Introduction

Topology is a relatively new branch of mathematics; most of the research in topology
has been done since 1900. Topology often does not solve a problem by itself, but contributes
important understanding, settings, and tools. Initially developed in the late nineteenth
century and early twentieth century to provide basis for abstract mathematical analysis,
topology gradually became an influential subject, reaching many achievements in the mid
and late twentieth century. Topology often does not stand alone: nowadays there are fields
such as algebraic topology, differential topology, geometric topology, combinatorial

topology, and quantum topology.

Topology is a mathematical subject that studies shapes. The term “Topology” comes
from the Greek words “topos” (place) and “ology” (study). Topology is a part of geometry
that does not concern distance. Topological objects are more relaxed than in geometry: beside
moving around (allowed in geometry), stretching or bending are allowed in topology (not
allowed in geometry). Topology thus literally means ,,The study of surfaces™. It is also called
as a “Science of Position”. Topology features prominently in differential geometry, global

analysis, algebraic geometry, theoretical physics etc.

General topology normally considers local properties of spaces and is closely related
to analysis. It generalizes the concept of continuity to define topological spaces, in which
limits of sequences can be considered. In Data Mining, the Computational Topology for
Geometric Design and Molecular Design, Computer Aided Geometric Design and
Engineering Design (briefly CAGD), Digital Topology, Information Systems, Non-
Commutative Geometry and its application to Particle Physics one can observe the influence
made in the realms of applied research by general topological spaces, properties and

structures.

Computer Scientists concerned with problems in Pattern Recognition, Image Analysis
and related areas have found that fundamental concepts of topology are useful tools.
Although the usual definitions of topology are generally not studied to the analysis of digital
pictures, they are easily modified so that notions such as connected component, continuous
function, homotopy type, fundamental group, the Hausdorff metric and others can be

efficiently and profitably employed.
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The mathematical challenge of digital topology lies in the fact that a digital image is a
lattice-point approximation of a Euclidean space. Since Euclidean metric imposes a discrete
topology on a set of lattice points, it is necessary to use a non-Euclidean foundation as the

basis of a theory that allows us to use topological properties in this setting.

Having Open sets as a powerful tool for defining topological spaces, Stone (1937) defined the
notion of Regular open sets in his novel paper which related the theory of Boolean Rings to General
Topology. Velicko (1968) introduced the concept of 3-open sets as a generalization of the regular
open sets. This set was introduced to investigate the characterization of H-closed spaces. Levine
(1963) studied the notion of semi-open sets as a weaker form of the open sets. He also initiated the

study of generalized closed sets (briefly, g-closed sets) in 1970.

Norman Levine (1970) initiated the idea of continuous functions. Noiri, T (1980) introduced
d-continuous functions. Functions and of course irresolute functions at and among the most
important and most researched points in the whole of mathematical science. In 1972,

Crossley and Hilderband introduced the notion of irresoluteness.

Open maps and closed maps are very useful in topological spaces. The concept of
homeomorphisms plays an important role in topological spaces. For researchers on various closed
sets, the study is not complete without extending their definitions to open (closed) maps and

homeomorphisms.

Gentry (1971) introduced the concepts of somewhat continuous functions and
somewhat open functions which are Zdenek Frolik’s functions except that they had dropped
the requirement that the functions be onto. These ideas are also closely related to the idea of

weakly equivalent topologies which was first introduced by Youngblood (1965).

Kelly.J.C. (1963) introduced the idea of bitopological spaces and thereafter the theory
has been developed by different mathematicians from different aspects. It is confined in
considering the pairwise properties of the two topologies and their interrelations. Mohammed

et al. provided the concept of 5-open sets in bitopological spaces.

The endeavour of the present work is to introduce the concept of § Pg-open sets,
to analyze their relations with various open sets and to obtain their properties and some
characterizations. This new notion is properly placed between Pg-open sets and

6-preopen sets.
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The deliberations in this research work include the following topics.

6P g-open sets in Topological Spaces

Some Concepts related to § Ps-open sets

Separation Axioms using 8 Pg-open sets

- 6P¢-Continuous Functions in Topological Spaces

Weaker forms of § Pg-Continuous Functions

Various Types of §Ps-Somewhat Continuous Functions

6P g-Homeomorphisms in Topological Spaces

Notations: Throughout the thesis, the following notations are used.

> (X, 1), (Y, 0) and (Z, ) denote non-empty topological spaces on which no separation

axioms are mentioned, unless it is stated specifically.

» In all the diagrams, A — B represents A implies B but not conversely and A «-» B
represents A and B are independent.

Methodology: The analysis has been done by the following methodologies.

» Analytical method of comparing § Ps-open sets with some existing open sets
» Constructing Counter examples
» Analysis of preservation of topological properties by &Ps-open sets

» Obtaining Characterization theorems
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Chapter | deals with the study of the preliminary definitions and results which are used

to accomplish the research work.

In Chapter the author has defined a new kind of open sets in the topological space (X, 7)

called 6 Ps-open sets, combining the concepts of d-preopen and semi-closed sets. This class of

sets lies between the classes of Ps-open and d-preopen sets. The behaviour of dPs-open sets in

various spaces such as locally indiscrete, hyperconnected, extremally disconnected, semi-Tj,

s-regular spaces are discussed and various interesting results are obtained.

Important Definitions and Results:

>

R/
X4

D)

*

A subset A of a space X is called a §Pg-open set if A is a 8- preopen set and for each

X € A, there exists a semi-closed set F such that x € F€ A.

A subset A of a space X is 8Pg-open if and only if A is a d-preopen set and A is a

union of semi-closed sets.
Any union of § Pg-open sets is a § Ps.open set.
Every regular open (resp., Ps-open, clopen, §-open and 6-open) set is a § Ps-open set.

If A and B are §Ps-open subsets of a topological space (X, t) and if the family of all
d-preopen sets in X forms a topology on X, then A N B is a §Ps-open set and hence

the family of § Pg-open sets forms a topology on X.

The following diagram shows the relation between &Ps-open sets with some existing

open sets in topological spaces:

6 Ps-open set

0-open

é-open Pg-open preopen 6-preopen

Figure 2.1
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The following fascinating characterizations of §Ps-open sets in different topological

spaces are also proved in this chapter.

R/
A X4

R/
A X4

e

*

X/
°e

/7
A X4

X/
°e

DS

If a space X is semi-Ty, then §P;0(X) = 6PO(X).

In a hyperconnected space, SC(X) € 6Ps0(X).

In a locally indiscrete space, OPsO(X)= 1.

If A € BO(X)NPsO(X), then A € §P;0(X)

If a topological space (X, t) is s-regular, then T € 3PsO(X).

For any space (X, 1),6P;0(X, 1) = Ps0(X,14)

For any topological space, if A € SPO(X) and either A € nO(X)U SOO(X), then A €
dPsO(X).

Let (X, 7) be any extremally disconnected space. If A € 8S0(X), then A € §P;0(X).

» A subset B of a space X is called § Ps-closed if X\B is § Ps-open set. The family of all
& Ps-closed subsets of a topological space (X,1) is denoted by 6 PsC (X, T) or § PsC(X).

%+ The 8Pg -closure of A (briefly §P¢CL(A)) in a topological space (X, 7) is defined to
be the intersection of all § Ps-closed sets containing A.

% For atopological space X §Ps-closure satisifies the axioms of Kuratowski’s closure
axioms.

% For any subsets a and B of X,

* OPsCI(ANB) € §PsCI(A) N SPsCL(B).
« For A S X,8PsCl(A) € Cls(A).

» A point x € X is said to be 6 Ps- interior point of A if there exists a § Ps-open set U
containing x such that U < A. The set of all § Pg-interior points of A is said to be & Ps-
interior of A and is denoted by 6 Ps- Int(A).

Chapter 11l deals with various notions related to &§Ps-open sets namely &Ps-

neighborhood, &Ps -limit point, § Ps-derived set, § P; -frontier, § P -boundary, § P -exterior

and &Ps -saturated set. Properties related to these concepts are studied. Additionally, §Ps -

open sets are characterized using the concept of grill in topological spaces. Necessary

examples are obtained.
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Important Definitions and results:

» A subset N of a topological space (X, 7) is called a §Ps-neighborhood of x € X if
there exists a 6 Ps-open set Q such that x € Q € N. The set of all §Ps-neighborhood of
x is denoted by 6PgN (x).

% Ifasubset N of a topological space X is §Ps-open, then N is a § Ps-neighborhood of

each of its points.

% If F is a 6Ps-closed subset of a topological space and x € X \ F, then there exists a
& Pg-neighborhood N of x suchthat N n F = @.

> Let A be a subset of a space X. A point x € A is said to be a § Ps-limit point of A if
for each § Pg-open set U containing x, U N (A — {x}) # @. The set of all § Ps-limit
points of A is called the § Ps-derived set of A and is denoted by Dsp, (A).

< Let A < X. If Alis §Ps-closed then Dsp (A) € A.
< In atopological space X, for any subset A, Clsp . (A) = AU Dsp (A).

» For a subset A of a topological space (X, 1), 8Pg-frontier of A is denoted by
dPgF (A) and defined as 6 PsF (A) = §PsCL(A)\SPsInt(A).

% For a subset A of a topological space (X, 1), the following results are true.

SP;CL(A) = §PsInt(A) U SPGF(A).

* &PsInt(A) N SPF(A) = 0.

«  8PsF(A) = §PsCL(A) N 6P,CL(X\A).
* OPgF(A) is 6-closed.

Frs(6PsF(A)) € §PF(A).
% Let Ac Band §PsInt(B) = @ then P F(A) € 6Ps F(B).

» For asubset A of a topological space (X, 1), 8Ps-boundary of A is denoted by
6P¢B(A) and defined as 6 Ps B(A) = A\ 8P Int(A).
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% For a subset A of a topological space (X, 1), the following results are true.

« 0PsB(0) =0.

« SPB(X)=0.

. A=68PInt(A) U §PB(A).

« If Alis 6Ps-open if and only if §P;B(A) = 0.
«  S8PgInt(A) N 5PsB(A) = 0.

«  8PB(6PsINt(A)) = @.

> For a subset A of a topological space (X,t), 8Pgs-exterior of A is denoted by
6PgE(A) and defined as § PgE(A) = X\ § PCI(A).

®,

¢ For a subset A of a topological space (X, 1), the following results are true.
+  Ext;(A) € §PsE(A).

* OPsE(X) = 0.

« OPsE(D) = X.

* OPsE(A) = 6PsInt(X \ A).

« If AC Bthen §PsE(B)SOPsE(A).

+ OP;E(AUB)C §PE(A) U 6PsE(B).
* OPsE(A N B) 2 §PsE(A) N §PsE(B).
*  OPsE(6PsE(A)) = 6 PsInt(5 Pscl(A)).

*  OPsE(A) = SPsE(X\ §PGE(A)).

« X =4§PsInt(A) U 6PsE(A) U §PsF(A).
*  OPsInt(A) € SPSE(SPSE(A)).

> A subset A of a topological space (X, 1) is said to be § Pg-saturated if 6PsCl({x}) S
A for every x € A. The set of all § Ps-saturated sets in (X, t) is denoted by § PgSat(X).

s Every §Ps-closed set is a § Pg-saturated set.

> Let (X,8Ps0(7),§) be agrill §Ps-space. We define a function ¢sp G: P(X) - P(X),
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called the 6 P -operator associated with the grill G and §P;0(7), and is defined by
Ysp G(A) = {x € X|U n A € g, for all 5Ps-open set U containing x}.

> Let (X,6Ps0(7)) be a 6P -space and G, H be two grills on X. Then for a subset A of

X, the following conditions are valid:
* GEH = PspG(A) S YspsH(A)
* Ysp(GUH)(A) 2 Ysp G(A) U psp H(A)

> Let (X,6Ps0(7),G) be a grill 5P -space. Then for any two subsets A and B of X the
following conditions hold:

YspsG(A) S YspG(B),if ASB.
* YspG(AUB) = YspG(A) UspG(B)
* YspG(A) =0, if AEG
© YopsG(4) S PsG(4)
- Ysp G(A) € SPSCL(A).
> Let (X,6P50(r),§) be a grill 6P -space. Then for any two subsets 4 and B of X, the
following conditions hold:
* YspG(A\YspG(B) S YspG(A\B)
* B &G Ysp;G(AUB) = Ysp,G(A) = Ysp G(A\B)
+If (A\B) U (B\A) € G, then 15,,G(4) = P5p,G(B)

> Let (X,8Ps;0(7),G) be agrill §Ps-space and A < X. If V is §Ps-open set containing x

Chapter 1V deals with separation axioms using &Ps-open sets which involves Pg-open
sets. Spaces such as 6 Ps-T;, (i = 0,1,2) are defined. The properties of the associated spaces
are studied. The author has also investigated the properties among all the spaces. The non-
impliance of each is substantiated by counter examples. This chapter is committed to other
type of separation axioms by &Ps-open sets namely,  sp.Ts, sp.To, spslps anNd

spTspg- In each space the corresponding sets coincide
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[For example in,  5p.T5, 8Ps0(X) = 60(X) ]. Also, §Pg-convergence, §Pg-accumulation,

& Ps-open cover are defined and using these results § Ps-Compact space is defined. Some of

the existing results were analysed using the newly defined spaces.

Important Definitions and Results:

>

X/
°e

A\

A topological space is §PsT-space if to each pair of distinct points x,y of X, there
exists a 6 Ps-open set containing one, but not the other.
A topological space X is § PsT, space if and only if §PsCl{x} # 6§ PsCl{y}, for every
pair of distinct points x, y of X.
Every semi-regular subspace of a § P;T,, space is 6 PsT,, space.
A function f: (X,7) = (Y, o) is said to be a point §Pg-closure 1-1 if x,y € X such
that §PsCl{x} # 6PsCl{y}, then §PsCl{f (x)} # SPsCl{f (y)}.
If f:(X,7) = (Y,0) is a point § Ps-closure 1-1 function and X is § P¢T, space, then f
is 1-1.
Let f: (X,7) = (Y,0) be a mapping from §PsT, space X into §PsT, space Y. Then f
is point § Ps closure 1-1 if and only if fis 1-1.
Let f: (X,7) = (Y,0) be an injective, continuous and open function. If Y is § 5T,
then X is 6 PsT,.
A topological space X is §PsT-space if to each pair of distinct points x, y of X, there
exists a pair of § Ps-open sets containing x but not y, and the other containing y but
not x.
Every open (or semi-regular) subspace of a § PsT; space is 6 PsT;-space.
Let f: (X,1) = (Y, 0) be an injective, continuous and open function. If Y is § P¢Ty,
then X is § PsT, -space.
A topological space X is 8PgT,-space if to each pair of distinct points X, y of X, there
exists pair of disjoint § P;-open sets, one containing X and the other containing y.
For a topological space X, the following statements are equivalent:
e Xis §PsT,-space.
e If x € X, then there exists a § Ps-neighborhood N(x) of x such that y &

P CL(N(x)).
e Foreachx € X, n{(6Ps CL(N): N is a § Psneighborhood of x} = {x}.
Every open (or semi-regular) subspace of a § P;T, space is 6 PsT,-space.

Let f: (X,t) = (Y, 0) be an injective, continuous and open function. If Y is § PsT,,
then X is 6§ PsT,-space.
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v' The following diagram represents the implication between the separation
axioms that we have defined in this paper and examples show that no other

implications hold between them.

6T — 7 OPsT, —_ d-pre-T,

5T, > OPsT4 —_— 5-pre-T;

8Ty > 6PsTo . §-pre-T,
Figure 4.1

A topological space (X, 1) is said to be a
> sps I s-Space if every & Ps-open subset of (X, 7) is §-open in (X, 7).
> sps Te-Space if every § Ps-open subset of (X, 1) is 8-open in (X, 7).
> sps I ps-Space if every 8 Ps-open subset of (X, 1) is Ps-open in (X, 7).
> splsps-Space if every §-pre-open subset of (X, ) is § Ps-open in (X, 7).
s If X is semi-Ty, then X is spTsps-Space.
% If X is discrete, then X is spTsps-Space.
% Every spsTs-Space is a hyperconnected space.

% Inaspaceif 60(X) = SPO(X), then (X,T) iS spsTe, spsTs, sps T ps, aNd sp T sps-SPAces.

K/
L X4

From the above definitions we have the following diagram:
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X/
L X4

X/
L X4

X/
L X4

Figure 4.2

> A filter base J in a topological space (X, t) 8Pg-converges (resp., 6§ Pg-0-converges)
to a point x € X if for every §Pg-open set V containing X, there exists an F € S such
that F € V (resp., F € 6P;CL(V)).

> A filter base § in a topological space (X,t) &Pgs-accumulates (resp., éPg-0-
accumulates) to a point x e X if FNV # @ (resp., F N §P;CL(V) # @), for every

6 Ps-open set V containing and every F € .

If 3 is a maximal filter base in a topological space (X, 1), then § &§Ps-converges
(resp., 8 P;-6-converges) to a point x € X if and only if § §Ps-accumulates (resp.,

6 Ps-06- accumulates) to a point x.

Let 3 be a filter base in a topological space (X, 7). If § §Ps-converges to a point

x € X, then J §-converges to a point x.

Let § be a filter base in a topological space (X,t) and E is any semi-closed set
containing x. If there exists an F € J such that F < E (resp., F < 6P;CI(E)), then

3 6 Pg- converges (resp., § Ps-6-converges) to a point x € X.

Let 3 be a filter base in a topological space (X,t) and E is any semi-closed set
containing X. If there exists an F € 3 such that F N E # @ (resp., F N §PsCI(E) # 0),

then J is § Pg-accumulation (resp., § Ps-6-accumulation) to a point x € X.

If a function f: (X,t) = (Y, 0) is §Ps-continuous (resp., almost §Ps-continuous),
then for each point x € X and each filter base § in X §Ps-converging to X, the

filter base f(3) is convergent (resp., 6-convergent) to f(x).

> Let {Q,: @€/} be a collection of §P;-Open subsets of X whose union is X.
Then {Q,:a €]} is called a §Ps-open cover, if for every §Pg-open cover
{Qq: a € J} of X, there exists a finite subset J, of J such that X =U {Q,: a€/,}
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» A topological space (X, 1) is called §Pg- Compact if for every & Ps-open cover of

X has a finite subcover.

X/
°e

If every semi-closed cover of a space X has a finite subcover, then X is §P-

compact.

+»+ For a topological space 6§ Ps-Compact space is a Pg-Compact Space
% If a topological space (X,1) is strongly compact, then it is § Pg-compact.
%+ If a topological space (X, t) is § Ps-compact then it is nearly compact.

% If (X,7) is locally indiscrete, then X is compact if and only if X is §Ps-

compact.

% If (X, ) be s-regular and X is § Psc-compact, then it is compact.

% For any topological space (X, 7). The following statements are equivalent:
*  (X,7)is 8 Ps-compact,
« Every maximal filter base ¥ in X & Ps-converges to some point x € X.
» Everyfilter base Jin X §Ps-accumulates to some point x € X.

» For every family {F,:a € A} of §Ps-closed subsets of X such that n
{F,:a € A} = @, there exists a finite subset A, of A such that n
{Fa:a € Ao} = Q

> A subset A of a topological space (X, 1) is said to be § Pg-set (resp., §Ps-compact
subspace) if for every cover {V,: « € A} of A by §Ps-open subsets of (X, 7) (resp.,
by 6Pg-open subsets of A), there exists a finite subset A, of A such that A Cu
{Vyra € Ay} (resp., A =U {V,:a € Ap}).

% A subset A of a space X is § Pg-set (resp., § Ps-compact subspace) if and only if for
every cover of A by §Pg-open sets of X (resp., by §Ps-open sets of A) has a finite

subcover.

% Let A be a subset of a topological space (X, ). If every cover of A by semi-closed
subsets of X (resp., by semiclosed subsets of A) has a finite subcover, then A is 6 Ps-

set (resp., 6 Ps-compact subspace).
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R/
A X4

For any topological space (X,t). The following statements are equivalent:
* Als §Ps-set (resp., § Ps-compact subspace),

« Every maximal filter base § on X which meets A §Ps-converges to some

point of A4,

« Every filter base § on X which meets A §Ps-accumulates to some point X €
X.

« For every family {F,: « € A} of 6Ps-closed subsets of (X, 7) such that
[N {F,:a € A}] n A = @, there exists a finite subset Ag of A such that
[N{F:a €A} ]NA=0.

A space X is §Ps-compact if and only if every proper §Ps-closed set of X is
6 Ps-set.

If there exists either a proper regular semi-open or a §-open subset A of a
topological space (X,t) such that A and X\A are §Ps-compact subspace,

then X is also § Ps-compact.

If either G € RSO(X) or G € T or G is a §-open set G of a space X is § Ps-compact

subspace, then G is § Pg-set.

If a regular open set G of a space X is §Ps-set, then G is §Pg-compact

subspace.

Let A and B be subsets of a space X. If A is §Ps- closed set and B is 6 Ps-set,
then A N B is § Ps-set.

Let Y be any regular open subspace of a space X and A be any subset of Y.
Then A is § Pg-set of X if and only if A is § Ps-set of Y.

Chapter V is on various types of continuities using 6 Pg-open sets. Here, § Ps-continuity,

>

quasi § Ps-continuity, perfectly § Ps-continuity, totally & Pg-continuity, strongly & Pg-continuity
and contra & Pg-continuity are defined with their properties being discussed. The association

between these continuities is studied with the support of counter examples

Important Definitions and Results:

A function f: (X, 7) = (Y, o) is called § Pg-continuous at a point x € X if each open

set V of Y containing f (x), there exists a § Ps-open set U of X containing x such that
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f(U) € V. If fis § Ps-continuous at every point of X, then it is called §Ps-

continuous.

0,

% The following diagram indicates the relation between &§Pg-continuous functions and

the existing continuous functions:

|
*~5~
ST —

\4 v
jones e peconmon | opreooniniess |

Figure 5.1

A

« For a function f: (X, 1) = (Y, 0), the following statements are equivalent:
« f is § Pg-continuous.
« f7Y(V) is a 6 Pg-open set in X, for each openset V inY.
« f71(F) isa §Ps-closed set in X, for each closed set F in'Y.
s f(6PsCL(A)) < CL(f(A)), foreach A € X.
« SPCL(f~Y(B)) € f~1(CI(B)), foreachB C Y.
« f7Y(B) € 6PsInt(f~1(B)) foreachB C Y.
« Int(f(A)) € f(8PsInt(A)), for each A < X.
s A function f: (X,7) = (Y, ) is §Ps-continuous if and only if f is §-precontinuous

and for each x € X and each open set V of Y containing f(x), there exists a semi-
closed set F in X containing x such that f(F) € V.
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X/
L X4

If f: (X,t) = (Y, 0) is acontinuous and an open function and V is a & Ps-open set of
Y, then f (V) is a 6Ps-open set of X.

X/
°

Let X be an extremally disconnected space. If the function f:(X,t) = (Y,0) is

almost Os-continuous, then f: (X, 1) — (Y, gy) is 8Ps-continuous.

% Let f: (X,7) = (Y, 0) be a function. Let B be any basis for t in Y. Then f is 6Ps-

continuous if and only if for each B € B, f~1(B) is a §Ps-open subset of X.

X/
°e

The pasting lemma for & Ps-continuous functions is proved.

X/
°e

Amap f: (X, 1) = (Y, 0) is called perfectly § Pg-continuous if the inverse image of
every § Ps-open set in (Y, o) is a clopen set in (X, 1).

% Letf:(X,7) = (Y,0)and g: (Y,o) — (Z,7n) be any two functions. Then their
composition g o f: (X, t) = (Z,n) is perfectly § Pg-continuous if g is perfectly & Ps-
continuous and f is continuous.

%+ Every strongly continuous function is a perfectly § Ps-continuous function.

» A function f: (X,7) = (Y, 0) is called strongly 8 Pg-continuous if the inverse image

of every subset of (Y, 6) is 6 Ps-clopen in (X, 7).

% If fis astrongly § Pg-continuous and g is any function then g o f is a strongly & Ps-

continuous.

» A function f: (X,7) = (Y, 0) is called quasi § Pg-continuous if the inverse image of

every 6 Ps-open set in (Y, o) is open in (X, 7).

% A function f: (X, 1) = (Y, 0)is quasi § Ps-continuous if and only if the inverse image

of every 6 Ps-closed set in (Y, g) is closed in (X, 7).

% Let (X, 1) be a partition space, (Y, 6) be a topological space and f: (X,7) = (Y, 0) be
any function. Then f is quasi § Ps-continuous.

% Letf:(X,7) = (Y,0)and g: (Y,o) — (Z,7n) be any two functions. Then their

composition g o f: (X, t) = (Z,n) is continuous if g is § Ps-continuous and f is quasi

& Ps-continuous.

» A function f: (X,1) = (Y, 0) is called totally § Ps-continuous if the inverse image of

every open subset of (Y, o) is § Ps- clopen in (X, 1)

s+ Every totally 6 Ps-continuous function is & Ps-continuous but not conversely.
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% For topological spaces (X, 1), (Y, 0), (Z,n), f: (X, ) = (Y,0),9: (Y,0) = (Z,1n) and
gef:(X,7) = (Z,n) thenif f is a totally § Ps-continuous and g is a continuous (resp.
super continuous) then g o f is a totally § Ps-continuous.

% Every strongly § Ps-continuous function is a totally & Ps-continuous function but
not conversely.
» A function f: (X,t) = (Y, 0) is said to be contra § Pg-continuous, for every open
subset V of Y, f~1(V) is 6 Ps-closed.

The following figure explains the relation between contra § Pg-continuous functions and

<

already existing continuous functions:

[
»
»
»
»
»

Figure 5.2

®,

¢ For a function f: (X, t) = (Y, 0), the following statements are equivalent:
« fis contra § Ps-continuous.

 For every closed subset F of Y, f ~1(F) is § P;-open.

*  f(6PsCL(A)) < ker(f(A)) for every subset A of X.

s SPCL(f~Y(B)) € f~(ker(B)) for every subset B of Y.

s Let f: (X,7) = (Y,0) be afunction and X is semi- T; (resp., locally indiscrete)
space. Then f is contra § Ps-continuous if and only if f is contra §-precontinuous

(contra continuous).
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X/
L X4

If the function f: (X, t) — (Y, o) is almost contra §-precontinuous and either S-

continuous or @-irresolute, then f: (X, t) = (Y, g5) is contra § Ps-continuous.

X/
°

Let X be a semi- T; (resp., locally indiscrete) space. A function f: (X,7) = (Y, o)
is almost contra §-precontinuous (resp., (8, s)-continuous) if and only if

f:(X,7) = (Y, ay) is contra- § Ps-continuous.
% The pasting lemma for contra § Ps-continuous functions is proved.

% A function f: (X,7) = (Y, 0) is said to have 8 Pg-closed graph if for every
(x,y) € X XY — G(f) there exists a § Ps-open set U of X suchthatx e U € X
and an open set V such thaty € V € Y for which (x,y) e UXV € X XY —

G(f)-

% If f: (X,7) = (Y, 0) is contra § Ps-continuous and Y is T,, then G (f) is 6 Ps-

closed.

» A function f: (X, 1) = (Y, 0) is said to have a contra 8Pg-closed graph if, for
every (x,y) € X XY — G(f), there exists a § Ps-open set U of X such that
x € U € X and aclosed set F suchthat y € F € Y for which (x,y) e U X F <
X XY —=G(f).

% A function f: (X,1) = (Y, 0) is contra § Ps-continuous and Y is Urysohn, then
G(f) is contra 6 Pg-closed.

% Let f,: (X, 1) = (Y, 0) be afunction for every a« € A and let f: X — [[,e4 Yy be
the product function given by f(x) = (f,(x))4e4 fOr every x € X. If f is contra

& Ps-continuous, then f;, is contra § Pg-continuous for every a € A.

Chapter VI gives a new weaker form of § Ps-continuity including almost § Pg-continuity
and weakly & Ps-continuity. In this chapter, almost 6 Pg-continuity and weakly & Ps-continuity
are introduced and studied. Characterizations and some relationships are investigated and

obtained.

Important Definitions and Results:

» A function f:(X,7) — (Y,0) is called almost 8Pg-continuous function at a point
x € X if for each open set V of Y containing f(x), there exists a § Ps-open set U of X
containing x such that f(U) < IntCI(V). If f is almost § Pg-continuous at every point of

X, then it is called almost § Pg-continuous.
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% Ifafunction f: (X,t) = (Y, 0) is 6-continuous, then f is almost § Ps-continuous.

%+ The association of almost § Pg-continuous functions with other continuous functions

are depicted in the following diagram:
Almost Pg-continuous <«— Pg-continuous — § Pg-continuous — Almost § Pg-continuous
Almost precontinuous «—— Pre-Continuous ——»  §-precontinuous

Figure 6.1

>

R/
*

Let f: (X,7) = (Y,0) be an almost &Ps-continuous function and let V be any open
subset of Y. If x € §P;CI f (V) \ f }(V), then f (x) € 6P;CI V.

D)

% If a function f:(X,7) = (Y,0) is almost precontinuous. Then the following

statements are equivalent:
« fisalmost § Ps-continuous.

» For each x € X and each open set V of Y containing f (x), there exists a semi-

closed set F in X containing x such that f (F) < Int 6CI V.

» For each x € X and each open set VV of Y containing f (x), there exists a semi-
closed set F in X containing x such that f (F) < sCIV.

» For each x € X and each regular open set V of Y containing f (x), there exists a

semi-closed set F in X containing x such that f (F) < V.

» For each x € X and each 6-open set V of Y containing f (x), there exists a semi-

closed set F in X containing x such that f (F) € V.

% A function f:(X,7) = (Y,0) is almost §Pg-continuous if and only if f:(X,7) =
(Y, a5) is § Pg-continuous.
s Let X be a locally indiscrete space. Then the function f:(X,t) = (Y,0) is almost

& Ps -continuous if and only if f: (X, 1) = (Y, g,) is continuous.

% A function f:(X,7) — (Y,0) is almost §Pg-continuous, if for each x € X, there
exists a regular open set A of X containing x such that f [A: A — Y is almost 6Ps-

continuous.
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% The pasting lemma for almost § Ps-continuious functions is proved.

% Let f:(X,7) = (Y, o) be almost § Ps-continuous surjection and A be either §-open or
regular semi-open subset of X. If f is an open function, then the function g : A — f

(A), defined by g (x) = f (x) for each x € A, is almost & Ps-continuous.

X/
°e

Let f: (X,7) = (Y,0) Y be almost §Ps-continuous. If Y is a preopen subset of Z,
then f: (X, 1) = (Z,n) is almost § Pg-continuous.

X/
°e

The composition of almost §Ps-continuous functions need not be almost &P-

continuous. So, some modifications are derived.

X/
°e

If Y is a hyperconnected space, then every function f: (X,t) = (Y, 0) is almost § Ps-

continuous.

% If a function f:(X,7) = (Y,0) is almost §Pg-continuous and semi-open, then f
(6PsCIV) € 6PsCI £ (V) for each open set V of X.

% If a function f:(X,7) = (Y,0) is irresolute and preopen. Then f is almost &Ps-
continuous if and only if §P.CI f (V) = f }(§PsCl V) for each semi-open set \VV of Y.

» A function f: (X, 1) = (Y,0) is said to be § Ps-preopen if for every § Ps-open subset
U of X, f(U) is preopen.

0,

s If f: (X,7) = (Y, 0) is §Ps-preopen and contra & Ps-continuous, then f is almost 6 Ps-

continuous.

» Afunction f: (X,1) = (Y, 0) is called weakly § Ps-continuous if for each x € X and
each open set V of Y containing f (x), there exists a § Ps-open set U of X containing x
such that f(U) < §CL(V).

0,

% The following figure explains the newly defined continuous function and the already

existing functions:
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§-continuous —» almost §Pg-continuous ———» weakly § Pg-continuous

7 |

almost Ps-continuous —® weakly Ps-continuous — weakly §-precontinuous
v

almost a-continuous —almost precontinuous ——p weakly precontinuous «——— weakly a- continuous

| l

almost continuous almost §-precontinuous

Figure 6.2

% If a function f: (X,t) = (Y,0) is weakly &Ps-continuous, then for each x € X and
each 8-open set V of Y containing f (x), there exists a § Ps- U in X containing x such
that f(U) S V.

% Let f: (X,7) = (Y, 0) be a function. If for each x € X and each regular closed set R of
Y containing f(x), there exists a § Pg-open set U in X containing x such that f(U) <
R, then f is weakly & Ps-continuous.

% If a function f: (X,1) = (Y, 0) is weakly §Pg-continuous, then the inverse image of

each 6- open set of Y is a § Ps-open set in X.

% Ifafunction f: (X,t) = (Y, 0) is weakly § Ps-continuous, then for each x € X and
each open set V of Y containing f (x), there exists a semi-closed set F in X
containing x such that f(F) < CI(V).

% For a function f:(X,7) — (Y, o), thefollowing statements are equivalent:

» fisweakly § Ps-continuous.

s SP;Clf~Y(IntCl(B)) € f~1(Cl(B)) foreachB cY
e f(Int(B)) € 8PsIntf~1(Cl(Int(B))) foreach B € Y
o flUnt(ClV)) € §PgIntf~1(CIV) for each open setV of Y

o fTY(V) € 6PsInt(f(CL(V)) for each regular open set V of Y.

. SPg(Cl (f‘l(lnt(F))) c f~1(F), for each regular closed set F of Y.
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< SP(CL(f(Int(F))) € f~(Cl(Int(F))), for each closed set F of Y.
« SP(CI(f~1(1)) < F1(CL(V)), for each open set V of Y.
o f(Unt(F)) € 6Ps(Int(f~1(F)), for each closed set F of Y.
% For a function f:(X,7) — (Y, o), thefollowing statements are equivalent:
» f isweakly § Ps-continuous.
*  f(6PsCL(A)) S CIf(A), for each subset A of X.
* Intef (A) S f (6PsIntA), for each subset A of X.
«  fl(IntyB) S SPIntf (B), for each subset B ofY.

«  8PsCIf }(B) < f Y(ClyB), for each subset B of Y.

*

% A function f:(X,7)—> (Y,0) is weakly 6&Ps-continuous if and only if
SP;Clf ~1(IntCly(B)) € f~1(Cly(B)) for each subset B of Y.

% If a function f: (X,7) = (Y, 0) is weakly §Ps-continuous, then f: (X, 1) = (Y, 0p) is

& Ps-continuous.

% Let X be a locally indiscrete space. Then the function f:(X,7) = (Y,0) is weakly

& Ps-continuous if and only if f: (X, ) — (Y, gp) is continuous.
% The pasting lemma for weakly & Ps-continuous functions is derived.

% Let f: (X, 1) = (Y,0) be a weakly § Pg-continuous function and for each x € X. If Y

is any subset of Z containing f (x), then f: (X, 1) = (Z,n) is weakly § Ps-continuous.

% The composition of weakly &§Ps-continuous functions need not be weakly &P-

continuous. So, some modifications are derived.

s If f:(X,t) = (Y,0) is a weakly §Ps-continuous function and Y is almost regular

(resp., Extremally disconnected space), then f is almost § Pg-continuous.
% Let f: (X,t) = (Y,0) be a function and X is a semi-T; space. Then f is weakly § Ps-

continuous if and only if f is weakly §-precontinuous.

s If f:(X,7) = (Y,0) is a semi-continuous function. Then f is weakly continuous if

and only if f is weakly § Ps-continuous.

w If f:(X,7) = (Y,0) is weakly @s-continuous and weakly §-precontinuous, then f is

weakly 6 Ps-continuous.
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% If a function f: (X, 1) = (Y, 0)is semi-continuous and almost open, then f is weakly
8 Ps- continuous if and only if §P;CIf (V) = f 1(§ PsCIV)for each open set VV of Y.

In Chapter VII author deals with the concepts of somewhat continuity using &Ps-
open sets. Various types of somewhat functions related to & Ps-open sets namely, somewhat
& Ps-continuous, somewhat almost § Ps-continuous, somewhat 6 Pg-irresolute, somewhat & Ps-
open and somewhat almost &P -open functions are defined. Many properties and

characterizations of newly defined somewhat functions are presented.

Important Definitions and Results:

> A function f is said to be somewhat §Pg-continuous if for U € ¢ and f~1(U) # 0,
there exists a non-empty §Pg-open set V in (X, 7) such that V € f~1(U).

% Every §Ps-continuous function is somewhat & Pg-continuous function.

% If f is somewhat & Ps-continuous and g is continuous, then g o f is somewhat & Ps-

continuous.

% A subset A of (X, 1) is 6Ps-dense in (X, t) if there is no proper 6 Ps-closed set C in
(X,7)suchthat A € C C X.

% For a surjective function f, the following statements are equivalent:
* f is somewhat §Ps-continuous.

« If Cis aclosed subset of (Y, o) such that f~1(C) # X, then there is a proper §Ps-
closed subset D of (X, ) such that f~1(C¢) € D.(Equivalently, if C is an open
subset of (Y, o) such that f~1(C) # X, then there exists a proper § Ps-open subset
D of (X, 1) such that f~1(C) € D).

« If Aisa §Ps-dense subset of (X, 1), then f(A) is a dense subset of (Y, a).

> If X isasetand T and o are topologies on X, then 7 is said to be §Ps-equivalent to o
provided if U € o and U # @, then there is a non-empty §Ps-open set V in (X, ) and
VCcu.

¢ The results using § Ps-equivalence are obtained here.

» A function f is said to be somewhat almost 8 Ps-continuous if for every U €
SPO(Y,o) and f~1(U) # @ there exists a non-empty V € §Ps0(X, ) such that
V+@andV < f-1(U).
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% Every somewhat almost § Ps-continuous function is a somewhat §Ps-continuous.

% The composition of two somewhat almost §Pg-continuous functions is somewhat

almost & Ps-continuous.

X/
°e

A function f: (X,t) — (Y, 0) is said to be somewhat §Pg-irresolute if for U € §PsO
(Y, o) and f~1(U) # @, there exists a non-empty §Pg-open set V in (X, 1) such that V
c f7HW).

If f and g are somewhat &Pg-irresolute functions from f:(X,7) = (Y,0) and

/7
A X4

g:(Y,a) = (Z,n) then g o f is §Ps-irresolute.

% Let f be a function and X = AUB, where A, B € RO(X, 1). Then, if the restriction
functions fla: (A; tja) — (Y, o) and flg: (B; t|g) — (Y, 6) are somewhat §Ps-irresolute,

then f is a somewhat §Ps-irresolute function.

%+ The results using § Ps-equivalence are obtained here.

» A function f is said to be somewhat 8P¢-open provided that if Ue t and U # @, then
there exists a non-empty 6 Ps-open set V in (Y, o) such that V < f(U).

% Let f be an open function and g be somewhat §Ps-open. Then g o f is somewhat &Ps-

open.
% For a bijective function f, the following are equivalent:
» fis somewhat §Ps-open.

« If Cis a closed subset of (X, 1), such that f(C) # Y, then there is a §Ps-closed.
subset D of (Y, o) such that D # Y and f(C) € D.

% T is somewhat §Pg-open if and only if for a non-empty open subset AC (X, 1),
SPInt(f(A)) = @.

% The following statements are equivalent:

» fis somewhat §Ps-open

« If Alis a 8P;-dense subset of (Y, o), then f(A) is a dense subset of (X, 7).

% Let f be somewhat §Ps-open and A be any open subset of (X, 7). Then f|a: (A, t|a) —

(Y, o) is somewhat §Ps-open.

% Let f be a function and X = AUB, where A, B € t. Then, if the restriction functions f|a

and f|g are somewhat §Ps-open, then f is somewhat & Ps-open.
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X/
°e

Two topologies T and t for X are §Ps-equivalent if and only if the identity functions
(X, 1) — (X, 7)and i : (X, T) — (X, 1) are both somewhat 6 Ps-open.

» A function f: (X,7) = (Y, 0) is said to be somewhat almost § Pg-open provided that
if U € 6PO(X, 1) and U # @, then there exists a non-empty §Ps-open set V in (Y, o)
such that V < f(U).

%+ Every somewhat almost § Ps-open function is a somewhat § Pg-open function.

%+ The composition of two somewhat almost §Pg-open functions is a somewhat almost

& Pg-open function.

s If f: (X, 7) = (Y,0) is somewhat almost § P-open then for a subset A € 6PO(X, 1),
SPsInt(f(A)) = .

% Let f be a function and X = AUB, where A, B € §PO(X, 7). Then if f| and f|g are

somewhat almost §Ps-open, then f is somewhat almost §Ps-open.

v" The following table depicts the composition of defined continuous functions:

Functions Composition
Somewhat §Ps-continuous x
Somewhat almost §Pg-continuous \/
Somewhat §Ps-irresolute \/
Somewhat §Ps-open x
Somewhat almost §Ps-open \/

In Chapter VIII, notions of § Ps-open and & Ps-closed functions are taken for study and
their behaviours are characterized in locally indiscrete space. §Pg-irresoluteness and contra
& Ps-irresoluteness are introduced and their properties relating to composition are analyzed.
Characteristics of these functions by inducing surjection, bijection on various types of
continuity are presented. Two types of homeomorphisms namely §Ps-homeomorphism and
6 PsC -homeomorphism are developed and their properties are obtained. It is observed that

the set of all § P;C -homeomorphisms form a group under composition of functions.
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Important Definitions and Results:
» Afunction f: (X,t) = (Y,0)is
* 6P -open if f(A) is § Ps-open for every open set A in X.

« OPg-closed if f(A) is 5 Ps-closed for every closed set A in X.

X/
°e

Let f: (X,7) > (Y,0) beamapwith f(Int(A)) € §PsInt(f(A)), for every A € X.
Then f is § Ps-open.

% Letf:(X,7) = (Y,0) be §Ps-closed then §P;CL(f(A)) < f(CI(A)), foreach A € X.

% A bijective function f: (X,t) = (Y, 0) is 6 Ps -closed iff for each subset B in Y and

each open set U in X containing f ~1(B), there exists a § P; -open set V in Y such that
« B cVand
« fFYvycu.

% Let f: (X,1) = (Y, 0) be any function with (Y, o) being a locally indiscrete space.

Then every § Pg-open function is an open function.

% The composition of J§Ps-open functions need not be &Pg-open. So, some

modifications are derived.

% If afunction f: X — Y is § Ps-open then for each x € X and for each neighborhood U
of x € X, there exists a § Ps -neighborhood W of f(x) such that W < f(U).

» A function f: (X,7) = (Y, 0) is called

« 8Py -irresolute if f~1(B) is §Pg-open in (X, 7) for every § Pg-open set B in
(Y,0).

+ contra 8Pg-irresolute if f~1(B) is §Ps-open in (X, 1) for every § Pg-open set B
in (Y,o).

% Forafunction f: (X,7) = (Y, o) with (Y,o0). being a locally indiscrete space, every

& Pg-continuous function is § Pg-irresolute.
% Composition of two & Ps-irresolute functions is a § Pg-irresolute function.

7

% For topological spaces (X, 1), (Y,0),(Z,n),f: (X,t) » (Y,0),9:(Y,0) = (Z,1n) and
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ge f:(X,7) = (Z,n) the following results are true.

» If fis a §Ps-irresolute function and g is a § P -continuous (resp. totally & Ps-

continuous, strongly &§Pg-continuous, contra §Pg-continuous, contra &Ps-
irresolute) function then go f is a 6Ps -continuous (resp. totally &Ps-
continuous, strongly &§Pg-continuous, contra §Ps-continuous, contra 8P -

irresolute) function.

« If f is a contra §Pg-irresolute (resp. strongly continuous, quasi &Ps-
continuous, perfectly §Pg-continuous) function and g is a §Ps-irresolute
function then g o f is a contra & Ps- irresolute (resp. strongly continuous, quasi

& Ps-continuous, perfectly & Ps-continuous) function.
% If f: (X, 1) = (Y, 0) is § P -irresolute then
- ACX, f(6PCL(A) S Cls(f(A)).
« BCY,5PCIL(f~Y(B) € f1(Cl(4))

% If f: (X, 1) = (Y, 0) is surjective, § Ps-irresolute and open with (X, t) being a locally

indiscrete space then every & Ps-open set is open in (Y, o).

» A bijective function f: (X,7) — (Y, 0) is called 8P -homeomorphism if f is both

& Ps-continuous and & Pg-open.

% If a bijective function f: (X,t) = (Y, 0) is § P; -continuous then the following

statements are equivalent.

* fis §Ps-open;
* fis 8P -homeomorphism;
* fis 6Ps-closed.

% Every § Ps-homeomorphism from a locally indiscrete space into another locally

indiscrete space is a homeomorphism.

< Every §Ps-homeomorphism froma  5p Ts-space into another  5p Ts-space is a

homeomorphism.
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» A bijective function f:(X,7) — (Y, 0) is called §PsC -homeomorphism if both f

and f 1 are § P -irresolute.
%+ Composition of two § PsC -homeomorphisms is a § PsC -homeomorphism.

% The set of all §P;C -homeomorphisms of (X, t) onto itself denoted by §P;Ch(X, 1)

forms a group under composition of functions.

% Let f: (X,7) = (Y,0) be a §PsC -homeomorphism. Then f induces an isomorphism
from the group § PcC h(X, ) onto the §Ps;C h(Y, o).

In Chapter 1X, A parallel study of the work done on §Ps-open sets is developed in
bitopological spaces. The various concepts analyzed in previous chapters are extended to
bitopological spaces. A new class of open sets called (i, j) §Ps-open sets are established
and their association between various existing generalized notions of (i, j) §Ps-open sets
are studied in bitopological spaces. Also, (i, ) dPs-closed sets and various properties like
boundary, frontier, interior were defined and their properties are also derived using

(i,j) 8Ps-open sets.

Further (i, j) 6Ps-continuous functions in bitopological spaces, are defined and their
properties are discussed in this chapter. Different forms of continuities namely, contra
(i,j) 8Ps, quasi (i,j) 6Ps, almost (i, j) 6Ps and weakly (i, j) §Ps-continuous functions are
defined and their properties are analyzed.

Important definitions in this chapter:

> A subset A of a bitopological space (X, tq,7;) is said to be (i,j)-6Ps-open, if A is a
j-6-preopen set and for all x in A, there exists an i-semiclosed set F such that
x€EFCA.

> A subset B of a space X is called (i,j) Ps-closed if X\B is (i,j) §Ps-open. The
family of all (i,j) 6Ps-closed subsets of bitopological space (X, 4, 1,) is denoted by
(i,j) 6PsC(X,t4,T5) Or (i,j) 6PsC(X).

> If A is a subset of a bitopological space (X,7;,7,), then the (i,j) 8Pg-interior
((i,j) 6PgInt(A)), the (i,j) 6Pg-closure ((i,j) 6PsCl(A)) and the (i,j) 6Ps-
boundary ((i,j) 6PsBd(A) of A are defined as follows:
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« (i,j) 6PsCl(A) =N {F:AS F,X —F € (i,j) 6P;0(X)}.
e (i,)) 8PsInt(A) =U {U:U S A, U € (i,j) §Ps0(X)}.

«  (i,j) 6PsBd(A) = (i,j) 8PsCL(A) — (i,)) 6PsInt(A).

» A subset N of a bitopological space (X, 14, 7,) is called (i, j) 6Pg-neighbourhood of
a subset A of X if there exists an (i,j) §Ps-open set U such that A € U € N. When
A = {x}, we say that N is (i, j) § Ps- neighbourhood of x.

> Let A be a subset of a bitopological space X, A point x € X is said to be (i, j) 8Ps-
limit point of A if for each (i, j) §Ps-open set U containing x,U N A # @. The set of
all (i,j) 8 Ps-limit point of A is called (i,j) 6 Ps-derived set of A and is denoted by
(i,j) 6PsD(A).

> A function f: (X, 14,72) = (Y,04,0,) is called (i,j) 6Pg-continuous at a point x €
X, if for each i-open set V of Y containing f(x), there exists (i,j) §Ps-open U of X
containing x such that f(U) € V. If f is (i,j) 6 Ps-continuous at every point x of X,

then it is called (i, j) 6 Ps-continuous.

» A function f:(X,14,72) = (Y,04,0,) is called almost (i,j) 6Pg-continuous at a
point x € X, if for each i-open set V of Y containing f (x), there exists (i, j) 6§ Ps-open
U of X containing x such that f(U) € iInt(i CI(V)). If f is almost (i,j) §P-

continuous at every point x of X, then it is called almost (i, j) § Ps-continuous.

» A function f:(X,t4,7,) = (Y,04,0,) is called contra (i,j) 8Pg-continuous if

f~Y(V)is (i,j) 6Ps-closed in X for every j-open V of Y.
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Review of Literature

Topology is a branch of mathematics concerned with the study of surfaces with
spatial properties preserved under bi-continuous deformation. It emerged through the
development of concepts from geometry and set theory. It is the study of continuity and
connectivity. The topological structures on the collection of data are suitable mathematical

models for not only the quantitative data but also for the qualitative data.

Primarily, the topological spaces were characterized by open sets. Later Stone (1937)
introduced regular open sets which are stronger than open sets. In 1963, Levine introduced
the notion of semi open sets which is weaker than the notion of open sets in topological
spaces. Since, then several interesting generalized open sets have been introduced by many
topologists.

The concept of semi-open sets in topological spaces was introduced in 1963 (i.e.,) if
(X, 1) is a topological space and A € X, then A is semi-open (A € SO(X, 1)) if there exists
0 € T such that 0 € A < Cl(0), where CL(0) denotes closure of O in (X, t). After the work
of N.Levine on semi-open sets, various mathematicians turned their attention to the
generalization of various conceptsof topology by considering semi-open sets instead of open
sets. While open sets are replaced by semi-open sets, new results are obtained in some
occasions and in other occasions substantial generalizations are exhibited. Njastad (1965)

established a-closed sets.

In 1968, Velicko introduced §-open sets, which are stronger than open sets, in order
to investigate the characterization of H-closed spaces in terms of arbitrary filter bases and
showed that the collection of all 3-open sets is a topology on X such that t5 € t. But in a
semi-regular space, T = 14 = 75. Since then, §-open sets have been widely used in order to

introduce new spaces and functions.

In this direction, in 1975, S.N.Maheshwari and R.Prasad, used semi-open sets to
define and investigate three new separation axioms called semi-T,, semi-T; and semi-T,
spaces. In 1997, Part et al., have offered a new notion called 5-semi-open sets which are
stronger than semi-open sets but weaker than &-open sets. They also studied the relationships

between these sets and several other types of open sets.

Since the number of research papers published on various open sets in topological
spaces is numerous, a brief review of literature on some of the important articles published on

this topic.
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Intensive research on the field of various open sets done which can be visualized

in the following articles:

R/
A X4

Regular Open Sets By Stone (1937) “Applications of the theory of Boolean rings to
topology™”

Semi-open Sets By Levine (1963) “Semi-open sets and semi-continuity in topological
spaces”’

6-Open Sets By Velicko (1968) “H-closed topological spaces”

Pre-open Sets By Mashhour (1982) “On pre-continuous and week pre-continuous
mappings”

6-Preopen Sets By Raychaudhuri S (1993) “a-continuous and a-open mappings”
6-Semi Open Sets By Jin Han Park (1997) “On J-semi-open sets in topological

spaces”

» Title: A Note on Extremally Disconnected Spaces

Author: D. S. Jankovic (1985)

Inference Observed: In particular, sufficient conditions for continuity and openness of

mappings of e-topologies are given. Extremally disconnected topological spaces are

characterized as the spaces whose semi-open sets are pre-open and it is shown that extremally

disconnected spaces are pre-open hereditary and are invariant under semi-continuous pre-

open surjections. It is proved that a semi-continuous function from an S-closed extremally

disconnected space into a Hausdorff space is 6-closed.

>

Title: Remarks on 8-semi-open Sets and 8-Preopen Sets

Author: Takash Noiri (2003)

Inference Observed: It is shown that a subset A of a topological space (X, t) is 6-semi-open

(resp., 5-preopen) in (X, 7) if and only if it is semi-open (resp., preopen) in (X, ), where

denotes the regularization of 7. By using this fact, the authors obtained several new

characterizations of s-closed spaces, semi-connected spaces, and some separation axioms.

>

Title: More on 8-Semiopen Sets in Topology

Authors: Caldas M, Georgiou D N., Jafari S and Noiri T (2003)

Inference Observed: The author defined some weak separation axioms by utilizing 8-

semi-open sets and 5-semi-closure operator.
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» Title: Topological Properties of Delta-Open Sets

Author: Raja Mohammad Latif (2007)

Inference Observed: In this article, author introduced the concepts of delta-closure and
delta-interior operations. Also, introduced and studied the topological properties of delta-
derived, delta-border, delta-frontier and delta-exterior of a set using the concept of delta-open
sets and also studied other properties of the well-known notions of delta-closure and delta-
interior. Further, introduced some new classes of topological terms of the concepts of delta-

D-sets and investigated some of their fundamental properties.

» Title: Semi-6-Preopen Sets in Topology
Authors: Govindappa Navalagi, Mallavva Mahalingappa Shankrikopp (2008)

Inference Observed: The author introduced and studied new class of sets called semi-o-
preopen sets in a topological space by utilising 6-preopen sets. Also, defined corresponding
new class of separation axioms and functions in topological spaces using this new class of

subsets.

» Title: Ps-Open Sets and Ps-Continuity in Topological Spaces
Authors: Alias B. Khalaf and Baravan A. Asaad (2010)

Inference Observed: The authors introduced a new class of sets called Ps-open sets in
topological spaces. This class of sets lies strictly between the classes of 6-open and preopen
sets. By using this set they defined and study the concept of Ps-continuous function.

» Title: Characterization of Delta open sets and Mappings in Topological Spaces
Author: Raja Mohammad Latif (2014)

Inference observed: The author introduced and studied properties of d-derived, d-border,
d-frontier and d-exterior of a set using the concept of 3-open sets. Also introduced some new
classes of topological spaces in terms of the concept of 6-D-sets and investigated some of
their fundamental properties. Moreover, he investigated and studied some further properties
of the well-known notions of 3-closure and &-interior of a set in a topological space. We also
introduce 6-R, space and study its characteristics. Also, studied &-irresolute, d-closed, pre-6-
open and pre-5-closed mappings and investigated properties and characterizations of these
new types of mappings and also explore further properties of the well-known notions of &-

continuous and d-0pen mappings.
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» Title: Some Applications of 8-preopen sets in Topological Spaces

Authors: Caldas M, Fukutake T, Jafari S and Noiri T (2014)

Inference Observed: In this paper, author introduced some weak separation axioms by
utilizing the notions of d-preopen sets and the &-preclosure operator. Also, they proved that
(6, p)-T1 spaces, (8, p)-Ro spaces and (6, p)-symmetric spaces are all equivalent. The
following property is fundamental and important: a subset A of a topological space (X, 1) is
d-preopen in (X, 1) if and only if it is preopen in (X, 1), where 15 is the semi-regularization

of 1.

» Title: On superclasses of 3-open sets in topological spaces

Authors: Zanyar A. Ameen, Baravan A. Asaad and Ramadhan A. Muhammed (2019)

Inference Observed: This paper discusses the properties of &-preopen, 6-Semi-open,
a-open and ex-open sets in topological spaces. Particularly, it extends various results
concerning these types of sets and give some more new results. Furthermore, introduced two

more subclasses of 6-semi-open sets and study them.

Separation Axioms

Separation axioms is one of the most important and interesting concept in topological
spaces. One of the most well-known low separation axioms is the T; separation axiom in
which singleton sets are closed. Several topological spaces that fail to be T are very often of
significant importance in the study of the geometric and topological properties of digital
images. Several new separation axioms were defined in the course of the investigation of
generalized closed sets. Maheswari et al. discussed some separation axioms in 1975 and
investigated Feebly Ti-spaces in 1978. Dunhan (1977) showed that T/, -spaces are precisely
the spaces in which singletons are open or closed. Submaximal spaces and door spaces were
analyzed by Dontchev (1995). Jain (1980) discussed the properties of 6Tj-spaces.

» Title: On Semi-Separation Properties

Authors: Jankovic D.S., and Reilly I.L., (1985)

Inference Observed: This paper considers semi-separation axioms for topological
spaces, especially their relationship to the separation properties of the associated
a-topologies. The semi-T, property is characterized in terms of regular semi-open sets, and
shown to be a semi-regular property. It is also established that semi-regular properties are

shared by a topological space.
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» Title: A Research on Characterizations of Semi-T1/2 Spaces

Authors: Miguel Caldas Cueva and Ratnesh Kumar Saraf (2000)

Inference Observed: This article gives some characterizations of semi-T;y, spaces,

including a characterization using a new topology defined as t°-topology.

» Title: Characterizations of Strongly Compact Spaces
Authors: Ahmad Al-Omari Takashi Noiri and Mohd. Salmi Md. Noorani (2009)

Inference Observed: In this paper, authors introduced a new class of sets called N-
preopen sets which is weaker than both open sets and N-open sets. Where a subset A is said
to be N-preopen if for each x € A there exists a preopen set Uy containing x such that Uy — A
is a finite set. We investigate some properties of the sets. Moreover, we obtain new

characterizations and preserving theorems of strongly compact spaces.

Grill

Grill on topological spaces was introduced by Chouquet in 1947. Roy et al. studied
the ideas of Principal Grill and Grill topological spaces in 2009 and 2007 respectively. Thron
(1973) discussed the concept of proximity structure and grill. Recently, Rodyna (2012)
developed the theory of Grill using d-Sets in topological spaces.

» Title: p-Closed Topological Spaces in Terms of Grills
Authors: Mukherjee M.N., and Roy B., (2006)

Inference Observed: The concept of p-closedness, a kind of converging property for
topological spaces, has already been studied with meticulous care from different angles and
via different approaches. In this paper, the authors continued the said investigation in terms of
a different concept viz., grills. The deliberations in the article include certain
characterizations and a few necessary conditions for the p-closedness ina pre-almost regular
space. All these and the associated discussions and results are done with grills as the prime

supporting tool.

Continuity

With continuity being one of the core concepts of topology, various authors have
generalized many types of continuity concepts. Raychaudhuri et al. (1993) developed the
concepts of d-almost continuity and d-preopen sets in topological spaces. Semi-generalized

closed maps and generalized semi-closed maps were studied by Devi et al. (1993). Levine
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established the idea of decomposition of continuity in 1961. Dontchev et al. (1996) portrayed
some interesting decomposition of continuity and some of its weaker forms in which various
forms of continuities were decomposed and characterizations of extremely disconnected
spaces were obtained. Several strong and weak forms of continuity occur in the literature.
Certain of these strong and weak forms of continuity coincide with continuity if the domain

and codomain space is suitably augmented.

In 1982, Munshi and Bassan have considered the class of super continuous mappings
between topological spaces. Mashhour (1982), with the aid of preopen sets, introduced
investigated and modified continuous functions called pre continuous functions and weak pre
continuous function. Abd EI-Monsef (1983) introduced the new topological notions, 3-open
sets, B-continuous mappings and B-open mappings. The connections between these notions
and other existing topological notions are studied. Finally, they studied the mappings with
B-closed graphs.

Reilly I.L., and Vamanamurthy M.K., (1983) proved that the concept of super continuous
mappings coincides with the usual notion of continuous mappings when the domain has been
appropriately retopologized with the semi-regularization topology. In 1987, Malghan and
lyyengar introduced and investigated the notion of weak semi-continuity. Further in 1998,
Jafari S., investigated some more properties of this type of continuity. Jafari (2000)
investigated some properties of weakly &s-continuous functions. This type of functions is
weaker than both super continuous and &-semi continuous functions and stronger than rare
ds-continuous functions. The notion of weakly &-semi continuous functions is introduced by
Ekici in 2005.

» Title: On Super Continuous Mappings

Authors: Reilly I.L., and Vamanamurthy M.K., (1983)

Inference Observed: The authors proved that the concept of super continuous mappings
coincides with the usual notion of continuous mappings when the domain has been
appropriately retopologized with the semi-regularization topology. Relationships between

this class of mappings and other relevant classes are investigated.
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» Title: A Note on Weak Semi-Continuity
Author: Saied Jafari (1998)

Inference Observed: This article discusses about the properties of weak semi-continuity,

which is the follow up work of Malghan and lyyengar

» Title: 6-continuous functions and Topologies on Function Spaces
Authors: Ganguly S and Krishnendu Dutta (2004)

Inference Observed: In this paper, the authors used the concept of d-continuous
functions, N-closed subsets along with nearly compact spaces and super continuous functions

what we call strongly 6-continuous functions.

» Title: Contra-Pre-Semi-Continuous Functions
Author: Veera Kumar M.K.R.S., (2005)

Inference Observed: In this article, author introduced and investigated contra-pre-semi-
continuous functions. This new class is a superclass of the class of contra S-continuous

functions and contra-pre-continuous functions.

> Title: A Note on Almost 8-Semi-Continuous Functions

Authors: Erdal Ekici and Takash Noiri (2008)

Inference Observed: In this note the authors obtained some improvements of results
established on &-semi-continuous functions and shown that f: (X,t) = (Y, o) is almost 6-
semicontinuous if and only if f: (X, ts) = (Y, g5) is semi-continuous, where, T, and o, are

the semi-regularizations of 7 and o respectively.

» Title: 6-Perfectly-Continuous Functions

Author: Kohli J.K., and Singh D., (2009)

Inference Observed: A new class of functions called 6-perfectly-continuous functions is
introduced and their basic properties are studied. Their place in the hierarchy of other variants
of continuity that already exists in the literature is elaborated. Further, it is shown that if X is
sum connected and Y is Hausdorff, then the function space P,(X,Y) of all &-perfectly

continuous functions from X into Y is closed in Y* in the topology of pointwise convergence.
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» Title: On Contra Semi Weakly g*-Continuous Functions in Topological Spaces
Authors: Mukundhan C and Nagaveni N (2011)

Inference Observed: In this paper, authors introduced the new class of weaker form
of contra semi weakly g=-continuous functions in topological spaces and studied some of

their properties.

Somewhat Continuity

Gentry (1971) introduced the concepts of somewhat continuous functions and
somewhat open functions which are Zdenek Frolik’s functions except that they had dropped
the requirement that the functions be onto. These ideas are also closely related to the idea of
weakly equivalent topologies which was first introduced by Youngblood (1965). They
studied properties of somewhat continuous function. They also gave a characterization for
somewhat continuous functions which parallels a characterization for feebly continuous
functions given by Zdenek Frolik in 1961. They defined somewhat open functions and got
results which parallel the results for somewhat continuous functions. They derived conditions

which make somewhat continuous and somewhat open equivalent to continuous and open.

New class of functions were introduced and studied by Benchalli and Priyanka (2010)
by making use of b-open sets and b-closed sets. Relations between the new classes of
functions are established besides giving examples, counter examples, properties and
characterizations. T.Noiri and N.Rajesh introduced somewhat b-continuous functions in the
year 2011.

» Title: Somewhat v-Continuity

Authors: Balasubramanian S., et., al (2012)
Inference Observed: The authors introduced somewhat v-continuous functions,
somewhat v-irresolute functions, somewhat v-open and somewhat M-v-open functions and
studied its basic properties and interrelation with other type of such functions available in the

literature.

Sreeja, et.al.,, (2012) have introduced new continuous and open functions called
somewhat mgb-continuous and somewhat ngb-open functions by using mgb-open sets.
Further, somewhat almost mgb-open sets and somewhat M-ngb-open functions were also

discussed. Its various characterizations and properties were eatablished.
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Irresolute Functions and Homeomorphism

Functions and of course irresolute functions at and among the most important and
most researched points in the whole of mathematical science. In 1972, Crossley and
Hilderband introduced the notion of irresoluteness. Many different forms of irresolute
functions have been introduced over the years. Various interesting problems arise when one
considers irresoluteness. Its importance is significant in various areas of mathematics and

related sciences.

A homeomorphism is a map between spaces that preserves all topological properties.
Intuitively, given some sort of geometric object, a topological property is a property of the
object that remains unchanged after the object has been stretched or deformed in some way.
Formally, a homeomorphism between two topological spaces and is a bijection f:A - B
such that f is continuous and f~1: B - A is also continuous. Then, topological properties are
defined to be those properties of topological spaces that are preserved under
homeomorphism. Recall that continuous maps are essentially those which send points close
to one another in the domain to points close to one another in the codomain. Generalized

homeomorphisms in topological spaces was studied by Maki (1991).
» Title: Weak and Strong form of g-lIrresolute Functions

Authors: Jafari S and Rajesh N (2007)
Inference Observed: This paper discusses about the two new types of irresolute
functions called, completely g-irresolute functions and weakly g-irresolute functions. And

discussed their characterizations and their basic properties.

Bitopology

A triplet, (X, t4,7,) where X is a non-empty set, 7, and 7, are topologies defined on
X is called a bitopological space. Kelly (1963) initiated the study of such spaces. Maheswari
and Prasad (1977) introduced semi-open sets in bitopological spaces and further properties of
this notion were studied by Bose (1981).

Fukutake (1986) introduced the concepts of g-closed sets in bitopological spaces and
after that several authors turned their attention towards generalizations of various concepts of
topology by considering bitopological spaces. The concepts of gpr-closed, g *-closed, ag-
closed, gs-closed, g*s-closed and g*p-closed sets were developed in bitopological spaces by
Fukutake (2002), Sheik John, et.al., (2004), Khedr,et.al., (2009), Pushpalathet.al., (2011) and
Vadivel.et.al., (2012) respectively.
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» Title: GRW-closed sets and GRW-continuity in bitopological spaces

Authors: N.Nagaveni Nagaveni, P. Rajarubi (2012)

Inference Observed: In this paper GRW-closed sets in bitopological spaces is
introduced. Some of its properties are investigated and new bitopological spaces (i,j)-
GRW(C(called (i,j)-TGRW-space) also introduced as an application. Further GRW-continuity
in bitopological spaces and GRW-bi continuous function and strongly GRW-bi continuous

functions are introduced and few of their properties are studied.

» Title: i-Open Sets in Bitopological Spaces

Authors: Amir A. Mohammed and Sabih W Askandar (2018)

Inference Observed: The authors defined i-open sets and i-star generalized w-closed
sets in bitopological spaces by using the definition of i-open sets in topological space. Also,
presented some fundamental properties and relations between these classes of sets, further

given examples to explain these relations.
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