Remark 7.5.7. The composition of two somewhat § Ps-open functions need not be somewhat
& Pg-open.
Example 7.5.8. Let X =Y =Z = {a,b,c} witht= {X, @, {a}, {a,b}}, 6 ={Y, @, {a,b}} and
n=1{Z, 0,{a}.{b}.{a,b}}. Let f: (X,7) - (Y,0) be defined by f(a) =c,f(b) =a,f(c) =b
and g: (Y,o) = (Z,n) such that g(a) = g(b) = a and g(c) = c. Then the functions f and g
are somewhat §Pg-open but their composition g o f: (X, 1) = (Z,n) is not somewhat §Ps-
open function.
Proposition 7.5.9. Let f be an open function and g be somewhat §Pg-open. Then g o f is
somewhat §Ps-open.
Proof. Let U be open in (X, 7). Since fis an open function, f(U) is open in (Y, 6) and since g
is somewhat §Ps-open, g(f(U)) contains non-empty somewhat § Ps-open set in (Z,n). Hence
g ° f is somewhat §Pg-open.
Theorem 7.5.10. For a bijective function f, the following are equivalent:
(a) fis somewhat §Ps-open
(b) If Cis a closed subset of (X, 1), such that f(C) # Y, then there is a § Ps-closed subset D of

(Y, o) such that D # Y and f(C) € D.
Proof. (a) = (b) Let C be any closed subset of (X, 1) such that f(C) # Y. Then X \ C is open
in (X, 1) and X \ C # @ as f is bijective. Since f is somewhat § Ps-open, there exists a § Ps-
open set V# @ in (Y, o) such that V < f(X \ C). Put D = Y \ V. Clearly, D is § Psclosed in (Y,
o) and we claim D # Y. If D = Y, then V = @, which is a contradiction. Since V ¢ f(X\ C), D
=Y \V o (Y\f(X\C)) =1(C).
(b) = (a) Let U be any non-empty open subset of (X, t). Then C =X\ U is a closed set in (X,
1) and since f'is bijective, f(X \ U) = f(C) = Y \ f(U) implies f(C) # Y. Therefore by (b), there
is a §Ps-closed set D of (Y, o) such that D # Y and f(C) € D. Clearly V = Y \ D is a §Ps-open
setand V#@. Also, V=Y \D cY \f(C) = Y \ f(X\ U) = f(U).
Proposition 7.5.11. f is somewhat § Ps-open if and only if for a non-empty open subset AC
(X, 1), 6PInt(f(A)) = .
Proof. Let A #@ in (X, 1) and A is open. Since f is somewhat § Pg-0open, there exists a non-
empty §Ps-open set V of (Y, 6) such that V C f(A).

< Thatis §PsInt(V) =V =0
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< Now 6PsInt(V) € §PsInt(f(A))

< 6P Int(f(A)) = 0.
Theorem 7.5.12. The following statements are equivalent:
(a) fissomewhat §Pg-open
(b) If Ais a 6Pg-dense subset of (Y, o), then £1(A) is a dense subset of (X, 1).
Proof. (a) = (b) Suppose A is a §Ps-dense set in (Y, o). If f*(A) is not dense in (X, 1), then
there exists a closed set B in (X, 1) such that f(A) € B c X. Since f is somewhat 6 Ps-open
and X \ B is open, there exists a non-empty §Ps-open set C in Y such that C< f (X \ B).
Therefore C <f(X \ B) < f(F'(Y \A)) € Y\ A. ThatisASY\C C Y. Now, Y \C is a 6Ps-
closed setand A € Y \C c Y. This implies that A is not a §Ps-dense set in (Y, o), which is a
contradiction. Therefore f*(A) is a dense set in (X, 7).
(b) = (a) Suppose A is a non-empty open subset of (X, t). To show f'is somewhat §Ps-0open,
using the above lemma, we want to show that §PsInt(f(A)) # @. Suppose §Psint(f(A)) = @.
Then, §PsCL(f(A)) = Y. Therefore by (b), f*(Y \ f(A)) is dense in (X, 7). But (Y \ f(A))
c X\A. Now, X \ A is closed. Therefore f*(Y \ f(A)) € X \ A gives X = CI[f*(Y \ f(A))]
C X\A. This implies that A = @, which is a contradiction to A # @. Therefore §PsInt(f(A)) #
@. Hence f is somewhat §Ps-open.
Proposition 7.5.13. Let f be somewhat § Ps-open and A be any open subset of (X, 1). Then
fla: (A, 1]a) — (Y, o) is somewhat §Ps-open.
Proof. Let U e 1|a such that U # @. Since U is open in A and A is open in (X, 1), U is open in
(X, 1) and since by hypothesis f'is somewhat §Ps-open function, there exists a §Ps-open set V
in (Y, o), such that V< f(U). Thus, for any open set U of A with U = @, there exists a §Ps-
open set V in (Y, o) such that V € f(U). Hence f|a is a somewhat §Ps-open function.
Proposition 7.5.14. Let f be a function and X = AUB, where A, B € 7. Then, if the restriction
functions f|a and f|g are somewhat §Ps-open, then f is somewhat §Ps-open.
Proof. Let U be any open subset of (X, t) such that U # @. Since X = AUB, either AnNU # @
or BnU # @. Since U is open in (X, 1), AN U isopenin Aand B N U isopen in B.
Case (i) If ANU # @. Since f|a is somewhat § Ps-open, there exists V € §P;0(Y, o) such that
V € f(UNA) c f(U), which implies that f is somewhat §Pg-open.
Case (ii) If BNU # @. Since f|g is somewhat § Pg-open, there exists We §P;O(Y, o) such that
W c f(UnB) < f(U), which implies that f is somewhat § Ps-open.
Case (iii) If both AnU # @ and BNU # @. Then, by case (i) and case (ii), f is somewhat 6 Ps-

open.
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Proposition 7.5.15. Two topologies T and t for X are §Ps-equivalent if and only if the
identity functions i. : (X, 1) — (X, 7 ) and i+ : (X, T) — (X, 1) are both somewhat §Ps-open.

Proof. Let i, and i~ be both somewhat §Pg-open
To Prove: T is §Pg-equivalent to t*.

Consider U € t* such that U # @, then since i~ is somewhat §Ps-open. Then there exists
V € tsuchthatV # @ suchthatV € i-(U) = U.

=~ T is §Ps-equivalent to 7*.

Similarly, for all A € T such that A # @, since i, is somewhat §Ps-open, there exists B € 7*
suchthat B#=@and B < i, (A) =A

~ 7" is 6Ps-equivalent to 7. Hence t and 7* are §Ps-equivalent.
7.6 Somewhat Almost 6P - Open Functions

Definition 7.6.1 A function f: (X, t) = (Y, o) is said to be somewhat almost § Ps-open
provided that if U € PO(X, 1) and U # @, then there exists a non-empty §Ps-open set V in
(Y, o) such that V c f(U).

Example 7.6.2 Let X = {a,b,c}, 1= {X, @, {a}, {b}, {a,b}} and 6 = {Y, @, {c}}. The identity
function f: (X, t) = (Y, o) is somewhat almost § Ps-open and somewhat &Ps-open.
Proposition 7.6.3 Every somewhat almost § Ps-open function is a somewhat §Pg-open
function.

Proof. Let f be a somewhat almost § Ps-open function. Consider U € t such that U # @. Then
U is PO in t. Since f is somewhat almost § Ps-open, there exists a non-empty §Ps-open set
VinosuchthatV < f(U),

= f is a somewhat §Ps-open function.

Example 7.6.4. LetX =Y ={a,b,c}, T = {X,0,{a,b}} and o = {X, 0, {a}}. Let f: (X, 7) -
(Y, o) be an identity function. Then f is somewhat §Ps-open but not somewhat almost & Ps-
open function.

Proposition 7.6.5. The composition of two somewhat almost § Pg-open functions is a
somewhat almost § Pg-open function.

Proof. Let f and g be somewhat almost § Ps-open function.

To Prove: g o f is somewhat almost § Pg-open function

Let U € 6PO (7). Since f is somewhat almost § Ps-open such that V € §Ps0 (o) such that

Ve _ 1)
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Since, §Ps0(0) € 6P0(0), here V is 6PO(Y,od) and moreover g is somewhat almost §Ps-

open, then there exists W € §Ps(n) such that W < g(V)

(ie) W< g cg(f))=(g°NHU)

= g o f is somewhat almost § Ps-open functions.

Theorem 7.6.6. For a bijective function f: (X, 1) = (Y, o), the following are equivalent:

(a) fisasomewhat §Ps-open function

(b) If Cis a d-preclosed set in (X, 1), such that f(C) # Y, then there is a §Ps-closed subset D
of (Y, o) such that D # @ and f(C) < D.

Proof. (a) = (b) Let C be any d-preclosed subset of (X, t) such that f(C) # Y. Then X \ C is

d-preopen in (X, t) and X \ C # @. Since f is a somewhat almost § Ps-open function, there

exists a 6Ps-open set V # @ in (Y, o) such that V. < f(X\C). PutD =Y \ V. Clearly, D is

dPs-closed in (Y, 6) and D # @. If D =Y, then V # @, which is a contradiction. Since V < f(X

\C),D=Y\V o (Y\f(X\C)) =1(C).

(b) = (a) Let U be any non-empty d-preopen subset of (X, t). Then C=X\U is a 6-

preclosed set in (X, 1) and f(X \ U) = f(C) = Y \ f(U) implies f(C) # Y. Then by (b), there is a

dPs-closed set D of (Y, o) such that D # @ and f(C) < D. Clearly V =Y \D isa &Ps-open set

and V#@.Also, V=Y \Dc Y \f(C) =Y\ f(X\U) =f(U).

Proposition 7.6.7. If f: (X, 1) = (Y, 0) is somewhat almost § Ps-open then for a subset A €

SPO(X, 1), 6PInt(f(A)) = 0.

Proof. The proof is same as Proposition 7.5.11.

Theorem 7.6.8. The following statements are equivalent:

@ f:(X,t) = (Y,o0) is asomewhat almost &§Ps-open function

(b) If Alisa 8Ps-dense subset of (Y, o), then £(A) is a 5-pre-dense subset of (X, 7).

Proof. (a) = (b) Let Aisa 8Ps-dense set in (Y, o). If f*(A) is not 3-pre-dense in (X, 1), then

there exists a 8-preclosed set B in (X, 1) such that f*(A) € B € X. Since f is somewhat

almost §Pg-open and X \ B is 3-preopen in (X, 1), there exists a non-empty §Pg-open set C in

Y such that C € f(X \ B). Now X \ B = X\ f*(A). Therefore C< f(X \ B) € f(X \ f}(A)) €Y\

A.ThatisAS Y\CC Y.Now, Y\Cisa 6Ps-closed setand A € Y \C C Y. This implies

that A is not a 8Pg-dense set in (Y, o), which is a contradiction. Therefore f*(A) is a 3-pre-

dense set in (X, 1).

(b) = (a) If A is a non-empty §-pre-open subset of (X, 7). To show f is somewhat almost

8Ps-open function using Proposition 7.6.7, Also we want to show that §PgInt(f(A)) # @.

Suppose 8PsInt(f(A)) = @. Then, 8P;CL{(Y\f(4))} =Y. Then by (b), f~1(Y\f(A)) is 6-

pre-dense in (X, 1). But f ~1(Y\f(4)) € X\A. Now, X\A is §-pre-closed in (X, 1). Therefore
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FHY\f(A)) € X\A gives X = & pCL{(f1(Y\f(4))} < X\A. Thus A = @, which
contradicts A # @. Therefore §PsInt(f(A)) # @. Hence f is a somewhat almost §Ps-open
function.

Proposition 7.6.9. Let f be a function and X = AUB, where A, B € §PO(X, 7). Then if f|a and
fls are somewhat almost § Ps-open, then f is somewhat almost §Ps-open.

Proof. Let U be any §-pre-open subset of (X, t) such that U # @. Since X = AUB, either
ANU£@orBnNnU #@orbothAnU # @and BN U # @. Since U is 3-pre-open in (X, 1),
A N U is 6-pre-openin A and B n U is §-preopen in B.

Case (i) Now An U € 6PO(A) such that A n U # @. Since f|a is somewhat almost § Ps-open,
there exists V € §P;0(Y) suchthat V € f(U N A) € f(U), which implies that f is somewhat
almost §Pg-open.

Case (ii) Now B n U € §PO(B) such that B n U # @. Since f|g is somewhat almost & P-
open, there exists V € §P;0(Y) such that V < f(UNB) < f(U), which implies that f is
somewhat almost §Pg-open.

Case (iii) Ifboth An B #= @and B n U # @.Then, by case (i) and (ii), f is somewhat almost
6 Ps-open.

Proposition 7.6.10. Two topologies T and o for X are said to be §Pg-equivalent if and only if
the identity function f: (X, t) — (X, o) is somewhat almost § Ps-open in both directions.
Proof. The proof is same as Proposition 7.5.15.

Conclusion:

In general, the composition of continuity holds good. But for weaker and stronger
forms of continuous functions it may not hold. For § Ps-continuous functions, the composition
fails by Vidhyapriya et al [2021]. In this paper it proved that somewhat &Pg-continuous
functions and somewhat §Ps-openness functions fails to hold composition whereas somewhat
almost §Ps-continuous and somewhat almost §Pg-opennes satisfy composition property
which is given below. For all irresoluteness the composition holds good which is true for

somewhat §Ps-irresolute.

Functions Composition
Somewhat §Pg-continuous

Somewhat almost § Ps-continuous

Somewhat §Pg-irresolute

Somewhat §Pg-open

Somewhat almost § Ps-open

CUXKKIX

A New Class of Open Sets using 3-Preopen Sets 166



