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[ffcrracr.'This paper analyses a repairable batch arrival queueing model with a second multi optional service(SOS)
channels under (m,N) policy in which the server takes restricted number of multiple vacations during his idle period.The
server leaves the system for vacation as soon as the system empties and after returning from each vacation if the server
finds ‘m’ or more customers in the system then he immediately starts the setup work. Othersvise he repeats his vacation
until he finally finds at least ‘m’ customers or, returns to the system after taking ‘L’ vacations.ie At the end of L™ vacation
if the serv'er finds less than ‘m’ customers, he joins the system and stays idle until the queue length reaches at Ipast ‘m’ "o
start the setup work. At the end of the setup period, if the queue length is greater than or equal to N, then the setwer begins
to serve the customers one at a tinic.Othervvise, the server remains dormant in the system, waiting for the queue length to
reach atleast N, to start the service. The server may undergo unpredictable breakdowns during the service apd sent for
repair iinmcdiately.As soon as the repair is completed, the server returns to the customer whose service was interrupted.
The system size distribution at random epochs and mean system length are calculated and the corresponding”results for
the classical single and multiple vacation models are obtained as special cases.

/feinvm/5:(m,N) policy, Batch arrival, Second multi optional Service, Restricted Vacation. |

| INTRODUCTION problems arising in production inventory system, in
telephone switching system and in quality control
problems. The study of the N policy M/G/1 queueing
system was first analysed by Heyman [2] and was
developed by several researciiers such as Wang and
Ke[3], Bell [4], Teghem[5]. Lee and Park [6]
modeled a production system(M /G/1 ) anci analysed
the N-policy with edHy setup. This early setup policy
is termed as (m,N)-policy which is more general than
the single threshold (N, N)-policy.Lee et al. [7]
extended the bilevel control policy to a batch arrival
queueing system /' M [ | and obtaiiied queue
length and waiting time distribution for the

In cfassical single server queueing models an idle
.server will start the service as soon as a customer
enters to the empty system. But in many situations it
is important to decide when the server should start his
service as, frequent setup inevitaljly make the
operating co.st too high. The N policy introduced by
Yadin and Naor[l] is the most general control policy
in which the server does not start his service until
there are N customers in the queue. This minimizes
server switch overs and avoids excessive frequent use
of setups. The N policy of queues has been widely
used to provide stochastic modelling of many
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model.Lee ct ai.[8] analyzed a batch arrival systems

/ G/ 1 under bilevel threshold with early setup
and with/ without server vacation.Later ,I.C.Ke[9]
investigated the (m.N) policy for an unreliable
server.In recent years,queues due to server vacations
have emerged as an important area of queueing
theory and have been studied exhau.stiveiy and
successftjlly, in various applications. At present, most
of the .studies are developed for batch.arrival vacation
models under various vacation policies. Kect al.[l0]
studied the operating characteristics of an M/G/1
queueing system with a randomized control policy
and at mo.st 1vacations.Queueing models with server
breakdowns are more realistic representation of
systems.The server may undergo unpredictable
breakdowns during the service and,sent for repair
immediately.As soon as the repair is completed, the
server returns to the customer whose service was
interrupted. Discussing queueing systems with N
policy and server breakdowns,Wang[l 1] first
proposed Markovian queueing system under N policy
and server breakdowns and derived analytical steady-
state solutions of the N policy M/M/1 queue.Wang
and Ke[12]analysed the control policy for M/G/1
queueing system with an unreliable server.Tlie N
policy Markovian system with finite capacity and a
non-reliable server was proposed by Wang and
Hisch[ 13].Recently Ke,Huang,Peam[14] has studied
randomized policy of a Poisson input queue with J
vacations and then  Huang,Pearn[15]analysed
performance measures and randomized optimization
of unreliable server m V G/1vacation system.

In classical single vaction (m,N) policy
gueueing models, the server after returning from the
vacation, joins the system even if the required number
of customers are not present.The server stays idle in
the system after returning from vacation until atleast
'm’ customers accumulate.In multiple vacation (m,N)
policy queueing models the server takes repeated
unlimited number of vacations until the queue length
becomes atleast hti’. In the present paper a modified
multiple vacation policy, where, the server takes

atmost L vacations repeatedly until atleast ‘m
customers accumulate for services is considered. The
model of the pre.sent paper is a generalization of the
classical single and multiple vacation queueing
models w'ith multi Second Optional

Services,breakdown.setup and dormant period.

The steady state system s*ize probability
distributions of the model are obtained and the result?
of the classical single and multiple vacation models
are obtained as special case of the model of the
pre.sent paper.

n MATHEMATICAL ANALYSIS

OF THE SYSTEM
Model Description:
Arrival Pattern:

Consider an MV G/l queueing system where
the arrivals occur in batches according to a compgpnd
Poisson process with random batch size X, group

arrival rate ™ (Gross and Harris [16]) Airiving

customers form asingle waiting line and the service is

done one by one.
Idle Period and Vacation Policy:
As .soon as the system empties, the server is
turned off and leaves the system for vacation of
random length V. After returning from the vacation,if
the server finds ‘m’ or more customers in the
system,then he immediately starts a setup operation of
random length D.Otherwise he repeats his vacation
until he finds at least ‘mxustomers or returns to the
system after taking ‘L’ vacations which ever occurs
earlier.At the end of L™ vacation if the server finds
less than’m’ customers he joins the system and stays
idle until the queue length reaches at least ‘m’.The
server can go for vacation again only after completing
a subsequent completion period(sum of busy land
repair periodj.The period during which the server
remains idle in the system before startirijg the setup
work is called buildup period.At the end o f the setup
operation,if the queue length is » A/,then the server
begins to serve the customers one by one
e™austively.Otherwise,the server remains dormant in
the system waiting for the queue length to reach or
exceed N.Thus the sum of buildup period,6etup period
dormant period and vacation period will constitute the
idle period.
Busy Period:

During busy period, the servp provides
single First Essential Service(FES) to all the arriving
customers in the*first phase and '‘multi-optional”
services in the second phase for selected customers.
The multi-optionaj service consists of ‘c’types of
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heterogeneous services. As soon as the FES s

completed.with probability r(l</<c), the
cu.stoiners may either opt for a second service from c¢

(c> i) kinds of different services or else with

C
probability I-r(r-”™ /'). may leave the .system.
=

Breakdown Period

The server may breakdown at any time
while .serving customers. It is assumed that the
server's life times follow exponential distribution
with meantl/a) in FES and the server fails at an
exponential rate U (I <i <c) in second multi optional
services. Whenever the breakdowns occur, the server
is sent for repair immediately. The customer just
being served before server breaks down, waits for the
.server to return from the repair facility. Immediately
after the server is fixed, he starts to serve the
customer who is waiting in the service facility to
complete the remaining service.lt is assumed that the
service time for a customer is cumulative and after
repair the server is considered as good as new.

The busy period and repair period constitute
acompleltion period. The idle period and completion
period ,will determine a cycle. The customers
continue to arrive and Join the system independent of
the system states, following the compound Poisson
process.Various stochastic processes involved in the
queueing system are a.ssumed to be independent to
fhe denoted by

other. .system s

I\/

each

Breakdown

Notation

.The following notations are used to discu.ss the model.

N (t) : The system size at time t
A : Group arrival rate

X . Group size random variable
ok Pr(X =k), k= 1,2, 3, ...

Avacation, buildup state, setupstate,

glp :i-fold convolution of {gn}with itself
n-l I
bk . (© cC
=il N
" i=I to c can similarly be defined.
X(z) : Probability generating function of X.

Y(t) = 10,1,2,3,4,5,6,7} according as the system is in
busywith FES ,
busy with SOS, repair mode in FES andrepair mode in
SO§ state respectively.

The vacation time (V),setup time (D),serviee times
(S,Sj) and repair times(R,Ri) i=1 to ¢ follow general
distributions and are assumed to be mutually
independent of each other.

The notations of Random Variables (RV), Cum(jlative

Distribution Functions (CDF),

Function (PDF),

Probability Density

Laplace-StieltJesTransform (LST)

and its k* moments ofthe RVs are listed below

1
RV k"'moin
CDF PDF Lst 1
° ents
Vacation V¥ 0
Vi V(X ECV’

Time x) V(¥ (0) )
Setup
) D D(x) d(x) D*(0) L(D*
time
FES S S(x) s(x) S”0)  EGsMYT
SOS E(sh,

S, S,(x)  s(X) s *(e)

I<i<c

Repair 1
timein R Ry ry) rRHei) ER?Y
FES
Repair e(rE
timein R R() nrl) Rtnei) i“Ito
sos '
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Let V“(t).D"(t). .S"(t), S, (t),(i=l to c¢),R (t)and
0

R] (t) ,(i=l to c)

time.setuptime.FEStime.SOS time, repair time due to

FES and repair time due to SOS)respectively at time

t.Then the State space{N(t),5(t)j,where

iS()=(v"(t),0.D"ft).0.S"(t),.S™(/),i** (/),R“(O

denote the remaining vacation

faccording as Y(t)= 0 to 7 respectively defines a
bivariate Markov proees.s.

Thiis/-A,,(/).-=Pf(.*(0 = /7,y (0 -i),

Jd<n <m- land -U,,(t)=Pv(N{t) = —3)
.(m<n<N-I) respectively denote the probability that
at time f the server is in buildup and dormant states,

and there are n customers in the system.

[et Z(t)=j(J=I.2...L,) denote that the server is on j"’
vacation at time t counting from the idle period
initiation point.

a,, tdt="prrv( = < V\t) <x +dt,

y(0 =0,2(0 =7,,/>1),«>0

the Joint probability that at time t, there are n
customers in the system, the server is in the "
vacation and the remaining vacation time of the

server is between x and x + dt.

D, {x,t)dt t Pr(/Y(r) =n,x< D\t) <x +dt,¥(1) =2)
is the joint probability that at time t, there are n
customers in the system, and the remaining setup of
the server is between x and x + dt where n>m .

P,(x,t)dt = Pr(Af(7) =n,x < S\t) < x +dt,Y(t) =4)

is the joint probability thak at time t, there are n
customers in the system, the server is busy in FES
with remaining service time between x and x -r dt,
n>|.

P,,(x,1)dl = Pr(/v(0 An,x< Sf(t) <x +dt,Y(t)
is the joint probability that at time t, there are n

customers in the system, the server is busy and a
customer being .served is i"'(second optional service)

5)

channel with remaining service time between x and x

+dt,n>land I < i< ¢

B,,ixj,t)dl A =y, <R\t) <y+dI,Y{l) =6)

[BIX,y,t)di =Pr(.V(0=«,5;(f)=;c,y <;-+t/(,I'W =7))
is the joint probability that at time t,’ there are n
customers in the system, the remaining repair time due
to FES (due to SOS) for the customer under service is
equal to x, and the server is being repa*ired with the
remaining repair time between y andy + dt, n> 1
andl <i<c

Further Q,(0), D,(0), P,(0),P,.,(0) and B,.i(x, 0), i = I,
2 denote the probability that there are n customers in
the system at the termination of vackion period, setup
period, and the corresponding service time and repair
time respectively.

Sy.stem size Di.stribution at Random Epoch

Following the argument of Cox [17] and
observing the changes of states during the interval
(t,t+At) for any time tthe steady state equations are
given by '
Vacation State
-d

dx

001W = ~720,iW + ~(O)v(x), where

P(0) =P ,(0)(l-r) + X /'M(0)
A

i P1(X) =-"Q0j (x) + QoJ-1(0)v(x)

d
' 2<j<L
ax A ) = (x) + . (x)gi
n>1
w 0= (@) + Q.H (Ov(x) + (ic)g*
\<n<m —\ /.g<ji<L
dx Q.j (X) = (X)+ 117 a,-*, (X)g;

n>m and 2<j<L

Buildup State

N"o.o=a,l.(0)



1

- Busy with i‘type of SOS
=a.l.(0) + /iJ\A PnkoSk 15:i<w- 1
\ X +a)l;, )+l {0stx) + ,(x0)

Setup state ax
~D,,\X) =—-AD,,(.v)+,(0)t/(,v) +7 -d
dx \ ' i
«> 2 1</<c
-c/
TA, (") ~ + Ai-* Breakdown during FES
dx = =
Ty A Y= AR {Xy) + aP, {x)r{y)
AacemH y
Pormant s A (6Y) = XBL(xy) +R.03NY) +X[A A (6Y)g
— y
XU,,, =DJO) n>2

-m

XU,, =D, (0) + XYAU g, m+\<n<N-\ Breakdown during i”*type of SOS

M, (X, y) = -XB,t(x,y) + A/(X)n(y)

Busy with FES dy
_ nl
PMX) =-(2 +a)/;(x) + (I-/-)A (0).s(x) A, Y)=-A5,Y) taA (X0 N Z AR >,
dx A’ M
M> 2
+ " P_ (OXsCx)+ A (x,0) The LST ofthe steady-state equations w.r.to x, lead to

/=1

0Q"-A())' a., (0):/\Q”’{O)_ p {W ' IO)

LA =-(X +a)P{x) + (1- 1/, (05
X

(1)
A O (A - 20,70)= (™ - a.,-, (0)j"i.e)
k= 2<j<L )

+z;:Q,,.,(o M x).+B,{X,0) 2<n<N -\ 0QNUP) - a., (O = Afi,:(<9) - lefleA';ie)g'

A n>1 3)
A(x) =-{X +a)P,,(v)+ @- NA,] (0>(x)
tA dQ,,,;{g)- a,,(O):Aa,;(") - Q,,,'my\e)
’ o A EEA X AL (0)y () - X*Q\-k.j{e)gi, \<sn<m-\ 2fj<I~
* *=j

nni
+A,(-V.O + /A, (OAX) + A W I 4)

*=,,—A/+|

] iYL A
N> N a,,(0) =XQjie) - X~Q\,.kA9)g,

n>man<i2<j<L | (5)

~ @=a.l. (O (6)
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k=\

™

dDIi0) - DJO) =W: {9)- 1 a,, m\9)
/-1

- m:)’{0)"p,,,_, ogk (5

®:{5)- 0,0 =X0{9)- X a, OO (0)- a2 D',ki0)g,
H

n>m +\

-W {0
{ )kzn-mv\ (9)

(10

n~m

W,,=D.,.{") + xY"U,,_,0,
&

m+\<n<N-\
(1

0P;{6)- (0) = (A+2a)P;(0)- (- NP, (0)5'(0))

9P:{9)-PM ={X+a)P:X9)-{\-r)P,,~,m\9)

~Xj*"Pi,(9)g,-B:{9,0)
k2

l<n<N-\ (13)

9?:{6) - B,(0) = (r1+c)P:{9)- (1- NPAms" {6)

- xYPi{0)g,

- B05"(0)- B3(0,0)-A ()
A

n>N (14)

0P;m)-PI{O)fU +amu{0)-rmS:{O)-B'u{e,0)
[ (15)

C (")-~m|lo)=1iA+a,)p:/e)-r,p,,i0)s;ie)

-AIAPU . (f)gk-B:,(9,0)

k=\

\<i<c n>2 (16)

-~B:(0,y)*-AB;(0,y)+aP;(0y(y) (17)
oy |

/ij B: (0,y) =-W: (9,y) +a.K {Dr{y) + A7'I£bl , {9,:

n>2 (18)

dy B\,.{9, y) =-AB’,(9,y) +a”., (9)n (v)

19)

~ B0y =-AB,.{9y)+a”™, Or, (")

9y
+Af*"B:_,,(0,y)g, n>2 (20)

Taking the LST w.r.toy , (17) to (20), imply i

0,b;"id,9,)- b;(~,0)=abp id, d,)
-aP;i9)R"\0)) (?1)

d,B::\9,9y B,{9i9= aP',,m"\9))
n-\

-AYB'Z(>9,9"gkn>1 (22)
Al ®

dXUdA)-BI{0,k)) =

-a,P; {9)R;\9,) ill>)

ANB:IXX9A)gk

A=l

n>2"M\<i<c | 124)
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Pro lability Generating I-'unctions:

The partial PGFs ofthe number ofcustomer.s Emz0) = wA) K @)- D) - (r@wi2)]
in he system, are defined to analyse the model. 28)
m-1| N-\
- U(z)-"TU2" _P{O)ZS (f (w,@)-Dw.@).'r>(2)]
e, P (zfi)
1¥6) I (29)
Q"iz,0) ='1Q.,,J(y)z" \<J<lL P{z,Q)= n
P(0)/-z5'(/t,(w,(--)))Ar (--)w (1) (5; /i, (W,(2)))-1)
D*(2,0) - X D;{9)z" D(z,0)- X D,(0)z" ha{wA)){: - fP
fi=H A n=m . (30)
[3 _'f)Ll
P\z,9) =% P:{6)z" P{z,0)=d (O)z" B (0,0 - 27 (@0 (?TK@)) o))
n=i . fisx W x (M)
AN , I-/1g ;" N
5:%(2,0,0) ~ a (z,0)(1-/g;"(w "~ (2))
W (z) (32)
B'{zAfi)-'zB:{e,0)z"
A\ (I<i<c)
where
p:{z,0)=ﬁ:—|k. "("’0)=_%
“ denotes the probability that n customers
© airive during vacation time V,and giv*n by
B:'iz,0,0,)-Y.B'UAAA" ®n (1
. 0i=0
B'(z,0,0 =~ 5'(6,0)z",i=l toe
"NV\w A {z)-) ‘"here
>=0
By solving the system of ecfuations, the partial ANN) = A(I-~ (M) (Grossand  Harris,
probability generating functions of the system size [16])., :
probabilities at arbitrai7 epoch when the server is in (0.1
different states are obtained through some algebraic _
manipulations and are listed below. (b) -
0%(z,0) =X e ;' (~0)= and
/=
AP alaon <n<em-n
vV~ (z). (25) M (l-ao)
(0.2)
1',(z)-P (0)ill(z) (26)

(/(2) - P{Q)A\z) @



©

(d)

(e)

()

()

(h)

0)

i/(z) =~
MO A
IA- = An<m-\)
(0.3)
rtf, =1 and”,=Z"'.-*"A
(0.4)

Ne(z) =X A~ A

ti'=z Z
r-w A0

the probability that k customers arrive

during setup period and

«,-*A
Mm1 g ke
(0.5)
ha {w\z)) = WN2) + a (1-i?2*'(w,(2))
056
K, ()= T2+« (>- K'iI"'W.(2))
0.7)

ml-F -(w,(2))
C (r) =D*v.,(2)) -
vt;,(2)

+il/{z)D'{w"{z)) + (j)"\z)

w,(z)
(0.8
[-I"fH\.(z)~
. >S"(/tn(vrlv(z)))
0.9)

To derive the tcjtal PGF of the system size
A * system

distribution,partial generating function of the
size when the server is in idle state

P.{2)= g*z.0) | P,(2) + D*(z,0) + U{2)

—_ b}

=m/r’(-)L

Probability generat ng flmction of the system size
when the server is ii) busy state(or) in breakdown stat®

~comp(R) ~

-p*(z,0)+yp;(z,0)+5*(z,0,0)
| tr

z/<-"">(2)?(0)(IPK (z2))-1)
z-H \w™{z2))

obtained.

Thus the total PGF of the system size distribution is

given by

(z-D11*(w,(2))
="P(0)/'r?
(0)/r(z) z-H \wXz)) (33)

The constantP(0) can be calculated by using the

normalizing condition = 1 and found to be

P(0):=- "P"  wherep,, = 2E{X)E{H)
(53.1)
ml 2 m\ .. N-\iSR
rl'(l) =£D)+£ (F)|; A"+ Z2 "™ +Z 7
| JOI g QA A
(33.2)
and

E{H) = E{S){\+aE{R)) +r,E{S,)[\ +a,E{R))]
Ml

By substituting P (0), the total PGF of the model can

be written as
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(z)

C""a)

(33.3)

’ 77177 J2))~

This verifies the stochastic decomposition property
and it is shown that the system size distribution of the
model get entwined into the distributions of two or
more independent random variables.

m |[I| PERFORMANCE MEASURES
Steady State System Size Probabilities

The probabilities Pv, Pse, PhuidPdoPi that the
server is on vacation,setup state ,build up state,
dormant state.idle state respectively are obtained by

considering (25) to (28) at 2=I,Then,

_ mH n
(1) U0)=? (0)E(F )X --7
(34)
(i) P., =/"D-(z.0) = P(0)£(Z))
Z-»
(35)
_ W-I
(36)
n=0 "
N-\ iSR
(iv) P.,.=p{0)an HL-
(37)

(v) B\ = Probability that the server is idle in the

system = -f P, + + P,,,= P((0)/<-~" (1)

Busy state Probabilities:

Let PpEs and Psosi denote the probability that the
server is busy with FES and busy with i’ stage SOS.
Then (29) and (30) give

OvP,.,:;s = 1tP'(z,0)

- P(O)CT (P97 AN -> E(X)E(S)

(38.1)
NOS ~ It
z-*\ |
=[P (X )P (0)/" (1)
“Pw
Psos=iPsas,-"wtr)EiS,)
(38.2)
("O Pusy ~ ppes  Psos “ Psos
mi (39
where = WEX)(NE(S) + 1 fIECSS;)]

Breakdown State Probabilities |

Equations (31) and (32) imply |

(vii) PjJhak = The probability that the server is in
breakdown state and the customer is waiting in FE5

state= If B '(z,0,0)
z->l

= aE(R)PFEs

(viii) =T|ie probability that th™ server is in
breakdown state and the customer isin SOS state =

/1~ (7,0,0)1
._*I

= Z4JE(R|)Psosi
L 2 (40.2)

Expected System Size

Let L,LseilLdorLbuiid and Lbuy denote the expected
system size when the server is in vacation state, setup
state, dormant state,build up state “~nd'in busy state
respectively. Let L denote the mean system size of
the model then

d
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M isr (1)

from(33.3) (41)

where .

- \)E(H) +im X )f E(H-)

(41.1)

and

EiS")0aE(R))- +2E(S){\+aE{R))(">:E{S,)(\ +a,E{R)))

+ )1 +a E{R,)f + rES )a E(R;)+aE(S)E{R-)

and is given by (33.1)

a n d (i)
EQM) |
mx) 2 rE(l tPoO-a,) 2 t; -
yiill
mE(F)E-
n=0 (1 ~0) '=0 ~

(41.2)
By differentiating the suitable partial generating
functions at z=Ithe mean system size when the
system is in different states (i) to (viij)can be obtained

respectively from (25,28,27,26,(29,30),31,32).

A =
EE{X)E{V')'* Pn
¢ 2 N(l-cZo) t"o0O-(Xo0)
(42)
d
(ia. = D (z,0)
E(D
= PIO2EDQ)

>fl1* 20/ wo N

Ph

E(V) P(0)

N-1

i) Vo, =" (0)z
(iv)Z-, A = ~
dz 7o) M § % @
- £ +yT£()
2(1-P ) im

()

N EiS?

E{s") " )N
+H(AEXD™ -ip (\ +aE{R) +j*r,Pp{\PaMEi)
2 sl 2

P{AE(X)PE(S)(\ +aE(R )" )
M (46)

Expected number of customers in| the system
corresponding to the breakdown statesfLaRi ) and (

Lbrd are calculated by using (31) and (32) as

(VI)LBRi — (200
dz

= P, T.;,aXxEQX5EXN +aE (R)LA
2

(vihL BR2 deB,*'(Z,0,0)

2=1

=Ps,,s,a.XE(X) +a,E(R,

where
o AE{XiX-\) +HAE{XyE(H")

2(1-P j

L =P

[E(M]
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E(S’)
+ AE(X) (-7 (@haE{R))

E{s) + AE{X)
Si H)

' NSCS ~
A.E(X(X -0-1- (AE{Xy E(H")
Psosi Em
20-P,,)

r(m..Vy

+MX)

aSR
ASR (|) AN A

+m x)fy (+0E(?)EE)EE)+ i (I +ALEI)

IV On'IMAl. MANAGEMENT POLICY

Lising a procedure followed in the Ph.D. theses of
emila Parveen.M.[18] and Julia Rose Mary,K[19]
the optimarn values (m*,N*) of (m,N) are derived so
that the system can be run at minimum cost. The cost
elements Cy (startup cost per cycle), Cset (setupcost),
Cdor (standby cost), Cbusy (operating cost), Cbr
(breakdown cost),Cv(reward cost),Cbuild (buildup
cost) and Ch (holding cost per customer) per unit
time are introduced to g'et the minimum total

average cost of the model

Ci_ir p* £r p *r p or p or pEr p
E{gck)
(47)
which can be re-written using (34) to (41) as

i~

” ”

where

X)

=(I- Ph)(G; t C,,E{D)) +Q -'E(-A E{D?)

Z« (m)-g‘;>< iy +-AM[CL4£(0)E(Z)) +Q L1 -p))]
=0

JFIL C E{V)+C,MAAW)m -CMV\-p,]

and and are as given in (33.2) and

(41.1) respectively.

By calculation,
T™-"\m Kk +1)- =

X
H™Mm k)

<*.i)(i)c)o) (47.1) where

HMm k)Ac, WSR ™, R

(47.2)
Tlius the value of first k,for which H*?(m,k)>0

decides the conditional optimal policy and hence the

optimum value (m*,N* ) of the model.
V. PARTICULAR CASES:

The steady state results of some other (m,N) pcjlicy
gueueing models are deduced fi'om the existing model
as special cases.The expressions other than that
described in(i) to (iv) below are as same ds that of the
proposed model.

p(i)Single vacation model

{2)
When L=1 , the PGF N for
the
tipple vacation model is given by,
M
Px(2 2
=0
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(ii) Multiple vacation model *The table values and the graphical
repre.sentation(Fig. | .) .show that as Jor P increases
the system size L also increases.'fhe queue length

corresponding to .1=1(1tends to «) give the queue

Whenl x'. ilic PGF Pf:,

multiple vacation model is given by.
length of the corresponding single (multiple) vacation
model, fhe parametric values used to obtain tables
P (2) = r(w.A%) (1), (1) and Figures (1),(2)and (3) are same as
z-H (w.(2)) V)
. mentioned in table(l).
mn R TABLE |
where.V, = n '
/SO * Af) (m,N.a,a,E(.S),E(Si),E(D),E(V),E(X),E(R),

E(Ri))i= 12,3(2,5,3.3,2,.7,.5,1,4,2.5,1.7,1.4)

jr1 s n 55 N

il en c= e corresponding results of the 02 1':5 l£ 141 1'44 14$'
(1) when ¢=) e corespondng resuls ofthe SO5 g4 2B 275 287 2@ 2'%

(iv) Tlie corre.sponding results of the model in which 06 486 5526 541 546 547
each customer undergoes both services one after the
08 1364 1425 1440 1443 144

other are obtained when c=I and ri=I.

(v) If r=0, the corre,sponding results of the 09 24.64 p.3\ 2546 2548 '25.49
single

service quiueing model can be obtained.
(vi)The results for the corresponding non-
vacation(without setup) models,can be obtained by
taking E(V)=E(D)=0.

VI. NUMERICAL ANALYSIS

In this section the numerical values of the
system size probabilities and mean queue length are
analyzed through numerical values and the effects of MUt )
various system parameters on different system
performance measures are studied. For numerical Fig I
computations.it is assumed that the second multi
optional service consists of three types of
(c=3)service facility.The distributions considered for
the random variables are given by:the service time of Table(l). The table values show that as P inaeases
FES (S),setup time (D), and repair time in FES (R)
are assumed to follow Erlang (2,3 and 2) types

Table(ll) gives the system size probabilities when the

system is in different states for the set of parameters in

the probability that the server is busy increases and the

respectively with parameters {/—J—i/ andR) probability that the server is in idle state and build up

SOS service times S,,i=1.2,3 follow two stage hyper state decreases.

exponential and the vacation time Repair time TABLE 11:(J=5) ,
R,,i=1.2.3 and the life time of the server in FES(SOS)
follow Gamma 3type, deterministic and exponential

distributions with parameters Pide Phuy  Phi

respectively. Batch size a,ssumed to follow Geometric
distribution ( |-plp*~*".

Table | gives the mean queue lengths for the present
model . for different number ofvacations Jand p

0.2 .806 123 344

0.4 613  .247 153



0.6 419 370 .064
0.8 187 518 .016

(Tie  optimal vz\ilue set  (m*,N* Tc(m*.N*))

ooiresponding to the cost
sti Licture(C,h.C jie[,C.(Q.Chi,,;y,.Cy,Cv,C..iir)( 10,50,
20.1300.1000,8.20)vwvith respect to the parametric

values of Table 1with .1=1 is given in Fig.2.

Fig.T s

The graphical repre.sentation of mean queue
size of the model when the server is busy, is depicted
in Fjg.3. for J= 5 .The graph shows that as "
increases Lidie l],,idup decrease and Loonpieion and mean

system length (L)increase.

Fig 3

VIl. CONCLUSION;

The author has made an attempt to analyse the (m,N)
policy of more general batch arrival queueing model
with server vacation form which the results of
different types queueingmodels(more than 6
models)can be deduced. In particular the results of the

corresponding classical single and multiple queueing
models are deduced as a special case by letting L=1
and allowing L— respectively. It is verified that the

PGF(t(;)) of the system size at departure epoch and

at arbitrary epoch ( )is given by

Tt(z) (s m!w)("))-Stochastic

E{X)(\-2)
decomposition profferty is verified.With the derived
results given in the present paper the authors have also
derived a procedure to obtain the optimal values'of
m,N so that the systtm can be run at a minimum cost.
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