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INTRODUCTION

BCK-algebras and BCl-algebras are two classes of non-classical logic
algebras which were introduced by Imai and Iseki in 1966 [14, 15]. They are
algebraic formulation of BCK-system and BCI-system in combinatory logic.
The notion of a BCl-algebra generalizes the notion of a BCK-algebra in the

sense that every BCK-algebra is a BCl-algebra but not vice versa.

The notion of derivation in ring theory plays a significant role in analysis,
algebraic geometry and algebra. In the year 2004 [18], Jun and Xin have
applied the notion of derivation in BCl-algebras which is defined in a way
similar to the notion of derivation in rings and near-rings theory which was
introduced by Posner in 1957 [30].

This Thesis is devoted to study the derivation of BCl-algebras in different

aspects:
The following articles are chosen for our discussion:

(i) “On Derivations of BCl-algebras” by Young Bae Jun and Xiao Long
Xin [2004].

(i) “Some Results On Derivations of BCl-algebras” by Hamza A. S.
Abujabal and Nora O. Al-Shehri [2006].

(i)  “On f —Derivations of BCl-algebras” by Jianming Zhan and Yong Lin
Liu [2005].

(iv)  “On Left Derivations of BCl-algebras” by Hamza A.S.Abujabal and
Nora O. Al-Shehri [2007].

(v) “Generalized Derivations of BCl-algebras” by Mehmet Ali Ozturk,
Yilmaz Ceven and Young Bae Jun [2009].

(vi)  “On Symmetric Bi-Derivations of BCl-algebras” by Sabahattin Ilbira,
Alev Firat and Young Bae Jun [2011].

(vii)  “On t —Derivations of BCl-algebras” by G. Muhiuddin and Abdullah
M. Al-roqi [2012].

(viii)  “On (a,pB) —Derivations in BCl-algebras” by G. Muhiuddin and
Abdullah M. Al-roqi [2012].



This thesis is divided into four chapters.

In the first chapter, preliminary definitions and results on BCI/BCK-
algebras are collected. In the second and third section of this chapter, the
notion of left-right (resp. right-left) derivation of BCl-algebras and some related
properties are studied. Also, characterizations of a p-semisimple BCl-algebra

are studied by using the idea of regular derivation.
In this chapter, the following interesting results are discussed.

(i) A BCl-algebra X is commutative if and only if it is Branchwise
Commutative.

(ii) A BCl-algebra X is p-semisimple if and only if d”'(0) = {0} for
every regular derivation d of X.

(i)  Let d be a derivation of a BCl-algebra X. Then d is regular if and
only if every ideal of X is d — invariant.

(iv)  Every derivation of a BCK-algebra is regular.

Chapter 2 deals with the study of f —derivations and left derivations of
BCl-algebras. In the first section of this chapter the notion of left-right (resp.
right-left) f —derivation of a BCl-algebra and some related properties are
studied. In the second section of this chapter, the notion of left derivation of a
BCl-algebra and some related properties are studied. A condition for left

derivation to be regular is also discussed.
In this chapter, the following interesting results are discussed.

(i) Let dibe a (I,r) — f — derivation of a BCl-algebra X. Then
(i)  di0) € Lp(X), ie., di(0) = 0 x (0 * d¢(0))
(i) di(a) = ds(0) * (O * f(a)) = d(0) + f(a) forall a € Ly(X)
(iii)  di(a) € Lp(X)for all a € Ly(X)
(iv)  di(a+b) = di(a) + di(b) — di(0) for all a,b € Ly(X)

(i) Let f be a monic of a commutative BCl-algebra X. Then X is p-
semisimple if and only if kerdy= {0} for every regular
f —derivation ds of X.



(i)  In a p-semisimple BCl-algebra X, a self-map D of X is a left

derivation if and only if it is a derivation.

Chapter 3 deals with the study of Generalized Derivations and
Symmetric Bi-derivations of BCl-algebras. The concept of Generalized
Derivations of BCl-algebra and some related properties are discussed. Also,
the concept of generalized derivations of torsion free BCl-algebra are studied.
The notion of left-right (resp. right-left) Symmetric Bi-derivation of BCl-algebras
and some related properties are discussed in the second section of this

chapter.
In this chapter, the following interesting results are discussed.

1. Let D be a self-map of a BCl-algebra X. Then
a. If D is a generalized (I,r) —derivation of X, then D(x) = D(x) A x
forall x € X.
b. If D is a generalized (r,l) —derivation of X, then D(0) = 0 if and
only if D(x) =xAd(x) for al xe€X and for some
(r, 1) —derivation d of X.
2. Let X be a torsion free BCl-algebra and D a generalized derivation. If
D?= 0 on Ly(X), then D = 0 on Ly(X).
3. Let X be a BCl-algebra and D(.,.): X X X - X be a symmetric mapping.
Then
a. If D is a (I,r)—symmetric bi — derivation, then D(x,z) =
D(x,z) Ax forall x,z € X
b. If D is a (r,1) — symmetric bi — derivation, then D(x,z) =x A
D(x,z) forallx,z € Xifand only if D(0,z) =0 forall z € X
4. Let X be a BClalgebra and D(,.):XxX->X be a
(I,r) — symmetric bi — derivation. If there exist a€X such that
D(x,z) *a =0, for all x,z € X, then D is componentwise regular (I,r) —

symmetric bi — derivation.



In chapter 4, the concepts of t —derivations and (a, 8) —derivations of
BCl-algebra are studied. In the first section of this chapter, the notion of
t —derivation of a BCl-algebra and related properties are discussed. Moreover,
some results on t —derivations in a p-semisimple BCl-algebra are discussed.
In the second section of this chapter, the notion of (regular) («, 8) —derivations
of a BCl-algebra X, and some related properties are discussed. The concepts
of a d, pBy—invariant (a, ) —derivation and a —ideal are studied and their
relations are discussed. Finally, some results on regular (a, ) —derivations

are obtained.
In this chapter, the following interesting results are discussed.

1. Let dibe a (I,r) — t —derivation of a p-semisimple BCl-algebra X. Then
the following hold:
(i) di(0) = di(x) *x forall x € X
(i) diis one-one
(i)  Ifdiis t —regular, then it is an identity map
(iv)  If there is an element all x € X such that di(x) = x, then d;
is identity map
(V) If x <y, then di(x) < di(y) forall x,y € X

2. Let X be a p-semisimple BCl-algebra X and let d; and d; be t—

derivations of X. Then dyxdy = dy = d; .

3. Let X be a commutative BCl-algebra. Then every (a, ) — derivation
d«, §yof X satisfies the following assertion:
x <y = da,p)x) < da,p(y)), Vx,y €X

That is, every (a,B) — derivation of X is isotone.

4. Let X be a torsion free BCl-algebra and d, ) d @, 8) be two regular
(a,B) — derivation on X such that ao d@f)y=d B If da,pB)o
d @, By= 0on Ly(X), then d @, B)= 0 on L,(X).



REVIEW OF LITERATURE

The notion of BCK-algebra was proposed by Imai and Iseki in 1966 [14].
In the same year, Iseki introduced the notion of a BCl-algebra [15], which is a
generalization of a BCK-algebra. A series of interesting notions concerning
BCl-algebras were introduced and studied, several papers have been written
on various aspects of these algebras [5, 11, 16]. Recently, in the year 2004
[18], Jun and Xin have applied the notion of derivation in BCl-algebras which is
defined in a way similar to the notion of derivation in rings and near-rings theory
which was introduced by Posner in 1957 [30]. In non-commutative rings, the
notion of derivations is extended to a —derivations, left derivations and central
derivations. The properties of a —derivations and central derivations were
discussed in several papers with respect to the ring structures. For left
derivations, M. Bresar and J. Vukman [6] used them to give some results in
prime and semi-prime rings. For skew polynomial rings, all left derivations are

obtained in a similar way to polynomial rings [26].

After the work of Jun and Xin (2004) [18], many research articles have

appeared on the derivations of BCl-algebras in different aspects as follows:

In 2005 [37], Zhan and Liu have given the notion of f —derivation of BCI-
algebras and studied p-semisimple BCl-algebras by using the idea of regular
f —derivation in BCl-algebras. In 2006 [1], Abujabal and Al-Shehri have
extended the results of BCl-algebras. Further, in the next year 2007 [2], they
defined and studied the notion of left-derivation of BCl-algebras and
investigated some properties of left derivation in p-semisimple BCl-algebras. In
2009 [28], Ozturk and Ceven has defined the notion of derivations and
generalized derivation determined by a derivation for a complicated subtraction
algebra and discussed some related properties. Also, in 2009 [29], Ozturk et
al. have introduced the notion of generalized derivation in BCl-algebras and
established some results. Further, they have given the idea of torsion free BCI-
algebra and explored some properties. In 2010 [3], Al-Shehri has applied the
notion of left-right (resp., right-left) derivation in BCl-algebra to B-algebra and

obtained some of its properties. In 2011 [13], Ilbira et al. have studied the



notion of left-right (resp., right-left) symmetric bi-derivation in BCl-algebras.
Motivated by a lot of work done on derivations of BCl-algebras and on

derivations of other related abstract algebraic structures.

Several other authors have also contributed to the study of the concepts
mentioned above we give here a brief survey of some of the articles published

on various algebras.

(1) Generalized Jordan Derivations on Prime Rings and Standard
Operator Algebras
Wu Jing and Shijie Lu (2003) [33]

In this article, the authors initiated the study of generalized Jordan
Derivations and generalized Jordan triple derivations on prime rings and

standard operator algebras.

(2) On Trace Of Symmetric Bi-Derivations in Near-Rings
Mehmet Ali Ozturk, Young Bae Jun (2004) [22]

Let N be a 3-prime left near-ring with multiplicative center Z. For x € N,
let C(x) be the centralizer of x in N. In this article, the authors studied the trace
of symmetric Bi-derivations on N. Main results are the following theorems: (1)
Let D be a non-zero symmetric bi-derivation of N and d the trace of D. If N is 2-
torsion free and d(N) € Z, then N is a commutative ring. (2) Let D be a
symmetric bi-derivation of N and d the trace of D. If N is 2-torsion free and

d(y),d(y) +d(y) € C(D(x,y)) forall x,y,z € N, then N is a commutative ring.



(3) On Generalized Derivations of Prime Near-Rings
Oznur Golbasi (2006) [27]

In this article, the authors extended the study of some well-known results
concerning derivations of prime rings to generalized derivations of prime near-

rings.

(4) On Derivations of BCC-algebras
Chanwit Prabpayak and Utsanee Leerawat (2009) [8]

In this article, the notions of left-right (resp. right-left) derivations of BCC-
algebras are studied and some properties on derivations of BCC-algebras are
investigated. This article also considers regular derivations and the d —

invariant on ideals of BCC-algebras.

(5) Jordan Higher Left Derivations And Commutativity In Prime Rings
Kyoo-Hong Park (2010) [20]

In this article, the author showed that the existence of a non-zero Jordan
higher left derivation on R, implies R is commutative, where R is a 2-torsionfree
prime ring. This result was used to prove a non-commutative extension of the

classical Singer-Wermer theorem in the sense of higher derivations.

(6) Derivations of MV-algebras
N. O. Alshehri (2010) [4]

In this article, the author introduced the notion of derivation for an MV-
algebra and discussed some related properties. Using the notion of an isotone
derivation, the authors gave some characterizations of a derivation of an MV-
algebra. Moreover, the authors defined an additive derivation of an MV-algebra
and investigated some of its properties. Also, the authors proved that an

additive derivation of a linearly ordered MV-algebra is an isotone.



(7) Derivations of B-algebras
Nora O. Al-Shehri (2010) [3]

In this article, the notion of left-right (resp. right-left) derivation of B-
algebra is introduced and some related properties are investigated. Also, the

notion of derivation of 0-commutative B-algebra is studied and some of its

properties are investigated.

(8) f —Derivations of Weak BCC-Algebras
Janus Thomys (2011) [19]

In this article, the author described f —Derivations of weak BCC-
algebras in which the condition (x xy) x z = (x * z) x y is satisfied in the case

when elements x, y belong to the same branch.

(9) A Note on Generalized Left (8, ¢) —Derivations in Prime Rings

Xiao-Wei Xu and Hong-Ying Zhang (2011) [34]

In this article, the authors described the generalized left
(8, ¢) —derivations in prime rings, and proved that an additive mapping in a ring
R acting as a homomorphism or anti-homomorphism on an additive subgroup S
of R must be either a mapping acting as a homorphism on S or a mapping

acting as an anti-homomorphism on §, through which some related results are

improved.

(10) On Generalized Derivations of Prime and Semiprime Rings

Shuliang Huang (2012) [32]

Let R be a prime ring, I a nonzero ideal of R and n a fixed positive
integer. If R admits a generalized derivation F associated with a nonzero
derivation d such that (F(x o y))"= x o y for all x,y € I, then R is commutative.

The author also examined the case where R is a semiprime ring.



(11) Generalized Skew Left Derivations Characterized by Acting
on Zero Products
Chuijia Wang, Xiaowei Xu and Xiaofei Yi (2012) [35]

This short note gives the generalized skew left derivation version of the
theorem by T. K. Lee through proving that in a prime ring with a nontrivial
idempotent every generalized skew left derivation characterized by acting on

zero products must be a generalized skew left derivation.

(12) A Note on f —Derivations of BCC-Algebras
Sang Moon Lee, Kyung Ho Kim (2012) [31]
In this article, the authors considered the properties of
f —Derivations of BCC-Algebras. Also, they characterized kerd = {x €
X / d(x) = 0} by f —Derivations.



CHAPTER 1

ON DERIVATIONS OF BCI-ALGEBRAS

SECTION 1.1:
PRELIMINARIES ON BCI/BCK-ALGEBRAS:

Definition 1.1.1:

Let X be a non-empty set with a binary operation * and a constant 0.
Then (X,*,0) is called a BCI — algebra, if it satisfies the following axioms for all

X9,z €X:
(BCI-1) ((x xy) * (x * 2)) * (z * y) = 0;
(BCI-2) (x * (x *y)) *y = 0;

(BCI-3) x * x = 0;

(BCl-4) x*y=0andy *x = 0 imply x = y.

Definition 1.1.2:

A subset S of a BCl-algebra X is called a subalgebraof X if x xy €S,

whenever x xy € S.

Definition 1.1.3:
A BCl-algebra X satisfying the following condition,

(BCK-1) 0 < xie.,, 0*x =0, is called a BCK — algebra.

10



Note:

In any BCI/BCK-algebra X, we define a partial order " < " on X by putting
x <yifandonlyif x *y =0. Then (X, <) is a partially ordered set.

Definition 1.1.4:

A BCl-algebra X is said to be associative if

(xxy)xz=xx*(y*2), Vxv2zE€ X.

Definition 1.1.5:

A non-empty subset I of a BCl-algebra X is called an ideal of X if it

satisfies

(i) 0€el
(i) xxy€landy€limplythatx € forall x,y € X.

Note:

Any ideal I has the property y € I and x < y imply x € I.

Proposition 1.1.6:
A BCl-algebra X has the following properties:
Forall x,y,z € X,

(i) x*x0=x
(i)  (xy)rz=(xxz)xy
(i)  0x(xxy)=(0xx)*(0xy)

11



(iv) x*(x*(x*y))zx*y
V) (x*2)*x(y=*2))*(x*y)=0
(vij x<yimplesx*z<yszandz*y <zx*x

(vii)  x*0=0implies x = 0.

Definition 1.1.7:

For a BCl-algebra X,

(i) The BCK-part of X is denoted by X.:={x € X /0 < x}
(ii) The BCI-G part of X is denoted by G(X) ={x € X / 0% x = x}

Note: G(X) nX.={0}[17]

Definition 1.1.8:

In a BCl-algebra X, if X.= {0} then X is called a p — semisimple BCI —

algebra.

Proposition 1.1.9: [10, 12]
In a p-semisimple BCl-algebra X, the following properties hold:

(i) (xx2)x@yxz)=xx*y
(i) 0x(0*xx)=xVx€eEX
(i)  xx(0xy)=y=(0xx)
(iv) xxy=0impliesx=y
(V) x*y=x*zimpliesy =z
(vi) y*xx=2zx*xximpliesy =z

(vii) yx(@yx*x)=x

12



(viii) x*a=x=*bimpliesa =»b

(iX) axx=b=*ximpliesa=0»b

Note:

Let X be a p-semisimple BCl-algebra. We define addition '+’ as
x+y=xx%(0=xy)forall x,y € X. Then (X,+) is an abelian group with identity
Dandx—y =x=*y.

Conversely, let (X,+) be an abelian group with identity 0 and let
x*y=x—1y. Then X is a p-semisimple BCl-algebra and x +y = x = (0 * y) for
all x,y € X. [23]

Notations 1.1.10:

(1) For a BCl-algebra X, we denote x Ay =y*(y*x). In particular
0+ (0 *x) = ay.

(i) LX) ={a€X/x+xa=0=>x=aVx€X}. The elements of L,(X)

are called the p-atoms of X.

(i) For any a€X, V(a) ={x € X/a*x =0} is called the branch of X

with respect to a.

Note: [21, 24, 36, 38]

(i) Also x *y € V(a * b), whenever x € V(a) and y € V(b) for all x,y € X
and a,b € Ly(X).

(i) Lo(X) = {x € X / ax= x}, which is the p-semisimple part of X. Also X
is a p-semisimple BCl-algebra if and only if Ly(X) = X.

13



(i)  ax€ Lp(X), ie., 0= (0 * ax) = ay, which implies that ay * Lo(X) for all
y € X.

(iv) GX)cLy(X)and x*(x*a)=a and a*x € Ly(X) for all a € L,(X)

and x € X.

Definition 1.1.11: [25]

A BCl-algebra X is said to be commutative if x = x Ay whenever x <y

forall x,y € X.

Note:

Every p-semisimple BCl-algebra is commutative.

Definition 1.1.12: [9]

A BCl-algebra X is said to be branchwise commutative if x Ay =y Ax
forall x,y € V(a) and all a € Ly(X).

Lemma 1.1.13: [25]

Let X be a commutative BCl-algebra and let a € Ly(X). Then x Ay =y A

x forall x,y € V(a), ie., X is branchwise commutative.

Proof: Obvious.

14



Theorem 1.1.14: [7]

A BCl-algebra X is commutative if and only if it is branchwise

commutative.
Proof:

Let X be a branchwie commutative BCl-algebra and assume that x <y
forx,y € X. Also, 0% (0*x) € Ly(X)and 0% (0 *xx) <x <y.

Hence, x,y € V(0x(0*x)) which implies that xAy=yAx=xx*

(x*xy) =x+0=nx.
Therefore, X is a commutative BCl-algebra.

Converse part follows from the above lemma.

Definition 1.1.15:

A mapping f of a BCl-algebra X into itself is called an Endomorphism of
Xif flxxy)=f(x)*f(y)forallx,y€X.

Especially, f is monic if forany x,y € X, f(x) = f(y) implies that x = y.

Note: 7 (0) = 0.

15



SECTION 1.2:
DERIVATIONS OF BCI-ALGEBRAS:
Definition 1.2.1:

Let X be a BCl-algebra

(i) By a left —right derivation (briefly (I,r) — derivation) of X, we
mean a self-map d of X satisfying the identity d(x *y) = (d(x) *y) A
(x * d(y)) forall x,y € X.

(i) If dsatisfies the identity d(x*y) = (x *d(y)) A (d(x) *y)) for all
x,y € X, then we say that d is a right — left derivation
(briefly (r,l) — derivation) of X.

Moreover, if d is both a (r,1) and a (I,r) derivation, we say that d is a

derivation.

Example 1.2.2:

Let X ={0,1,2,3,4,5} be a BCl-algebra with Cayley table as follows:

* 0 1 2 3 4 5
0 0 0 3 2 3 2
1 1 0 5 4 3 2
2 2 2 0 3 0 3
3 3 3 2 0 2 0
4 4 2 1 5 0 3
5 5 3 4 1 2 0

0 ifx=01

Definea mapd: X -» X by, d(x) = {2 if x =24

3 ifx=35

Then, d is both a (r,1) and a (I, r) derivation of X.

16




Proposition 1.2.3:

Let d be a self-map of a BCl-algebra X defined by d(x) = ay for all x € X.
Then d is a (I,r) — derivation of X. Moreover, if X is commutative, the d is a

(r,1) — derivation of X.
Proof:
Let x,y € X. Then,
d(x *y) = axy= 0+ (0% (x xy))

= (0% (0%x)) * (0% (0%y)) = ax ay
= (0% (0 *ax) * (0% (0 *y))
= 0% (0* (axxy)) = ax*y
= (x * ay) * ((x * ay) * (ax* )
= (ax*y) A (x * ay)
= (d(®) *y) A (x *d())

and so d is a (I,r) — derivation of X.

Now, assume that X is commutative. Using theorem 1.1.14, it is
sufficient to show that d(x) * y and x * d(y) belong to the same branch for all

x,y € X.
Also, we note that ay, ay € Lp(X) for all x,y € X, we have
d(x) *y =ax*y =0+ (0* (ax*y))
= (0% (0*a) * (0 (0*y)
= ax* ay € V(ax* ay)

and
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axx ay= (0% (0% x)) * (0 * (0 x ay))

=0 (0 (x *ay))

=0+ (0% (x+d))
< x*d(y),
which implies that x  d(y) € V(ax * ay)
Hence, d(x) * y and x * d(y) belong to the same branch, and so
d(x *y) = (d() *y) A(x *d(¥))
= (xxd() A (d(x) *y).

This completes the proof.

Proposition 1.2.4:

Let d be a self-map of a BCl-algebra X. Then

(i) If d isa (I,r) — derivation of X, then d(x) = d(x) A x for all x € X.
(i) If d is a (r,1) — derivation of X, then d(x) = x Ad(x) for all x € X if
and only if d(0) = 0.

Proof:
(i) Letdbea (I,r) — derivation of X. Then
d(x) =d(x*0) =(d(x)*0) A (x * d(o))

= d(x) A (x * d(0))
= (x *d(0)) * ((x * d(0)) * d(x))
= (x*d(0)) * ((x * d(x)) = d(0))

< x* (x*d(x))

18



=d(x)Ax
But d(x) A x < d(x) is trivial and so (i) holds.

(i) Letdbea (r,1) — derivation of X. If d(x) = x Ad(x) then
d(0) =0Ad(o)
=d(0) * (d(0) = 0)
— d(0) *d(0) = 0.

Conversely, if d(0) = 0, then
dix) =d(x*0)=x=*d(0)Ad(x)*0

= x Ad(x). Hence the proof.

Proposition 1.2.5:
Let d be a (I,r) — derivation of BCl-algebra X. Then,

(i)  d(0) e Ly(X)ie., d(0) = 0 * (0 * d(0))

(i)  d(a) =d(0)x(0xa)=d(0)+aforall a€ LyX)
(i)  d(a) € Lp(X) for all a € Ly(X)

(iv) d(a+b)=d(a)+d(b)—d(0)foralla,b € Ly(X)
(v)  dis the identity on L,(X) if and only if d(0) = 0

Proof:
(i) Follows by proposition 1.2.4(i).
(i) Let a € Ly(X).Then a = 0 * (0 * a) and so
d(a) = d(O * (0 * a))

= (d(O) * (0 * a)) A (0 * d(0 * a))
= (0 * d (0 * a)) * ((0 * d(0 * a)) * (d(O) * (0 a)))
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= (0+d(0*a))* ((o *(d(0) * (0 * a))) *d(0* a))

=0+ (0 (d(0) * (0 * a)))

=d(0) *(0*a) =d(0) +a € Ly(X)
(i)  Follows directly from (ii)

(iv) Leta,b € Ly(X).
Then a + b € Ly(X).From (ii) we have
d(a+b) =d(0) + (a+b)
=d(0) +a+d(0) +b—d(0)
= d(a) + d(b) — d(0)

(v) If d is the identity on Ly(X),then clearly d(0) = 0.
Conversely, if d(0) = 0, then
d(a) =d(0)+a=0+a=aforallae Ly(X).
ie.,d is the identity on L,(X). This completes the proof.

Proposition 1.2.6:

Let d be a (r,1) — derivation of BCl-algebra X. Then,

(i) d(a) e G(X)forall a € G(X)

(ii) d(a) € Lp(X) for all a € Ly(X)

(i)  d(a) =ax*d(0) =a+d(0)forall a € Ly(X)

(iv) d(a+b)=d(a)+d(b)—d(0)foralla,b € Ly(X)
(v) d is the identity on L,(X) if an only if d(0) = 0
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Proof:

(i) For any a € G(X) we have
da)=d(0x*a) = (0 * d(a)) A (d(0) * a)
= (d(0) * @) * ((d(0) * a) * (0 * d(a)))
= 0x*d(a)and so d(a) € G(X)

(i)  and (iii)

For any a € Ly(X)we get
d(a) =d(0x*(0x*a))
= (0% d(0*a)) A (d(0) x (0 *a))
= (d(0) * (0 @) * ((d(0) * (0 * @) * (0 * d(0 * @)))
=0x*d(0*a)€ Ly(X)

and
d(a) = d(a*0) = (a*d(0)) A(d(a) x 0)
=d(a) *d(a) * (a * d(0)))
=ax*d(0) =a*(0*d(0))
=a+d(0)

(iv)and (v) follows from (iii). This completes the proof.
Note:

The following example shows that there is a (I,r) — derivation which is

not a (r, 1) — derivation.

Example 1.2.7:

Let Z be the set of all integers and " — " the minus operation on Z. Then
(Z,—,0) is a BCl-algebra. Let d:X — X be defined by d(x) = x — 1 for all x € Z.
Then,

d@) =MNA(x—d»)) =((x—D - A(x—(—1)

21



=x—-y—-DAx-y+1)
=x—-y+1)-2=x-y-1
=d(x —y), forall x,y € Z
andso dis a (I,r) — derivation.
Butd(0) =0—-1=—-1%1=0-d(0)

and thus d is not a (r, 1) — derivation by proposition 1.2.6 (i).

Definition 1.2.8:

(i) A self-map d of a BCl-algebra X is said to be regular if d(0) = 0.

(i) The identity map on a BCl-algebra X is a regular derivation of X,

and it is called as the trivial derivation.

Proposition 1.2.9:

Let X be a commutative BCl-algebra and let d be a regular derivation of
X. Then

(i) Both x and d(x) belong to the same branch for all x € X.

(i) dis also a (I,r) — derivation.
Proof:

(i) Let x € X. Then
0 =4d(0) =d(ax*x)
= (ax* d(x)) A (d(ax) * x)
= (d(ax) * x) * ((d(ax) * x) * (ax* d(x)))
= ax* d(x),
and so ax < d(x) = d(x) € V(ax). Clearly, x € V(ay).
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(i) By (i), we have x * d(y) € V(ax* ay)
and d(x) *y € V(ax* ay)
Thus d(x *y) = (x*d(3)) A (d(x) *y) = (d(x) * y) A (x xd(),

which implies that d is a (I,r) — derivation.

This completes the proof.

Note:

The derivation d in example 1.2.2 is a regular derivation but the (I,r) —

derivation d in example 1.2.7 is not regular.

Proposition 1.2.10:

Let d be a regular derivation of a BCl-algebra X. Then the following
hold:

(i) dx) <xforallx eX

(i) d(x)xy <xx*d(y)forallx,y € X

(i) dx*y)=dx)*y<d(x)+d(y)forallx,y€X

(iv) d'(0) = {x € X/d(x) = 0} is a subalgebra of X and d”'(0) c X.

Proof:

(1) Follows by proposition 1.2.4(ii) and
(i) Follows from (i)

(i)  Foranyx,y € X we have
d(x*y) = (x*d(y)) Ad(x) *y)

= (d(x) xy) * ((d(x) *y) * (x * d(¥)))
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= (d(x) *y) 0
=d(x) xy
< d(x) * d(y),which proves (iii)
(iv) Letx,yed'(0)
Then d(x) = 0 = d(y), and so
d(x xy) <d(x) *d(y) = 00 = 0 by (iii),
and thus d(x * y) = 0 or equivalently x xy € d(0).
Hence d'(0) is a subalgebra of X.

Moreover if x € d"'(0), then 0=d(x) <x by (i) and so x € X,
showing that d™'(0) c X..

Proposition 1.2.11:

A BCl-algebra X is p-semisimple if and only if d™'(0) = {0} for every

regular derivation d of X.
Proof:

Assume that X is a p-semisimple BCl-algebra and let d be a regular
derivation of X. Then X.={0} and so d'(0) ={0} by using proposition
1.2.10(iv).

Conversely let d'(0) = {0} for every regular derivation d of X.

Define a self-map do of X by do(x) = ax for all x € X. Using proposition
1.2.3, we know that d is both a (,r) and (r, ) — derivation of X, since every p-

semisimple BCl-algebra is commutative.

Clearly do(0) = 0, and so dg is a regular derivation of X. It follows from
the hypothesis that d™'(0) = {0}.
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On the other hand,

do(0) =ax=0%(0xx) =0 for all x€ X, and thus x € do'(0)
which shows X.c do™(0).

Hence by proposition 1.2.10 (iv), X+= do"(0) = {0}.

Therefore, X is a p-semisimple BCl-algebra. Hence the proof.

Proposition 1.2.12:
If a p-semisimple BCl-algebra has a regular derivation, then it is trivial.
Proof:

Since, a BCl-algebra X is p-semisimple if and only if X = L,(X),
proposition 1.2.5 (v) implies that every regular derivation of a p-semisimple
BCl-algebra X is the identity on X.

Note:

Combining the above propositions we get the characterizations of a p-
semisimple BCl-algebra as follows.

Theorem 1.2.13:

Let X be a BCl-algebra. Then the following are equivalent:

(i) X is p-semisimple
(i) If X has a regular derivation, then it is trivial.

(i)  d(0) = {0} for every regular derivation d of X.

Proof: Obvious.
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Proposition 1.2.14:

Let d be a regular derivation of a BCl-algebra X. Then d'(0) = X.&
d(x) =ay Vx €X.

Proof:

Assume that d'(0) = X.. Also ay € Ly(X) for all x € X. Since x * ax€
X, it follows that d(x * ax) = 0.

By the above proposition, we have
0 =d(x *ayx) = d(x) *axand so d(x) < ax
It follows from ax € Lp(X) that d(x) = axfor all x € X.

Conversely, let d(x) = ax for all x € X. Forany x € X+, d(x) = ax= 0 and
hence x € d™'(0), which proves that X, c d™'(0).

Using proposition 1.2.10 (iv), we conclude that d™'(0) = X..

Definition 1.2.15:

Let d be a self-map of a BCl-algebra X. An ideal A of X is said to be
d — invariant if d(4) c A.

Proposition 1.2.16:

Let d be a regular (r,1) — derivation of a BCl-algebra X. Then every

ideal A of X is d — invariant.
Proof:

By proposition 1.2.4 (ii), we have d(x) = x Ad(x) < x forall x € X.
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Let y € d(4). Then y =d(x) for some x € A. It follows that y * x =
dx)*x=0€A>y€EA.

Hence d(a) € A and A is d — invariant.

Example 1.2.17:

Let X = {0,1,2,3,4,5} be a BCl-algebra with Cayley table as follows:

ol h|w N =|olo
NN NN oo =
SN N ENFITIENIEN
ala|olo|Nd| N w
~|lo|lolo|Nv| N
o|=|olo|Nd| N ;g

QP WIN | Of %

2 ifx=0,1

Define a map d: X - X by d(x) = {0 otherwise

Then, d is a derivation of X, which is not regular. Also, note that
A=1{0,1} is an ideal of X. But d(4) = {2} ¢ A which shows that A is not

d — invariant.

A characterization of the regularity of a derivation is given in the

following theorem.

Theorem 1.2.18:

Let d be a derivation of a BCl-algebra X. Then d is regular if and only if

every ideal of X is d — invariant.
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Proof:

Let d be a derivation of a BCl-algebra X and assume that every ideal of

X is d — invariant.

Then, since the zero ideal {0} is d — invariant, we have d({0}) c {0}

which implies that d(0) = 0. Thus d is regular.

Converse follows by the theorem 1.2.16.
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SECTION 1.3

SOME MORE RESULTS ON DERIVATIONS OF BCI/BCK-
ALGEBRAS

Proposition 1.3.1:

Every (r,1) — derivations(or a (I,r) — derivation) of a BCK-algebra is

regular.
Proof:

Let X be a BCK-algebra and d a (r, 1) — derivation of X. Then for all

x € X, we have:
d(0) = d(0 *x) = (0 d(x)) A (d(0) *x)
=0A(d(0)*x)=0
Now let d be a (I,r) — derivation of X. Then for all x € X we have:
d(0) = d(0 *x) = (d(0) *x) A (0 *d(x))

=(d(0) xx)A0=0.

Corollary 1.3.2:

A derivation of a BCK-algebra is regular.

Proposition 1.3.3:

Let d be a derivation of a BCl-algebra X and a € X such that d(x) xa =
0, for all x € X. Then d is a regular derivation of X. Moreover, X is a BCK-

algebra.
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Proof:

Let d be a derivation of a BCl-algebra X and let a € X such that d(x)

a =0, forall x € X. Sincedis (I,r) — derivation we get:
0=d(x*a)*a=((d(x)*a)/\(x*d(a))*a
= (x/\(x*d(a)))*azO*a
Thus 0 < aandso x € X-.
This shows that d(0) = d(0 * a) = (d(0) * a) A (0 * d(a))
=0A(0xd(a))=0

Hence d is a regular derivation of X. So by proposition 1.2.10 (i), we

have d(x) < x, for all x € X, and so,
0+xx<0*xd(x)=(dXx)*a)*d(x) =0xa=0
Thus 0xx <Oforallxe Xandso0=(0xx)*0=0x*x.

Then we have 0 < x, for all x € X = X is a BCK-algebra.

Proposition 1.3.4:

Let d be a derivation of a BCl-algebra X and a € X such that a * d(x) =
0, for all x € X. Then d is a regular derivation of X. Moreover, X is a BCK-

algebra.

Proof: Obvious.

Definition 1.3.5:

Let X be a BCl-algebra and di, d2 two self maps of X we define
diedo: X > Xas do dz(x) = d1(d2(x)), for all x € X.
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Proposition 1.3.6:

Let X be a p-semisimple BCl-algebra and di,d, be the (I,r)—

derivations of X. Then d4o d> is also a (I,7) — derivation of X.
Proof:

Let X be a p-semisimple BCl-algebra and d1,d, are (I,r) — derivations
of X. Then by proposition 1.2.10 (ii) and by proposition 1.1.9 (vii), we get for all
X,y € X:

(d1o d2)(x * y) = d1(d2(x * y))
= dq((d2(x) * y) A (x * d2(1)))
= di(d2(x) *y)
= (d1(d2(x) * y) A (da(x) * d1(y))
= d1(d2(x)) * y
= (x * d1(d2(y))) * (x * d1(d2(y))) * (d1(d2(x)) * )
= (x * dio d2(¥))) * (x * dio d2(¥))) * ((d1e d2(x)) * y)
= ((d1o d2)(x) * y) A (x % (d1o d2(¥)))

= diodyis a (I,r) — derivation of X.

Proposition 1.3.7:

Let X be p-semisimple BCl-algebra and d1,d; are (r,l) — derivations of

X. Thends.dyis also a (I,r) — derivation of X.

Proof: Obvious.
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Theorem 1.3.8:

Let X be a p-semisimple BCl-algebra and d1, d» derivations of X. Then

d1o do is also a derivation of X.
Proof:

Follows by combining the above two propositions.

Proposition 1.3.9:

Let X be a p-semisimple BCl-algebra and d4, d2 derivations of X. Then
d1° d2: d2° d1.

Proof:

Let X be a p-semisimple BCl-algebra and d1, d» derivations of X. Since

dyis a (I,r) — derivation of X, then for all x,y € X:
dio da(x * y) = d1(d2(x * y))
= d1((d2(x) * y) A (x * d2(1)))
= d1(d2(x) * y))
But dqis a (r,1) — derivation of X, so
(d1o d2)(x * y) = d1(da(x) *y)
= (d2(x) * d1(¥)) A (d1(d2(x)) * ¥)
= da(x) * d1(y),
Thus we have for all x,y € X:
(d1o d2)(x * y) = da(x) * d1(y) (1)
Also, since d1 is a (r, 1) — derivation of X, then for all x,y € X:
(diod2)(x * y) = da((x * d1(¥)) A (d1(x) * ¥))
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= da(x * d1(¥))
But dzis a (I,r) — derivation of X, so
(d2o d1)(x * y) = da(x * d1(¥))
= (d2(x) * d1(y)) A (x * d2(d1(¥)))
= d2(x) * d1(y)
Thus we have for all x, y € X:
(d2o d1)(x * y) = da(x) * d1(y) (2)
From (1) and (2) we get for all x,y € X:
(dio d2)(x * y) = (dzo d1)(x * y)
By putting y = 0 we get for all x € X:
(dro d2)(x) = (d20 d1)(x)

= d1° d2= d2° d1

Definition 1.3.10:

Let X be a BCl-algebra and d,d, be two self maps of X. We define
di*dy: X - X as (dix d2)(x) = d1(x) * do(x), for all x € X.

Proposition 1.3.11:

Let X be a p-semisimple BCl-algebra and d1,d, the derivations of X.
Then d1* d2= d2* d1
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Proof:

Let X be a p-smisimple BCl-algebra and d+, d, derivations of X. Since d»

is a (I,r) — derivation of X, then for all x,y € X:
(dio d2)(x *y) = di((d2(x) * y) A (x * d2(¥)))
= dy(d2(x) *y)
But d4is a (r,1) — derivation of X, so
d1(d2(x) *y) = (d2(x) = d1(¥)) A (d1(d2(x)) * y)
= da(x) * dy(¥)
Hence, (d1o d2)(x *y) = da(x) * d4(y), forall x,y € X (3)
Also, we have that d; is a (r, 1) — derivataion of X, then for all x,y € X:
(dio do)(x * y) = di(x * d2(y) Ada(x) * y)
= dq(x * d2(y))
But dqis a (r,1) — derivation of X, so
di(x * d2(y)) = (d1(x) * d2(¥)) A (x * d1(d2(¥)))
= d1(x) * d2(y)
Thus, (d1o d2)(x xy) = d1(x) * da(y) forall x,y € X 4)
From (3) and (4) we get:
do(x) *d1(y) = di(x) *da(y) forall x,y € X
By putting x = y we get for all x € X:
do(x) * d1(x) = d1(x) * da(x)
(d2* d1)(x) = (d1* d2)(x)

= d2* d1= d1* d2
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CHAPTER-2

ON f-DERIVATIONS AND LEFT DERIVATIONS OF BCI-
ALGEBRAS

SECTION 2.1:
ON f-DERIVATIONS OF BCI-ALGEBRAS:

Definition 2.1.1:

Let X be a BCl-algebra. By a left — right — f — derivation (ie., (l,r) —
f —derivation) of X, a self-map df of X satisfying the identity di(x xy) =
(di(x) * fO)) A (f(x) *di(y)) for all x,y€X is meant, where f is an

endomorphism of X.

If ds satisfies the identity di(x *y) = (f(x) * di(y)) A (di(x) * f(y)) for all
x,y € X, then it is said that d; is a right — left derivation (ie., (r,l) — f —

derivation) of X.

Moreover, if dtis both an (r,1) — f — and (I,r) — f — derivation, it is said

that ds is an f — derivation.

Example 2.1.2:

Let X ={0,1,2,3,4,5} be a BCl-algebra with the following Cayley table:

QB WOIN O] *
A WIN OO
NINNDNO O -~
2O INININ
== O|OI NN W
=IO O|OININ &
O = OIOININ O,
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2 ifx=01

Define a map ds: X - X by di(x) = {o otherwise

0ifx=0,1

and define an endomorphism f of X by f(x) = {2 otherwise

Then dris both derivation and f —derivation of X.

Example 2.1.3:

Let X be a BCl-algebra with the Cayley table given in the above example.

2 x=01 y0n diis a derivation of X.

Define a map ds: X - X di(x) = {0 otherwise

Now, define an endomorphism f of X by f(x) =0,Vx € X
Then dsis not an f — derivation of X since d(2 * 3) = dy0) = 2
But, (di(2) * fFBN A (f(2) *di(3)) = (0x0)A(0x0)=0A0=0

and thus di(2 * 3) # (di(2) * f(3)) A (f(2) * di(3)).

Note:

We see from the above example that there is a derivation of X which is not

an f — derivation of X.
Example 2.1.4:

Let X ={0,1,2,3,4,5} be a BCl-algebra with the following Cayley table:

ol bW N =|of
olh|lw N =|olo
w|IN|w N ool =
Ala|Nolow N
alo|olwl N w
N oM o|lw w N
o|lw|olw|N| N ;g




0ifx=01

Defineamap ds: X - Xby dix) =<2 if x =2,4

{3 if x=35
0ifx=01
And define an endomorphism f of X by f(x) =<2 if x = 2,4
{3 if x=35

Then, d; is both derivation and f —derivation of X.

Example 2.1.5:

Let X be a BCl-algebra with the Cayley table as in example 2.1.4. Define
0ifx=01
amapds: X > Xbydix) =<2 ifx=24
3ifx=35

Then dfis derivation of X.

Define an endomorphism f of X by f(0) =0,f(1) =1,f(2) =3,f(3) =
2,f(4) =5,f(5) = 4. Then d;is not a f —derivation of X.

Since df(2 * 3) = d¢(3) = 3
But (di(2) * fF) A (f(2) xds(3)) = (2%2)A(3%3)=0A0=0

and thus d«(2 * 3) # (di(2) * f(3)) A (f(2) *d:(3))

Example 2.1.6:

Let X be a BCl-algebra with the Cayley table as in example 2.1.4. Define
a map di: X - X di(0) =0, di(1) =1, di(2) =3, di(3) = 2, di(4) =
5 di5)=4

37



Then, ds is not a derivation of X since ds(2 * 3) = d¢(3) = 2 but
(di(2) *DAQR*di(3)=@B*3)AR2*2)=0A0=0
and thus di(2 * 3) # (d«(2) * 3) A (2 * di(3))

Define an endomorphism f of X by f(0) =0,f(1) =1,f(2) =3,f(3) =
2,f(4) =5,f(5) = 4. Then dsis a f —derivation of X.

Note:

From the above example, we see that there is a f-derivation of X which is

not a derivation of X.

Notation:

Denote fx= 0 * (0 * f(x)) for all x € X. Then fyx € Ly(X).

Theorem 2.1.7:

Let df be a self-map of a BCl-algebra X defined by di(x) = fx for all
x € X. Then dsis an (I,r) — f — derivation of X. Moreover, if X is commutative,

then dsis an (r,1) — derivation of X.
Proof:

Letx,y € X.
Since 0+ (0 + (f+ f(1))) = 0+ (0% (0 (0 % £()) ) * F))
= 0% (0« ((0+f()) (0% f())))

=0+ (0+(0%f(y*x))
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=0x*f(y=*x)
=0+ (fO) * () = (0% f) * (0* f(x))
=(0+(0%£()) *f)
= for ()
We have f* f(y) € Ly(X) and thus

fxx fQ) = (FC) * fy) * (FG) * fy) * (Fxex F()))
It follows that di(x * ¥) = fxy= 0 (0% f(x *y)) = 0% (0 = (f(x) * F()))
= (0 (0 f()) * (0% (0xf))
= fxx fy= 0% (0% (fxx f(¥)))
= fxf()
= (fO) * fy) * (F Q) = fy) * (Fxx f(V)))
= (frex fFON A f(X) * fy)
= (di(x) * F) A (f (x) * di(¥)
and so ds is a (I, 7) — f — derivation of X.
Now assume that X is commutative.

Using theorem 1.1.14 it is sufficient to show that di(x) * f(y) and
f(x) = di(y) belong to the same branch for all x, y € X, we have

di(x) * f(y) = fxx f(¥)
= 0% (0 (fux f(1)))
= (0% (0% fx))* (0% (0 (1))
= fxx fy€V(fxx fy)
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and 5o fx fy= (0 (0% F(0) ) * (0 (0 £,))

=0=x(0=*f(x) * fy))
= 0x (0 (f(x) xdi(»)))
< f(x) * di(y)
which implies that £(x) * d(y) € V(fx* fy)
Hence, di(x) * f(¥) and f(x) * d(y) belong to the same branch, and so
di(x * y) = (di(x) * f(¥)) A (F (%) * di(¥))
= (f () * di(¥)) A (di(x) * f(¥))

This completes the proof.

Proposition 2.1.8:

Let ds be a self-map of a BCl-algebra X. Then the following hold:

(i) If dris a (I,7) — f — derivation of X, then di(x) = ds(x) A f(x) for all
x €X.

(i) If deis a (r,1) — f — derivation of X, then di(x) = f(x) A di(x) for all
x € X if and only if d¢(0) =0

Proof:

(i) Let dibe an (I,r) — f — derivation of X. Then,

di(x) = di(x * 0) = (di(x) * £(0)) A (f (x) * ds(0))
= (di(x) * 0) A (f (x) * d(0))
= di(x) A (f (%) * di(0))
= (f () * di(0)) * ((f (x) * d(0)) * di(x))
= (f () * ds(0)) * ((f (x) * di(x)) * d+(0))
< FO) * (f (%) * di(x))
= di(x) A f(x)
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ie.,di(x) < di(x) A f(x)

but di(x) A f(x) < ds(x) is trivial and so (i) holds.

(i) Let dibe a (r,1) — f — derivation of X.
If di(x) = f(x) A ds(x) for all x € X, then for all x = 0,
di(0) = f(0) Ade(0) = 0 A d:(0)

= ds(0) * (di(0) x 0) = 0
Conversely, if d{(0) = 0,then d(x) = di(x * 0)
di(x) = (f (x) * di(0)) A (di(x) * £(0))
= (f(x) * 0) A (di(x) * 0)
= f(x) Adi(x)

Hence the proof.

Proposition 2.1.9:
Let df be a (I,r) — f — derivation of a BCl-algebra X. Then

(i)  Letd«(0) € Ly(X), ie.,d«(0) = 0 * (0 * d(0))

(i)  dia) = di0) » (0* f(a)) = di(0) + f(a) forall a € Ly(X)
(i)  di(a) € Lp(X) for all a € Ly(X)

(iv)  di(a+b) = di(a) + di(b) — d(0) for all a,b € Lp(X)

Proof:
(i) Obviously d+(0) € Ly(X)
(i) Let a € Lp(X),then a = 0 (0 * a) and so f(a) = 0 (0 = f(a)). That
is f(a) € Ly(X). Hence
di(a) = di(0 * (0 * a))
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= (d(0) * f(0 * a)) A (f(0) * di(0 * a))

= (di(0) * f(0 xa)) A (0 * d¢(0 * a))

= (0% di(0 * a)) * ((0 * ds(0 * a)) * (di(0) * f(0 * a)))
= (0 +ds(0 * a)) * ((0 * (d(0) * (0 * a))) * (ds(0 * a))
=0 (0 * (dr(0) * (f (0) * f(a))))

= 0% (0 * (di(0) * (0 * f(a))))

= dr(0) * (0 * f(a))

= di(0) + f(a)

(iii) Proof follows directly from (ii)

(v) Letabe LyX).

Also, a + b € Ly(X) so from (ii), we have
df(a + b) = df(O) + f(a + b)

= di(0) + f(a) + di(0) + f(b) — d+(0)

= di(a) + d¢(b) — ds(0)

Proposition 2.1.10:
Let d¢ibe a (r,1) — f — derivation of a BCl-algebra X. Then,

(i) di(a) € G(X) forall a € G(X)

(i) di(a) € Lp(X) forall a € G(X)

(i)  di(a) = f(a) * d«(0) = f(a) + d:(0) for all a € Ly(X)
(iv)  di(a+b) =di(a) + di(b) — di(0) for all a,b € Ly(X)
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Proof:

(i) For any a € G(X), we have
di(a) = d«(0 * a)
= (f(0) x di(a)) A (di(0) * f(a))
= (di(0) * f (@) * ((d«(0) * f(a)) * (0 * di(a)))
= 0 * di(a)
and so di(a) € G(X)

(i) Forany a € Ly(X), we get
d(a) = d(0 + (0 * a))
= (0% d(0 * a)) A (di(0) * £(0 * a))
= (di(0) = f(0 * a)) * ((d:(0) * f(0 x a)) * (0 * di(0 * a)))
=0x*di(0*a) € Ly(X)

(i)  Foranya € Ly(X), we get
di(a) = di(a x 0) = (f(a) * di(0)) A (di(a) * f(0))
= di(a) * (di(a) * (f (a) * d(0)))
= f(a) * di(0)
= f(a) * (0 = d(0))
= f(a) + d(0)

(iv)  Proof is obvious from (iii) and hence the proof.

Using the above proposition, we see that there is an (I,7) — f — derivation

which is not an (r,1) — f — derivation as shown in the following example.

Example 2.1.11:

Let Z be the set of all integers and " — " the minus operation on Z. Then
(Z,—-,0) is a BCl-algebra.

Let df: X — X be defined by di(x) = f(x) — 1 for all x € Z. Then,
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dix) = fONAF@X) —diy) = F) =1 - fFONAFG) - (fFy) — 1))
=(fx-y-DAFE-y+1)
=(fx-y»+1 -2
=flx—y)-1=dilx-y)

Hence dsis an (I,r) — f — derivation of X. But d¢(0) = f(0) —1=—-1#
1= f(()) — df(O) =0- df(()), that is df(O) & G(X).

Therefore, df is not an (r,1) — f —derivation of X by the above

proposition.

Definition 2.1.12:

An f —derivation d; of a BCl-algebra X is said to be regular if d¢(0) = 0.

Note:

The f —derivations dsin example 2.2.4 and 2.2.6 are regular.

Proposition 2.1.13:

Let X be a commutative BCl-algebra and let ds be a regular (r,1) — f —

derivation of X. Then the following hold:

(i) Both f(x) and d¢(x) belong to the same branch for all x € X

(i) diis an (I,r) — f — derivation of X.
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Proof:
(i)  Letx € X. Then,
0 = di(0) = di(ax* x)
= (f(ax) * di(x)) A (d(ax) = £ (x))
= (d(a) * f(0) * ((d(ax) * f(x)) * (f (ax) * di(x)))
= (d(a) * f(x)) * ((d(ax) * f(x)) * (fx* di(x)))
= fxx di(x), since fx* di(x) € Lp(X), and so fx < di(x).
This shows that di(x) € V(fx). Clearly f(x) € V(fy)
(i) By (i), we have f(x) « di(y) € V(fx fy) and di(x) * f(y) € V(fx* fy).
Thus, di(x * y) = (f (x) * di(¥)) A (di(x) * f(¥))
= (di(x) * F) A (f () * di(¥),

which implies that d; is an (I,r) — f — derivation of X.

Note:

The f —derivations df in examples 2.2.4 and 2.2.6 are regular
f —derivations but we know that the (I,r) — f — derivation ds in example 2.2.1

is not regular.

In the following we give some properties of regular f-derivations.

Definition 2.1.14:

Let X be a BCl-algebra. Then define kerds ={x € X /dix) =
0, for all f — derivations ds }.
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Proposition 2.1.15:

Let drbe a f —derivation of a BCl-algebra X. Then the following hold:

(i)

(ii)
(iii)
(iv)

di(x) < f(x) forall x € X

di(x) * f(y) < f(x) xde(y) forall x,y € X

di(x * y) = di(x) * f(y) < di(x) * di(y) for all x,y € X
ker dsis a subalgebra of X.

Especially, if f is monic, then ker d: € X..

Proof:

(i)

(ii)

(iii)

(iv)

Proof is obvious from the proposition 2.1.8(ii)

Since di(x) < f(x)for all x € X, then
di(x) * f(y) < f(x) = f(¥)
< f(x) *di(y)

For any x,y € X, we have
di(x * y) = (f (x) * di(¥)) A (di(x) * f(¥))
= (di(x) * f(¥)) * ((di(x) * () * (f (x) = di(¥))
= (di(x) * f(¥)) * 0
= di(x) * f(¥)
< di(x) = di(y)

Hence (iii)

Let x,y € kerds, then di(x) =0 =di(y) and so di(x *y) < di(x) *
di(y) = 0 % 0 = 0 by (iii), and thus d{(x * y) = 0. That is x * y € kerd;.

Hence, ker d¢ is a subalgebra of X.

Especially, if f is monic, and letting x € kerds then 0 = di(x) < f(x) by (i)
and so f(x) € X+, that is 0% f(x) =0, and thus f(0 * x) = f(x), which implies

that 0 x x = x and so x € X, that is, ker ds € X-.
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Theorem 2.1.16:

Let f be monic of a commutative BCl-algebra X. Then X is p-

semisimple if and only if ker di= {0} for every regular f —derivation d;of X.
Proof:

Assume that X is p-semisimple BCl-algebra and let ds be a regular
f —derivation of X. Then X.= {0}, and so kerds = {0} by using proposition
2.1.15 (iv).

Conversely, let kerds = {0} for every regular f —derivation dr of X.

Define a self-map dsof X by di (x) = fxforall x € X.
Using 2.1.7 df is a f —derivation of X.

Clearly, df(0)=fo=0x(0+f(0))=0ans so df is a regular
f —derivation of X. Its follows from the hypothesis that ker d; = {0}.

In addition ds (x) = fx= 0 * (0 * f(x))
=f(0%(0*x))

=f(0) =0 for all x€X., and thus x € kerd;, which

shows that X. € ker ds*.

Hence by the above proposition, X.= kerd;= {0}. Therefore, X is p-

semisimple.

Definition 2.1.17:

An ideal A of a BCl-algebra X is said to be an f — ideal if f(A) € A.
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Definition 2.1.18:

Let dsbe a self-map of a BCl-algebra X. An f —ideal A of X is said to be
di—invariant if d{(4A) € A.

Theorem 2.1.19:

Let dibe a regular (r,1) — f — derivation of a BCl-algebra X, then every

ideal A of X is di—invariant.
Proof:
By proposition 2.1.8 (ii), we have di(x) = f(x) Adi(x) < f(x) for all x € X.

Let y € di(4). Then y = d¢(x) for some x € A. It follows that y * f(x) =
di(x) * f(x) =0 € A. Since x € A, then f(x) € f(A) S Aas Aisan f —ideal.

It follows that y € A since A is an ideal of X. Hence d{(4) € A, and thus A

is di—invariant.

Theorem 2.1.20:

Let df be an f —derivation of a BCl-algebra X. Then d; is regular if and

only if every f —ideal of X is di—invariant.
Proof:

Let d: be a derivation of a BCl-algebra X and assume that every f —
ideal of X is di—invariant. Then, since the zero ideal {0} is f —ideal and

di—invariant, we have dg({0}) € {0}, which implies that d{(0) = 0.

Thus ds is regular. Then by the above theorem, the proof follows.
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SECTION-2.2:
LEFT DERIVATIONS OF BCI-ALGEBRAS:

Definition 2.2.1:

Let X be a BCl-algebra. By a left derivation of X, we mean a self-map D

of X satisfying D(x xy) = (x * D(y)) A (y * D(x)), forall x,y € X.

Example 2.2.2:

Let X = {0,1,2} be a BCl-algebra with Cayley table defined by

* 0 1 2

0 0 0 2

1 1 0 2

2 2 2 0
Define amap D: X - X by D(x) = {g lf;;g';

Then D is a left derivation of X.

Proposition 2.2.3:

Let D be a left derivation of a BCl-algebra X. Then for all x,y € X, we

have

(i) xxD()=y=*D()
(i) D(x) = apx)x

(i) D) =Dx)Ax
(v) D)€ Ly(x)
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Proof:

(i) Letx,y € X.
Then D(0) = D(x * x)
= (x* D)) A (x * D(x))
=x*D(x)
Similarly, D(0) =y * D(y)
So, x * D(x) =y * D(y)
(i) Let x € X. Then D(x) = D(x = 0)
= (x*D(0)) A (0 D(x))

= (0%D(x)) * ((0* D(x)) * (x * D(0)))
< 0% (0% (x *D(0)))
=0+ (0% (x* (x«D()))
=0x(0*(D(x)Ax))
= app) Ax
Thus D(x) < app/i«
But apgMx= 0 * (0 % (D(x) A x))
<D(x)Ax < D(x)

Therefore, D(x) = ap) A«

(i)  Letx € X. Then using (ii), we have D(x) = apx) Ax< D(x) A x, but we
know that D(x) A x < D(x), and hence (iii) holds.

(iv)  Since axe Ly(X),for all x € X, we get D(x) € Ly(X) by (ii)
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Note: Proposition 2.2.3 (iv) implies that D(X) is a subset of Ly(X).

Proposition 2.2.4:

Let D be a left derivation of a BCl-algebra X. Then for all x,y € X, we

have

()  y*(y*D()=DX)
(i) D(x) *y € Lp(X)

Proof: Obvious

Proposition 2.2.5:

Let D be a left derivation of a BCl-algebra X. Then

(i) D)€ Ly(X)

(i) D(x)=0+D(x),forallx € X

(i) Dx+y)=x+D(y), forallx,y€ Ly,(X)

(iv) D(x) =x, forall x € X ifand only if D(0) =0
(V) D(x) € G(X), for all x € G(X)

Proof:

(i) Follows by proposition 2.2.3 (iv)

(i) Let x € X. From proposition 2.2.3 (iv), we get D(x) = ap(), SO we

have D(x) = apx= 0 * (0 * D(x)) =0+ D(x)

(i) Letx,y € Ly(X). Then
D(x+y)=D(xx(0%y)) = (xxDO*3)) A((0*)* D(x))

= ((0%y)* D)) * (((0 ) * D)) * (x + D(0 +3)))
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=x*D(0*y) =x*((0xD()A(y*D(0)))
=x*(0%D(y)) =x+D(y)

(iv) LetD(0) =0andx € X. Then
D(x) =D(x)/\x=x*(x*D(x)):x*D(O) =x*x0=x
Conversely, let D(x) = x, for all x € X. So it is clear that D(0) = 0.

(v) Letx e G(X). Then 0*x = x and so
D(x) =D(0x*x) = (0 * D(x)) A (x * D(O))

= (x * D(O)) * ((x * D(O)) * (0 * D(x))) = 0= D(x)
This gives D(x) € G(X).

Proposition 2.2.6:

A regular left derivation of a BCl-algebra is trivial.

Proof: Obvious by above proposition (iv)

Note:

Proposition 2.2.5 (v) gives that D(x) € G(X) S Lp(X).

Definition 2.2.7:

An ideal A of a BCl-algebra X is said to be D — invariant, if D(A) c A.
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Theorem 2.2.8:

Let D be a left derivation of a BCl-algebra X. Then D is regular if and

only if every ideal of X is D — invariant.
Proof:

Let D be a regular left derivation of a BCl-algebra X. Then proposition
2.2.6 gives that D(x) = x, for all x € X. Let y € D(A), where A is an ideal of X.
Then y = D(x), forsome x € A. Thus,y*x=D(x)*x =x*x =0 € A.

Then y € A and D(A) c A. Therefore, A is D — invariant.

Conversely, let every ideal of X be D — invariant. Then D({0}) c {0},
and hence D(0) = 0 and D is regular.

Proposition 2.2.9:

Let D be a left derivation of a p-semisimple BCl-algebra. Then the

following hold for all x,y € X:

()  Dlx*y)=x*D(y)
(i) D) *x=D(y)*y
(i) D) *x=y=*D(y)

Proof:

(i) Letx,y € X. Then D(x*y) = (x x D)) A (y * D(x)) = x * D(y)

(i) We know that (x*y)*x(x*D(y)<D(H)*y and (yx*x)=x(y=*
D(x)) < D(x) * x. This means that

(G+3) = (x D)) * (DG +¥) = 0 and

((3’ #x) % (¥ % D(x))) *(D(x)*x) =0
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So,

(e +(@D)))« PG+ = (=0 = (y* DG * D@ +x) (1)
Using proposition 2.2.3, we get

(x*y)*D(x *y) = (y*x) * D(y *x) (2)
By (1) and (2) we have (x * y) * (x * D(y)) = (y*x) * (y * D(x)).

Since X is a p-semisimple BCl-algebra, (1) implies that D(x) * x = D(y) * y.

(i)  We have, D(0) = x * D(x)
From (ii), we get D(0) *0 = D(y) *y (or) D(0) = D(y) xy
So D(x) *x =y = D(y).

Theorem 2.2.10:

In a p-semisimple BCl-algebra X, a self-map D of X is a left derivation if

and only if it is a derivation.
Proof:

Assume that D is a left derivation of a BCl-algebra X.
Claim: D is a (r,l) — derivation of X.
D(x*y) =x+D(y)
= (D) *y) * (D) *y) * (x * D))
= (x*DM)ADE) *y)
Claim: D is a (I,r) — derivation of X

D(x*y) =xxD(y) = (x*0) * D(y) = (x x (D(0) * D(0)) * D())
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= (x * ((x *D(x)) * (D(y) * y))) *D(y)

= (x * ((x * D(y)) * (D (x) * y))) *D(y)
= (x+ D)) * ((x = DY) * (O() 1)
= (D) *y) A(x*D(y))

Therefore D is a derivation of X.

Conversely, let D be a derivation of X. Soitis a (r,1) — derivation of X. Then
D(xxy) = (x*D(¥)) AD) *y)
= (D) *y) * (D) *y) * (x * D)) = x * DY)
= *D))* ((y * D)) * (x * D))

=(x*DM)A(y*D(x))

Hence, D is a left derivation of X.
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CHAPTER -3
ON GENERALIZED DERIVATIONS AND SYMMETRIC BI-

DERIVATIONS OF BCI-ALGEBRAS

SECTION 3.1:
GENERALIZED DERIVATIONS OF BCI-ALGEBRAS:

Definition 3.1.1:

Let X be a BCl-algebra. A mapping D:X->X is called a
generalized (I,r) — derivation if there exist a (I,r) — derivation d: X — X such
that D(x *y) = (D(x) *y) A (x xd(y)) for all x,y € X. If there exist a (r,[) —
derivation d: X — X such that D(x xy) = (x * D(y)) A (d(x) *y) for all x,y € X,
the mapping D: X — X is called a generalized (r,l) — derivation. Moreover if D
is both a generalized (,v) and (r,1) — derivation, we say that D is a

generalized derivation.

Example 3.1.2:

Consider a BCl-algebra X = {0, a, b} with the following Cayley table :

* 0 a b
0 0 b a
a a 0 b
b b a 0
bifx=0
Define a map d:X—>bed(x)={0 ifx=a
aifx=»b
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Then d is a (I,r) — derivation of X. But d is not a (r,1) — derivation of

X since d(a xb) # (a * d(b)) A (d(a) * b)

aifx=0
Now we defineamap D: X - X by D(x) =<b if x=a
0ifx=>

Then D satisfies D(x xy) = (D(x) *y) A (x *d(y)) for all x,y € X. Hence

D is a generalized (l,r) — derivation of X.

Also, let D:X — X satisfy D(x xy) =D(x) *y for all x,y€eX and X
satisfies x Ay = x for all x,y € X. Hence, for every (I,r) — derivation d of X we
have D(x *y) = (D(x) *y) A (x = d(y)) for all x,y € X.

~ D is a generalized (I,v) — derivation of X.

Example 3.1.3:

Consider a BCl-algebra X = {0, a, b} with the following Cayley table:

. 0 a b
0 0 0 -
a a 0 b
b b b 0

Define amap d: X - X by d(x) = {g llj]:;C z l())’a

Then d is a derivation of X. Now we define a map D: X — X by

_(bifx=0,a
D(x)‘{o ifx=b

Then D is a generalized derivation of X.
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Proposition 3.1.4:

Let D be a self map of a BCl-algebra X. Then

(i)

(ii)

Proof:

(i)

(ii)

If D is a generalized (I,r) — derivation of X, then D(x) = D(x) A x for
all x € X.

If D is a generalized (r,1) — derivation of X, then D(0) =0 if and
only if D(x) = x Ad(x) for all x € X and for some (r, 1) — derivation d

of X.

If D is a generalized (I,r) — derivation, then there exist a ([,r) —
derivation such that D(xx*y) = (D) *y)A(x*d(y)) for all
x,y €X.
Hence we get D(x) = D(x * 0) = (D(x) * 0) A (x * d(0))

= D(x) A (x * d(0))

= (o +d(0)) * ((x » d(0)) * D(x))

= (x*d(0)) * ((x * D(x)) * d(0))

< xx (x*D(x)) =D(x)Ax
But D(x) Ax < D(x) is trivial and so (i) holds.

Suppose that D is a generalized (r,1) — derivation of X. Then there
exist a (r,1) — derivation d such that D(x *y) = (x * D(y)) A (d(x) *
y) forall x,y € X.

If D(0) =0, then we have D(0) = D(x*0) = (x*D(0)) A (d(x) *0) =

x Ad(x)

Conversely, if D(x)=xAd(x), then D(0)=0Ad(0)=d(0)=
(d(0) * 0) = d(0) *d(0) = 0. This completes the proof.
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Proposition 3.1.5:

Let D be a generalized (I,r) — derivation of a BCl-algebra X. Then

(i)

(ii)
(iii)
(iv)
(v)

Proof:

(i)

(ii)

(iii)

(iv)

(v)

D(0) € Lp(X)

Va € Lp(X) D(a) = D(0) + a € Lp(X)

Va € Lp(X) andVx € X D(a *x) = D(a) *x
Va € Lp(X)and Vx e X D(a+x) = D(a) + x
Va € Lp(X),D(a+b) =D(a) +b=a+D(b)

Using proposition 3.1.4 (i), we have D(0) = D(0) A0 = 0 * (0 = D(0))
and so D(0) € Ly(X)

Let a € Ly(X). Then it is known that a * x € Lp(X) and x * (x xa) = a
for all x € X.
Hence D(0) * (0 * a) € Lo(X) (* D(0) € Lp(X) by (i))

Then, D(a) = D(0 * (0 *a))

= (D(O) * (0 * a)) A0 *d(0*a))

= (0 * d(0 * a)) * ((0 * d (0 * a)) * (D(O) * (0 a)))

=0*(0*(D(0)*(0*a))) =D(0) * (0 *a)

=D(0) +a € Ly(X)

Leta € Ly(X)and x € X.

Then we have D(a *x) = (D(a) *x) A (a * d(x))
= (a*d@) * ((axd@) * D@ *x)
=D(a) *x (~ax*xd(x),D(a) *x € Ly(X))

Leta € Lp(X)and x € X.
Using (iii), we have D(a+x) = D(a * (0 = x)) =D(a) *(0xx) =
D(a) +x

Follows directly from (iv).
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Proposition 3.1.6:

Let D be a generalized (r,l) — derivation of a BCl-algebra X. Then

(i) VaeGX), D(a) € G(X)

(i) Va € Ly(X), D(a) € Ly(X)

(i) VaelLy(X), D(a)=axD(0) =a+ D(0)
(iv) Va€lLy(X), D(a+b)=D(a)+ D(b)—D(0)
(v) D isidentity on L,(X) if and only if D(0) = 0

Proof:

If D is a generalized (r,1) — derivation of X, then there exists a
(r,1) — derivationd of X such that D(x *xy) = (x * D(y)) A (d(x) = y) for all
x,y € X.

Now let a € G(X). Then D(a) = D(0*a) = (0*D(a)) A (d(0) * a)
= (d(0) * a) * ((d(0) * a) * (0 = D(a)))
=0+ D(a)
and so D(a) € G(X). Hence (i) is valid.
For any a € Ly(X) we get
D(a) =D(0%(0*a)) =(0%D(0xa))A(d(0) * (0 * a))
= (d(0) * (0x@)) * ((d(0) x (0 *@)) * (0% D(0 * @)))
D(a) = 0+ D(0 * a) € Ly(X),and
D(a) =D(0*a) = (axD(0)) A (d(a) * 0)
= d(a) * (d(a) x(ax D(O))) =a+D(0) = ax(0+D(0)) =a+D(0)

Therefore (ii) and (iii) are valid.
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Now let a,b € Lp(X). Thena+ b € Ly(X)andso D(a+ b) =a+ b+ D(0)
=a+D(0)+ b+ D(0)—D(0)
= D(a) + D(b) — D(0)

Thus (iv) is true.

(v)Follows directly from (iii)

Definition 3.1.7:

A BCl-algebra X is said to be torsion free if x + x = 0 implies x = 0, for

all x € X.

Note:

(i) If there exists a non-zero element x of a BCl-algebra X such that

x + x = 0, then X cannot be torsion free.

(i) If a BCl-algebra X satisfies; (there exists w # 0 € X,0 * w = w; then

X cannot be torsion free.

(i)  Every BCK-algebra is torsion free.

(iv)  The BCl-algebra X in example 3.1.2 is torsion free.
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Example 3.1.8:

Let X ={0,1,2,3,4,5} be a set with the following Cayley table:

B WIN OO
WINWN OO~
A2 NOIOWVDN
= OoOIW AN W
NIOIN O W W &~
O W OIWI NN O

QP WIN—=|O] *

Then X is a torsion free BCl-algebra.

Example 3.1.9:

A BCl-algebra X = {0,1,2,3} together with the following Cayley table:

WIN| = Of *
WIN| 2Ol O
W W oo~
O O|WWN
Ol =N W w

is not torsion free because 3« (0* 3) =3« 3 =0.

Proposition 3.1.10:

Let X be a torsion free BCl-algebra and D a generalized derivation. If
D?= 00n Ly(X), then D = 0 on Ly(X).
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Proof:
Assume that D?= 0on L,(X). Let x € L,(X) and so
0=D%*x + x)
= D(D(x +x))
= D(0) + D(x + x)
= D(0) + D(x) + D(x) — D(0)
=D(x) + D(x)

Since X is torsion free, it follows that D(x) = 0 for all x € Ly(X) so that D = 0 on
Lo(X).

Proposition 3.1.11:

Let X be a torsion free BCl-algebra and let D4 and D, be two generalized
derivations. If D1D>= 00n Ly(X), then Dy= 0 on Ly(X).

Proof:
Let x € Lp(X). Then x + x € Lp(X) and thus
0= (D1D2)(x +x)
= D1(D2(x + x))

= D1(0) + Dg(x) + Dz(x) — DZ(O)

D1(0) — Dz(O) + Dz(x) + Dz(x)

D1(0)D2(0) + Dz(x) + Dz(x)

D1(0)(0 D2(0)) + D2(x) + D2(x)

D1(0) + DZ(O) + DQ(.X) + Dg(x)
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= D1(D2(0)) + Dz(x) + Dz(x)
= (D1D2)(0) + Dg(x) + DQ(X)
= DQ(.X) + DQ(.X)

Since X is torsion free, we have D(x) = 0 for all x € Ly(X). Hence D= 0 on
Lp(X).

Definition 3.1.12:

A (I,r) — derivation (or (r,1) — derivation) d of a BCl-algebra X is said
to be regularif d(0) = 0.

Note:

The generalized (I,7) — derivation D in example 3.1.2 is regular, but the

(I,r) —derivation d in example 3.1.2 is not regular.

Definition 3.1.13:

A mapping D: X — X is called a regular generalized (I,r) —
(or (r,1) —) derivation if there exists regular (I,r)(or (r,1) —) derivation, d of
X such that

Dix*y) =D *y)A(x*d(¥)),Vx,y €X

(or) D(x *y) = (x * D(¥)) A (d(x) * y)
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Example 3.1.14:

Let X ={0,1,2,3,4,5} be a BCl-algebra described in Example 3.1.8. We

give here the A —operation on X as follows:

A 0 1 2 3 4 5
0 0 0 0 0 0 0
1 0 1 0 0 1 1
2 2 2 2 2 2 2
3 3 3 3 3 3 3
4 2 4 2 2 4 4
5 3 5 3 3 5 5

0 ifx=0,1

Thenamapd: X - X givenbyd(x) =<2 ifx=24

3 ifx=35

is a regular (I,r) — derivation of X.

Define a self map D of X by D(0) = 0,D(2) = 2,D(3) = 3 and ordered
triple (D(1),D(4),D(5)) is (5,1,4), (4,5,1), (3,0,2),(2,3,0), (1,4,5)0r (0,2,3). Then

D is a regular generalized (I,r) — derivation of X.

Proposition 3.1.15:

If D is a regular generalized (r,l) — derivation of a BCl-algebra X, then
D(0) = 0 * D(0).

Proof:

If D is a regular generalized (r,l) — derivation of a BCl-algebra X then

there exists a regular (r,1) — derivation d of X such that
D(0) =D(0*0) = (0*D(0)) A (d(0) *0)

= (0*D(0))A0
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=0x(0x(0xD(0)))

=0+ D(0)

SECTION 3.2:
SYMMETRIC BI-DERIVATIONS OF BCI-ALGEBRAS:

Definition 3.2.1:

Let X,Y be BCl-algebras. An operation * on the Cartesian product X =Y

of X,Y is defined as follows

(i) (x1,¥1) * (x2y2) = (X1* X2, y1* y2)
i 0= (0,0)

Then (X x Y,*,0) is a BCl-algebra, and it is called the product of X,Y.

Definition 3.2.2:

Let X be a BCl-algebra. A mapping D(.,.): X X X — X is symmetric if
D(x,y) = D(y,x) holds for all pairs x,y € X.

Definition 3.2.3:

Let X be a BCl-algebra and D(.,.): X X X - X be a symmetric mapping.
A mapping d: X — X defined by d(x) = D(x,x) is called trace of D.

Definition 3.2.4:

Let X be a BCl-algebra and D(.,.): X X X - X be a symmetric mapping.
If D satisfies the identity D(x *y,z) = (D(x,z) xy) A (x * D(y,z)) for all x,y,z €
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X, then D is called left —right symmetric bi — derivation (briefly (I,r) —

symmetric bi — derivation).

If D satisfies the identity D(x xy,z) = (x * D(y, Z)) A (D(x,z) *y) for all

x,y,z € X, then we say that D is a right — left symmetric bi — derivation,
(briefly (r,1) — symmetric bi — derivation).

Moreover if d is both an (r,1) — and a (I,r) — symmetric bi — derivation,

it is said that D is a symmetric bi — derivation.

Example 3.2.5:

Let X = {0,1,2} be a BCl-algebra with the following Cayley table:

N =~ O| O
OINININ

N OO~

Nl —=|O| %

Define a mapping D(.,.): X X X —» X by

0, if(x,z) =(0,1) and (x,z) = (1,0)
X * Z, otherwise

D(x,z) ={

Then D is both (I,r) — and (r,l) — symmetric bi — derivation.

Example 3.2.6:

Let X = {0,1,2,3} be a BCl-algebra with the following Cayley table:

WIN|=~O|lO
WIN OO~
W OoOIOoOIoON
O|IN|—=~Olw

WIN| = Of %




Define a mapping D(.,.): X X X — X by D(x,2) = {g Z%rzvgis:e(Z'Z)

Then, D is both (I,r) — and (r,1) — symmetric bi — derivation.

Example 3.2.7:

Let X be a p-semisimple BCl-algebra. Define a mapping D(.,.): X X X —
X suchthat D(x,z) = x+z forall x,z € X. Forallx,y,z € X,

Dxxyz)=(xx*y)+z
= (x*y)*(0+2)
=(x*(0%2))*y=(x+2)*y
On the other hand,
(D2 *y) A(x*D(y,2) = (x* D, 2)) * (x * Dy, 2)) * (D(x,2) * )
=D(x,z)xy=(x+2z)*y

So, D is (I,r) — symmetric bi — deriation. But for the following p-
semisimple BCl-algebra X = {0,1,2} given Cayley table as

N =] Of %
N = OO
alol N~
OIN =N

D(1%22)=(1*2)+2=(1%2)*(0%2)=2=*1
But (1+D(2,2))A(D(1,2)%x2) =1xD(22) =1x2x(0%2) =1x(2%1)
=1%1=0
ie., D(1%2,2) # (1% D(2,2)) A (D(1,2) * 2)

So itis not an (r, 1) — symmetric bi — derivation.
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Proposition 3.2.8:

Let X be a BCl-algebra and D(.,.): X x X - X be a symmetric mapping.
Then

(i) If D is a (I,r) — symmetric bi — derivation, then D(x,z) = D(x,z) Ax
forall x,z € X.
(i) If D is a (r,1) — symmetric bi — derivation, then D(x,z) = x A D(x, z)

forall x,z € X ifand only if D(0,z) = 0 forall z € X.

Proof:

(i) Let D be a (I,r) — symmetric bi — derivation. Then for all x,z € X.
D(x,z) =D(x*0,2)

= (D(x,2z) * 0) A (x * D(0,2))
= (x * D (0, z)) * ((x * D (0, z)) * (D(x,z) *0))
= (x * D (0, Z)) * ((x * D(x, z)) * D(0,z))
<xx*(x*D(x,2z))
=D(x,z) =D(x,z) A x

On the other hand D(x,z) A x < D(x,z) and so (i) holds.

(iii)  Let D be a (r,1) — symmetric bi — derivation. If D(x,z) = x AD(x,2)
forall x,z € X,then D(0,z) = 0AD(0,2z) =D(0,z) * (D(0,2) *0) = 0.
Conversely if D(0,z) = 0 for all z € X, then
D(x,z) =D(x *0,2)
= (x * D(O,z)) A(D(x,z)*0)
=(x*0)AD(x,z)*0) =xAD(x,2z)

Proposition 3.2.9:

Let X be a BCl-algebra and D(.,.):X x X —» X (I,r) — symmetric bi —

derivation. Then
(i) D(0,z) € Ly(X) forall z € X
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(ii)
(iii)
(iv)
(v)

Proof:

(i)
(vi)

(ii)

(iii)

(iv)

(v)

D(a,z) =D(0,z) * (0*a) =D(0,z) +aforalla € Ly,(X),z€ X

D(a,z) € Lp(X)foralla € Ly(X),z€ X

D(a+b,z) =D(a,z) + D(b,z) —D(0,z),forall a,b € Ly(X),z € X
D(.,.): Lp(X) X X = Lp(X),D(a,z) = a, for all a € L,(X), z€ X if and
only if D(0,z) =0

If we show that D(0,z) = 0 = (0 = D(0, 2)), the proof is completed.
From proposition 3.2.8 (i) we know that D(x,z) = D(x,z) A x for all
x,Z €X, S0

D(0,z) =D(x,z) =D(0,z) AO =0 (0 * D(0,2))

Let a € Lp(X). Hence a = 0+ (0 * a). Then,
D(a,z) =D(0*(0x*a),z) = (D(O,Z) * (0 a)) A0 *D(0*a,z))
= (0 * D(0 * a,z)) * ((0 * D(0 * a,z)) * (D(O,z) * (0 * a)))
=D(0,z) *(0+xa) =D(0,z) + a

Let a € Lp(X). From (ii) D(a,z) = D(0,z) * (0 * a)
Because of D(0,z) € Ly(X),D(0,z) * (0*a) € Lp,(X) so D(a,z) €
Lp(X).

Leta,b € Ly(X). Thena+ b = a * (0 * b) € Lp(X) so from (ii)
D(a+b,z) =D(0,z) + (a + b)
=D(0,z) +a+ D(0,z) + b — D(0,2)
=D(a,z) + D(b,z) — D(0,z)

If D(a,z) =a,foralla € Ly(X),z € X, clearly for 0 € L,(X),D(0,z) = 0.

Conversely if D(0,z) = 0, then for all a € Ly(X), z € X.

D(a,z)=D(0,z2)+a=0+a=a
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Corollary 3.2.10:

Let X be a BClalgebra and D(,.):XxX->X be

(I,r) — symmetric bi — derivation and d: X — X be trace of D. Then

(i)  d(0) € Lp(X)
(i) d(a) € Ly(X),for all a € Ly(X)

Proof: Obvious from the above proposition.

Proposition 3.2.11:

Let X be a BClalgebra and D(,.):XxX—->X be

(r,l) — symmetric bi — derivation. Then

(i) D(a,z) € G(X) forall a € G(X)

(i)  D(a,z) €LpX)foralla e Ly(X),z€eX

(i) D(a,z) =ax*D(0,z) =a+D(0,z)foralla € Ly(X), z€ X

(iv) D(a+b,z) =D(a,z)+ D(b,z) —D(0,z),forall a,b € Ly,(X), z€ X

(V) D(.,.): Lo(X) x X = Ly(X), D(a,z) =aq, for all a € Ly(X),z € X if and

only if D(0,z) =0
Proof:

(i) Leta € G(X). Hencea=0x*a
Then D(a,z) = D0 *a,z) = (0 * D(a,z)) A(D(0,2) *a)
= (D(0,2) * a) * (D(0,2) * a) * (0 * D(a, 2)))
=0xD(a,z)

(i) Forany a € Lp(X),a =0+ (0 *a),so
D(a,z) =D(0+(0*a),z) = (0 * D(0 * a,z)) A (D(O,z) * (0 * a))

= (D(O,z) * (0 a)) * ((D(O,z) * (0 * a)) * (0 * D(0 a,z)))

=0*D(0+*a,z) € Ly(X)
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(i) Foranya€Lpy(X)and z € X
D(a,z) =D(a*0,z) = (a* D(O,z)) A (D(a,z) *0)
= (a*D(O,z))/\(D(a,z))
= D(a,z) * (D(a,z) * (a * D(0,2))
=axD(0,z) =a=(0xD(0,z2))
=a+ D(0,2)

(iv) Foralla,b € Ly(X), a+ b € Ly(X),so
D(a+b,z) =(a+b)+D(0,z2)
=a+D(0,z) +b+D(0,2) —D(0,2)
=D(a,z) + D(b,z) — D(0, 2)

(v) If D(a,z) = a,forall a € Ly(X),z € X. Clearly for 0 € L,(X),D(0,z) =0

Conversely if D(0,z) = 0, then for all a € Ly(X), z € X.
D(a,z)=a+D(0,z)=a+0=a

Corollary 3.2.12:

Let X be a BClalgebra and D(,.):XxX->X

(r,1) — symmetric bi — derivation and d: X — X be trace of D. Then

(i) d(a) € G(X), forall a € G(X)
(i) d(a) € Lp(X), forall a € Ly(X)

Proof: Obvious.

Definition 3.2.13:

be a

Let X be a BCl-algebra and D(.,.): X X X —» X be a symmetric mapping.

If D(0,z) = 0,for all z€ X, D is called componentwise regular. In particular if

D(0,0) =d(0) =0,D is called d — regular.
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Note:
1. The symmetric bi-derivation D in example 3.2.5 is d-regular.
2. The symmetric bi-derivation D in example 3.2.6 is componentwise
regular.

In the following we show that a (I,r) — (resp, (r,l) —)symmetric bi —
derivation with certain conditions is componentwise regular (I,r) —

(resp(r,l) —), symmetric bi — derivation.

Proposition 3.2.14:

Let X be a BClalgebra and D(,.):XxX—->X be a
(I,r) — symmetric bi — derivation. If there exist a € X such that D(x,z) *a =
0, for all x,z€ X, then D is componentwise regular (I,v) — symmetric bi —

derivation.

Proof:

Let X be a BClalgebra and D(,.):XxX->X be a

(I,r) — symmetric bi — derivation.

Assume that there exist a € X such that D(x,z) xa = 0, for all x,z € X.

Since D is (I,r) — symmetric bi — derivation we get
0=D(x=*az)*a=(D(xz)*a)A (x * D(a,z)) *
= (0Ax*D(a,z))*a=0*a
Thus 0 < a. This shows that
D(0,z) =D(0*a,z) =(D(0,z) xa) A (0 x D(a,z))
=0A(0xD(a,2))=0

Thus D is componentwise regular.
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Corollary 3.2.15:

Let X be a BClalgebra and D(,.):XxX->X be a
(I,r) — symmetric bi — derivation. If there exist a € X such that D(x,z) xa =

0, for all x,z € X, then D is d — regular (I,r) — symmetric bi — derivation.

Proof: Obvious.

Proposition 3.2.16:

Let X be a BClalgebra and D(,.):XxX—->X be a
(r,1) — symmetric bi — derivation. If there exist a € X such that a x D(x,z) =
0, for all x,z€ X, then D is componentwise regular (r,l) — symmetric bi —

derivation.

Proof:

Let X be a BClalgegbra and D(,.:XxX—->X be a
(r,l) — symmetric bi — derivation. Assume that there exist a € X such that
a*D(x,z) =0, forall x,z € X. Since D is (r,1) — symmetric bi — derivation we

get
0=a*D(x+az) =ax((a+D(x2)AD(az)xx)
—ax(0AD(a,z)*x)*a=ax0
This shows that D(0,z) = D(a * 0, z)
= ((a*D(0,2)) A (D(a,z) *0))
=0AD(a,2) =0

Thus D is componentwise regular.
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Corollary 3.2.17:

Let X be a BClalgebra and D(,.:XxX->X be a
(r,l) — symmetric bi — derivation. If there exist a € X such that a x D(x,z) =

0, for all x,z € X, then D is d — regular (r,1) — symmetric bi — derivation.

Proof: Obvious.

Theorem 3.2.18:

Let X be a BClalgegbra and D(,.):XxX->X be a
(I,r) — symmetric bi — derivation. Then X be a BCK-algebra if and only if D is

componentwise regular.
Proof:

Let X be a BCK-algecbra and D(,.):XxX->X be a

(I,r) — symmetric bi — derivation. Then for all x,z € X, we have
D(0,z) =D(0*x,z) = (D(0,2z) *x) A (0 * D(x,2))
=(D(0,z) *x) A0 =0 = (O * (D(0,2) * x))
=0x%0

Conversely let X be a BCl-algebra and D(,.):XxX->X be a

componentwise regular (I,r) — symmetric bi — derivation.

Let for a x€X, oxx #0. Since D is componentwise regular
D(0 *x,0)=0. And

(D(0,0) *x) A (0% D(x,0)) = (0 *x) A (0 *0)
=(0*x)A0
=0x(0*(0xx))
=0*x#0
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But it is not possible since D is (I,r) — symmetric bi — derivation. Thus

forallx € X,0*x =0, ie., X is a BCK-algebra.

Theorem 3.2.19:

Let X be a BClalgebra and D(,.):XxX—->X be a
(r,1) — symmetric bi — derivation. Then X be a BCK-algebra if and only if D is

componentwise regular.
Proof:

Let X be a BCK-algebra and D(,.):XxXxX->X be a

(r,1) — symmetric bi — derivation. Then for all x,z € X, we have
D(0,2) =D(0 *x,2z) = (0 * D(x,z)) A(D(0,z) *x) =0A(D(0,2) * x)
= (D(0,z) *x) * ((D(O,z) *X) * 0) =(D(0,z) *x) *(D(0,2) xx) =0

Conversely, let X be a BCl-algebra and D(.,.):XxXxX—->X be a
componentwise regular (r,l) — symmetric bi — derivation. Suppose a € Ly(X)

and a # 0.
Since D is componentwise regular D(a * 0,0) = D(a,0) =0

But (a*D(0,00))A(D(a,0)*x0)=(a*x0)A(0*x0)=aA0=0x(0x*a)=
a+0.

But it is not possible since D is (r,1) — symmetric bi — derivation. Thus the

unique p-atom is 0.

Assume that for a x € X,0+x # 0 then agw= 0+ (0% (0*xx)) =0, so
0 * x € Lp(X), but this is a contradiction. Thus forall x € X,0xx =0, ie.,, X is a
BCK-algebra.
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Corollary 3.2.20:

Let X be a BCl-algebra and D(.,.):X XX —> X be a symmetric bi-

derivation. Then X is a BCK-algebra if and only if D is componentwise regular.

Proof: Obvious.
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CHAPTER 4

ON ¢ —-DERIVATIONS AND (a,p)—-DERIVATIONS OF BCI-
ALGEBRAS

SECTION 4.1:
ON t —DERIVATIONS OF BCI-ALGEBRAS:

Definition 4.1.1:

Let X be a BCl-algebra. Then for any t € X, we define a self map
de X - X by di(x) =x+tforall x € X.

Definition 4.1.2:

Let X be a BCl-algebra. Then for any t € X, we define a self map
dp X - X is called a left — right t — derivation or (I,r) — t — derivation of X if
it satisfies the identity di(x * y) = (di(x) * y) A (x * di(y)) forall x,y € X.

Definition 4.1.3:

Let X be a BCl-algebra. Then for any t € X, we define a self map
di X — X is called a right — left t — derivation or (r,l) — t — derivation of X if

it satisfies the identity di(x * y) = (x * di(y)) A (di(x) = y) for all x,y € X.

Moreover, if diis both a (I,r) — and a (r,1) — t — derivation on X, we say

that diis a t — derivation on X.
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Example 4.1.4:

Let X = {0,1,2} be a BCl-algebra with the following Cayley table:

*

N =~ O
N =~ OO
NO Ol -
OINIDNIDN

For any t € X, define a self-map d¢: X - X by di(x) = x =t for all x € X.

Then d;is a t — derivation of X.

Proposition 4.1.5:

Let di be a self map of an associative BCl-algebra X. Then d; is a

(I,r) —t — derivation of X.
Proof:
Let X be an associative BCl-algebra, then we have
dixxy) = (xxy) st =(x*(*0))*0

=(xx @) * ((cx x)*(xx(y*t))
=(xx @) ((xx D) * (xxy) * 1)
=(xx @)+ ((x* @ *D) (@) xy))
= (x)xy)AQxcx(y*0)

= (di(x) *y) A (x * du(y))

Hence d; is a (I,r) — t — derivation of X.
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Proposition 4.1.6:

Let d; be a self map of an associative BCl-algebra X. Then d; is a

(r,1) — t — derivation of X.
Proof:
Let X be an associative BCl-algebra, then we have
di(xxy) = (xxy) st =((x*t)xy)*0

= (Gcx ) *y)*x (cx ) *y) * (G x 0 * )
= () xy) = (e x ) x y) * (Gex ) % 1))
=((cxt)*y) = (((cx ) xy) * (x* (y*1)))
=(xx*O)A((xxt) *y)

= (x * di(y)) A (di(x) * y)

Hence d; is a (r,1) — t — derivation of X.

Theorem 4.1.7:

Let di be a self map of an associative BCl-algebra X. Then d; is a

t — derivation of X.

Proof: Follows by combining the above two propositions.

Definition 4.1.8:

A self map d;of a BCl-algebra X is said to be t — regular if di(0) = 0.
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Example 4.1.9:

Let X = {0, a, b} be a BCl-algebra with the following Cayley table:

S Q| Of %
S Q| oo
T oo
oIT|T T

(i) Forany t € X, define a self map di: X — X by

bifx=0,a
0ifx=b

Then di is (I,r) and (r,1) —t — derivation of X, which is not t —

dt(x)=x*t={

regular.

(i) For any ¢ € X, define a self map d; : X - X by

0ifx=0,a
bifx=»hb

Then di is () and (r,1) — t — derivation of X, which is t — regular.

dt’(x)=x*t={

Proposition 4.1.10:
Let dbe a self map of an associative BCl-algebra X. Then

(i) If diis a (I,r) —t— derivation of X, then di(x) = di(x) Ax for all
x€eX
(i) If diis a (r,1) —t — derivation of X, then di(x) = x A di(x) for all

x € X if and only if diis t — regular.
Proof:

(i) Let dibe a (I,r) — t — derivation of X, then
di(x) = di(x * 0) = (di(x) * 0) A (x * d(0))
= di(x) A (x * di(0))
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= (x * di(0)) * ((x * di(0)) * di(x))
= (x * d(0)) * ((x * di(x)) * di(0))
< x* (x*di(x)) = di(x) Ax

But di(x) A x < di(x) is trivial so (i) holds.

(i) Let dybe a (r,1) — t — derivation of X.
If di(x) = x A di(x) then
di(0) = 0 A d(0) = d(0) = (di(0) * 0)
= di(0) *dy(0) =0

Hence, d;iis t — regular.

Conversely, suppose that d; is t — regular, that is di(0) = 0, then we

have
di(x) = di(x x 0) = (x * (di(0)) A (di(x) = 0)
= (x *0) Adi(x) = x Adi(x)

This completes the proof.

Theorem 4.1.11:

Let di be a (I,r) —t — derivation of a p-semisimple BCl-algebra X.

Then the following hold:

(i) di(0) =di(x)*x forallx e X

(i) diis one-one

(i) If diis t — regular, then it is an identity map

(iv)  If there is an element all x € X such that di(x) = x, then d; is the
identity map

(v) If x <y, then di(x) < di(y) forall x,y € X
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Proof:

(i)

(ii)

(iii)

(iv)

(v)

Let dy be a (I,r) —t — derivation of a p-semisimple BCl-algebra X.
Then for all x € X, we have x * x = 0 and so
di(0) = di(x * x) = (di(x) * x) A (x * di(x))
= (x * di(x)) * ((x * di(x)) * (di(x) * x))
=di(x) xx (v xx (xxy) =y)

Let di(x) =di(y) > x+xt =y=*t then by the property that "a *x =

b * x implies a = b", we have x = y and so diis one-one.

Let di be t —regular and x € X

Then 0 = d; (0) so by the above part (i), we have 0 = d; (x) *x
and hence by the property that "x x y = 0 implies x = y", we obtain
di(x) = x for all x € X. Therefore, d; is the identity map.

It is trivial and follows from the above part (iii)

Letx < yimplyingx*y =0
Now, di(x) *di(y) = (xxt) x (y*t) =x*xy =0
Therefore, di(x) < di(y). This completes the proof.

Definition 4.1.12:

Let di be a t — derivation of a BCl-algebra X. Then, d;is said to be an

isotone t — derivation if x <y implies di(x) < di(y) for all x,y € X.

Example 4.1.13:

In example 4.1.9 (ii), d; is an isotone t-derivation, while in example 4.1.9

(i), d¢ is not an isotone t-derivation.
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Proposition 4.1.14:

Let X be a BCl-algebra and d; be a t-derivation on X. Then for all
x,y € X, the following hold:

(i) If di(x Ay) = di(x) A di(y), then diis an isotone t-derivation
(i) If di(x * y) = di(x) * di(y), then d;is an isotone t-derivation

Proof:

(i) Let di(x Ay) = di(x) A di(y).
Ifx<y = xAy=xforall x,y € X. Therefore, we have
di(x) = di(x Ay) = di(x) Adi(y) < di(y)
Henceforth di(x) < di(y) which implies that d; is an isotone t-

derivation.

(i) Let di(x*y) =di(x) *di(y). If x<y =>xxy=0 for all x,y€X.
Therefore, we have
di(x) = di(x * 0) = di(x * (x * y))
= di(x) * di(x * y)
= di(x) * (di(x) * du(y))
S d(y) (v (xx (xxy))*y = 0)
Thus, di(x) < di(y). This completes the proof.

Theorem 4.1.15:

Let dibe a t — regular (r,1) — t — derivation of a BCl-algebra X. Then

the following hold:

(i) di(x) <x forallx,y € X

(i) dx)xy <x=dy)forallx,y€X

(iii)  dixxy) =di(x) *y < di(x) *di(y) forall x,y € X
(iv)  ker(dy) = {x € X/di(x) = 0}is a subalgebra of X
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Proof:

(i) For any x € X, we have
di(x) = di(x * 0) = (x = di(0)) A (di(x) = 0)
=(x*0)A(di(x) *0) =xAdi(x) <x

(i) Since di(x) < xfor all x € X, then

di(x) xy < x*y < x * di(y)

(i)  Foranyx,y € X, we have
di(x xy) = (x * di(y)) A (di(x) * y)
= (di(x) *y) * ((di(x) * y) * (x * di(¥)))
= (di(x) xy) % 0
= di(x) xy
< di(x) * di(y)

(iv) Letx,y € ker(dy) = di(x) =0 =di(y)
From (iii), we have di(x *y) < di(x) *di(y) =0+0=0 implying
di(x *y) < 0and so di(x xy) = 0.
Therefore, x x y € ker(d)

Consequently ker(dy) is a subalgebra of X. This completes the proof.

Definition 4.1.16:

Let X be a BCl-algebra and let d;, d; be two self maps of X. Then we

define

die di : X = X by (dio di)(x) = di(d; (x)) for all x € X.
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Example 4.1.17:

Let X = {0, a, b} be a BCl-algebra which is given in example 4.1.4. Let d;
and d;i be two self maps on X as defined in example 4.1.9 (i) and (ii),

respectively.

0 ifx=a,b

Now, define a self map die d; : X — X by (dio di)(x) = {b ifx=0

Then (diody)(x) = di(di(x)) for all x € X.

Proposition 4.1.18:

Let X be a p-semisimple BCl-algebra X and let d; and d; be (I,r) —t —

derivations of X. Then dio d; is also a (I,r) — t — derivation of X.
Proof:

Let X be a p-semisimple BCl-algebra, d; and di are (Lr)—t-—

derivations of X. Then for all x,y € X, we get
(dio de)(x * y) = (de(de) (x * ¥)) = de((de (x) * y) A (x * di (1))
= dy((x * di () * (2 * de () * (de (%) * ¥)))
= di(d{ (x) * y)
= (x* d(de () * ((x * di(di (1)) * (de(di (x) * ¥)))
= (di(di(¥) * ) A (x * di(di(¥)))
= ((dro de)(x) * y) A (x * (dro d)())

« (dio dy)is a (I,7) — t — derivation of X.
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Proposition 4.1.19:

Let X be a p-semisimple BCl-algebra X and let d; and di be (r,)) — t —

derivations of X. Then dio d; is also a (r,1) — t — derivation of X.

Proof: Obvious.

Theorem 4.1.20:

Let X be a p-semisimple BCl-algebra X and let d; and di be t—

derivations of X. Then dyo d; is also a t — derivation of X.

Proof: Obvious by the above two propositions.

Theorem 4.1.21:

Let X be a p-semisimple BCl-algebra X and let d; and di be t—

derivations of X. Then d;o dt’ = dt! o dy .
Proof:

Let X be a p-semisimple BCl-algebra X. let d;and di be t — derivations

of X. Suppose d; is a (I,r) — t — derivation, then for all x,y € X, we have
(dio di)(x *y) = di(di (x *y) = di((di (%) * y) A (x * di (¥)))
= d((x * di () * ((x * de () * (e (%) * D))
= di(d{ (x) * y)
But diis a (r,1) — t — derivation.
di(di (x) * y) = (di () * di()) A (e () * y) = di (%) * du(y)

Hence (d;e dt’) (xxy)= di (x) * di(y) (1)
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Again, if diis a (r,1) — t — derivation, then we have
(die d)(x *y) = di(di(x * y)
= de((x * d(¥)) A (de(x) * ¥)
= di(x * di(¥))
But d; is a (I,7) — t — derivation, then
di (x * di()) = (di () * di(¥)) A (x * (e (d())) = di(x) * de(y)
Hence (di o d)(x *y) = di(x) * dy(y) (2)
By (1) and (2) we have (dio di)(x * y) = (dy o dy)(x * y)
By putting v = 0, we get (dio di)(x) = (di o d))(x), V x € X.

Hence, dio di= d; o di. This completes the proof.

Definition 4.1.22:

Let X be a BCl-algebra and let dy, d; be two self maps of X. Then we

define

dex dy 1 X = X by (dx dy)(x) = di(x) * di (x) for all x € X.

Example 4.1.23:

Let X = {0, a, b} be a BCl-algebra which is given in example 4.1.4. Let d;
and d;i be two self maps on X as defined in example 4.1.9 (i) and (ii),

respectively.

0 ifx=a,b

Now define a self map di d; : X = X by (d* dy)(x) = {b ifx=0

Then (dx dy)(x) = di(x) * di (x) for all x € X.
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Theorem 4.1.24:

Let X be a p-semisimple BCl-algebra and let d;, dt' be t —derivations of
X. Then dt * dt!: dt‘* dt.

Proof:

Let X be a p-semisimple BCl-algebra, d; and dt', t —derivations of X.

Since d; is a (r,1) — t — derivation of X, we have
(dio d)(x x y) = di (di(x * ¥)) = de ((c * de (1) A (de (%) * ¥))
= di(x * di ()
But diis a (I,r) — t — derivation.
o dy(x x di (1)) = () * di () A (x % di(de (1)) = de(x) * di(y)
Hence (dio di)(x *y) = di(x) * di(y) (1)
Again, if d; is a (,r) — t — derivation of X, then for all x,y € X, we have
(dio d)(x *y) = de (di(x * ¥)) = di ((de (x) * YD) A (x * de (1))
= di((x * di (1)) * ((x * d () * (di(x) * y)))
= di(d{ (x) * ¥)
But diis a (r,1) — t — derivation. Therefore
di(di(x) *y) = (di(x) * ) A (di(di () *y) = di(x) * di(y)
Hence (di di)(x * y) = di(x) * di(y) (2)
By (1) and (2) di(x) * di(y) = di(x) * di(y)
By putting y = x, we get di(x) * di (x) = d;(x) * di(x)
(dex dy)(x) = (di* dy)(x) Vx € X

Hence, di* di= di* di. This completes the proof.
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SECTION 4.2:

ON (a, ) —DERIVATIONS IN BCI-ALGEBRAS:

Throughout the section, @ and S denote the Endomorphisms of a BCI-

algebra X.
Definition 4.2.1:

Let X be a BCl-algebra. Then a self map d,f):X — X is called a

(a, B) — derivation of X if it satisfies:

d@,Byx *y) = (d@, B)(x) xa() A (d@, Byy) * B(x)) Vx,y € X

Example 4.2.2:

Consider a BCl-algebra X = {0, a, b} with the following Cayley table:

* 0 a b
0 0 0 b
a a 0 b
b b b 0
(1) Define a map d@,ByX ->X, x+— {b iy xe 0,4} 2nd define two
0if x=b,
endomorphisms
_ 0 if x €{0,a},
@X =X xH{b if x=b,
_ 0 if x € {0, b},
Then d(a, Byis a (a, B) — derivation of X.
(2) Define a map d@,fyX—=X, x+— {c(z) llj]:;ci Elo’ b}, and define two

endomorphisms
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0 if x € {a, b},
b ifx=0,
0 if x €{0,a},
aif x=>n.

a:X - X, xn—>{
B:X - X, xl—>{

Then d(a, fyis a (a, B) — derivation of X.

Lemma 4.2.3:

Let X be a BCl-algebra. For any x,y € X,if x <y,then x and y are

contained in the same branch of X.

Proof: Obvious.

Lemma 4.2.4:

Let X be a BCl-algebra. For any x,y € X, if x and y are contained in the

same branch of X, then x xy,y * x € X+.

Proof: Obvious.

Proposition 4.2.5:

Let X be a commutative BCl-algebra. Then every (a, 8) — derivation

d, pyof X satisfies the following assertion:

(Vx,y €X) (x <y = d@p)(x) < d@ b))

that is, every (a,B) — derivation of X is isotone.

Proof:

Let x,y € X be such that x <y. Since X is commutative, we have

x =xAy. Hence da, B)(x) = da, By(x Ny)
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= (d@, B *xay * x)) A (d@, B)(y * x) * B(¥)) (1)
< (d@, B)y) * a(y * x)).

Since every endomorphism of X is isotone,we have a(x) < a(y). It
follows from Lemma 4.2.3 that 0 = a(x) * a(y) € X+ and a(y) * a(x) € X+ so
that there exists a(# 0) € X+, such that a(y * x) = a(y) * a(x) = a. Hence (1)
implies that d(, B)(x) < d(a, B)(y) * a. Using the properties and conditions of

BCl-algebra, we have
dia, By(x) * dq, By(y) < (d@, BY¥) * @) * da, B)(y)
= (d@, B(y) xd@, py(¥)) * a
=0%a=0,

and so da, B)(x) * d, By(y) = 0,that is, d(a, B)(x) < d(a, B)(¥).

Note:

In example 4.2.2(1), the (@, B) — derivation d(a, f) does not satisfy the
inequality (Vx,y € X) (x <y = da,f)(x) < dw@, B)).

Proposition 4.2.7:

Every (a,pB) — derivationda,f) of a BCl-algebra X satisfies the
following assertion: (Vx € X) (d(a, B)(x) = d@, B)(x) A d@, $)(0)).

Proof:

Let da, By be an(a, B) — derivation of X. Using the properties of BCI-

algebra, we have
d@, B)(x) = d@, B)(x x 0) = (d@, B)(x) xa(0)) A (d@, £)(0) * B(x))
= (d@, B)(x) * 0) A (d(a, B)(0) * B (x))
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= da, B)(x) A (da, B)(0) * B(x))

= (d@ B)(0) * B(x)) * ((d@, B)(0) * B(x)) * d(a,B)(x))

= (d@, B)(0) * B(x)) * ((d@, B)(0) * d(a, B)(x)) * B(x))

< d@, B)(0) * (d@, By(0) * da, B)(x))

= d, B)(x) A da, B)(0) (1)
Obviously, da, B)(x) A deat, By(0) < dea, By(x) )

By (1) and (2) da, £)(x) = d(@, B)(x) A da, B)(0).

Theorem 4.2.8:

Let da, f) be a (a, ) — derivation on a BCl-algebra X. Then

(i) dla*x) =d(a) xa(x),foralla € Ly(X),x € X
(i) d(a+x) =d(a)+ ax),foralla € Ly(X),x € X
(i) d(a+b) =d(a)+ a(b), foralla,b € Ly(X)

Proof:
(i) For any a € Ly(X), we have a *x € Ly(X) for all x € X. Thus d(a *

x) = (d(a) * a(x)) A (d(x) * f(a)) = d(a) * a(x).

(i) For any a € Ly(X) and x € X, it follows from (i) that
dla+x)=ax* (a*(O*x)) =d(a) * a(0*x)

= d(@) * (a(0) * () = d(@) * (0 * a(x))
=d(a) + a(x)

(i) Proof follows directly from (ii).
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Definition 4.2.9:

Let X be a BCl-algebra and d«, B), d’(a,ﬁ) be two self maps of X, we
define dia, Bye d @, By:X — X by (d@, By d @, B))(x) = d, B)(d @, B(x)) for all
x € X.

Theorem 4.2.10:

Let X be a p-semisimple BCl-algebra. If da,B)and d ,B) are two
(a,B) — derivations on X such that a’= a. Then d, By d @, pB)is a (a,B) —

derivation on X.
Proof:
Forany x,y € X,

(d@, By d @ By (x * y) = diat, B(d @, B)(x * ¥))
= d@ B)((d @ B)(x) * a()) A (d @ BY) * B()))
= d@, By(d @ B)(x) * a())
= (d@ By(d @ B())* a(@())) A (d@, By (@) * B(d @ B)(x)))
= d@, Byd @ B () * a(y)
= (d@, B)(d @ B)Y) * B(x)) * (dia, B(d @ B)¥) * B(x))

« (d@, B(d @ B(x) * a(¥))

= (d@,B(d @ B))) * a()) A (d@ By(d @ B3 * B(x)))
= ((d@ B d@ B)(@) * a()) A ((d@, By d (@ B * B(x))

This completes the proof.

94



Theorem 4.2.11:

Let a,f be two endomorphisms and d, ) be a self map on a p-
semisimple BCl-algebra X such that d(a, f)(x) = a(x) for all x € X. Then da, )

is a (a, B) — derivation on X.
Proof:

Let us take da, B)(x) = a(x) for all x € X. Since x,y € X =>x*+y € X.

Using the properties of BCl-algebra, we have
da,f(x xy) = alxxy) = a(x) xa(y) = d@a, B)(x) * a(y)
= (d@, B») * B(x)) * ((d(@, B\ * B(x)) * (d(@, B)(x) * a(y)))
= (d@, B)(x) * a(y)) A (d@, B)(Y) * B(x))

This completes the proof.

Definition 4.2.12:

A (a,p) — derivation da, By of a BCl-algebra X is said to be regular if
d(a,,B)(O) = 0.

Example 4.2.13:

(1) The (a, B) — derivation d(a, fyof X in example 4.2.2(1) is not regular.

(2) The (a, B) — derivation d(, fyof X in example 4.2.2(2) is regular.

The next theorem provides a condition for a (a, ) — derivation d, f) to be

regular.
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Theorem 4.2.14:

Let d(a, By be a (a,B) — derivation of a BCl-algebra X. If there exists
a € X such that da, f)(x) * a(a) = 0for all x € X, then da, B)is regular.

Proof:

Assume that there exists a € X such that da, B)(x) * a(a) = 0 for all
x € X. Then

0 = d@,p)(x *a) xa = ((d@ B)(x) * a(a)) A (d@, B)(@) * f(x))) *a
= (0A(dapy@) «p)ra=0xa

and so d(, $)(0) = d@, $)(0 x a) = (d@, B)(0) * a(a)) A (d@, By(a) * B(0)) = 0.
Hence d(a, £ is regular.

Definition 4.2.15:

For a (a, B) — derivation d(a, §)of a BCl-algebra X, we say that an ideal
Aof X isaa — ideal(resp. B — ideal) if a(A) € A(resp.B(A) € A).

Definition 4.2.16:

For a (a, B) — derivation d(a, B)of a BCl-algebra X, we say that an ideal

A of X is d(a, fy—invariant if da, f)(a) € A.

Example 4.2.17:

(i) Let d@a, By be a (a,B) —derivation of X which is described in
Example 4.2.2(1). We know that A := {0, a} is both a « — ideal and a
B —ideal of X. But A:={0,a} is an ideal of X which is not

d, py—invariant.

96



(i) Let d@,p) be a (a,f)— derivation of X which is described in
Example 4.2.2(2). We know that 4 := {0, a} is both a § — ideal and a

d, fy—invariant ideal of X. But A := {0,a} is not a a — ideal of X.

Next we prove some results on regular (a, ) — derivation in a BCl-algebra.

Theorem 4.2.18:

Let d(a, B)be a regular (a, ) — derivation of a BCl-algebra X. Then

(i) a € Ly(X)= da,pf)a) € Ly(X), forallae X

(i) a € Ly(X) = a(a),B(a) € Lp(X), foralla e X

(i)  d@, By(a) = d@, f)(0) + ala), forall a € Ly(X)

(iv) d@ Byla+b)=da,pya)+da,p)(b) —da,pB)0), foralla,b €
Lo(X)

Proof:

(i) Let d@a,B) be a regular (a,fB) — derivation, that is, da,)(0) = 0.

Then the proof follows from proposition 4.2.7

(i) Let a € Lp(X). Then a=0%(0+a), and so a(a) = a(O * (0 * a)) =
0= (O * a(a)). Thus a(a) € Ly(X). Similarly, f(a) € Lp(X).

(iii)  Leta € Lp(X). Using (ii) and the properties of BCl-algebra, we have
d, fy(a) = d, B)(0 * (0 * a))
= (d@ B)(0) * a0 * @) A (d@, B)(0 * @) * B(0))
= (d@, B)(0) * a(0 * a)) A (d@, B)(0 * a) = 0)
= (d@, B)(0) * a(0 * a)) Ad, B)(0 * a)
= dia, B)(0 * @) * (d@ B)(0 * @) * (d@ By(0) * a(0 * a)))
= d@,f)(0) * a(0*a)
= d, B)(0) * (0* a(a)) = d@, B)(0) + a(a)
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(iv) Leta,b € Ly(X). Thena+ b € Ly(X). Using (iii), we have
da,fy(a+b) = dua, B)(0) + ala + b)
= d@, B)(0) + a(a) + d@, B)(0) + a(b) —d, B(0)
= d, B)(a) + d@, By(b) — d, B(0)

This completes the proof.

Theorem 4.2.19:

Let X be a torsion free BCl-algebra and d(«,B) be a regular (a,p) —
derivation on X such that ao d,By=dw@,B). If d%a, B)=0 on Ly(X),then
d(a,ﬂ)= 0Oon Lp(X).

Proof:

Let us suppose da, By= 0 on Ly(X). If x € Ly(X), then x + x € Ly(X) and

so by using Theorem 4.2.18(jii) and (iv), we have
0= d’a,B)(x +x) = da,B)( da,B)x + x))
= d@a, 3y(0) + a(d@, B)(x + x))
= d@, B)(0) + d@, By(x + x)
= d@a, B)(0) + d@, B)x) + d@, By(x) — da, B)(0)
= d@, B)(x) + d@, B)(x)

Since X is torsion free. Therefore, da, )(x) = 0 for all x € X implying thereby

dw@, By= 0. This completes the proof.

Theorem 4.2.20:

Let X be a torsion free BCl-algebra and da, ) d @, f) be two regular
(a, B) — derivation on X such that a o d @, )= d @, B) If da,B)° d @, By= 0on
Ly(X), then d @, By= 0 on Ly(X).
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Proof:

Let us suppose d@a, By d@,By=0 on Ly(X). If x € Ly(X),then x +x €
Lp(X) and so by using Theorem 4.2.18(i) and (ii), we have

0= (d@ByodwB)x+x)= daB(dapBx+x))
= da, B)(0) + a(d’(a,ﬂ)(x + x))

d(a,,B)(O) + d!(a,ﬁ)(x + x)

da, B)(0) + (d @, By(x) + d @, By(x) — d @, B)(0))

(d@ B)(0) = d @ By(0)) + (d @ B(x) + d @, B)(x)

= ((d@, B)(0) * d (@, B(0))) + (d @ B)(x) + d @, By(x))
= (d@B)(0) * (0 d @ By(0)) + (d @ B)(x) + d @ B)(x)
= (d@, B)(0) + d @, £)(0)) + (d @ By(x) + d (@, B)(x))

= (d@, B)(0) + ad @, £)(0)) + (d @, B(x) + d (@, B)(x))

= da, B(d @ B)(0)) + ([d@B)(x) + d@ Byx)

= (d@ By d @ B))(0) + (d @ B)(x) + d @, B)(x))

=d @, B)x) + d @, B)x)

Since X is torsion free. Therefore d (@, y(x) = 0 for all x € X and so d (@, )= 0.

This completes the proof.

Proposition 4.2.21:

Let d,Bybe a regular (a,pB) — derivation of a BCl-algebra X. If
d%a, fy= 0 on Lo(X), then (a o da, £ (x) = (5) ((a ° dt, ) (0) — da, §(0)) for
all x € Ly(X).
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Proof:

Assume that dz(a,ﬂ)= 0on Ly(X). If x € Lp(X),then x + x € L,(X) and so
by using Theorem 4.2.18(iii) and (iv), we have

0= d’a,B)(x +x) = da,B)(da,B)(x +x))
=d@, f)(0) + a(d@, B)(x + x))
= d(a,ﬁ)(O) + a(d(a,ﬁ)(x) + d(a,ﬁ)(x) — d(a,ﬁ)(O))

= d(a,,B)(O) + Za(d(a,ﬁ)(x)) - a(d(a,ﬁ)(O))

Hence (a°d@ f)() = (3) (@ da B)(0) - da f)©0)) for all xe

Lo(X). This completes the proof.

Proposition 4.2.22:

Let d@,B) and d@,B) be two regular (a,B) — derivations of a BCI-
algebra X. If da,Bed@B=00n Ly(X),then (aod @, B)(x)= G) ((ao
d’(a,ﬁ))(O) - d(a,ﬁ)(O)) for all x € Lp(X).

Proof:

Let x € Ly(X). Then x +x € Ly(X),and so da,B(x +x) € Lpy(X) by
Theorem 4.2.18(i). It follows from the theorem 4.2.18(iii) and (iv) that

0 = (d@,Byod@B)(x +x) = daBy(d @ B)(x +x))
= da, £)(0) + a(d @, By(x + x))
= d@, B)(0) + a(d @, By(x) + d @, B)(x) — d @, $)(0))
= d, £)(0) + 2a(d @, B)(x)) — a(d @, §)(0))

This implies (a©d'@,f)() = (3) (@ > d'@ f)(0) — d@,f(0)) for all x€
Lo(X). Hence the proof.
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SUMMARY AND CONCLUSION

The notion of BCK-algebra was proposed by Imai and Iseki in 1966
[14]. In the same year, Iseki introduced the notion of BCl-algebra [15], which
is a generalization of a BCK-algebra. The notion of derivation in ring theory
plays a significant role in analysis, algebraic geometry and algebra. In the
year 2004 [18], Jun and Xin have applied the notion of derivation in BCI-
algebra which is defined in a way similar to the notion of derivation in rings
and near-rings theory which was introduced by Posner in 1957 [30]. In this
thesis some interesting results on derivations of BCl-algebras are discussed

in different aspects.

In the first chapter, preliminary definitions and results on BCI/BCK-
algebra are collected. The notion of left-right (resp. right-left) derivation of
BCl-algebras and some related properties are studied. Also,
characterizations of a p-semisimple BCl-algebra are studied by using the idea

of regular derivation.

In chapter 2, the notion of left-right (resp. right-left) f —derivation of a
BCl-algebra and some related properties are studied. The notion of left
derivation of a BCl-algebra and some related properties are studied. A

condition for left derivation to be regular is also discussed.

In chapter 3, the concepts of generalized derivations, symmetric Bi-

derivations of BCl-algebras and their properties are discussed.
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In chapter 4, the concepts of t —derivations and («, 8) —derivations of
BCl-algebra are studied. The notion of t —derivations of a BCl-algebra and
related properties are discussed. Moreover, some results on t —derivations
in a p-semisimple BCl-algebra are discussed. The notion of (regular)
(a, B) —derivations of a BCl-algebra X and some related properties are
discussed. The concepts of a da,f)—invariant (a,f) — derivation and
a — ideal are studied and their relations are discussed. Finally, some results

on regular (a, ) — derivations are obtained.

We hope that these results can be extended to various algebras and

fuzzy BCl-algebras for further research.

102



BIBLIOGRAPHY

[11 H. A. S. Abujabal and N. O. Al-Shehri, Some results on derivations of
BCl-algebras, The Journal of Natural Sciences and Mathematics, Vol. 46,
no. 1-2, pp. 13-19, 2006.

[2] H. A. S. Abujabal and N. O. Al-Shehri, On left Derivations of BCI-
algebras, Soochow Journal of Mathematics, Vol. 33, no. 3, pp. 435-444,
2007.

[8] N. O. Al-Shehri, Derivations of B-algebras, Journal of King Abdulaziz
University, vol. 22, no. 1, pp. 71-83, 2010.

[4] N. O. AI-Shehri, Derivations of MV-Algebras, Hindawi Publishing
Corporation, International Journal of Mathematics and Mathematical
Sciences, Volume 2010, Article ID 312027, 7 pages.

[5] M. Aslam, A.B. Thaheem, A note on p-semisimple BCl-algebras, Math.
Japon. 36 (1) (1991) 39-45.

[6] M. Bresar and J. Vukman, On Left Derivations and Related Mappings,
Proc. Amer. Math. Soc., 100(1990), 7-16.

[71 Ceven, Y., Symmetric bi-derivation of Ilattices, Quaestiones
Mathematicae 32(2009), 241-245.

[8] Chanwit Prabpayak and Utsanee Leerawat, On Derivations of BCC-
algebras, kasetsart J. (Nat. Sci.) 43: 398-401 (2009).

[9] M.A. Chaudhry, Branchwise commutative BCl-algebras, Math. Japon. 37
(1) (1993) 163-170.

[10] W. A. Deudeck, On BCl-algebras with Condition(s), Math. Japonica,
31(1), 1986, 26-29.

[11] Q.P. Hu and K. Iseki, On BCl-algebras satisfying (x * y)* z = x * (y *
z),Kobe University. Mathematics Seminar Notes, vol. 8, no. 3, pp. 553-555,
1980.

[12] C. S. Hoo, BCl-algebras with Condition(s), Math. Japonica, 32(5),
(1987), 749-756.

[13] S. llbira, A. Firat and Y. B. Jun, On Symmetric Bi-Derivations of BCI-
algebras, Applied Mathematical Sciences, Vol. 5, no. 57-60, pp.. 2957-
2966, 2011.

103



[14] Y. Imai and K. Iseki, On Axiom systems off Propositional Calculi. XIV,
Proceedings of the Japan Academy, Vol. 42, pp. 19-22, 1966.

[15] K. Iseki, An algebra related with a propositional calculus, proceedings of
the Japan Academy, vol. 42,pp. 26-29,1966.

[16] K. Iseki, On BCl-algebras, Kobe university. Mathematics Seminar Notes,
vol. 8, no. 1,pp. 125-130, 1980.

[17] Y.B. Jun, E.H. Roh, On the BCI-G part of BCl-algebras, Math. Japon. 38
(4) (1993) 697-702.

[18] Y.B. Jun and X.L. Xin, On Derivations of BCl-algebras, Information
Sciences, Vol. 159, no. 3-4, pp. 167-176, 2004.

[19] Janus Thomys, f —derivations of Weak BCC-Algebras, International
Journal of Algebra, Vol. 5, 2011, no. 7, 325-334.

[20] Kyoo-Hong Park, Jordan Higher Left Derivations And Commutativity in
Prime Rings, Journal of the Chungcheong Mathematical Society, Volume
23, No.4, December 2010.

[21] T.D. Lei, C.C. Xi, p —Radical in BCI- algebras, Math. Japon. 30 (4)
(1985) 511-517.

[22] Mehmet Ali Ozturk, Young Bae Jun, On Trace of Symmetric Bi-
Derivations In Near-Rings, International Journal of Pure and Applied
Mathematics, Volume 17, No. 1, 2004, 93-100.

[23] D.J. Meng, BCl-algebras and abelian groups, Math. Japon. 32 (5) (1987)
693-696.

[24] J.Meng, Y.B. Jun, E.H. Roh, BCl-algebras of order 6, Math. Japon. 47
(1) (1998) 33-43.

[25] J. Meng, X.I. Xin, Commutative BCl-algebras, Math. Japon. 37 (1992)
569 — 572.

[26] A. Nakajima and M. Sapanci, Left Derivations on Skew Polynomial
Rings, Bull. Greek Math. Soc., 36(1991), 113-119.

[27] Oznur Golbasi, On Generalized Derivations of Prime Rings, Hacettepe
Journal of Mathematics and Statistics, Volume 35(2) (2006), 173-180.

[28] M.A. Ozturk and Y. Ceven, Derivations on subtraction algebras, Korean

Mathematical Society. Communications, vol. 24, no. 4,pp. 509-515, 2009.

104



[29] M.A. Ozturk, Y. Ceven and Y. B. Jun, Generalized Derivations of BCI-
algebras, Honam Mathematical Journal, Vol. 31, no. 4, pp. 601-609, 2009.
[30] E. C. Posner, Derivations in prime rings, Proceedings of the American

Mathematical Society, vol. 8, pp. 1093 — 1100 (1957).

[31] Sang Moon Lee, Kyung Ho Kim, A Note on f —Derivations of BCC-
Algebras, Pure Mathematical Sciences, Vol. 1, 2012, no.2, 87-93.

[32] Shiliang Huang, On Generalized Derivations of Prime and Semiprime
Rings, Taiwanese Journal of Mathematics, Vol. 16, No. 2, pp. 771-776, April
2012.

[33] Wu Jing and Shiljie Lu, Generalized Jordan Derivations On Prime Rings
and Standard Operator Algebras, Taiwanese Journal of Mathematics, Vol.
7, No. 4, pp. 605-613, December 2003.

[34] Xiao-Wei and Hong-Ying Zhang, A Note On Generalized Left
(8, @) —Derivations in Prime Rings, Hacettepe Journal of Mathematics and
Statistics Volume 40(4) (2011), 523-529.

[35] Xiaowei Xu, Chuijia wang, and Xiaofei Yi, Generalized Skew Left
Derivations Characterized By Acting on Zero Products, International Journal
of Algebra, Vol. 6, 2012, no. 18, 881-884.

[36] X.L. Xin, E.H. Roh, J.C. Li, Some results on the BCI-G parts of BCI-
algebras, Far East J. Math. Sci. Special Volume (part 111) (1997) 363-370.

[37] J. Zhan and Y. L. Liu, On f —Derivations of BCl-algebras, International
Journal of Mathematics and Mathematical Sciences, n0.11, pp. 1675-1684,
2005.

[38] Q. Zhang, Some other characterizations of p - semisimple BCl-algebras,
Math. Japon. 36 (5) (1991) 815-817.

105



