


C H A P T E R I I I 

H A U S D O R F F G E N E R A L I S E D H A U S D O R F F AND 
d- H A U S D O R F F B I C L O S U R E S P A C E S 

In this chapter the concepts Hausdorff biclosure spaces, 

g- Hausdorff biclosure spaces and ^-Hausdorff biclosure spaces are 

discussed and the basis concepts and preliminaries are studied. 

S E C T I O N 3.1 

H A U S D O R F F B I C L O S U R E SPACES 

In this section, the concepts of Hausdorff biclosure spaces and the 

properties of Hausdorff biclosure spaces are discussed. 

Definition: 3.1.1 

A biclosure space (X, u\, ui) is called a Hausdorff biclosure space 

if, whenever x and y are distinct points of X there exists an open subset U 

of (X, wi) and an open subset V of (X, ui) such that x e U, y e V and 

u n v = (f). 

Example: 3.1.2 

Let X={a, b} and u\ be a closure operator on X defined by u\isf = (j) 

and wi{a} = {a}, Wi{b} ={b} and WiX = X. Let U2 be a closure operator on 

X defined by U2(s) = (j) and W2{a} = {a}, M2{b} ={b} and u-^ = X. Then 

(X, U], U2) is a Hausdorff biclosure space. 
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Proposition: 3.1.3 

Let (X, M ] , U2) be a biclosure space and (Y, V | , V2) be a closed 

subspace of (X, u\, ui). I f (X, u\, uj) is a Hausdorff biclosure space, then 

(Y, V | , V2) is a Hausdorff biclosure space. 

Proof: 

Let y and y' be any two distinct points of Y. 

Then y and y' are distinct points of X. 

Since (X, W], U2) is a Hausdorff biclosure space, there exist disjoint open 

subsets U of (X, u\) and V of (X, ui) containing y and y' respectively. 

Then y G U H Y and y' G V f l Y and (U f l Y) f l (V n Y) =(|). 

By Lemma 1.2.26, U f l Y is an open subset of (Y, v,) and V f l Y is an 

open subset of (Y, V2) . 

Hence (Y, v i , V2) is a Hausdorff biclosure space. 

Proposition: 3.1.4 

Let {(Xa, l i ^ , y}^ : a G I } be a family of biclosure spaces. Then 

J}[ J'"•a) ^ Hausdorff biclosure space i f and only i f (Xa, w^, l i ^ ) 

is a Hausdorff biclosure space for each a G L 
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Proof: 

Let ^5 (X„ , ui,M^J be a Hausdorff biclosure space. 

Claim 1: (Xp,u^,u^) is a Hausdorff biclosure space for each (3 G I. 

Let P e I and xp, yp be any two disjoint points of Xp. 

Let ( X a ) u £ ] and ( y a ) a 6 i be disjoint points of X^̂  such that Xp ^ yp. Since 

( ^ c t - i s a Hausdorff biclosure space, there exist an open subset 

L of „ y (X„, i 4 ) and an open subset V of (X«, u^) such that (x„)aei 

and (ya)uGi and U H V = (j). 

Hence Xp 6 7rp(U) and yp e JTpCV) and 7rp(U) H 7rp(V) = (j). 

Since Tip is the projection map, 7ip(U) and 7rp(V) are disjoint open sets in 

Xp containing Xp and yp respectively and hence (Xp/w.p,w|) is a Hausdorff 

biclosure space. 

Conversely, let (Xu, uj^, u^) be a Hausdorff biclosure space for each a G L 

Claim 2: (X„, u4/w«) is a Hausdorff biclosure space. 

Let (Xa)ae i and ( y u ) a e i be any two distinct points of ^^^Xa, Then there 

exists atleast one P e l , such that xp 7̂  yp. 

Then Xp and y p are two disjoint points of Xp. 
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Since (Xp,Up, l i | ) is a Hausdorff biclosure space, there exist disjoint open 

subset U of (Xp, lip) and an open subset V of (Xp, u^) such that xp e U 

and yp e V and U n V = (j). 

Therefore, 7r^^(U) = U X „ i jx„ is an open subset of (X„, u^) and 
ael 

7r^ '(V) = V X ^ J ] x „ is an open subset of 
ael 

such that (xXei e UX^JJx^ and (ya)aei e ^ X „ J J x „ and 
ael ael 

(u x „ n x „ ) n ( v x „ n x „ ) = (̂ . 
ael aGl 

Therefore, (X„,ii^,i i^) is a Hausdorff biclosure space. 

Proposition: 3.1.5 

Let (X, ui, ui) and (Y, V i , V2) be biclosure spaces. 

Let f : (X, M l , ui) (Y, v i , V2) be injective and continuous. I f (Y, V | , V2) is 

a Hausdorff biclosure space, then (X, u\, ui) is a Hausdorff biclosure 

space. 

Proof: 

Let X and y be any two distinct points of X. Then f(x) and f(y) are 

distinct points of Y. Since (Y, V ] , V2) is a Hausdorff biclosure space, there 

exist disjoint open subsets U of (Y, V i ) and V of (Y, V2) containing f(x) 

and f(y) respectively. Since f is continuous and U f l V =(}), f \ u ) is an 

open subset of (X, u\) containing x and f 'Vv) is an open subset of 
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(X, ii2) containing y such that f ' ' (U) f l f ' ' ( V ) = (j) and x G f ' ' (U) , 

y G f ' ( V ) . 

Therefore, (X, U], 112) is a Hausdorff biclosure space. 
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S E C T I O N 3.2 

G E N E R A L I S E D H A U S D O R F F B I C L O S U R E SPACES 

In this section generalized Hausdorff biclosure spaces and its 

properties are analyzed. 

Definition: 3.2.1 

A biclosure space ( X , U\, Ui) is called a generalized 

Hausdorff biclosure space (g- Hausdorff biclosure space) if, whenever 

X and y are distinct points of X there exists a g- open subset U of ( X , W]) 

and g- open subset V of ( X , Uj) such that x e U , y e V and U H V = (j). 

Remark: 3.2.2 

Every Hausdorff biclosure space is a g- Hausdorff biclosure space. 

The converse need not be true. 

Example: 3.2.3 

Let X = {a, b} and U\ be a closure operator on X defined by = (j) 

and ii\{a} = u \ [ h ] = MJX = X . Let Ui be a closure operator on X defined by 

= (j) and M2{a} = u j i h } = = X . Then ( X , U\, Ui) is a g- Hausdorff 

biclosure space but it is not a Hausdorff biclosure space. 

Proposition: 3.2.4 

Let ( X , wi. Hi) be a biclosure space and (Y, V ] , V2) be a closed 

subspace of ( X , w,, Ui). I f ( X , u\, Ui) is a g- Hausdorff biclosure space, 

then (Y, V i , V2) is a g- Hausdorff biclosure space. 
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Proof: 

Let y and y' be any two distinct points of Y. 

Then y and y' are distinct points of X. 

Since (X, wj, U2) is a g- Hausdorff biclosure space, there exist disjoint 

g- open subsets U of (X, U]) and V of (X, M2) containing y and y' 

respectively. 

Then y G U n Y and y' G V n Y and (U f l Y) f l (V H Y) 

By Lemma 1.2.27, U f l Y is a g-open subset of (Y, vi) and V f l Y is a 

g- open subset of (Y, V2) . 

Hence (Y, V ] , V2) is a g- Hausdorff biclosure space. 

Proposition: 3.2.5 

Let {(Xa, l i ^ , u^) : a G I } be a family of biclosure spaces. Then 

(Xa>'^i^^a) is a g- Hausdorff biclosure space i f and only i f 

(Xa, u^, u^) is a g- Hausdorff biclosure space for each a G L 

Proof: 

Let (X„,i^^(,w4) be a g- Hausdorff biclosure space. 

Claim 1: (X^,u^,Up) is a g- Hausdorff biclosure space for each p G L 

Let P G I and xp, yp be any two disjoint points of Xp. 
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Then (X„)C(GI and ( y a ) a e i be disjoint points of Xa. 

Since (X^,ul^,u^) is a g- Hausdorff biclosure space, there exists a 

g- open subset U of (X„, u j ) and a g- open subset V of (X„, i 4 ) 

such that ( x „ ) u e i e U and (ya)uGi eV and U f l V = ((). 

Since Tij} is the projection map, 7rfi(U) and Tip(V) are disjoint g- open 

subsets of (Xp, U p ) and (Xp, U p ) such that xp e 77:p(U), yp e 77:p(V) and 

/ip(U) n 7rp(V) = (j). 

Therefore, (Xp,iip,iip) is a g- Hausdorff biclosure space. 

Conversely, let (X„, iz.^, l i ^ ) be a g- Hausdorff biclosure space 

for each a e I . 

Claim 2: (X„,ii^,i^^) is a g- Hausdorff biclosure space. 

Let (X(,)„ei and ( y a ) a e i be any two distinct points of ^^Xa, Then there 

exists atleast one P G I , such that Xp 7̂  y p . 

Then Xp and y p are two disjoint points of Xp. 

Since (Xp, i fp , iZp) is a g- Hausdorff biclosure space, there exist disjoint 

g- open subset U of (Xp, Up) and a g- open subset V of (Xp, l i p ) such that 

Xp e U and y p G V. 
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Therefore,!] X ĴJ X„ is a g- open subset of (X„, l i ^ ) and V X ^ J j X,, 
a £ l a t l 

is a g- open subset of JJ^ (X„, u^), such that (X„)„EI e U X „ i j x ^ , and 
ael 

( y a ) a e , evx^H X „ JJ x „ ) n (v x „ JJ x j = ^ . 

ae l ae l ael 

Therefore, (X„/u^^ , i i ^ ) is a g- Hausdorff biclosure space. 

Proposition: 3.2.6 

Let (X, M|, U2) and (Y, V|, V2) be biclosure spaces. Let 

f: (X, u\, ui) (Y, V i , V2) be injective and g- irresolute. I f (Y, V i , V2) is a 

g- Hausdorff biclosure space, then (X, U\, iij) is a g- Hausdorff biclosure 

space. 

Proof: 

Let X and y be any two distinct points of X. Then f(x) and f(y) are 

distinct points of Y. 

Since (Y, Vi, V2) is a g- Hausdorff biclosure space, there exist disjoint 

g- open subsets U of (Y, Vi) and V of (Y, V2) containing f(x) and f(y) 

respectively. 

Since f is g- irresolute and U f l V = (j), f '"(U) is a g- open subset of 

(X, w,) and f ' ^ V ) is a g- open subset of (X, uj), then f "'(U) n f " '(V) ^ (t> 

a n d x G f " ' ( U ) , y e f " ' ( V ) . 

Therefore, (X, u\, U2) is a g- Hausdorff biclosure space. 
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S E C T I O N 3.3 

d- H A U S D O R F F B I C L O S U R E S P A C E S 

In this section, the concepts of 5-Hausdorff biclosure spaces and 

the properties of 5-Hausdorff biclosure spaces are discussed. 

Definition: 3.3.1 

A biclosure spaces (X, u\, ih) is said to be c)-Hausdorff 

bic losure spaces i f , whenever x and y are distinct points of X 

there exist 5-open subset U of (X, w,) and 5-open subset Vof (X, Wj) 

such that X G U, y e V and U H V 

E x a m p l e : 3.3.2 

L e t X = {a ,b} and ii\ be a closure operator on X defined by 

wi(t)=(t),wi{a}= Mi{b}= wiX=X. Let ui be a closure operator on X defined 

by U2^=^,U2{di]= U2{h] u { K = X . Then (X, u\, U2) is a 5 - H a u s d o r f f 

biclosure space. 

Definition: 3.3.3 

Let (X, u) and (Y, v) be closure spaces. A map 

f: (X, u) —>(Y, v) is called ^-irresolute, i f f "'(F) is a 5-closed subset of 

(X, u) for every 5-closed subset F o f (Y, v). 

(or ) A map f (X, u) -^{Y, v) is called ^-irresolute, i f and only i f 

f "'(G) is a 5-open subset of (X, u) for every 5-open subset G of (Y, v). 

Definition: 3.3.4 

Let (X, wi, U2) and (Y, V], V2) be biclosure spaces and let / G {1,2}.A 

map f: (X, U2) (Y, vi , V2) is called i-^-irresolute i f the map 
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f: (X, Ui) (Y, V i ) is 5-irresolute. A map f is called 5-irresolute i f f is 

i-5-irresolute for each / G {1,2}. 

P r o p o s i t i o n : 3.3.5 

Let (X, iiu ih) be a biclosure space and let A, B e X. I f A is a 

closed subset of (X, U2) and B is both a 5-closed subset of (X, ii]) and 

(X, U2), then A f l B is both a 5-closed subset of (Y, Vi) and (Y, V 2 ) . 

Proof 

Let G be a g-open subset of (X, Wi) such that A H B c G. 

Then B e (X-A) UG. Since (X-A) UG is a g-open subset o f (X, z/,), 

w,Bc(X-A)UG.We have, Anw.B c G . 

Since A is a closed subset of (X, U]),u\{AnB) c u^AH u\B= AO z/iBcG. 

Hence, is a 5-closed subset of (X, wj). 

Similarly A is a closed subset of (X, u\, U2) and B is a c-closed 

subset of (X, U2), then AHB is a 5-closed subset of (Y, V2) . 

Lemma: 3.3.6 

Let (X, u\, U2) be a biclosure space and (Y, V | , V2) be a closed 

subspace of (X, u\, ui). I f G is both a c-open subset of (X, U\) and (X, U2), 

then GPlY is both a 5-open subset of (Y, V i ) and (Y, V 2 ) . 

Proof 

Let G be a 5-open subset of (X, u\). Then X-G is a c'-closed subset 

of (X, u\). Since Y is a closed subset of (X, u^), ( X-G) HY is a 5-closed 

subset of (X, w,). But ( X-G) nY=Y-(GnY) . 
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Therefore, Y-(GnY) is a ^-closed subset of (X, w,). Hence, GOY is a 

5-open subset of (X, W | ) . Similarly, i f G is a d-open subset of (X, U2), 

then GHY is a o-open subset of (Y, V 2 ) . 

P r o p o s i t i o n : 3.3.7 

Let (X, U], U2) be a biclosure space and (Y, v i , V2) be a closed 

subspace of (X, U\, U2). I f (X, U], U2) is a 5-Hausdorff biclosure space, 

then (Y, V ] , V2) is a 5-Hausdorff biclosure space. 

P r o o f 

L e t y and y ' be any two distinct points of Y. 

Then y and y ' are distinct points of X. Since (X, U\, uj) is a 5-Hausdorff 

biclosure space, there exis t d i s j o i n t 5-open subset U o f (X, U\) and 

o-open subset V o f (X, U2) con t a in ing y and y' , respectively. 

Hence, ye UHY, y ' G VHY and ( U n Y ) n ( V n Y ) 

By lemma 3.3.6, UHY is a 5-open subset of (Y, v i ) and VTlY is c-open 

subset of (Y, V 2 ) . 

Hence, (Y, V i , V2) is a c5-Hausdorff biclosure space. 

Propos i t i on : 3.3.8 

Let {(Xu, u j , l i ^ ) : a G I } be a family of biclosure spaces. Then 

(^a/"a"^ia) a d- Hausdorff biclosure space i f and only i f 

(X^,ul_,u\) is a d- Hausdorff biclosure space for each a G I . 

Proof 

Let (X(^,i4,ii|) be a d- Hausdorff biclosure space. 

Let (3 G I and Xp , y p be any two distinct points of Xp. Then ( X a ) „ e i and 
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(yu)u£i are distinct points of ^Jx , , . Since J J ^ ( X ^ , u l , i i l ) is a 

c- Hausdorff biclosure space, there exists c-open subset U of (X^,Up) 

and d- open subset V of ( X ^ / u ^ ) such that xpG U, ypG V and U f l V = (j). 

Therefore, ( X p , H p , i i p ) is a d- Hausdorff biclosure space. 

Conversely, let (X^,u^,ul) be a d- Hausdorff biclosure space for 

each a G I . Let (x„)„e, and (ya)uGi be any two distinct points of ^ ^ X ^ . 

Then Xp^^ yp for atleast one P G I . Then Xp and yp are distinct points of Xp. 

Since (X^,u^,u^^ is a d- Hausdorff biclosure space, there exist disjoint 

d- open subset U of (Xp,Up) and d- open subset V of (Xj3,Up) such 

that XpG U and ypG V. Hence, U X ^ X , , is a d- open subset of 
ael 

ct^l (Xa- w i ) and V X ^^J| X „ is a d- open subset of (X^,ul) such that 
ael 

(x„)„e,G U X ^J^X„,(y„) ,e ,G V X ^ X „ 
ael ael 

a n d ( U X „ n x J n ( V X n x > c j ) . 
ael ael 

Hence, (X^,ul,ii^) is a d- Hausdorff biclosure space. 

Propos i t i on : 3.3.9 

Let (X, M|, U2) and (Y, v,, V2) be biclosure spaces. Let 

f: (X, u\, U2) (Y, vi , V2) be an injective and 5-irresolute map. I f 

(Y, vi, V2) is a d- Hausdorff biclosure space, then (X, Uu ih_) is a 

d- Hausdorff biclosure space. 
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Proof 

Let X and y be any two distinct points of X. Then f(x) and f(y) are 

distinct points of Y. Since (Y, v j , V 2 ) is a d- Hausdorff biclosure space, 

there exist disjoint d- open subset U of (Y, vi) and d- open subset V of 

( Y , V 2 ) containing f(x) and f(y), respectively. 

Since f is 5-irresolute and UDV = (j), f "'(U) is a d- open subset of 

(X, «,), f - ' ( V ) is a d- open subset of (X, U2), f "'(U) H f •'(V)= (j) and 

xG f -'(U) and yG f "'(V). Therefore, (X, w,, U2) is a d- Hausdorff 

biclosure space. 
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