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CHAPTER III

HAUSDORFF GENERALISED HAUSDORFF AND
0- HAUSDORFF BICLOSURE SPACES

In this chapter the concepts Hausdorff biclosure spaces,
g- Hausdorff biclosure spaces and @-Hausdorff biclosure spaces are

discussed and the basis concepts and preliminaries are studied.

SECTION 3.1
HAUSDORFF BICLOSURE SPACES

In this section, the concepts of Hausdorff biclosure spaces and the

properties of Hausdorff biclosure spaces are discussed.
Definition: 3.1.1

A biclosure space (X, u, u) is called a Hausdorff biclosure space
if, whenever x and y are distinct points of X there exists an open subset U

of (X, u;) and an open subset V of (X, u,) such that x e U, y € V and
Unvs=é.

Example: 3.1.2

Let X={a, b} and u, be a closure operator on X defined by u;¢ = ¢
and u,{a} = {a}, u;{b} ={b} and ;X = X. Let u, be a closure operator on
X defined by u,¢ = ¢ and up{a} = {a}, up,{b} ={b} and u,X = X. Then

(X, uy, u) is a Hausdorff biclosure space.
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Proposition: 3.1.3

Let (X, u;, up) be a biclosure space and (Y, v;, v,) be a closed
subspace of (X, u, u). If (X, u;, up) is a Hausdorff biclosure space, then

(Y, v, vp) is a Hausdorff biclosure space.

Proof:

Let y and y' be any two distinct points of Y.
Then y and y' are distinct points of X.

Since (X, u, up) is a Hausdorff biclosure space, there exist disjoint open
subsets U of (X, u;) and V of (X, u,) containing y and y' respectively.
ThenyeUNYandy' eVNYand(UNY)N(VNY)=0.

By Lemma 1.2.26, U N Y is an open subset of (Y, v;) and VN Y is an

open subset of (Y, v,).
Hence (Y, vy, v,) is a Hausdorff biclosure space.

Proposition: 3.1.4

Let {(Xq ul, u2) : o € I } be a family of biclosure spaces. Then

Il

et KU, Uz) is a Hausdorff biclosure space if and only if (Xq, 13, uZ)

is a Hausdorff biclosure space for each o € 1.
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Proof:

Lt l—{ (X ugs,uZ) be a Hausdorff biclosure space.

(4]

Claim 1: (XG, ué,ué) is a Hausdorff biclosure space for each 3 € I.
Let B € I and xp, yp be any two disjoint points of Xj.

Let (Xo)eer and (yq)qer be disjoint points of ag X such that xg # yp. Since
11 (X, ul,u2) is a Hausdorff biclosure space, there exist an open subset

el

U of ag (X,, 12) and an open subset V of “I; (X uz) such that (X,)ee

and (yo)eer and U NV = ¢.
Hence x € mp(U) and yp € mp(V) and mp(U) N (V) = ¢.

Since mg is the projection map, ng(U) and m(V) are disjoint open sets in
X containing xg and yg respectively and hence (Xﬁ,ué,ué) is a Hausdorff
biclosure space.

Conversely, let (X, 12, uZ) be a Hausdorff biclosure space for each o € 1.

Claim 2: ag (X, ul,uZ) is a Hausdorff biclosure space.

Let (Xq)eer and (yq)eer be any two distinct points of ag Xa. Then there

exists atleast one 3 € I, such that x; # yj.

Then xg and yp are two disjoint points of Xg.
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Since (Xg,ué,ué) is a Hausdorff biclosure space, there exist disjoint open
subset U of (X, ué) and an open subset V of (X, ué) such that xg€ U

andyg€ Vand U NV =¢.

Therefore, ngl(U) =1 X HX(Jl is an open subset of ag (X ug) and

aFp
nel
m'(V) = VX agxa is an open subset of ag (X u2),
ael
I1 Il
such that (X4).e1 € U X wep X and (Yoo € VX by X, and
eel eel
(U x w.[gxa)m vV x a:.lgxa)=¢.
ael ael

[1

o1 Ko Ug,uz) is a Hausdorff biclosure space.

Therefore,

Proposition: 3.1.5

Let (X, u;, u) and (Y, v;, v) be biclosure spaces.
Let f: (X, uy, u;) — (Y, vy, v2) be injective and continuous. If (Y, v, v,) is
a Hausdorff biclosure space, then (X, u;, u;) is a Hausdorff biclosure

space.

Proof:

Let x and y be any two distinct points of X. Then f(x) and f(y) are
distinct points of Y. Since (Y, vy, v,) is a Hausdorff biclosure space, there
exist disjoint open subsets U of (Y, v;) and V of (Y, v,) containing f(x)
and f(y) respectively. Since f is continuous and U N V =¢, f '1(U) is an

open subset of (X, u#;) containing x and f '1(V) is an open subset of
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(X, u) containing y such that f 'I(U) N f -I(V) = ¢ and x € f 'I(U),
y € £ (V).

Therefore, (X, u;, uy) is a Hausdorff biclosure space.
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SECTION 3.2
GENERALISED HAUSDORFF BICLOSURE SPACES

In this section generalized Hausdorff biclosure spaces and its

properties are analyzed.
Definition: 3.2.1

A biclosure space (X, u;, u,) is called a generalized
Hausdorff biclosure space (g- Hausdorff biclosure space) if, whenever
x and y are distinct points of X there exists a g- open subset U of (X, u;)

and g- open subset V of (X, u;) suchthatx e U,y € Vand U N V = ¢.

Remark: 3.2.2

Every Hausdorff biclosure space is a g- Hausdorff biclosure space.

The converse need not be true.
Example: 3.2.3

Let X = {a, b} and u, be a closure operator on X defined by u;¢ = ¢
and u,{a} = u;{b} = ;X = X. Let u, be a closure operator on X defined by
w0 = ¢ and up{a} = up{b} = u,X = X. Then (X, u;, u,) is a g- Hausdorff

biclosure space but it is not a Hausdorff biclosure space.
Proposition: 3.2.4

Let (X, u;, u;) be a biclosure space and (Y, vy, v;) be a closed
subspace of (X, u;, up). If (X, uy, u,) is a g- Hausdorff biclosure space,

then (Y, v, v,) is a g- Hausdorff biclosure space.
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Proof:

Let y and y' be any two distinct points of Y.

Then y and y' are distinct points of X.

Since (X, u;, up) is a g- Hausdorff biclosure space, there exist disjoint
g- open subsets U of (X, u;) and V of (X, u,) containing y and y'

respectively.
ThenyeUNYandy'eVNYand(UNY)N (VNY)=6.

By Lemma 1.2.27, U N Y is a g-open subset of (Y, vi)and VN Y is a
g- open subset of (Y, v,).

Hence (Y, v;, v;) is a g- Hausdorff biclosure space.
Proposition: 3.2.5

Let {(Xo ul, uZ) : o € 1} be a family of biclosure spaces. Then

ag (Xul,u2) is a g- Hausdorff biclosure space if and only if

(X ul, u?) is a g- Hausdorff biclosure space for each o € 1.

Proof:
Let ag (X, ul,u2) be a g- Hausdorff biclosure space.
Claim 1: (Xs,ué,ué) is a g- Hausdorff biclosure space for each B € 1.

Let B € I and xg, yp be any two disjoint points of Xj.
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Then (X4)qe1 and (y)qer be disjoint points of ag Xa.

Since ag (X ul,u2) is a g- Hausdorff biclosure space, there exists a

g- open subset U of 1 (X,, ul) and a g- open subset V of ag (X uZ)

ael

such that (X4).e; € U and (yo)eer €V and U NV = ¢.

Since my is the projection map, ng(U) and (V) are disjoint g- open
subsets of (Xg, up) and (Xg, uj) such that x € mp(U), yp € mp(V) and

p(U) N (V) = ¢.
Therefore, (Xj, ué,ué) is a g- Hausdorff biclosure space.

Conversely, let (X, wul, uZ) be a g- Hausdorff biclosure space

)

for each a € I.

Claim 2: ag (X ud,us) is a g- Hausdorff biclosure space.

Let (Xo)eer and (yq)eer be any two distinct points of aI»;[ Xa. Then there
exists atleast one 3 € I, such that x; # y.

Then x and yp are two disjoint points of Xg.

Since (Xp,ué,ué) 1s a g- Hausdorff biclosure space, there exist disjoint
g- open subset U of (X§, u.é) and a g- open subset V of (Xj, ué) such that

xg€ Uandyg € V.
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Therefore,U X alg X, 1s a g- open subset of ag (X, ul)and Vx ag Xo

eel ael

is a g- open subset of ag (X us), such that (Xq)ee; € U X m;l_—ﬁl X, and

ael

(Ya)ael eV X a:l:?[ Xa and (U X “:l;[ Xa ) N (V X c(:‘l—ﬁl Xcz) - q)
wEl eEl eel

Therefore, ag (X, ul,u2)is a g- Hausdorff biclosure space.

Proposition: 3.2.6

Let (X, u, w) and (Y, v;, v;) be biclosure spaces. Let
t: (X, uy, u3) — (Y, v, v,) be injective and g- irresolute. If (Y, v, v;) is a
g- Hausdorff biclosure space, then (X, u,, u,) is a g- Hausdorff biclosure

space.
Proof:
Let x and y be any two distinct points of X. Then f(x) and f(y) are

distinct points of Y.

Since (Y, vy, v») is a g- Hausdorff biclosure space, there exist disjoint
g- open subsets U of (Y, v;) and V of (Y, v;) containing f(x) and f(y)

respectively.

Since f is g- irresolute and U NV = ¢, _](U) is a g- open subset of
(X, u;) and £ '(V) is a g- open subset of (X, ), then £ '(U) N £ (V)= ¢
and x € f'l(U), y € f'l(V).

Therefore, (X, u;, u,) is a g- Hausdorff biclosure space.
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SECTION 3.3
0- HAUSDORFF BICLOSURE SPACES

In this section, the concepts of 0-Hausdorff biclosure spaces and

the properties of 0-Hausdorff biclosure spaces are discussed.

Definition: 3.3.1

A biclosure spaces (X, uj, u) is said to be O-Hausdorff
biclosure spaces if, whenever x and y are distinct points of X
there exist 0-open subset U of (X, u#,) and J-open subset Vof (X, u,)
such thatx e U,y €V and U NV =¢.

Example: 3.3.2
Let X= {a,b} and u; be a closure operator on X defined by

w1 0=0,u;{a}= u;{b}= 1, X=X. Let u, be a closure operator on X defined
by wo=b,ux{a}= u{b} u,X=X. Then (X, u;, up) is a 0-Hausdorff
biclosure space.
Definition: 3.3.3
Let (X, u) and (Y, v) be closure spaces. A map

f: (X, u) —(Y,v) is called d-irresolute, iff'l(F) is a 0-closed subset of
(X, u) for every O-closed subset F of (Y, v).

(or) A map f: (X, u) —(Y,v) is called é-irresolute, if and only if
f'(G) is a 0-open subset of (X, u) for every d-open subset G of (Y, v).
Definition: 3.3.4

Let (X, uy, up) and (Y, vy, v,) be biclosure spaces and let i € {1,2}.A

map f: (X, uy, ) — (Y, vy, vp) 1is called i-d-irresolute if the map
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f: (X, u;) > (Y, v;) is O-irresolute. A map f is called o-irresolute if f is
i-O-irresolute for each i € {1,2}.
Proposition: 3.3.5

Let (X, u;, u») be a biclosure space and let A, Bc X. I[f A is a
closed subset of (X, u, u,) and B is both a 0-closed subset of (X, u;) and
(X, u), then ANB is both a d-closed subset of (Y, v;) and (Y, v»).
Proof

Let G be a g-open subset of (X, u;) such that ANBc G.
Then Bc (X-A) UG. Since (X-A) UG is a g-open subset of (X, u,),
u,Bc(X-A)UG.We have, ANu B cG.
Since A is a closed subset of (X, u;),u;(ANB) < u;AN u;B= AN u;BcG.
Hence, is a 0-closed subset of (X, u;).

Similarly A is a closed subset of (X, u;, u;) and B is a O-closed

subset of (X, u,), then ANB is a 0-closed subset of (Y, v,).
Lemma: 3.3.6

Let (X, u;, up) be a biclosure space and (Y, vy, v») be a closed
subspace of (X, uy, uy). If G is both a 0-open subset of (X, u;) and (X, u),
then GNY is both a G-open subset of (Y, v;) and (Y, v»).

Proof

Let G be a d-open subset of (X, u;). Then X-G is a 0-closed subset
of (X, u;). Since Y is a closed subset of (X, u;), ( X-G) NY is a 0-closed
subset of (X, #;). But ( X-G) NY=Y-(GNY).
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Therefore, Y-(GNY) is a O-closed subset of (X, u;). Hence, GNY is a
0-open subset of (X, u;). Similarly, if G is a 0-open subset of (X, u,),
then GNY is a d-open subset of (Y, ;).
Proposition: 3.3.7

Let (X, u,, u,) be a biclosure space and (Y, v;, v;) be a closed
subspace of (X, u;, uy). If (X, uy, up) is a 0-Hausdorff biclosure space,
then (Y, v, v,) is a 0-Hausdorff biclosure space.
Proof

Let y and y' be any two distinct points of Y.
Then y and y' are distinct points of X. Since (X, u, #,) is a 6-Hausdorff
biclosure space, there exist disjoint d-open subset U of (X, ;) and
d-open subset V of (X, u,) containing y and y', respectively.

Hence, ye UNY, y' € VNY and (UNY)N(VNY) =b.

By lemma 3.3.6, UNY is a d-open subset of (Y, v;) and VNY is d-open
subset of (Y, v,).

Hence, (Y, vy, v,) is a 0-Hausdorff biclosure space.
Proposition: 3.3.8

Let {(X, ul, u2) : a € 1} be a family of biclosure spaces. Then

Il

bt (X, ul,u2) is a O- Hausdorff biclosure space if and only if

(X,,ul,u2)is a 0- Hausdorff biclosure space for each o € I.

Proof

Let H(Xa,u;,uﬁ) be a O- Hausdorff biclosure space.

ael

Let B € I and xp, y be any two distinct points of Xg. Then (X¢).e and
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(Yo)eer are distinct points of ag X, Since ag (X, uiul) is a
O- Hausdorff biclosure space, there exists d-open subset U of (\(ﬁué)

and 0- open subset V of (Xﬁ,uf?) such that xg€ U, yg€ V and UNV = ¢.

Therefore, (Xﬁl,ué,ué) is a 0- Hausdorff biclosure space.

Conversely, let (X, ul,u;) be a 8- Hausdorff biclosure space for

each a € I. Let (Xo)qer and (Yo)qer be any two distinct points of “g X
Then xg# yp for atleast one B € I. Then x and yg are distinct points of X,
Since (Xo,ué,ué) is a 0- Hausdorff biclosure space, there exist disjoint
C- open subset U of (Xﬁ,ué) and  O- open subset V of (Xa,ué) such
[

azp
el

that xg€ U and yg€ V. Hence, U X X, 1s a 0- open subset of

ag (X, ul)and VX G;H X, is a 0- open subset of ag (X,,u2) such that

el

(Xa)aae U X cr;‘!_[ Xa,(ya)aele V X “;_I_g Xa

ael nel

and (U X Q;H X.) N(Vx a;.lg X )= 0.

el ael

[1

Wt § 4 ul,u2) is a 0- Hausdorff biclosure space.

Hence
Proposition: 3.3.9

Let (X, u, u) and (Y, v;, v;) be biclosure spaces. Let
f: (X, u;, ) — (Y, v;, ;) be an injective and O-irresolute map. If
(Y, v, ) is a 0- Hausdorff biclosure space, then (X, u;, u) 1s a

O- Hausdorff biclosure space.
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Proof

Let x and y be any two distinct points of X. Then f(x) and f(y) are
distinct points of Y. Since (Y, vy, v;) is a 0- Hausdorff biclosure space,
there exist disjoint 0- open subset U of (Y, v;) and 0- open subset V of
(Y,v) containing f(x) and f(y), respectively.
Since f is O-irresolute and UNV = ¢, f "(U) is a 0- open subset of
(X, u)), £7'(V)isa é- open subset of (X, uy), f '(U) N f (V)= ¢ and
x€ f (U) and y€ f (V). Therefore, (X, u;, up) is a &- Hausdorff

biclosure space.
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