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CHAPTER 3 

* GENERALIZED CLOSED SETS IN TOPOLOGICAL SPACES 

In this chapter, 1- *_generalized  closed sets due to Pushpalatha et.al  [39], 

*g* closed sets and *% -generalized closed sets in topological spaces are 

discussed. 

SECTION 3.1 

3.1 - generalized closed sets in topological space 

In this section, the concept of r * -g-closed sets in topological spaces to 

Pushpalatha et.al  [39] is studied. Properties and characterizations of 

closed sets are discussed. The relations between r *_g_closed (open) sets with 

various closed (open) sets are analyzed. 

Definition 3.1.1 

For a subset A of a topological space (X, z- ), thea -closure of A (briefly 

cl (, (A)) is defined as the intersection of all a -closed sets containing A. 

Definition 3.1.2 

For a subset A of a topological space (X,r), the semi-closure of A 

(briefly scl(A) ) is defined as the intersection of all semi-closed sets containing 

Definition 3.1.3 

For a subset A of a topological space (X,r), the semi - preclosure of A 

(briefly spcl(A)) is defined as the intersection of all semi-preclosed sets 

containing A. 
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Definition 3.1.4 

For a subset A of a topological space (X, r), the generalized closure 

operator cl*(A)  is defined as the intersection of all g-closed sets containing A. 

Definition 3.1.5 

Let (X, c ) be a topological space, the topology r * is defined by 

*= (A: cl*(A) = A }, where cl*(A)  is the intersection of all g-closed sets 

containing A. 

Definition 3.1.6 

A subset A of a topological space X is called a r *..generalized closed 

set (briefly r *-g-closed) if cl*(A) c G whenever AcG and G is r *..open. The 

complement of a r *generalized  closed set is called z-  * gene1.alized open 

(r * gopen) in (X, v) 

Theorem 3.1.7 

Every closed set in X is r *-g-closed. 

Proof 

Let A be a closed set. Let AciG, where G is *_open.  Since A is closed, 

ci (A) = AciG .But cl*(A)  cl(A) . Thus cl*(A)  G whenever Ac G and 

G is * -open. Therefore A is z- * -g-closed. 

The converse of the theorem (3.1 .7) need not be true as seen from the 

following example. 

Example 3.1.8 

Consider the topological space X { a, b, cj with topology 

z-  =(X,Ø ,{a} I.Then the set {a} is r *-closed but not closed 
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Theorem 3.1.9 

Every r *_closed  set in X is r *-g-closed 

Proof 

Let A be a z- *-closed set. Let AciiG where G is z- * open Since A is 

*..CO5j cl*(A) = A ci G .Thus, cl*(A)  ciG whenever AciG and G is 

r * open. Therefore A is r *-g-closed. 

Theorem 3.1.10 

Every g-closed set in X is a z-  *-g-closed set but not conversely. 

Proof 

Let A be a g - closed set . Assume that A c G, G is r *..open  in 

(X,r ).Since A is g-closed A = cl*(A).Therefore  cl*(A)(--G . Hence A is 

r" *-g-closed.  

The converse of the theorem (3.1.10) need not be true as seen from the 

following example. 

Example 3.1.11 

Consider the topological space X= a, b, cl with topology ={X,Ø, 

{a} } .Then the set {a} is z-  *-g-closed but not g-closed 

Remark 3.1.12 

The following example shows that r *-g-closed sets are independent from 

sp - closed set, sg - closed set,a - closed set, pre closed set, gs - closed set, 

gsp-closed set,a g-closed set and ga -closed set. 

Example 3.1.13 

Let X {a,b,c} be a topological space 

(1) Consider the topology r=X,Ø,a} .Then the sets aHa,b) 
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and {a,c) and *-g-closed but not sp-closed. 

 Consider the topology r{X,Ø,{a,b}}.Then the sets (a} and 

{b} are sp-closed but not z-  *-g-closed. 

 Consider the topology X,Ø }.Then the sets {a} 

,{b},{c},{a,b} ,{b,c}and (a,cJ are r *-g-closed but not 

sg-closed. 

 Consider the topology r X,b, { a},{ b},{a,b} .Then the sets 

a} and {bJ are sg-closed but not z-  *-g-closed. 

 Consider the topology r{X,q,{a}}.Then the sets 

{a} ,{b},{c,{a,b} and I a,c} are z-  *-g-closed but not a -closed. 

Theorem 3.1.14 

For any two sets A and B cl*(A u B) = c!*(A) u cl*(B) 

Proof 

Since A c A u B , cl*(A) cl*(A u B).  Since B c A u B, 

cl*(B) c cl*(Au B) .Therefore cl*(A) u cl*(B) c cl*(A u B).Again  

Ac cl*(A)  and B c cl*(B) implies AuB ç cl*(A) u cl*(B). Thus 

cl*(A) u cl*(B) is an intersection of g-closed sets containing AuB. Since 

cl*(A u B) the intersection of all g-closed sets containing AuB, cl*(A u B) 

cl*(A) u  cl*(B).  Thus  cl*  (Au B) = cl*(A) u cl*(B). 

Theorem 3.1.15 

Union of two r * -g-closed sets in X is a z- * -g-closed set in X 

Proof 

Let A and B be two z- * -g-closed sets. Let Au Bc G, where G is 

* -open .Since A and B are z- * -g-closed sets, cl*(A)  u  cl*(B) c G. But by 

previous Theorem 3.1.14 cl*(A)  u cl*(B) = c l* (AuB).Therefore cl*(A u B) 

c G. Hence Au B is a z- * -g-closed set 
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Theorem 3.1.16 

A subset A of X is a z- * -g-closed sets if and only if cl*(A)  —A contains 

no nonempty z- * -closed set in X 

Proof 

Let A be a r * -g-closed set. Suppose that F is a nonempty r *. closed 

subset of cl*(A)  —A. Now F cl*(A)_  A. Thus F c cl*(A) r-) A' . Therefore F 

c A' .Since F is a r *.open  set and A is a r * g-closed set.  cl*(A) c F' .That 

is F g (cl*(A))' 
. Hence F cicl*(A)n(cl*(A))( .That is F=O a contradiction. 

Thus cl*(A)  —A contain no nonemptyr *.closed  set in X. Conversely assume 

that cl*(A)  —A contains no nonempty r *..closed set. Let A c G, where G is 

* open. Suppose that cl*(A)  is not contained in G, then cl*(A)nG(  is a 

nonempty r *..closed  set of cl*(A)  —A which is a contradiction. Therefore 

cl* (A) c G and hence A is r *-g-closed set. 

Corollary 3.1.17 

A subset A of X is ar *-g-closed set if and only if cl*(A)  —A contain no 

nonempty closed set in X. 

Proof 

The proof follows from the Theorem (3.1.16) and the fact that every 

closed set in X is r *_c losed set is z-  *-g-closed set in X. 

Corollary 3.1.18 

A subset A of X is r *-g-closed set if and only if cl*(A)  —A contain no 

nonempty open set in X. 

Proof 

The proof follows from the Theorem 3. 1 . 16 and the fact that every open 

set is z- *-open set. 
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Theorem 3.1.19 

Ifa subset A ofX is r *gc!osed  set and A cB c cl*(A).Then  B is 

z-  *_g. c105ed 

Proof 

Let A be a r *g.c105ed  set such that A çB c cl*(A).Let  U be a r *_open  

set of X such that B c U. Since A is r *.g.closed,  then  cl*(A)  ciU. Now cl*(A) 

cl*(B) ccl*(cl*(A) )= cl*(A) ciU .That is cl*(B)  cU,U is r * open. 

Therefore B is r- *_g.closed  set in X. 

Theorem 3.1.20 

Let A be a z- *.g.closed  in X. Then A is z- *.closed  if and only if 

cl*(A) —A is z- *_open  

Proof 

Suppose A is z- * -closed in X. Then cl*(A)  =A and so cl*(A)  —AØ, 

which is z- * -open in X. Conversely, suppose that cl*(A)  —A is r * open in X. 

Since A is z- *gclosed.  By Theorem 3.1 .16 cl*(A)  —A no nonempty contains 

*. g_ld sets in X. Then cl*(A)  —A= Ø.Hence A is r * g_closed. 

Theorem 3.1.2 1 

For xEX, the set X-{x} is r *_gclosed  or r *_open  

Proof 

Suppose X- {x) is not r *open.  Then X is the only r *open  set containing 

X- {xJ.This implies c1*(X_x)  çX. Hence X-{x} is a r *_g_closed in X. 
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Remark 3.1.2.15 

From the above discussion, the following implications are obtained. 

closed g-closed z- *_closed 

a -closed z 
sp-closed 

F-g-c  
losed] sg-closed 

SECTION 3.2 

j *g* -CLOSED SETS IN TOPOLOGICAL SPACES 

In this section, the concept of z- *g*  -closed sets in topological spaces and 

its basic properties are studied. 

Definition 3.2.1 

A subset A of a topological space (X,) is said to be *g*  -closed set, if 

cl* (A)(--G whenever AciiG and G is z- *g 
 - open. 

Notation 3.2.2 

The collection of all *g  *_closed sets of (X, r) is denoted by 

*G*C(X, 

Theorem 3.2.3 

Every closed set is a r *g*-closed set. 

Proof 

Let A be a closed set .Let AG, where G is z- *g 
 - open .Since A is 

closed, cl(A) A(--G. But cl*(A) cl(A).Thus  cl*(A)  G whenever A G 

and G is r *g.. open .1-lence A is z- *g* closed set. 
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The converse of the theorem (3.2.3) need not be as seen from the 

following example. 

Example 3.2.4 

Let X= {a, b,c} and r{ Ø,X,{a},{ a,cl }. Let A= {a,b}. A is a r 

closed set but not a closed set. 

Theorem 3.2.5 

Every r *g*-closed set is a r *g-closed set. 

Proof: 

Let A be a z-  *g  *.closed set .Let AciG, where G is z- * - open. As every 

r * open set is z- *g 
 - open and since A is z-  *g*-closed. cl*(A)  A(--G. Thus 

cl*(A) ciG whenever Ac G and G is z-  open .Hence A is r *g closed. 

The converse of the theorem (3.2.5) need not be true as seen from the 

following example. 

Example 3.2.6 

Let X{a,b,c) , z-={Ø,X,ia},{b,c}J andB = IbI,, .Bis not a 

r *g*...closed set. Since {b} is a g- open set of(X, r) such that Bcii but 

cl(B)==cl ({b}) = {b,c) {b}.However B is a g- closed set. 

Theorem 3.2.7 

For any two sets A and B, cl*(A  c B) = cl* (A) cl*(B) 

Proof 

Since A c AtjB, cl*(A) c cl*(A u B). Since Bc Au B, 

cl*(B) c cl*(A u  B) .Therefore cl*(A)  u cl*(B) c cl*(A u  B).Again 

Ac cl*(A)  and B c cl*(B) implies AuB c cl*(A) u  cl*(B).  Thus 

cl*(A) u  cl*(B)  is an intel-section of g-closed sets containing Au B. Since 
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cl*(A u B) is the intersection of all g-closed sets containing AuB, 

cl*(A u B) cl(A) u cl*(B).  Thus  cl*  (Au B) = cl*(A) u cl*(B). 

Theorem 3.2.8 

Union of two r *g*_closed  sets in X is a z-  *g*. c losed set in X 

Proof 

Let A and B be two z-  *g* closed sets. Let Au BcG, where G is 

r *g_open.  Since A and B are z- *g*_closed  sets, we have cl*(A)ucl*(B)  ciiG. 

But by theorem 3.2.7 cl*(A u B) = cl* (A) u cl*(B).Therefore cl* (AuB)cG. 

Hence A u B is a r *g*_  closed sets. 

Theorem 3.2.9 

A subset A of X is a z-  * g..c losed if and only if cl*(A)A  contains no 

nonempty z g- closed set in X 

Proof 

Let A be a r *.g..closed  set. Suppose that F is a non emptyr *..g*  closed 

subset of cl*(A)-A. Then F cl*(A)A  and hence F C l*(A)fl Ar 
. Therefore 

Fç A .Since FC is a r *gopen  set and A is a r *gcl osed, cl*(A) c F .That is 

F c(cI*(A)).  Hence Fc cl*  (A) n (cl*(A)) (' .That is FØ , a contradiction. 

Thus cl*(A)A  contains no nonempty z-  *g* c losed set in X. 

Conversely, assume that cl*(A)A  contains no nonempty r *g* closed 

set .Let A ciG, G is *_open  .Suppose that cl*(A)  is not contained in G. Then 

cl*(A) ci G is a nonempty r *g* closed set of cl*(A)A.  This is a 

contradiction. Therefore cl*(A)  ciG and hence A is r *g. closed. 
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Corollary 3.2.10 

A subset A ofX is z- *g...  closed if and only ifcl*(A)A  contains no 

nonempty closed set in X. 

Proof: 

The proof follows from the theorem 3.2.9 and the fact that every closed 

set is r *g*_  closed set in X. 

Theorem 3.2.11 

If a subset A of X is z- *g  * closed and AcBccl*(A),  then B is 

r *g  * - closed set is X. 

Proof 

Let A be a r *_g* - closed set such that AcBcc!*(A).  Let U be a 

r *g..open  set ofX such that BciU. Since A is z- *_g* - closed set, cl*(A)  c U 

Now cl*(A)  c cl*(B) cl*(cl*(A)) = cl*(A) cU .That is cl*(B)  cU, U is 

r *g_open.  Therefore B is z- *_g  * - closed set in X. 

The converse of the above theorem need not be true as seen from the 

following example. 

Example 3.2.12 

Consider the topological space (X.,r ), where X= I a,b,c) and the 

topologyr={X,Ø,{a},{a,b}} 

Let A={c) and B= {a,c}. Then A and B are z *g. closed sets is (X,T) 

But A c B is not a subset of cl*(A).  

Theorem 3.2.13 

Let A be a r *_g*_closed  in (X, z-  ).Then A is g-closed if and only if 

cl*(A)A is z-  *g*. open.  
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Proof 

Suppose A is g-closed in X. Then cl*(A)=A  and so cl*(A)AØ  which is 

*g* open  in X. Conversely, suppose cl*(A)A  isz-  *g*open  in X. Since A is 

* g* closed, by the Theorem 3.2.9 cI*(A)A  contains no nonempty z 

closed set in X. Then cl*(A)AØ  .Hence A is g-closed. 

Theorem 3.2.14 

For xE X, the set X- {x} is z- *_g* closed or r *g*. open  

Proof 

Suppose X- {x} is not z-  *g* open  .Then X is the only z-  *g*..open  

containing X-{x}.This implies cl*(X{x})cX.  Hence X-{x} is a z-  *_g*...c losed 

in X. 

Theorem 3.2.15 

IfA is r *g*  closed set of(X,r ) such that AcBccl*(A),  then B is also a 

r *g*_ closed set of(X, r) 

Proof 

Let U be a z- *g* open set of(X, r) such that Bc U. Then AcU. Since 

A is *g*_closed cl*(A) cU. Now cl*(B) c  cl*(cl*(A)) = cl*(A) U. 

Therefore B is also a z-  *g*. closed set of(X, r ) 

Remark 3.2.16 

From the above discussions, we obtain the following implications. 

closed b,  z-  *-closed 0 z-  *-g-closed 

/ 
r *g*_cl osed 
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SECTION 3.3 

r *a - generalized closed sets in topological space 

In this section, the concept of z- * a -g-closed sets in topological spaces is 

studied. Properties and characterizations of r- * a -g-closed sets are discussed. 

The relations between r * a -g-closed (open) sets with various closed (open) sets 

are analyzed. 

Definition 3.3.1 

For a subset A of a topological space (X, r), the generalized a -closure 

operator c10  *(A)  is defined as the intersection of all ga-closed sets containing 

Definition 3.3.4 

A subset A of a topological space X is called r *a 
 - generalized closed 

set(briefly *a  -g-closed) if cl1*(A) G whenever A(--G and G is 

r *a  -open. The complement of a z-  *a  -generalized closed set is called 

*a  -generalized open (r *a  -g-open) in(X, z- *) 

Theorem 3.3.5 

Every closed set in X is z-  *a  -g-closed. 

Proof 

Let A be a closed set. Let A c G, where G is r * a -open . Since A is 

closed cl (A) = AciG .But cl (  *(A)  ci  cl*(A) ci cl(A) . Thus ci a  *(A) G 

whenever Ac G and G is r *a  -open. Therefore A is r *a  -g-closed. 

The converse of the above theorem need not be true as seen from the 

following example. 
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Example 3.3.6 

Consider the topological space X== {a, b, c} with topology 

{X,Ø ,{a) .Then the set {a} is r *..closed  but not closed 

Theorem 3.3.7 

Every z-  *a -closed set in X is z-  * a -g-closed 

Proof 

Let A be a z-  *a -closed set. Let A(--G where G is z- *a  open Since A is 

r *a -closed, c I 1 *(A) = A G .Thus, cl 1  *(A)  cG whenever AciG and G is 

* a -open. Therefore A is r *a -g-closed. 

Theorem 3.3.8 

Every z-  *-g-closed set in X is a z-  * a -g-closed set but not conversely. 

Proof 

Let A be a z-  *-g-closed set .Assurne that AcG, G is r *a  -open in 

(X, r *).TI en cl*(A) ciG, since A iSr *a -g-closed .But cl 1 *(A) ccl*(A) 

Therefore cl. *(A) cG. Hence A is z-  *a  -g-closed. 

The converse of the above theorem need not be true as seen from the 

following example. 

Example 3.3.9 

Consider the topological space X= a, b, c) with topology 

=X,Ø,a} }.Then the set (a is z-  *-g-closed but not z *agclosed 

Theorem 3.3.10 

For any two sets A and B cl i, *(AtJ B) = cl 1  *(A)  u c10  *(B) 
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Proof 

Since A c AuB, cl*, (A) cl*,  (AuB). Since Bc AuB, 

c l* (B) cl*, (AuB) .Therefore cl* ,, (A) u cl*, (B) cicl* (J (A u B). 

Again Ac cl* ,, (A) and B c cl* ,  (B) implies AuB c cl*, (A) u cl*,, (B). 

Thus cl* ,, (A) u cl*1  (B) is an intersection of ga-closed sets containing 

AuB. Since cl*  (AuB) is the intersection of all ga-closed sets containing 

AuB, cl*  (AuB) c cl* (A) u c!* 
a (B). Thus cl*  (AuB) = cl* (A) 

u cl* (B). 

Theorem 3.3.11 

Union of two r * a -g-closed sets in X is a z- * a -g-closed set in X 

Proof 

Let A and B be two r * a -g-closed sets. Let AuBcG, where G is 

r * a -open .Since A and B are r * a -g-closed sets, c!11  *(A)  u cl ,  *(B) c G. 

But by previous Theorem 3.3.10 cl, (A)ucl, *(B) = cl, * (A u B).Therefore 

cl(*(AuB) c G . Hence AuB is a a-g-closed set. 

Theorem 3.3.12 

A subset A of X is z- * a -g-closed sets if and only if cl,, *(A)  —A contains 

no nonempty z-  * a -closed set in X 

Proof 

Let A be a r * a -g-closed set. Suppose that F is a nonempty r * a -closed 

subset of cl,, *(A) —A. Now F c cl,, *(A) - A. Thus F c cl,, *(A)  nA. 

Therefore F ccl 1,  *(A)  and F u A .Since F' is a z *a  -open set and A is a r * 

a -g-closed set. cl ,, *(A) c  F .That is F c  (cl *(A)).  Hence F 

ccl i, *(A) n (c l ,  *(A))= cz  .That is FØ a contradiction. Thus cl ,, *(A)  —A 

contain no nonempty r * a -closed set in X. Conversely assume that cl a 
*(A) —A 
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contains no nonempty * a -closed set. Let A c G, where G is r * a -open. 

Suppose that cl (  *(A)  is not contained in G, then cl (  *(A)n  G' is a nonempty 

* a -closed set of cl (%  *(A)  —A which is a contradiction. Therefore cI * (A) c 

G and hence A is. r * a -g-closed set. 

Corollary 3.3.13 

A subset A of X is r * a -g-closed set if and only if ci *(A)  —A contain no 

nonempty closed set in X. 

Proof 

The proof follows from the Theorem 3.3. 10 and the fact that every closed 

set in X is z * a -closed set is z- * a -g-closed set in X. 

Corollary 3.3.14 

A subset A of X is z- * a -g-closed set if and only if ci, *(A)  —A contain no 

nonempty open set in X. 

Proof 

The proof follows from the Theorem 3.3.10 and the fact that every open set 

is r * a -open set. 

Theorem 3.3.15 

If a subset A ofX is r * a -g-closed set and A cB cl,, *(A).Then  B is 

r * a -g-closed 

Proof 

Let A be a z- * a-g-ciosed set such that A B c ci, *(A). Let U be a 

* a -open set of X such that B c U. Since A is z- * a -g-closed, then cl *(A) 

ciB. Now cl (/  *(A) ci cl *(B)  cicl(, *( cl 1  *(A)  )= c1*(A)  cU .That is cl,1  *(B) 

c U,U is r * a -open. Therefore B is r * a -g-closed set in X. 
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Theorem 3.3.16 

Let A be a r * a -g-closed in X. Then A is r * a -closed if and only if 

ci a  *(A)  —A is r * a -open. 

Proof 

Suppose A is * a -closed in X. Then ci a  *(A)  =A and so clv*(A) —AØ, 

which is z- * a -open in X. Conversely, suppose that cl %  *(A)  —A is r * a -open 

in X. Since A is z- *ag_closed.  By the previous Theorem 3.3.10 cl,1*(A)_A  no 

nonempty contains z- * a -g-closed sets in X. Then ci a 
*(A) —A= 0  .Hence A is 

r * a -g-closed. 

Theorem 3.3.17 

For xEX, the set X-{x} is z-  * a -g-closed or r * a -open 

Proof 

Suppose X-{x I is not z- * a -open. Then X is the only r * a -open set 

containing X-{x}.This implies ci a  *(X..{x;)  cX. Hence X-x} is a z * a-g- 

closed in X. 

Remark 3.3.18 

From the above discussion, the following implications are obtained. 

closed => z-  *-closed => r *-g-closed 

U 

* a -closed => r * a -g-closed 
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