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CHAPTER —II 

CONNECTEDNESS IN L-FUZZY TOPOLOGICAL SPACES 

In this chapter we discuss the concepts of P-connectedness and 

P2-connectedness in L-fuzzy topological spaces introduced by Bai [5] and Li, 

Fang and Zhao [23], respectively. Both P-connectedness and 

P2-connectedness are defined using the notion of preclosed sets and they 

preserve some fundamental properties of connected sets in general 

topological spaces. It has been proved that the preclosure of a P-connected 

set (resp. P2-connected set) is P-connected (resp. P2-connected) and union 

of P-connected (resp. P2-connected) sets is P-connected (resp. 

P2-connected) provided their intersection is a non-null set. Moreover, the 

image of a P-connected space (resp. P2-connected space) under a 

P-irresolute order homomorphism is P-connected (resp. P2-connected). Some 

interesting characterizations of P-connectedness (resp. P2-connectedness) 

are proved and the famous K.Fan's theorem has been extended to both 

P-connectedness and P2-connectedness. Relations among connected ness, 

P-connectedness and P2-connectedness are discussed. It has been shown 

that every P2-connected L-fuzzy set is P-connected. An interesting example is 

given to show that the converse is not true. But if 1 E M(L), then every 

P-connected fuzzy set is also P2-connected. Also, it has been proved that if D 

is a crisp set, then D is P-connected iff it is P2-connected. First let us give the 

preliminary definitions and results needed for out discussion. 

Section 2.1 

Preliminary definitions and results 

Definition : 2.1.1 

A poset is a set X with a binary relation x :!~ y for x, y E X, which 

satisfies 

P1. For all x, x :!~ x (Reflexivity) 
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If x :!~ y and y :5 x then x = y (Anti symmetry) 

If x :!~ y and y :!~ z then x :!~ z (Transitivity) 

Definition : 2.1.2 

By a smallest element of a subset Y of a poset X, we mean an 

element a E Y such that a :!~ y for all y E Y. 

Definition : 2.1.3 

By a largest element of a subset Y of a poset X, we mean an element 

b E Y such that b ~: y for all y E Y. 

Definition 2.1.4 

The (unique) smallest and largest elements of the whole poset X, when 

they exist, are called the universal bounds of X, and are denoted by 0 and 1, 

respectively. 0 is referred to as the zero element of X. 

Definition : 2.1.5 

A lattice is defined as a poset L in which any two elements x and y 

have a greatest lower bound (g.l.b) (or) "meet" x A y and a least upper bound 

(l.u.b) (or) "join" x V y. 

Definition : 2.1.6 

In a lattice L if 

xV(yAz) = (xVy)A(xVz) and 

xA(yVz) = (xAy)V(xAz) aresatisfiedforeveryx, y, z E L, then L 

is said to be a distributive lattice. 

Definition : 2.1.7 

In a distributive lattice L if every subset X has a g.l.b, inf X, and a l.u.b, 

sup X, then L is called a completely distributive lattice. 
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Definition : 2.1.8 

By a complement of an element x in a lattice we mean an element 

y E L such that 

xAy=O and xVy= 1 

where 0 and I are the smallest and largest elements in L. 

The lattice L is called complemented if all its elements have 

complements. 

Theorem : 2.1.9 

In a complemented distributive lattice each element has one and only 

one complement and the unique complement of x is denoted by x' (hence 

x Ax' = 0 and xV x' = 1). 

Properties 

xA0=0, xV0=x 

xA1 =x, xV1 = 1 

(x')' = x (involution law) 

(x A y)' = x' V y', (x V y)' = x' A y' (De Morgan's law) 

x A a = 0x:!~a' 

x :!~ y = y' !~ x' (inverts order) 

Remark : 2.1.10 

In view of properties (3) and (6) is referred to as "order reversing 

involution". 

Notation : 2.1.11 

Throughout this dissertation by L = L(V, A, ') we mean a completely 

distributive lattice with order reversing involution " ' ". 0 and 1 denote the 

smallest element and largest element in L, respectively. 
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Definition : 2.1.12 

1ff: L1  -> L2  where L1  and L2  are completely distributive lattices, then 

L2  -+ Li is the inverse of f defined by 

r1(B) = V{A E L1 /f(A):!~ B}foranyB eL2. 

Definition : 2.1.13 

1ff: L1  -> L2  where L1  and L2  are completely distributive lattices, then 

f(A) = A{BEL2/f(A):!~B}foranyAELi 

Definition : 2.1.14 

Let L be a completely distributive lattice and X be a nonempty set. A 

mapping D : X - L is called an L-fuzzy set. The set of all L-fuzzy sets on X 

is denoted by Lx.  

The smallest element and largest element in Lx  are denoted by 0 

and 1. 

0 is referred to as the null set. 

Definition : 2.1.15 

If D : X -* L is an L-fuzzy set then its complement D' is also an L-fuzzy 

set defined by D'(x) = (D(x))' for every x E X. 

Definition : 2.1.16 

If A is an ordinary subset of X, i.e. if A c X, then A can be considered 

as an L-fuzzy set by identifying A with its characteristic function. Hence A is 

identified with the mapping from X - L given by 

A(x) = 0 ifxEA 

= 1 ifxA 
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where 0 and I are the smallest and the largest elements in L. With this 

identification, when we consider A c X as an L-fuzzy set we call A as a crisp 
set. 

Definition : 2.1.17 

Let L be a completely distributive lattice and a e L, a is called an 

irreducible element of L, if the equality p V q = a implies p = a (or) q = a, 
where p e L and q L implies p = a (or) q = a, where p € L and q E L. 

Definition : 2.1.18 

An element p E L is called a prime element if for b, c e L, p ~! b A c 

implies p~! b or p C. 

Definition : 2.1.19 

An element p E L is called union-irreducible or a co-prime element if 

p' is a prime element i.e. if for b, c E L, p :!~ a V b implies p :5 b or p :5 C. 

Notation : 2.1.20 

. The set of all non zero union-irreducible (or co-prime) elements in a 

lattice L is denoted by M(L). 

• The set of all non zero union-irreducible (or co-prime) elements in Lx  is 

denoted by M*(Lx). 

• For any L-fuzzy set D, M*(D)  denotes the set of all non zero union-

irreducible (or co-prime) elements contained in D. 

Definition 2.1.21 

For each a E L, a fuzzy point xa  in X is a L-fuzzy set of X defined by 

1a ify=x 
xa(y) 

= o if y # x 

In this case, x and a are called the support and the value of X, respectively. 
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Definition : 2.1.22 

If a E M(L) the fuzzy point xa  is called a molecule. 

Definition : 2.1.23 

An L-fuzzy topological space, briefly, written as L-fts is a pair (Lx,  6) 

where 6 is a subfamily of Lx  which contains 0, 1 and is closed for arbitrary 

suprema and finite infima. 6 is called an L-fuzzy topology on X. Each 

member of 6 is called an open L-fuzzy set and its complement is called a 

closed L-fuzzy set. 

Definition : 2.1.24 

Let (Lx,  6) be an L-fts. The closure and interior of an L-fuzzy set 

A e Lx  are defined respectively, as 

cl(A) = A{B:B~!A,B'E6} 

int(A) = V{B:B:!~A,BE6} 

It is easily seen that cl A is the smallest closed L-fuzzy set larger than 

A and mt A is the largest open L-fuzzy set smaller than A. 

Definition : 2.1.25 

An L-fuzzy set A in X is called a semi-open set if there exists an open 

L-fuzzy set B such that B :!~ A :!~ cl(B), or equivalently, A :!~ cl(int(A)). 

The complement of an L-fuzzy set which is semi-open is called a 

semi-closed set. 

Definition : 2.1.26 

The intersection of all semi-closed sets containing the L-fuzzy set A is 

called the semi-closure of A and is denoted by scl(A). 
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Definition : 2.1.27 

The union of all semi-open sets contaihed in an L-fuzzy set A in X is 
called the semi-interior of A and is denoted by sint(A). 

Definition : 2.1.28 

A E Lx is called a preopen set 1ff A :5 mt cl A and A E Lx is called a 

preclosed set if A ~! cl(int(A)). 

The pre-closure of the L-fuzzy set A is the intersection of all preclosed 

sets, each containing A. it will be denoted by pcl(A). 

Definition : 2.1.29 

Let L1  and L2  be fuzzy lattices. A mapping f : L1  -> L2  is called an 

order-homomorphism if the following conditions hold: 

f(0) = 0 

f(V A) = V f(A) for {A} c L1  

f 1  (B') = ( 1  (B))' for each B e L2. 

Definition : 2.1.30 

Let (L,o) and (L',5)be two L-fts's. A mapping f: (L4,o) -> (L,ff) is 

called a P-irresolute mapping if r1(B) is a preopen set of Lx for each 

preopen setB of L'. 

Theorem : 2.1.31 

An order-homomorphism f : (L,6) -> (L,LT) is P-irresolute iff 

pcl(f1(B)) :!~ f(pcl B), for each B E L'. 
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Definition : 2.1.32 

Let (Lx,  6) be an L-fts, M*(Lx = {xa  / a E M(L)}, xx c M*(Lx)  and P a 

preclosed set in Lx.  P is called a preclosed remote-neighbourhood, or 

briefly, PCRN, of xx, if xx E P. The set of all PCRNs of xx will be denoted by 

6(xx). 

Section 2.2 

P-connectedness in L-fuzzy topological spaces 

In this section we give the definition of P-connected sets in L-fts's 

introduced by Bai [5] and discuss some fundamental properties of 

P-connected sets which are analogous to the corresponding properties in 

general topological spaces. The famous K.Fan's theorem on connectedness 

is also extended to P-connectedness in L-fts. 

Definition : 2.2.1 

Let (Lx,  6) be an L-fts and A, B e Lx.  Then A and B are said to 

P-separated if pcl(A) A B = A A pcl(B) = 0. 

Theorem : 2.2.2 

Let (Lx,  6) be an L-fts and A, B Lx.  If A and B are P-separated and 

C :!~ A, D :!~ B, then C and D are also P-separated. 

Proof 

Given A and B are P-separated and C :!~ A and D :!~ B 

Consider pcl(C) A D :!~ pcl(A) A B 

= 0 as A and B are P-separated 

pcl(C)AD = a 

Similarly, C A pcl(D) !~ A A pcl(B) = 0 

Hence C A pcl(D) = 0 

C and D are P-separated. 



Definition : 2.2.3 

Let (Lx,  6) be an L-fts and A Lx.  A is called a P-connected set if A 

cannot be represented as a union of two P-separated non-null sets. 

Specifically, when A = 1 is P-connected, we call (Lx,  6) a P-connected 

space. 

Theorem : 2.2.4 

Let (Lx,  6) be an L-fts. Then the following are equivalent: 

(Lx, 6) is not a P-connected space 

There exist two non-null preclosed sets A and B such that 

AVB= 1 andAAB= 0. 

There exist two-non-null preopen sets A and B such that 

A V B = I and AAB= 0. 

Proof 

(1)=(2) 

Since (Lx,  6) is not a P-connected space, there exist non-null 

P-separated sets C and D such that C V D = 1 

Take A = pcl(C) and B = pcl(D). 

Then A and B are non-null preclosed sets. 

Consider A V B = pcl(C) V pcl(D) 

~CVD 

=1 

Consider A A B = pcl(C) A pcl(D) 

= pcl(C) A pcl(D) A 1 

= pcl(C) A pcl(D) A (C V D) 

= (pcl(C) A pcl(D) A C) V (pcl(C) A pcl(D) A D) 

= (C A pcl(D)) V (pcl(C) A D) 
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= 0 V 0 since C and D are P-separated 

=0 

Hence (2). 

(2) => (3) 

By (2), there exist non-null preclosed sets A and B such that A V B = I 

and AAB= 0. 

Let C = A' and D = B' 

Then C and D are non-null preopen sets. 

Also, C V D = A' V B' 

= (AAB)' 

= (0)' 

=1 

and CAD =A'AB' 

= (AVB)' 

= (1)' 

=0 

Hence (3). 

(3)=(1) 

By (3), there exist non-null preopen sets A and B such that A V B = I 

and A A B = 0. 

Let C = A' and D = B' 

ThenCVD = A'VB' 

= (AAB)' 

= (0)' 

=1 

Also, pcl(C) A D = pcl(A') A B' 

= A' A B' since A' is preclosed 
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= (AVB)' 

= (1)' 

=0 

and CApcID = A'Apcl(B') 

= A' A B' since B' is preclosed 

= (AVB)' 

= (1)' 

=0 

Hence C and D are P-separated and C V D = 1 

(Lx, 6) is not a P-connected space. 

Hence (1). 

Theorem : 2.2.5 

Let A be a non-null P-connected set in L-fts (Lx,  6) and C and D be two 

P-separated sets in (Lx,  6). If A :5 C V D, then A :5 C or A !!~ D. 

Proof 

SinceA:!~CVD, A=AA(CVD) 

= (AAC)V(AAD) 

By Theorem 2.2.2, since C and D are P-separated, A A C :!~ C and A A D :!~ D. 

we get A A C and A A D are P-separated. 

Since A is P-connected and 

A = (AAC)V(AAD), we must have 

AAC=OorAAD = 0 

SupposeAAC = 0,then 

A =AA(CAD) 

= (AAC)V(AAD) 

= OV(AAD) 

=AAD 
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Hence A :!~ D. 

Similarly, A A D = 0 implies A :!~ C. 

Hence the result. 

Theorem : 2.2.6 

Let A be a P-connected set in an L-fts (Lx, ). If A :!~ B !~ pcl(A) then B is 

also P-connected in (Lx, ) 

Proof 

Given A :!~ B !~ pcl(A) 

Suppose B = C V D, where C and D are P-separated. 

LetF=AAC, GAAD. 

Since F :!~ C and G :!~ D, by Theorem 2.2.2 F and G are P-separated. 

Consider F V G = (A A C) V (A A D) 

= AA(CVD) 

=AAB 

= AasA:5B. 

Since A is P-connected, either F = 0 or G = 0. Suppose F = 0 

Then A=FVG 

=OVG 

=G 

= AAD. 

Hence A :!~ D. 

B !~ pcl(A) :!~ pcl(D) 

Since B = CVD,C:!~B. 

C = C A B :!~ C A pcl(A) :!~ C A pcl(D) = 0 since C and D are 

P-separated. 

Hence C = 0 

Similarly, if G = 0, we get D = 0 

Hence B= CVD=eitherC= 0 orD= 0 
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B cannot be represented as a union of two non-null P-separated 

sets. 

.. B is connected. 

Theorem : 2.2.7 

Let {A : t E T} be a family of P-connected sets in an L-fts (Lx, ) 

Suppose there is an s E I such that At  and As  are not P-separated for each 

t # s, then VtET At  is P-connected. 

Proof 

LetA= VA 
t€T 

Suppose there exist P-separated sets B and C such that A = B V C 

SinceA5 :!~ VA=A=BVCand 
t€T 

As  is P-connected, by Theorem 2.2.5 we get A5  :!~ B or A5  :!~ C. 

Suppose A5  :!~ B. 

Similarly, for any t # s also, we get 

A:!~ B orA:!~ C 

Claim 

Suppose not, then A :!~ C 

As B and C are P-separated and A5  :!~ B, 

By Theorem 2.2.2 we get As  and At  are P-separated which is a 

contradiction. 

Hence At  C 

A B 

Hence the claim. 

Hence A5 :!~Band Vt#s,A:!~B 

VA:!~B i.e.,A:!~B. 
tcT 
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Consider C = C A A 

<CAB 

< C A pcl(B) 

= 0 as B and C are P-separated. 

Similarly if we assume A :!~ C, we get B = 0 

Hence A cannot be expressed as the union of two non-null 

P-separated sets 

A is P-connected. 

Corollary : 2.2.8 

Let {A: t T} be a family of P-connected sets in an L-fts (Lx,  ö) If AtET 

At  # 0, then VtET At  is P-connected. 

Proof 

A A#0 
t€T 

A#0 VtET. 

=pcl(A)#0 VtT. 

= For any s E T, pcl(A) A A :# 0 and 

At  A pcl(A) # 0 V t E T. 

=> A and At  are not P-separated. 

Hence by Theorem 2.2.7, we get V At  is P-connected. 
tET 

Theorem : 2.2.9 

Let f : L -* L be a P-irresolute order-homomorphism. If A is 

P-connected in L, then f(A) is P-connected in L'. 
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Suppose there exist P-separated sets B and C 

Such thatf(A) = B V C 

Since A :!~- f 1(f(A)), we get 

A f 1  (B V C) 

= f 1  (B) V f 1  (C) 

Since f is a P-irresolute order-homomorphism by Theorem 2.1.31, we 

pcl(f1(B)) A f1(C) 

~ r(pcl(B)) A f 1(C) 

= f 1(pcl(B) A C) 

= r1(0) as B and care P-separated 

S 

Similarly r1(B) A pci (f 1(C)) = 0 

r1(B) and f1(C) are P-separated. 

Since A is P-connected, by Theorem 2.2.5, we get 

A r1(B) or A:5 (C) 

Suppose A :!~ f1(B) 

Then f(A) f(r1(B)) 

~ B. 

C = CAf(A) 

:!~CAB 

:!~ C A pcl(B) 

= 0 as B and C are P-separated 

Similarly, if A :!~r1(C), we get B = 0 

f(A) cannot be represented as union of non-null P-separated sets. 

f(A) is P-connected. 

get 
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Corollary : 2.2.10 

Let f: L -* L' be a P-irresolute order-homomorphism and onto. If L, 

is a P-connected space, then so is L'. 

Proof 

This is immediate from Theorem 2.2.9. 

Extension of K.Fan's theorem to P-connectedness 

Theorem : 2.2.11 

Let (Lx,  6) be an L-fts and A E Lx.  Then A is P-connected if for each 

pair a, b of points of M*(A)  and each mapping 

P : M*(A) U{6(x) : x E M(A)}, 

where P(x) € 6(x) for each x E M*(A), there exists in M*(A)  a finite number of 

points x1  = a, x2, ..., x, = b 3 A P(x1) V P(x1  + 1), i = 1, 2 ... n — i 

M*(A) denotes the set of all point of A, 6(x) denotes the set of all 

PCRNS of x for each x e M*(A). 

Proof 

Sufficiency 

Assume the given condition. We have to prove A is P-connected. 

Suppose not, then there exist B, C E Lx  and B # 0, C # 0 such that 

pcl(B) A C = B A pcl(C) = 0 and A = B V C. 

Consider the mapping 

P : M*(A) -> U{6(x) : x E M*(A)}, 

defined by 

P(x) = fpcl(C) if x :!~ B 

Lpcl(B), if x :!~ C 
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Claim 

x P(x) 

If x :~ B, then B(x) # 0 = (pcl(C)) (x) = 0 as B A pcl(C) = 0 

=> x pcl(C) 

=> x :~ P(x), since x :!~ B = P(x) = pcl(C) 

Ifx :!~ C, then C(x) # 0 => pcl(B(x)) = 0 as pcl(B) AC = 0 

=> x :,g pcl(B) 

=> x :~ P(x), since x :!~ C => P(x) = pcl(B) 

Hence the claim. 

Since P(x) is a preclosed set and x P(x) we get P(x) E (x) for each 

X E M*(A). 

Take the point a out of B and the point b out of C. Then a, b e M*(A). 

Since for arbitrary finite points x1  = a, x2, ..., Xn = b, either x :!~ B or x :!~ C 

(I = 1, 2, ..., n), we must have either P(xi) = pcl(C) or P(x) = pcl(B). Since 

x1  = a :~ B and Xn = b :!~ C, we get P(xi) = pcl(C) and P(x) = pcl(B). 

Hence there exists 1 :!~ j :!~ n - 1 such that 

P(x) = pcl(C) and P(x1+1) = pcl(B) 

This shows that 

A = B V C :!~ pcl(B) V pcl(C) = P(x) V P(x1+1) 

Hence condition (i) is not satisfied which is a contradiction. 

Therefore A must be P-connected. 

Thus sufficiency is proved. 

Necessity 

Conversely, assume that A is P-connected. Suppose that the condition 

of the theorem does not hold. That is, there are points a, b E M*(A) and there 

is a mapping 

P : M*(A) -> U{(x) : x E M*(A)}, 



where P(x) E ö(x) for each x E M*(A) such that 

(i) does not hold for arbitrary finite points x1, x2, ..., x, e M*(A). For the 

sake of convenience, we follow the agreement that for arbitrary 

a, b E M*(A), a and b are joined if there are finite points 

Xn E M*(A) such that (i) holds. Otherwise, a and bare not joined. 

Let It = {x E M*(A) : a and x are joined}, 

V = {x E M(A) : a and x are not joined} 

B = Vji 

C Vv 

Obviously, a and a are joined so a E t and a :!~ B. 

By assumption, a and b are not joined, and so b E v and b C. Hence 

B 0, C # 0. 

Since for each x E M*(A) either x E t, or x E v, A = B V C. 

Now we need only prove 

pcl(B) A C = B A pcl(C) = 0 

Suppose that pcl(B) A C 0. 

There is an x such that (pcl(B) A C) (x) # 0. 

Take x pcl(B) A C 

Then x :!~ pcl(B) and x :!~ C 

x :!~ pcl(B) => B ~ P(x) since P(x) E ö(x) 

=> there exists y E p such that y P(x) 

Since P(y) E (y), y ::t P(y) 

Hence y :~ P(x) V P(y) and y :!~ B :~ A. 

Thus, A P(x) V P(y), y and a are joined, a and x are joined. 

Since x :!~ C, we have C -!~ P(x), and so there is z E v such that 

z P(x). 

Hence, as above we get z :~ P(x) V P(z) and z :5 C :5 A. 

Thus, A P(x) V P(z). Since x and a are joined, a and z are joined. 

This contradicts that z E v. 

Thus, pcl(B) A C = 0. In a similar way we can prove the B A pci C = 0. 
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Hence B and C are P-separated. 

A = B V C is not connected which is a contradiction. 

Hence the condition of the theorem holds. 

Section 2.3 

P2-connectedness in L-fuzzy topological spaces 

In this section we discuss the results on P2-connectedness due to Li, 

Fang and Zhao [23]. First let us give the definition of connectedness 

introduced by Wang and Shi [38] and a property of L-fuzzy sets which we will 

be using for our discussion. 

Definition : 2.3.1 (Wang and Shi [38]) 

In an L-fts (Lx,  ö) an L-fuzzy set D is called connected if there do not 

exist closed sets A, B such that 

DA,D:~ B,D'VAVB=i,DAAABO. 

Lemma : 2.3.2 

Let A, BE LX  and  A  !~ B. If 1 e M(L),thenA'VB# 1. 

Definition 2.3.3 

Let (Lx,  ö) be an L-fts, D E Lx.  D is called P2-connected if there do not 

exist preclosed sets A, B such that 

D A,D B,D'VAVB= i,DAAAB= 0. 

Now, let us give an example of a P2-connected set. 

Example : 2.3.4 

P2-Connected Set 

Let Xi r X2  = 4, X = X1  u X2, L = [0, 1]. Define fuzzy set 

(Ca, Cb) E [0, l]  as follows: 
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(Ca , Cb) 
Ia, xEX1  

(x) = Ib, X E X2  

Take 

v = {(C04, Cl),  (C1, Co 4), (Co 5, CO),  (Co, Co.5), (Co.7, Co),  (Co, Co 7)} 

Let o be a [0, 1]-topology generated by v on X. Now we prove that 

(Co.5, Co.5) is P2-connected. 

Suppose that (Co.5, C0.5) is not P2-connected. Then there exist two 

preclosed sets A, B such that 

(Co.5, C05):~ A, (005, C05) B, (Co.5, Co.5)', A V B = 1, (Co.5, Co.5) A A A B = 0 

This implies that 

(C05, C05) :~ A, (Cos, Co.5) B, A V B = 1, A A B = 0 obviously, 

A (or B) satisfying A A B = 0 must be in {(Ca, Co), (Co, Ca) I a E [0.6, 0.7]}. 

But any two preclosed sets in {(Ca, Co) (Co, Ca) / a E [0.6, 0.7)} don't 

satisfy A V B = 1. Therefore (Co., 00.5)  is P2-connected. 

Characterization theorems 

Theorem : 2.3.5 

Let (Lx, ) be an L-fts, D E Lx.  If I E M(L), then the following conditions 

are equivalent: 

D is P2-connected. 

There do not exist preclosed sets A, B such that 

D AA# 0, D A B# 0, D' VAV B = 1, D AAA B = 0 

There do not exist preopen sets U, V such that 

D U, D :~ V, D' VU VV= 1, D AU AV= 0 

Proof 

(1)=(2) 

Suppose that there exists preclosed sets A, B such that D A A # 0, 

DAB# 0, D'VAVB= 1, DAAAB= 0 
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Claim 

D:9A 

Suppose D:!~A, then D A A A B = D A B 

(i.e.,)O = DAB 

This is a contradiction 

Hence the claim 

SimilarlyifD:!~B,thenDAAAB = D A A 

(i.e.,)O= D A A 

which is again a contradiction 

(iii) 

From (I), (ii) and (iii) we get D is not P2-connected. 

This contradicts (1) 

Hence (2) is true. 

(2) = (3) 

Suppose there exists preopen sets U, V such that 

D U, D V, D'VUVV= 1, D A U A V = 0. 

Let A = U', B = V. Then A and B are preclosed sets. 

Now D' V U V V= I 

= DAU'VV'=O 

=> DAAAB=0 

and DAUVV= Ô 

=> D'VU'VV'=i 

=> D'VAVB=i 
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To prove : DAA#O 

Suppose not, then D A A = 0 

=> D'VA'= ;j 

= D'VU= 

=> D :!~ U (by lemma 2.3,2) 

which contradicts D U 

DAA#O 

Similarly, D A B # 0 

There exists preclosed sets A, B such that 

DAA#0,DAB#OD'VAVB=i,DAAAB=O 

This contradictions (2) 

Hence (3). 

= (4) is analogous to (1) = (2) 

= (1) is analogues to (2) = (3). 

Theorem : 2.3.6 

Let (Lx, ) be an L-fts and D Lx.  Then D is P2-connected if for any 

two co-prime elements a, b :!~ D, there exists a P2-connected set E such that 

a, b :!~ E :!~ D. 

Proof 

Assume that D is P2-connected. Let a, b be two co-prime elements 

less than or equal to D 

Take E = D 

Then there exists a P2-connected set E such that a, b :!~ E = D. 

Conversely, assume the given condition. 

Suppose D is not P2-connected. 

Then there exist two preclosed sets A, B in (Lx,  6) such that 

D :9 A, D :9 B, D'VAVB= 1, D A A A B = 0 
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Take two co-prime elements a, b :!~ D such that a A and b B. 

By assumption there exists a P2-connected set E such that 

a, b :!~ E :!~ D. 

E :9 A, F B, E'VAVB= 1, E A A A B = 0 

E is not P2-connected, which is a contradiction. 

.. D is P2-connected. 

Properties of P2-connected sets 

Theorem : 2.3.7 

Let D be a P2-connected set in (Lx,  6). If D :!~ E :!~ pcl(D), then E is also 

P2-connected set. 

Proof 

Suppose E is not P2-connected. 

The by definition there exists preclosed sets A, B such that 

E :~ A, E ~ B, E'VAVB= 1, E A A A B = 0 

Since D :!~ E, D' ~: E'. So we get 

D'VAVB=i (1) 

AIsoD:!~Eand E A A A B = 0 

=DAAAB=0 (2) 

Claim 

D:~A 

Suppose not, D :!~ A 

Since A is a preclosed set containing D, pcl(D) :!~ A 

Given E :!~, pcl(D) 

E :!~ A which contradicts E A. 

(3) 

Hence the claim. 

Similarly we can prove D :~ B (4) 
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By (1), (2), (3) and (4) we get, D is not P2-connected. 

This is a contradiction. 

Hence E is P2-connected. 

Lemma : 2.3.8 

Let (Lx,  8) be an L-fts and D, E Lx.  Then D and E are P-separated if 

there exists two preclosed sets A, B such that D :!~ A, E :!~ B and 

(DVE)AAAB= 0. 

Proof 

Assume that there exists preclosed sets A, B such that 

D:!~A, E:!~B and (DV E)AAA B=0. 

Since E :!~ B and B is preclosed we get pcl(E) s~ B. 

Since D :!~ A and A is preclosed we get pcl(D) :!~ A. 

Consider (D A pcl(E)) V (pcl(D) A E) 

(D A B) V (A A E) 

= (D V A) A (D V E) A (B V A) A (B V E) 

=AA(DVE)A(BVA)AB(vD:!~Aand E:!~B). 

= (D V E) A A A B A (A V B) 

=(D V E)AAA B(:(AA B):!~AV B) 

=0 

D A pcl(E) = 0 and pcl(D) A E = 0 

.. D and E are P-separated. 

Conversely, assume that D and E are P-separated. Then 

pcl(D) A E = D A pcl(E) = 0. Take A = pcl(D) and B = pcl(E). 

Then A and B are preclosed sets. 

Since D :!~- pcl(D) and E :!~ pcl(E), we get D :!~ A and E :!~ B 

Consider 

(DVE)AAAB = (DVE)A(pcl(D)Apcl(E)) 

= (D A pcl(D) A pcl(E)) V (E A pcl(D) A pcl(E)) 
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= (D A pcl(E)) V (pcl(D) A E) 

= ova 

=0 

Theorem : 2.3.9 

Let D and E be two P2-connected L-fuzzy sets in an L-fts (Lx, ) If D, E 

are not P-separated, then D V E is P2-connected. 

Proof 

Suppose D V E is not P2-connected. Then there exist two preclosed 

sets A, B such that 

DVEA,DVEB,(DVE)'VAVB=1,(DVE)AAAB=O 

Consider (D V E)' V A V B = 1 

=(D'AE')VAVB= 1 

=(D'VAVB)A(E'VAVB)= i 

=D'VAVB=iandE'VAVB)=i 

Consider (D V E) A A A B = 0 

=(DAAAB)V(EAAAB)= 0 

=DAAAB= 0 and EAAAB= 0 

Since D V E ~ A, either D A or E :~ A 

Suppose D A 

Then D :!~ B since D is P2-connected. 

Since D V E :9 B, either D :9 B or E B. 

Since D:!~BwemusthaveE B 

Since E is P2-connected we must have E :!~ A. 

Hence there exists preclosed sets A and B such that 

D!~B,E~A and (DVE)AAAB=0. 

By Lemma 2.3.8 D and E are P-separated which contradicts that D 

and E are not P-separated. 

D V E is P2-connected. 
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Theorem : 2.3.10 

Let {D / t e Q} be a family of P2-connected L-fuzzy sets. If there 

is an s E ) such that for each t - {s}, Dt  and D. are not P-separated, then 

V Dt  is P2-connected. 
tEc 

Proof 

Suppose V Dt  is not P2-connected. Then there exists preclosed sets 
tcQ 

A, B such that 

V D A, V D B, (V Di)' VA V B = I (V Di)' A A A B = 0 
tE C2 tEQ tE 

Now VD A. 
t€c 

=> there exists x 3 (V D) (x) > A(x) 
tc 

=> sup {D(x) It E > A(x) 

=> By supremum property there exists ti ) such that D11  (x) > A(x) 

Similarly since V D :~ B, there exists t2 E  Q and y E X such that 
tec 

D 2 (y)> B(y) 

Hence (D 1  V D 2  V D) (x) ~! D 1  (x) 

> A(x) 

and (D 1  V D 2  V D) (y) ~! D 2  (y) 

> B(y) 

Hence there exists t1, t2 E  Q such that 

D 1  V D2  V D :~ A, D 1  V D 2  V D B 

Since (Dt  V D V D)' ~ ( V D')' and 
1 2 tEQ 

(1) 

D V Dt  V D5  ~ V D, we get 
1 2 t€Q 

(D 1  V D 2  V DS)'VAV B~(V Di)' V A V B 
tEc 

=1 
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and 

(D 1  V D V DS)AAA B :!~(V Di)' A A A B tEn 

(Di, V D 2  V D)' V A V B = 1 (2) 

and 

(D 1  V D 2  VD)AAAB = 0 (3) 

From (1), (2) and (3) we get 

Dt,  V D V D is not P2-connected (4) 

Since D  and D are not P-separated and D1  Ds  are P2-connected we 

get by Theorem 2.3.9. 

Dt,  V Ds  is P2-connected 
1 

(5) 

Similarly D t
2
V D is P2-connected 

Claim 

Dt,  V Ds  and D t
2
V Ds  are not P-separated. Suppose not, then 

pcl(DV D) A(D 2 V D) = 0 and (DI V D) A pcl(D 2 V D) = 0 

= (pcl(D) V pcl(D)) A (Dt2 V D) = 0 and 

(Dt1 V D) A (pcl(D 2 ) V pcl(D)) = 0 

(pCl(Dt )ADs)V... = 0 and (pcl(D)V(D 1 )V... = 0 

=pcl(D 1 )AD= 0 and pci DA D 1 = 0 

D 1  and Ds  are P-separated which contradicts that D1  and Ds  are not 

P-separated. 

Hence the claim. 

By (5) and claim, using Theorem 2.3.9 we get 

D V D V Ds  is P2-connected (6) 

(4) and (6) contradicts each other. 

.. V Dt  is P2-connected. 
tE 
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Corollary 2.3.11 

Let {D / t } be a family of P2-connected L-fuzzy sets. If A Dt  # 0 
(EQ 

then V Dt  is P2-connected. 
tEQ 

Proof 

A D#0 
(EQ 

D#0VtEc 

=> pci Dt  # 0 V t E 

=> For any s E Q, pcl(Dt) A D :# 0 and Dt A pci(D) 0 V t E 

Dt  and D5  are not P-separated. 

Hence by Theorem 2.3.10, we get 

V Dt is P2-connected. 
teQ 

The following theorem shows that P2-connectedness is preserved by a 

P-irresolute mapping. 

Theorem : 2.3.12 

Let f: (Lx,  6) —> (L's', T) be a P-irresolute mapping. If D is P2-connected 

in (Lx,  6), then so is f(D) in (L", T). 

Proof 

Suppose that f(D) is not P2-connected in (L", T). Then there exists two 

preciosed sets A, B in (L'', T) such that 

f(D)A,f(D) B,f(D)'VAVB= i,f(D)AAAB= 0 

Since D :5 r1(f(D)) we get 

D' ~! f 1(f(D))' 

= f1(f(D)') 
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Consider f(D) :~ A 

r1(f(D)) f 1(A) 

=D:~f 1(A) (1) 

Similarly f(D) B 

=Dr1(B) (2) 

Consider, f(D)' V A V B = 1 

f1(f(D)') V f1(A) Vf 1(B) = r1(1) = I 

= D' V f 1(A) V r1(B) f1(f(D)') V f 1(A) V r1(B) 

=1 

=D'Vf 1(A)Vr1(B)i (3) 

Consider 

f(D)AAAB = 0 

=> f(f(D)) A r1(A) Af1(B) = r1(0) 

=0 

D Af 1(A) Af 1(B):~f 1(f(D))Ar1(A)Ar1(B) 

(4) 

Since f: (Lx,  6) -> (L', T) is a P irresolute mapping, we get that r1(A) 

and f1(B) are preclosed sets in (Lx,  T) (5) 

From (1), (2), (3), (4) and (5) we get that D is not P2-connected. 

This is a contradiction. 

Hence f(D) is P2-connected in (L', T). 

Extension of K. Fan's Theorem to P2-Connectedness 

First let us give the definition needed for K. Fan's theorem and discuss 

an example. 
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Definition : 2.3.13 

Let (Lx,  6) be an L-fts, D E Lx and F denote the set of all preclosed sets 

in (Lx,  6). A mapping P : M*(D) -> 5 is called a pre-remote neighbourhood 

mapping on D, if for each e E M*(D), we have e :~ P(e). 

Example : 2.3.14 

Pre-remote neighbourhood mapping 

Let X1  n X 2  = , X = X1  u X 2 , L = [0, 1]. Define the fuzzy set 

(Ca, Gb) E [0, 1]X  as follows 

í xE 
(Ca, Cb) (x) 

a X1
=  

íb, XEX2  

Let 6 = {O, 1 (Co.5, C0.5)} 

Then 6 is a [0, 1] fuzzy topology on X 

For every e e M(Lx),  define 

1(Co.5, C05 ), if e :~ (C05,C05); 
P(e) = 

L0 ife(C05,C05); 

Take e E M(Lx) 

If e :j~ (C05, C05), by definition, P(e) = (C05, C05) 

e :~ P(e) 

If e :!~ (C05, Co 5), by definition P(e) = 0 

Since e # 0 ; there exists x such that e(x) # 0 

Since P(e) (x) = 0(x) = 0, we get that 

e(x)> P(e) (x) 

e :9 P(e) 

P is a pre-remote neighbourhood mapping. 
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Theorem : 2.3.15 

Let (Lx, ) be an L-fts and D E Lx.  Then D is P2-connected 1ff for any 

two co-prime elements a, b E M*(D) and any pre-remote neighbourhood 

mapping 

P M*(D) 
, there exists finitely many co-prime elements 

e1  = a, e2, ..., e = b in D such that 

D'VP(e)VP(e+l)#1 i=1,2,...,n-1 

Proof 

First assume the given condition suppose D is not P2-connected. 

Then there exist two preclosed sets A, B such that 

D :9 A, D :~ B, D'VAVB= 1, D A A A B = 0 

Define a pre-remote neighbourhood mapping P: M*(D) - J such that 

IA, ife~B 
Ye M*(D),  P(e) 

= I13, if e:~B 

Take a, b E M*(D) such that a A and b B. 

Take arbitrary finitely many co-prime elements e1  = a, e2, ..., en  = b 

mD 

b :~ B => P(b) = B. 

=> P(e,) = B 

P(e— 1) = A or B. 

If P(e— 1) = A, then D' V P(e— 1) V P(e) 

= D'VAVB 

=1 

If P(e— 1)= B, then if P(e-2) =Awe get 

D' V P(e-2)V P(e— 1) D' V A V B 

=1 

If all P(e2), P(e3) ... P(e) = B then D' V P(e1) V P(e2) = D' V P(a) V B 

Since P is a pre-remote neighbourhood mapping, a :~ P(a). 



62 

As a A, we must have P(a) = A 

D'VP(ei)VP(e2)=D'VAVB=1 

Thus there exists i D' V P(e1) V P(e+1) = 1. 

This contradicts the condition of the theorem. 

Hence D is P2-connected. 

Conversely, assume that D is P2-connected suppose that there exists 

two co-prime elements a, b E M*(D) and a pre-remote neighbourhood 

mapping P : M*(D) for arbitrary finitely many co-prime elements 

e1  = a, e2, ..., en  = b in D the following fact is true: 

D' V P(e) V P(e,i) # 1 , i = 1, 2, ..., n - 1 

In this case, we say that a and b cannot be linked. Let 

= {e E M*(D) / a and e can be linked} 

= {e E M*(D) I a and e cannot be linked) 

Then V e E ,iand V d E si], we have that 

D' V P(c) V P(d) = I 

Put 

A = A {P(c) / c E B = A {P(d) / d E 

Obviously we have that 

D :9 A, D B, D'VAVB= 1, D A A A B = 0. 

This shows that D is not P2-connected Which is a contradiction. 

Hence the condition is true. 

Relations among a few kinds of connectedness 

Now let us discuss the relations among connectedness, 

P-connectedness and P2-connected ness in L-fuzzy topological spaces. 

Theorem : 2.3.16 

A P2-connected L-fuzzy set must be connected. 
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Proof 

Let D be a P2-connected L-fuzzy set. 

Suppose D is not connected. 

Then there exists closed sets A, B such that 

D :~ A, D B, D' V A V B = 1, D A A A B = 0. 

Since closed set is a preclosed set we get that there exists preclosed 

sets A, B satisfying the above conditions. 

Hence by definition, D is not P2-connected. 

This is a contradiction. 

D is connected. 

Remark : 2.3.17 

In general a connected L-fuzzy set need not be P2-connected. This 

can be seen from the following example. 

Example : 2.3.18 

A connected L-fuzzy set which is not P2-connected 

Let X1  n X2  = , X = X1  u X2, L = [0, 1]. Define the fuzzy set 

(Ca, Cb) E [0, 1]X  as follows 

Ia, x€X1  
(Ca, Cb) (x) = jb, 

X E X2  

Take 

v = {(C06, Co) ; (Co, C06), (C05, C1), (Ci, C05), (Co.3, C1), (C1, Co.3)) 

Let 8 be the [0. 1 ]-topology generated by v on X. It is easy to see that I 

is connected. But 1 is not P2-connected because there exist two preclosed 

sets (Cl, Co) and (Co, C1) such that I (Cl, Co) I (Co, Cl), 

1' V(C1, Co) V(Co, C1)= 1, 1 A(Ci, Co) A(Co, C1)= 0 
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In order to discuss the relation between P-connectedness and 

P2-connectedness first we present two characterizations of P-connectedness. 

Characterizations of P-connectedness 

Theorem : 2.3.19 

Let (Lx, ) be an L-fts, D Lx.  Then the following conditions are 

equivalent: 

D is P-connected 

There do not exist preclosed set A and B such that 

DAA# 0, DAB# 0, D:!~AVB, DAAAB= 0 

There do not exist preclosed sets A, B such that 

D A, D B, D:!~AVB, DAAAB= 0 

Proof 

(1) = (2) 

Suppose that there exist preclosed sets A and B such that 

DAA# 0, DAB# 0, D:!~AVB, DAAAB= 0 

LetA1  =DAAandB1=DAB 

Then A1  # 0, B # 0 

ConsiderA1VB1 = (DAA)V(DAB) 

= DA(AVB) 

=D 

:.D =A1 VB1  

Consider 

(A1  A pcl(B1)) V (pcl(Ai) A (131) 

(i.e.) = (D A A A pcl(Bi)) V (pcl(A1) A D A B) 

Since A1  = D A A :!~ A, a preclosed set 

We get pcl(A1) ::~ pcl(A) = A 

pcl(A1):!~A 
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Similarly pcl(Bi) :5 B 

(Al  A pcl(B1)) V (pcl(Ai) A B1) 

~ (DAAAB)V(AADAB) 

= DAAAB 

=0 

AlA pcl(B1) = 0 and pcl(A1) A B1  = 0 

A1, B1  are P-separated 

As D = A1  V B1, D is not P-connected. 

This is a contradiction. 

Hence (2) is true. 

(2)=(1) 

Suppose D is not P-connected. Then there exist two non null sets A 

and B such that D = A V B and A, B are P-separated. 

pcl(A) A B = A A pcl(B) = 0 

Let A1  = pcl(A) and B1  = pcl(B) 

Consider 

DAA1  = (AVB)Apcl(A) 

= (AApcl(A))V(BApcl(A)) 

=AVO 

= A 0 

Similarly, 

DAB1  = B 0 

D =AVB 

~ pcl(A) V pcl(B) 

= A1  V B1  

D A1 VB1  

Consider 

DAA1 AB1  = D A pcl(A) A pcl(B) 

= (A V B) A (pcl(A) A pcl(B)) 
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= (A A pcl(A) A pcl(B)) V (B A pcl(A) A pcl(B)) 

= (A A pcl(B)) V (B A pcl(A)) 

= OVO 

we 
This contradicts (2) 

Hence D is P-connected 

(2) = (3) is obvious. 

Theorem : 2.3.20 

Let 1 e M(L). If D is P-connected then it is also P2-connected. 

Proof 

Suppose that D is not P2-connected. Then there exist preclosed sets 

A and B such that 

DAA# 0, DAB# 0, D'VAVB= 1, DAAAB= 0 

Since D' V A V B = 1, by Lemma 2.3.2 D !~- A V B. 

By (2) = (1) of Theorem 2.3.19 we get D is not P-connected. 

This is a contradiction 

D is P2-connected. 

Theorem : 2.3.21 

Let D be a crisp set in (Lx, ). Then D is P-connected if and only if it is 

P2-connected. 

Proof 

Since D is a crisp set we get D(x) = 0 (or) D(x) = 1 

Claim 

D'VAVB= D:!~AVB 
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Ass u me 

D'VAVB= ;j 

Take x E X. Then D'(x) = 1 (or) D'(x) = 0. 

D'(x) = 1 => D(x) = 0 :!~ (A V B) (x) 

D'(x) = 0=D(x)= 1 and(AVB)(x)= 1 

=> D(x) = (A V B) (x) 

D(x):!~(AVB)(x) Vx 

(i.e.) D:!~AVB 

Conversely, assume D :!~ A V B 

Take x E X. Then D(x) = 0 or D(x) = I 

D(x) = 0 = D'(x) = 1 

= (D'VAVB)(x)=l 

Suppose D(x) = I 

Then as D :!~A V B we get 

D(x) (A V B) (x) 

=> 1:!~(AVB)(x) 

= (AVB)(x)=1 

= (D'VAVB)(x)=i 

... D'VAVBi 

Hence the claim. 

D is P-connected D A A # 0, D A B# 0, 

There do not exist preclosed sets, A, B such that D A A # 0 ,D A B # 0, 

D:!~AVB,DAAAB= 0 (by Theorem 2.3.19) 

There do not exist preclosed sets A, B such that D A A # 0, D A B # 0, 

D'VAVB= i,DAAAB= 0 (since D~AVB <* D'VAVB= I by 

the claim) 

D is P2-connected (by Theorem 2.3.5). 


