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A B S T R A C T

In this paper some interesting crisp topologies (second order fuzzy topologies) 

associated with second order fuzzy topologies (crisp topologies) are introduced and 

discussed.

INTRODUCTION

A fuzzy set on a set X is a map defined on X with values in I, where 1 is the 

closed unit interval [0, 1]. Equivalently fuzzy sets which are named as first order fuzzy sets in 

this paper deal with crisply defined membership functions or degrees of membership. It is 

doubtful whether, for instance, human beings have or can have a crisp image of membership 

functions in their minds. Zadeh [7] therefore suggested the notion of a fuzzy set whose 

membership function itself is a fuzzy set. This leads to the following definition of a second 

order fuzzy set or a fuzzy set of type 2.

A second order fuzzy set on a nonempty set X is a map from X to l'.

First order fuzzy sets are denoted by f, g, h, . . . and second order fuzzy sets

A A A
are denoted by f , g , h , . . . .
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In this paper the terms ‘fuzzy set’ and ‘first order fuzzy set’ are used 

synonymously.

Whenever a fuzzy set is considered without mentioning the order, it always refers to 

a first order fuzzy set.

Similar terminology applies to all concepts related to first order fuzzy sets.

Definition and examples of second order fuzzy topological spaces are given in [4],

Six important and interesting connections Ci, <(2, <̂3, <t4, (ts and Ce between first order 

and second order fuzzy topological spaces are also discussed in [4]. In this paper we use 

the first connection <ti.

Every first order fuzzy topology 6 = {f,. / e A} on a nonempty set X defines a

A A A

second order fuzzy topology 6 = {f / f,. e 5} on X where f>,(x) (a) = f;t(x), for every x e X

A

and for every a  e I. The correspondence 5 5 is denoted as <ti [4].

With every second order fuzzy topology 5 on a nonempty set X, three crisp 

topologies i ( 6 ), i, (5) and i*(6 )onX  are associated.

These associations are introduced in section one of this paper.

With every crisp topology t on a nonempty set X, three second order fuzzy 

topologies m2(t), (w2(t))e and u)2*(x) on X are associated.

These associations are introduced in section two of this paper. Some interesting 

results regarding these associations are proved.

SECTIO N  -  1

CR ISP T O P O L O G IE S  A S S O C IA T E D  WITH S E C O N D  O R D E R  FU Z Z Y  T O P O L O G IE S



Definition : 1.1

Let X  be any nonempty set. Let f e ( ly .  For e e (0, 1) define

(A,U  = { x e X / ( f  (x))-^E, 1] = I}.

Definition : 1.2

Let X  be any nonempty set. Let f € (l')̂ .

Define A .  = {x e X  / ( f (x)) ’ (e , 1] = I for some e e (0, 1)}.

The following result is a direct consequence of the above definitions.

Rem ark : 1.3

(1) (A»)g c  A a , for every e s  (0, 1)

(2) A  = U  (Aj),
E e (0, 1)

Proposition : 1.4

Let (X, 5) be a second order fuzzy topological space. Then the collection {(A.)^ /

f e 5} is closed with respect to finite intersection.

P roof : Consider

(Ap, n (A.),

{ x s X / ( f ( x ) r  (e, 1] = I and (g{x)r(E , 1] = I}



A  A

{x 6 X / ( f (x) (a) > e and g (x) (a) > s, for every a e T},

{x e X / ( f (x) (a) A g (x) (a)) > e, for every a e I}.

A  A

{x e X / ( f A g ) (x) (a) > £, for every a e I}.

{ X €X / ( ( f  A g)(x))-'(e, 1] = 1}

(A ),
f A g

The given collection is closed with respect to finite intersection.

Proposition : 1.5

Let (X, 5) be a second order fuzzy topological space. Then (A« / f e 5} is closed 

with respect to finite intersection.

Proof : Consider

A,, n A 
t g

= {x e X / f (x)) ’ (ei, 1] = I and (g (x))  ̂ (e2, 1] = I, for some si, £2 e (0, 1)}

A  A

= {x e X  / f (x))"’’ (e , 1] = I and (g(x))”' (e , 1]= I, where e = min (e i , £2)}

= {X e X / ( ( f  A g) (X))-' (e, 1] = I, for some £ € (0, 1)}

= A. .
f A g

The given collection is closed with respect to finite intersection.

Definition : 1.6

Let (X, 5) be a second order fuzzy topological space. Define



A A  A

(1) ie( 5) to be the topology generated by the collection {(A .  )e / f e 5}

A A  A

(2) i*( 5) to be the topology generated by the collection {A .  / f e 5}.

(3) i( 5) to be the topology having the collection {(A , ), / f e  5 , e e  (0, 1)} as a subbasis.

Theorem  : 1.7

A

If the second order fuzzy topology 5 on X  is got from the first order fuzzy topology 

5 on X through the association <ti, then

(1) U 5 )  = U(5)

(2) i*(5) = io(6)

(3) i(5) = i{5)

Proof : In this case, ( A .) e = f  (e , 1]

For,

x e ( A . ) ,

o  ( f ( x r ( E ,  1] = I

A

o  f (x) (a) > E, for every a  e  I

o  f(x) > E

o  X E r^E, 1]

(1) Since ( A .) ,  = T \ e , 1], i,;(8) = i,(5)

A  = U  ( A .) .

ee(0, 1)



U 1]
e e (0, 1)

{X / f(x) > 0}

r'(o, 1]

i‘ (5) = io(5)

A  A A

(3) The collection {(A . ), / f e 5 , e € (0, 1)} is a subbasis for i( 5). 

The collection {f^E, 1] / f e 6, e e (0, 1)} is a subbasis for i(6).

Since (A.), = r'(E, 1], i(5 ) = i(6).

S E C T I O N - 2

S E C O N D  O R D E R  FU ZZY  T O P O L O G IE S  A S S O C IA T E D  

WITH CR ISP  T O P O L O G IE S

Definition ; 2.1

(1)

Let (X, t) be a topological space. 

For £ e (0, 1), define

K k = {f £ ( r ) V ( A ^ ) , € x }

(2) Define K = {f e (l')^/(Aj)f, e t, for every e e (0, 1)}

(3) Define K* = {f e (l')̂  / Â  e x}.

Proposition : 2.2

Each of the above three sets K e , K and K* is closed with respect to finite 

intersection.

The proof is immediate from the following two results.



(1) (A .), n ( A o .  =
f g

A .  . 
V

(2) A .  n  A .  = A .  , 
f g f Ag

Definition : 2.3

Let (X, x) be a topological space.

Then define

A

(1) {co2(i:))e to be the second order fuzzy topology generated by K e .

A

(2) co2(t) to be the second order fuzzy topology generated by K .

A

(3) t02*(T:) to be the second order fuzzy topology generated by K  * . 

Theorem  : 2.4

Let (X, x) be a topological space. Then

A A
(1) CO (x) c  co2(x) if CO (x) is got from co(x) through the association (t,.

(2) co2(x) c  (cu2(x))f., for every e e (0, 1)

(3) C02(X) C  C02*(X)

A  A
P roof : (1) Consider f € co(x)

f e co(x)

^  r \ s ,  1] e X, for every e e (0, 1).

=> ( A j )e € X, for every e e (0, 1).

A
(•.• CO (x)is got from (o(x) through the association <ti).



(3)

A  A

f e K

f € CD2(t)

A
ro(i:) c  co2(x)

(2) f e K

(A^)e e X, for every e e (0, 1).

A  A

f € K e , for every e € (0, 1).

co2(x) c  (co2(x))e, for every e e  (0, 1).

A  A

f e K

(A. ) j  G X, for every e g (0, 1).

U (A ) ,  6 X
eg (0, 1)

A . G X (••• From remark 1.3) 
f

A  A

=:> f G Kv

tt>2(x) C  C02*(x).

Proposition  : 2.5

Let xi, X2 be two topologies on X  such that xi c  X2. Then

(1) W2(Xl) C (02(X2)

(2) For £ 6 (0, 1), (c02(Xi)e C  (C02(X2))e

(3) C02*(xi) C  C02*(X2)

Theorem  : 2.6



Let (X, t) be a topological space. Then

(1) T £ i > 2*(t))

(2) For s e  (0, 1), t c U M t)),)

(3) T c  i(co2(x))

Proof :

Consider M e x.

A

Consider the second order characteristic function xm on X as follows :

A

Xm M  = if X £ M

= 0, if X  ̂ M.

where 0 and 1 are the constant fuzzy sets taking the values 0 and 1 respectively.

Consider

A „ = {X £ X / ( Xm (x))’  ̂ (e, 1 ] = I for some s e (0, 1)}.

M £ X

{x e X / ( Xivi (x) (a) > E, for some e £ (0, 1) and for every a  £ 1} 

{ X £ X / ( i M ( x ) ^0}

{x£X/ ( iM(x )  = 1}

M

A /. £ X
Xm

A  A

Xm e K*

X|\/] is a basis element of W2*(x)



=> A . is a basis element of i*(w2*(T))
Xm

M is a basis element of r(co2*(T))

T £  i * ( W 2 * ( l ) )

Proofs of (2) and (3) are similar.
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