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INTRODUCTION

This thesis is an attempt to study the following topics
(1) Construction of new topologies from given topologies having

some interesting properties.

(2) Discussion of some famous counter examples from topology.

Regarding question (1) we consider a topological space (S, T)

and an ideal I of subsets S. The problem is to construct the

smallest topology - * containing T such that all the members of

I are closed in T*, This question is examined in detail in the

following papers.

1. "New topology fromold via ideals" by Dragan Jankovic and

T.R.Hamlett [ 4 ].

2. "A topology formed from a given topology and ideal by
P.Samuels [ 7].

3. 'Ideally equivalent topologies and semitopological properties"
by David A.Rose and T.R.Hamlett [ 3].

In this thesis we discuss the first paper in detail and
mention the important results contained in the other two papers.

Given a topological space (X, T ) and an ideal I of subsets
of X. The collection of subsets B(I,T ) = f_ V-1 ; VET , 1€ Ij
defines a base for a topology T*. This topology T* has got many
interesting properties. T* is the smallest topological containing
T in which every member of I is closed. The study of —T*

corresponding to various ideals If, Ic’ Is’ In and ch where



If—? the ideal of finite subsets of X.

Ic—7 the ideal of countable subsets of X.

IS—> the ideal of scattered sets in (X, T).
In——>the ideal of nowhere dense sets in (X, T ).
ch—‘y the ideal closed discrete sets in (X, T ).

give rise to many interesting examples and results.

Definition
Let (X, T ) be a space with I an ideal on X. We say the

topology T is compatible with ideal I, denoted T ~I if the following

condition holds : for everey A< X ; if for every x &€ A there
exists a neighbourhood U of x such that UN Ae I then Ae].
It is interesting to note that a space (X, T) is hereditarily

Lindelof iffT~ Ic i

The study of ideal topologies lead to a simple proof of

the following famous theorem.

Theorem (Cantor - Bendixson)

A second countable space can be represented as the union
of two sets one of which is perfect and the other countable.

Another important result on ideal topologies is as follows.

Theorem

Let (X, T ) be a space with an ideal I on X such that

I and {x}é I. If a set AS X is closed with respect to T *,



then A is the union of a set which is perfect with respect to T

and a set in I.

The concept of compatibility is characterised as follows.

Theorem

Let (X, T ) be a space and I an ideal on X. The following

are equivalent,
(a) T ~1I and {x}é I for each x € X.
(b) Scattered sets in (X, T*) are in I.

(c)t Discrete sets in (X, T*) are in I.

Definition
Spaces in which compact sets are finite have been called
cf - spaces or pseudofinite or anticompact.

The study of ideal topologies lead to the following results

on anticompact spaces.

Theorem

Let (X, T ) be a Hausdorff space. Then (X, 't*(Ic/\InnIk))
is anticompact where the ideal of relatively compact sets are denoted

by I defined as L ={ASX ; cl(A) is compact in (X,T )].

Corollary

Let (X, T ) be a dense-in-itself Hausdorff space. Then

(X, 'I:*(In)) is anticompact.



Second chapter is devoted to the discussion of four interesting

examples.

The first one is called "Prime ideal topology", which
is defined on the collection of all prime ideals of the ring of
integers. This space is TO’ compact, hyperconnected, second
countable and locally connected. Further this space does not
satisfy the Tl’ T4 axioms.

In the second example we consider the set X of all integers
greater than or equal to 2 and consider the family iUn / n= Z‘j
where Un = ix = Z+/x divides n3 - The topology T is generated
by the family Un' It is shown here that (X, T ) is TO’
ultraconnected, locally connected, locally compact, scattered,
separable and second countable. This space does not satisfy the
Tl—axiom. Also this space is not countably compact and not
strongly locally compact.

In the third example we consider a topological space
(X, T ) such that (X, T) is compact, T1 and not Hausdorff. The

important point about this example is that T is a maximal compact

non-Hausdorff topology on X.
In the last example we construct a Minimal Hausdorff topology.
The examples studied in this chapter are taken from the

book !'"Counter examples in Topology" by Lynn Arthur Steen and
J.Arthur Seebach, Jr.
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CHAPTER - 1

SECTION - 1.1. DEFINITION OF IDEAL TOPOLOGY.
Introduction

Given a topological space (S, T ) and an ideal I of

subsets of S, we shall construct a topology  -T* such that

T* contains T and every members of I is closed in T, To

achieve this we associate with every set A, a set A* such that

AUA* satisfies the four Kuratowski axioms and defines a topology

T
We shall start with the preliminary definitions.

Definition 1.1.1.

A nonempty collection I of subsets of a set X is said

to be an ideal on X, if it satisfies the following two conditions.

1. A€l and B A = B & ]
2. A€l and Be€l =>AUBel
Examples
I, - the ideal of finit subsets of X = {ASX 1 A is finite ],

I_ - the ideal of countable subsets of X = {A_C.x / A is countable},

A set A is discrete if AnAd =% where A% is the derived set of A.



ch - the ideal of closed discrete sets in ( X,T)

= {acx: Ad=4>7]‘

In any space X, a set BCY is called nowhere dense

if its closure has no interior.

In - the ideal of nowhere dense sets in (X, T)

s {AQ X : Int (cl (A))

)

N(x) will denote the open neighbourhood system at x (i.e)
N (x) = {Uet : X éU?].

Note :

Definition 1.1.2.

Let (X, T ) be a space with an ideal I on X. Then

A (LT) = {x€ X: AN UEI for every UeN(x)} is called

the local function of A with respect to I and T Also cl(A)

is defined as cl(A) = £x € X: ANU% ¢ for every U € N(x)} :

Theorem 1.1.3.

Let (X, T ) be a space with I an ideal on X and let A
and B be subsets of X. Then

a. A= B = A* < B*

b. A* = cl(A*) & cl(A) (A* is a closed subset of cl(A)).
c. (A¥)* < Ax
d. (A UB)* = A*(Q B*

e. A¥ - B¥ = (A-B)* - B*< (A-B)*



f. UET =) unax = UN((UNA* S (UNA)*

g. IeI:.J;(AUI)* =  A¥*
Proof :-

and

= A= I)¥

a. A<SB =» A*¥ & B*

xe€A* = U N A E%' I for every U€&N(x),

= UNB ¢ I for every UEN(x), since A < B.
=> x &€ B*
A*<S B* whenever A < B

b. A* = cl(A¥),

Let x & cl(A*) = Un A*:}:Cb for every UE&N(x)

= there exists z € U N A*, for every U & N(x).

::> z&€ U and z € A* for every U&N(x)

> U is a neighbourhood of z and z & A*, f

or
every U& N(x).

2 & A*N(z)NA & I, for every N(z).
But U is also a neighbourhood of z for every U<€N(x).
So U (VA €I for every UEN(x).
= X € A*,

<. cl (A¥) . A%,
We know that A*c cl(A%*)
So A* = cl(A*),
To prove that cl(A*) S cl(a).

x € cl(A*) = U N A*=§‘-¢> for every UEN(x).

=) there exists z € U N A* for every U &€ N(x).

U is a neighbourhood of z and z € A* for every



UEN(x).
z € A*= UNA ¢ I for every UEN(z).
= UnN A-‘#¢) for every U EN(x).
:> X € cl(A).
= cl(A*) ccl(A).
c. (A¥)* < A%,
x E(A*)*>UN A*g1 for every U EN(x).
But we know A* = cl(A*) < cl(A).
= (A%)* Ccl(A%).
x E(A*)* = x ecl(A*).
= UNA*=% D for every UEN(x).
Take z e UNO A* for every U €N(x).
=>U is a neighbourhood of z and z € A*¥  for
every U &N(z).

=>UN0A &I for every U EN(x).

= x € A*
(A*¥)*< A*,
di (AUB)* = A%\ B*,

x €(AUB)* => UN(AUB)&I for every U EN(x).
= [(UNA)U(UNB)] & I for every UEN(x).
S UNAE& ILor UNB & I for every UE N(x).
= xEA* or x &B*,
=>x € A* L B*,

(AUB)* < A*U B*,



Also A*C (AU B)* and B*C (A UB)* since A C(AUB) and Bc(AUBj,
.. A*U B*C (AUB)*.
"« (AUB)* = A*U B*,
e. A* - B*¥ = (A - B)* - B*¥ & (A - B)*
x € A* - B¥=) x€ A* and x€&B*.
= UNA $ I for every U € N(x) and there exists
U € N(x) such that UNBe I . R i 1)
To prove that x €(A - B)* - B¥*,
(i,e) to prove that xe& (A-B)* and x¢ B*.
(i.e) to prove that x & (A - B)*.
(i.e) to prove that U N (A - B)$I for every UEN(x).
suppose, UN(A - B) €1 for some U €N(x).
| = UNANX - B & 1 for some U € N(x). - = €2r
Let U!' = UﬂUt .. U'Nn BEI for some U'E N(x). - - - - - (3)

since U' € N(x).

:-.>U‘ N AQ(x - B)EI for some U' EN(x).- - - - (4)
from (2).
= U' N AEIL for some U'& N(x) from (3) and (4).
which is a contradiction to x & A*.
Also we know that x & B*,
.. X & (A - B)* -px
=>A* - B* C(A - B)* - B*,
conversely,
Take x €(A - B)* - B¥*,

= x €(A - B)* and x ¢B*.



UN(A - B) éf_ I for every UEN(x).

10

and there exists UrE N(x) such that Ur O B&l.

Now to prove that x € A* - B*,

(i.e) to prove x€ A* and x & B*,

(i.e) to prove UNAEI for every UEN(x).

Assume UNA EI for some U&N(x).

= UN(A - B)E1 for some U &N(x).

Which is a contradiction to (1).

e xXEA* -

-.. A*—B*'_‘

-'. x€A*. Also x §B*,

B*O

.". (A - B)* - B¥C A* - p*,

(A - B)* - B*,

Since (A - B)* - B*c (A - B)*.

f. UeET= U0 A*
To prove that UN A%
xeUN N A)* =
=
=
W = UoVeN(x)
=
=7
:—>.

UNUNA*c(UuNnA)*,
= UN(UNA)*,

x&U and VN (UNA) ¢ I for every VEN(x).

x €U and (VN UYNAETI for every V € N(x).

x€&U and WN A¢I for every W & N(x), where

x €U and x € A*,

x €U DA*,

UN(UNAY*C UnNA*,

Now to prove that UN A* ¢ UN(UNA)*,

xeU N A* = xe Uand x cA*,

> X EA*H VN A $I for every V €N(x).
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U is a neighbourhood of x and V is a neighbourhood of x. Therefore

VAU is also a neighbourhood of x.

S (vhhu)yna ¢I for every VE&N(x) and for every U & N(x).
Vﬂ(UﬂA)¢I for every V &N(x) and for every U €N(x).
e xE(UNA)*,
S UNA*S UN(UQA)Y*,
o UNA* = UN(UNA)*,
g. IEIS(AVUID* = A* = (A - I)*,
I* = ExéX : INUGI for every U&N(x)b =¢ .
F(AUD* = A*UI* = A*yud = A*,
Now to prove that A* = (A - I)*,
Always (A - I)* G A*,
Now to prove that A* (A - I)*,
X€A*=> UNA &l for every UEN(x) - (I).
Now to prove that x € (A - I)*. Assume
Ul(\ (A - I)EI for some UlE N(x).
Uln (A-1I) = Be€l.
Ulﬂ ASBVUIE]l.
> UNael.
Which is a contradiction to - (I)
=>(A - D¥< A*,

o A* = (A - I)*,

Definition 1.1.4.

Let P(X) be the class of all subsets of X. If ( ¥ P(X)=P(X)

is a function satisfing
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1. ¢ =¢ .

2. AEP(X)= A=SAS,

3. AEP(X), BEP(X) S>(AUB)® = a0 BS.
and 4. AE€P(X)=>(A%)¢ = A4S,

then ( )c is called a Kuratowski closure operator and

{AEP(X) : A = Ac} is the collection of all closed sets for a
topology on X.

Theorem 1.1.5.

d: P(X)=>P(X) 1is a function satisfing
d (p) =¢

2. d (AOB) = d(A)U d(B)

—
.

3. d (d(A)) €d(A)

then ( )® : P(X) —> P(X) defined by AS = AU d(A) is a
Kuratowski closure operator on P(X).
Proof :-

A® = AU d(A)

So, (1) ACA® is satisfied.

(2) ¢ =pud(d) =6V - |

(3) (AUB)® = (AUB)Ud(AUB)
= (AU d(A))U (BVUd(B)) A EP(X), BE P(X).
= A°V B

(4) (A9 = A% a(a®)

AV d(A)Uud(AUd(A)).
C AUd(A)Vd(A)VYd(A).
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= AUd(A) = AS,
s (%)% &5,
But A cA® for every A.
Acc (A%,
. (AS)C = pC,

. A% is a Kuratowski closure operator on P(X).

Theorem 1.1.6.

The function * ¢+ P(X)—P(X) defined by cl*(A) = AU A*
is a closure operator.

Proof :-
To check «cl* satisfies the four conditions of Kuratowski.
1. Cl*(¢) = ¢U¢* :¢U¢:Q .

2. cl¥(AUB) (AUB)U(AU B)*,

(AUB) U (A*V B*)

(AVA*)U (B UB¥*)

cl*(A) U cl*(B)
3.  We know that cl*(A) = AU A*,
.. ACcl¥*(A).

4. We know that AC cl*(A).

<« cl*(A) € cl* cl*(A). Now to prove that cl*cl*(A) Ccl*(A).
cl*cl*(A) = cl*(cl*(A)) = cl*(A U A¥)

cl*(A) Ucl* (A%*),

(AU A*) O (A* D A*¥)

AU A*U A**

C A UA*Y A*
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= AU A*= cl*(A).
. cl*cl*(A) < cl*(A).
«"e cl¥cl¥*(A) = cl*(A) .

Jooaa) = AU A* s . Kuratowski

on P(X).

closure operator

Definition 1.1.7.
We will define T * in terms of the closure operator
cl*(A) = AU A* by

T = {Us X : a*x-u) = x - |}

Special cases :

If I ={¢3 » then A* = cl(A). Hence in this case
cl*(A) = cl(A) and hence T* =T

If I = P(X) then A* =Qfor every ASX and hence

T*(I) is the discrete topology.

If 1 = ch we have T*(I) =T

Example 1.1.8.

Let P be the indiscrete topology on any set X and
If be the ideal of finite sets.

Then x € A* = XN A & I., since X is the only neighbourhood

of x.

If A is finite then A* =&

<"« cl*(A) = A A* = A, when A is finite.
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If A is infinite then A* = X.

<"« cl*(A) = AUA* = AUX = X, when A is infinite.
CoclxA) = T x i ag I
A if AEL.
L {_U Jel*(x - u) = X - US

= {U/X - U is finite}.

This means that \p* (If) is the well-known cofinite topology.

Example 1.1.9.

Let \.P be the indiscrete topology on any set X and
Ic be the ideal of countable sets. Then

XEA*=) XNA $IC, since X is the only neighbourhood

of x.

If A is countable then A* = 45

.'. cl¥(A) = AUA* = AUO= A, when AEL.
If A is uncountable then A* = X,

.C. cl¥(A)

AUA* = AUX = X, when Adalc.

A if A ET
{x if AgI.
RRRVLIS ={U/cl*(X- U) = X - US
={U1X-U€Ic} .

This means that \Y*(I.C) is the cocountable topology.

C.ocl*(A)
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SECTION 1.2 : COMPARISION OF IDEAL TOPOLOGY
Introduction

In this section we shall discuss what happens when
we change the ideals (i.e) given ideals I and J what is the

relationship between A*(I) and A*(J).

Theorem 1.2.1.

Let (X, T ) be a space with I and J ideals on X. Then
I1cJ =) A*(J) €A*(I) where A is a subset of X.
Proof :-
X EARN= U O A €7 for every UEN(x)
=) UNA4I for every UEN(x) .*. ISJ
= x€ A*(])

.. A¥(J)S A*(I) whenever I < J.

Theorem 1.2.2.

Let (X, T ) be a space with I and J ideals on X, and
A= X. Then

a. A¥(INJ) = A*(I)U A*(J)

b.  A¥IULJ,T) = AX(I, T*J)) O A%, T*())
Proof :-

Take x € A¥(I1OJ)
= UﬂAéIﬂJ for every UE& N(x)

D UNAG I for every UE N(x) or UN A J
for every U EN(x)
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:> x &A*¥(I) or st*(J)
= x & A¥(I) UA*(J).
T AX(INT) CAX(I) U A*(T)
Similarly we can prove
A*(I) UAX(J) C AX(INJ)
o AX(INT) = A*¥(I) U AX(J).
b. Assume x ¢ A*(IU J, T ). Then there exists a
U&E N(x) such that UN A€ IUJ. Let I€I and JEJ such that
UNA = IUJ. Because of the heredity of J, we may assume

InNg = (p Thus we have (UMNA) - 1 =J and (uNa)y - J =1,
=) (U-D1NA=JEJand (U-J)NA = IEI
=P x§AX(J, THD) or x ¢A¥(I, T*W)))

Therefore A*(J, T* (I)) NA*(I, T*(J)) CA¥(1UJ, T)

Now assume x ¢ A* (I, T*(J)). This implies that there
exists U&N(x) and JEJ such that (U - J) NAE€I. We may assume
JSA. Now define I = (U - J)NA and we have
UNA = IUJE€IVUT = x¢A* (IUJ, T)

So, A¥X(IUVJ, T ) € A¥*(I, T*(J)).
Similarly, we have that A¥(IULJ, T) CA*(J, T*(I))
Hence A*(IUJ,T ) € A*(I, T*(J)) ﬂA*(J"[*(I))

o AXIVT,T) = AX(I, THJ))N AXT, T*()).

Theorem 1.2.3.

Let (x, T ) be a space with I and J ideals on X. Then
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a. THAVT) = (THINXI) = (THI)*J).
- 8 THIUT) = TXI)UT*J) .
[ THINT) = TXINT*J).

The basis element of T* with respect to I1UJ is of the
form V - B, where BEIUJ, and VET.
The basis element of [ T *(J)]*(I) is of the form

vV (1 UJ). Since the basis element of ( T*(J))* with respect

to I is of the form W - I

(V- J) - 1 where VET , JE 7,
I€l and WETH*,.

=V - B where BEIUJ.
Also any basis element of ( T *(I))* with respect to J

is of the form W - J, where WET* and J € J.

(V-I) = J = V - B where VET

BeIUJ.

]

So, T*(IVJ) (T*I))*I)

(THI)*)
TXDL T*)

b. T*IU J)
The basis element of T*(I) UT*J) is of the form
(W-=-1)U(V=-1J) =V - B where V = WUU&T) BEI1IUJ.

Which is the basis element of T* with respect to IUJ.

c. TXINJI) =THDNT*WJ).

Basis element of T* with respect to I NJ is of the form
V - B where BEINJ, VET.
Basis element of T*(I)N T*(J) is the form (U-I) N (W-J) = V-B

where V. = UAWe€T and BEIUJ .°, T*(INJ) = T*I)NT*J).
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SECTION 1.3. BASE FOR IDEAL TOPOLOGY.
Introduction .

In this section we shall discuss some simple examples
and construct a base for T *.
We shall define

B(I, T) = {V -1 : VET, I EI‘_‘] and we shall prove this forms

a basis for T*.

Theorem 1.3.1.

Every member of I is closed in T*.
Proof :-

To prove that every member of I is closed in T¥*.
(i.e) to prove that cl*(I) = I, for every I€1.
We know that cl*(I) = IU I*,
But I* = {x /| UNIEI, for every UéN(x)} = (‘)
Soocl¥(I) = IVI* =100 = 1.

So, every member of I is closed in T¥*.

Theorem 1.3.2.

Let (X, T) be a space and I an ideal on X. Then
B(I, T) is a basis for T*.
Proof :-
Let (X, ©T) be a space and I, an ideal on X.
We know that A is —T* - closed iff A*< A. Now we have
Ue T* iff X - U is T* - closed iff (X - U)* € (X - U) iff
UeX - (X - U)*. Therefore xEU=}x¢(X - U)* = there exists

a V& N(x) such that VN (X - U)EI. Now let I = VN (X - U)
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and we have x&V - IS U, where VET and I&1.
cou=Uw -,
NeT

. U is T* - closed.

We shall prove that B(I, T ) is closed under finite intersection.
n n n
N(V, -1)= Nv, -UIL. =V -1 €B(I, T) where
sy 1 1 imy 1 ]
n n
V=0OVeTand I = U I 1.
=1 [E TR

Hence B(I,T ) 1is a base for T* .

Theorem 1.3.3.

Let (X, T ) be a space and I an ideal on X. Then
T*(I) = ‘CU\}J*(I) where \.pdenotes the indiscrete topology on X.
Proof :-
The basis of element of \P*(I) is of the form X - I where
ler, ... the basis element of TUWY*(I) is of the form

VU (X - I) = V - I where VET and I €1, which is the basis
element of T* (1),

Theorem 1.3.4.

Let (x, T) be a space and I an ideal of X. Then
A*(I, T) = A*(I, T*). Hence T* = —**,

Proof : -

Take I = J in 1.2.2. (b) we get A¥(I, T ) = AX(I, T*).

Hence T* = **,
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Example 1.3.5.

Let (X, T ) be a space. Then it is easy to check that
Lag = {_A c x : a9 - ()B is an ideal on X and that A% € a*.
Therefore —T* = T. Also note that I.q is the largest ideal on X.

with the property T* =T.

Example 1.3.6.

Let (X, T ) be a space and A € X. Define
I(A) = {‘B cX : B SA} . Now to prove that I(A) is an ideal
on X. .

Let B€I(A) and C €B then to prove that C €I(A).
Be&€I(A) => B cA.
CEB=)C<S BESA=C CA.
So, CE€&I(A).
B€I(A) and C €I(A) then to prove that BUC €I(A).
BeI(A):)BQAj

(1)

CE€I(A)DC A
Consider BU C.
BUC<A from (1)
So, BUCEI(A).
Hence I(A) is an ideal on X.

Let (X, T) be a space and p & X.
Define I(X - {_p} ) {A cX ; p¢A}.

P*a (X - {py)) = {ASX / cl*(X - 4) = X - AU {0}

facx / x - aerx - Ppjuldy.
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Since cl*(A) = SLX if AgI(X - {py .
A if A€I(X - {p?’ .
P (x -f))= i_Asx / AT (X - {p} )}u {ﬁ
- iAQX : peAjuU {Q} )
Hence I(X - {pj )= {Agx : p §AY generates a simple topology

('P* = {A C X : pEe ASU {(‘)% known as the particular point

topology.

SECTION 1.4 COMPATIBILITY OF T WITH I.
Introduction.

This section deals with the concept of compatibility of

T with I.

Definition 1.4.1.

Let (X, T ) be a space and I an ideal on X. We say
the topology T is compatible with the ideal I, denoted by T~I,
if the following holds for every A SX : if for every x& A there

exists a UE&N(x) such that UNA €I then A &l.

Definition 1.4.2.

An ideal I defined on X is called a 6= - ideal iff it is

closed with respect to countable union (i.e) AiéI, i=1,2,300000e.

)
then UVA.&1.
A= 1
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Theorem 1.4.3.

Let (X, T ) be a hereditarily Lindelof space and I a

G - ideal on X, then T~vI.

Proof : -

Let A X and assume that for every x €& A, there exists
a U € N(x) such that U N A EL Now {_UxﬂA : x EA3 is an
open cover of A and hence has a countable subcover {.Vnﬂ A : neN} .

Since I is a G~ - ideal, A = U{VnOA : ne N-B is in I. Hence
TAvI.

Theorem 1.4.4.

Let (X, T ) be a space with I an ideal on X. Then the
following are equivalent

a. T ~I.

b. If A has a cover of open sets each of whose
intersection with A is in I, then A is in I.

s For every ACX, ANA* = (DA EL

d. For every ASX, A - A*gl.

e. For every -—* - closed subset A, A - A*el.

f. For every A =X, if A contains no nonempty subset

B with BE B*, then A&l.

Proof

Assume (a) (i.e)T~s1 (i.e) if for every x & A there exists

a U&€N(x) such that UN AE 1 then A &1.
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To prove (b) (i.e) if A has a cover of open sets each

of whose intersection with A is in I then A is in I

Assume A has a cover of open sets each of whose
intersection with A is in I then to prove that A is in I.

By our assumption A =Ugr(Uﬂ A) where U is an open set
and UN A€ =>\)gt(U O A)EI1=>AEIL Hence the proof of (b).

Assume (b) (i.e) if A has a cover of open sets each
of whose intersection with A is in I then A is in I.

To prove (c) (i.e) for every AS X, A ONA* = (l?
> A€l .

Assume ANA* = ¢ . Then xe& A=>x & A*,
x $ A* => there exists U & N(x) such that UNAEI ‘-=>Aél.
Hence the proof of (c).

Assume (c) (i.e) for every AS X ANA* = ) = A€
We prove (d) (i.e) for every ASX, A - A*¥*E&I. (i.e) to prove
that (A-A*) () (A-A*)* = 0.

If not, suppose x €A - A* and x € (A - A¥)*,

X EA - A* ::.> x€A and x ¢A*,

x €(A-A%)* = U O (A - A%) €1 for every UE N(x).

=-> UNA ¢I for every U&N(x).

which is a contradiction to x¢A*.
<*e (A-A*) N(A-A*)* = § . Hence A - A*EI
Hence the proof of (d).

Assume (e) (i.e) for every T * - closed subset A,

A - A*e€l. To prove (a) (i.e)Tevl.
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Let A ©X and assume that for every x € A there exists
a U &€N(x) such that U 0A €. Then A () A* = 4) and since
A U A* is T* - closed, we have (A UA*) - (ALA¥)*g],

e (AUAY) - (AUA*) = (AUA*) - (A% U A*x)

= (AU A*) - A* = A E1.

Hence the proof of (a).

Assume (d) (i.e) for every ASX, A - A*&I. To prove
(f) (i.e) for every A< X, if A contains no nonempty

subset B
with B & B*, then A €1.

Let A £ X and assume that A has no nonempty subset B
with B S B*, since A - A*&I, AN A* S (A NA*¥)* and hence
A NA* = 4) Therefore A = A - A* and AE&I. Hence the proof

of (f).

Assume (f) (i.e) for every A &X, if A contains no nonempty
subset B with BS B* then A &€1.

To prove (d) (i.e) for every A SX, A - A*EIl.

Let A X, since (A - A*) O (A - A%)* = ¢ , A - A*
contains no nonempty subset B with B S B*., Hence A - A*E 1.
Hence the proof of (d).

Hence the result.

Theorem 1.4.5.

Let (X, T ) be a space with I an ideal on X. Then the

following are equivalent
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as For every ASX, ANA* = (=A% = §.
b. For every ACX, (A - A¥)* = ¢ .

G For every AcCX, (A NA*)*

A*.
Proof : -

Assume for every A &X, A N A%

O = A* = §. To prove
that (A - A*)* = 0 (i.e) to prove that (A - A¥)(\(A - A*)* = 0.
If not, let x €(A - A*) and x &(A - A¥)*,
x €(A - A¥)*= UN(A - A*) &I for every UEN(x). - - - - (1)
X €A - A*=> x €A and x €A*,
X EA* =>there exists UléN(x) such that UI(')A El.
?->Ulﬂ (A - A*) €1 for some U1€N(x) which is a

contradiction to (1).

e (A - AN (A - A¥)x = .,

(A - A%¥)* = ¢,

Assume for every ASX, (A - A¥)* = ¢
To prove (A NA*)* = A*,
We know that (A - A*)* - A = A% - A,

(A - A*¥)* = A% |

But (A - A*)* = ¢.

=y A* = ¢
To prove that (A [JA*)* = (b
A* = ¢ => for every x there exists UEN(x) such that UN A &1.
So, UN(ANA*) €l for some UEN(x).
Hence x ¢(A NA*)* for every x. . . (ANA*)* = (x)
Hence A* = (A NA*)*,
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Assume for every ASX,(ANA¥)* = Ax*,
To prove that for every AG X, A ONA* = ¢
= A* = .
A¥ = (A OA*)* = O* = .,
Hence A¥* = (X)

Hence the result.

Theorem 1.4.6.

Let (X, T ) be a space and I an ideal on X compatible
with T . A set is closed with respect to T* iff it is the union
of a set which is closed with respect to ‘t‘and a set in I.

Proof :-

Let A beT* - closed then A*C A.
::.>A = (A - A¥) UA*,
Given that T~I then by theorem 1.4.4. (d) for every AC X,
A - A*€Il. Also cl(A*) = A¥*,
So, A¥ is T - closed. Hence A is the union of a set which is
closed with respect to T and a set in I.

Conversely, assume that if A = BU I where B is T -
closed and 1€ I then to prove that A is closed with respect to

T*.

A = B UI.
=) A* = B*I* = B*Ccl(B) = BGA.

Since I* = {x / U NIEI for every U&N(X)S = (p
Thus A*S A. Hence A is T* - closed.

Hence the result.
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Definition 1.4.7.

We say T is weakly compatible with I if an ideal satisfies
A¥* = q> ::>

A€l for every ASX. It is denoted bny\(JJI.

Theorem 1.4.8.

r\\A’JI iff (X, T) is countabl compact.
f y

Proof : -
W
Assume‘[r\-‘lf then
A* = ¢ DaeL.
To prove that (X, T) is countably compact.

Let {Gi/i 61+?] be a countable covering. To prove that

it contains a finite sub covering.
Assume that it has no finite sub covering.

Select X, from the above covering in such a way that

xleGl, XZGG2 - Gl’ x36G3 - GIUGZ’ g

Let A = ixl, Ko s o o 3 Then A is countable.

W
Also Gi N\ A is finite. We know that T~ 1., So,

£ A is finite,

which is a contradiction. Hence (X, T ) is countably compact.

The converse part of the theorem can be discussed in

a similarly way,

Theorem 1.4.9.

A space (X, TU) is hereditarily Lindelof iffTNIc
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Proof :-

Assume the space is hereditarily Lindelof space. Also

we know that Ic is a o~- ideal on X. Using theorem 1.4.3.,

we get TNIC .

Assume’tNIc. Now to prove that it is hereditarily Lindelof

space.

Assume the space is not hereditarily Lindelof space.

Let Y cX be not Lindelof.

Take Y =, Gy

Pick the elements X4 eGl, xZG_G2 = Gl’

«+ XAEGA - (GUG,V . .. UGx_))

XNeGl“— (GIUGZU' . 'UG)\—I)
Let A = { xx | NE /\3 . Then A is uncountable . Also
Also G M N A which is countable then A 1is countable because

TNIC, which is a contradiction. So, the space (X, T)

is
hereditarily Lindelof.
Definition 1.4.10.
A space is X, — compact iff every uncountable set in

the space has atleast one limit point.

Theorem 1.4.11.

-[/\dch iff (X, T*) is %, - compact.
Proof : -

Assume 'trwvlc (i.e) whenever A* = (b then AEIC.
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(i.e) If for every x € X, there exists U € N(x) such that UNA

is countable then A is countable.

Let Y be any uncountable set in X. Assume it has no
limit point. Then for every x there exists U& N(x) such that
Ua (Y- {x3) = ¢er.

=Y - {x}elc

= Y €I_.

':.> Y is countable which is a contraaiction. Hence the space
is X, — compact.

The converse part of the theorem can be proved in a

similar way.

Theorem 1.4.12.

Let (X, ) be a space and I an ideal on X. Then
T~1 iff T*~1.

Proof :~

Assume T*~1 (i.e) for every x there exists U & N."E(x)

such that UNAE1I then A el.
To prove that T~vI (i.e) If for every x € X there exists
Ule Nt(x) such that Ulﬂ AE]I then A€l.

Since every T neighbourhood is a T* neighbourhood

So, UI(\A&I for some UIEN-C(x) :
=) UNAE€I for some UeN.t*(x)
=>Ael
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Hence Tav1I,

Assume T~I.

To prove that -—*~ul.
(i.e) to prove that if (U - E)an A 1, for some U € N(x) and
Eel then A € 1.

Consider UNA = [(U - E)UE] NnA

[((U - E)NA)U(ENA) €1
. UNAEIAEI since T~I.
e T

Hence the result.

SECTION 1.5 IDEALS CONTAINING I

£
Introduction.

The case when the ideal under consideration contains If
is very interesting. This section is devoted to the study of

this case.

Theorem 1.5.1.

Let (X, T ) be a space and I an ideal on X. Then

*
{x} €1 for every x € X iff A* = Ad for every A ©X, where

*
Ad denotes the derived set of A respect to -T*.

Proof : -

By theorem 1.1.3.(g) we get A* = (A - {x} )*.

*
Now to prove that Ad = (A - {x} )¥.

xeAd* iff x Scl*(A - {xg ) iff x €(A - {x} )y U(a - {_XS ) b
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iff x € (A - {x} )*.
Hence Ad* = (A - {X} )*
Hence A* = (A - {x7)* = 4&*
. a*
.oA* = 297,

Hence the result.

Definition 1.5.2,

A subset A of a space (X, T) is dense - in - itself if

A S ACl that is, A is without isolated points.

Definition 1.5.3.

A set which is dense - in - itself and closed is said

to be perfect.

Theorem 1.5.4.

Let (X, T) be a space  with an ideal I on X such that

T~~1 and {x} €1 for each x € X. If a set A €X is closed

with respect to T *, then A is the union of a set which is perfect

with respect to T and a set in I.

Proof : -

Let A S X be closed with respect to T*. Hence using

theorem 1.4.6. we get A = A*UI where A* is closed with respect

toT and I €1. Given T~~1 using theorem 1.4.4, (d) we get
A - A* €Il for every ASX., Let A - A* = [, Then A*N [ = ¢,

Also using theorem 1.1.3. (e) we get A* - A% C (A - A¥)*,



Using theorem 1.4.5. (b) we get (A - A¥)* = q) Hence

A* - A¥ = Q> A* = A**, Now using 1.5.1.
We get

A*

]

A¥*

(A*)*

(a%)d,
*
So, A* = (A"‘)d and consequently A*Q—_(A*)d. So, A* is dense

- in - itself. Hence A* is perfect with respect to L.

Theorem 1.5.5.
Cantor - Bendixson theorem.

A second countable space can be represented as the union

of two sets, one of which is perfect and the other countable.

Proof : -

In the previous theorem (1.5.4.) take A = X and 1 = I

Then it satisfies all the conditions of this theorem. Hence the

above theorem 1.5.5. is an immediate consequence of 1.5.4.

Definition 1.5.6.

A set A X is said to be scattered if A contains no

nonempty dense - in - itself subset.

Definition 1.5.7.

A set A is said to discrete if A('\Ac1 = ¢)
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Remark 1.5.8.

Discrete sets are scattered.

Proof : -

Let A be any discrete set then A N Ad = q) To prove

that A is scattered.

Let BC A be any subset of A. Then to prove that
B¢ B9,
Bca = pdcad,
anat = ¢g=>rnat =9 .. Bca
:)B{'\Bd
= B & B9,

. « A is scattered.

1

'." BPCA

"
-

Theorem 1.5.9.

Let (X,T) be a space and I an ideal on X. The following

are equivalent.

a. Tn~vI and Ex}el for each x €X.

b. Scattered sets in ( X ,T*) are in I.

C. Discrete sets in (X, T*) are in I.
Proof :-

Assume T~I and {x} €1 for each x € X. By using
*
theorem 1.5.1. we get B* = Bd for every B<X.

Let A be a scattered set in (X, T¥*). Then A contains

*
no nonempty set B with BSBd B*. Then using 1.4.4. (f) we

get A€I. Hence the scattered sets in (X, T*) are in I.
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Assume (b) (i.e) scattered sets in (X, T*) are in 1 then

by using Remark 1.5.8. we get discrete sets in (X, T*) are in

I. Hence the proof of (c).

Assume discrete sets in (X, T*) are in I.

that T~I and {x}e I for every x €X.

Now to prove

Obviously {x}é I for every x €X. Let A S X then to
prove that A - A* is discrete in (X, T*) (i.e) to prove that
(A - AN - a9% = ¢, since (a - a5 29" o px
since (xJE€ L .°. (A - a9 A4 - a9 (A4 - a%) o ar = o

D@ -annm - and g,
So, A - A¥ is discrete in (X, T*).
Hence A - A*€E€ I for every A < X. Using theorem 1.4.4. (d) we
get TvI.

Theorem 1.5.10.

Let (X, T) be a space and IC be the ideal of countable
subsets of X. Then the following are equivalent.
a. (X, T) is hereditarily Lindelof
b. (X, T*(Ic)) is hereditarily Lindelof.
c. If I is scattered in (X, T*), then IE-.IC.

d. If 1 is discrete in (X, T*), then IGIC
Proof :-

By theorem 1.4.9. we get (X, ) is hereditarily Lindelof
iff Tr~vI,. Also we know that‘tfulc iff T*NIC by
theorem 1.4.12.
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.
Hence combining we get, (X, T ) is hereditarily  Lindelof

iff TNIC iff T%~s Ic iff (X, "C*(Ic))is hereditarily Lindelof.
Hence (a) %> (b).

Using theorem 1.5.9. we get, if I is scattered in
(X, TT*) then IGIC iff I is discrete in (X, U*) then IeIC.
Hence (c)<=>(d).

Assume (X, T ) is hereditarily Lindelof then by theorem
1.4.9. we get T~ Ic and also we know {x}élc for each x € X.
So, by theorem 1.5.9. we get scattered sets in (X, T*) are in
Ic' Hence (a)%(c).’

Now assume (c) (i.e) if I is scattered in (X, T*) then I EIC.

Using theorem 1.5.9. we get T~ Ic and {x}elc for each
x & X. Hence using theorem 1.4.9. once again we get (X, T) is

hereditarily Lindelof. Hence the proof of (a). Hence (c) =‘§(a).

Hence the result.

SECTION 1.6. SOME APPLICATIONS

In this section we shall discuss some interesting

applcations of the results proved in the previous sections.

Definition 1.6.1.

An open subset U of a space (X, [ ) is said to be regular

open if U = Int(cl(U)).
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Definition 1.6.2.
The regular open sets in (X, T ) form a basis for a new

topology on X, known as the semiregularization of T, denoted

by T The topology Ts 1is coarser than T, and is said

to be semiregular if T= T,

The following theorem gives a characterisation of spaces

for which X = X*,

Theorem 1.6:3.

Let (X, T) be a Space with I an ideal on X. The following

are equivalent
a. X = X*,
b Tn1= {$}.
¢. If I€I, then Int(I) = 9, and

d.For every UeT, US Uu*,

As an interesting consequence we have the following theorem.

Theorem 1.6.4,

Let (X, T) be a Space with an ideal I on X such that
X = X*. Then Ty = (*[*)s.

Spaces in which compact sets are finite have been called

cf - spaces or pseudofinite or anticompact.
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Definition 1.6.6.

The ideal of relatively compact sets are denoted by I

k’
defined as I, = {ASX ; cl(A) is compact in (X, Y.

The following theorem gives a condition under which

(X, T*) is anticompact.

Theorem 1.6.7.

Let (X, T ) be a Hausdorff space. Then (X, T* (Icﬂ ISO Ik))

is anticompact.

Sufficient condition for (X, T*) to be anticompact is given

by the following theorem.

Theorem 1.6.8.
Let (X, T ) be a Hausdorff space with an ideal I on X.
IfT~1 and {_x}el for each x & X, then (X, T*(I)) is anticompact.

As an immediate consequence we have the following corollaries.

Corollary 1.6.9.

Let (X, T ) be a dense-in-itself Hausdorff space. Then

(X5 T*(Icﬂ Inf\ Ik)) is anticompact .

Corollary 1.6.10.

Let (X, T ) be a dense-in-itself Hausdorff space. Then

(X, 't*(In)) is anticompact.
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SECTION 1.7. MORE ON IDEAL TOPOLOGIES.

In this section we shall collect some important results

proved in the following two papers

1. A topology formed from a. given topology and ideal

by Samuels.P.

2. Idealy equivalent topologies and semitopological

properties by David A.Rose and T.R.Hamlett.

Theorem 1.7.1.

T*(I) =7 iff every member of I is T - closed.

Theorem 1.7.2.

If (X, T ) is Hausdorff and I is any ideal on X not contained

in the family of T - closed sets, (X, T*(I)) is not compact.

Theorem 1.7.3.

Let (X, T ) be Hausdorff and I any ideal on X, Let
EC X be an infinite T —compact set which is not in I. Then E

is T*(I) compact if and bnly if ENz is T~ compact and T -closed

discrete for all ze I.

Theorem 1.7.4.

(X, T) is Hausdorff in (X, T*(I)) is Hausdorff.

Theorem 1.7.5.

If (X, T*(1)) is regular then T and T*(I) coincide.
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Theorem 1.7.6.

If T is completely regular and T*(I) is regular, then

T*(I) is completely regular.

Theorem 1.7.7.

Let (X,d) be a metric space which is compact, and let I

be an ideal which contains all singletons. Then a set EC X is

T*(I) - perfect iff for every € >0 it is a finite union of T -

closed pieces of diameter <€ not belonging to I.

Definition 1.7.8.

Given a topological space (X, T) and an ideal X of subsets of

X the topology T on X is said to be I - equivalent to T if
O ¥(I) = T*(I).

[ T]* denotes the set of all topologies I - equivalent to T .

Theorem 1.7.9.

The topology T*(I) is the maximum of [ T]*.

In the paper "Ideally Equivalent Topologies And Semitopological
Properties" by "David A. Rose and T.R.Hamlett", the authors study
T* in details. Using this, author is able to characterise the

semiregular properties and semitopological properties.
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CHAPTER - II

PRELIMINARY DEFINITIONS.
Definition 1.

A topological space with no disjoint open sets will be called

hyperconnected.

Definition 2.
If each point in a topological space is contained in an open

set whose closure is compact, we call the space strongly locally

compact.

Definition 3.

A topological space is said to be of second category in X

iff it cannot be expressed as the union of a countable collection

of nowhere dense subsets of X.

Definition 4.
A space with no disjoint closed sets will be called

ultraconnected.

Definition 5.

A topological space is called locally compact if each point

is contained in a compact neighbourhood.
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Definition 6.

A space is called scattered if it contains no nonempty dense-

in-itself subsets.

Definition 7.

A space is almost compact iff each open covering has a finite

subcollection whose closures form a covering.

Definition 8.

A space is called locally connected if it has a basis consisting

of connected sets.

SECTION 2.1. PRIME IDEAL TOPOLOGY.

An ideal P in A is prime if abg P implies a€ P or be P

(i.e) the complement of P is closed with respect multiplication.

Notation.

Pp denotes the prime ideal P generated by the prime number

Let X be the set of all prime ideals of integers. Define
Vg = {_Pe X/x & Pj . Then the family {Vx/xe Z+j forms a basis
for a topology known as prime ideal topology on X.

We shall prove that this topological space is TO’ compact,

hyperconnected, second countable and locally connected. Further
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this space does not satisfy the T

v o= {-PEX I x e P}

PpE V.o x ¢ Pp:7p+x
Hence V_ = {PpeX I P+ x}

If x £ 0, 0€V_.

v, = {Ppe X / 0¢Pp’] = 0

eV, = 0.

1 T4 axioms.

For a prime p'e Z+, Vpl = {PP,GX | p # p'}

=X - {P ,j .
P
Therefore every non zero member is closed in X.
Every x € Z" has a finite number of prime factors. Let
xe z' and let Py» P, --. p be its prime factors.
{Ppe X [ ptx)
{Ppex I p % pg, for i=1,2, ... nB

= x - {P , P ,...PS
P, P, B

Therefore the complement of VX is finite. Hence a subset of X is

Then \'
X

open iff it contains 0 and its complement is finite.
Let U be a subset of X. We shall prove that U is open
iff there exists an ideal 1<Z such that U = {PeX / I¢P?} .
U is open 5 U = xngx
Let I be the ideal generated by M.
Then PpEU(-—'? Ppe V, for some x e M.
<:7 p A x for some x EM.

& X is not a multiple of p.

<;:> X¢Pp for some x & M.
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(i.e) Pe U iff there exists xe I such that x ¢ P.
(i.e) Pe U iff I¢P
Hence U = { PEX / 14P) .

(i.e) U is open = U = (PeX / 1¢P Y for an ideal IC2z.

| Conversely, assume U = {PEX / ICP} for an ideal Ic Z.
To prove that U is open.
PEU= I C P = there exists xe I such that x ¢P.

:‘7 PGVx for some x 1.

Therefore U = U A"
XeT X

Therefore U is open in X.

So, a set C is closed iff there is an ideal I in Z such that

C= {PeEX/ 1cPy .
PptP,in X P E X - ipzﬁ and P, € X - {PP) where

X - {Plﬁ and X - {lej are open in X. Therefore X is TO'

Since '0' is in every open set. Hence X is not T1 and

hence X is not T2 or T3.
Since the singleton sets of prime ideals are closed and
disjoint. X has disjoint closed sets. But X does not have disjoint

open sets, since '0' is in every open set. Hence X is not T4

or T5 or metrizable.

A topological sapce is hyperconnected iff it has no disjoint
open sets. Hence X is hyperconnected. Hyperconnectedness of
X implies connectedness and hence X is locally connected.

The fact that every open set of X has a finite complement

implies the compactness of X. This can be proved as follows:
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Let R = {'U,( | xe I\B be an open covering for X.
Let Ug € R for some o en .
Then X - U«O is finite say i_Pl’ P2 an] .
Consider Uy, U"<a. -+« Uy € R such that P, € Uy, for every

i=1, 2, ... n.

Then the family an(b v Uy eee U0(n7] forms a finite subcovering
of R .

Hence every open covering of X has a finite subcovering.

Since the base {.Vx /| x e Z+3 is countable, X is second

countable.

SECTION 2.2. DIVISOR TOPOLOGY.

Let X = {x e z I x =z Zﬁ » together with the topology
generated by the family {Un / n 7,23 where Un = ({x e 7t [ x
divides n?) .

We shall prove that this topological space is TO’

ultraconnected, locally connected, locally compact, scattered,
separable and it is second countable. This space does not satisfy

the T1 - axiom. Also this space is not countable compact and

not strongly locally compact.

Up = {pj if p is a prime. Therefore each prime is open

with respect to this topology.

If x<y then Y¢=UX' .. X is TO'

Consider n and 2n. Since n is a divisor of 2n, every

neighbourhood of 2n contains n. Therefore X is not T1 and hence
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not T2 or T3 5

If x is a point of X then to prove that closure of x consists
of all multiples of x. Take y é_‘{?}Q—.—)Uyﬁ {x} $ ¢<:-_> ery
&= x/y& y is a multiple of x.

.". closure of x consists of all mutiples of x.

To show that X is T4 it is enough to observe that X can
not have non-empty disjoint closed sets. Given x and y we find

ixﬁ n€y5 should contain the product element Xy. Hence X is
ultraconnected and therefore X is pathconnected and connected.

Suppose x .+ y. Then y is not a multiple of x (i.e)

y ¢ {x} . Hence iy}ﬂ{—;ﬁ = ¢. So, {xﬁ and {y} are separated
sets.

Let U1 and U2 be open sets containing x and vy respectively.
Then both U1 and U2 will contain the greatest common divisor of
x and y.Consider the case when g.c.d.(x,y) ¥ 1. Hence there

are no open sets U1 and U2 such that xg U1 and y € U, with

2
Ulﬂ U‘2 = ¢) Therefore X is not T..

5

Let P be the set of all primes. Then P is dense in X,
since every open set Un contains all prime divisors of n.

Since each singleton set {p} where p is a prime is open,
Epj is not nowhere dense and hence X is of second category.

Since each point in X has a finite neighbourhood, X is locally
compact.

X is not countably compact, because the open covering
{Sn / n7/2j s, Where Sn = U UX = {x | x< n?l » has no finite

x &n
subcover.
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As each closed set is infinite, X is not strongly locally

compact and therefore it is not compact.

Since X is countable, it is separable and Lindelof and since

all basis elements are finite, it is second countable.

For each n& X the set Un is the smallest open set containing
n. So, X is locally connected and hence connected.

There is no nonempty subset of X which is dense in itself,
because for every non empty subset A of X the first element x

of A is an isolated point of A. Therefore X is scattered, though

it is connected.

SECTION 2.3. MAXIMAL COMPACT TOPOLOGY.

In this example we shall construct a space (X, T ) which
has the following properties: (1) (X, T) is compact.
(2) If T*>T is compact topology for X then T* =T (i.e) T is
a maximal compact topology on X.

Description of the set X.
Let X be the set of all lattice points (i.j) of positive integers
together with two ideal points x and y.

Description of the topology T .
Let A be the collection of all sets A, where A is any set of lattice
points with atmost finitely many points from each row and B be
the collection of all sets B, where B is any set of lattice points

selected from atmost finitely many rows.
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Define T to be the topology on X under which each lattice
point (i,j) in X is open and the basic open neighbourhoods of x
are of the form X - (AU Ey} )> A€ A and the basic open
neighbourhoods of y are of the form X - (B U{xj ), BEB.

Each neighbourhood of x intersects each neighbourhood of
y and conversely. Therefore the pair x and y does not have
disjoint neighbourhoods. Hence the space X is not Hausdorff.

Each neighbourhood of x does not contain the point y and

conversely. So, the space X is Tl'

If X - A and X - B are open neighbourhoods of x and vy
respectively. Then the complement of the open set

(X = A)U(X - B) in X is AOB which is finite. Hence the space is
compact.

It can be proved that every compact subset of X is closed.
Suppose that there exists a compact subset E of X which is not
closed (i.e) E # E. Then there is a limit point of E which is
not in E. Such a point must be x or y, since each lattice point
in X is isolated. Suppose that the ideal point y is in E but not
in E. Then E must contain points from infinitely many rows.
Let A = {(in, jn)j be the collection of points in E selected exactly
one from each of such rows. Then X - (A Uf_y}) is an open
neighbourhood of x and this set together with discrete points
(in’jn) forms an open covering of E having no finite subcovering.

Suppose that the ideal point x is in E but not in E.

(i.e) x e E - E. Then E must contain infinitely many points from
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some row. Let B be the set of points from that row belonging

to E. Then X - B U?_x}) is an open neighbourhood of y and hence

the set X - (BU{x}) together with the open points in E forms an
open covering for E which has no finite subcovering. Hence E
is not compact whenever E is not closed.

We shall prove that the topology T defined is the maximal
compact topology on X.

Suppose T* is a topology on X strictly finner than - and
compact. Then there is an open set N in . T* which is not in T
Hence the complement X - N of N is closed under T* but not under

T » which implies that the set X - N is compact in T* but not

under T . This is not possible, since =¥ DT Hence T is a

maximal compact non-Hausdorff topology.

SECTION 2.4. MINIMAL HAUSDORFF TOPOLOGY.
In this example we shall construct a topological space
(X, T ) which is Hausdorff such that if - T'DT then T' is not

Hausdorff. In this sense (X, T ) is a minimal Hausdorff topological

space.

Description of the set X.
Let A be the linearly ordered set {1,2,3, cee W, ..., =3, -2, —13
with the interval topology, and if Z" is the set of positive integers

with the discrete topology. We define X to be A x Z' together

with two ideal points a and -a.
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Description of the topology T.

Let T be the topology on X determined by the product topology
on A x Z° together with the basic neighbourhoods.

M "(a) = §aduf(i,i) 1 iew, j>nj and

M (ma)= 1-ajuf(i,j) / i>w, j > .

Note that Mn+(a) N Mn—(-a) is empty for any pair of integers
n and m and since (n, n+2) = {n-lj for every n in A, every point
(n,j) e A x z is open. Hence for each pair of points in X we
can find disjoint neighbourhoods and therefore X is Hausdorff.

The points (w,j)e A x Z+ are contained only in their own
neighbourhoods. Hence the open covering formed by the basis
neighbourhoods of points of X has no finite subcovering. So, X is
not compact.

A space is almost compact iff each open covering has a
finite subcollection whose closures form a covering.

Closures of basic neighbourhoods of a and -a contain all
but finitely many points (w,3). So, each open covering of X has
a finite subcollection whose closures form a covering. Hence X
is almost compact.

Since the complement of Mm_(—a) = i-—a}UE(i,j) / jéma is
finite, every open covering of X - Mn+(a) has a finite subcollection
whose closure form a covering. Hence X - Mn+(a) is almost compact.
Similarly we can prove that the complement of any basic

neighbourhood of -a is also almost compact.
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Basic neighbourhoods of the point (n,j) € A x z* is of the

form {(t,j) /| y<t< z} where y,z is a pair of elements in A with
y<n<z . Similar argument we will show that the complements

of such neighbourhoods are also almost compact.

Let T* be a topology on X finer than T . Let N be a basic

open set in T. Then by the above argument, X - N is almost
compact. Hence every T - open covering of X - N has a finite
subcollection whose T - closures form a covering. Let {ox /o(e’\]be
a T* - open covering of X - N, it is then a T -open covering of
X - N, which has a finite subcollection whose T -closures form

a covering say {_Ol’ 02, On% is the sub family, the union
of whose T - closures covers X - N. It is well known that the
closure of a set with respect to the finer topology contains its

closure with respect to the weaker topology. Hence the union of

T* - closures of O 0, ... Orl covers X - N. Hence X - N

1’ "2
is almost compact with respect to T * also whenever N is a basic
neighbourhood of T .

We shall prove that the topology T defined is the minimal
Hausdorff topology on X. Suppose T* is a topology on X strictly
weaker than - and Hausdroff. Then there exists an open set N
in (X, T) which is not open in ( X, T*) so that X - N closed

in (X,T ) but not in (X, T*). X - N is not closed in (X, T*)

implies that there is a point x € X - N such that x € (X - N)*

where (X - N)* denotes the T* - closure of X - N.
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Let {C.Uo(ef\j be the family of <T* - closed neighbourhoods
of x. Then we shall prove that the family {X - Cx /xen}of T *
-open sets does not cover X - N. Suppose the family
{X - Cx /=<et\3 covers X - N. Then there exists a finite

subfamil Cc,, C,, ... C such that the union of
y 1 2 n

{X - Ci /[ i=1, 2, ... n} covers X - N because of the almost
compactness of X - N with respect to T *.

That is X - N ¢ (X - Ci)*
n

n
Since U (X - C;)* is closed and x € (X - N)*, x e U(X - C,)*.

L= | L=\

Since Ci are neighbourhoods of x, this is impossible, so {X - C« lo(éf‘}

could not have covered X - N. Thus (\ Cx contains more than just

the point x, So T* cannot be Hausdorff. This means that T is

a minimal Hausdorff topology on X.
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