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CHAPTER -5
CUBIC SUBALGEBRAS AND FILTERS OF CI-ALGEBRAS

SECTION 5.1
CUBIC SUBALGEBRAS OF CI-ALGEBRAS

Definition : 5.1.1

Let T be a closed unit interval [0, 1]. By an interval number, mean a

closed subinterval @ =[a”, a’]of , where0<a <a*<1.
Note
The set of all interval numbers are denoted by DJ[O, 1].

Definition : 5.1.2

Consider two interval numbers a,=[a;, a;]and a,= [a,, a,] in D[0, 1].

Then

(i) refined minimum of a;and a, is,

rmin {a,, a,}=[min {a;, a5}, min {a;7, a’}].
(i) @ =a,ifandonlyif a; = a; and aj = a3.
(i) a;=<a,ifandonlyifa; <a, and a; < aj.
(iv) a;>a,,mean a,;>a, a; = a, and a; # a,.
(v) @a;<a,,meana; < a,and a, # a,.
(vi) Let a, € D[0, 1] where i € A. Define

rinf a = [ infa;, infa/ } and
ie A ie A ieA

rsup a, = {sup a;, sup af}

ieA ie A ieA
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Definition : 5.1.3

Let X be a Cl-algebra. An interval-valued fuzzy set (IVF set) {i,
defined on X is given by [, = {(X, [na(X), pa(X)])/ x € X} which is
denoted by o= [ua, ua] Where p, and uj are two fuzzy sets in X such

that p, (X) < pa(x) forall x e X.

For any IVF set [iy, on X and x € X, fa(X) = [ua(X), pa(x)] is called
the degree of membership of an element x to [{,, in which ux(x) and

ua(x) are referred to as the lower and upper degrees, respectively of

membership of x to [i,.

Definition : 5.1.4

Let X be a Cl-algebra. A cubic set #in X is a structure
A= {(%, Ha(X), M(X))/x € X} which is denoted by /= (liy, 1) where

Ha= [1a, nal is an IVF setin X and % is a fuzzy set in X.
Note

The family of cubic sets in a set X is denoted by €(X).
Definition : 5.1.5

Let .2/ = (fi5, 2) be a cubic set in a Cl-algebra X, r € [0, 1] and
[s, t] € DO, 1]. The set €(+/; [s, 1], r) = {[ia(X) = [s, t], A(X) <1/ x € X} is called

the cubic level set of ../= ([i,, A).

Definition : 5.1.6

Let X be a Cl-algebra. A cubit set .«/= (fi,, 1) € €(X) is called a cubic

subalgebra of X if it satisfies :
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rLA(x*y) i rmin {ﬁA(x)f ﬁA(y)}: v X, y e X
AMX = y) <max {A(X), MY)}, VX, ¥y € X.

Example : 5.1.7

Let X={1,a, b, c} be aCl-algebra as in example (4.1.18). Define

1 a b

0a=[us, ui] and by .= d
Ha= [ua, naland by i ([0.6,0.9] [0.4,0.8] [0.3,0.7] [0.1,0.3]] an

1 a b ¢
A = respectively. Then ./ = s, A) is a cubic
(0.2 0.2 06 0.7) PeeiiEy A= e M)
subalgebra of X.

Proposition : 5.1.8

If ./= (H4, ) is a cubic subalgebra of a Cl-algebra X, then

Ha(1) =Ha(x) and 2(1) < A(x) for all x e X.
Proof

It is straight forward.
Theorem : 5.1.9

Let X be a Cl-algebra. For a cubic set ./ = (ll,, A) € €(X), the

following are equivalent :

(i) /= (I, A) is a cubic subalgebra of X.

(ii) The nonempty cubic level set of ../= ([, %) is a subalgebra of X.

Proof

Assume that ./ = ([i5, A) is a cubic subalgebra of a Cl-algebra X.

Then
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Ha(x*y) = rmin {fa(x), Ta(y)} (1)

Mx * y) < max {A(x), My)} (2)

Letx,y € €(-+#; [s, t],r) forall r € [0, 1] and [s, t] € DO, 1].

Then [ia(x) > [s, ], A(x) <1, [@a(Yy) = [s, tland A(y) <.

Then [ (x*y) = rmin {fia(x), Ba(Y)} = [s, t] and

AMX = y) <max {A(x), My} T

= Xx*ye (A [s 1] r).

Therefore the non empty cubic level set of .«/= (i, ») is a subalgebra

of X.

Conversely, assume that €(.«/ ; [s, ], r) is a subalgebra of X for all

re [0, 1] and [s, t] € D[O, 1] with €(-+Z; [s, t], r) # @.
Case (i)

Suppose that (1) is not true and (2) is valid. Then there exist
[so, to] € D[O, 1] and a, b € X such that

Ha(@ = b) < [so, o] < rmin {{ix(a),fia(b)}and i(a * b) < max {i(a),
A(b)}.

It follows that a, b e C(-+/; [so, to], max {i(a), A(b)}) but
a*b e €(-A; [so, to], max {i(a), L(b)}). This is a contradiction.

Case (ii)

If (1) is true and (2) is not valid. Then i (a * b) = rmin {{ix(a),fia(b)}

and A(a * b) > rp = max {r(a), A(b)} forsome ry € [0, 1]and a, b € X.

Thus a, b € €(+Z; rmin {[i5(a),fi5(b)}, ro) but

a*beg €/;rmin {{is(a), s (b)}, ro) which is a contradiction.
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Case (iii)

Assume that there exist [so, t] € D[O, 1], ro € [0, 1] and a, b € X such
that

fia(a*b) < [so, to] < rmin {fiy(a), T (b)} and

Ma = b)=>rp=max {i(a), L(b)}

Then a, b € €(-#; [so, to], ro) but a * b & C(-#; [so, to], ro)
This is also a contradiction. Hence (1) and (2) are valid.

Therefore .#/= ([i,, A) is a cubic subalgebra of X.

Theorem : 5.1.10
If ../= (fl5, A) is a cubic subalgebra of a Cl-algebra X, then the

set ' ={xe X/ y(x)=1s(1), 1x)=2(1)}is a subalgebra of X.
Proof

Let ..«/= ([, L) is a cubic subalgebra of a Cl-algebra X.

Then [ (x*y) = rmin {fa(X), Ba(Y)} (1)
and A(X * y) < max {L(X), L(Y)} (2)
Letx,ye &

Then [ia(x) = Ha(1) = [a(y) and i(x) = A(1) = A(y).

It follows from (1) and (2) that

Ha(x*y) = rmin {Ls(x), Ba(Y)}= Ha(1)

and A(x * y) < max {L(X), A(y)} = A(1) so from proposition (5.1.8), that

Ha(x#y)= Ha(1)and A(x * y) = A(1). Hence x * y € S, and so % is a
subalgebra of X.

Theorem : 5.1.11

For a subset S of a Cl-algebra X, let .«/= ({5, &) € €(X) be defined by
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[s,f] ifxeS,

Halx) = {6:[0, 0] otherwise

0 ifxeS
and A(x) = E_ wherer, s, t € (0, 1] with s <t. Then
r otherwise

(i) If S is a subalgebra of X, then .«/= (i, , 1) is a cubic subalgebra of
Xand €(-#; [s, 1], r) = S.

(i) If .2/= ([i5, ») is @ cubic subalgebra of X, then S is a subalgebra of
X.

Proof

(1) Assume that S is a subalgebra of a Cl-algebra X.
Claim : .»/= ([i5, A)is a cubic subalgebra of X. Letx, y € X.
Case (i)

Ifx,y e Sthenx*y e S
Ha(x*y)=I[s, t] =rmin {[s, ], [s, t]}
=rmin {fa(x), Ha(y)}
and A(x * y) = 0 =max {0, 0} = max {A(x), L(X)}

Case (ii)

If x,y ¢ S, then [iy(x) = 0= [0, 0] = fia(y) and A(x) = r = A(y).
Hence [, (x*y)2 0= [0, 0] = r min {6, 5} =rmin {fiy(x), Ha(y)} and
AMX *y) <r=max{r, r} = max {L(x), A(Y)}.
Case (iii)
Ifx e Sandy ¢ S, then [,(x) =[s, 1], Ba(y) = 0, %(x) =0 and i(y) =r.

It follows that,
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Ra(x*y)2 0 =rmin{fs, 1], 0} = rmin {fs(x), fia(y)} and
AX = y) <r=max {0, r} = max {A(x), A(y)}.

Case (iv)

Similarly for the case x ¢ Sandy € S, we have
Ha(x*y) 2rmin {5 (x), EA(Y)} and
AMx * y) < max {A(x), My)}

Therefore .2/= ([i,, 1) is a cubic subalgebra of X.

(i) Suppose that -#/= ([is, 1) is a cubic subalgebra of X. Letx, y € S.
Then [, (x) =[s,t] = po(y) and A(x) =0 = A(y), and so

Ba(xxy) 2rmin {To(x), fia(y)} =rmin{s, 1, [s, ) =[s, ] and

AX xy) = max {A(x), AMy)} =0
Thus x * y € S and therefore S is a subalgebra of X.

Definition : 5.1.12

Let X and Y be Cl-algebras. A mapping f : X — Y induces two
mappings € : C(X) - €(Y), 4 — C{.+/), and &' : €(Y) > €(X), B - & (B),
where Ci(.«/) is given by

rsup fi,(x) iff'(y)zo
Cr(ia)(y) = §¥=10
0=[0,0] otherwise

{infk(x) iff(y)d
Ci(L) (y) = 1 y=f(x)

1 otherwise
forally e Y, and ¢ () is defined by & ' ({ig ) (x) = fiz(f(x)) and
¢ (k) (x) = k(f(x)) for all x e X.

Then the mapping € (respectively € ') is called a cubic

transformation (respectively inverse cubic transformation) induced by f.
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Definition : 5.1.13

A cubic set .#/= (}i,, 2) in a Cl-algebra X has the cubic property if for

any subset T of X there exists Xo € T such that fi,(x,) = rsup [iy(x) and
xeT

MXo) = ;r!fT A(X).

Theorem : 5.1.14

Let X be a Cl-algebra. For a homomorphism f : X — Y of Cl-algebras,
let ¢ : €(X) - €(Y) and &' : €(Y) - €(X) be the cubic transformation and

inverse cubic transformation, respectively, induced by f.

(i) If ./= (lis, L) € €(X) is a cubic subalgebra of X which has the
cubic property, then €(.+/) is a cubic subalgebra of Y.
(ii) If B = (ng, x) € C(Y) is a cubic subalgebra of Y, then G'(B) is a

cubic subalgebra of X.

Proof

For a homomorphism f : X — Y of Cl-algebras, let & : ¢(X) — €(Y) and

et CY) —» €(X) be the cubic ftransformation and inverse cubic

transformation, respectively, induced by f.

To Prove (i)

Let ..«/= (15, &) € €(X) be a cubic subalgebra of X which has the cubic
property.

Given f(x), f(y) e f(X), let xo € f'(f(x)) and yo € '(f(y)) be such that

Ta(Xp) = rsup fia(a), Axo)= inf 2(a)and
aef(f(x)) aef™(f(x))

Ua(Yo) = rsup p[a(b), Myo)= inf  A(b) respectively.
bef (f(y)) bef™ (f(y)
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Then €(fia)(f(x) *f(y)) = rsup  [ia(2)

zef ™ (f(x)*f(y))
= Ha(Xg *Yq) > rmin {{is(Xq), Ha(Yo)

=rmin { rsup [is(a), rsup [ia(b)}
aef!(f(x)) bef ™ (f(y))

= rmin {€(fia ) (f(x)), €:(Ha ) (F(Y))},
C(2) (f(x) * f(y)) = inf M2)

zef N (f(x)*1(y))
< M(Xo * Yo) < max {L(Xo), A(Yo)}

=max { inf A(a), inf - A(b)}
acf(f(x)) bef™(f(y))

= max {C(f(x)), E(f(y))},
Therefore Ci(.+/) is a cubic subalgebra of Y.

To Prove (ii)

Let B = (lig, x) € €(Y) be a cubic subalgebra of Y. For any x, y € X we
have

e (fig ) (x * y) = fig (f(x * y) = fig (f(x) * f(y))

= rmin {{ig(f(x)), Hg (f(y))}

= rmin { & (fig) (x), € () (y)},
er'(x) (x +y) = w(f(x * y)) = x(f(x) = f(y))

< max {x(f(x)), x(f(y))}

= max {€r” (i) (x), € (x) (¥)}
Hence &‘1(33) is a cubic subalgebra of X.
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SECTION 5.2
CUBIC FILTERS OF CI-ALGEBRAS

Definition : 5.2.1

Let X be a Cl-algebra. A cubic set .«/= (li5, 1) € €(X) is called a cubic
filter of X if it satisfies : Forall x, y € X.
(CF 1) ma(1) = [a(x), M(1)<A(x), forallx,y e X

(CF 2) fia(y) = rmin {fis(x), fa(x*y)}, forallx,y e X
(CF 3) A(y) € max {r(x), A(x = y)}, forallx,y e X

Example : 5.2.2

Consider a Cl-algebra X = {1, a, b, ¢} as in example (1.2.15). Define

Ha =[pa,nal and i by

= 1 a b ¢
Ha= and
[[0.5,0.8] [0.4,0.7] [0.4,0.7] [0.1,0.3]J

1 a b ¢
A= respectively. Then .«/= (L, A) is a cubic filter of X.
(0.2 0.2 02 0.6) ey 7= (1)

Proposition : 5.2.3

Let X be a Cl-algebra. Every cubic filter .«/= (i, 1) of a Cl-algebra
X satisfies the following. Forall a, b, X, y, z € X,
(i)  xxy=1=[a(y) = FalX), AMy) < Ax)

Ha(X)=rmin{{i, (@), fis (b)}J

(i) a*(b*x)=1:>(
A(x)<max {i(a), L(b)}

il {ﬁA(x*z)zrmin{ﬁA(x*(y*z)),aA(y)},
A(x *zZ)<max {A(X *(y *2)), L(Y)}

(V) Ha(¥) <z Fal((x=y)*y), Ax)2 1((x *y) *y)
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V) a((@*(b*x))*x)=rmin{i,(a),i,(b)},
A(a* (b *x))= x)<max {i(a), 1(b)}

Proof

Let .2/= ({5, 1) be a cubic filter of a Cl-algebra X.

To Prove (i)

Assume that x =y =1 forall x, y € X. Then

Ha(x) =rmin {fia(1), Ha(x)}=rmin {fa(x*y), Ka(X)} < Fa(y) and
AX) = max {AL(1), A(X)} = max {L(X = y), LX)} = A(Y).

To Prove (ii)

Leta, b, x e Xbe suchthata = (b *x) =1. Then
Ha(x) = rmin {fi,(b*Xx), 5 (b)}
=1 min {r min {fiy(a*(b*x), Fa(a)}, fia(b)}
= rmin {r min {7 (1), fia (@)} fia (o))
=rmin {{i,(a), fa(b)}
and A(X) < max {i(b * x), L(b)}
< max {max {iL(a * (b * x)), A(a)}, L(b)}
= max {max {1(1), A(a)}, L(b)}
= max {i(a), L(b)}

To Prove (iii)

Using (CF 2), (CF 3) and (Cl 3) we have
Ha(x*2) = rmin {fip(y*(x*2)),Ha(y)}
=rmin {fia(x*(y*2)), Ha(y)}
and A(x * z) < max {Ay * (X * 2)), My)} = max {L(x * (y * 2)), L(y)}

forallx,y,z e X.
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To Prove (iv)

If we take y = (x #y) * y in (CF 2) (CF 3), then
Ha((x=y)*y) = rmin {fiy (x*((x*y))*Y)), Ka(X)}
=rmin {fa((x*y)*(x*Y)), Ka(X)}
= rmin {fi5(1), fia(X)} = Fa(X)
and A((x = y) * y) < max {A(x = ((x * y) * y)), MX)}
= max {A((x * y) * (X *y)), Mx)}
= max {A(1), L(X)} = A(X)
[by using (CI 3), (Cl 1) and (CF 1)]

To Prove (v)
Using (iii) and (iv) we get

Fa((@*(b*x)%x) = rmin {T((@*(o*x))*(b*x)),fis(b)}
= rmin{{i,(a), ia(b)}and

M(a * (b = x)) * x) < max {A((@ = (b * X)) * (b = X)), A(b)}
< max {Ma), A(b)}

forall a, b, x € X.
As a generalization of proposition we have the following result.
Proposition : 5.2.4

If a cubic set .«/= (li5, 1) € €(X) is a cubic filter of a Cl-algebra X, then

fa(X)=rmin {fia(a)/i=1,2...n}

(CF4) ll;[ al*X=1:>{K(X)Smax{?\‘(al)l|=1’2n}

n
forall x, a4, ..., a, € X, where J] a; *X = an * (@n-1 * (... (@1 * X) ...)).
i=1
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Proof

The proof is by induction on n. Let .2/= ({i4, 1) be a cubic filter of a

Cl-algebra X. By (i) and (ii) of proposition (5.2.3), we know that the condition
(CF 4)isvalidforn=1, 2.

Assume that .2/= ([, L) satisfies the condition (CF 4) for n = k, that is

fip (x) =1 min (i (a) /i=1,2...k}

k
ITa *x:13{k(x)£max @) i=1,2. K

forall x, ay, ..., ax € X.

Suppose that ﬁ a,*x=1forall x, ay, ..., @k, ak+1 € X.
i=1
Then fig(ar*x) = rmin{fia(a)/i=2,3...,k+ 1}
and (@ *x)<max {fis(a)/i=2,3 ..., k+1}
Since ./ = ([is, A) is a cubic filter of X, it follows from (CF 2), (CF 3)
that
Ha(x) = rmin {{is (a1 *x), Ha(@n)}
=rmin{rmin{{iy(a)/i=2,3...,k+1}, Dx(a1)}
=rmin{fa(@)/i=1,2..., k+1}
and A(x) <max {r(a1 * X), M(a1)}
<max {max {i(a)/i=2,3, ..., k+ 1}, k(a1)}
=max{ia)/i=12,.. k+1}

Theorem : 5.2.5

Let X be a Cl-algebra. If a cubic set /= ([i5, 1) € €(X) satisfies the

conditions [is (1) = [a(X), A(1) < A(X) ¥V X, ¥y € X and

Ha(X)=rmin{{is (@), fis (b)}J

a*xb*xx)=1= (
A(x)<max {i(a), L(b)}

then .«/= (fi5, %) is a cubic filter of X.
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Proof

Let /= (14, 1) € €(X) be a cubic set such that

A1) = Ba(x), (D) SAX) VX, Y € X (1)

(2)

ax(brx=1> [ﬁA(X)irmi“{ﬁA(a),ﬁA(b)J

A(x)<max {A(a), L(b)}
andsince x * ((x *y) = y)=1forall x,y € X, by (2)
fa(y) = rmin {f,(x*y), Ea(x)}and
AMYy) £ max {max (x * y), max(x)}, forall x, y € X.

Therefore .«/= (i, 1) is a cubic filter of X.

Theorem : 5.2.6
Let X be a Cl-algebra. If a cubic set /= ([i5, 1) € €(X) satisfies the

two conditions

HA(1) = Fa(x), M1) S0 ¥ X, Y € X (1)

{ﬁA(X *2Z) = rmin{fi, (X *(y *2)), Ka (Y)},
AMx* z)<max {A(x *(y * 2)), M(Y)}

then ../= (Hi5, 1) is a cubic filter of X.

Proof
Let /= ([15, 2) € €(X) be a cubic set such that

HA(1) = Ba(x), M(1)<AX) ¥ X,y € X (1)

{ﬁA(X*Z)zrmin {Ha(x%(y*2)),Ha(Y)}, @)

A(x+z) < max {A(x * (y * 2)), A(y)}
put x = 1in (2), by using (Cl 2).
Ha(z) = Ba(1%2Z) = rmin {fiy (1% (y *2)), A (y)}
= rmin {fip(y*2), Ha(Y)}
and A(z) = A(1 = z) < max {A(1 = (y = 2)), A(Y)}
=max {Ay *2), My)}, VY, ze X

Hence .»/= (1i,, 1) is a cubic filter of X.
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Theorem : 5.2.7

Let X be a Cl-algebra. If a cubic set /= (i, 1) € €(X) satisfies

() {ﬁA((a *(b*X))* x)=rmin {ji, (a), fia (b))},
A(a=*(b*x))*x)<max {iL(a), L(b)}

and

(ii) Ha(y *X)= Fa(X), My * X) S MX), VX, ¥y € X.
Then .«/= ([i5, A) is a cubic filter of X.

Proof

By the definition of Cl-algebra (Cl 1), (Cl 2) and the given condition (ii),
Ha(y) = Ba(1xy) = Ha(((x*y)* (x*y))*y)
> rmin {fi,(x*y),fia(x)} and
My) = (1 xy) = M((x * y) = (X *y)) * )
<max {A(X *y), MX)}, VX, ¥y e X.
If we take y = x in the given condition (i),

then [I5(1)= [ (X*X) > Ha(X) and A(1) = &(x * x) < 1(x) for all x € X.

Consequently -«/= (i, 1) is a cubic filter of X.



