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INTRODUCTION


“Fuzzification is a kind of scientific permissiveness. It tends to result in socially appealing slogans unaccompanied by the discipline, of hard scientific work and patient observation”. 









            -  Rudolf Kalman  

In 1965 L.A. Zadeh, [31] introduced the concept of fuzzy set which is a generalization of an ordinary set. Since its inception, the theory of fuzzy set has developed in many directions and is finding applications in a wide variety of fields. In 1971 Azriel Rosenfeld [27] studied fuzzy set theory with regard to algebraic structure like groupoids, groups, subgroups, ideals, homomorphisms etc. 


In 1982, Liu Wang-jin [20] defined and studied fuzzy subrings as well as fuzzy ideals in rings.


This thesis is devoted to the study of L-fuzzy ideals in Rings and Semirings where L is completely distributive lattice. The following papers are chosen for our discussion.

(1) “Operations on fuzzy ideals” by Liu Wang-jin [21]

(2) “Prime L-fuzzy ideals and Primary L-fuzzy ideals” by Zhang Yue [32].

(3) “On L-fuzzy ideals in semirings I and II “by Y.B. Jun, J. Neggers and H.S. Kim [13], [14] 

(4) “Normal L-fuzzy ideals in semirings” by Y.B. Jun, J.Neggers and        H.S. Kim, [15]

In the first section of the first chapter preliminary definitions and results on lattice theory and L-fuzzy sets are presented. In section 1.2 suitable definition of intersection, addition, multiplication and residual division of            L-fuzzy ideals in a ring are given. Also some fundamental properties of these operations analogous to those that hold for the operations of ordinary ideals are discussed.


Chapter II deals with the study of prime L-fuzzy ideals and primary       L-fuzzy ideals in a ring. In section 2.1 the concepts of prime L-fuzzy ideals in a ring are discussed. In section 2.2 the concepts of a primary L-fuzzy ideal and a structural property of a primary L-fuzzy ideal belonging to a prime          L-fuzzy ideal are discussed. 

Important results proved in this chapter are given as follows:

1) Let  be a prime L-fuzzy ideal in a ring R, and suppose that (a1 a2 … an) = (θ). Then for atleast one value of i we have (ai) = (θ), where θ be the null element of R.
2) Let ζ, η  I(R ). If  is -primary, Rζ Rη  R and Rζ R then        Rη  R , where I(R ) denotes the set of all L-fuzzy ideals in a ring R.
3) Suppose that ', '  I(R) for which the following conditions are satisfied:

(1) R'  R'.

(2) If '(x) = '(θ), then '(xn) = '(θ) for some positive integer n.

(3) If '(xy) = '(θ) and '(x) ≠ '(θ), then '(y) = '(θ).

In these circumstances ' is a prime L-fuzzy ideal and ' is a primary  L-fuzzy ideal belonging to '.

Chapter III and Chapter IV are devoted to study the concepts of an       L-fuzzy ideals in semirings.

In the First section of chapter III preliminary definitions and results on L-fuzzy ideals in semirings are presented. In section 3.2 some properties of  L-fuzzy left (right) ideals of a semiring related to level left (right) ideals are discussed. 

Section 3.3 deals with the study of L-fuzzy characteristic left            (resp. right) ideal of a semiring. Also the nature of images and pre images of L-fuzzy left (right) ideal under homomorphism on semirings are studied. 

Some important results proved here are the following:

(1) Let   F (R), where F (R) will denote the set of all L-fuzzy sets in a semiring R. Then  is an L-fuzzy left (resp. right) ideal of R if and only if, for any t  L such that t ≠ Φ. t is a left (resp. right) ideal of R, where t = {x  R / (x) ≥ t}, a level subset of .

(2) Let   F (R) be an L-fuzzy left (resp. right) ideal of R. Then two level left (resp. right) ideals s, t (with s < t in L) of  are equal if and only if there is no x  R such s ≤ (x) < t.

(3) Let  and  be two L-fuzzy left (right) ideals of a semiring R having the same family of level left (right) ideals. Then  =  if and only if          Im() = Im().

(4) An onto homomorphic preimage of an L-fuzzy left (resp. right) ideal is an L-fuzzy left (resp. right) ideal. 

(5) Let f : R → S be an onto homomorphism and let  be an L-fuzzy left (right) ideal of R. Then the homomorphic image f() of  under f is an L-fuzzy left (right) ideal of S.                                            

(6) If  is an L-fuzzy characteristic left (resp. right) ideal of R, then  each level left (resp. right) ideal of  is characteristic.

In the first section of chapter IV the order properties of the semiring order are discussed which are important in the study of L-fuzzy left (right) ideals on semirings.  

In section 4.2 Normal L-fuzzy left (resp. right) ideals in semirings and their properties are investigated.

Some interesting results proved in this chapter are given as follows:

(1) An L-fuzzy left (resp. right) ideal  of a semiring R is normal if and only in + = , where +(x) =  (x) + 1 –   (0) (x ( R.

(2) Let  be a non-constant normal L-fuzzy left (resp. right) ideal of a semiring R, which is maximal in the poset of normal L-fuzzy left (resp. right) ideals under set inclusion. Then  takes only the values 0 and 1.

REVIEW OF LITERATURE
The concept of a fuzzy set, introduced in Zadeh [31], was applied to the elementary theory of groupoids and groups in Rosenfeld [27] and of semigroups in Nobuaki Kuroki [24]. In 1979, David H. Foster [5] introduced the notion of fuzzy topological groups. The concept of fuzzy vector spaces ad fuzzy topological vector spaces were introduced by Katsaras and Liu [18] in 1977.

In 1982, W. Liu [20] defined and studied fuzzy subrings as well as fuzzy ideals in rings. Subsequently, T.K. Mukherjee and M.K. Sen [23],    K.L.N. Swamy and U.M. Swamy [29], and Zhang Yue [32] fuzzified certain standard concepts/results on rings and ideals. The concept of semirings was studied by many authors. 

Several other authors have also contributed to the study of the concepts mentioned above. We give here a brief survey of some of the articles published on fuzzy groups, fuzzy semigroups and fuzzy ideals in rings, near-rings and semirings etc.

1. 
Fuzzy bi-ideals in semigroup


Nobuaki Kuroki (1979) [24]

In this paper a characterization of a semigroup which is a group, a union of groups and a semilattice of groups interms of fuzzy bi-ideals are given.

2. 
Fuzzy groups redefined

Anthony, J.M and Sherwood, H (1979) [3]

The author have defined fuzzy groups using the notion of t-norm and have obtained intersecting properties which are generalizations of the results due to Rosenfeld. 

3. 
On fuzzy ideals and fuzzy bi-ideals in semigroups

Nabuaki Kuroki (1981) [25]


In this paper some properties of fuzzy ideals and fuzzy bi-ideals of semigroups are given. Also characterization of a semigroup which is left (right) simple, left (right) duo and a semilattice of left (right) simple semigroups or another type of semigroups in terms of fuzzy ideals and fuzzy bi-ideals are given.

4. 
Fuzzy groups and level subgroups

Sivaramakrishna Das, P (1981) [28]

In this paper the author has defined level subgroups of a fuzzy group. If A is a fuzzy set of a non-empty set X, then At = {x  X / A(x) ≥ t} is called a level subset of the fuzzy set A. If A is a fuzzy group of a groups, then At,         t  [0,1] and t ≤ A(e) are proved to be subgroups of S. The collection             {At, t  [0,1], t ≤ A(e)} of subgroups of S are called level subgroups of the fuzzy group A.

5. 
Fuzzy Semiprime ideals in Semigroups

Nabuaki Kuroki (1982) [26]

The notion of fuzzy semiprimality in a semigroup which is an extension of semiprimality in it is introduced and studied. Also the characterization of a semigroup that is a semilattice of simple semigroups interms of fuzzy semiprime interior ideals are given. 

6. 
Ideals in topological molecular lattices

Yang, Zhong Qiang (1986) [30]

In general topology (more precisely in convergence theory) a filter and a net determine each other in a certain sense. But in a more general setting, fuzzy topology, the situation becomes more complicated. The traditional neighbourhood system now has serious limitations, hence new kinds of neighbourhood structures-Q-neighbourhoods are introduced. The author of the paper under review introduces the notion of fuzzy ideal to replace that of filter and establishes a theory to show that the relation between fuzzy nets and fuzzy ideals is similar to the one between nets and filter in general topology.

7. 
On Fuzzy ideals of a Ring I
Mukherjee, T.K., Sen, M.K (1987) [23]


In this paper the regularity of a ring is characterized with the help of fuzzy ideals of a ring. The notion of fuzzy prime ideals are introduced. Also all fuzzy prime ideals of z are determined. 

8. 
On Fuzzy neighbourhood rings

Ahsanullah, T.M.G., and Ganguly, Sobhakar (1990) [2]


The author introduced the concept of fuzzy neighbourhood rings with the help of the notion of fuzzy neighbourhood system. They give necessary and sufficient conditions for a ring structure and a fuzzy neighbourhood system to be compactible. Moreover, the notion of bounded fuzzy set is introduced in fuzzy neighbourhood rings and some of its properties are proved. 

9. 
On fuzzy neighbourhood modules and algebra

Ahsanullah, T.M.G (1990) [1]

The author introduces the notions of fuzzy neighbourhood module and of fuzzy neighbourhood algebra based on fuzzy neighbourhood systems. 

10. 
Fuzzy Prime ideals of a semiring

Dutta, T.K., Biswas, B.K (1994) [7]

In this paper, fuzzy ideals, level ideals, fuzzy prime ideals and completely fuzzy prime ideals of a semiring are studied. The authors characterize the regularity of a semiring by using fuzzy ideals. They show that a semiring S is multiplicatively regular if and only if A o B = A  B for every fuzzy right ideal A and fuzzy left ideal B of S. The authors also derive results which are similar to those proved for fuzzy ideals of a ring. 

11. 
Fuzzy K-ideals of semirings

Dutta, Tapan K., Biswas, B.K (1995) [8]

Starting with the algebraic structure of a semiring. The authors previously introduced the notions of a fuzzy left (right) ideal and a fuzzy prime ideal of such a semiring. In this paper the authors introduce the concepts of a fuzzy k-ideal and a fuzzy prime k-ideal of a semiring and they prove some properties, particularly in the semiring of non-negative integers under the usual arithmetic operations. 

12. 
Fuzzy congruence and quotient semiring of a semiring

Dutta, T.K., Biswas, B.K (1996) [9]

In this paper the fuzzy congruence on a semiring is introduced. The relation between fuzzy congruence and fuzzy ideal of a semiring is obtained. The fuzzy quotient semiring of a semiring over a fuzzy ideal or over a fuzzy congruence are defined and studied. 

13. 
Fuzzy ideal of a Near-ring

Dutta, T.K., Biswas, B.K (1997) [10]

In this paper the concepts of the fuzzy cosets of a fuzzy ideal of a near-ring and the quotient near-ring induced by a fuzzy ideal are studied. Some necessary and sufficient conditions for a fuzzy ideal of a near-ring to be fuzzy prime are determined. 

14. 
Structure of fuzzy ideals of semirings

Dutta, T.K., Biswas, B.K (1997) [11]


In this paper some operations of fuzzy ideals of a semiring are defined. Also various structures of fuzzy ideals of a semiring with respect to those operations analogous to the structures of ordinary ideals of a semiring are studied. 

15. 
Fuzzy SKS-ideals of semirings

Ghosh, Shamik (1998) [12]


In this paper the notions of fuzzy SKS-ideals, prime fuzzy SKS-ideals and semiregularity of semirings are introduced. Also the characterization of prime fuzzy SKS-ideals, semiregualr semirings, Noetherian semirings and Artinian semirings by fuzzy SKS-ideals are given.

16. 
Fuzzy maximal ideals of Gamma near-rings

Jun, Y.B., Kyung Ho Kim and Ozthuk, M.A (1998) [16]

Fuzzy maximal ideals and complete normal fuzzy in -near-rings are considered, and related properties are investigated.

17. 
Fuzzy ideals in Gamma Near-rings

Jun, Y.B., Sapanci, M and Ozthuk, M.A (1998) [17]

In this paper the notions of fuzzy left (right) ideals of - near-ring are introduced and the related properties are studied.

18. 
Prime and primary SLS-fuzzy ideals of SLS-fuzzy rings

Martinez, Luis (1999) [22]


This paper elaborates on the earlier introduced concept of fuzzy ideal of an SLS-fuzzy ring where SLS denotes a totally distributive bounded lattice. More concretely the following notions are (re-) introduced in this frame work. Fuzzy prime ideal, primary fuzzy ideal and fuzzy radical of a fuzzy ideal. These notions are partially compared to previously introduced ones by other authors. Some elementary properties of these notions are mentioned. 

19. 
On hyper Near-rings and fuzzy hyperideals

Davvaz, B (1999) [6]

The notion of fuzzy hyperideal of a hyper Near-ring is introduced and some properties of this type of hyper substructure are proved. It is proved, for example, that is, if SRS is a hyper near-ring and S / m U S is a fuzzy subset of SRS, a level subset S / m U – t S, S t / in / text {Im} / m U S, is a hyperideal (sub hyper near-ring) of SRS iff S / m U S is a fuzzy hyperideal (fuzzy subhyper near-ring, respectively).

20. 
A note on Near-ring groups with irreducible substructures 

Bhaswati De(India), Chowdhary, K.C. (India), Helen K. Saikia (India) (2002) [4]

In this paper the authors investigated some characteristics if near-ring groups which are not simple but its parts contain some irreducible substructures. Beidleman’s conditions on such type of near-ring groups exhibit some interesting results. One interesting result proved here is a set of equivalent conditions involving projectivity, non-singularity, semi-direct sum and semi-simple character of a near-group. A quasi m-simple near-group E is an essential extension of a direct sum of strictly uniform ideals and it is          m-simple if and only if E is strictly essential. An n-injective E is with finite holdie dimension iff it is a direct sum of finitely many non-zero strictly uniform n-injective ideal of it.

21. 
Intuitionistic fuzzy ideals of semigroups

Kyung Ho kim and Jun, Y.B (2002) [19]


In this paper the intuitionistic fuzzification of the concepts of several ideals in a semigroups are discussed. Also some properties of such ideals are investigated. 

CHAPTER I

PRELIMINARY DEFINITIONS AND RESULTS
SECTION : 1.1 

PRELIMINARIES ON LATTICE THEORY AND L-FUZZY SETS 
Definition : 1.1.1


Let p be a non-empty set. A partial order relation in p is a relation which is symbolized by ≤ and assumed to have the following properties:  

(1) 
x ≤ x for every x (reflexivity);

(2) 
x ≤ y and y ≤ x  x = y (antisymmetry); 

(3) 
x ≤ y and y ≤ z  x ≤ z (transitivity). 


A non-empty set p in which there is defined a partial order relation is called a partially ordered set or poset. 

Definition : 1.1.2 


Two elements x and y in a partially ordered set are called comparable if one of them is less than or equal to the other, that is, if either x ≤ y or y ≤ x. 

Definition : 1.1.3 


A partial order relation with the property that any two elements are comparable is called a total (or linear) order relation. 


A partially ordered set whose relation satisfies condition that any two elements are comparable is called a totally ordered set, or a linearly ordered set, or, most frequently a chain. 


A partially ordered set whose relation does not satisfy the condition that any two elements are not comparable is called an antichain.    

Definition : 1.1.4 


Let p be a partially ordered set. An element x in p is said to be maximal if y ≥ x  y = x, that is, if no element other than x itself is greater than or equal to x. A maximal element in p is thus an element of p which is not less than or equal to any other element of p. 

Definition : 1.1.5 


Let A be a non-empty subset of a partially ordered set p. An element     x in p is called a lower bound of A if x  ≤ a for each a  A, and a lower bound of A is called a greatest lower bound (g.l.b) of A if it is greater than or equal to every lower bound of A. 


Similarly, an element y in p is said to be an upper bound of A if a  ≤ y for every a  A, and a least upper bound (l.u.b) of A is an upper bound of A which is less than or equal to every bound of A. 

Result : 1.1.6    


If p is partially ordered set in which every chain has an upper bound, then ‘p’ possess a maximal element. 

Definition : 1.1.7 


A lattice L is a partially ordered set in which any two elements x and y have the greatest lower bound or meet (x  y) and the upper bound or join        (x  y). 

Definition : 1.1.8 


Let L be a lattice A sublattice of L is a non-empty subset L1 of L with the property that if x and y are in L1, then x  y and x  y are also in L1. 

Definition : 1.1.9 


If a lattice has the additional property that every non-empty subset has a g.l.b and a l.u.b, then it is called a complete lattice. 

Definition : 1.1.10 


A lattice L is distributive if it satisfies the distributive laws: 

(i) x  (y  z) = (x  y)  (x  z)

(ii) x  (y  z) = (x  y)  (x  z)  for all x, y, z  L. 

Definition : 1.1.11 


A complete lattice L is said to be completely distributive if it satisfies the following conditions for any collections of elements { xi } and { yj } in L 


( xi)  ( yj) =  (xi  yj) 


( xi)  ( yj) =  (xi  yj).

Definition : 1.1.12 


Let X be a non-empty (usual) set. An L-fuzzy set in X is a map                   : X → L and F (X) will denote the set of all L-fuzzy sets in X. 

Definition : 1.1.13 


If ,   F (X), then    if and only if (x) ≤ (x) for all x  X, and              if and only if    and  ≠ . 

Definition : 1.1.14 


Given any two sets X and X', let   F (X) and let f : X → X' be any function. 

(i)
  F (X') is defined by 


[image: image1.wmf])
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(y)     =      

   0
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where ‘Φ’ means empty set and  is called the image of  under f, which is denoted by f(). 

(ii)
For any   F (f(X)), Define   F (X) by (x) = (f(x)) for all x  X, and  is called the preimage of  under f which is denoted by f -1(). 

Result : 1.1.15 


F (X) = (F (X), , , ) is a completely distributive lattice, which has the least and the greatest elements say 0 and 1 respectively in natural manner, where 0(x) = 0, 1(x) = 1 for all x  X. 

Definition : 1.1.16 


Let ‘.’ be a binary operation in X, and ,   F (X). Then     F(X) is defined as follows : 
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 { (y)  (z) }  for y, z  X, y . z = x, 

(  ) (x)     =

   0  

          for any y, z  X, y . z ≠ x. 

Remark : 1.1.17

(i)
If the operation ‘ . ’ In X is associative, commutative respectively, then so is  in F (X). 

(ii)
If , , η  F (X), then  ≤  implies   η ≤   η. 

Definition : 1.1.18


Let ‘ . ‘ be a binary operation in X, and   F (X),  ≠ 0. Then  is called an L-fuzzy subgroupoid of X, if    ≤ . 


Further, let X be a group under ‘ . ‘.  is called an L-fuzzy subgroup of X, if 

(i)
   ≤  ; 

(ii)
(x -1) = (x) for all x  X. 

Notation : 


Let R = (R, +, .) be a ring with respect to addition and multiplication. The set of all L-fuzzy sets in ring R will be denoted by F (R). (F (R), ≤, ٨, ۷) is a complete distributive lattice.

Definition : 1.1.19 


Let R be a ring with respect to two binary operations ‘+’, ‘ . ’, and           F (R),  ≠ 0.  is called an L-fuzzy subring of R, if  is an L-fuzzy subgroup under the binary operation ‘’ in F (R ) induced by ‘+’ in R, and  is an L-fuzzy subgroupoid under ‘’ in F (R ) induced by ‘.’ in R. 

Proposition : 1.1.20 


Let R be a ring,   F (R ),  ≠ 0. Then  is an L-fuzzy subring of      R  iff, for all x, y  R, 

(1) 
(x)  (y) ≤ (x – y); 

(2)
(x)  (y) ≤ (x . y). 

Proof : 
Obvious. 

Proposition : 1.1.21 


Let R be a ring, and , , η  F (R ), then 


  (  η) ≤ (  )  (  η), 


(  η)   ≤ (  )  (η  ). 

Proof : 

For x  R,


[   (  η) ] (x)   =   
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The equalities hold if there exist y, u, v  R such that yu + yv = x. Otherwise [   (  η) ] (x) = 0. 

And 
[ (  )  (  η) ] (x) 

=   
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The equalities hold if there exists y, y', u, v  R such that yu + y'v = x. Otherwise [ (  )  (  η) ] (x) = 0. 


It is clear that if yu + yv = x, let y' = y, then yu + y'v = x and 


(y)  (y')  (u)  η(v) = (y)  (u)  η(v). 


Hence   (  η) ≤ (  )  (  η). 

Similarly, (  η)   ≤ (  )  (η  ). 

SECTION : 1.2 

OPERATIONS OF L-FUZZY IDEALS AND THEIR PROPERTIES IN RINGS

Definition : 1.2.1 


Let R be a ring and   F (R),  ≠ 0. Then  is an L-fuzzy ideal of R iff, for all x, y  R, 

(1) 
(x)  (y) ≤ (x – y); 

(2) 
(x)  (y) ≤ (x . y).

Equivalently, the definition is redefined as follows: 


Let R be a ring, and   F (R),  ≠ 0.  will be called an L-fuzzy ideal iff 
(1)'
 is an L-fuzzy subgroup of R under ‘’;

(2)'
1   ≤ ,   1 ≤ . 


The set of all L-fuzzy ideals in R is denoted by I(R). Clearly                 I(R )  F (R ).

Proposition : 1.2.2 


Let ,   I(R ), (θ)  (θ) ≠ 0. Then  (   I(R ) where θ is the zero element (null element) of R. 

Proof : 
Obvious. 


Here    is called the intersection of  and .      
     

Proposition : 1.2.3 


Let ,   I(R ) (θ)  (θ) ≠ 0. Then     I(R ). 

Proof : 


We observe first that, 

(i)
(  )  (  ) = (  )  (  ) ≤   , 

(ii)
( x  X, (  ) (-x)   =  
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   =    (  ) (x). 


Then    is an L-fuzzy subgroup of R under ‘’. 

Secondly, Proposition 1.1.21 implies that 


1  (  ) ≤ (1  )  (1  ) ≤   ; 

and 
(  )  1 ≤ (  1)  (  1) ≤   . 


Hence     I(R ). 


Here,    is called the sum of  and . 

Proposition : 1.2.4 


Let ,   I(R) and (θ)  (θ) ≠ 0.   F (R) is defined as follows : 

For any x  X, 


() (x) = ( { 
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 yi . zi = x, p  N } 

where N is the set of Natural numbers. 


Then   I(R ), it is called the product of  and . 

Proof : 


Since (θ)  (θ) ≤ () (θ), so  ≠ 0. For x, x'  R, we have 

() (x)  () (x')  = { [
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     {[
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 (yj')  (zj') / 
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=   {
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 (yi)  (yj')  (zi)  (zj') /  
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=    () (x + x').  

and 

() (-x)   =     { 
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 '(yi)  (zi) /  
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       =     { 
[image: image32.wmf]p

i

1

£

£

Ù

 (-yi)  (zi) / 
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       =    () (x). 

And    () (x')     =     { 
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 (x . yj')  (zj') / 
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       ≤     () (x . x'), 

Similarly, 


   () (x)   ≤    () (x . x'). 


Hence   I(R ). 

Proposition : 1.2.5 


Let ,   I(R ) then 


 :  =  { η  I(R) /  (  η)  (η  ) ≤  }  I(R ). 

Proof : 


Since (  )  (  ) ≤ , so  ≤  : , hence  :  ≠ 0. For             x, y  R, we have 

( : ) (x)  ( : ) (y) 

=    { [η(x) / η  I(R ), (  η)  (η  ) ≤  ] }

 {  [ζ(y) /  ζ  I(R ), (  ζ)  (ζ  ) ≤  ] } 

=   [η(x)ζ(y) / η . ζI(R ), (  η)(η  )  (  ζ)(ζ  ) ≤ ] 

           ≤   {(η  ζ) (x + y) /  η, ζ  I(R ) [  (η  ζ)]  [(η  ζ)   ] ≤  } 

      [ By definition 1.2.1 and proposition 1.1.21 ]. 

≤    ( : ) (x + y) 

and 

( : ) (-x)   =   { η(-x) /  η  I(R ), (  η)  (η  ) ≤  } 

         =   { η(x) /  η  I(R ), (  η)  (η  ) ≤  } 

         =    ( : ) (x). 

Similarly, it is directly verified that  

( : ) (y)    ≤     ( : ) (x . y), ( : ) (x) ≤ ( : ) (x . y). 

Hence :  I(R). Here  : is called the residual quotient of  and . 

Proposition : 1.2.6 

Let , , η  I(R ) then :

(a) 
   =    (if (θ)  (θ) ≠ 0); 

(b)
(  )  η =   (  η) (if (θ)  (θ)  η(θ) ≠ 0); 

(c)
ζ   =  =   ζ, where ζ  I(R ) such that for any x  R, 



1  
if x = θ

ζ(x)      = 

0
if x ≠ θ; 

θ  R is the null element of the ring R. 

(d) 
   = . 

Proof : 
Obvious. 

Proposition : 1.2.7 


Let ,   I(R ), (θ)  (θ) ≠ 0, then  ≤   . 

Proof : 


If 
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Similarly, 
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 (zi) ≤ (x). Then for any x  X, 

() (x)   =    [
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 (yi)  (zi)  / 
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    ≤    (x)  (x) 

    =    (  ) (x). 

Hence  ≤   . 

Proposition : 1.2.8 


Let , , η  I(R ), (θ)  (θ)  η(θ) ≠ 0, then :        

(a)
() η = (η); 

(b) 
 =  if R is a commutative ring; 

(c)
1 =  = 1 if R has a unit element e; 

(d)
 ≤  implies η ≤ η. 

Proof : 
Obvious. 

Definition : 1.2.9 


  I(R ) is called an L-quasi ideal of R, if (θ) = 1. 

Note : 


It is clear that the family Q  I(R ) of all L-quasi ideals in R is closed under the given intersection, addition, multiplication and residual division of  L-fuzzy ideals respectively. 

Proposition : 1.2.10


Let , , η  Q, then : 

(a) 
 ≤   ; 

(b) 
(  η) =   η, (  η) =   η. 

Proof : 

(a) 
For any x  R, 


(x)   =   (x)  (0) 

          ≤   [ (y)  (z) /  y + z = x ] 

          =    (  ) (x). 

(b) 
Firstly, since  ≤   η, then  ≤ (  η); 


Similarly η ≤ (  η), thus 


  η ≤ (  η)  (  η) = (  η). 

Secondly, for any x  R, 

[(  η) ] (x)  =   {
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(ui)  η(vi)]} / 
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             =   { 
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 (yi)  (ui)  η(vi) /
[image: image53.wmf]å

=

p

1

i

 (yi . ui + yi . vi) = x, p  N} 

  ≤    { [
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 {() (a)  (η) (b) }

 =     (  η) (x).

So (  η) ≤   η. Hence we have proved (  η) =   η. Similarly it follows that (  η) =   η. 

Proposition : 1.2.11 


The poset Q of all L-quasi ideals in a ring R structured by the operations l.u.b = ‘’, g.l.b = ‘’, is a modular lattice : That is, for , , η  Q, 


 ≤     (  η) =   (  η). 

Proof :  


To show that Q satisfies the modular law: 


That is, for ,  , η  Q, 


 ≤     (  η) =   (  η). 


Indeed,  ≤   η,  ≤  implies  ≤   (  η) and 

Similarly,   η ≤   (  η); then 


  (  η) ≤ [  (  η)]  [  (  η) ] =   (  η) 

Conversely, for any x  R, 


[  (  η)] (x)  =   (x)  (  η) (x) 


       =   (x)  [
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((y)  η(z)) ] 


       =   {(x)  (y)  η(z) / y + z = x } 



       ≤   {(x)  (y)  (y)  η(z) /  y + z = x } 




       ≤   {(z)  (y)  η(z) /  y + z = x } 




       ≤   {(y)  (  η) (z) /  y + z = x } 




       =   [  (  η) ] (x). 

Hence the proof. 

Lemma : 1.2.12 


Let , , η  I, then : 

(a)
 .  = 1; 

(b) 
 ≤  : ; 

(c)
 ≤  impies  : η ≤  : η and η :  ≤ η : . 

Proof : 
Obvious. 

Proposition : 1.2.13 


Let ,   I, then ( : )  ≤ , ( : ) ≤ . And  ≤ η  I, then 


η ≤ , η ≤   η ≤  : . 

Proof : 
Obvious. 

Proposition : 1.2.14 


Let , 1, 2, …, n  Q, then 


 : (1  2  …  n) = ( : 1)  ( : 2)  …  ( : n). 

Proof : 
Obvious.

Proposition : 1.2.15 


Let ,   I(i  ), and 
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Proof : 
Obvious.  

Proposition : 1.2.16 


Let R be a commutative ring, , , η  I and (θ)  η(θ) ≠  0. 


Then ( : )η =  : η. 

Proof : 
Obvious.   

Proposition : 1.2.17 


Let ,   Q, then  :  =  : (  ). 

Proof : 


 : (  )   =   ( : )  ( : ) 



         =   1  ( : ) 

         =    : . 

CHAPTER II
PRIME L-FUZZY IDEALS  AND 

PRIMARY L-FUZZY IDEALS IN RINGS
SECTION : 2.1

PRIME L-FUZZY IDEALS IN RINGS
Proposition : 2.1.1


Let R be a ring,   F (R ),  ≠ 0. Then   I (R ) iff the level subset        t= { x  R / (x) ≥ t } of , for any t  L and t ≤ (θ) ≠ 0, is an ideal of R.

Proof : 
Obvious.

Theorem : 2.1.2


Let N be an arbitrary ideal of a ring R. Then there exists   I(R ) such that t = N where t  L.

Proof: 


Let   F (R ) defined by 


t 
if x  N for t  L,

(x)     =

0 
if x  N.

Then, for l  L,




0 = R,
if l = 0,

l 
 =  
t = N,

if l ≤ t,




     Φ,

if t < l ≤ 1.


It follows that every non-empty level subset of  is an ideal of R and        t ≤ (θ) ≠ 0. Hence  is an L-fuzzy ideal of R by proposition 2.1.1 clearly,          satisfies the conditions of the theorem. 

Definition : 2.1.3


Let  be an L-fuzzy set of a ring R. Then the set                             R= { x  R  / (x)=(θ) } is called a base set of .

Proposition : 2.1.4


If   I(R), then the base set R is an ideal of R
Proof : 


Let   I(R ). Then

R = { x  R / (x) = (θ) }

Let a, b  R. Then (a) = (θ), (b) = (θ)

Since (θ)  =  (a)  (b)



        ≤  (a – b)



        ≤  (θ),

 
(a – b)  =  (θ)

Hence a – b  R​
Let a  R and x  R
Since (θ) =  (a)  (x)



       ≤  (a . x)



       ≤  (θ)

 
    (a . x)  =  (θ) 

 
        a . x    R
Similarly, x.a  R
Hence R is an ideal of R
In the rest of this section R  is assumed to be commutative.

Definition : 2.1.5


Let   I(R).  is called a prime L-fuzzy ideal, if for a, b  R,                  (a . b) = (θ) implies (a) = (θ) or (b) = (θ).

Proposition : 2.1.6


Let  be a prime L-fuzzy ideal, and suppose that (a1 a2 … an)=(θ). Then for atleast one value of i we have (ai) = (θ).

Proof :


Let  be a prime L-fuzzy ideal and suppose that (a1 a2 … an) = (θ).

To prove : 
(ai) = (θ) for atleast one value of i.

If not, that is if (ai) ≠ (θ) for all i. We shall obtain a contradiction.

Now, (a1(a2….an)) = (θ) and (a1) ≠ (θ) implies (a2…an) = (θ), by the definition of an L-fuzzy prime ideal. Then repeat the argument.


In succession, (a3…an) = (θ), (a4….an) = (θ), and finally,            (an) = (θ). This is the required contradiction.

Hence the result.

Proposition : 2.1.7


Let  be a prime L-fuzzy ideal and 1, 2, …, n I(R ). If                          R1 R2 … Rn  R, then Ri  R for atleast one value of i.

Proof:


Assume that R1 R2 … Rn  R, but that no Ri is contained in R.

For each i we can choose ai  Ri so that ai  R and then                     a1 a2 … an  R.

However, a1 a2 … an  R1 R2 … Rn, which is impossible. Therefore our assumption is wrong. Hence the proof.

Theorem : 2.1.8


Let   I(R ) and (e) ≠ (θ), where e is the unit element of R. The following three statements are equivalent 

1)  is a prime L-fuzzy ideal.

2) R is a prime (usual) ideal.

3) The residue class (usual) ring R / R is an integral domain.

Proof : 
Obvious.

SECTION : 2.2

PRIMARY L-FUZZY IDEALS IN RINGS
Definition : 2.2.1


Let   I(R ).  is called a primary L-fuzzy ideal of R, if for a,b  R. (ab) = (θ) and (a) ≠ (θ) implies (bn) = (θ) for some positive integer n.

Note :


Every prime L-fuzzy ideal is a primary L-fuzzy ideal.

Theorem : 2.2.2


Let   I(R ) and  be a given primary L-fuzzy ideal and let                     R = {x / (x) = (θ)} denote the base set of  such that (xn) = (θ) for atleast one positive integral value of n. Then

(1)  is a prime L-fuzzy ideal,

(2) R  R
(3) R is contained in base set of every other prime L-fuzzy ideal which contains R.

Proof :


To prove  is a prime L-fuzzy ideal, 

assume that (ab) = (θ) and that (a) ≠ (θ). 

It follows that ((ab)n)=(θ) for some positive integer n and              (am) ≠ (θ) for any m.


Since  is a primary L-fuzzy ideal, (bnk) = (θ) for some k.

 
(b) = (θ)

Hence (1) is proved.

It is obvious from the definition that R  R is true. 

To prove (3), let Rζ be the base set of arbitrary prime L-fuzzy ideal         ζ containing R.

Let x  R, which implies that (x) = (θ).

Then with a suitable integer n, xn  R  Rζ,

That is, ζ(xn) = ζ(θ).

Since ζ is a prime L-fuzzy ideal it follows from proposition 2.1.6 that ζ(x) = ζ(θ).

 
x  Rζ
Thus R  Rζ and the proof is complete.

Definition : 2.2.3


If  is a primary L-fuzzy ideal and if  is the prime L-fuzzy ideal of Theorem 2.2.2, we shall say that  belongs to , and also that  is -primary. Expressed in another way: If  is a primary L-fuzzy ideal and  is the primary L-fuzzy ideal of Theorem 2.2.2, we shall say that R is a minimal primary ideal of the primary ideal R.

Proposition : 2.2.4


If  is -primary, (ab) = (θ) and (a) ≠ (θ) then (b) = (θ).

Proof : 

This follows immediately from the definitions.

Proposition : 2.2.5


Let ζ, η  I(R ). If  is  -primary, Rζ Rη  R and Rζ ( R then       Rη  R.

Proof :


Choose a  Rζ, so that a  R
Then ζ(a) = ζ(θ) and (a) ≠ (θ)

If now x is an arbitrary element of Rη, then ax  R and a  R.

 
(ax)=(θ) and (a)≠(θ) consequently, by proposition 2.2.4,            (x) = (θ).

 
x  R.

This completes the proof.

The following theorem will give a structural property of a primary            L-fuzzy ideal  belonging to a prime L-fuzzy ideal . It is of great use in deciding when the primary-prime relationship holds.

Theorem : 2.2.6


Suppose that ', '  I(R ) for which the following conditions are satisfied:

(1) R'  R'.
(2) If '(x) = '(θ), then '(xn) = '(θ) for some positive integer n.

(3) If '(xy) = '(θ) and '(x) ≠ '(θ), then '(y) = '(θ). 

In these circumstances ' is a prime L-fuzzy ideal, and ' is a primary L-fuzzy ideal belonging to '.

Proof :


First to prove ' is a primary L-fuzzy ideal, 

assume that '(ab) = '(θ) and that '(a) ≠ '(θ).

Then, by (3), '(b) = '(θ)

Further, by (2), '(bn) = '(θ) for some positive integer n this proves that ' is a primary L-fuzzy ideal.

Let ' be  -primary.

Then from (2), R'  R.

Let x  R, then if we show that x  R', we shall have proved that       R' = R and this will establish the theorem. 

Choose the smallest positive integer ‘i’ such that '(xi) = ' = (θ).

If i =1 then x  R'  R';

If i > 1 then '(xi) = '(xi-1 x) = '(θ) and '(xi-1) ≠ '(θ).

Then by (3) '(x) = '(θ).


x  R'.

Thus in either case x  R', as required.

Hence the proof.

Proposition : 2.2.7


 is a primary L-fuzzy ideal and  is a primary L-fuzzy ideal belonging to  iff R is a prime ideal and R is a primary ideal belonging to R.

Proof :


Suppose that  is a prime L-fuzzy ideal and  is a primary L-fuzzy ideal belonging to , then the conditions (1),(2),(3) of the theorem 2.2.6 are satisfied, iff the following conditions are satisfied,

(i) R  R
(ii) If x  R, then xn  R for some positive integer n.

(iii) If xy  R and x  R, then y  R
Therefore R is a prime ideal and R is primary ideal belonging to R and the proof is complete.

Theorem : 2.2.8


Let   I(R ) and (e) ≠ (θ). The following three statements are equivalent.

(1)  is a primary L-fuzzy ideal.

(2) R is a primary ideal.

(3) Every zero divisor in the residual class ring R / R is nilpotent.

Proof : 


To prove : (1)  (2)

First assume that (1) holds

Let ab  R and a  R
(ab) = (θ) and (a) ≠ (θ)

Then since  is a primary L-fuzzy ideal, (bn) = (θ) for some positive integer n, i.e., bn  R
Thus we obtain that R is a primary ideal.

Conversely,

Assume that (2) holds

Let (ab) = (θ) and (a) ≠ (θ)

That is, ab  R and a ≠ R
Hence bn  R for some positive integer n.

 
(bn) = (θ).

Hence  is a primary L-fuzzy ideal

(2)  (3)  is obvious.

Definition : 2.2.9


Let R and R ' be two rings, and f : R → R ' be a ring homomorphism (onto). That is, f:R → R ' is a function onto, and for x,y  R,   f(xy) = f(x) f(y).

Definition : 2.2.10


If f is a homomorphism from ring R onto ring R ', then we say that an      L-fuzzy ideal  of R corresponds to an L-fuzzy ideal ' of R ', if f() = ' and       f -1(') = .

Proposition : 2.2.11


Suppose that  and ' are corresponding L-fuzzy ideals, and that R and R '' are corresponding ideals. If one of both R and R '' is a proper ideal so is the other, and then R / R and R ' / R '' are isomorphic.

Proof :


If R = R  then R ''  =  f(R ) = R ', while if 

R '' = R ' then R = f -1(R ') = R
This establishes the first point.

Now suppose that R and R '' are proper ideals and let g be the natural homomorphism of R ' onto R ' / R ''.


The mapping x → g(f(x)) is a homomorphism of R onto R ' / R '',

Also x is mapped into zero if and only if, f(x)  R ''.

That is, if and only if x  f -1(R '') = R
It now follows that R / R and R ' / R '' are isomorphic.

Proposition : 2.2.12


Let  and ' be corresponding L-fuzzy ideals. Then if one is a primary L-fuzzy ideal so is the other, and if one is a prime L-fuzzy ideal so is the other.

Proof :


By proposition 2.2.11, the residue class rings R / R and R ' / R '' are isomorphic 

If therefore, one of them has the property that every zero divisor is nilpotent, then the other one will have the same property.


Again, if one of these rings is an integral domain so is the other.


Therefore, the proof follows from theorem 2.2.8 and theorem 2.1.8.

Proposition : 2.2.13


Suppose that  and ' are corresponding primary L-fuzzy ideal, and that  and ' are corresponding prime L-fuzzy ideals. Then  is -primary if and only if, ' is '-primary.

Proof :


R will be a minimal prime ideal of R if and only if, R '' is a minimal prime ideal of R '' implies that  is  -primary iff ' is '-primary.

CHAPTER III
L-FUZZY IDEALS IN SEMIRINGS
SECTION : 3.1 

PRELIMINARIES ON L-FUZZY IDEALS IN SEMIRINGS

Definition: 3.1.1

A set R endowed with two associative binary operations called addition and multiplication (denoted by + and ., respectively) is called a semiring if it satisfies the following conditions:

i) addition is a commutative operation,

ii) there exists 0  R such that x + 0 = x and 0x = x0 = 0 for each          x  R,

iii) multiplication distributes over addition both from the left and from the right.

Notation : 


 In this chapter (i) R and S will denote semirings (ii) F (R) and F (S) will denote the set of all L-fuzzy sets in the semirings R and S respectively.      (F (R), ≤, ٨, ۷) is a complete distributive lattice.

Definition : 3.1.2


A non-empty subset A of R is a left (resp. right) ideal if x, y  A and           r  R imply that x + y  A and rx  A (resp xr  A)


If A is both left and right ideal of R, then A is called a two-sided ideal, or simply, ideal of R.

Definition : 3.1.3


A mapping f : R → S is called a homomorphism if f(x+y) = f(x) + f(y) and  f(xy) = f(x) f(y) for all x, y  R.

Result : 3.1.4


If f : R → S is an onto homomorphism and if A is a left (resp. right) ideal of R, then f(A) is a left (resp. right) ideal of S.

Definition: 3.1.5


An L-fuzzy set   F (R) is called an L-fuzzy left (resp. right) ideal of R if for all x, y  R,

(i)  is an L-fuzzy subsemigroup of (R, +). That is,

 (x + y) ≥ min{ (x), (y) },

(ii) (xy) ≥ (y)  [ resp. (xy) ≥ (x) ] 

An L-fuzzy set  is an L-fuzzy ideal of R if and only if it is both L-fuzzy left and right ideal of R.

Note:


In this chapter I(R) will denote the set of all L-fuzzy ideals of a  semiring R.

Result : 3.1.6


If  is an L-fuzzy left (resp. right) ideal of R, then (0) = (x) for all           x  X. i.e, (0) is the largest value of . 


The following theorem shows that the concept of an L-fuzzy left        (resp. right) ideal of R is an extension of a left (resp. right) ideal of R.

Theorem : 3.1.7


Let A be a non-empty subset of R and, let  be an L-fuzzy set in R such that  is into {0,1}, so that  is the characteristic function of A. Then  is an  L-fuzzy left (resp. right) ideal of R if and only if A is a left (resp. right) ideal        of R.

Proof :


Suppose  is an L-fuzzy left (resp. right) ideal of R 

Let x, y  A and r  R. Then

(x+y) ≥ min{ (x), (y) } = 1   

and 

(rx) ≥ (x) = 1 (resp. (xr) ≥ (x) = 1),

which imply that (x+y) = 1 and (rx) = 1 (resp. xr  A)


Hence, x + y  A and rx  A (resp. xr  A).

Consequently, A is a left (resp. right) ideal of R. 

Conversely,


Assume that A is a left (resp. right) ideal of R. 

Let x, y  R.

Case (i): 


If x, y  A, then x + y  A and xy  A.

Thus,  (x+y) = 1 = min{ (x), (y) }

and 
(xy) = 1 = (y)  (resp. (xy) = 1 = (x))

Case (ii): 


If x,y  A, then (x) = (y) = 0 and so clearly (x+y) ≥ min {(x), (y)} and (xy) ≥ (y) (resp. (xy) ≥ (x))

Case(iii): 

If x  A and y  A then xy  A (resp. y x  A), (x) = 0 and  (y) = 1

Hence, (x+y) ≥ 0 = min {(x), (y)}

and  (xy) = 1 = (y) (resp. (yx) = 1 = (y))

Case (iv): 

If x  A and y  A, then yx  A (resp. xy  A),

(x) =1 and (y) = 0

Hence, (x+y) ≥ 0 = min{ (x), (y) }

and (yx) = 1 = (x) (resp. (xy) = 1 = (x))

Hence  is an L-fuzzy left (resp. right) ideal of R.

Result : 3.1.8


Every L-fuzzy left (resp. right) ideal of a ring is L-fuzzy left (resp. right) ideal of a semiring. But the converse need not at all be true, which can be seen from the following example.

Example : 3.1.9

(a) 
Let R = {0,1,2,3} be a set with two associative binary operations:

+
0
1
2
3

.
0
1
2
3

0
0
1
2
3

0
0
0
0
0

1
1
1
2
3

1
0
1
1
1

2
2
2
2
3

2
0
1
1
1

3
3
3
3
2

3
0
1
1
1

Then (R, +, .) is a semiring.

Define an L-fuzzy set  : R → L by (3) < (2) < (1) < (0). Then  is an L-fuzzy left ideal of the semiring R. 

But  is not an L-fuzzy left (ring-) ideal of R, since (x–y) is not defined for any x, y  R

SECTION : 3.2

LEVEL SUBSETS OF L-FUZZY IDEALS IN SEMIRINGS
Proposition : 3.2.1


Let   F (R). Then  is an L-fuzzy left (resp.right) ideal of R if and only if, for any t  L such that t ≠ Φ, t is a left (resp. right) ideal of R, where

t = {x  R / (x) ≥ t}, a level subset of .

Proof:


If  is an L-fuzzy left (resp. right) ideal of R, it is easy to see that t ≠ Φ is a left (resp. right) ideal of R.

Conversely,


Let all t ≠ Φ be left (resp. right) ideal of R.

Then for all x, y  R,

x, y  min {(x), (y)}
Thus (x + y) ≥ min{(x), (y)}

Now, x  (x) implies that rx  (x) (resp. xr  (x)) for all r  R.

It follows that (rx) ≥ (x) (resp. (xr) ≥ (x))

Therefore  is an L-fuzzy left (resp. right) ideal of R.

Definition: 3.2.2


Let   F (R). If  is an L-fuzzy left (resp. right) ideal of R then t ≠ Φ is called level left (resp. right) ideal of . 

Proposition : 3.2.3


If   F (R) is an L-fuzzy left (resp. right) ideal of R, then the set          R ={x  R / (x) = (0)} is a left (resp.right) ideal of R.

Proof : 
obvious

Theorem : 3.2.4


Let A be any left (resp. right) ideal of R. Then there exists an L-fuzzy left (resp. right) ideal  of R such that t = A for some t  L.

Proof:


Let A be any left (resp.right) ideal of R.

Define an L-fuzzy set in R by



  
t   
   if x  A

(x)     = 





0 
  otherwise

for some t  L. Then t=A. For given s  L, we have 




0 = R   if s = 0

S     = 
t =A    if s ≤ t




Φ  
  if t < s ≤ 1

Since A and R itself one left (resp.right) ideals of R, every non-empty level subset S of  is a left (resp. right) ideal of R. By proposition 3.2.1,  is an L-fuzzy left (resp. right) ideal of R.

Hence the theorem. 

Theorem : 3.2.5


Let   F (R) be an L-fuzzy left (resp. right) ideal of R. Then two level left (resp. right) ideals s, t(with s < t in L) of  are equal if and only if there is no x  R such s ≤ (x) < t.

Proof :



Assume s < t in L and s = t
To prove: 
There is no x  R such that s ≤ (x) < t

Suppose not, then t is a proper subset of s
which is a contradiction to s = t.

Therefore, there is no x  R such that s ≤ (x) < t

Conversely,


Assume that there is no x  R such that s ≤ (x) < t

By definition of level subset of , s < t  t  s


 (1)

If x  s, then (x) ≥ s.

But by our assumption (x) ( t. 

 
(x) ≥ t.


Hence x  t,

 
s  t







           (2)

From (1) and (2) we get, s = t.

Theorem : 3.2.6


Let   F(R) be an L-fuzzy left (resp. right) ideal of R. If                  Im() = {t1, t2,… tn}, where t1 < t2 <…..< tn, then the family of left (resp. right) ideals ti (i= 1,2….n) constitutes the collection of all level left (resp. right) ideals of  where, for any   F (R), the image of  is denoted by Im().

That is Im() = (R).

Proof : 


If t  L with t < t1, then t1  t
Since t1 = R, t = R and t = t1
If t  L with ti < t < ti+1 (1 ≤ i ≤ n-1), then there is no x  R 

Such that t ≤ (x) < ti+1
It follows from theorem 3.2.5 that t = ti+1.

This shows that for any t  L with t  ≤ (0), the level left  (resp. right) ideal t is in {ti / 1 ≤ i ≤ n}

This completes the proof.

Now, some properties of L-fuzzy ideals in semiring R are discussed.

Lemma : 3.2.7


Let R be a semiring and  an L-fuzzy left (right) ideal of R. If Im() is finite, say {t1, …, tn}, then for any ti, tj  Im(),ti = tj implies ti = tj.

Proof :


Let R be a semiring and  be an L-fuzzy left (right) ideal of R

Let Im()  =  { t1, t2, …, tn}

Assume that for any ti, tj  Im(),ti = tj
To prove: 
ti = tj
Suppose ti ≠ tj, assume ti < tj   without loss of generality. 

Since ti  Im(), there is an x  R such that (x) = ti and hence                 ti ≤ (x) < tj.


Therefore by theorem 3.2.5, ti = tj does not hold.

This contradicts our assumption.

Therefore, ti = tj if ti = tj.

Theorem : 3.2.8


Let  and  be two L-fuzzy left (right) ideals of a semiring R with single family of level left (right) ideals. 

If Im() = { t0, t1, …, tr } and Im() = {s0, s1, …, sk }

where t0 > t1 > … > tr and s0 > s1 >… > sk, then,

(a) r = k,

(b) ti = si (0 ≤ i ≤ k),

(c) if x   R such that (x) = ti then (x) = si (0 ≤ i ≤ k).

Proof :


Let  Im()  = { t0, t1, …, tr }


Im() = { s0, s1, …, sk }

where t0 > t1 > … > tr and s0 > s1 > … > sk.

To prove : (a) That is r = k


By Theorem 3.2.6, the only level sub algebras of  and  are the two families ti and si

Since  and  have the same family of level left (right) ideals, it follows that r = k.

To prove : (b) That is to prove ti = si (0 ≤ i ≤ k)


Using Theorem 3.2.5 there are two chains of level left (right) ideals.


t0  t1 ….  tk = R

and 
s0  s1  ….  sk = R

It follows that if ti, tj  Im() with ti > tj then

ti  tj








 (1)

and if si, sj  Im() with si > sj then 


si  sj








(2)

Since the two families of level left (right) ideals are identical, it is clear that t0 = s0

By hypothesis ti = tj since j > 0

Assume that t1 ≠ s1
Then t1 = sj for some j > 1, and s1 = ti for some ti < t1 

Thus by (1) and (2) we obtain.


sj = t1  ti and ti = s1 sj,

which leads to a contradiction.

Hence t1 = s1.

By induction on i, we obtain that ti = si (0 ≤ i ≤ k).

To prove: (c).

Let x  R with (x) = ti and (x) = sj for some i, j  { 0, 1, …, k }. 

Claim : 
si = sj
If (x) = ti, then by (b) x  ti = si
It follows that sj = (x) > si and from (2) we have sj  si.

Now, (x) = sj implies x  sj = tj    by (b)

It follows from (1) that tj ≤ (x) = ti 

Also ti  tj 
from(1).

Hence we have si = tj ( tjsj.

Thus si = sj.

( 
si = sj by Lemma 3.2.7.

This completes the proof.

Theorem : 3.2.9


Let  and  be two L-fuzzy left (right) ideals of a semiring R having the same family of level left (right) ideals. Then  =  if and only if Im() = Im().

Proof :


Assume that Im() = Im()

Let Im() = { t0, t1, …, tr}

and Im() = {s0, s1, …, sr},

where t0 > t1 > … > tr and s0 > s1 >…. >sr
Then s0  Im() = Im()

 
s0 = tk0 for some k0
Assume that tk0 ≠ t0.

So tk0 < t0
Now, s1  Im() = Im(), and hence s1 = tk1, for some k1.

Since s0 > s1, we have tk0 > tk1.

Continuing in this way, we have t0 > tk0 > tk1 >… > tkr
This means that | Im() | = card Im() = r +1.

Hence we have s0 = t0.

Proceeding in this manner, we obtain that

si = ti (0 ≤ i ≤ r).

Let x  X with (x) = ti for some i  { 0, 1, …, r }.

Then by theorem 3.2.8 (x) = si (0 ≤ i ≤ r).

Since si = ti, it follows that (x) = (x) for each x  X.

Hence  = .

This proves the theorem. 

SECTION : 3.3

L-FUZZY IDEALS IN SEMIRING HOMOMORPHISMS
Theorem : 3.3.1


An onto homomorphic preimage of an L-fuzzy left (resp. right) ideal is an L-fuzzy left (resp. right) ideal.

Proof :


Let f: R → S be an onto homomorphism. 

Let   F (s) be an L-fuzzy left ideal and let  be the preimage of  under f.

Then for any x, y  R,

(x + y)   =  (f(x + y))

     =  (f(x) + f(y))

     ≥  min{(f(x)), (f(y))}


     =  min{(x), (y)}

and         (xy)   =  (f(xy))


     =  (f(x) f(y))


     ≥  (f(y))


     =  (y)

This shows that  is an L-fuzzy left ideal of R. Similarly, the other case can be proved.

Proposition : 3.3.2


Let f be a mapping from a set X to a set Y and let   F (X). Then for every t  L, t ≠ 0.

(f())t  = 
[image: image63.wmf]t

s

0

<

<

Ç

f(t-s)

Proof: 


Let t  L, t ≠ 0. If y  (f())t, then


t ≤ (f()) (y) = 
[image: image64.wmf])

y

(

f

z

1

sup

-

Î

 (z)

This means that there exists x0  f -1(y) such that (x0) > t – s for every s  L with 0 < s < t.

 
x0  t-s
 
y = f(x0)  f(t-s)

Therefore, y  
[image: image65.wmf]t

s

0

<

<

Ç

 f(t-s)

 
(f())t  
[image: image66.wmf]t

s

0

<

<

Ç

f(t-s)







 (1)

Now, let y  
[image: image67.wmf]t

s

0

<

<

Ç

 f(t-s)

Then y  f(t-s) for every s  L with 0 < s < t.

This implies that there exists x0  t-s such that y = f(x0)

It follows that (x0) ≥ t – s and x0  f -1(y)

  
(f())(y) = 
[image: image68.wmf])

y

(

f

z

1

sup

-

Î

 (z) ≥ 
[image: image69.wmf]t

s

0

sup

<

<

 { t – s } = t

Hence y  (f())t. Thus 
[image: image70.wmf]t

s

0

<

<

Ç

f(t-s)  (f())t 



 (2)

 
From (1) and (2)

(f())t = 
[image: image71.wmf]t

s

0

<

<

Ç

f(t-s)

Hence the proof.

Theorem : 3.3.3


Let f : R → S be an onto homomorphism and let  be an L-fuzzy left (right) ideal of R. Then the homomorphic image f() of  under f is an L-fuzzy left (right) ideal of S.

Proof: 


In view of proposition 3.2.1 it is sufficient to show that each non-empty level subset of f() is a left (resp. right) ideal of S.


Let (f())t be a non empty level subset of f() for every t  L.


If t = 0 then (f())0 = S

Assume t ≠ 0, By proposition 3.3.2,

(f())t = 
[image: image72.wmf]t

s

0

<

<

Ç

 f(t-s)

Hence f(t-s) is non-empty for each 0 < s < t.

t-s is a non-empty level subset of  for every 0 < s<t

Since  is an L-fuzzy left (resp. right) ideal of R, t-s is a left           (resp. right) ideal of R by proposition 3.2.1 since f is an onto homomorphism, f(t-s) is a left (resp. right) ideal of S.


Hence (f())t being an intersection of a family of left (resp. right) ideal is also a left (resp. right) ideal of S.

Hence the proof.

Definition : 3.3.4


A left (resp. right) ideal A of R is said to be characteristic if f(A) = A for all f  Aut (R), where Aut(R) is the set of all automorphisms of R. An L-fuzzy left (resp. right) ideal  of R is said to be L-fuzzy characteristic if (f(x)) = (x) for all x  R and f  Aut(R).

Theorem : 3.3.5


Let  be an L-fuzzy left (resp. right) ideal of R and let f: R → R be an onto homomorphism. Then the mapping f  F (R), defined by f(x) = (f(x)) for all x  R, is an L-fuzzy left (resp. right) ideal of R.

Proof :


For any x, y  R, we have


f(x+y)  =   (f(x + y))



  =  (f(x) + f(y))



  ≥  min{ (f(x)), (f(y)) }



  =  min {f(x), f(y)}

and 


 f(xy)   =  (f(xy))



  =  (f(x) f(y))



  ≥  (f(y))

[resp. (f(x))]



  =  f(y) 

[resp. f(x)]

Hence f is an L-fuzzy left (resp. right) ideal of R.

Theorem: 3.3.6


If  is an L-fuzzy characteristic left (resp. right) ideal of R, then each level left (resp. right) ideal of  is characteristic.

Proof:


Let  be an L-fuzzy characteristic left (resp. right) ideal of R and let           f  Aut(R).

For any t  L, if y  f(t), then (y) = (f(x)) = (x) ≥ t for some x  t with y = f(x).

It follows that y  t.
 
f(t)  t








 (1)

If y  t, then t  ≤ (y) = (f(x)) = (x) for some x  R with y = f(x).           It follows that y  f(t).

 
t  f(t)








 (2)

By (1) and (2) t = f(t)

Hence t is characteristic. 

To prove the converse of theorem 3.3.6, we need the following lemma.

Lemma : 3.3.7


Let  be an L-fuzzy left (resp. right) ideal of R and let x  R. Then       (x) = t if and only if x  t and x  s for all s > t.

Proof : 
obvious.

Theorem : 3.3.8


Let  be an L-fuzzy left (resp. right) ideal of R. If each level left (resp. right) ideal of  is characteristic, then  is L-fuzzy characteristic.

Proof:


Let x  R and f  Aut(R)

If (x) = t  L, then by Lemma 3.3.7 x  t and x  s for all s > t.

Since each level left (resp. right) ideal of  is characteristic,                   f(x)  f(t) = t
Assume (f(x)) = s > t.

Then f(x)  s = f(s). Since f is one-to-one, it follows that x  s,            a contradiction.

Hence (f(x)) = t = (x),

 
 is L-fuzzy characteristic.

CHAPTER IV

L-FUZZY IDEALS IN SEMIRING ORDER AND NORMAL              L-FUZZY IDEALS IN SEMIRINGS
SECTION : 4.1

L-FUZZY IDEALS IN SEMIRING ORDER
Definition : 4.1.1


Let R be a semiring. Define a relation ‘<’ on R as follows


x < y provided x + y = y and xy = x, x ≠ y.

Remark : 4.1.2


Since 0 + y = y and 0y = 0, it follows that if y ≠ 0, then always 0 < y,       ie, 0 is a unique minimal element.

Lemma : 4.1.3


x < y and y < x is impossible.

Proof :


Suppose x < y and y < x is possible.

Then x + y = y and y + x = x. Since x + y = y + x in a semiring, x = y which is a contradiction. Therefore, x < y and y < x is impossible.

Lemma : 4.1.4


x < y and y < z implies x < z.

Proof :


Assume x < y and y < z 

Since x + y = y, y + z = z, it follows that 

x + z = x + (y + z) = (x + y) + z = y + z = z



 (1)

Similarly, xy = x, yz = y yields x = xy = x(yz) = (xy)z = xz
           (2)

If x = z, then x < y and y < x or x = y




 

But the assumption x < y makes x = y impossible. By Lemma 4.1.3 this requires also that x ≠ z







 (3)

By(1), (2) and (3), x < z.

Remark : 4.1.5


The set (R, <) is a poset with a unique minimum element 0. We will refer to it as the semiring order of R. 

Definition : 4.1.6


A non-empty subset I of a semiring order (R, <) is called an order ideal, if x  I, y < x imply y  I.

Example: 4.1.7


Let R + be the collection of non-negative real numbers with the usual operations “ + ” and “ . ”. Then (R + ,+ , .) is a semiring.


Also if x < y then x + y = y means x = 0 and y ≠ 0.


In particular, if x ≠ y and x ≠ 0, y ≠ 0, then x o y. That is x and y are incomparable.

Hence (R + - { 0 }, <) is an antichain.

Therefore R + will be considered to be an antichain semiring.

Example : 4.1.7


Let R + be the collection of non-negative real numbers.

Define operation “” and “” by


x  y : =  max {x, y},


x  y : =  min {x, y}.

Suppose that x ≤ y. Then x  y = y and x  y = x. If r  R +, then x ≤ y implies r  x ≤ r  y as well.

Hence (r  x)  (r  y) = r  y = r  (x  y).

Thus (R +, , ) is a semiring.

Remark : 4.1.7


In this case, if x < y in R +, then also x < y in the semiring order, whence the two orders are the same since an order extension of a chain is precisely the chain itself. Thus, we will consider (R +, , ) to be a chain semiring.

Example : 4.1.8


If (R, + ,  .) is a ring and if x < y, then x + y = y implies x = 0 and          xy = 0y = 0 = x, ie., 0 < y and x ≠ y, x ≠ 0, y ≠ 0, implies x o y, ie., (R – {0}, <) is an antichain.

Remark : 4.1.9


If a semiring (R, + , .) can be embedded into a ring (S, + , .), then x < y implies x + y = y and x = 0 and (R, + , .) is an antichain semiring as well. Antichain semirings are therefore generalizations of semirings which can be embedded in rings.

Lemma : 4.1.10


Any L-fuzzy left (right) ideal of R is order reversing. That is, x < y implies (x) ≥ (y).

Proof:


If x < y then (x) = (xy) ≥ (y).

Theorem : 4.1.11


Suppose that (R, +, .) is a chain semiring such that

(i) x + 2x = 2x, 2x2 = x  x = 0

(ii) x + x2 = x2, x(x2) = x  x = 0.

Then, if  : R → L is any order reversing mapping, it is also an L-fuzzy left ideal of the semiring.

Proof:

(i) x + 2x = 2x, 2x2 = x  x = 0

(ii) x + x2 = x2, x(x2) = x  x = 0.

Let  : R → L is any order reversing mapping.

To prove : 
 is an L-fuzzy left ideal of the semiring.

Case (i):


Let x < y. Then x + y = y, xy = x and x ≠ y

 
(x + y) = (y) ≥ min {(x), (y)}


(xy) = (x) ≥ (y)

Case (ii):


Let x ≥ y. Then y+ x = x and yx = y and x ≠ y 

 
(x + y) = (x) ≥ min {(x), (y)} 


(xy) = (y) ≥ (y)

Case (iii):


Let x = y

Assume (2x) < (x)

This means that x ≠ 2x and 2x < x is not possible.

Hence x < 2x

 
x+ 2x = 2x, x(2x) = x

 
x = 0 
by(i)

which is a contradiction.

 
(2x) ≥ (x).

That is, (x+ x) ≥ min {(x), (x)}.

Also,  (xx) ≤ (x) means that x < x2.

 
x+ x2 = x2 and x(x2) = x

 
x = 0
by (ii)

which is a contradiction.


Therefore,  (xx) ≥ (x).

Thus, in any case (x + y) ≥ min {(x), (y)}


            (xy) ≥ (y)

Hence  is also an L-fuzzy left ideal of the semiring.

Proposition : 4.1.12


If : R → L is an L-fuzzy left ideal of the semiring (R, +, .), then t is an order ideal of (R, <).

Proof :


Suppose that x ≤ y and y  t.

Then, since  is order reversing by Lemma 4.1.9, it follows that              (x) ≥ (y) and (x) ≥ t,

That is, x  t.

Hence t is an order ideal of (R, <).

Theorem : 4.1.13


If  : R → L is an L-fuzzy left ideal of the chain semiring (R,+ , .), then any finite order ideal I is a level subset of .

Proof :


Let t : = inf {(x) / x  I}.

Since I is finite, it follows that t = (x0) for some x0  I.

Then x  t
 
(x) ≥ (x0) = t.

 
x ≤ x0.

Since I is an order ideal, x ≤ x0, x0  I  x  I.
Hence t = I.

Corollary : 4.1.14


If  : R → L is an L-fuzzy left ideal of a finite chain semiring (R, +, .) then the collection of order ideals of (R, <) is the collection of level subsets of . Furthermore, this collection is linearly ordered by set inclusion.

Note : 

The examples discussed here show that the order properties of the semiring order are important in discussing L-fuzzy left ideals on semirings.

SECTION : 4.2

NORMAL L-FUZZY IDEALS IN SEMIRINGS
Definition : 4.2.1


An L-fuzzy left (resp. right) ideal  of R is said to be normal if (0) = 1.

Theorem : 4.2.2


Let  be an L-fuzzy left (resp. right) ideal of R and let + be an L-fuzzy set in R defined by +(x) = (x) + 1 – (0) for all x  R. Then + is a normal   L-fuzzy left (resp. right) ideal of R containing .

Proof :


Let x, y  R. Then

min {+(x), +(y)}  =  min{(x) + 1 – (0), (y) + 1 – (0)}




       =  min {(x), (y)} + 1 – (0)




       ≤  (x + y) + 1 – (0)
[
[image: image73.wmf]Q

  is an L-fuzzy ideal]




       =  + (x + y).

and 

      +(xy)  =  (xy) + 1 – (0)




       ≥  (y) + 1 – (0)
(resp ≥ (x) + 1 – (0))




       =  +(y) (resp. = +(x)).

Hence, + is an L-fuzzy left (resp. right) ideal of R. clearly, +(0) = 1 and   +. This completes the proof.

Corollary : 4.2.3


If  is an L-fuzzy left (resp. right) ideal of R satisfying +(x) = 0 for some x  R, then (x) = 0 also.

Proof :


Since   +, the proof of the corollary is obvious.

Theorem : 4.2.4


For any left (resp. right) ideal A of R, the characteristic function A of A is a normal L-fuzzy left (resp. right) ideal of R and RA = A.

Proof : 
obvious.

Theorem : 4.2.5


Let  and  be L-fuzzy left (resp. right) ideals of R. If    and            (0) =  (0), then R  R.

Proof : 


Assume that    and (0) = (0).

 
(x) ≤ (x) for all x in R.

If x  R then (x) = (0)


Therefore, (x) ≥ (x) = (0) = (0)




 (1) 

But  is an L-fuzzy left (resp. right) ideal of R implies that (0) is the largest value of .

Therefore, (x) ≤ (0) for all x  R.




 (2)

By (1) and (2), (x) = (0).

 
x  R.

Hence R  R.

Corollary : 4.2.6


If  and  one normal L-fuzzy left (resp. right) ideals of R satisfying            , then R  R.

Proof :


Let  and  be normal L-fuzzy left (resp. right) ideals of R.

Then (0) = 1 and (0) = 1.

Therefore (0) = (0). Then by Theorem 4.2.5, the proof is obvious.

Theorem : 4.2.7


An L-fuzzy left (resp. right) ideal  of R is normal if and only if + = .

Proof :


Assume + =  where  is an L-fuzzy left (resp. right) ideal of R.

 
+(x) = (x) for all x  R

 
(x) + 1 – (0) = (x) for all x  R

 
(0) = 1

 
 is a normal L-fuzzy left ideal (resp. right) of R.

Conversely,

Assume that  is a normal L-fuzzy left (resp. right) ideal of R and let         x  R.

Then +(x) = (x) + 1 – (0) for all x in R.

But (0) = 1.

Therefore, +(x) = (x) for all x in R.

Hence + = .

Theorem : 4.2.8


If  is an L-fuzzy left (resp. right) ideal of R, then (+)+ = +.

Proof :


For any x  R, (+)+(x)  =  +(x) + 1 – +(0)





     =  (x) + 1 – (0) + 1 – (0) – 1+ (0)





     =  (x) + 1 – (0)





     =  +(x)

 


      (+)+   =  +. 

Corollary : 4.2.9


If  is a normal L-fuzzy left (resp. right) ideal of R, then (+)+ = .

Proof :


Let  be an L-fuzzy left (resp. right) ideal of R.


Then (+)+ = + 


But  is normal = + = .


Therefore (+)+ = .

Theorem : 4.2.10


Let  be an L-fuzzy left (resp. right) ideal of R. If there exists an               L-fuzzy left (resp. right) ideal  of R satisfying +  , then  is normal.

Proof :


Suppose there exists an L-fuzzy left (resp. right) ideal  of R such that +  .

Then 1 = +(0) ≤  (0).

Hence (0) = 1.

The proof is complete.

By using theorem 4.2.7, we have the following corollary.

Corollary : 4.2.11


Let  be an L-fuzzy left (resp. right) ideal of R. If there exists an             L-fuzzy left (resp. right) ideal  of R satisfying +  , then + = .

Proof :


By theorem 4.2.10,  is normal.


Then by Theorem 4.2.7, + = .

Theorem : 4.2.12


Let  be an L-fuzzy left (resp. right) ideal of R and let f : [0, (0)] → L be an increasing function. Define an L-fuzzy set f : R → L by f(x) = f((x)) for all x  R. Then f is an L-fuzzy left (resp. right) ideal of R. In particular, if f((0)) = 1 then f is normal, and if f(t) ≥ t for all t  [0, (0)] then   f.

Proof :


Define an L-fuzzy set f : R → L by f(x) = f((x)) for all x  R where          be an L-fuzzy left (resp. right) ideal of R and f: [0, (0)] → L is an increasing function.

To prove: 
f is an L-fuzzy left (resp. right) ideal of R.


Let x, y  R. Then


f(x + y)  =  f((x + y))



    ≥  f(min{(x), (y)})



    =  min {f((x)), f((y))}



    =  min {f(x), f(y)}.

and 


    f(xy)  =  f((xy))



    ≥  f((y))

(resp. ≥ f((x)))



    =  f(y)

(resp. = f(x))


Hence, f is an L-fuzzy left (resp. right) ideal of R.


Let f((0)) = 1. Then f(0) = f((0)) = 1


Therefore f is normal. 

Assume that f(t) ≥ t for all t  [0, (0)]

Then f(x) = f((x)) ≥ (x) for all x  R.

This proves that   f.

Theorem : 4.2.13


Let  be a non-constant normal L-fuzzy left (resp. right) ideal of R, which is maximal in the poset of normal L-fuzzy left (resp. right) ideals under set inclusion.

Then  takes only the values 0 and 1.

Proof:


Let  be a non-constant normal L-fuzzy left (resp. right) ideal of R.

Then (0) = 1

Let x  R such that (x) ≠ 1.

It is sufficient to show that (x) = 0.

Assume that there exists a  R such that 0 < (a) < 1.

Define an L-fuzzy set  : R → L by

(x) = 1/2 {(x)+ (a)} for all x  R.

Then clearly  is well defined.

Let x, y  R. Then

(x + y)  =  1/2 {(x + y)+ (a)}



    ≥  1/2 {min {(x), (y)}+ (a)}



    =  min {1/2 {(x)+ (a)}, 1/2 {(y)+ (a)}}



    =  min {(x), (y)},

and


(xy)  =  1/2 {(xy)+ (a)}


          ≥  1/2 {(y)+ (a)} 
[resp. ≥ 1/2 {(x)+ (a)}]


          =  (y) 


[resp. = (x)].

Hence,  is an L-fuzzy left (resp. right) ideal of R.

Now we have


+(x)  =  (x) + 1 – (0)


         =  1/2 {(x) + (a)} + 1 – 1/2 {(0) + (a)}


         =  1/2 {(x) + 1},

and so +(0) =  1/2 {(0) + 1} = 1.

Thus, + is a normal L-fuzzy left (resp. right) ideal of R.

Also, +(0) = 1 > +(a) = 1/2 {(a) + 1} > (a) and + is non-constant.

Therefore,  is not maximal, which is a contradiction.

Therefore, (x) = 0 for all x  R such that (x) ≠ 1.

Hence  takes only the values 0 and 1.

Hence the proof.

SUMMARY AND CONCLUSION


Eversince the introduced of fuzzy sets by Zadeh [31], several authors have worked on this concept and the theory of fuzzy sets have developed in many directions and is finding applications in a wide variety of fields. Rosenfeld [27] has applied the concepts of fuzzy sets to develop the theory of fuzzy groups. In [25] Nobuaki Kuroki gave some properties of fuzzy ideals and fuzzy bi-ideals in semigroups.


In this thesis some interesting results on L-fuzzy ideals in rings and semi-rings are discussed. In the first chapter, we have collected preliminary definitions and results on Lattice theory and L-fuzzy sets. The definitions and properties of some operations of L-fuzzy ideals in a ring are given in        section 1.2.


In the second chapter, we have made a detailed study of the concepts of prime L-fuzzy ideals and primary L-fuzzy ideals in a ring due to Zhang Yue [32]. In particular, a structural theorem for a primary L-fuzzy ideal belonging to a prime L-fuzzy ideal is studied.


In the third chapter, the extension of the concepts of an L-fuzzy left (right) ideal of a ring to a semiring are discussed. Particularly, some properties of L-fuzzy left (right) ideals of a semiring related to level left (right) ideals are studied. 


In the fourth chapter normal L-fuzzy left (right) ideals in a semiring and their properties are investigated. 

We hope that these results can be extended to fuzzy near-rings, fuzzy topological subgroups and fuzzy topological level subgroups. 
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