Fuzzy o -Translations and Fuzzy g — Multiplications of
Z-Algebras

In the year 2009, fuzzy translations and fuzzy multiplications in BCK/BCI-algebras
have been discussed by Lee et al.[44]. In the first two sections, fuzzy o -translations, fuzzy

p -multiplications of  fuzzy  Z-Subalgebras (fuzzy Z-ideals) in Z-algebras and fuzzy

Z-Subalgebra (Z-ideal) extension are introduced and obtained relations among them. In the third

section, we discuss Z-homomorphism on fuzzy o -translations and fuzzy pB-multiplications of

Z-algebras and obtain certain results on the basis of fuzzy Z-Subalgebras and fuzzy Z-ideals of
Z-algebras. In the fourth section, we define the cartesian product on fuzzy o -translations and

fuzzy P -multiplications of Z-algebras and establish some of their properties in detail on the

basis of fuzzy Z-Subalgebras and fuzzy Z-ideals of Z-algebras.

4.1 Fuzzy o-Translations and Fuzzy p -Multiplications of Fuzzy Z-Subalgebras
in Z-Algebras
In this section, the notions of fuzzy o -translation, (normalized, maximal) fuzzy Z-Subalgebra

extension and fuzzy p -multiplication of fuzzy Z-Subalgebras of Z-algebra X have been

introduced and studied their properties.

For any fuzzy set A in a Z-algebra (X,*,O), we denote T=1—sup{uA(x)|xeX} unless

otherwise specified.

Definition 4.1.1: Let A be a fuzzy set of a Z-algebra X and let o <[0,T]. A fuzzy

a-translation A of A with membership function p ,:X—>[0,1] is defined by

n.(x)=p,(x)+a ,forall xe X .
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Example 4.1.2: Consider a Z-algebra X= {0,a,b,c} with the following Cayley table 1.

Table 1

% 0 a b C

0 0 o b o Table 2

a 0 a c b X 0 7 b .
b0 e [° |® W, |08 0.6 |05 |05
c 0 b a c

Define a fuzzy set A in X given by Table 2.

Here T=1-sup{p,(x)|xeX}=1-0.8=0.2. Choose 0.1€[0,0.2] . Then the mapping

u. X —[0,1] is defined by

0.1

X 0 a b C
Mo 0.8+0.1 | 0.6+0.1 |1 0.5+0.1 ] 0.5+0.1

is a fuzzy 0.1- translation of A.
Theorem 4.1.3: Let X be a Z-algebra and A be a fuzzy Z-Subalgebra of X and « <[0,T]. Then

the fuzzy o - translation A of A is a fuzzy Z-Subalgebra of X.

Proof: Let x,y ¢ X . Then,

M () =y (x* y) + o = min{p, ()1, (N +a = min{p, (x) +op, (v) + o
= min {p ., (), 1, (¥)

= W, (x*y) 2 min iuAZ (X), 1y )]

Hence A is a fuzzy Z-Subalgebra of X.
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Theorem 4.1.4: Let X be a Z-algebra and A be a fuzzy set of X such that the fuzzy

o- translation A! of A is a fuzzy Z-Subalgebra of X for some « < [0,T]. Then A is a fuzzy

Z-Subalgebra of X.

Proof : Let x,ye X then, p, (x*y)+a=p ., (x*y) Zmin{uAT(x),uAT(Y)}

=min{p, (x)+ 0,1, (y)+a}
= min{p, (x), 1, (y)}+a

and so p, (x *y) 2min{p, (x),1, ()}
Hence A is a fuzzy Z-Subalgebra of X.
Definition 4.1.5: Let A, and A,be fuzzy sets of a Z-algebra X. If p, (x)<p, (x) for all

x € X, then, we say that A, is a fuzzy extension of A,.

Definition 4.1.6: When A, and A, are fuzzy sets of a Z-algebra X, A, is called a fuzzy
Z-Subalgebra extension of A, if the following assertions are valid:
(1) A, is a fuzzy extension of A,

(1) If A, is a fuzzy Z-Subalgebra of X, then A, is a fuzzy Z-Subalgebra of X.

It follows from the definition of fuzzy o -translation, p ., (x) > p, (x) for all x € X . This proves
the following proposition.

Proposition 4.1.7: Let A be a fuzzy Z-Subalgebra of a Z-algebra X and ¢ <[0,T]. Then the
fuzzy o-translation A] of A is a fuzzy Z-Subalgebra extension of A.

Note : In general, the converse of Proposition 4.1.7 is not true as seen in the following Example
4.1.8.
Example 4.1.8: Consider a Z-algebra X={0,a,b,c} with the following Cayley table:

* |0 a b c
0 |O a b C
a |0 a c a
b |0 c b b
c |0 a b C
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The fuzzy set A in X is defined by:

X 0 a b C
[T 0.7 0.5 0.4 04

is a fuzzy Z-Subalgebra of X and T=0.3. For a=0.02, A given by:

X 0 a b c
[T 0.72 0.52 0.42 0.42
A(‘L

is a fuzzy Z-Subalgebra of X, which is a fuzzy Z-Subalgebra extension of A for all o €[0,T].

But A is not a fuzzy Z-Subalgebra extension of A .

Proposition 4.1.9: Arbitrary intersection of fuzzy Z-Subalgebra extensions of a fuzzy
Z-Subalgebra A of a Z-algebra X is a fuzzy Z-Subalgebra extension of A.
Proof: Let {A, |ie Q}be a family of fuzzy Z-Subalgebra extensions of a fuzzy Z-Subalgebra A

of a Z-algebra X.

Then p, (x)2p,(x) forall x e X and foralli.
Since A is a fuzzy Z-Subalgebra of a Z-algebra X , each A, is a fuzzy Z-Subalgebra of a

Z-algebra X. Then by Theorem 2.1.3, n A, is also a fuzzy Z-Subalgebra of a Z-algebra X. (1)
Also, 1, (X) = i'ng(uAi (x))=p,(x) forall x e X. 2)

From (1) and (2) we get, n A, is a fuzzy Z-Subalgebra extension of A.

Clearly, the union of fuzzy Z-Subalgebra extensions of a fuzzy Z-Subalgebra A of a Z-algebra X,

is not a fuzzy Z-Subalgebra extension of A as shown in the following example.
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Example 4.1.10: Consider a Z-algebra X and the fuzzy Z-Subalgebra A of X as in Example
4.1.8.
The fuzzy sets B and C of X defined by

X 0 a b c

uy |08 0.8 0.6 0.6

ue |09 0.7 0.8 0.7
Weoe |09 0.8 0.8 0.7

are fuzzy Z-Subalgebras of X. Then B and C are fuzzy Z-Subalgebra extension of A. But the

union B U C is not a fuzzy Z-Subalgebra extension of A, since
M (@) = 1y () = 0.7 < 0.8 = mini, (@), ko c (b)) -
Definition 4.1.11: For a fuzzy set A of a Z-algebra X, a€[0,T] and t€[0,1] with t>a, we
define the upper level subset of A! as U_ (pA;t) = {X eX|p,(x)2t- (1}.
Proposition 4.1.12: Let A be a fuzzy set of a Z-algebra X and o €[0,T]. Then the fuzzy
o- translation AT of A is a fuzzy Z-Subalgebra of X if and only if, U, (u,;t)is a
Z-Subalgebra of X, for all t e Im(A) with t>a.
Proof : To prove necessity, let t € Im(A) be such that t> «.
Let x,y € Ua(uA;t) =>u,(x)2t-a and p,(y)>t—o.
=S u,(x)+axtand p,(y)+a>t
= HAE(X)Z'[ and qu(y)Zt
Now, Mo (x*y)>min {qu (x),qu (y)} 2 min{t,t} =t.
Hence p,(x*y)+a=2t= p,(x*y)2t—-a=>x*yeU_(u,;t).
Thus U, (u,;t) isa Z-Subalgebra of a Z-algebra X.
To prove the sufficiency, assume that there exist x,y € X, t € Im(A) with t > o such that
o (xFy) <t<min{u, . (X),1,: (Y)}

= min{p, (x)+0o,p,(y)+0o}
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Then p,(x)>2t—a and p,(y)>t—a but p,(x*y)<t—o .
This shows that x,y € U_(u,;t) and x*y e U_(u,;t).

This is a contradiction, and so p ., (x*y) >min{p ,(x),u ., (y)}, for all x,y e X. Hence, the

fuzzy o - translation A! of A is a fuzzy Z-Subalgebra of X.
Proposition 4.1.13: Let A be a fuzzy Z-Subalgebra of a Z-algebra X and o,r e[0,T] . If
o>, then the fuzzy a -translation A of A is a fuzzy Z-Subalgebra extension of the fuzzy
A - translation A, of A.
Proof: Forevery x € X and o,r [0,T] and a > X,
We have, B () =p(x)+a ZHA(X)"‘}V:MA{ (x)

= Ry (X) 214 ()
Therefore A} is a fuzzy extension of A] .Since A is a fuzzy Z-Subalgebra of X then A| and
A of A are fuzzy Z-Subalgebras of X ( by Theorem 4.1.3) . Hence A of A is a fuzzy
Z-Subalgebra extension of A of A.
Proposition 4.1.14: Let A be a fuzzy Z-Subalgebra of a Z-algebra X and » <[0,T] . For every
fuzzy Z-Subalgebra extension B of the fuzzy A - translation A, of A, there exist o [0, T] such
that o > A and B is a fuzzy Z-Subalgebra extension of the fuzzy o - translation A of A.
Proof: Since A is a fuzzy Z-subalgebra of a Z-algebra X and xe[0,T], the fuzzy
A - translation A of A is a fuzzy Z-Subalgebra of X by Theorem 4.1.3.
Let B be a fuzzy Z-Subalgebra extension of A . Choose o =2A +I£1€i)£1{uB(x) N (x)}. Clearly

o €[0,T] such that 22 and p,(x)2p,,(x) forall x € X . Hence B is a fuzzy Z-Subalgebra

extension of the fuzzy o - translation A! of A.

The following example illustrates Proposition 4.1.14.

Example 4.1.15: Consider a fuzzy Z-Subalgebra A of a Z-algebra X as in Example 4.1.8. Here
T=0.3. If we take A =0.2, then the fuzzy X - translation A, of A is given by:
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X 0 a b c
oo 0.9 0.7 0.6 0.6
The fuzzy set B of X defined by
X 0 a b c
T 0.94 0.76 0.63 0.63

is a fuzzy Z-Subalgebra extension of fuzzy A -translation A} of A. Take a0 =0.23>0.2=A.

Then, B is a fuzzy Z-Subalgebra extension of the fuzzy o -translation A of A given by

X

0

a

b

C

MAZ

0.93

0.73

0.63

0.63

Definition 4.1.16: A fuzzy Z-Subalgebra extension B of a fuzzy Z-Subalgebra A in a Z-algebra
X is said to be normalized if there exists x, € X such that uB(xo): 1.

Definition 4.1.17: Let A be a fuzzy Z-Subalgebra of a Z-algebra X. A fuzzy set B of X is called
a maximal fuzzy Z-Subalgebra extension of A if it satisfies the following conditions:

(1) B is a fuzzy Z-Subalgebra extension of A.

(i1) there does not exist another fuzzy Z-Subalgebra of a Z-algebra X which is a fuzzy extension

of B.
Example 4.1.18: Let X= {0,a,b,c} with the following Cayley table:

x* |0 a b c
0 |0 a b C
a |0 a b a
b |0 b b C
c 0 a c c

1
Then (X,*,0) is a Z-algebra. Let A and B be fuzzy sets of X which are defined by L, (X) =g for

all x e Xand py(x)=1 forall x € X . Clearly A and B are fuzzy Z-Subalgebras of X. It is easy

to verify that B is a maximal fuzzy Z-Subalgebra extension of A.
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Proposition 4.1.19: If a fuzzy set B of a Z-algebra X is a normalized fuzzy Z-Subalgebra
extension of a fuzzy Z-Subalgebra A of X, then p,(0)=1.

Proof : It is clear, because p,(0)=p,(x,) forallx, € X.

Proposition 4.1.20: Let A be a fuzzy Z-Subalgebra of a Z-algebra X. Then every maximal fuzzy
Z-Subalgebra extension of A is normalized.
Proof : This follows from the definitions of the maximal fuzzy Z-Subalgebra extensions and

normalized.

Definition 4.1.21: Let A be a fuzzy set of a Z-algebra X and Be(O,l]. A fuzzy B -
multiplication A" of A with membership function p Al :X—>[0,1] is defined by
HAEA(X)ZB.MA(X) forall x € X..

Example 4.1.22: Consider a Z-algebra X={0,a,b,c} with the following Cayley table:

0
0
0
0
Define a fuzzy set A in X by:

X 0 a b c
pu, |08 (0610505

is a fuzzy Z-Subalgebra of X.
Here T=1-sup{n,(x)|xe X} =1-0.8=0.2. Choose p = 0.1< (0,1]. Then the mapping

o i X > [0,1] is given by

X 0 a b c

0.08 0.06 0.05 0.05

Hoam

is a fuzzy 0.1- multiplication of A.
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Proposition 4.1.23: If A is a fuzzy Z-Subalgebra of a Z-algebra X, then the fuzzy
p - multiplication A}' of A is a fuzzy Z-Subalgebra of X for all fe (0,1].

Proof : Forall x,ye x and Be(0,1],
Mo (% Y) =B (x#y) 2 Bominy, (), 1, (9)} = min{ B, (%), B, ()]

= My(xxy) zming, ()1, (y)}
Hence Ay is a fuzzy Z-Subalgebra of X for all e (0,1].

Proposition 4.1.24: For any fuzzy set A of Z-algebra X, the following are equivalent:
(a) A is a fuzzy Z-Subalgebra of X.
(b) For all B <(0,1], A} is a fuzzy Z-Subalgebra of X.

Proof : Necessity follows from Proposition 4.1.23.

Let Be (O,l] be such that Ag‘ is a fuzzy Z-Subalgebra of X.

Then for all x,y e X,
B (xxy)=p (x*y) 2 minfu o (). 1, ()} = min{ B, (), Bat, ()}

=B.min{u, (x), 1, ()}

and so p,(x*y)>min{u, (x),u,(y)} forall x,yex.
Hence A is a fuzzy Z-Subalgebra of X.
Proposition 4.1.25: Let A be a fuzzy set of a Z-algebra X, o« <[0,T] and B e (0,1]. Then every

fuzzy o -translation A! of A is a fuzzy Z-Subalgebra extension of the fuzzy p -multiplication
Ay of A.

Proof : For every x € X , we have

B () = 1, (0 F 0 2y (%) 2By (%) = H (%)

andso A] is a fuzzy extension of Aj'.

Assume that Ag“ is a fuzzy Z-Subalgebra of X. Then A is a fuzzy Z-Subalgebra of X by

Proposition 4.1.24. It follows from Theorem 4.1.3 that A is a fuzzy Z-Subalgebra of X for all
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o €[0,T]. Hence every fuzzy o - translation A!is a fuzzy Z-Subalgebra extension of the fuzzy

. . . M
p - multiplication A'.
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4.2 Fuzzy o-Translations and Fuzzy g -Multiplications of Fuzzy Z — Ideals in Z-Algebras
In this section, the notions of fuzzy a - translation, fuzzy extension and fuzzy p - multiplication

of fuzzy Z-ideals of Z-algebra X have been introduced and their properties are studied.

Theorem 4.2.1: Let A be a fuzzy Z-ideal of a Z-algebra X , then the fuzzy o - translation Al of
A is a fuzzy Z-ideal of X, for all a [0,T].
Proof : Forall x,ye X,
@ = 0o 2 )t = (x)
(ii) Myr () =1, () + o 2 min{p, (x*y), 1, (V)}+ 0
= min{, (X*y) + 0, u, (Y) + o = minu (X *y), 1, (Y)}

= po(x)zmin{p (x*y),p . (Y))
From (i) and (ii) we get, A is a fuzzy Z-ideal of X.
Theorem 4.2.2: Let A be a fuzzy set of Z-algebra X such that the fuzzy o - translation A’ of A
is a fuzzy Z-ideal of X for some o €[0,T]. Then A is a fuzzy Z-ideal of X .
Proof : Let x,y e X . Then,
(i) pa(O)+o=p,:(0) 2p,.(x) =p,(X)+a = Ha(0) 2 p, (%)
(ii) Mo () 0=, (%) 2 min{p,, (x*y), 1, ()} = min{p, (x* )+, (y) +of

= min{p, (x*y),p, (9)}+

= pa(x) 2 min{p, (x*y)u, ()}
From (i) and (ii) we get A is a fuzzy Z-ideal of X.
Definition 4.2.3: When A, and A, are fuzzy sets of a Z-algebra X, A, is called a fuzzy
Z-ideal extension of A if the following assertions are valid:

(1) A, is a fuzzy extension of A

(i1) If A, is a fuzzy Z-ideal of X, then A, is a fuzzy Z-ideal of X.
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Proposition 4.2.4: Let A be a fuzzy Z-ideal of a Z-algebra X and let o,y € [0,T]. If o > v, then
the fuzzy o- translation A} of A is a fuzzy Z-ideal extension of the fuzzy y -translation A$ of

A.
Proof : Forall xe X, p,(x)+o2p,(x)+y = H (X)2pq.(x)

Hence A! of A is a fuzzy extension of A$ of A. (1)

By Theorem 4.2.1, the fuzzy o- translation A} and fuzzy vy - translation A$ of A are

fuzzy Z-ideals of X. (2)
From (1) and (2), A} of A is a fuzzy Z-ideal extension of A; of A.

Proposition 4.2.5: Let A be a fuzzy Z-ideal of a Z-algebra X and y €[0,T]. For every fuzzy

Z-ideal extension B of the fuzzy y-translation A} of A, there exists o €[0,T] such that o>y

and B is a fuzzy Z-ideal extension of the fuzzy o -translation A’ of A .
Proof: Let A be fuzzy Z-ideal of a Z-algebra X and y €[0,T].
Then by Theorem 4.2.1, the fuzzy v -translation A? of A is a fuzzy Z-ideal of X.

Let B be a fuzzy Z-ideal extension of A; . Therefore, py(x)=p AT (x) forall xeX.
Then choose o =7y + l’l’li)?{},lB (X) =, (X)) .

Clearly o €[0,T] such that oc>y.

Then, the fuzzy o-translation A] of A is a fuzzy Z-ideal of a Z-algebra X and p,(x)>p L (X)

forall xeX.
Hence B is a fuzzy Z-ideal extension of A! of A.

The following example illustrates Proposition 4.2.5.
Example 4.2.6: Consider a Z-algebra X= {0,a,b,c} as in Example 4.1.8.

A fuzzy set Ain X defined by : pn,(x)=0.8 V x € X g is a fuzzy Z-ideal of X and T=0.2.
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If we take y=0.14, then the fuzzyy - translation A7 of A is given by : u A1 (x)=0.94

VxeX.
Let B be a fuzzy set of X defined by: p,(x) =0.98 V x € X is a fuzzy Z-ideal extension of the

fuzzy 7 - translation A§ of A, for all ye[0,T]. Take . =0.18>0.14=y . Clearly B is a fuzzy
Z-ideal extension of the fuzzy a - translation A of A given by AT (x)=098 VxeX.
Proposition 4.2.7: Let A be a fuzzy Z-ideal of a Z-algebra X and o <[0,T]. Then the fuzzy
a-translation A] of A is a fuzzy Z-ideal extension of A.

Proof : Since p, (x)+a = o (X) 2, (%) for all x € X and a€[0,T] and by Theorem 4.2.1

we get the fuzzy a - translation A’ of A is a fuzzy Z-ideal extension of A.

Proposition 4.2.8: Arbitrary intersection of fuzzy Z-ideal extensions of a fuzzy

Z-ideal A of a Z-algebra X is a fuzzy Z-ideal extension of A.

Proof: Let {A,|ieQ}be a family of fuzzy Z-ideal extensions of a fuzzy Z-ideal A of a
Z-algebra X. Then p, (x) 2p,(x) forall x € X and for all i.

Since A is a fuzzy Z-ideal of X, each A, is a fuzzy Z-ideal of a Z-algebra X.

Then by Theorem 2.2.3, n A, is also a fuzzy Z-ideal of a Z-algebra X. (1)
Also, P, (X) = i.ng(pAi (x))=p,(x) forall x e X. (2)

From (1) and (2) we get, n A, is a fuzzy Z-ideal extension of A.

Theorem 4.2.9: For o <[0,T], A. be the fuzzy a -translation of a fuzzy set A of a Z-algebra X.
Then the following are equivalent :

(i) A} is a fuzzy Z-ideal of X.

() Vv tem(A), t>a =U_(u,:t)is an Z-ideal of X.

Proof :
To prove: (i) =(ii)

Let t e Im(A) be such that t>ot.
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Since p,,(0)2p,, (x) forall x € X ,wehave p,(0)+o2p, (x)+a
= u,(0)>p,(x) forall xeX.
Let xe U, (u,;t) then p,(x)>t-a = pn,(0)>p,(x)>t-a
Hence Oe Ua(uA;t).
Let x,ye X besuchthat xxyeU,(u,;t) and ye U, (u,;t).
Then pA(x*y)Zt—oc and uA(y)Zt—a
That is , MA(x*y)Jroth and uA(y)+oth
= mo(xxy)zt and . (y)>t
Since A is a fuzzy Z-ideal of X, it follows that
pa () + 0=, (x) = min{p,, (x*y)u,, (v)) 2 minft t=t.
That is ,pA(x)Z t—o sothat xe Ua(uA;t).
Therefore, U, (u,;t) is an Z-ideal of X.
To prove: (ii)) =(i)
Suppose that U (i, ;t) is an Z-ideal of X for every t € Im(A) with t > o . If there
exists x € X such that u . (0)<t< M (x),then p, (x)>t—a but u,(0)<t—a. This shows
that xe U, (u,;t) and 0 ¢ U, (u,;t).

This is a contradiction, and so . (0)>p ,, (x) forall x € X .

Now assume that there exists x,y e X such that
. 1 .
M (x) <t< mm{qu (x * y), My (y)} where t = ) [“AE (X)+ mln{uAZ (x * y), M (y)}]

:>HA(X)+(X<tSmin{HA(X*Y)"'a,HA(Y)"'a}

Then p, (x*y)>2t—a and p,(y)>t—oa ,but p,(x)<t-o.

Hence x*ye U_(u,:t) and ye U, (u,;t),but x & U, (u,:t).

This is a contradiction, and therefore p . (x)= min {u K (x*y)p K (y) forall x,yexX .

Hence A! is a fuzzy Z-ideal of X.
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Proposition 4.2.10: For any fuzzy set A of a Z-algebra X, the following are equivalent
(1) Aisafuzzy Z-ideal of X.
(1)) Forall g e (0,17, the fuzzy B-multiplication Ag’[ of A is a fuzzy Z-ideal of X.
Proof :
To prove: (i)= (i1)
Let x,yeX. Forallpe 1], p(0)2p,(x) = Bu,(0)>Bn,(x)
=10 (0)> 0 (x) (1)

And, p, (x)2 min{u, (e y)p (V) = By (x)2 Bomin{p, (e y)p, (v))

= o (x)2 min{pp, (xry) Bas, (v)]

= p ()2 minju, (eyhi, (v)f 2)
From (1) and (2) , A}' is a fuzzy Z-ideal of X.
To prove: (ii)) =(i)
Let Be(0,1]. Thenforall x,ye X, HAEA (O)Z HAEA (X) = B-HA(O > B.uA(x)

= HA(O)ZHA(X) 3)
And,  Ba (x)=p,, (x) 2 minju,,, (e y) s, (v)f = min{By, (e y) B (v))
=B.min{p, (x*y)p,(y)}
= p,(x) zmin{p, (xxy)u,(y)) 4)

From (3) and (4) , A is a fuzzy Z-ideal of X.

Proposition 4.2.11: Let A be a fuzzy set of a Z-algebra X, a €[0,T] and B €(0,1]. Then every
fuzzy o - translation A! of A is a fuzzy Z-ideal extension of the fuzzy g -multiplication Ag“ of
A.
Proof : For every x € X we have MAZ (X)= MA(X)+OL > uA(x) > B-HA(X) = “ABA (X)

= My (x)> Hap (x)

= A} isafuzzy extension of Aj'. (1)
Assume that Ag’[ is a fuzzy Z-ideal of X. Then A is a fuzzy Z-ideal of X by Proposition 4.2.10.
By Theorem 4.2.1 we get A] is a fuzzy Z-ideal of X for all o [0, T]. (2)

From (1) and (2) we get every fuzzy o -translation A of A is a fuzzy Z-ideal extension of the
fuzzy g - multiplication Aj' of A .
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The following example illustrates Proposition 4.2.11.

Example 4.2.12: Consider a Z-algebra X= {0, a, b, ¢} with the Example 4.1.8. Define a fuzzy
setAof X by: n,(x)=0.6 V xeX.

Then A is a fuzzy Z-ideal of X. If we take A = 0.3, then the fuzzy 0.3-multiplication A}, of A is
given by: Hoa (x)=0.18 V xe X

Also, for any ae€[0,04] , the fuzzy o—translation Alof A is given by
My (x)=0.6+a V xeX is a fuzzy Z-ideal extension of the fuzzy 0.3-multiplication of A},

of A.
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4.3 Z-Homomorphism on Fuzzy o -Translations and Fuzzy p -Multiplications of

Z -algebras
In this section, we discuss Z-homomorphism on fuzzy a- translations and

fuzzy p -multiplications of Z-algebras and obtain certain results on the basis of fuzzy
Z-Subalgebras and fuzzy Z-ideals of Z-algebras.
Definition 4.3.1: Let h:(X,%,0)— (Y,*,0') be an Z-homomorphism of a Z-algebra X and A" be

a fuzzy o-translation of a fuzzy set A in Y. We define a new fuzzy set (AZ)h in X

bYu(Ag)h (X): Har (h(x)): “A(h(x))+ a ,forall xeX.
Theorem 4.3.2: Let h :(X,*,O)—) (Y,*’,O’) be a Z-homomorphism of Z-algebras. If A is a fuzzy
Z-Subalgebra of a Z-algebra Y, then (Ai)

h

is also a fuzzy Z-Subalgebra of X.

Proof: Let x,yeX.

Now, pr) (x*y) =p,, (b(x*y)) =p,(h(x+y)+o =p, (b)) hy) +a

> min{j, (h(x)).p, (h(y))}+ o
=min {1, (h(x))+ o, (h(y))+a}

= min{p . (X),p () (V)3
= ), (X*y) 2min{p, ) ()R (9))

Hence ( z) is a fuzzy Z-Subalgebra of a Z-algebra X.

h

Theorem 4.3.3: Let h:(X,%0)— (Y,*,0’) be a Z-homomorphism of Z-algebras. If A is a fuzzy
Z-ideal of Y, then (A7)

h

is also fuzzy Z-ideal of X.

Proof: Let x,y e X,

) by (0)= by (6(0) =, (00 0 >, (x))o = o (0() =) (%)
() 1) ()=, (0(0) = 1, (x))+ 0 2 minf () (5 ()}

{u

(v
= min{yt, (h(x*y))p, (h(y))}+a
(

= min{u, (h(x *y))+ o, (h(y))+ o}
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= mintpf), (* Y, O3

=

M), (%) = min{u ) (c*y)pg) (0}

h

From (i) and (ii), (AE)

h

is a fuzzy Z-ideal of a Z-algebra X.

Theorem 4.3.4: Let h:(X,*,0)— (Y,¥,0') be an Z-epimorphism of Z-algebras. If ( z)h is a
fuzzy Z-ideal of X, then A is also fuzzy Z-ideal of Y.
Proof: Let y c Y then there exist x € X such that h(x)=1y.

(i) A (0)+ o =p,, (0) =g, (0(0) =y,r) (0)2 ) (x) =1, (h(x))

= (h(x)+a=p,(y)+a
(i) Lety,y, €Y then there exists x,,x, € X such that h(x,)=y, and h(x,)=y,.

HA(Y1)+ o= HA(h(Xl))+ O =Har). (Xl) 2 min{“(AZ)h (X; *X,), H(ar), (x,)}

=minfu, (h(x, *x,))+ o, p, (h(x, )+ o
min{u, (h(x,)* h(x, )+ o, w, (h(x, )+ af
=min{, (y, ¥ y,)+a,p, (y,)+ o}
=min{, (v, ¥y, b, (v, )+

= Uy (Y1 ) > min {MA (Y1 'y, )a Ha (YZ )}
From (i) and (ii), A is a fuzzy Z-ideal of a Z-algebra Y.
Theorem 4.3.5: Let h: (X,*,O)—> (X,*,O) be an Z-endomorphism of a Z-algebra X. If A is a

fuzzy Z-ideal of X, then ( i)h is also a fuzzy Z-ideal of X.

Proof: Let x,y € X.
@) 1), 0)= 1, (0(0) =, (10 + @ 2 1, (b)) + ot = (1) =y ()

o /h

(i) pir) (x)=p,; (h(x) =, (hGx))+ o 2minfu, (G)<h(y)hu, (b(y)}+a

{
min{p, (h(x*y))u, (h(y))}+a
i, (h(x#y)+oup, (h(y))+ o

min
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- minip(AT)h (x*y), M(ur)

o

= g, (6) 2minju ) ey ()
From (i) and (ii), (Az )h is a fuzzy Z-ideal of a Z-algebra X.
Theorem 4.3.6: Let h:(X,*,0)— (Y,¥,0') be a Z-homomorphism of Z-algebras and AT be a
fuzzy o -translation of a fuzzy set A in Y. The pre-image of A! denoted by h™' (Az) is defined

as p, (AT)(X): .. (h(x)), forall x ¢ X . If A is a fuzzy Z-Subalgebra (fuzzy Z-ideal) of Y then

h'(AT) is a fuzzy Z-Subalgebra (fuzzy Z-ideal) of X.
Proof: Let x,ye X .

Now, o (x*y) =1, (h(x* y)) = (h(xx y)+ o =, (h(x) < h(y) + o

= “h,,(AE)(X * Y)Z min { Hh—l(Az)(X): thl(A;)(Y)}
Therefore, h™' (Az ) is a fuzzy Z-Subalgebra of a Z-algebra X.

Also, 14, (s (X) =, ()<, (0) =1, (5O) =, 0) n

min 1 0¥y (9 =mini (oot ()
=min{u AT (h( )*' h(}’)) K1 (h(}’))}
= min{u, (h(x)* h(y))+o,p, (h(y))+ o}

(
=min{p, (h(x)* h(y)). ., (h(y)) +a
SHA( (X) o

)+
=, (h(x))
)

S 2)

From (1) and (2), h™ (Az) is a fuzzy Z-ideal of a Z-algebra X.
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Definition 4.3.7: Let h:(X,%,0)— (Y,*.,0') be a Z-homomorphism of a Z-algebra X and Ay be
a fuzzy p - multiplication of a fuzzy set A in Y. We define a new fuzzy set by (Ag4 )h in X as
()= (b) =Bt ((3) ol < x

Theorem 4.3.8: Let h:(X,%,0)— (Y,¥,0') be a Z-homomorphism of Z-algebras. If A be a fuzzy
Z-Subalgebra of a Z-algebra Y, then (A g" )h is also a fuzzy Z-Subalgebra of X.

Proof: Let x,ye X.

Now,

M) (*¥) =1 (0 y)) = B-puy (o y) =Bopy (h(x)* h(y)) 2 B-min i, ((x))m, ()
= min{B-p, (h(x))B-w, (h(y)))
= min{ 1, (GO, (h(¥)}
= mln{M(AM (X): M(Ag’l)h (Y)}

(A;f )h is a fuzzy Z-Subalgebra of a Z-algebra X.
Theorem 4.3.9: Let h: (X,*,O) - (Y,*',O') be a Z-homomorphism of Z-algebras. If A is a fuzzy
Z-ideal of Y then (A}') is a fuzzy Z-ideal of X.

Proof: Let x,yc X .
(@) By 0)= 1,y (0(0) = B, (0(0) 2 By, (0(x)) = i) (x)
(ii) 1) () =10 (0(x)) = B- 1, (0(x)) = B-minfu, () By ), (0(y))}
=B-minfu, (h(x*y)) ., (h(y))
=min{B- p, (h(x*y))B-p, ((y))}
=min{p.) (X*y), 1w (¥)}
= Hpy) (X Zmindp ) (X*Y), 1) (V)
From (i) and (ii) , (A}'). is a fuzzy Z-ideal of a Z-algebra X.
Theorem 4.3.10: Let h:(X,%,0)— (Y,#.,0') be an Z-epimorphism of Z-algebras. If (A} ) isa

fuzzy Z-ideal of X then A is a fuzzy Z-ideal of Y.
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Proof: Let y < v . Then there exist x € X such that h(x)=y.
@ B (0)=p (0 =p, 0 (h(0)) = ). (0)2 Hiay), (x) - i,y (1(x) =B 1 (h(x))
=B, (y)
= 1, (0)2p,(y)
(i) Lety,,y, €Y then there exists x,,x, € X such that h(x,)=y, and h(x,)=y,.
Brina (y)= 1,0 (1) = 1 (0(x,) = By (%1)

> min ) (%)% X,), ) (%)}
= min{p,. (h(x, *x,)) 1, (h(X,))5
=min{f-u, (h(x, *x,)),B-p, (h(x,))}
=min{B-p, (h(x,) ¥ h(x,)LB-p, (h(x,))}
=B-min{p, (v, ¥y, s (y,)}

= HA(Y1) 2 min{HA(Y1 + Y2)’HA(Y2)}
From (i) and (ii) , A is a fuzzy Z-ideal of a Z-algebra Y.
Theorem 4.3.11: Let h be an Z-endomorphism of Z-algebra X. If A is a fuzzy Z-ideal of X, then

(AM) s also a fuzzy Z-ideal of X.
Proof: Let x,yeX.
@ i) )=, (0(0)) =p-p, (1(0)) 2 B-p, (h(x) = 1, (0(x)) = by (x)
(i) ), ()= (0(x)) =B- 11, (0(x)) 2 B-minfu, (h(x)<h(y))p, (h(y))
=p-min{u, (h(x*y))u, (h(y)))
)

= min{B-uA( (X * Y)) B MA( ( )}
=min{p ., (h(x*y)). 1,y (h(y));

= min{p ) (X*Y) K (V)
= P, (%) Zmin{u o (xy)po ()

From (i) and (ii), (A g/‘ )h is a fuzzy Z-ideal of a Z-algebra X.
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Theorem 4.3.12: Let h: (X,*,O)—) (Y,*’,O') be a Z-homomorphism of Z-algebra X into a
Z-algebra Y and Ag“ be a fuzzy p -multiplication of a fuzzy set A in Y. The pre-image of Ay
denoted by h™'(A)) is defined by ) 0) =k (0(x)) for all xex. If A is a fuzzy
Z-Subalgebra (fuzzy Z-ideal) of Y, then h™' (Ag4 ) is a fuzzy Z-Subalgebra (fuzzy Z-ideal) of X.
Proof: Let x,ye X.
Now, p, ) (x %) =t (h(x#y)) =B (h(x #y)) =B, (h(x) h(y))

>B-minfu, (h(x))p, (h(y))}

= min{ -y, (h(x)).8 1, (h(y))

=min{ . (h(x)), b, (h(y))}

= min{“h—l (AE")(X)’ Mh"(Ag")(y)}
= thl(Ag/l)(X * y) 2 min{uh*I(Ag’l )(X)7 uhil(AgA )(Y)}
Therefore h‘l(Ag‘) is a fuzzy Z-Subalgebra of a Z-algebra X.

Also, thl(ABA)(X) = Hay (h(x)) < Moy (O’) = Hay (h(O)) =Hpa (Ag)(o) (1)

N1, (F V)b o) (90F = mindis (b y)h o (B9
= min ., (h(x)*"h(y))p . (h(y))

= min{B-p, (h(x)* h(y)),B-p, (h(y)}
=B-min{u, (h(x)*"h(y))u, (h(y))
)

<B- HA( (X)
= uAM( (x))
(%) 2)

From (1) and (2), h™ (Ag/l ) is a fuzzy Z-ideal of a Z-algebra X.
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4.4 Cartesian Product on Fuzzy o-Translations and Fuzzy p -Multiplications of

Z-algebras

In this section, we define the Cartesian product on fuzzy a- translations and fuzzy

p -multiplications of Z-algebras and establish some of their properties in detail on the basis of

fuzzy Z-Subalgebras and fuzzy Z-ideals of Z-algebras.

Definition 4.4.1: Let A! and B! be fuzzy o - translations of fuzzy sets A and B in a Z-algebra

X . The Cartesian product A x B with membership function p . . XxX — [0,1] is defined

by W1 g (Xy) =min{u ., (X), 1y ()}, forall x,y e X
Theorem 4.4.2: Let A and B are fuzzy Z-Subalgebras of Z-algebra X, then AIxB! is also a
fuzzy Z-Subalgebra of X x X.
Proof : For any (x,,y,),(x,,y,)e XxX,
g (XY (X0, ¥2)) = Ry r g (X %%5),(3, % Y,))
= minfp . (X, % X)), Mg (Y, % Y,))
= minfu, (x, *X,)+ o, pg(y, #y,)+ o}
=min{u, (x, #x, L kg (y, *y,)}+
> min{min{u, (x, ), (%)} minfug (v, ) s (v )} + @
= min {min i, (x, ) p, ()} + o0 min g (v, ) wa (v,)f + o
= min{min i (x, )+ o p, (%, )+ oy min g (y, )+ o pg (v, )+ ol

= min{min . (X,), 1, (X)) f,min {p s (y,), 1 (v2) 3
= min{min - (X,), e (V) min {l o (X,), ks (9,)5 5
=min {“AszQ (XnYl)’“Angg (X5, ¥2)}

= Mg (X y)* (X, y))) 2 mindu e (X, Y1) My (X5, Y5)

Hence A} x B, is a fuzzy Z-Subalgebra of X xX.
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Theorem 4.4.3: If A and B are fuzzy Z-ideals in a Z-algebra X, then A!x B! is a fuzzy Z-ideal

in X x X .

Proof : Let (x,,x,)e XxX.
(1) Ko e (0,0) =min{p (0, 1 (0)} = min{p, (0) + o, iy (0) + ot}
=min{p,(0),u;(0)} +a
2min{p, (x,),Hp(X,)} +a
=min{p, (X,)+ o, Ug(X,) + o}
= min i, (X)), 1y (X,)}
= Hyngr (X5X,)
= Hyrgr (0.0) 2R, o (X0,X,)
(i1) Let (xl,xz),(yl,yz)e XxX
Hargr (Xp,X,) = min g+ (X)), by (X,)

=min{p, (x,)+ 0, pg(x,) + o}

=min{u, (x,),ks(X,)} + o

> min{miniu, (x, *y, ) p, (v, )b minfuy (= v, by (v )+ @

= min{min{u, (x, ¥y, )1, (v, )+ oominug (% y, ) g (v, )} + o

= min{min{u, (x, *y,)+ oL p, (y,)+ o minug (x, %y, )+ o py (v, )+ o}

= min{min{p (X, *yy), 1, (V) min e (X, %Y, ), b ()1

= min{min{ (X, *y,), My (X, ¥Y,) 5, min g (v, B (¥2)5 5

=mini (%Y, (%0 % Y)Wy (V15 Y2))

=min{i, o o (% X0) * (Y15 Y2))s By (V15 Y2)}

= My (XpXg) Zmin{u o o (%3, X0) * (515 Y2))5 By (V1 Y2) )

From (i) and (ii), A’x B! is a fuzzy Z-ideal in X x X .
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Theorem 4.4.4: Let A and B be fuzzy sets in a Z-algebra X such that A x B] is a fuzzy Z-ideal
of X x X . Then,

(1) Either Mo 0)= Mo (x) (or) My (0)=> Hyr (x) forall xe X.
(i) If p AT O)>p AT (x) forall x € X, then either Mg 0)>p AT (x) (or) Mg 0)=> My (x).
(i) If Hyr (0)=> Hyr (x) forall x € X, then either p AT 0)>pn AT (x) (or) n AT (0)> Hyr (x).
Proof :
(1) Suppose that My (0) <H,r (xl) and Hygr (O)< My (xz) for some x,,x, € X.
M (%003 ) = mindie () g (%, )b > min gy, (0) 1 (0))
=Hyr (0,0), which is a contradiction.
Therefore, p AT 0)>pn AT (x) (or) My 0)=> My (x) forall x e X.
(i)  Assume that My (O) <H,r (xl) and Hygr (O) <My (Xz) for some x,,x, € X.
Then i,.,; (0.0) = minfy; (O, (0)} =, (0)
and hence Mgt (xl, xz) =min {qu (x1 ), Hyr (x2 )}
> P (0) =pn ATB] (0,0) ,which is a contradiction.
Hence, if p AT 0)>pn AT (x) for all xeX, then either Mg 0)>p AT (x) (or)

(ii1) will obtain by interchanging the roles of A and B in part (ii).

Theorem 4.4.5: Let A and B be fuzzy sets in a Z-algebra X such that A xB! is a fuzzy

Z-ideal of X x X . Then either A or B is a fuzzy Z-ideal of X.

Proof : First we prove that B is a fuzzy Z-ideal of a Z-algebra X.
Since by Theorem 4.4.4(i), either . (0) 2 p . (x) (or) e (0) 2 p . (x) forall x € X.

Assume that p,(0) 2 p; (x) forall x € X.
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= HB(O)+G‘ 2 HB(X)+0~

Therefore Hg(0)> py(x) (1)
It follows from Theorem 4.4.4 (iii) either p,;(0)>p . (x) (or) p,:(0) 2 p (X).

If p,:(0)2p, (x) forany x € X, then p, (x) = min{qu (0), ke (x)} = My (0:X)
Now, iy (x)+ e = (%) =41, 4 (0,%)
> min{it,  ((0,%)%(0, )., s O9)]
=min{p, ;o ((0%0),(x*Y)), 1,1 1 (0,5))
=min{, (0, X% Y), 1,0 0 (0,Y)]
= min{min ., (0), . (x*y)}, min {miniy ., (0), .. (¥)}}
=min{p, (X *y),k (¥))
=min{p, (x *y)+ o, py(y)+o )
= min{p, (x*y), 15 (y)}+ o
= (%)= min{p, (x*y) ,py(y)} )

Hence from (1) and (2) we get B is a fuzzy Z-ideal of a Z-algebra X. By Theorem 4.4.4(i) and
(i) , assume thatp .+ (0) 2 p, . (x) forall x € X and p;(0)=p,.(x) forany x € X.

Then A is a fuzzy Z-ideal of a Z-algebra X.
Therefore, either A or B is a fuzzy Z-ideal of a Z-algebra X.

Definition 4.4.6: Let Ag’l and Bg’l be fuzzy B -multiplications of A and B in a Z-algebra X. The

Cartesian product Ag’l XBgA with membership function p AMxBY XxX—> [0,1] is defined by

Hoagy (X0 ) = min{u o (X), Mgy (y)} forall x,y e X.
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Theorem 4.4.7: Let A and B are fuzzy Z-Subalgebras of Z-algebra X, then A;f X B;f is also a

fuzzy Z-Subalgebra of X x X.
Proof : For any (x,,y,).(x,,y,)e XxX,

oy (%1 YD) * (X2, ¥2)) = B g (X X5), (1 *Y5))
=min (% X,)s M (9,35}
=min{B-p, (x, *x,).B-uy(y, *y,)}
=P -min{u, (x, # %, hpg (v, # v, )}
> B-min{minfu, (x, )1 ()l min g (v, ) wa (v,
= min{B-min{u, (x, ).p, (x,)}.B - min {ug (v, ). 1p (v,)}
= min{min {8, (x, B, (x,)hmin - 1y (v, B s (v,)f}
= min{min{p (X)), 1 (X5 3, min i (v, Mgy (5255
=min{min i, (x,), fp (v min o (%,), M (v
= L (X1 Y (X35 Y2))
= By (1Y) # (X5, ¥2)) 2 min i o (61, Y01 g (%5,Y2)}

Hence A{' x By is a fuzzy Z-subalgebra of X x X.

Theorem 4.4.8: If A and B are fuzzy Z-ideals in a Z-algebra X then A} x B)' is a fuzzy
Z-ideal in Xx X.
Proof : Let (xl,xz)eXxX.
(D) 1 e (0.0)= min{p1 o (01,1 ()} = min{P-p1, (0).B- 11, (0))
=B-min{p, (0., (0)}
>B-min{p, (x, ) pg(x,)}
= min{B-p, (x, ) B-py (x,)}

= min{uAgA (Xl)’uBgd (x,)}

= HA[yngd (x1,%,)
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= g (0.0) 2 10 (x1.%,)
(i) Let (x,,x,)(y,,y,)e XxX
by (60 ) = iRl (5, by (5,))
=min{B-p, (x,).B-ps(x,)}
=B-minfu, (x, ) g (x, )}
>B-min{min{u, (x, *y, ey (v mindug (6, % v, g (v,
= min{B-minfu, (x, =y, ) p, ()b B-minduy O, v, ) g (v}
=min{min{B-p, (x, *y, B~ p, (y, Jhmin{B-py (x, * v, ). By (y, )}
= min{min{p o (X, % y;), 1 () min i (X, y,) B (¥2)1)
=min{min L, (X, *y,), Koy (X5 *¥5) 5 min i v (v, Ry (¥2)5 5
= MR o (%Y, (G Y2)) e (V15 Y2))

= min{HAgdegd ((x),%,) * (Y1aY2))aHAg/legd (Y1, ¥2)}

= HA[yngA (x1,X,) 2 min{HAgAngd ((Xl’xz)*(YU}’z))auAg/legA (Y1, ¥2)}

From (i) and (ii), A}’ xB}' is a fuzzy Z-ideal in X x X .

Theorem 4.4.9: Let A and B be fuzzy sets in Z-algebra X such that Ag‘ ng4 is a fuzzy Z-ideal

of X xX. Then,

(1) Either Hoy 0)> Hoy (x) (or) Hgy 0)> Hgy (x) forall xeX.

(i) If Hoy (0)> Hoy (x) forall x € X, then either Hgy 0)> Hoy (x) (or) Hgy 0)> Hgy (x).

(i) If Hgy 0)> Hgy (x) forall x € X, then either Hoy 0)> Hoy (x) (or) Hay 0)> Hgy (x).

(1) Suppose that H o (0)< Ha (x,) and Hgy (0)< Hgy (x,) forsome x,,x, €X.

Then H oy (XI,X2)= min{HAgd (X1)3“Bg4 (Xz)} > min{“AgA (0)3“334 (0)}

= Mgy (0,0), which is a contradiction.
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Therefore, Hy (0)> Hy (x) (or) Hgy (0)> Hgy (x) forall x e X.
(1) Assume that Hgy (0)< Hy (x,)and Hgy (0)< Hgy (x,) for some x,,x, € X.
Then v (0.0) = min{i,  (0), 1, (0)} = b,y (0)
and hence Hoay (x,,x,)= min{uARd (Xl)’“BE" (x, )}
> Moy (0)=p AV (0,0) , which is a contradiction.
Hence, if Hay (0)> Ho (x) for all x e X, then either Hgy 0)> Hoy (x) (or)
Hou (0) 2 ppw (X).
(111) will obtain by interchanging the roles of A and B in part (i1).

Theorem 4.4.10: Let A and B be fuzzy sets in a Z-algebra X such that Ag/l X Bgd is a fuzzy

Z-ideal of X x X . Then either A or B is a fuzzy Z-ideal of X.

Proof : First we prove that B is a fuzzy Z-ideal of a Z-algebra X.
Since by Theorem 4.4.9(1), either p . (0)>p, . (x) (or) p v (0)=p . (x) forall xeX.
B B B B

Assume that p_, (0)>pn _,,(x) forall x e X.
Mg Mgy

= B'HB(O)ZB'HB(X)
Therefore p,(0)> p,(x) (1)

It follows from Theorem 4.4.9(iii) either Hoay (0) > Hoay (x) (or) Hoy (0)> Hgy (x).
If Hoy 0)> Hgy (x) for any x € X, then
Hy (0 = Min{h oy (0) Ry (O} = R (0,)
Now, B (x) = by (%) = 1 e (0.)
> min {4 o (0,0 (0,91, (0,3}
= min{p o g ((0%0), (X ¥ Y)) 5 (0,¥)}

=min {}LA%BQA (0,x * y),uA[y B! 0,y)}
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= min{min{p, (0), p (x*y)}, min{min{p . (0), 1y (¥)}}
=min {HB[I;/[ (X * Y)a HBEA (Y)}

=min{B-p, (x*y).B-uy(y) |
=B-min{p, (x*y), 1y (y)}

= py(x) 2 minfp, (x*y).ps(y)} @)

Hence from (1) and (2) , B is a fuzzy Z-ideal of a Z-algebra X.

By Theorem 4.4.9 (i) and (ii) , assume that p,(0) > p, . (x) forall x € X and p v (0) 2 p, . (x)
B B B B

for any x € X.
Then A is a fuzzy Z-ideal of a Z-algebra X.
Therefore, either A or B is a fuzzy Z-ideal of a Z-algebra X.
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