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CHAPTER 1 

GRADATION OF OPENNESS 

In this chapter, we discuss some basic definitions and results on 

fuzzy sets, fuzzy topological spaces, and gradation of openness. The 

results are due to Zadeh [40], Chang [8], Chattopadhyay, Hazra and 

Samanta [9]. 

SECTION: 1.1 

FUZZY SETS AND FUZZY TOPOLOGICAL SPACES 

Definition: 1.1.1 

Let X be a nonempty set and I be the unit interval [0,1]. A fuzzy set 

in X is a function with domain X and values in I, that is an element 0fjX 

LetA,B E 
[X  We define the following fuzzy sets: 

A includes B (i.e., B A) by B(x) :!~ A(x)for every x EX 

Ar B EIXby  (AnB)(x)= min{A(x),B(x)}for every x EX 

A u B . Ix  by (A u B)(x) = max {A(x), B(x)} for every x EX 

Ac EIx by Ac(x) = 1—A(x) for every x EX, where Ac  is the 

complement of the fuzzy set A. 



Let A be an indexing set and {A, I ? E Al be a family of fuzzy sets 

in X. Then their union and intersection are defined as follows: 

uA2 (x)= sup {A(x)IxEA} 

nA(x)=inf {A(x)IXEAl. 

Definition: 1.1.2 

Let A1, A2  ....... A be fuzzy sets in X. The product fuzzy set 

AA1 xA2 x ........... xAinXisdefined by 

A(x1, x2  ...... x) = mm (A1(x1), A2(x2  )..........A(x)). 

Note: 1.1.3 

Ordinary subsets of X can be considered as fuzzy sets by identifying 

them with their characteristic functions. 

Ordinary subsets are referred to as crisp sets when they are 

considered as fuzzy sets. Ordinary topological space is also referred to as 

crisp topological space. 

If AcX and if we consider A as a fuzzy set, we mean 

11 ifxEA 
A(x) = 

LU ifxEA 

Notation: 1.1.4 

When an ordinary set A is considered as a fuzzy set, we write it as 

XAOrA itself. 
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In view of this, empty set 4 and whole space X can be considered as 

fuzzy sets by identifying them with the constant functions 0 and 1 

respectively. 

Definition: 1.1.5 

For x EX and t E10 , a fuzzy point xt  is defined by 

It ify=x 
xt(y) = 

L0 otherwise 

where lo = (0, 1]. 

The family of all fuzzy points in X is denoted by P(X). 

Definition: 1.1.6 

Let f be a function from X to Y. Let B be a fuzzy set in Y. Then 

inverse image of B or preimage of B written as 11(B) is a fuzzy set in X 

defined by(f_1(B))(x) = B (f(x)), for all x EX. 

Conversely, let A be a fuzzy set in X. The image of A written as f(A) 

is a fuzzy set in Y defined by 

I sup A(z) iff 1(y)isnonempty,wheref 1(y) = {xlf(x)=y} 
f(A)(y) = zEf 1(y) 

L 0 otherwise 

for all y EY. 
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Note: 1.1.7 

(f(A))f(x) = sup A(z) 
zEf 1(f(x)) 

~A(x) as xEf(f(x)). 

Proposition: 1.1.8 

Let f be a function from X to Y. Then 

f(Bc) = tf  -1  (B)f for any fuzzy set B in Y. 

f(Ac)  D {f(A)}cfor  any fuzzy set A in X, where Ac  is the complement 

of A. 

B1c B2  => f1 (131) c f1(B2)where B1  and B2  are fuzzy sets in Y. 

A,(--A2  => f(A1) c f(A2) where A1  and A2  are fuzzy sets in X. 

B D f(f(B)) for any fuzzy set B in Y. 

A f(f(A)) for any fuzzy set A in X. 

Let f be a function from X to Y and g be a function from Y to Z. Then 

(gof) 1 (C)= f1(g1(C))for  any fuzzy set C in Z, where (gof) is the 

composition of g and f. 

1ff is onto, then f(f1 (A)) = A. 

Definition: 1.1.9 

Let X E ix,  X is said to be quasi-coincident with j.i, denoted by 

2qp. if there exists an x EX such that A(x) + p(x)> 1. Otherwise we denote it 

byXt. 
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Definition: 1.1.10 

A fuzzy topology on a set X is a collection of fuzzy sets in X 

satisfying the following axioms: 

(i) X E6 

(ii)A, B Eö=AnB E6 

(iii)AE6for?EA => uA E6. 

The pair (X, 6) is referred to as fuzzy topological space. A fuzzy 

topological space is denoted as fts in short. 

Definition: 1.1.11 

If (X, 6) is a fuzzy topological space, every member of 6 is called an 

open fuzzy set. A fuzzy set A is called a closed fuzzy set iff A' ES. 

Definition: 1.1.12 

Let(X, 6) be a fts. Then the closure and interior of a fuzzy set A EIX 

are defined respectively as 

cl(A) = n{B/BDA,BES} 

int(A) = U{B/BA,BE3} 

It is easily seen that cl(A) is the smallest closed fuzzy set larger than 

A and mt (A) is the largest open fuzzy set smaller than A. 
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Definition: 1.1.13 

Let S be a fuzzy topology on a set X. A subfamily 2 of S is a base 

for S if each member of S can be expressed as the union of members 

of. 

Definition: 1.1.14 

Let (X, 5), (Y, 5') be two ftss. A mapping f : (X, 5) - (Y, 5') is fuzzy 

continuous if for each open fuzzy set V in 3', the inverse image 11(V) is 

open in S. 

Definition: 1.1.15 

Let (X, 5), (Y, 5') be two ftss. A mapping f (X, 3) -> (Y, 5') is fuzzy 

open if for each open fuzzy set V in S, the image f(V) is open in 5'. 

Definition: 1.1.16 

Given two topologies S, 82  on the same set X, we say 51  is finer 

than 62 (and that 62  is coarser than S)  if the identity mapping of (X, Si)  into 

(X, 62)  is fuzzy continuous. 
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SECTION: 1.2 

GRADATION OF OPENNESS: FUZZY TOPOLOGY 

Definition: 1.2.1 

Let X be a nonempty set and 'r :IX -> I be a mapping satisfying the 

following properties: 

t(0)= t(1) = 1 

t(jt) ~! r, i = 1, 2, implies t(j..t1 n 0 > r 

t(t) ~! r, i e A, implies t(u J.lj) > r 
lEA 

where 0 < r :!~ 1 or equivalently: 

(D' t()= t(1) = 1 

(ii)' t(t1 n 0  ~! tQti) A TQ.12) 

'r( u t) ~! A 
l€A lEA 

Then t is called a gradation of openness on X. 

Definition: 1.2.2 

Let X be a nonempty set and .t': I -> I be a mapping satisfying the 

following properties: 

9(0)= .i (i) = I 

J(j) ~! r, i = 1, 2, implies .iQt1  u 2) > r 

i(t) ~ r, i E A, implies t(n ji) > r 
lEA 

where 0 < r :!~ I or equivalently: 
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(I)' (= i) = 1 

(IIY 9(i U t) ~! 5i) A  YGO 

J(r) ) ~! A 
iEA lEA 

Then is called a gradation of closedness on X. 

Proposition: 1.2.3 

Let t be a gradation of openness on X and 9: 1X  I be defined by 

E1( t) = t() Then .9k., is a gradation of closedness on X. 

Proposition: 1.2.4 

Let J7  be a gradation of closedness on X and tj:IX -> I be defined by 

( p) = 5?C) Then -cj, is a gradation of openness on X. 

Corollary: 1.2.5 

Let and -r be gradation of closedness and openness respectively. 

Then-r=-r and 

Proposition: I .2.6 

An arbitrary intersection of gradation of openness is a gradation of 

openness. 
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Definition: 1.2.7 

Let (X, t) be a fuzzy topological space and Yc: X. Define a mapping 

-cy:IY  —> I by the rule: 

t(t)=V {t: 
= 
 ~tl 

Then 'ty is a gradation of openness on Y and 'ryQi) ~! ty(px). 

Definition: 1.2.8 

Let (X, 'r) and (Y, t')  be two fuzzy topological spaces and f: X -* Y 

be a mapping. Then f is a called a gradation preserving map (gp-map) if 

for each 'r .t) :!~ 

SECTION: 1.3 

FUZZY CLOSURE OPERATOR 

Definition: 1.3.1 

Let (X, .) be a fts with . being the gradation of closed ness on X. For 

each r El, and for each X E I, define 

cl(2, r) = X, 9Qi) ~! r)} 

Proposition: 1.3.2 

Let (X, 9) be a fts with .97   being the gradation of closedness on X, 

and let cl: 1X  x 1X  be the fuzzy closure operator in (X, .9k). Then 



(I) cl(O, r) = 0, cl(1, r) = 1, V r 1 

cI(?, r) D X, V X e  Ix  

cl(X, r) c: cl(X, r'), if r < r' 

cI(2 1  U X, s) = cI(? 1, s) u cl(X2, s) V s I 

cl(cl(X, s), s) = cI(?, s) 

If r = V{s E 10/ cI(, s) = X} then cl(X, r) =  k. 

Proposition: 1.3.3 

Let ci: I x > [X be a mapping satisfying (1) - (4) of 

Proposition 1.3.2. Let 9: 1X  -> I be a mapping defined by 

J(X) = V{r E 1 / cI(, r) = ?}, X E 
I. 

Then .J is a gradation of closedness on X such that ci = ci . iff (5) 

and (6) of Proposition 1.3.2 are satisfied by ci. 

Proposition: 1.3.4 

Let f : (X, t)-* (Y, t') be a mapping. Then f is a gp-map iff 

f(ci(?, r)) c cI(f(2,) r), V rE 10  and X E 
I. 
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