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INTRODUCTION

General topology is the branch of topology that deals with the basic set
theoretic definitions and constructions used in topology. It is the foundation of most
other branches of topology, including differential topology, geometric topology,
and algebraic topology. Another name for general topology is point - set topology. In

the field of mathematics topology plays a vital role.

The notion of closed sets is one of the most important concepts in topological
spaces. In the study of topological spaces many concepts of topology have been
generalized by introducing the regular open sets due to Stone (1937) instead of open
sets. Levine (1963) introduced the semi open sets in topological spaces. Using
Levine’s idea many researchers have introduced various types of generalized closed
sets. Gowsalya and Balamani (2016a) introduced the concept of ygs - closed sets in

topological spaces.

Continuous functions are important notions in the field of mathematics. Levine
(1963) introduced semi continuous functions in topological spaces using semi open
sets. Levine (1970) introduced continuous functions in topological spaces using open
sets. Jain(1980) introduced totally continuous functions in topological spaces.
Gowsalya and Balamani (2016b) introduced the concept of ygs - continuous functions

in topological spaces.

Dontchev (1996) introduced contra continuous functions in topological spaces.
Ekici (2004) introduced the concept of almost contra continuous functions in

topological spaces.

Crossley and Hildebrand (1972) introduced irresolute functions in topological

spaces.

The present study focuses on the following concepts :


https://en.wikipedia.org/wiki/Topology
https://en.wikipedia.org/wiki/Set_theory
https://en.wikipedia.org/wiki/Set_theory
https://en.wikipedia.org/wiki/Differential_topology
https://en.wikipedia.org/wiki/Geometric_topology
https://en.wikipedia.org/wiki/Algebraic_topology

1. Totally ygs - continuous functions and wygs - totally continuous functions in
topological spaces.

2. Contra wygs - continuous functions and almost contra ygs - continuous
functions in topological spaces.

3. ygs - irresolute functions in topological spaces.

Chapter 1 deals with the preliminary definitions and results in topological
spaces that are required for the present study.

In chapter 2, two new classes of totally continuous functions called totally
ygs - continuous functions and ygs - totally continuous functions are introduced in

topological spaces.

In chapter 3, the concepts of contra ygs - continuous functions and almost

contra ygs - continuous functions are introduced and their properties are analysed.

In chapter 4, a new form of irresolute functions called ygs - irresolute function
is defined and the association of wygs - irresolute functions with other existing

irresolute functions are obtained.



REVIEW OF LITERATURE

General topology grew out of a number of areas that includes the study of
subsets of real line, manifold concept and in the area of functional analysis. General

topology assumed its present from around 1940.

The topological spaces were initially characterized by open sets. Stone (1937)
introduced regular openness which is stronger than openness. Levine (1963)
introduced the notion of semi openness which is weaker than the notion of openness.
Levine(1970) introduced the generalized closed sets in topological spaces.
Bhattacharyya and Lahiri (1987) introduced semi generalized closed sets in

topological spaces.

Arya and Nour (1990) introduced the notion of generalized semi closed sets in
topological spaces using semi - open sets. Veera Kumar (2000) introduced v - closed
sets in topological spaces. Ramya and Parvathi (2013) introduced yg - closed sets in
topological spaces. Gowsalya and Balamani (2016) introduced wgs - closed sets as a

stronger form of g - closed sets in topological spaces.

Continuous functions are an important notion in the study of mathematical
sciences. Many generalizations of continuous functions have been introduced over
years and many interesting results are obtained. Levine (1963) introduced semi
continuous functions in topological spaces. Levine (1970) introduced continuous

functions in topological spaces.

Arya and Gupta (1974) introduced completely continuous functions in
topological spaces. Balachandran et al.(1991) introduced generalized continuous
functions in topological spaces. Sundaram et al.(1991) introduced semi generalized
continuous functions in topological spaces. Veera Kumar (2000) introduced vy -
continuous functions in topological spaces. Gowsalya and Balamani (2016b)

introduced wygs - continuous functions in topological spaces.



Jain (1980) introduced the notion of totally continuous functions using the
closed sets in topological spaces. The study of contra continuous functions in
topological spaces was introduced by Dontchev (1996).Dontchev and Noiri (1999)

introduced contra semi continuous functions in topological spaces.

Singal and Singal (1968) introduced almost continuous functions in
topological spaces. Ekici (2004) introduced almost contra continuous functions in
topological spaces. lyappan and Nagaveni (2010) introduced almost contra semi

continuous functions in topological spaces.

Crossley and Hildebrand (1972) introduced irresolute functions in topological
spaces. Bhattacharyya and Lahiri (1987) introduced semi generalized irresolute
functions in topological spaces. Devi et al.(1995) introduced generalized semi
irresolute functions in topological spaces. Ramya and Parvathi (2013) introduced

yg - irresolute functions in topological spaces.



CHAPTER 1

PRELIMINARIES

Definition 1.1 [18]

A subset A of a topological space (X, t) is called regular open if
A =int(cl(A)) and regular closed if A = cl(int(A)).

Definition 1.2 [14]

A subset A of a topological space (X, ) is called semi open if
A c cl(int(A)) and semi - closed if int(cl(A)) S A.

Definition 1.3 [15]

A subset A of a topological space (X, t) is called generalized closed if
cl(A)SU whenever A< U and U is open in (X,7).

Definition 1.4 [4]

A subset A of a topological space (X,7) is called semi generalized closed if

scl(A) € U whenever A € U and U is semi - open in (X,1).

Definition 1.5 [2]

A subset A of a topological space (X,7) is called generalized semi closed if

scl(A) € U whenever A € U and U is open in (X,1).



Definition 1.6 [20]

A subset A of a topological space (X,7) is called y - closed if scl(A)cU

whenever AC U and U is sg - open in (X,7).

Definition 1.7 [16]

A subset A of a topological space (X,t) is called yg - closed if ycl(A)cU

whenever AC U and U is open in (X,7).

Definition 1.8 [10]

A subset A of a topological space (X,7) is called wgs - closed if ycl(A)SU

whenever AC U and U is semi - open in (X,7).

Definition 1.9 [10]

A subset A of a topological space (X,7) is called wgs - clopen if it is both ygs-
closed and ygs - open in (X,7).

Result 1.10

1 Every closed (open) subset in (X,7) is ygs - closed (ygs - open).

2 Every clopen subset in (X,7) is ygs - clopen .

3. Every semi open (semi closed ) subset in (X,7) is ygs - open (ygs - closed).
4

Every regular open (regular closed) subset in (X,7) is open (closed).

Definition 1.11[17]



A function f:(X,7) —(Y,o) is called almost continuous if f (V) is closed in

(X,7) for every regular closed set V of (Y,0) .

Definition 1.12 [15]

A function f:(X,7) —(Y,o) is called continuous if f (V) is closed in (X,7) for
every closed set V of (Y,0).

Definition 1.13 [1]

A function f:(X,7) —(Y,o) is called completely continuous if f (V) is regular

open in (X,t) for every open set V of (Y,0).

Definition 1.14 [13]

A function f:(X,7) —(Y,0) is called totally continuous if f (V) is clopen in

(X,7) for every open set V of (Y,0) .

Definition 1.15 [3]

A function f:(X,7) —(Y,o) is called g - continuous if f (V) is g - closed in

(X,7) for every closed set V of (Y,0).

Definition 1.16 [7]

A function f:(X,7) —(Y,o0) is called contra continuous if f (V) is closed in

(X,7) for every open set V of (Y,0).



Definition 1.17 [8]

A function f:(X,7) —(Y.,o0) is called contra semi - continuous if f (V) is semi

closed in (X,1) for every open set V of (Y,0).

Definition 1.18 [20]

A function :(X,7) —(Y,0) is called w - continuous if f (V) is y - closed in
(X,7) for every closed set V of (Y,0).

Definition 1.19 [9]

A function f:(X,7) —(Y,o) is called almost contra continuous if f (V) is

closed in (X,7) for each regular open set V of (Y,0).

Definition 1.20 [12]

A function f:(X,7) —(Y.,o) is called almost contra semi - continuous if f (V)

is semi - closed in (X,t) for every regular open set V of (Y, 6).

Definition 1.21 [11]

A function f:(X,7) —(Y,o) is called wgs - continuous if f (V) is ygs - closed
in (X,7) for every closed set V of (Y,0) .

Definition 1.22 [5]

A function f:(X,7) —>(Y,o) is called irresolute if f (V) is semi closed in

(X,7) for every semi closed set V of (Y,0).



Definition 1.23 [4]

A function f:(X,7) —(Y,o0) is called sg - irresolute if f *(V) is sg - closed in
(X,7) forevery sg - closed set V of (Y,0) .

Definition 1.24 [6]

A function f:(X,7) —(Y,o0) is called gs - irresolute if f (V) is gs - closed in
(X,7) forevery gs - closed set V of (Y,0) .

Definition 1.25 [16]

A function f:(X,7) —(Y,0) is called wg - irresolute if f *(V) is yg - closed in
(X,T) forevery yg - closed set V of (Y,0).



CHAPTER 2

Totally ygs - Continuous Functions in Topological Spaces
2.1 Introduction

Levine (1970) introduced the idea of continuous functions in topological spaces.
Jain (1980) introduced the concept of totally continuous functions in topological
spaces. Balachandran et al.(1991) introduced generalized continuous functions in
topological spaces. Sundaram et al.(1991) introduced semi generalized continuous
functions in topological spaces. Devi et al.(1995) introduced generalized semi
continuous functions in topological spaces. Veera Kumar (2000) introduced and
studied y - continuous functions in topological spaces. Gowsalya and Balamani

(2016b) introduced wygs - continuous functions in topological spaces.

In this chapter we introduce totally ygs - continuous functions and ygs - totally

continuous functions in topological spaces.

2.2 Totally ygs - continuous functions

In this section a new type of totally continuous functions called totally ygs -
continuous functions in topological spaces is introduced and studied some of their

properties.

Definition 2.2.1

A function f:(X,7) =(Y,o) is called totally wgs - continuous if f (V) is ygs-
clopen in (X,7) for every open set V of (Y,0).

Example 2.2.2

10



Let X =Y = {abc}, 7 = {¢,{a},{b,c}, X} and o = {¢,{a,b} Y} Let
f:(X,r) —(Y,0) be a function defined by f(a) = b, f(b) = c ,f(c) = a. Then f is totally

ygs - continuous.

Theorem 2.2.3

A function f: (X,7) — (Y,0) is totally ygs - continuous if and only if the

inverse image of every closed subset of (Y,0) is a ygs - clopen subset of (X,7).
Proof :

Let f: (X,7) —(Y,0) be a totally ygs - continuous function. Let V be any
closed set in (Y,0). Then Y-V is open in (Y, o). Since f is totally ygs - continuous,
f (Y- V) = X - f Y(V) is wgs - clopen in (X,7) which implies that f (V) is ygs -
clopen in (X,7).

Conversely, assume that U is any open set in (Y, 6). Then Y — U is closed in
(Y, o). By assumption, f (Y — U) = X — f (U) is ygs - clopen in (X,7) which implies
that f *(U) is wgs - clopen in (X,7). Hence f is totally ygs - continuous.

Proposition 2.2.4

Every totally continuous function is a totally ygs - continuous function but not

conversely.

Proof :
Let V be any open set in (Y,o). Since f is totally continuous ,f*(V) is clopen in
(X,7). By result 1.10, f (V) is ygs - clopen in (X, 7). Hence f is totally ygs -

continuous.

Example 2.2.5

11



Let X =Y = {ab,c}, == {¢, {a},{b},{a,b},X} and 6 = {¢, {a,b}, Y} Let
f:(X,1)—(Y,o0) be a function defined by f(a) = a, f(b) = ¢, f(c) = b .Then f is totally
ygs- continuous but not totally continuous, since for the open set {a,b} in (Y,0),

f 1({a,b}) = {a,c} is ygs - clopen in (X,7) but not clopen subset in (X,7) .

Proposition 2.2.6

Every totally ygs - continuous function is a ygs - continuous function but not

conversely.
Proof :

Let f: (X,7) —(Y,0) be a totally ygs - continuous function. Let V be any open
set in (Y,o). Since f is totally ygs - continuous, f (V) is ygs - clopen in (X,7) which
implies that f (V) is ygs - open in (X,7) . Hence fis ygs - continuous.

Example 2.2.7

Let X = Y = {ab,c},7 = {¢, {a,b},X} and 5 = {¢, {a},Y}. Let f:(X,7) —(Y,0)
be the identity function. Then f is ygs - continuous but not totally ygs - continuous,
since for the open set {a} in (Y,0), f “({a})= {a} is wgs - open but not ygs - closed in
X,7).

Remark 2.2.8

Continuous function is independent from totally ygs - continuous function as

seen from the following examples.

Example 2.2.9

12



Let X =Y = {abc} t = {¢,{a},{a,b}, X} and o = {¢,{ab} Y} Let
f:(X,7) —(Y,0) be the identity function.Then f is continuous but not totally wygs -
continuous, since for the open set {a,b} in (Y,0), f *({a,b}) = {a,b} is open but not

ygs - clopen in (X,7).

Example 2.2.10

Let X =Y = {abc} 7 = {d,{a},{b,c},X} and o = {¢,{a}, Y} Let
f: (X,1)—(Y,0) be a function defined by f(a) = c, f(b) = b, f(c) = a. Then f is totally
wgs - continuous but not continuous, since for the open set {a} in (Y,o0), f *({a}) = {c}
IS ygs - clopen but not open in (X,7).

Proposition 2.2.11

If £:(X,t) —(Y,0) is totally ygs - continuous and X is ygs - connected, then Y

is an indiscrete space.

Proof :

Suppose Y is not indiscrete space. Let V be a non - empty open subset of Y.
Since f is totally ygs - continuous, f*(V) is non - empty ygs - clopen subset of X.
Then X =f (V) u (f*(V))C. Thus X is union of two non - empty disjoint ygs - open
sets which is a contradiction to the fact that X is ygs - connected. Therefore Y must

be indiscrete space.
Theorem 2.2.12

Let fi(X,r) —(Y,0) be any function from discrete space (X, 7) into a

topological space (Y,0).Then f'is totally ygs - continuous function if and only if

13



Q) f is a continuous function.

(i)  fisaygs - continuous function.
Proof:

(i) Assume that f is a totally ygs - continuous function. Let V be any open set
in (Y,0). Then f (V) is ygs - clopen in (X,7). Since (X,7) is discrete space, every
subset of (X,7) is open and closed in (X,r) which implies that f (V) is open in (X,7).

Therefore f is continuous.

Conversely, assume that f is continuous. Let V be any open set in (Y,5). Then
f "1(V) is open in (X,7). Since (X,7) is discrete space, every subset of (X,7) is clopen
in (X,7) which implies that f (V) is ygs - clopen in (X,7). Therefore f is totally ygs-

continuous.

(if) Assume that f is a totally ygs - continuous function. Let V be any open set
in (Y,0). Then £ (V) is ygs - clopen in (X,7). Since (X,7) is discrete space, f (V) is
open in (X,7).By result 1.10, f (V) is ygs - open in (X,7).Therefore f is ygs -

continuous.

Conversely, assume that f is ygs - continuous. Let V be any open set in (Y,0).
Then f (V) is wgs - open in (X,7). Since (X,7) is discrete space, f (V) is clopen in
(X,7).By result 1.10, f (V) is wgs - clopen in (X,7). Therefore f is totally ygs -
continuous.

Remark 2.2.13

The composition of two totally ygs - continuous functions need not be a

totally ygs - continuous function as seen from the following example.

14



Example 2.2.14

Let X =Y =Z={ab,c}, t={¢,{a},{b},{a,b},X} , 0= {d,{a},{b,c},Y} andn
= {¢, {a,b},Z}. Let f:(X,1)—(Y,0) be the identity function and g:(Y,0) —(Z, ) be
the identity function. Then f and g are totally ygs - continuous but their composition
g o f :(X,t)—(Zn) is not totally ygs - continuous , since {a,b} is open in (Z,n),
whereas (g o f)*({a,b})={a,b} is not ygs - clopen in (X,7).

Proposition 2.2.15

Iff: (X;1) —(Y,0) is a totally ygs - continuous function and g:(Y,5) —(Z, 1)
is a continuous function, then g o f : (X,1) —(Z,n) is a totally ygs - continuous

function .
Proof :

Let V be any open set in (Z,1). Since g is continuous, g (V) is open in (Y,0).
Since f is totally ygs - continuous, (g o (V) = f (g (V) is wgs - clopen in

(X,t).Hence g o f is a totally ygs - continuous function .

Proposition 2.2.16

Let f:(X,1) —(Y,0) and g:(Y,0)—(Zm) be two functions, then
gof:(X,r) =>(Z,n) is a totally ygs - continuous function if

(1 f is a totally ygs - continuous function and g is a totally continuous function.
(i) fand g are totally continuous functions.

Proof:

i) Let e any open set 1n (Z,n).Since g 1s totally continuous, g is clopen
i) Let Vb in (Z1n).Si i 1l i V) is cl

in (Y,0) which implies g'l(V) is open in (Y,o0).Since f is totally ygs - continuous,

15



(g o HHV) = f g'(V)) is yegs - clopen in (X,7) . Hence g o f is a totally ygs -

continuous function .

(i) Let V be any open set in (Z,n). Since g is totally continuous, g*(V) is
clopen in (Y,0) which implies g'l(V) is open in (Y,o0) . Since f is totally continuous,
(g o HXV) = f g (V)) is clopen in (X,7). By result 1.10, (g o (V) is ygs - clopen

in (X,7). Hence g o f is a totally ygs - continuous function.

2.3 ygs - Totally continuous functions

In this section we introduce ygs - totally continuous functions in topological

spaces and study some of their properties.
Definition 2.3.1

A function f: (X,7) =(Y,0) is called wgs - totally continuous if f (V) is
clopen in (X,t) for every ygs - open set V of (Y,0).

Example 2.3.2

Let X =Y = {abc}, t = {d,{a},{b,c},X} and o = {¢,{a,b},Y} Let
f:(X,1) —(Y,0) be a function defined by f(a) = f(b) = f(c) = a. Then f'is ygs - totally

continuous.
Theorem 2.3.3

A function f: (X,7) — (Y,0) is wygs - totally continuous if and only if the

inverse image of every ygs - closed subset of (Y,o) is a clopen subset of (X,).
Proof :

Let f: (X,7) —(Y,0) be a ygs - totally continuous function . Let V be any ygs-
closed set in (Y,5).Then Y-V is ygs - open in (Y,0). Since f is ygs - totally
continuous, f (Y- V) = X - f (V) is clopen in (X,7) which implies that f (V) is
clopen in (X,7).

16



Conversely, assume that U is any ygs - open set in (Y, 6). Then Y — U is ygs -
closed in (Y, o). By assumption, f (Y — U) = X — f (U) is clopen in (X,7) which

implies that f (U) is clopen in (X,7). Hence f is wgs - totally continuous.

Proposition 2.3.4
If £:(X,1) —(Y,0) is awygs - totally continuous function, then

Q) f is a totally continuous function.

(i)  fisatotally ygs - continuous function.
Proof:

(1) Let V be any open set in (Y,5). By result 1.10, V is ygs - open in (Y, o).
Since f is wgs - totally continuous, f (V) is clopen in (X,7). Therefore f is totally

continuous.

(if) Let V be any open set in (Y,5). By result 1.10, V is ygs - open in
(Y, o).Since f is ygs - totally continuous, f (V) is clopen in (X,7).By result 1.10,
f 1(V) is ygs - clopen in (X,7). Therefore f s totally ygs - continuous.

The converse of proposition 2.3.4 (i) need not be true in general as seen from the

following example.

Example 2.3.5

Let X =Y = {ab,c}, t = {¢,{a},{b},{a,b},{a,c},X} and ¢ = {¢$,{a},Y}. Let
f:(X,7)—(Y,0) be a function defined by f(a) = ¢, f(b) = a, f(c) = b. Then f is totally
continuous but not ygs - totally continuous, since for the ygs - open set {a,b} in
(Y,0), f *({a,b }) ={ b,c} is not clopen in (X,7).

17



The converse of proposition 2.3.4 (ii) need not be true in general as seen from the

following example.

Example 2.3.6

Let X =Y = {ab,c}, t = {¢,{a},{b},{a,b},{a,c},X} and 6 = {$p,{a,b}, Y}. Let
f: (X,7)—(Y,0) be a function defined by f(a) = a, f(b) = ¢, f(c) = b. Then f is totally
ygs - continuous but not ygs - totally continuous, since for the ygs - open set {a} in
(Y,0), f *({a}) ={a} is not clopen in (X,7).

Proposition 2.3.7

If f:(X,7) —(Y,o0) is a ygs - totally continuous function, then
Q) f is a continuous function.

(i) fisawygs - continuous function.

Proof:

(i) Let V be any open set in (Y,5). By result 1.10,V is wygs - open in
(Y, o).Since fis ygs - totally continuous, f (V) is clopen in (X,7) which implies that

f (V) is open in (X,7). Therefore f is continuous.

(i1) Let V be any open set in (Y,5). By result 1.10, V is ygs - open in (Y, o).
Since fis ygs - totally continuous, f (V) is clopen in (X,) which implies that f (V)
is open in (X,7). By result 1.10, f (V) is ygs - open in (X,7). Therefore f is ygs -

continuous.

The converse of proposition 2.3.7 (i) need not be true in general as seen from the

following example.

18



Example 2.3.8

Let X =Y = {abc}, t = {¢,{a},{b},{a,b},{ac},X} and o =
{d,{a}.{a,b},Y}.Let f: (X,7)—(Y,0) be a function defined by f(a) = a, f(b) =c, f(c) =
b. Then f is continuous but not ygs - totally continuous, since for the ygs - open set
{a,c} in (Y,0), f *({a,c}) = {a,b} is not clopen in (X,7).

The converse of proposition 2.3.7 (ii) need not be true in general as seen from the

following example.

Example 2.3.9

Let X =Y = {ab,c}, = {¢,{a},{b},{a,b},{a,c},X} and 6 = {$,{a,b},Y}. Let
f: (X,1)—(Y,0) be a function defined by f(a) = a, f(b) = ¢, f(c) = b. Then f is ygs -
continuous but not wygs - totally continuous, since for the ygs - open set {b} in (Y,0),

f 1({b}) = {c} is not clopen in (X,7).

Theorem 2.3.10

Let f:(X,r) —(Y,0) be any function from discrete space (X, 7) into a

topological space (Y,o0). If fisaygs - totally continuous function, then

0] f is a continuous function.

(i)  fisawygs - continuous function.
Proof:

(i) Let V be any open set in (Y,0).By result 1.10,V is ygs - open in (Y, o).
Since fis ygs - totally continuous, f (V) is clopen in (X,7) which implies that f (V)

is open in (X,7). Therefore f is continuous.
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(ii) Let V be any open set in (Y,0).By result 1.10,V is ygs - open in (Y, o).
Since fis ygs - totally continuous, f (V) is clopen in (X,7) which implies that f (V)
is open in (X,7). By result 1.10, f (V) is wgs - open in (X,7). Therefore f is ygs -

continuous.
Proposition 2.3.11

Let f:(X,t) —(Y,0) be a ygs - totally continuous function and g: (Y,0)—(Z, n)
be any function. Then g o f:(X,1) —(Z, n) is a totally ygs - continuous function if
Q) g is atotally ygs - continuous function.

(i) gisatotally continuous function.

Proof:

(i) Let V be any open set in (Z, n).Since g is totally ygs - continuous, g™ (V) is
wgs- clopen in (Y,o) which implies that g™ (V) is wgs - open in (Y, o). Since f is ygs-
totally continuous, (g o (V) = f *(g*(V)) is clopen in (X,7). By result 1.10,
(g o H(V) is ygs - clopen in (X,7). Therefore g o f is totally wgs - continuous.

(ii) Let V be any open set in (Z, 1). Since g is totally continuous, g™ (V) is
clopen in (Y,o) which implies that g™ (V) is open in (Y, o). By result 1.10, g* (V) is
wgs - open in (Y, o). Since f is ygs - totally continuous, (g o )™*(V) = f *(g*(V)) is
clopen in (X,7).By result 1.10, (g o £)*(V) is wgs - clopen in (X,7). Therefore g o f is

totally ygs - continuous.
Proposition 2.3.12
Let f:i(X,tr) —(Y,0) be a wygs - totally continuous function and

g: (Y,0)—(Z, n) be any function. Then g o f :(X,1) —(Z, ) 1is a totally ygs -

continuous function if
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Q) g is a continuous function.

(i)  gisawygs - continuous function.

Proof:

(i) Let V be any open set in (Z, 1). Since g is continuous, g™ (V) is open in
(Y,o). By result 1.10,g™* (V) is ygs — open in (Y, o).Since fis ygs — totally continuous,
(go D (V)= (g (V)) is clopen in (X,7). By result 1.10, (g o )™(V) is wgs - clopen

in (X,7).Therefore go f is totally ygs — continuous.

(i) Let V be any open set in (Z, n). Since g is ygs — continuous, g™ (V) is ygs-
open in (Y,0). Since f is ygs — totally continuous, (g o £)*(V) = f *(g*(V)) is clopen
in (X,7).By result 1.10, (g o H)™(V) is ygs — clopen in (X,7). Therefore g o f is

totally ygs — continuous.

Proposition 2.3.13

Let f:(X,t) —(Y,0) and g: (Y,5)—(Z, n) be any two functions. If g is a ygs -
totally continuous function and if
Q) f is a totally continuous function, then g o f :(X,1) —(Z, 1) is a ygs - totally
continuous function.
(i) f is a continuous function , then g o f:(X,1) —(Z, 1) is a continuous function.
(i) fisawygs - continuous function, then g o f:(X,t) —(Z, n) is a ygs - continuous

function.

Proof:

(i) Let V be any ygs - open set in (Z, n).Since g is ygs - totally continuous,
g (V) is clopen in (Y,o) which implies that g™ (V) is open in (Y,0). Since f is totally
continuous, (g o (V) = f }(g?*(V)) is clopen in (X,7). Therefore g o f is wygs -

totally continuous.
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(ii) Let V be any open set in (Z, n1). By result 1.10, V is ygs - open in (Z, ).
Since g is ygs- totally continuous, g™ (V) is clopen in (Y,o) which implies that g™* (V)
is open in (Y,0).Since f is continuous,(g o (V) = f *(g*(V)) is open in (X,7).

Therefore g o f is continuous.

(ii1) Let V be any open set in (Z, n1).By result 1.10, V is ygs - open in (Z, n).
Since g is ygs - totally continuous, g™ (V) is clopen in (Y,o) which implies that g™ (V)
is open in (Y,0).Since fis ygs - continuous,(g o )™ (V) = f (g™ (V)) is ygs - open in

(X,7). Therefore g o f is ygs - continuous.

Proposition 2.3.14

Let f:(X,1) —»(Y,0) and g (Y,0)—(Zm) be two wygs - totally
continuous function, then g o f :(X,r) —(Z,n) is also a ygs - totally continuous

function.
Proof :

Let V be any ygs - open set in (Zn).Since g is ygs - totally continuous,
gt (V) is clopen in (Y,o).By result 1.10,g7 (V) is ygs - clopen in (Y,o) which
implies that g™ (V) is wgs - open in (Y,o). Since f is ygs - totally continuous,
(g o H(V) = f Yg'(V)) is clopen in (X,7). Therefore g o f is wgs - totally

continuous.

Remark 2.2.15

The relations between various types of continuous functions are given in the

following diagram
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CHAPTER 3

Contra ygs - Continuous Functions and Almost Contra ygs - Continuous

Functions in Topological Spaces
3.1 Introduction

Singal.M.K and Singal.A.R (1968) introduced almost continuous functions in
topological spaces. Levine (1970) introduced the idea of continuous functions in
topological spaces. Dontchev (1996) introduced the notion of contra continuity.
Dontchev and Noiri (1999) introduced contra semi continuous functions in topological
spaces. Ekici (2004) introduced almost contra continuous functions in topological
spaces. lyappan and Nagaveni (2010) introduced almost contra semi continuous

functions in topological spaces.

In this chapter we introduce contra ygs - continuous functions and almost

contra ygs - continuous functions in topological spaces.

3.2 Contra ygs - continuous functions

In this section we introduce a new type of totally continuous functions called
contra ygs - continuous functions in topological spaces and derived their properties.

Definition 3.2.1

A function f:(X,7) —(Y,0) is called contra ygs - continuous if (V) is ygs -
open in (X,7) for every closed set V of (Y,0).

Example 3.2.2
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Let X =Y = {abc}, t = {d,{a},{a,b},X} and o = {¢,{a},Y}. Let
f:(X,1)—(Y,0) be a function defined by f(a) = b, f(b) = a ,f(c) = c. Then f is contra

ygs- continuous.

Theorem 3.2.3

A function f:(X,7) =(Y,o) is contra ygs - continuous if and only if f (V) is

ygs - closed in (X,7) for every open set V of (Y,0).
Proof:

Let f:(X,7) =(Y,0) be a contra ygs - continuous function. Let V be any open
set in (Y,5). Then Y -V is closed in (Y,0).Since f is contra ygs - continuous,
f 1Y -V) = X - £ }(V) is ygs- open in (X,7) which implies that f (V) is ygs - closed
in (X,7).

Conversely, assume that U is any closed set in (Y,o). Then Y-U is open in
(Y,0). By assumption, f (Y -U) = X - f }(U) is ygs - closed in (X,7) which implies

that f *(U) is ygs - open in (X,7). Hence f is contra ygs - continuous.

Proposition 3.2.4

Every totally continuous function is a contra ygs - continuous function but not

conversely.
Proof:

Let V be any open set in (Y,). Since f is totally continuous , £ (V) is clopen
in (X,7). By result 1.10 ,f (V) is ygs - clopen in (X,7) which implies that f (V) is

ygs - closed in (X,7). Hence f'is contra ygs - continuous.

Example 3.2.5
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Let X =Y = {abc} 7 = {o{a},{b,c}, X} and o = {¢,{a}, Y} Let
f.(X,1)—(Y,0) be a function defined by f(a) = b.f(b) = a, f(c) = c. Then f is contra
ygs - continuous but not totally continuous ,since for the open set {a} in (Y,0),

f 1({a}) = {b} is ygs - closed but not clopen in (X,7).

Proposition 3.2.6

Every contra continuous function is a contra ygs - continuous function but not

conversely.
Proof:

Let V be any open set in (Y,0). Since f is contra continuous, f (V) is closed
in (X,7). By result 1.10 f (V) is ygs - closed in (X,7). Hence f is contra ygs -

continuous.

Example 3.2.7

Let X =Y = {abc} 7 = {b,{a},{b,c}, X} and o = {¢,{a}, Y} Let
f:(X,1)—(Y,0) be a function defined by f(a) = c,f(b) = b, f(c) = a. Then f is contra
ygs- continuous but not contra continuous ,since for the open set {a} in (Y,0), f*({a})

= {c} is ygs - closed but not closed in (X,).

Proposition 3.2.8

Every contra semi continuous function is a contra ygs - continuous function

but not conversely.

Proof:
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Let V be any closed set in (Y,o). Since f is contra semi continuous, f (V) is
semi- open in (X,7) . By result 1.10 , f*(V) is wgs - open in (X,7). Hence f is contra

ygs - continuous.

Example 3.2.9

Let X =Y = {abc}, 7 = {d,{a},{b,c},X} and o = {¢,{a}, Y} Let
f:(X,1)—(Y,0) be a function defined by f(a) = b, f(b) = a ,f(c) = c. Then f is contra
ygs- continuous but not contra semi continuous , since for the closed set {b,c} in

(Y,0), £ Y({b,c}) = {a,c} is ygs - open but not semi - open in (X,7).

Proposition 3.2.10

Every totally ygs - continuous function is a contra ygs - continuous function

but not conversely.

Proof:

Let f:(X,7) =(Y,0) be a totally ygs - continuous function. Let V be any closed
set in (Y,0). Since f is totally ygs - continuous, f (V) is ygs - clopen in (X,7) which

implies that f (V) is ygs - open in (X,7). Hence f is contra ygs - continuous.

Example 3.2.11

Let X =Y = {abc}, 7 = {$,{a}.{a,b}, X} and o = {¢,{a}, Y} Let
f:(X,1)—(Y,0) be a function defined by f(a) = b, f(b) = a,f(c) = c. Then f is contra
ygs— continuous but not totally ygs — continuous , since for the closed set {b,c} in

(Y,0), f 1({b,c}) = {a,c} is ygs — open but not ygs — closed in (X,7).
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Proposition 3.2.12

Every ygs - totally continuous function is a contra ygs - continuous function

but not conversely.
Proof:

Let V be any open set in (Y, 0).By result 1.10, V is ygs - open in (Y,o). Since f
is ygs- totally continuous , f (V) is clopen in (X,7). By result 1.10 , f (V) is ygs -
clopen in (X,7) which implies that f (V) is ygs - closed in (X,7). Hence f is contra

ygs - continuous.

Example 3.2.13

Let X =Y = {abc}, 7 = {¢{a}.{ab}.{ac), X} and 6 = {¢,{a}, Y} Let
f:(X,1)—(Y,0) be a function defined by f(a) = c,f(b) = b, f(c) = a. Then fis contra ygs-
continuous but not ygs - totally continuous , since for the ygs - open set {a} in (Y,0),

f 1({a})= {c} is not clopen in (X,7).
Remark 3.2.14

The following examples show that contra ygs - continuous function and

continuous function are independent .

Example 3.2.15

Let X =Y ={ab,c}, t = {¢,{a,b}, X} and 6 = {$,{a},Y}. Let f:(X,1)—(Y,0) be
a function defined by f(a) = b, f(b) = c, f(c) = a .Then f is contra ygs - continuous but
not continuous , since for the open set {a} in (Y,0), f *({a}) = {c} is ygs - closed but

not open in (X,7).

Example 3.2.16
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Let X =Y = {abc}, v = {¢{a}, {ab}, X} and ¢ = {¢,{a} Y} Let
f:(X,1)—(Y,0) be the identity function. Then f is continuous but not contra ygs-
continuous , since for the open set {a} in (Y,o), f'({a}) = {a} is open but not ygs -

closed in (X,7).

Remark 3.2.17

Contra ygs - continuous function is independent from wygs - continuous

function as seen from the following examples.

Example 3.2.18

Let X =Y = {abc} v = {¢,{a},{a,b},X} and o = {¢,{a,b}, Y} Let
f:(X,1)—(Y,0) be a function defined by f(a) = c, f(b) = b ,f(c) = a. Then f is contra
ygs- continuous but not ygs- continuous , since for the closed set {c} in (Y,0),

f1({c}) = {a} is ygs - open but not ygs - closed in (X,7).

Example 3.2.19

Let X =Y = {ab,c}, = {¢o.{a}.{a,b}{ac} X} and ¢ = {¢,{a}, Y} Let
f:(X,1)—(Y,0) be the identity function. Then fis ygs - continuous but not contra ygs -
continuous , since for the closed set {b,c} in (Y,0), f *({b,c}) = {b,c} is ygs - closed

but not ygs- open in (X,7).

Proposition 3.2.20

If f:(X,t)—(Y,0) is a contra ygs - continuous function and g:(Y,0)—(Z, ) is a

continuous function, then g o f:(X,1) —(Z,n) is a contra ygs - continuous function.

Proof:
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Let V be any closed set in (Z, ). Since g is continuous, g(V) is closed in
(Y,o).Since f is contra ygs - continuous, (g o (V) = f *(g*(V)) is ygs - open in

(X,7) . Hence go f isa contra ygs - continuous function .

Proposition 3.2.21

If f:(X,t)—(Y,0) is a contra semi - continuous function and g:(Y,0)—(Z, 1) is

a continuous function, then g o f:(X,t) —(Z,n) is a contra ygs - continuous function.
Proof:

Let V be any closed set in (Z, ). Since g is continuous, g(V) is closed in
(Y,0).Since f is contra semi - continuous, (g o £)*(V) = f }(g(V)) is semi open in
(X,7) . By result 1.10, (g o f)}(V) is wgs - open in (X,7) . Hence g o f is a contra

ygs- continuous function .

Proposition 3.2.22

If f:(X,1)—(Y,0) is a totally wgs - continuous function and g:(Y,5)—(Z, n) is

a continuous function, then g o f :(X,t) —(Z,n) is a contra ygs - continuous function.
Proof:

Let V be any closed set in (Z, ). Since g is continuous, g(V) is closed in
(Y,0).Since f is totally ygs - continuous, (g o H)*(V) = f (g*(V)) is ygs - clopen in
(X,7) which implies that (g o f)*(V) is ygs - open in (X,7) . Hence g o f is a contra

ygs - continuous function .

Proposition 3.2.23

If fi(X,t)—(Y,o0) is a totally continuous function and g:(Y,5)—(Z, n) is a

continuous function, then g o f:(X,t) —(Z,n) is a contra ygs - continuous function.
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Proof:

Let V be any closed set in (Z, n). Since g is continuous, g(V) is closed in
(Y,0).Since f is totally continuous, (g o £)*(V) = f *(g*(V)) is clopen in (X,7).By
result 1.10, (g o H)™(V) is ygs - clopen in (X,7) which implies that (g o )™ (V) is ygs -

open in (X,t) . Hence g o f is a contra ygs - continuous function.

Proposition 3.2.24

If f:(X,t)—(Y,0) is a ygs - totally continuous function and g:(Y,5)—(Z, 1) is a

continuous function, then g o f:(X,t) —(Z,n) is a contra ygs - continuous function.
Proof:

Let V be any closed set in (Z, ). Since g is continuous, g(V) is closed in
(Y,0).By result 1.10, g(V) is wgs - closed in (Y,5) . Since f is ygs - totally
continuous, (g o (V) = f1(g?*(V)) is clopen in (X,7). By result 1.10, (g o f)*(V) is
ygs - clopen in (X,7) which implies that (g o f)™(V) is ygs - open in (X,7) . Hence

gof isa contra ygs - continuous function .

Proposition 3.2.25

If f:(X,1)—(Y,o0) is a contra continuous function and g:(Y,5)—(Z, n) is a

continuous function, then g o f:(X,t) —(Z,n) is a contra ygs - continuous function.
Proof:

Let V be any closed set in (Z, ). Since g is continuous, g(V) is closed in
(Y,o).Since fis contra continuous,(g o f) (V) = f Y(g™(V)) is open in (X,7). By result
1.10, (g o H (V) is wgs - open in (X,7).Hence g o f is a contra ygs - continuous

function.
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Proposition 3.2.26

If f:(X,1)—(Y,0) is a contra ygs - continuous function and g:(Y,5)—(Z, 1) is a
totally continuous function, then g o f :(X,1) —(Z,n) is a contra ygs - continuous

function.
Proof:

Let V be any closed set in (Z, n). Since g is totally continuous, g (V) is clopen
in (Y,o0) which implies that g™ (V) is closed in (Y,o) .Since f is contra ygs- continuous,
(g o DNV) = FYg™(V)) is wgs - open in (X,7). Hence g o f is a contra ygs -

continuous function .

Proposition 3.2.27

If f:(X,t)—(Y,0) is a contra ygs - continuous function and g:(Y,0)—(Z, 1) is a
ygs - totally continuous function, then g o f :(X,t) —(Z,n) is a contra ygs - continuous

function.
Proof:

Let V be any closed set in (Z, n). By result 1.10, V is wgs - closed in
(Y,0).Since g is ygs - totally continuous, g™(V) is clopen in (Y,o) which implies that
g*(V) is closed in (Y,0).Since f is contra ygs - continuous,(g o f)*(V) = f1(g*(V)) is

ygs - open in (X,7).Hence g o f is a contra ygs - continuous function.

Proposition 3.2.28

If f:(X,1)—(Y,0) is a totally ygs - continuous function and g:(Y,0)—(Z,n) is a
completely continuous function, then g o f :(X,t) —(Z,n) is a contra ygs - continuous

function.

Proof:
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Let V be any closed set in (Z, n).Since g is completely continuous, g(V) is
regular closed in (Y,0). By result 1.10, g'l(V) is closed in (Y,0).Since f'is totally ygs -
continuous, (g o (V) = f *(g(V)) is ygs - clopen in (X,7) which implies that

(g o (V) is ygs - open in (X,7). Hence g o f is a contra ygs - continuous function .

Remark 3.2.29

The composition of two contra ygs - continuous functions need not be a contra

ygs - continuous function as seen from the following example.

Example 3.2.30

Let X =Y =Z = {ab,c}, t = {¢,{a},{b},{a,b},{a,c},X} , o = {¢,{a}{b,c} Y}
and n = {9, {a},Z}. Let f:(X,1)—(Y,0) be a function defined by f(a) = b, f(b) = a, f(c)
=c and g:(Y,0) —(Z,n) bea function defined by g(a) = b, g(b) =a, g(c) =c . Then
f and g are contra ygs - continuous but their composition g o f :(X,t)—(Z,n) is not
contra wgs - continuous , since for the closed set {b,c} in (Zn), (g o H*{b,c}) =
{b,c} is not wygs - open in (X,7).

Remark 3.2.31 :

The above discussions are depicted in the following diagram.
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Totally continuous

/ functions

/

Totally ygs — l Contra semi —
continuous functions \ / continuous functions
Contra ygs - continuous
T functions f

\

ygs - totally continuous

Contra continuous

functions i
f X functions

N i

Continuous functions —_— ygs - continuous
functions

3.3 Almost contra ygs - continuous functions

In this section almost contra ygs - continuous functions in topological spaces is
introduced and obtained the interrelations between almost contra ygs - continuous

functions with various contra continuous functions.

Definition 3.3.1

A function f: (X,7) =(Y,0) is called almost contra ygs - continuous if f1(V)

is ygs closed in (X,7) for every regular open set V of (Y,0).
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Example 3.3.2

Let X =Y = {ab,c},t ={d,{a},{b},{a,b},X} and o = {¢,{a},{b,c} Y} Let
f:(X,1)—(Y,0) be the identity function. Then f is almost contra ygs - continuous.

Theorem 3.3.3

A function f: (X,7) —=(Y,0) is almost contra ygs - continuous if and only if the inverse

image of every regular open subset of (Y,0) is ygs - closed in (X,7) .
Proof:

Let f:(X,7) —=(Y,0) be a almost contra ygs - continuous function. Let V be any
regular open set in (Y,o0). Then Y -V is regular closed in (Y,o).Since f is almost contra
ygs - continuous, F1(Y -V) = X - £ 4(V) is wgs - open in (X,7) which implies that
f 1(V) is ygs - closed in (X,7).

Conversely, assume that U is any regular closed set in (Y,s5). Then Y-U is
regular open in (Y,0). By assumption, f (Y -U) = X - f Y(U) is ygs - closed in (X,7)
which implies that f }(U) is ygs - open in (X,7). Hence f is almost contra ygs -

continuous.

Proposition 3.3.4

Every totally continuous function is a almost contra ygs - continuous function

but not conversely.
Proof:

Let V be any regular open set in (Y,0).By result 1.10, V is open in (Y,o). Since
f is totally continuous, f (V) is clopen in (X,7).By result 1.10,f (V) is ygs - clopen
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in (X,7) which implies that f (V) is ygs - closed in (X,7). Hence f is almost contra

ygs - continuous.

Example 3.3.5

Let X =Y = {a,b,c},7 = {¢,{a},{b,c},X} and 6 = {¢,{a}.{b}.{ab}.{ac} Y}
Let f:(X,1)—(Y,0) be the identity function. Then f is almost contra ygs - continuous
but not totally continuous, since for the open set {a,c} in (Y.0), f *({a,c}) = {ac} is

not clopen in (X,7).

Proposition 3.3.6

Every contra continuous function is a almost contra ygs - continuous function

but not conversely.
Proof:

Let V be any regular open set in (Y,0).By result 1.10, V is open in (Y,o). Since
f is contra continuous, f (V) is closed in (X,7).By result 1.10,f*(V) is ygs - closed

in (X,7).Hence f is almost contra ygs - continuous.

Example 3.3.7

Let X = Y = {abc}, v = {o{a}.{b}{ab} X} and o =
{d,{a},{b}.{a,b}{ac} Y} Let f:(X,t)—(Y,0) be the identity function. Then f is
almost contra ygs - continuous but not contra continuous, since for the open set {a,b}
in (Y,0), f ({a,b}) = {a,b} is not closed in (X,7).

Proposition 3.3.8

Every contra semi continuous function is a almost contra ygs - continuous

function but not conversely.
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Proof:

Let V be any regular open set in (Y,0).By result 1.10, V is open in (Y,o). Since
f is contra semi continuous, f (V) is semi closed in (X,7).By result 1.10,f (V) is

ygs - closed in (X,7). Hence fis almost contra ygs - continuous.

Example 3.3.9

Let X =Y = {ab,c},t = {¢,{a},{b,c}.X} and o = {p,{a},{b}.{ab},{ac} Y}
Let f:(X,t)—(Y,0) be the identity function. Then f is almost contra ygs - continuous
but not contra semi continuous, since for the open set {b} in (Y,o), f “({b}) = {b} is

not semi closed in (X,7).

Proposition 3.3.10

Every almost contra continuous function is a almost contra ygs - continuous

function but not conversely.
Proof:

Let V be any regular open set in (Y,5). Since fis almost contra continuous,
f (V) is closed in (X,7).By result 1.10,f (V) is ygs - closed in (X,7). Hence fis

almost contra ygs - continuous.

Example 3.3.11

Let X = Y = {abc} v = {¢{a}{b}{ab},X} and o =
{d,{a},{b}.{ab}{ac} Y}. Let f:(X,t)—(Y,0) be the identity function. Then f is
almost contra ygs - continuous but not almost contra continuous, since for the regular
open set {b} in (Y,o),f “({b}) = {b} is ygs - closed but not closed in (X,7).
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Proposition 3.3.12

Every totally ygs - continuous function is a almost contra ygs - continuous

function but not conversely.
Proof:

Let V be any regular open set in (Y,5).By result 1.10,V is open in (Y,c). Since
f is totally ygs - continuous, f (V) is ygs - clopen in (X,7) which implies that f*(V)

is ygs - closed in (X,7). Hence fis almost contra ygs - continuous.

Example 3.3.13

Let X = Y = {abc}, = {é,{a},{b},{ab},.X} and o =
{b,{a},{b}.{a,b}{ac} Y}. Let f:(X,t)—(Y,0) be the identity function. Then f is
almost contra ygs - continuous but not totally ygs - continuous, since for the open set
{a,b} in (Y,0), f ({a,b}) = {a,b} is not ygs - clopen in (X,7).

Proposition 3.3.14

Every wygs - totally continuous function is a almost contra ygs - continuous

function but not conversely.
Proof:

Let V be any regular open set in (Y,c).By result 1.10, V is open in (Y,c) and
hence V is wgs - open in (Y,o). Since f is ygs - totally continuous, f (V) is clopen in
(X,7).By result 1.10,f (V) is ygs - clopen in (X,7) which implies that f (V) is ygs -

closed in (X,7). Hence f is almost contra ygs - continuous.

Example 3.3.15
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Let X =Y = {ab,c}7= {¢,{a},{b},{a,b},X} and 6 = {¢,{a}.{b,c} Y}. Let
f:(X,1)—(Y,0) be the identity function. Then f is almost contra ygs - continuous but
not ygs - totally continuous, since for the ygs - open set {b} in (Y,o), f *({b}) = {b} is
not clopen in (X,7).

Proposition 3.3.16

Every contra ygs - continuous function is a almost contra ygs - continuous

function but not conversely.
Proof:

Let V be any regular open set in (Y,o0). By result 1.10,V is open in (Y,o). Since
f is contra ygs - continuous, f1(V) is ygs - closed in (X,7). Hence f is almost contra

ygs - continuous.

Example 3.3.17

Let X = Y = {abc} t = {o{a}{b}{ab},X} and o =
{b,{a},{b}.{a,b}{ac} Y} Let f:(X,t)—(Y,0) be the identity function. Then f is
almost contra ygs - continuous but not contra ygs - continuous, since for the open set
{a,b}in (Y.0), f ({a,b}) = {a,b} is not ygs - closed in (X,7).

Proposition 3.3.18

If f:(X,1)—>(Y,0) is a almost contra ygs - continuous function and
2:(Y,0)—(Z, n) is a completely continuous function , then g o f :(X,1) —(Zn) is a

almost contra ygs - continuous function.

Proof:
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Let V be any regular open set in (Z, n1).By result 1.10, V is open in (Z, n).Since
g is completely continuous, g*(V) is regular open in (Y,o).Since f is almost contra
ygs- continuous,(g o H*(V) = f 1(g(V)) is ygs - closed in (X,7). Hence go f is a

almost contra ygs - continuous function .

Proposition 3.3.19

If £:(X,1)—(Y,0) is a contra ygs - continuous function and g:(Y,6)—(Z, 1) is a
completely continuous function, then g o f :(X,t) —(Z,n) is a almost contra ygs -

continuous function.
Proof:

Let V be any regular open set in (Z, n1).By result 1.10, V is open in (Z, 1).Since
g is completely continuous, g*(V) is regular open in (Y,o).By result 1.10, g*(V) is
open in (Y,o0).Since f is contra ygs continuous,(g o £)*(V) = f (g™ (V)) is ygs - closed

in (X,7). Hence g o f is a almost contra ygs - continuous function .

Proposition 3.3.20

If £:(X,1)—(Y,0) is a contra ygs - continuous function and g:(Y,0)—(Z, n) is a
almost continuous function, then g o f :(X,1) —(Z,n) is a almost contra ygs -

continuous function.
Proof:

Let V be any regular open set in (Z, 1).Since g is almost continuous, g™ (V) is
open in (Y,0).Since f is contra ygs - continuous,(g o (V) = f (g(V)) is ygs -

closed in (X,7). Hence go f is a almost contra ygs - continuous function.

Remark 3.3.21
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The following relations exist for almost contra ygs - continuous functions

Contra continuous
functions

Totally continuous

l

Almost contra ygs -
continuous functions

Contra ygs -
continuous functions

/
functions \
/

AN

ygs - totally continuous
functions
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CHAPTER 4

ygs- Irresolute Functions in Topological Spaces
4.1 Introduction

Crossley and Hildebrand (1972) introduced irresolute functions in topological
spaces. Bhattacharyya and Lahiri (1987) introduced sg - irresolute functions in
topological spaces. Devi et al.(1995) introduced gs - irresolute functions in topological
spaces. Ramya and parvathi (2013) introduced wyg- irresolute functions in topological

spaces. In this chapter we introduce ygs - irresolute functions in topological spaces.

4.2 ygs - irresolute functions

In this section a stronger form of wygs - continuous functions called wygs-

irresolute functions is introduced and studied their characterizations.

Definition 4.2.1

A function f: (X,7) —(Y,0) is called wygs - irresolute if f *(V) is ygs - closed
in (X,7) for every ygs - closed V of (Y,0).

Example 4.2.2

Let X =Y = {ab,c},7 = {b,{a},{b}.{a,b}, X} and o = {¢,{a}.{a,b}{ac} Y}.
Let f:(X,1)—(Y,0) be the identity function. Then fis ygs - irresolute.

Theorem 4.2.3

A function f: (X,7) =(Y,0) is ygs - irresolute if and only if f1(V) is ygs -
open in (X,t) for every ygs - open set V of (Y,0).

Proof:

42



Let V be any ygs - open set in (Y,0). Then Y -V is ygs - closed in (Y,5).Since
f is ygs - irresolute, f (Y -V) = X — f (V) is wgs - closed in (X,7) which implies
that (V) is wgs - open in (X,7).

Conversely, assume that U is any ygs - closed set in (Y,0). Then Y-U is ygs -
open in (Y,o). By assumption, f (Y -U) = X — f {(U) is ygs - open in (X,7) which
implies that f (U) is ygs-closed in (X,7). Hence fis ygs - irresolute.

Proposition 4.2.4

If f: (X,7) =(Y,0) is a ygs - irresolute function, then it is a ygs - continuous

function but not conversely.
Proof:

Let V be any closed set in (Y,5). By result 1.10, V is ygs - closed in
(Y,0).Since fis wgs - irresolute, f (V) is ygs - closed in (X,7).Hence f is ygs-

continuous.

Example 4.2.5

Let X =Y = {ab,c},t = {¢,{a},{b},{a,b},{a,c},X} and 6 = {p,{a},{b,c} Y}
Let f:(X,1)—(Y,0) be a function defined by f(a) = b,f(b) = a,f(c) = c. Then f is ygs -
continuous but not ygs - irresolute, since for the ygs - closed set {a,b} in (Y,0),

f *({a,b}) = {a,b} is not ygs - closed in (X,7).

Proposition 4.2.6

Every ygs - totally continuous function is a ygs - irresolute function but not

conversely.

Proof:
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Let V be any ygs - closed set in (Y,).Since f is ygs - totally continuous,f (V)
is clopen in (X,7).By result 1.10,f (V) is ygs - clopen in (X,7) which implies that
f (V) is ygs - closed in (X,7).Hence fis ygs - irresolute.

Example 4.2.7

Let X =Y = {abc}, = = {¢,{a},{b},{ab},{ac},X} and oc =
{d,{a}.{a,b}.{a,c},Y}. Let f:(X,1)—(Y,0) be the identity function. Then f is ygs -
irresolute but not ygs - totally continuous, since for the ygs - closed set {c} in (Y,0),
f 1({c}) = {c} is not clopen in (X,7).

Remark 4.2.8

Irresolute function is independent from wygs - irresolute function as seen from

the following examples.

Example 4.2.9

Let X =Y = {a,b,c},7 = {¢,{a},{b},{a,b},{a,c},X} and o = {¢,{a},{b,c} Y}
Let f:(X,1)—(Y,0) be a function defined by f(a) = b,f(b) = a,f(c) = c. Then f is
irresolute but not ygs -irresolute, since for the ygs - closed set {b} in (Y,o), £ *({b})
= {a} is not ygs - closed in (X,7).

Example 4.2.10

Let X =Y = {abc} t = {¢,{a},{b,c}, X} and o = {¢,{a,b}, Y} Let
f:(X,1)—(Y,0) be the identity function. Then f is ygs - irresolute but not irresolute,
since for the semi - closed set {c} in (Y,o), f ({c}) = {c} is not semi - closed in
X,7).
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Remark 4.2.11

The following examples show that gs - irresolute function and ygs - irresolute

function are independent.

Example 4.2.12

Let X =Y = {ab,c},t = {¢,{a},{a,b},X} and o = {p,{a},{b}.{ab},{ac} Y}
Let f:(X,1)—(Y,0) be the identity function. Then f is gs - irresolute but not ygs -
irresolute, since for the ygs - closed set {a,c} in (Y,0), f Y({a,c}) = {a,c} is not yes -

closed in (X,7).

Example 4.2.13

Let X =Y = {ab,c},t = {d.{a},{b},{a,b},{a,c},X} and ¢ = {¢,{a},Y}. Let
f:(X,1)—>(Y,0) be the identity function. Then f is ygs - irresolute but not gs -
irresolute, since for the gs - closed set {a,b} in (Y,0), f *({a,b}) = {a,b} is not gs -
closed in (X,7).

Remark 4.2.14

yg - irresolute function is independent from ygs - irresolute function as seen

from the following examples.

Example 4.2.15

Let X =Y = {ab,c},t= {¢,{a}, X} and ¢ = {¢,{a},{b}.{a,b},{a,c} Y} Let
f:(X,1)—(Y,0) be the identity function. Then f is yg - irresolute but not ygs -
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irresolute, since for the ygs - closed set {a,c} in (Y,0), f'l({a,c}) = {a,c} is not ygs -

closed in (X,1).

Example 4.2.16

Let X = Y = {abc} t = {¢,{a},{ab},X} and o = {¢,{a}, Y} Let
f:(X,1)—(Y,0) be the identity function. Then f is ygs - irresolute but not yg -
irresolute, since for the yg - closed set {a,b} in (Y,0), f 1({a,b}) = {a,b} is not yg -
closed in (X,7).

Remark 4.2.17

The following examples show that totally ygs - continuous function and wygs -

irresolute function are independent.

Example 4.2.18

Let X =Y = {a,b,c},7 = {¢,{a},{b},{a,b},{a,c},X} and o = {¢,{a},{b,c} Y}
Let f:(X,1)—(Y,0) be a function defined by f(a) = b,f(b) = a,f(c) = c. Then f is totally
ygs -continuous but not ygs - irresolute, since for the ygs - closed set {a,b} in (Y,0),
f 1({a,b}) = {a,b} is not ygs - closed in (X,T).

Example 4.2.19

Let X =Y = {ab,c},7 = {¢,{a},{a,b},X} and o = {¢,{a} {a,b},{a,c} Y} Let
f:(X,1)—(Y,0) be the identity function. Then f is ygs - irresolute but not totally ygs-
continuous, since for the closed set {b,c} in (Y,0), f '1({b,c}) = {b,c} is not ygs -
clopen in (X,7).

Remark 4.2.20
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Contra ygs - continuous function is independent from wgs - irresolute function

as seen from the following examples.

Example 4.2.21

Let X =Y = {ab,c}t = {¢.{a}{b}.{ab} X} and o = {¢,{a},{b,c} Y}. Let
f:(X,1)—(Y,0) be a function defined by f(a) = b,f(b) = a,f(c) = c. Then fis contra ygs-
continuous but not ygs - irresolute, since for the ygs - closed set {a,b} in (Y,0),
f 1({a,b}) = {a,b} is not ygs - closed in (X,7).

Example 4.2.22

Let X =Y = {ab,c},7 = {¢,{a},{b},{a,b},X } and o = {¢,{a}.{a,b},{ac} Y}
Let f:(X,1)—(Y,0) be the identity function. Then f is ygs - irresolute but not contra
ygs - continuous, since for the open set {a,b} in (Y,0), f '1({a,b}) = {a,b} is not ygs -
closed in (X,7).

Proposition 4.2.23

If a function f:(X,1)—(Y,0) is ygs — irresolute, then for every subset A of (X,1)
such that f(A) is ygs - closed in (Y,0), f(wgscl(A))S ygscl(f(A)).

Proof:

Let A be a subset of (X,7) such that f(A) is ygs - closed in (Y,5). Then
wegscl(f(A)) is  wgs - closed in (Y,0). Since f is ygs - irresolute, f “(ygscl(f(A)) is
yegs— closed in (X,7). Now A € f (f(A)) € f *((ygscl(f(A))). Therefore ygscl(A)S
f ((pgscl(f(A))) and hence f(ygscl(A)) S f(f (ygscl(f(A))) € wgscl(f(A)).

Proposition 4.2.24
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If a function f:(X,1)—(Y,0) is ygs — irresolute, then for every ygs - closed set
B C Y,ygscl(f }(B))<f L(ygscl(B)).

Proof:

Let B be a ygs - closed set in (Y,o). Then ygscl(B) is ygs - closed in (Y,o0).
Since f is ygs - irresolute,f “(ygscl(B)) is wgs - closed in (X,7).Since B Sygscl(B) ,
f Y(B)Sf ((ygscl(B)). Therefore by definition of wgs closure, wgscl(f *(B))S
f4((yescl(B)).

Proposition 4.2.25

If f:(X,1)—(Y,0) is a ygs - irresolute function and g:(Y,0)—(Z, 1) is a ygs-

irresolute function, then g o f:(X,t) —(Z,n) is a ygs - irresolute function.
Proof:

Let V be any ygs - closed set in (Z, n).Since g is ygs - irresolute, g™ (V) is ygs-
closed in (Y,o0).Since f is ygs - irresolute,(g o )™*(V) = f }(g}(V)) is ygs- closed in

(X,t).Hence go f is a ygs - irresolute function .

Proposition 4.2.26

If f:(X,1)—(Y,0) is a ygs - irresolute function and g:(Y,0)—(Z, n) is a ygs -

continuous function, then g o f:(X,1) —(Z,n) is a ygs - continuous function.
Proof:

Let V be any closed set in (Z, n).Since g is ygs - continuous, g'l(V) s ygs -
closed in (Y,0).Since f is ygs - irresolute,(g o ©)*(V) = f (g™ (V)) is wgs - closed in

(X,7).Hence g o f is aygs - continuous function .
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Proposition 4.2.27

If f:(X,t)—(Y,0) is a ygs - irresolute function and g:(Y,0)—(Z, 1) is a contra
ygs - continuous function, then g o f :(X,1) —(Z,n) is a contra ygs - continuous

function.
Proof:

Let V be any closed set in (Z, 1).Since g is contra ygs - continuous, g™(V) is
ygs - open in (Y,0).Since fis ygs - irresolute,(g o ) (V) = 1(g™(V)) is ygs - open in

(X,7). Hence go f is a contra ygs - continuous function .

Proposition 4.2.28

If f:(X;1)—(Y,0) is a ygs - irresolute function and g:(Y,5)—(Z, 1) is a

continuous function, then g o f:(X,1) —(Z,n) is a ygs - continuous function.
Proof:

Let V be any closed set in (Z, 1).Since g is continuous, g*(V) is closed in
(Y,o). By result 1.10, g*(V) is ygs - closed in (Y,o).Since f is wgs - irresolute,
(g o HNV) =fHgH(V)) is wes - closed in (X,7). Hence go f is aygs - continuous

function .

Proposition 4.2.29

If f:(X,1)—(Y,0) is a ygs - irresolute function and g:(Y,0)—(Z, 1) is a totally

ygs - continuous function, then g o :(X,t) —(Z,n) is a ygs - continuous function.
Proof:

Let V be any closed set in (Z, n).Since g is totally wgs - continuous, g™(V) is
wgs - clopen in (Y,0) which implies that g (V) is wgs - closed in (Y,o).Since f is ygs -
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irresolute,(g o (V) = f 1(g*(V)) is ygs - closed in (X,7). Hence g o fis a ygs -

continuous function.

Proposition 4.2.30

If f:(X,t)—(Y,0) is a ygs - irresolute function and g:(Y,0)—(Z, 1) is a totally

continuous function, then g o f:(X,1) —(Z,n) is a ygs - continuous function.
Proof:

Let V be any closed set in (Z, 1).Since g is totally continuous, g™ (V) is clopen
in (Y,0).By result 1.10, g(V) is ygs - clopen in (Y,o) which implies that g™(V) is
ygs - closed in (Y,o).Since fis ygs - irresolute,(g o £) (V) = f *(g*(V)) is ygs - closed

in (X,7). Hence go f isaygs - continuous function .

Proposition 4.2.31

If f:(X,1)—(Y,0) is a ygs — irresolute function and g:(Y,0)—(Z, 1) is a ygs -

totally continuous function, then g o f:(X,t) —(Z,n) is a ygs - continuous function.
Proof:

Let V be any closed set in (Z, 1).By result 1.10, V is ygs - closed in
(Z, n).Since g is ygs - totally continuous, g*(V) is clopen in (Y,0).By result 1.10,
g'l(V) is ygs - clopen in (Y,o) which implies that g'l(V) is ygs - closed in (Y,o).Since
fis ygs - irresolute,(g o ) (V) = f *(g(V)) is wgs - closed in (X,7).Hence gof isa

ygs- continuous function .

Remark 4.2.32

The dependency and independency relations between various types of

continuous functions with ygs - irresolute functions are given in the following
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SUMMARY AND CONCLUSION

In chapter 1, preliminary definitions are listed.

Totally ygs - continuous functions and ygs - totally continuous functions are

introduced and some of their properties are discussed in chapter 2.

In chapter 3, two new kinds of contra continuous functions namely, contra
ygs- continuous functions and almost contra ygs - continuous functions are introduced

and some of their characterizations are analyzed.

ygs - irresolute functions in topological spaces are introduced and the
interrelations between wygs - irresolute functions with already existing various

continuous functions are studied in chapter 4.
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