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CHAPTER-5 

CUBIC SUBALGEBRAS AND FILTERS OF CI-ALGEBRAS 

S E C T I O N 5.1 
C U B I C S U B A L G E B R A S O F C I - A L G E B R A S 

Definition : 5.1.1 

Let I be a closed unit interval [0, 1]. B y an interval number, mean a 

c losed subinterval a = [a", a""] of I, where 0 < a " < a"" < 1. 

Note 

T h e set of all interval numbers are denoted by D[0, 1]. 

Definition : 5.1.2 

Consider two interval numbers a-,=[a:,^, a | ] a n d [ 3 2 - ^ 2 ] ^ [ 0 , 1]. 

Then 

(i) refined minimum of a., and 82 is, 

r min {a^ , 3 3 } = [min {a:,^, 32), min { a | , a j } ] . 

(ii) y 33 if and only if a:^ > 32 and a | > 33 . 

(iii) a^ ^ ¥2 if and only if a:,̂  < a2 and a | < a2 . 

(iv) a ^ 3 2 , mean i"., ^32 3:^ y 33 3 n d a^ 32-

(v) 3*1 -< 3 2 , m e 3 n 3^ < 82 3 n d i"-, ^32. 

(vi) Let 3j e D[0, 1] where i e A. Define 

snd r inf 3j = 
i e A 

r sup 3j = 
i e A 

inf 3 j , inf 3j 
i e A i e A 

sup 3j , sup 3j 
i e A i e A 
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Definition : 5.1.3 

Let X be a Cl -a lgebra. An interval-valued fuzzy set (IVF set) jj^ 

defined on X is given by - {(x- I^AW' ^AWY)^ X e X } which is 

denoted by 11^= [^~^, where and ^re two fuzzy se ts in X such 

that ^ A ( X ) ^ M A ( X ) fo"" 3l l X e X . 

For any I V F set on X and x e X , = lyi^{x), ^ A ( X ) ] is cal led 

the degree of membership of an element x to \x^, in which ^~^{x) and 

^ A ( X ) ai"© referred to a s the lower and upper degrees, respectively of 

membership of x to . 

Definition : 5.1.4 

Let X be a Cl-a lgebra. A cubic set ^ i n X is a structure 

^ = {(x- P A ( ^ ) ' ^ - ( x ) ) ^ X ^ ^ } which is denoted by -^/= ( p ^ , X) where 

P A = l^A> ^*A] an I V F set in X and X is a fuzzy set in X . 

Note 

T h e family of cubic se ts in a set X is denoted by e ( X ) . 

Definition : 5.1.5 

Let .V = ( P A , X) be a cubic set in a Cl -a lgebra X , r e [0, 1] and 

[s, t] e D[0, 1]. T h e s e t e ( . ^ / ; [s, t], r) = { P A ( X ) ^ [ S , t], ^ x ) < r / x e X } is cal led 

the cub ic level set o1 ( P A , > ) . 

Definition : 5.1.6 

Let X be a Cl -a lgebra. A cubit set ( P A , X) e e ( X ) is called a c u b i c 

subalgebra of X if it sat isf ies : 
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p A ( x * y ) >L ' " '^ 'n { P A ( X ) . p A ( y ) } , V X , y e X 

A.(x * y ) < max {?.(x), X(y)}, V x, y e X . 

Example : 5.1.7 

Let X = { 1 , a , b, c } be a Cl -a lgebra a s in example (4.1.18) . Define 

^ 1 a b c 

[0.6,0.9] [0.4,0.8] [0.3,0.7] [0.1,0.3] 
P A = [MA- M i l and X by P A = and 

1 a b c ^ 

yQ.2 0.2 0.6 0.7^ 
respectively. Then - j / = ( p ^ , is a cubic I = 

subalgebra of X . 

Proposit ion : 5.1.8 

If .^/= ( P A , X) is a cubic subalgebra of a Cl-a lgebra X , then 

P A C ) > : P A ( X ) anci >.(1) < A,(x)for all x e X . 

Proof 

It is straight forward. 

Theorem : 5.1.9 

Let X be a Cl-a lgebra. For a cubic set ^/ = ( p ^ . ^ ) ^ ^ ( ^ ) . the 

following are equiva lent : 

(i) ^= ( P A : ^0 is a cubic subalgebra of X . 

(ii) T h e nonempty cubic level set of -V= ( p ^ , >0 is a subalgebra of X . 

Proof 

A s s u m e that ' ^ /= ( p ^ , >0 is a cubic subalgebra of a Cl -a lgebra X . 

Then 
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p A ( x * y ) ^ rm in { i l A ( x ) , p A ( y ) } C ) 
X{x * y ) < max {>.(x), >.(y)} (2 ) 
L e t x , y e e(.V; [s, t], r) for all r e [0, 1] and [s, t] e D[0, 1]. 

Then P A ( X ) ^ [s, t], X{x) < r, P ^ C y ) >_ [s, t] and My) < r. 

Then p A ( x * y ) > rm in { P A ( X ) , P A C Y W L [ S , t] and 

?.(x * y ) < max {X(x), >.(y)} < r 

^ X * y e e{.j^; [s, t], r). 

Therefore the non empty cubic level set of ( P A , is a subalgebra 

o f X . 

Converse ly , a s s u m e that ; [s, t], r) is a subalgebra of X for all 

r e [0, 1] and [s, t] e D[0, 1] with e(.^/; [s, t], r) ^ O. 

C a s e (i) 

Suppose that (1) is not true and (2) is valid. Then there exist 

[So, to] e D[0, 1] and a , b e X such that 

P A (a * b) ^ [So, to] < r min { P A ( a ) , P A (b)} and X{a * b) < max {X(a), 

m i 

It follows that a , b e e(.^/; [so, to], max {X{a), X{b)}) but 

a * b g ; [SQ, to], max { ^ ( a ) , X{b)}). T h i s is a contradiction. 

C a s e (ii) 

If (1) is true and (2) is not valid. Then P A (a * b) >̂  r min { p A ( a ) . p A ( ' ^ ) } 

and X{a * b) > ro > max {?^(a), X{b)} for some ro e [0, 1] and a , b e X . 

Thus a , b e r min { p A ( a ) ' p A ( ' ^ ) } ' ""o) but 

a * b ^ r min { p A ( a ) , P A C ^ ) } ' ""O) which is a contradiction. 
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C a s e (iii) 

A s s u m e that there exist [so, to] e D[0, 1], ro e [0, 1] and a , b e X such 

that 

p A ( a * b ) •< [So, to] < rm in { P A ( a ) , p A ( b ) } and 

X{a * b) > ro > max {X{a), X{b)} 

Then a , b e ; [so, to], ro) but a * b ^ e(.^/; [so, to], ro) 

Th is is also a contradiction. Hence (1) and (2) are valid. 

Therefore ( P A , >0 is a cubic subalgebra of X. 

Theorem : 5.1.10 

If ( P A , X) is a cubic subalgebra of a Cl-a lgebra X, then the 

set ^ = { X e X / P A ( X ) = P A ( 1 ) , M X ) = M l ) } is a subalgebra of X. 

Proof 

Let .^/= ( P A , ?^) is a cubic subalgebra of a Cl -a lgebra X. 

Then p A ( x * y ) ^ rm in { P A ( X ) , p A ( y ) } (1) 

and X{x * y ) < max {X{x), X{y)} (2) 

Let X , y e ^ 

Then P A ( X ) = P A ( 1 ) = p A ( y ) and X{x) = X{^) = X{y). 

It follows from (1) and (2) that 

p A ( x * y ) y rm in { P A ( X ) , p A ( y ) } = P A O ) 

and >.(x * y ) < max {>.(x), >.(y)} = >.(1) so from proposition (5.1.8) , that 

p A ( x * y ) = pA(1 )and >.(x * y) = ?^(1). Hence x * y e S, and so ,9^ \s a 

subalgebra of X. 

Theorem : 5.1.11 

For a subset S of a Cl -a lgebra X, let •^/= ( P A , X) e e(X) be defined by 
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^ r[s,t] i f x e S , 

10 = [0,0] otherwise 

fO if X e S 
3 n d >.(x) = < where r, s , t e (0, 1] with s < t. T h e n 

r otherwise 

(i) If S is 3 s u b 3 l g e b r 3 of X, then .^/= ( p ^ , is 3 cubic s u b 3 l g e b r 3 of 

X 3 n d e(-^/; [s, t], r) = S. 

(ii) If .^/= (pys^, ?.) is 3 cubic s u b 3 l g e b r 3 of X, then S is 3 s u b 3 l g e b r 3 of 

X. 

Proof 

(i) A s s u m e th3t S is 3 s u b 3 l g e b r 3 of 3 C l - 3 l g e b r 3 X. 

Claim : ^^/= ( p ^ , X) is 3 cubic s u b 3 l g e b r 3 of X. Let x, y e X. 

C a s e (i) 

If X , y e S then x * y e S 

p A ( x * y ) = [ s , t] = r m i n { [ s , t], [s, t]} 

= rm in (fi^^ix), [i^{y)} 

3 n d A(x * y ) = 0 = m 3 X {0, 0} = m 3 X {X{x), X{x)} 

C a s e (ii) 

If X , y ^ S , then ^ ^ ( x ) = 0 = [0, 0] = ^ ^ ( y ) 3 n d X{x) = r = >.(y). 

Hence i l ^ ( x * y ) > 0 = [0, 0] = r min { 0 , 0 } = r min { P A ( X ) , P A C Y ) } ^"^^ 

A,(x * y ) < r = m 3 x {r, r} = m 3 x {?.(x), ?.(y)}. 

C a s e (iii) 

If X e S 3 n d y € S , then p ^ C ^ ) = [s, t], P A C Y ) = 0 , ^ x ) = 0 3 n d X(y) = r. 

It follows th3t, 
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p A ( x * y ) > 0 = r min { [s, t], 0 } = r min { P A ( X ) , p A ( y ) } and 
?.(x * y ) < r = max {0, r} = max {?^(x), ?^(y)}. 

C a s e (iv) 

Similarly for the c a s e x ^ S and y e S , we have 

p A ( x * y ) > r m i n { P A ( X ) , p A ( y ) } and 

>.(x * y ) < max {?.(x), >.(y)} 

Therefore ( P A , is a cubic subalgebra of X . 

(ii) Suppose that .^/= ( P A , >0 is a cubic subalgebra of X . Let x, y e S . 

Then P A ( X ) = [s, t] = p A ( y ) and ?.(x) = 0 = ?.(y), and so 

p A ( x * y ) > r m i n { P A ( X ) , p A ( y ) } = r m i n { [ s , t], [s, t]} = [s, t] and 

?.(x * y ) < max {?.(x), X(y)} = 0 

Thus X * y e S and therefore S is a subalgebra of X . 

Definition : 5.1.12 

Let X and Y be Cl -a lgebras. A mapping f : X ^ Y induces two 

mappings : e (X) ^ e (Y) , ef(.^/), and Cf^ : e (Y ) ^ e (X) , ^3 ef\!B), 

where ef(.V) is given by 

11 s u [ j II i ^ 
e f ( p A ) ( y ) = ^ 

'o = [0,0] otherwise 

r s u p P A ( X ) i f f - ^ y j ^ ^ O 
y=f(x) 

m ) (y) = 
inf >.(x) if f - ^ y ) ? ^ * ! * 

y=f(x) 
1 otherwise 

for all y e Y , and Cf is defined by Cf ^ ( P B ) ( X ) = p B ( f ( x ) ) and 

C f - ^ K ) ( X ) = K( f (x ) ) for all x e X . 

Then the mapping Cf (respectively er^) is cal led a c u b i c 

transformation (respectively inverse cubic transformation) induced by f. 
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Definition : 5.1.13 

A cubic set -^/= ( P A , X) in a Cl -a lgebra X has the cubic property if for 

any subset T of X there ex is ts XQ e T such that P A ( ^ O ) ~ r s u p P A ( X ) and 
X e T 

?.(xo) = inf ?.(x). 
X e T 

Theorem : 5.1.14 

Let X be a Cl -a lgebra. For a homomorphism f : X ^ Y of C l -a lgebras, 

let Cf : e(X) e(Y) and Cf"^ : e(Y) e(X) be the cubic transformation and 

inverse cubic transformation, respectively, induced by f. 

(i) If ^ = ( P A , X) e e(X) is a cubic subalgebra of X which has the 

cubic property, then ef(.^/) is a cubic subalgebra of Y. 

(ii) If ^ = ( P B , K ) e e(Y) is a cubic subalgebra of Y, then ef\!B) is a 

cubic subalgebra of X. 

Proof 

For a homomorphism f : X ^ Y of C l -a lgebras, let Cf : e(X) e(Y) and 

Cf"^ : e(Y) e(X) be the cubic transformation and inverse cubic 

transformation, respectively, induced by f . 

To Prove (i) 

Let = ( P A , X) e e(X) be a cubic subalgebra of X which has the cubic 

property. 

G iven f (x) , f (y) e f(X), letxo e r^ ( f (x ) ) and yo e r \ f ( y ) ) be such that 

P A ( X O ) = r s u p p A ( a ) , H^o)= inf ?.(a) and 
a e f - ' { f ( x ) ) a e f - ^ f C x ) ) 

P A C V O ) = r s u p p A ( b ) , Myo)= inf Mb) respectively. 
b e f - ^ ( f ( y ) ) b E f - ^ { f { y ) ) 
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Then e f (pA) ( f ( x ) * f (y)) = r s u p P A ( Z ) 
zef-^f(x)*f(y)) 

> p A ( X o * y o ) ^ r m i n { P A ( X o ) , P A C Y O ) } 

= r m i n { r s u p p A ( a ) , r s u p p A ( b ) } 
aef-i(f(x)) bef-^(f(y)) 

= rm in {e f (PA) ( f (x ) ) , ef(PA)(f(y))}, 

m ) ( f (x) * f (y)) = , inf X{z) 
zef-^(f(x)*f(y)) 

< ?.(xo * yo) < m 3 x {?.(xo), ?.(yo)} 

= m 3 x { inf X{3), Inf ?.(b)} 
aef-Vf(x)) bef-^(f{y)) 

= m 3 x {ef(f(x)), ef(f(y))}, 

Therefore ef(-V) is 3 cubic s u b 3 l g e b r 3 of Y. 

To Prove (ii) 

Let = ( P B , K ) e e(Y) be 3 cubic s u b 3 l g e b r 3 of Y. For 3 n y x , y e X we 

h 3 v e 

er' ( P B ) (X * y ) = P B (f(x * y ) = P B ( f(x) * f (y)) 

y r m i n { p B ( f ( x ) ) , p B ( f ( y ) ) } 

= r m i n { e r \ P B ) ( x ) , e f - \ P B ) ( y ) } , 

C f - ^ K ) (X * y) = K( f (x * y ) ) = K ( f ( x ) * f (y)) 

< m 3 x {K ( f ( x ) ) , K( f (y) ) } 

= m 3 x { e r ^ K ) ( x ) , e f - \ K ) (y)} 

Hence ef\!B) is 3 cubic s u b 3 l g e b r 3 of X . 
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S E C T I O N 5.2 

C U B I C F I L T E R S O F C I - A L G E B R A S 

Definition : 5.2.1 

Let X be a Cl-a lgebra. A cubic set -H = ( P A , X) e e ( X ) is cal led a cubic 

filter of X if it sat isf ies : For all x, y e X . 

( C F 1) P A ( 1 ) ^ P A ( X ) , M l ) < X(x), for all x, y e X 

( C F 2 ) p A ( y ) ^ r m i n { p A ( x ) , p A ( x * y ) } , f o r a l l x , y e X 

( C F 3) ?.(y) < max { A ( X ) , ? . (X * y)} , for all x, y e X 

Example : 5.2.2 

Consider a Cl -a lgebra X = { 1 , a , b, c } a s in example (1.2.15) . Define 

P A = [ ^ A A . M i ] and X by 

r 1 a b c ^ 

[0.5,0.8] [0 .4,0.7] [0.4,0.7] [0.1,0.3] MA = and 

_ r 1 a b c ^ 

0.2 0.2 0.2 0.6 

Proposition : 5.2.3 

respectively. Then -V= ( P A , X) is a cubic filter of X . 

Let X be a Cl -a lgebra. Every cubic filter -^/= ( P A , X) of a Cl -a lgebra 

X sat isf ies the following. For all a , b, x , y, z e X , 

(i) x * y = 1 ^ p A ( y ) t P A ( X ) , M y ) < M x ) 

(ii) a * (b * x ) = 1 
| i A ( x ) ^ r m i n { ^ A ( a ) , | i A ( b ) } 

M x ) < m a x {X{a),X{b)} 

P A ( X * Z ) ^ r min {pA ( x * (y * z ) ) , P A ( y ) } , 

?^(x * z ) < max {?^(x * (y * z ) ) , ?^(y)} 
(iii) 

(iv) P A ( X ) ^ P A ( ( X * y) * y ) , Mx ) > M(x * y ) * y ) 
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(V) 
P A ( (a * (b * x ) ) * x ) ^ r min { P A ( a ) , P A (b)} , 

X{{a * (b * x ) ) * x ) < max { ^ ( a ) , ^ (b ) } 

Proof 

Let t^/= ( P A , X) be a cubic filter of a Cl -a lgebra X . 

To Prove (i) 

A s s u m e that x * y = 1 for all x, y e X . Then 

P A ( X ) = rm in { P A ( 1 ) , P A ( X ) } = rm in { P A ( X * y ) , P A ( X ) } l p A ( y ) and 

?.(x) = max {?.(1), X{x)} = max {k{x * y ) , X{x)} > X{y). 

To Prove (ii) 

Let a , b, X e X be such that a * (b * x ) = 1. Then 

P A ( X ) y rm in { p A ( b * x ) , p A ( b ) } 

^ r min { rm in { p A ( a * ( b * x ) ) , p A ( a ) } , p A ( b ) } 

= r min {r min { P A ( 1 ) , p A ( a ) } , p A ( b ) } 

= r m i n { p A ( a ) , p A ( b ) } 

and X{x) < max {X{b * x ) , ?.(b)} 

< max {max {?.(a * (b * x ) ) , >.(a)}, >.(b)} 

= max {max {?.(1), ?.(a)}, X{b)} 

= max {;^(a), ?.(b)} 

To Prove (iii) 

Using ( C F 2 ) , ( C F 3 ) and (CI 3) we have 

P A ( X * Z ) > rm in { p A ( y * ( x * z ) ) , p A ( y ) } 

= rm in { p A ( x * ( y * z ) ) , p A ( y ) } 

and >.(x * z ) < max {X{y * (x * z ) ) , >.(y)} = max {>.(x * (y * z ) ) , >.(y)} 

for all X , y, z e X . 
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To Prove (iv) 

If we take y = (x * y ) * y in ( C F 2 ) ( C F 3) , then 

P A ( ( X * y ) * y ) ̂  r min { p A ( x * ((x * y ) ) * y ) ) , P A ( X ) } 

= rm in { p A ( ( x * y ) * ( x * y ) ) , P A ( X ) } 

= r m i n { p A ( 1 ) , P A ( X ) } = P A ( X ) 

and ?.((x * y ) * y ) < max {?.(x * ( (x * y ) * y ) ) , X{x)} 

= max {X{{x * y) * (x * y ) ) , X{x)] 

= max {Ml), ?.(x)} = Mx) 

[by using (CI 3 ) , (CI 1 ) a n d ( C F 1)] 

To Prove (v) 

Using (iii) and (iv) w e get 

p A ( ( a * ( b * x ) ) * x ) > rm in { p A ( ( a * ( b * x ) ) * ( b * x ) ) , p A ( b ) } 

>̂  r m i n { p A ( a ) , p A ( b ) } a n d 

X{{a * (b * x ) ) * x ) < max {?.((a * (b * x ) ) * (b * x ) ) , X{b)} 

< max {X{a), X{b)} 

for all a , b, X e X. 

A s a generalization of proposition we have the following result. 

Proposit ion : 5.2.4 

If a cubic set -V= ( P A , X) e e(X) is a cubic filter of a Cl -a lgebra X, then 

A . M A ( X ) ^ r min {iif.(a.)I \ = ^,2 ...n} 
( C F 4 ) n a i * x = 1 ^ i 
^ ' i l ' k ( x )<max{Ma j ) / i = 1 , 2 . . . n } 

n 
for all X , ai, an e X, where ] ^ a; * x = ap * (ap-i * (..Mai * x ) . . . ) ) . 

i=1 
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Proof 

T h e proof is by induction on n. Let ( p ^ , X) be 3 cubic filter of 3 

C l - 3 l g e b r 3 X. By (i) 3 n d (ii) of proposition (5.2.3) , we know th3t the condition 

(OF 4 ) is V3lid for n = 1 , 2. 

A s s u m e th3t ^= ( p ^ , X) S3 t i s f i es the condition (OF 4 ) for n = k, th3t is 

A -1 [ p A ( x ) ^ r m i n { p A ( 3 j ) / i = 1 ,2 . . . k } 
r i a i * x = 1 ^ i 
i l ' [> . (x )<m3x{> . (3 j ) / i = 1 , 2 . . . k } 

for 3l l X , 3 i , 3k e X. 
k+1 

Suppose th3t f]^ 3j * x = 1 f o r 3 l l X , 3 i , 3 k , 3k+i e X. 
i=1 

Then pA (a i * x) ^ r min {pA(ai) / i = 2, 3 k + 1} 

3 n d >.(3i * x) < m 3 x {pA(ai) / i = 2, 3 k + 1} 

S ince ( p ^ , X) is 3 cubic filter of X, it follows from (OF 2) , (OF 3 ) 

th3t 

P A ( X ) ^ rm in { P A ( 3 I * X ) , pA(ai)} 

yr min {r min {pA(ai) / i = 2, 3 k + 1}, pA(ai)} 

= r min { p A ( 3 i ) / i = 1 , 2 k + 1 } 

3 n d ?.(x) < m 3 x { ? . ( 3 i * x), ? ^ ( 3 i ) } 

< m 3 X { m 3 X {X{3\)r\ = 2, 3, k + 1}, X{3^)} 

= m 3 x {M3i ) / i = 1,2, k + 1 } 

Theorem : 5.2.5 

Let X be 3 C l - 3 l g e b r 3 . If 3 cubic set ^ = ( p ^ , X) e e(X) S3 t i s f i es the 

conditions P A C ) >: P A ( ^ ) ' H'^) ^ ^ ( x ) V x, y e X 3 n d 

l ,Mx )<m3x{>.(3 ) ,Mb)} 

then ( P A , ?.) is 3 cubic filter of X. 
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Proof 

Let -^/= ( P A , X) e e (X) be a cubic set such that 

P A C ) ^ P A ( X ) , M 1 ) < M x ) V x , y e X 

3 W b . x ) = 1 ^ P ^ < ' ' - ' ^ ' " ^ ^ ^ < ^ ' ' ^ ^ < ^ ' ' 
t M x ) < m a x { M a ) , M b ) } 

and s ince x * ((x * y ) * y ) = 1 for all x, y e X , by (2) 

p A ( y ) ^ rm in { p A ( x * y ) , P A ( x ) } a n d 

?.(y) < max {max (x * y ) , max(x) } , for all x, y e X . 

Therefore ( P A , X) is a cubic filter of X . 

Theorem : 5.2.6 

Let X be a Cl -a lgebra. If a cubic set - V = ( P A , X) 

two conditions 

P A C ) ^ P A ( X ) , M 1 ) < M x ) V x , y e X 

[ p A ( x * z ) ^ r m i n { p A ( x * ( y * z ) ) , p A ( y ) } , 
and < 

X{x * z ) < m a x {X{x * (y * z ) ) , >.(y)} 

then ^= ( P A , X) is a cubic filter of X . 

(1) 

(2) 

e(X) sat isf ies the 

(1) 

Proof 

Let -^/= ( P A , X) e e (X) be a cubic set such that 

P A ( 1 ) ^ P A ( X ) = M 1 ) < M x ) V x , y e X 

[ P A ( X * z ) ^ r min {pA (x * (y * z ) ) , P A ( y ) } , 
and < 

X{x * z ) < max {>.(x * (y * z ) ) , >.(y)} 

put X = 1 in (2), by using (CI 2 ) . 

P A ( Z ) = P A ( 1 * Z ) ^ rm in { p A ( 1 * ( y * z ) ) . p A ( y ) } 

= rm in { p A ( y * z ) , p A ( y ) } 

and ?.(z) = M1 * z ) < max {?.(1 * (y * z ) ) , ?.(y)} 

= max {?.(y * z ) , X{y)}, V y, z e X . 

H e n c e - V = ( P A , X) is a cubic filter of X . 

(1) 

(2) 
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Theorem : 5.2.7 

Let X be a Cl -a lgebra. If a cubic set .^/= ( P A , X) e e(X) sat is f ies 

(i) 
P A ( (a * (b * X ) ) * x ) ^ r min {pA ( a ) , P A (b)} , 

^ ( ( a * (b * x ) ) * x ) < max {>.(a), ^ (b ) } 

and 

(ii) P A ( y * x ) ^ P A ( X ) , My * X ) < X{x), V X , y e X. 

Then ( P A , X) is a cubic filter of X. 

Proof 

By the definition of Cl -a lgebra (C I 1), (C I 2 ) and the given condition (ii), 

p A ( y ) = p A ( 1 * y ) = p A ( ( ( x * y ) * ( x * y ) ) * y ) 

>_ rm in { p A ( x * y ) , p A ( x ) } and 

Hy) = '*^(1 * y ) = ^-(((x * y) * (x * y ) ) * y ) 

< max {X{x * y ) , X{x)}, V x, y e X. 

If we take y = x in the given condition (ii), 

then P A ( 1 ) = P A ( X * X ) >̂  P A ( X ) and Ml) = X{x * x ) < ^ x ) for all x e X. 

Consequent ly ( P A , X) is a cubic filter of X. 


