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Fuzzy α –Translations and Fuzzy β – Multiplications of 
Z-Algebras 

               In the year 2009, fuzzy translations and fuzzy multiplications in BCK/BCI-algebras 

have been discussed by Lee et al.[44]. In the first two sections, fuzzy  -translations, fuzzy                   

 -multiplications of  fuzzy  Z-Subalgebras (fuzzy Z-ideals) in Z-algebras and fuzzy                          

Z-Subalgebra (Z-ideal) extension are introduced and obtained relations among them. In the third 

section, we discuss Z-homomorphism on fuzzy -translations and fuzzy -multiplications of 

Z-algebras and obtain certain results on the basis of fuzzy Z-Subalgebras and fuzzy Z-ideals of 

Z-algebras. In the fourth section, we define the cartesian product on fuzzy -translations and 

fuzzy -multiplications of Z-algebras and establish some of their properties in detail on the 

basis of fuzzy Z-Subalgebras and fuzzy Z-ideals of Z-algebras. 

4.1   Fuzzy  -Translations and Fuzzy  -Multiplications of Fuzzy Z-Subalgebras                   

in Z-Algebras 

In this section, the notions of  fuzzy -translation, (normalized, maximal) fuzzy Z-Subalgebra 

extension and fuzzy  -multiplication of fuzzy Z-Subalgebras of Z-algebra X have been 

introduced and studied their properties. 

For any fuzzy set A in a Z-algebra , we denote  Xx|)x(sup1T A   unless 

otherwise specified. 

Definition 4.1.1: Let A be a fuzzy set of a Z-algebra X and let ]T,0[ . A fuzzy                             

 -translation TA  of A with membership function  ]1,0[X:TA


  is defined by  




)x()x( AA T  , for all Xx  .  

 

 

 

 





 0,,X 

    4 
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Example 4.1.2: Consider a Z-algebra X= {0,a,b,c}  with the following Cayley table 1. 

 

                                     Table 1                                                      

 

 

 

 

 

 

Define a fuzzy set A in X given by Table 2. 

Here 2.08.01}Xx|)x(sup{1T A  . Choose ]2.0,0[1.0    . Then the mapping  

]1,0[X:T
1.0A


 
is  defined by 

 

 

 

is a fuzzy 0.1- translation of A. 

Theorem 4.1.3: Let X be a Z-algebra and A be a fuzzy Z-Subalgebra of X and ]T,0[ . Then 

the fuzzy  - translation  TA   of A is a fuzzy Z-Subalgebra of X. 

Proof: Let Xy,x  . Then, 




)yx()yx( AA T    )y(),x(min AA   )y(,)x(min AA  

                                                                                   )y(),x(min TT AA 
  

     )yx(TA



 )y(),x(min TT AA 

  

Hence TA   is a fuzzy Z-Subalgebra of X. 

 0 a b c 

0 0 a b c 

a 0 a c b 

b 0 c b a 

c 0 b a c 

X      0 a b c 

A  0.8 0.6 0.5 0.5 

X      0 a b c 

TA
  0.8+0.1 0.6+0.1 0.5+0.1 0.5+0.1 


Table  2 
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Theorem 4.1.4: Let X be a Z-algebra and A be a fuzzy set of X such that the fuzzy                           

 - translation TA   of A is a fuzzy Z-Subalgebra of X for some ]T,0[ . Then A is a fuzzy                

Z-Subalgebra of X. 

Proof : Let  Xy,x   then, )yx()yx( TAA 


 )y(),x(min TT AA 
  

                                                                                       )y(,)x(min AA  

                                                                                        )y(),x(min AA  

and so  )yx(A   )y(),x(min AA   

Hence A is a fuzzy Z-Subalgebra of X. 

Definition 4.1.5: Let  1A  and 2A be fuzzy sets of a Z-algebra X. If )x()x(
21 AA   for all 

,Xx then, we say that 2A is a fuzzy extension of 1A . 

Definition 4.1.6: When 1A  and 2A   are fuzzy sets of a Z-algebra X,  2A  is called a fuzzy                

Z-Subalgebra extension of 1A  if the following assertions are valid: 

 (i) 2A  is a fuzzy extension of 1A       

 (ii) If  1A  is a fuzzy Z-Subalgebra of X, then 2A  is a fuzzy Z-Subalgebra of X. 

 

It follows from the definition of fuzzy -translation, )x()x( AA T 


 for all Xx  . This proves 

the following proposition. 

Proposition 4.1.7: Let A be a fuzzy Z-Subalgebra of a Z-algebra X and ]T,0[ . Then the 

fuzzy  -translation  TA  of A is a fuzzy Z-Subalgebra extension of A. 

Note : In general, the converse of Proposition 4.1.7 is not true as seen in the following Example 

4.1.8. 

Example 4.1.8: Consider a Z-algebra X={0,a,b,c} with the following Cayley table: 

 0 a b c 

0 0 a b c 

a 0 a c a 

b 0 c b b 

c 0 a b c 

 


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The fuzzy set A in  X is defined by: 

 

 

 

is a fuzzy Z-Subalgebra of X and T=0.3. For ,  given by: 

 

 

 

is a fuzzy Z-Subalgebra of X, which is a fuzzy Z-Subalgebra extension of A for all . 

But A is not a fuzzy Z-Subalgebra extension of . 

Proposition 4.1.9: Arbitrary intersection of fuzzy Z-Subalgebra extensions of a fuzzy                          

Z-Subalgebra A of a Z-algebra X is a fuzzy Z-Subalgebra extension of A. 

Proof:  Let }i|A{ i  be a family of fuzzy Z-Subalgebra extensions of a fuzzy Z-Subalgebra A 

of a Z-algebra X.  

Then )x()x( AA i
  for all Xx  and for all i .                                              

Since A is a fuzzy Z-Subalgebra of a Z-algebra X , each iA  is a fuzzy Z-Subalgebra of a                   

Z-algebra X. Then by Theorem 2.1.3, i
i

A

  is also a fuzzy Z-Subalgebra of a Z-algebra X.     (1)   

Also, )x())x((inf)x( AA
i

A ii
i






 for all Xx .    (2)  

From (1) and (2) we get, i
i

A

  is a fuzzy Z-Subalgebra extension of A. 

Clearly, the union of fuzzy Z-Subalgebra extensions of a fuzzy Z-Subalgebra A of a Z-algebra X, 

is not a fuzzy Z-Subalgebra extension of A as shown in the following example. 

 

 

 

02.0 TA

]T,0[

TA

X      0 a b c 

A  0.7 0.5 0.4 0.4 

X      0 a b c 

TA
  0.72 0.52 0.42 0.42 
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Example 4.1.10: Consider a Z-algebra X and the fuzzy Z-Subalgebra A of X as in Example 

4.1.8. 

The fuzzy sets  B and C of X  defined by 

 

 

 

 

 

are fuzzy Z-Subalgebras of X. Then B and C are fuzzy Z-Subalgebra extension of A. But the 

union CB  is not a fuzzy Z-Subalgebra extension of A, since  

)}b(),a(min{8.07.0)c()ba( CBCBCBCB    . 

Definition 4.1.11:  For a fuzzy set A of a Z-algebra X, ]T,0[  and ]1,0[t  with  t , we 

define the upper level subset of TA  as      t)x(|Xxt;U AA . 

Proposition 4.1.12: Let A be a fuzzy set of a Z-algebra X and . Then the fuzzy                      

- translation  of A is a fuzzy Z-Subalgebra of X if and only if, is a                                     

Z-Subalgebra of X, for all  with . 

Proof : To prove necessity, let  be such that . 

Let  t;Uy,x A      t)x(A   and  t)y(A . 

                                   t)x(A   and t)y(A   

                                   t)x(TA



 and t)y(TA




 

Now,  t}t,tmin{)}y(),x(min{)yx( TTT AAA



. 

Hence )t;(Uyxt)yx(t)yx( AAA   . 

Thus  is a  Z-Subalgebra of  a Z-algebra X. 

To prove the sufficiency, assume that  there exist ,  with  such that 

)}y(),x(min{t)yx( TTT AAA 
  

                         )y(,)x(min AA  

 

]T,0[

 TA  t;U A

)AIm(t t

)AIm(t t

 t;U A

Xy,x  )AIm(t t

X      0 a b c 

B  0.8 0.8 0.6 0.6 

C  0.9 0.7 0.8 0.7 

CB  
0.9 0.8 0.8 0.7 
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Then  t)x(A   and  t)y(A  but  t)yx(A  . 

This shows that   t;Uy,x A   and  t;Uyx A  . 

This is a contradiction, and so , for all . Hence, the 

fuzzy - translation  of A is a fuzzy Z-Subalgebra of  X. 

Proposition 4.1.13: Let A be a fuzzy Z-Subalgebra of a Z-algebra X and ]T,0[,   . If  

,  then the fuzzy -translation TA  of A is a fuzzy Z-Subalgebra extension of the fuzzy       

 - translation TA   of A. 

Proof: For every Xx   and  ]T,0[,    and  , 

We have,  


)x()x( AA T  )x(A = )x(TA 
  

                )x(TA 
 )x(TA 

  

Therefore TA  is a fuzzy extension of  TA  .Since A is a fuzzy Z-Subalgebra of X then TA  and 

TA  of A are fuzzy Z-Subalgebras of X ( by Theorem 4.1.3) . Hence TA  of A is a fuzzy                     

Z-Subalgebra extension of TA   of A. 

Proposition 4.1.14: Let A be a fuzzy Z-Subalgebra of  a Z-algebra X and ]T,0[  . For every 

fuzzy Z-Subalgebra extension B of the fuzzy  - translation TA   of A, there exist ]T,0[  such 

that   and B is a fuzzy Z-Subalgebra extension of the fuzzy  - translation TA  of A. 

Proof:  Since A is a fuzzy Z-subalgebra of a Z-algebra X  and ]T,0[ , the fuzzy                               

 - translation  TA   of A is a fuzzy Z-Subalgebra of X by Theorem 4.1.3. 

Let B be a fuzzy Z-Subalgebra extension of TA  . Choose )}x()x({min TAB
Xx 




. Clearly 

]T,0[  such that   and )x()x( TAB


  for all Xx  . Hence B is a fuzzy Z-Subalgebra 

extension of the fuzzy  - translation TA  of A. 

The following example illustrates Proposition 4.1.14. 

Example 4.1.15: Consider a fuzzy Z-Subalgebra A of  a Z-algebra X as in  Example 4.1.8. Here 

T=0.3. If we take 2.0 , then the fuzzy  - translation TA   of A is given by: 

 

)yx(TA



)}y(,)x(min{ TT AA 

 Xy,x 

 TA
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The  fuzzy set B of X defined by  

X      0 a b c 

B  0.94 0.76 0.63 0.63 

is a fuzzy Z-Subalgebra extension of fuzzy  -translation TA  of A. Take  2.023.0 .  

Then, B is a fuzzy Z-Subalgebra extension of the fuzzy  -translation TA  of A given by 

 

 

Definition 4.1.16: A fuzzy Z-Subalgebra extension B of a fuzzy Z-Subalgebra A in a Z-algebra 

X is said to be  normalized if there exists Xx0   such that   1x0B  .  

Definition 4.1.17: Let A be a fuzzy Z-Subalgebra of a Z-algebra X. A fuzzy set B of X is called 

a maximal fuzzy Z-Subalgebra extension of A if it satisfies the following conditions: 

 (i) B is a fuzzy Z-Subalgebra extension of A. 

 (ii) there does not exist another fuzzy Z-Subalgebra of a Z-algebra X which is a fuzzy extension 

of B. 

Example 4.1.18:  Let X= {0,a,b,c} with the following Cayley table: 

  0 a b c 

0 0 a b c 

a 0 a b a 

b 0 b b c 

c 0 a c c 

 0,,XThen   is a Z-algebra. Let A and B be fuzzy sets of X which are defined by  
5

1
)x(A   for 

all Xx  and 1)x(B   for all Xx  . Clearly A and B are fuzzy Z-Subalgebras of X. It is easy  

to verify that B is a maximal fuzzy Z-Subalgebra extension of A. 

X      0 a b c 

TA
  0.9 0.7 0.6 0.6 

X      0 a b c 

TA
  0.93 0.73 0.63 0.63 
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Proposition 4.1.19:  If a fuzzy set B of a Z-algebra X is a normalized fuzzy Z-Subalgebra 

extension of a fuzzy Z-Subalgebra A of X, then 1)0(B  . 

Proof : It is clear, because )x()0( 0BB  for all Xx0  . 

Proposition 4.1.20: Let A be a fuzzy Z-Subalgebra of a Z-algebra X. Then every maximal fuzzy 

Z-Subalgebra extension of A is normalized. 

Proof : This follows from the definitions of the maximal fuzzy Z-Subalgebra extensions and 

normalized. 

Definition 4.1.21: Let A be a fuzzy set of a Z-algebra X and  1,0 . A fuzzy  -

multiplication MA  of A with membership function  ]1,0[X:MA



 is defined by 

)x(.)x( AAM 


 for all Xx  . 

Example 4.1.22:  Consider a Z-algebra X={0,a,b,c} with the following Cayley table: 

  0 a b c 

0 0 a b c 

a 0 a c b 

b 0 c b a 

c 0 b a c 

Define a fuzzy set A in  X by: 

X 0 a b c 

A  0.8 0.6 0.5 0.5 

is a fuzzy Z-Subalgebra of X. 

Here 2.08.01}Xx|)x(sup{1T A  . Choose ]1,0(1.0  . Then the mapping   

]1,0[X:M
1.0A


 
is  given by 

X 0 a b c 

M
1.0A

  0.08 0.06 0.05 0.05 

is a fuzzy 0.1- multiplication of A. 
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Proposition 4.1.23: If A is a fuzzy Z-Subalgebra of a Z-algebra X, then the fuzzy                               

 - multiplication MA   of A is a fuzzy Z-Subalgebra of X for all . 

Proof : For all Xy,x   and , 

)yx(MA



= )yx(. A   )y(),x(min. AA   )y(.),x(.min AA                      

                                                                            )}y(),x(min{ MM AA 
  

                     )yx(MA



)}y(),x(min{ MM AA 

  

Hence MA  is a fuzzy Z-Subalgebra of X for all . 

Proposition 4.1.24:  For any fuzzy set A of Z-algebra X, the following are equivalent: 

(a) A is a fuzzy Z-Subalgebra of X. 

(b) For all  1,0 , MA  is a fuzzy Z-Subalgebra of X. 

Proof : Necessity follows from Proposition 4.1.23. 

Let   1,0  be such that MA  is a fuzzy Z-Subalgebra of X. 

Then for all Xy,x  , 

    )}y(),x(min{yxyx. MMM AAAA


  )y(.),x(.min AA   

                                                                             )y(),x(min. AA   

and  so   yxA   )y(),x(min AA   for all Xy,x  . 

Hence A is a fuzzy Z-Subalgebra of X. 

Proposition 4.1.25: Let A be a fuzzy set of a Z-algebra X, ]T,0[  and  1,0 . Then every 

fuzzy -translation TA  of A is a fuzzy Z-Subalgebra extension of the fuzzy  -multiplication 

MA  of A. 

Proof : For every Xx  , we have 




)x()x( AA T )x(A )x(. A )x(MA
  

 and so  TA  is a fuzzy extension of MA . 

Assume that MA  is a fuzzy Z-Subalgebra of X. Then A is a fuzzy Z-Subalgebra of X by 

Proposition 4.1.24. It follows from Theorem 4.1.3 that TA  is a fuzzy Z-Subalgebra of X for all 

 1,0

 1,0

 1,0
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]T,0[ . Hence every fuzzy - translation TA is a fuzzy Z-Subalgebra extension of the fuzzy                    

 - multiplication MA . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



                                           Fuzzy α-Translations and Fuzzy β-Multiplications of  Z-Algebras    

   Fuzzy Structures on Z-Algebras  110 

 

4.2   Fuzzy  -Translations and Fuzzy  -Multiplications of Fuzzy Z – Ideals in Z-Algebras 

In this section, the notions of fuzzy  - translation, fuzzy extension and fuzzy  - multiplication 

of fuzzy Z-ideals of Z-algebra X have been introduced and their properties are studied. 

Theorem 4.2.1: Let A be a fuzzy Z-ideal of a Z-algebra X , then the fuzzy  - translation  TA  of 

A is a fuzzy Z-ideal of X, for all ]T,0[ . 

Proof : For all Xy,x  , 




)0()0()i( AA T   )x(A )x(TA 
  




)x()x()ii( AA T    )y(),yx(min AA  

                               )}y(),yx(min{})y(,)yx(min{ TT AAAA


  

    )x(TA 
 )}y(),yx(min{ TT AA 

  

From (i) and (ii) we get, TA  is a fuzzy Z-ideal of X. 

Theorem 4.2.2: Let A be a fuzzy set of Z-algebra X such that the fuzzy  - translation  TA  of A 

is a fuzzy Z-ideal of X for some ]T,0[ . Then A is a fuzzy Z-ideal of X . 

Proof : Let Xy,x  . Then, 

)0()0()i( TAA


  )x(TA 
  )x(A            )0(A )x(A  

)x()x()ii( TAA


 )}y(),yx(min{ TT AA 
   )y(,)yx(min AA  

                                                                             )y(),yx(min AA                

    )x(A  )y(),yx(min AA   

From (i) and (ii) we get A is a fuzzy Z-ideal of X.  

Definition 4.2.3: When 1A  and 2A  are fuzzy sets of a Z-algebra X, 2A  is called a fuzzy                 

Z-ideal extension of  1A  if the following assertions are valid:  

(i)  2A  is a fuzzy extension of  1A   

(ii) If  1A  is a fuzzy Z-ideal of X, then 2A  is a fuzzy Z-ideal of X. 
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Proposition 4.2.4: Let A be a fuzzy Z-ideal of a Z-algebra X and let ]T,0[,  . If  , then 

the fuzzy   - translation  TA  of A is a fuzzy Z-ideal extension of the fuzzy  -translation TA   of 

A. 

Proof : For all Xx ,    )x()x( AA          )x()x( TT AA 
  

Hence  TA  of A is a fuzzy extension of  TA   of A.  (1) 

By Theorem 4.2.1, the fuzzy  - translation TA  and  fuzzy  - translation TA   of A are                 

fuzzy Z-ideals of X. (2) 

From (1) and (2), TA  of A is a fuzzy Z-ideal extension of TA   of A. 

Proposition 4.2.5: Let A be a fuzzy Z-ideal of a Z-algebra X and ]T,0[ . For every fuzzy               

Z-ideal extension B of the fuzzy  -translation TA   of A, there exists ]T,0[  such that   

and B is a fuzzy Z-ideal extension of the fuzzy  -translation TA  of A . 

Proof:  Let A be fuzzy Z-ideal of a Z-algebra X and ]T,0[ . 

Then by Theorem 4.2.1, the fuzzy  -translation TA   of A is a fuzzy Z-ideal of X. 

Let  B be a fuzzy Z-ideal extension of TA  . Therefore, )x()x( TAB


  for all  Xx . 

Then  choose )}x()x({min TAB
Xx 




 . 

Clearly ]T,0[  such that  . 

Then,  the fuzzy  -translation TA  of A is a fuzzy Z-ideal of a Z-algebra X and )x()x( TAB


  

for all  Xx . 

Hence  B is a fuzzy Z-ideal extension of TA  of A. 

The following example illustrates Proposition 4.2.5. 

Example 4.2.6: Consider a Z-algebra X= {0,a,b,c} as in  Example 4.1.8. 

A fuzzy set A in  X  defined by : 8.0)x(A   Xx  s is a fuzzy Z-ideal of X and T= 0.2.  



                                           Fuzzy α-Translations and Fuzzy β-Multiplications of  Z-Algebras    

   Fuzzy Structures on Z-Algebras  112 

 

If we take 14.0 , then the fuzzy  - translation   TA   of A is given by : 94.0)x(TA



 

Xx  .  

Let B be a fuzzy set of X defined by:  98.0)x(B   Xx   is a fuzzy Z-ideal extension of the 

fuzzy  - translation TA  of A, for all ]T,0[ . Take  14.018.0  .  Clearly B is a fuzzy 

Z-ideal extension of the fuzzy  - translation TA  of A  given by  98.0)x(TA


  Xx  . 

Proposition 4.2.7: Let A be a fuzzy Z-ideal of a Z-algebra X and ]T,0[ . Then the fuzzy             

 - translation  TA  of A is a fuzzy Z-ideal extension of A. 

Proof :  Since )x()x()x( AAA T 


 for all Xx   and ]T,0[  and by Theorem 4.2.1 

we get the fuzzy  - translation TA  of A is a fuzzy Z-ideal extension of A. 

Proposition 4.2.8: Arbitrary intersection of fuzzy Z-ideal extensions of a fuzzy                          

Z-ideal A of a Z-algebra X is a fuzzy Z-ideal extension of A. 

Proof:  Let }i|A{ i  be a family of fuzzy Z-ideal extensions of a fuzzy Z-ideal A of a                       

Z-algebra X. Then )x()x( AA i
  for all Xx  and for all i.                                              

Since  A is a fuzzy Z-ideal of  X , each iA  is a  fuzzy Z-ideal of a Z-algebra X. 

Then by Theorem 2.2.3, i
i

A

  is also a fuzzy Z-ideal of a Z-algebra X. (1) 

Also, )x())x((inf)x( AA
i

A ii
i






 for all Xx . (2)  

From (1) and (2) we get, i
i

A

  is a fuzzy Z-ideal extension of A. 

Theorem 4.2.9: For ]T,0[ , TA  be the fuzzy  -translation of a fuzzy set A of a Z-algebra X. 

Then the following are equivalent :  

(i) TA  is a fuzzy Z-ideal of X.  

(ii)   AImt ,   t;Ut A   is an Z-ideal of X. 

Proof :   

To prove: (i) (ii) 

Let  AImt  be such that t . 
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Since      x0 TT AA 
  for all Xx  ,we have      x0 AA  

       x0 AA     for all  Xx  . 

Let   t;Ux A   then    txA            tx0 AA  

Hence    t;U0 A  . 

Let  Xy,x   be such that  t;Uyx A   and  t;Uy A  . 

Then     tyxA  and     tyA  

That is ,   tyxA    and     tyA   

        tyxTA



   and     tyTA




 

Since  TA  is a fuzzy Z-ideal of X, it follows that  

   xx TAA


     y,yxmin TT AA 
   tt,tmin  . 

That is ,    txA   so that   t;Ux A  . 

Therefore,  t;U A  is an Z-ideal of X. 

To prove: (ii) (i) 

                   Suppose that  t;U A  is an Z-ideal of X for every  AImt  with t . If there 

exists Xx   such that    xt0 TT AA 
 , then  t)x(A    but  t)0(A . This shows 

that x  t;U A  and 0  t;U A . 

This is a contradiction, and so    x0 TT AA 
  for all Xx  . 

Now assume that there exists Xy,x   such that 

     }y,yxmin{tx TTT AAA 
  where       }y,yxmin{x

2

1
t TTT AAA 

      

      }y,yxmin{tx AAA      

Then  t)yx(A   and   t)y(A  , but  t)x(A .  

Hence  t;Uyx A    and   t;Uy A   , but  t;Ux A  . 

This  is a contradiction, and therefore      }y,yxmin{x TTT AAA 
  for all Xy,x  . 

Hence TA  is a fuzzy Z-ideal of X. 
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Proposition 4.2.10: For any fuzzy set A of  a Z-algebra X, the following are equivalent 

(i)      A is a fuzzy Z-ideal of X. 

(ii)     For all ]1,0( , the fuzzy  -multiplication MA  of A is a fuzzy Z-ideal of X. 

Proof :  
To prove: (i) (ii) 

Let  Xy,x  .  For all ]1,0(  ,     x0 AA           x.0. AA   

                                                                                      x0 MM AA 
             (1) 

And,       y,yxminx AAA         y,yxmin.x. AAA   

                                                           
      y.,yx.minx AAAM 


 

                                                           
      y,yxminx MMM AAA 

                      (2) 

From (1) and (2) , MA   is a fuzzy Z-ideal of X. 

To prove: (ii)(i) 

Let  ]1,0( .  Then for all Xy,x  ,        x0 MM AA 
     x.0. AA   

                                                                                               x0 AA                      (3)                    

And,        xx. MAA


     y,yxmin MM AA 
     y.,yx.min AA   

                                                                                        y,yxmin. AA   

        xA     y,yxmin AA                  (4) 

From (3) and (4) , A is a fuzzy Z-ideal of X. 

Proposition  4.2.11:  Let A be a fuzzy set of a Z-algebra X, ]T,0[  and ]1,0( . Then every 

fuzzy - translation  TA  of A is a fuzzy Z-ideal extension of the fuzzy  -multiplication MA  of 

A. 

Proof : For every  we have     


xx AAT  xA  x. A  xMA
  

       xTA
  xMA

  

      TA   is a fuzzy extension of MA .                (1) 

Assume that MA  is a fuzzy Z-ideal of X. Then A is a fuzzy Z-ideal of X by Proposition 4.2.10. 

By Theorem 4.2.1 we get  TA  is a fuzzy Z-ideal of X for all ]T,0[ .   (2) 

From (1) and (2) we get every fuzzy  -translation TA  of A is a fuzzy Z-ideal extension of the 

fuzzy  - multiplication MA  of A . 

Xx 
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The following example illustrates Proposition  4.2.11. 

Example 4.2.12: Consider a Z-algebra X= {0, a , b, c} with the Example 4.1.8. Define a fuzzy 

set A of X  by:  .Xx6.0)x(A   

Then A is a fuzzy Z-ideal of X. If we take 3.0 , then the fuzzy 0.3-multiplication M
3.0A  of A is 

given by: .Xx18.0)x(M
3.0A

  

Also, for any ]4.0,0[  , the fuzzy  translation TA of A is given by 

Xx6.0)x(TA



 is a fuzzy Z-ideal extension of the fuzzy 0.3-multiplication of M

3.0A  

of A. 
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4.3  Z-Homomorphism on Fuzzy  -Translations and Fuzzy  -Multiplications of                        

Z -algebras 
                            In this section, we discuss Z-homomorphism on fuzzy  - translations and  

fuzzy  -multiplications of Z-algebras and obtain certain results on the basis of fuzzy                        

Z-Subalgebras  and fuzzy Z-ideals of Z-algebras.  

Definition 4.3.1: Let  be an Z-homomorphism of a Z-algebra X and TA  be 

a fuzzy  -translation of a fuzzy set A in Y. We define a new fuzzy set  hTA in X 

by           


xhxhx AAA T
h

T   , for all  .Xx   

Theorem 4.3.2: Let  be a Z-homomorphism of Z-algebras. If A is a fuzzy              

Z-Subalgebra of a Z-algebra Y, then  is also a fuzzy  Z-Subalgebra of X. 

Proof: Let . 

Now,    ))y(h)x(h(A  

                                                                                       

                                                                                       

                                                                                      

           

Hence  is a fuzzy Z-Subalgebra of a Z-algebra X. 

Theorem 4.3.3:  Let    0,,Y0,,X:h   be a Z-homomorphism of Z-algebras. If A is a fuzzy    

Z-ideal of Y, then  hTA  is also fuzzy Z-ideal of X. 

Proof : Let Xy,x  , 

(i)       0h0 T
h

T AA 
     0hA     xhA   xhTA

    x
h

TA
  

 (ii)       xhx T
h

T AA 
     xhA           yh,yhxhmin AA       

                                                     
        yh,yxhmin AA  

                                                           yh,yxhmin AA  

 

   0,,Y0,,X:h 

   0,,Y0,,X:h 

 hTA

Xy,x 

   yx
h

TA



  yxhTA



    yxhA

        yh,xhmin AA

       yh,xhmin AA

    )}y(),x(min{
h

T
h

T AA 


   )yx(
h

TA


     )}y(),x(min{
h

T
h

T AA 


 hTA



                                           Fuzzy α-Translations and Fuzzy β-Multiplications of  Z-Algebras    

   Fuzzy Structures on Z-Algebras  117 

 

                                                           )}y(),yx(min{
h

T
h

T AA 


 
       x

h
TA

       )}y(),yx(min{
h

T
h

T AA 


 

From (i) and (ii),  hTA   is a fuzzy Z-ideal of a Z-algebra X. 

Theorem 4.3.4: Let     0,,Y0,,X:h   be an Z-epimorphism of Z-algebras. If  hTA   is a 

fuzzy Z-ideal of X, then A is also fuzzy Z-ideal of Y. 

Proof: Let Yy   then there exist Xx   such that   yxh  .  

   00)i( TAA 


  0hTA 
    0

h
TA

     x
h

TA
   xhTA


                                 

                                                                                               
 )y())x(h( AA               

(ii)      Let Yy,y 21   then there exists Xx,x 21   such that   11 yxh   and    22 yxh  .  

      1A1A xhy    1A
x

h
T


     )}x(),xx(min{ 2A21A h
T

h
T


  

                                                        
       2A21A xh,xxhmin

 

                                                                 2A21A xh,xhxhmin  

                                                             2A21A y,yymin  

                                                              2A21A y,yymin  

          2A21A1A y,yyminy   

From (i) and (ii), A is a fuzzy Z-ideal of a Z-algebra Y. 

Theorem 4.3.5: Let  be an Z-endomorphism of a Z-algebra X. If A is a 

fuzzy Z-ideal of X, then  is also a fuzzy Z-ideal of X.  

Proof: Let  

 (i)  

 (ii)  

                                                        
                                                        

 

   0,,X0,,X:h 

 hTA 

.Xy,x 

      0h0 T
h

T AA 
     0hA      xhA   xhTA

    x
h

TA


      xhx T
h

T AA 
     xhA           yh,yhxhmin AA

        yh,yxhmin AA

       yh,yxhmin AA
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From (i) and (ii),  is a fuzzy Z-ideal of a Z-algebra X. 

Theorem 4.3.6:  Let    0,,Y0,,X:h   be a Z-homomorphism of Z-algebras and TA  be a 

fuzzy  -translation of a fuzzy set A in Y. The pre-image of TA  denoted by  T1 Ah 
   is defined 

as      xhx TT1 AAh 
  , for all Xx  . If A is a fuzzy Z-Subalgebra (fuzzy Z-ideal) of Y then 

 T1 Ah 
  is a fuzzy Z-Subalgebra (fuzzy Z-ideal) of X. 

Proof: Let Xy,x  . 

Now,      yxhyx TT1 AAh



     yxhA       yhxhA  

                                                                                               yh,xhmin AA  

                                                                                      

      
      

      y,xmin

yh,xhmin

yh,xhmin

T1T1

TT

AhAh

AA

AA














 
       )}y(),x(min{yx T1T1T1 AhAhAh 







   

Therefore,   T1 Ah 
  is a fuzzy Z-Subalgebra of a Z-algebra X.  

Also,               00h0xhx T1TTTT1 AhAAAAh 



                                                         (1) 

           }yh,yxhmin{}y,yxmin{ TTT1T1 AAAhAh 



   

                                                                }yh,yhxhmin{ TT AA 
  

                                                                 }yh,yhxhmin{ AA   

                                                                  }yh,yhxhmin{ AA  

                                                            xhA  

                                                          xhTA
  

                                                          xT1 Ah 
                                                            (2) 

From (1) and (2) ,   T1 Ah 
   is a fuzzy Z-ideal of a Z-algebra X. 

        y,yxmin
h

T
h

T AA 


    x
h

TA
         y,yxmin

h
T

h
T AA 



 hTA 
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Definition 4.3.7: Let  be a Z-homomorphism of a Z-algebra X and MA   be 

a fuzzy  - multiplication of a fuzzy set A in Y. We define a new fuzzy set by  
h

MA   in X as 

         xhxhx AAA M
h

M 


  for all Xx  . 

Theorem 4.3.8: Let  be a Z-homomorphism of Z-algebras.  If A be a fuzzy 

Z-Subalgebra of a Z-algebra Y, then  is also a fuzzy  Z-Subalgebra of X. 

Proof: Let . 

Now, 

    yhxhA   

                                                                                                          

                                                                                                          

                                                                                                          

      is a fuzzy Z-Subalgebra of a Z-algebra X.  

Theorem 4.3.9: Let    0,,Y0,,X:h   be a Z-homomorphism of Z-algebras. If A is a fuzzy                 

Z-ideal of Y then  
h

MA   is a fuzzy Z-ideal of X. 

Proof: Let Xy,x  .  

      (i)        0h0 M
h

M AA 
   0hA   xhA    x

h
MA

  

     (ii)       xhx M
h

M AA 
   xhA         yh,yhxhmin AA   

                                                             yh,yxhmin AA   

                                                             yh,yxhmin AA   

                                                           )}y(),yx(min{
h

M
h

M AA 
                      

        )}y(),yx(min{)x(
h

M
h

M
h

M AAA 
  

From (i) and (ii) ,  
h

MA   is a fuzzy Z-ideal of a Z-algebra X. 

Theorem 4.3.10: Let    0,,Y0,,X:h   be an Z-epimorphism of Z-algebras. If  
h

MA   is a 

fuzzy Z-ideal of X then A is a fuzzy Z-ideal of Y. 

   0,,Y0,,X:h 

   0,,Y0,,X:h 

 
h

MA

Xy,x 

      yxhyx M
h

M AA



  yxhA        yh,xhmin AA 

      yh,xhmin AA 

))}y(h()),x(h(min{ MM AA 


    )}y(),x(min{
h

M
h

M AA 


  
h

MA
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Proof: Let  Yy  . Then there exist Xx   such that   yxh  .   

(i)         00 MAA 


  0hMA 
    0

h
MA

    x
h

MA
   xhMA 

   xhA   

                                                                                                          
 yA  

       y0 AA   

(ii)     Let Yy,y 21   then there exists Xx,x 21   such that   11 yxh    and     22 yxh  .  

        1A1A yy M


   1A
xhM


    1A

x
h

M


  

                                               

   
))}x(h()),xx(h(min{

)}x(),xx(min{

2A21A

2A21A

MM

h
M

h
M









 

                                                         ))}x(h()),xx(h(min{ 2A21A   

                                                       2A21A xh,xhxhmin   

                                                   2A21A y,yymin   

      1A y      2A21A y,yymin   

From (i) and (ii) , A is a fuzzy Z-ideal of a Z-algebra Y. 

Theorem 4.3.11: Let h be an Z-endomorphism of Z-algebra X. If A is a fuzzy Z-ideal of X, then 

 is also a fuzzy Z-ideal of X.  

Proof: Let .  

     (i)    

     
(ii)           yh,yhxhmin AA   

                                                                          yh,yxhmin AA   

                                                        

  

From (i) and (ii),   is a fuzzy Z-ideal of a Z-algebra X. 

 

 
h

MA

Xy,x 

      0h0 M
h

M AA 
   0hA   xhA   xhMA

    x
h

MA


      xhx M
h

M AA 
   xhA

      

    )}y(),yx(min{

))}y(h()),yx(h(min{

yh,yxhmin

h
M

h
M

MM

AA

AA

AA










   x
h

MA
     )}y(),yx(min{

h
M

h
M AA 



 
h

MA
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Theorem 4.3.12: Let    0,,Y0,,X:h   be a Z-homomorphism of Z-algebra X into a            

Z-algebra Y and MA  be a fuzzy  -multiplication of a fuzzy set A in Y. The pre-image of MA  

denoted by  M1 Ah 
  is defined by       xhx MM1 AAh 

   Xxallfor  . If A is a fuzzy                        

Z-Subalgebra (fuzzy Z-ideal) of Y, then  M1 Ah 
  is a fuzzy Z-Subalgebra (fuzzy Z-ideal) of X. 

Proof: Let Xy,x  . 

Now,     yxh)yx( MM1 AAh



   yxhA       yhxhA   

                                                                                          yh,xhmin AA   

                                                                                         yh,xhmin AA   

                                                                                   ))}y(h()),x(h(min{ MM AA 
  

                                                                                       )}y(),x(min{ M1M1 AhAh 



   

     )yx(M1 Ah



     )}y(),x(min{ M1M1 AhAh 




 
 

Therefore  M1 Ah 
   is a fuzzy Z-Subalgebra of a Z-algebra X. 

Also,               00h0xhx M1MMMM1 AhAAAAh 



                                                (1) 

       }))y(h(,yxhmin{)}y(),yx(min{ MMM1M1 AAAhAh 



   

                                                                     }yh,yhxhmin{ MM AA 
  

                                                                     }yh,yhxhmin{ AA   

                                                                     }yh,yhxhmin{ AA   

                                                                xhA  

                                                                xhMA
  

                                                                xM1 Ah 
                                             (2) 

From (1) and (2) ,     is a fuzzy Z-ideal of a Z-algebra X. 

 

 

 M1 Ah 

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4.4 Cartesian Product on Fuzzy  -Translations and Fuzzy  -Multiplications of                                      

Z-algebras 

               In this section, we define the Cartesian product on fuzzy  - translations and fuzzy               

 -multiplications of Z-algebras and establish some of their properties in detail on the basis of 

fuzzy Z-Subalgebras  and fuzzy Z-ideals of Z-algebras. 

Definition 4.4.1: Let TA   and TB  be fuzzy  - translations of  fuzzy sets A and B in a Z-algebra 

X . The Cartesian product TT BxA   with membership function  1,0XxX:TT BxA



 is defined 

by )}y(),x(min{)y,x( TTTT BABA 



 , for all Xy,x  . 

Theorem 4.4.2: Let A and B are fuzzy Z-Subalgebras of Z-algebra X, then  is also a 

fuzzy Z-Subalgebra of . 

Proof : For any , 

))yy(),xx(())y,x()y,x(( 2121BA2211BA TTTT 
 

 

                                         

                                         

                                          

                                                     2B1B2A1A y,ymin,x,xminmin  

                                                                                             

                                         

                                        )}}y(),y({min)},x(),x(min{min{ 2B1B2A1A TTTT


  

                                        )}}y(),x({min)},y(),x(min{min{ 2B2A1B1A TTTT


  

                                        )}y,x(),y,x(min{ 22BA11BA TTTT
 

  




))y,x()y,x(( 2211BA TT )}y,x(),y,x(min{ 22BA11BA TTTT
 

  

Hence  is a fuzzy Z-Subalgebra of . 

 

TT BxA 

XxX

    XXy,x,y,x 2211 

)}yy(),xx(min{ 21B21A TT 


     21B21A yy,xxmin

      21B21A yy,xxmin

           2B1B2A1A y,ymin,x,xminmin

           2B1B2A1A y,ymin,x,xminmin

TT BxA  XxX
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Theorem 4.4.3: If A and B are fuzzy Z-ideals in a Z-algebra X, then TT BxA   is a fuzzy Z-ideal 

in XxX . 

Proof : Let   XxXx,x 21  .  

  (i) )}0(),0(min{)0,0( TTTT BABA 


 })0(,)0(min{ BA   

                                                     )}0(),0(min{ BA  

                                                     )}x(),x(min{ 2B1A  

                                                    })x(,)x(min{ 2B1A   

                                                    )}x(),x(min{ 2B1A TT


  

                                                               )x,x( 21BA TT


  

 )0,0(TT BA 
 )x,x( 21BA TT


  

 (ii) Let     XxXy,y,x,x 2121   

)}x(),x(min{)x,x( 2B1A21BA TTTT



  

                             
})x(,)x(min{ 2B1A                   

                  )}x(),x(min{ 2B1A                                          

                             2B22B1A11A y,yxmin,y,yxminmin           

                            2B22B1A11A y,yxmin,y,yxminmin   

                               2B22B1A11A y,yxmin,y,yxminmin    

                 )}}y(),yx(min{,)}y(),yx(min{min{ 2B22B1A11A TTTT



 

                 )}}y(),y(min{)},yx(),yx(min{min{ 2B1A22B11A TTTT


  

                             )}y,y(,))yx(),yx((min{ 21BA2211BA TTTT
 

  

                             )}y,y(,))y,y()x,x((min{ 21BA2121BA TTTT
 

  

 )x,x( 21BA TT


 )}y,y(,))y,y()x,x((min{ 21BA2121BA TTTT
 

  

From (i) and (ii), TT BxA   is a fuzzy Z-ideal in XxX . 
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Theorem 4.4.4: Let A and B be fuzzy sets in a Z-algebra X such that TT BxA   is a fuzzy Z-ideal 

of XxX . Then, 

 (i)   Either  )x()0( TT AA 
     (or)    )x()0( TT BB 

    for all Xx  . 

 (ii)   If  )x()0( TT AA 
   for all Xx  , then either )x()0( TT AB 

   (or)  )x()0( TT BB 
 . 

 (iii)  If  )x()0( TT BB 
   for all Xx  , then either )x()0( TT AA 

   (or) )x()0( TT BA 
 . 

Proof :  

(i)   Suppose that    1AA
x0 TT


    and    2BB

x0 TT


   for some Xx,x 21  . 

               }0,0min{}x,xmin{x,x TTTTTT BA2B1A21BA 



 

                                                                  )0,0(TT BA 
 , which is a contradiction. 

Therefore, )x()0( TT AA 
  (or) )x()0( TT BB 

  for all Xx  . 

(ii)       Assume that     1AB
x0 TT


   and    2BB

x0 TT


  for some  Xx,x 21  .  

           Then )0()}0(),0(min{)0,0( TTTTT BBABA 



 

            and hence      }x,xmin{x,x 2B1A21BA TTTT





 

                                  )0(TB
 )0,0(TT BA 

 ,which is a contradiction. 

Hence, if )x()0( TT AA 
  for all Xx , then either )x()0( TT AB 

  (or) 

)x()0( TT BB 
 . 

(iii) will obtain by interchanging the roles of A and B in part (ii). 

Theorem 4.4.5: Let A and B be fuzzy sets in a Z-algebra X such that TT BxA   is a fuzzy                 

Z-ideal of XxX . Then either A or B is a fuzzy Z-ideal of X. 

Proof : First we prove that B is a fuzzy Z-ideal of a Z-algebra X. 

Since by Theorem 4.4.4(i), either )x()0( TT AA 
  (or) )x()0( TT BB 

  for all Xx  . 

Assume that )x()0( TT BB 
  for all Xx  . 
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                x0 BB  

 Therefore    x0 BB            (1) 

  It follows from Theorem 4.4.4 (iii) either )x()0( TT AA 
  (or) )x()0( TT BA 

 . 

If  )x()0( TT BA 


 
for any Xx  , then )x,0()}x(),0(min{)x( TTTTT BABAB  

  

Now,    xx TBB


 )x,0(TT BA 


 

                                         
)}y,0(,))y,0()x,0((min{ TTTT BABA  

  

                                         )}y,0(,))yx(),00((min{ TTTT BABA  


 

                                         
)}y,0(),yx,0(min{ TTTT BABA  

  

                                         )}}y(),0(min{min{)},yx(),0(min{min{ TTTT BABA 
  

                                         )}y(),yx(min{ TT BB 
  

                                              y,yxmin BB  

                                               y,yxmin BB  

          y,yxminx BBB          (2)  

Hence from (1) and (2) we get B is a fuzzy Z-ideal of a Z-algebra X. By Theorem 4.4.4(i)  and 

(ii) , assume that )x()0( TT AA 
 for all Xx   and )x()0( TT AB 

  for any Xx  . 

Then  A is a fuzzy Z-ideal of a Z-algebra X. 

Therefore, either A or B is a fuzzy Z-ideal of a Z-algebra X. 

 

Definition 4.4.6: Let MA  and MB  be fuzzy  -multiplications of A and B in a Z-algebra X. The 

Cartesian product MM BA    with membership function  1,0XxX:MM BxA


   is defined by 

)}y(),x(min{)y,x( MMMM BABxA 
   for all Xy,x  . 
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Theorem 4.4.7: Let A and B are fuzzy Z-Subalgebras of Z-algebra X, then  is also a 

fuzzy Z-Subalgebra of X x X. 

Proof : For any , 

 ))yy(),xx(())y,x()y,x(( 2121BA2211BA MMMM 
 

 

                                          )}yy(),xx(min{ 21B21A MM 


 

                                            

                                            

                                             

                                            

                         

                                            

                                            )}}y(),x(min{)},y(),x(min{min{ 2B2A1B1A MMMM


  

                                           )}y,x(),y,x(min{ 22BA11BA MMMM
 

  


 

))y,x()y,x(( 2211BA MM )}y,x(),y,x(min{ 22BA11BA MMMM
 

  

Hence  is a fuzzy Z-subalgebra of X x X. 

Theorem 4.4.8: If A and B are fuzzy Z-ideals in a Z-algebra X then MM BxA   is a fuzzy                 

Z-ideal in XxX . 

Proof : Let   XxXx,x 21  . 

    (i)    )}0(),0(min{0,0 MMMM BABA 



    0,0min BA   

                                                            0,0min BA   

                                                        
    2B1A x,xmin   

                                                            2B1A x,xmin   

                                                        )}x(),x(min{ 2B1A MM


  

                                                        )x,x( 21BA MM
 

  

MM BxA 

    XXy,x,y,x 2211 

    21B21A yy,xxmin 

    21B21A yy,xxmin 

          2B1B2A1A y,ymin,x,xminmin 

          2B1B2A1A y,ymin,x,xminmin 

          2B1B2A1A y,ymin,x,xminmin 

)}}y(,)y({min)},x(),x(min{min{ 2B1B2A1A MMMM




MM BxA 
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  0,0MM BA  
 )x,x( 21BA MM

 
  

 (ii)   Let     XxXy,y,x,x 2121   

)}x(),x(min{)x,x( 2B1A21BA MMMM





 

                             2B1A x,xmin                 

                             2B1A x,xmin                                           

                                                2B22B1A11A y,yxmin,y,yxminmin                     

                                                2B22B1A11A y,yxmin,y,yxminmin   

                                                2B22B1A11A y,yxmin,y,yxminmin   

                                      )}}y(),yx(min{,)}y(),yx(min{min{ 2B22B1A11A MMMM



 

                                      )}}y(),y(min{)},yx(),yx(min{min{ 2B1A22B11A MMMM


  

                                       )}y,y(,))yx(),yx((min{ 21BA2211BA MMMM
 

  

                           )}y,y(,))y,y()x,x((min{ 21BA2121BA MMMM
 

  

  )x,x( 21BA MM
 

 )}y,y(,))y,y()x,x((min{ 21BA2121BA MMMM
 

  

From (i) and (ii), MM BA     is a fuzzy Z-ideal in X x X . 

Theorem 4.4.9: Let A and B be fuzzy sets in Z-algebra X such that MM BxA   is a fuzzy Z-ideal 

of XxX . Then, 

(i)  Either  )x()0( MM AA 
     (or)    )x()0( MM BB 

    for all Xx . 

(ii)  If )x()0( MM AA 
   for all Xx  , then either )x()0( MM AB 

   (or)  )x()0( MM BB 
 . 

(iii)   If )x()0( MM BB 
   for all Xx  , then either )x()0( MM AA 

   (or) )x()0( MM BA 
 . 

Proof :  

(i) Suppose that    1AA
x0 MM


    and    2BB

x0 MM


   for some Xx,x 21  . 

Then          }0,0min{}x,xmin{x,x MMMMMM BA2B1A21BA 



 

                                                                        )0,0(MM BA  
 , which is a contradiction. 
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Therefore, )x()0( MM AA 
     (or)    )x()0( MM BB 

  for all Xx  . 

(ii) Assume that    1AB
x0 MM


 and    2BB

x0 MM



 
for some Xx,x 21  .

 

          Then )0()}0(),0(min{)0,0( MMMMM BBABA 



 

                 and hence      }x,xmin{x,x 2B1A21BA MMMM





 

                                        )0(MB
 )0,0(MM BA  

 , which is a contradiction. 

Hence, if )x()0( MM AA 
  for all Xx  , then either )x()0( MM AB 

  (or) 

)x()0( MM BB 
 . 

(iii) will obtain by interchanging the roles of A and B in part (ii). 

Theorem 4.4.10: Let A and B be fuzzy sets in a Z-algebra X such that MM BxA   is a fuzzy              

Z-ideal of XxX . Then either A or B is a fuzzy Z-ideal of X. 

Proof : First we prove that B is a fuzzy Z-ideal of a Z-algebra X. 

Since by Theorem 4.4.9(i), either )x()0( MM AA 
     (or)    )x()0( MM BB 

   for all Xx . 

Assume that )x()0( MM BB 
  for all Xx  . 

              x0 BB   

Therefore     x0 BB            (1) 

It follows from Theorem 4.4.9(iii) either )x()0( MM AA 
   (or) )x()0( MM BA 

 . 

If  )x()0( MM BA 
  for any Xx , then  

)}x(),0(min{)x( MMM BAB 
 )x,0(MM BA  

           

Now,    xx MBB


 )x,0(MM BA  
  

                                      
)}y,0(,))y,0()x,0((min{ MMMM BABA  

  

                                      )}y,0()),yx(),00((min{ MMMM BABA  


 

                                      
)}y,0(),yx,0(min{ MMMM BABA  


 

 



                                           Fuzzy α-Translations and Fuzzy β-Multiplications of  Z-Algebras    

   Fuzzy Structures on Z-Algebras  129 

 

                                      
)}}y(),0(min{min{)},yx(),0(min{min{ MMMM BABA 

                      

                                     
)}y(),yx(min{ MM BB 

  

                                         y,yxmin BB   

                                         y,yxmin BB   

          y,yxminx BBB           (2) 

Hence from (1) and (2) ,  B is a fuzzy Z-ideal of a Z-algebra X. 

By Theorem 4.4.9 (i) and (ii) , assume that )x()0( MM AA 
  for all Xx   and )x()0( MM AB 

  

for any .Xx   

Then A is a fuzzy Z-ideal of a Z-algebra X. 

Therefore, either A or B is a fuzzy Z-ideal of a Z-algebra X. 

 

 

 

 

 

 


