Chapter 6

)\g-homeomorphism

6.1 Introduction

In this chapter, the notions of )\g—open and )\g—closed functions are taken for study
and their behaviours are characterized in almost weakly Hausdorff space. Two types of
homeomorphisms namely )\g—homeomorphism and )\g*-homeomorphism are developed and
their properties are obtained. It is observed that the set of all )\g*—homeomorphisms form

a group under composition of functions.

6.2 )\g-open and )\g-closed functions
Definition 6.2.1. A function f: (X,7) — (Y,0) is
(i) )\g-open if f(A) is AJ-open for every open set A in X.

(ii) )\g-closed if f(A) is A)-closed for every closed set A in X.
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Theorem 6.2.3. Let [ : (X,7) — (Y,0) be A)-closed then X)cl(f(A)) C f(cl(A)),
for each A C X.

Proof. Let A C X. Then cl(A) is closed in X. By hypothesis, f(cl(A)) is X’-closed
in Y. Since f(A) C f(cl(A)), Xocl(f(A)) C Nocl(f(cl(A))) = f(cl(A)). O

Theorem 6.2.4. For topological spaces (X,7),(Y,0),(Z,n),f : (X,7) = (Y,0),
g:(Y,0)— (Z,n) and go f: (X,7) — (Z,n) the following results are true.

. . 5 . . . . . 5
(i) If go f is A\g-open and f is continuous, surjective then g is \;-open,
(ii) If g o f is open and g is )\g—continuous, injective then f is )\g—open.

Proof. (i) Let B be open in Y. Then f~'(B) is open in X. By hypothesis,
(9o HUH(B)) = g(f(f7(B))) = g(B) is Ag-open in Z. Thus g is Ag-open.

(ii) Let A be open in X. By hypothesis, (g o f)(A) = g(f(A)) is open in Z. Therefore
g ' (g(f(A))) = f(A) is Xo-open, as g is an injective A>-continuous function. Hence
fis )\g—open.

]

Theorem 6.2.5. For a bijectivemap f : (X,7) — (Y, 0), the following are equivalent.
(i) f is Ao-open;
(ii) f is A)-closed;
(iii) f~' is A)-continuous.

Proof. (i) = (ii) Let A C X be closed. Then X \ A is open in X. By (i), f(X \ A) is
5 . . . . . _ . . . . 5

Ag-open in Y. Since f is bijective, f(X \ A) =Y \ f(A) which implies f(A) is Aj-closed
in Y. Hence f ia )\g—closed.
(ii) = (iii) Let A € X be closed. Since f is bijective, (f~1)7'(A4) = f(A) is X-closed in
Y. Therefore f~! is AJ-continuous.
(iii) = (i) Let A C X be open. Since f~!is X>-continuous and f is bijective, (f~1)~'(A4) =
f(A) is )\g-open. Hence f is )\g—open. H
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Remark 6.2.6. The above theorem gives the conditions under which /\g—open and

)\g—closed maps coincide.

Theorem 6.2.7. A bijective function [ : (X,7) = (Y,0) is A)-closed iff for each
subset B inY and each open set U in X containing f~*(B), there exists a )\g-open set V
in Y such that

(i) BCV and
(i) f~H(V) CU.

Proof. Necessity : Let f be /\g—closed and B C Y. Take an open set U in X such
that f~1(B) C U. Then X \ U is closed in X. By hypothesis, f(X \ U) is )\g—closed.
Define V =Y \ (f(X \ U)) then V is X’-open in Y.

(i) B C V. Suppose that v ¢ V then v € f(X \U) = f'(v) €e X\U = f'(v) ¢ U
then f~*(v) ¢ f1(B) = v ¢ B. Hence BC V.

(i) fFAYV) CU. Now,v eV = v ¢ f(X\U) = f1(v) ¢ X\U then f~1(v) € U.
Hence f~1(V) C U.

Sufficiency : Let A be closed in X. Then X \ A is open in X, f(X\ A) C Y and
YA (F(X\ ) €Y. Now, Y\ f(4) = F(X\ A) = /(Y \ f(4)) € X\ A Then by
hypothesis, there exists a A)-open set V in ¥ such that Y\ f(4) € V and f~(V) € X\ A.
Now, Y\ f(A) CV =Y \V C f(Ad) and (V) CX\A =V C f(X\A =
Y\Nf(X\A) CY\V. Thus Y\ f(X\A) CY\V C f(A). Since f is a bijection,
Y\ f(X\A) = f(4) =Y \V = f(A). Since Y \ V is N-closed, so is f(A). Hence f is
)\g—closed. O

Corollary 6.2.8. A bijective function f : (X,7) — (Y,0) is AJ-open iff for each
B CY and each closed set U containing f~'(B), there exists a /\g—closed set V C Y such
that BC V and f~1(V) C U.

Proof. Similar to previous theorem. O
Remark 6.2.9. Composition of two /\g—closed functions is not a )\g—closed function.
Example 6.2.10. Let X =Y =7 = {a,b,c}, 7 ={X,0,{c},{b,c}},0 ={Y, ¢, {a}}
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and n = {Z,¢,{a},{b},{a,b}}. Let f : (X,7) — (Y,0) be an identity function and
g:(Y,0) — (Z,n) be defined by g(a) = b,g(b) = a and g(c) = c¢. Then f and g are both
Ag—closed functions but g o f is not a /\g—closed function as ¢g(f({a,b})) = {a,b} is not
No-closed in (Z,7).

Theorem 6.2.11. Let f : (X,7) — (Y,0) be any function with (Y,o) being an

almost weakly Hausdorft space. Then every /\g—closed function is a closed function.

Proof. Let A be closed in X. Since f is X’-closed, f(A) is A)-closed. Since (Y, 0) is
an almost weakly Hausdorff space, by Lemma ??, f(A) is closed in Y. Hence f is a closed

function. O
Remark 6.2.12. Composition of two /\g—open functions is not a /\g—open function.

Example 6.2.13. Let X =Y =7 = {a,b,c},7 ={X,0,{c},{b,c}},0 ={Y, ¢, {a}}
andn ={Z,¢,{a}, {b},{a,b}}. Let f: (X,7) = (Y,0) and g : (Y,0) — (Z,n) be identity
functions. Then f and g are both )\g-open functions but g o f is not a )\g-open function

as g(f({b.c})) = {b,c} is not AJ-open in (Z,n).

Theorem 6.2.14. For topological spaces (X, 1),(Y,0),(Z,n), f: (X,7) = (Y,0),9:
(Y,o) = (Z,n) and go f: (X, 7) = (Z,n) the following are true.

(i) If f and g are both )\g—c]osed with (Y,0) being an almost weakly Hausdorff space
then go f is )\g—c]osed.

(ii) If f is closed and g is \)-closed then g o f is Ao-closed.

(iii) If f is closed and g is )\g—closed with (Y, o) being an almost weakly Hausdorff space
then g o f is closed.

Proof. Obvious from the definitions. O]

Theorem 6.2.15. Let f : X — Y and g : Y — Z such that go f : X — Z is

)\g—c]osed. Then the following are true.

(i) If f is continuous, surjective then g is )\g-closed,
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(ii) If g is /\g—jrresolute, injective then f is /\g—closed,

(iii) If f is )\g—continuous, surjective and X is an almost weakly Hausdorff space then g

is )\g—closed,

(iv) If f is gd-continuous, surjective and X is an almost weakly Hausdorff space then g

is )\g—closed,

(v) If g is strongly )\g—continuous, injective then f is closed.

Proof. (i) Let B be closed in Y. Since f is continuous, f~!(B) is closed in X.

(i)

(iv)

Further, since g o f is )\g—closed, g(f(f~YB))) is )\g—closed in Z. As f is surjective,
g(f(f71(B))) = g(B) is A)-closed in Z. Thus g is A)-closed.

Let A be closed in X. Since go f is /\g—closed, g(f(A)) is /\g—closed in Z. As g is
No-irresolute, g7 (g(f(A))) is AJ-closed in Y. Further, g~ (g(f(A))) = f(A), as g is

injective. This proves that f is )\g—closed.

Let B be closed in Y. Since f is )\g-continuous, f~YB) is )\g-closed. Since X is
an almost weakly Hausdorff space, f~!(B) is closed in X. As go f is )\g—closed,
g(f(f~1(B))) is Xo-closed in Z. Now, g(f(f'(B))) = g(B) is X-closed in Z, as f

is surjective. Hence g is )\g—closed.

Let B be closed in Y. Since f is gd-continuous, f~!(B) is gd-closed. Since X is
an almost weakly Hausdorff space, f~!(B) is closed in X. As go f is )\g—closed,
g(f(f7H(B))) is X’-closed in Z. Now, g(f(f~"(B))) = g(B) is Xo-closed in Z, as f

is surjective. Hence g is )\g—closed.

Let B be closed in Y. Since go f is )\g—closed, g(f(B)) is )\g—closed in Z. As g is
strongly A2-continuous, g~'(g(f(B))) is closed in X. Further g~'(g(f(B))) = f(B)
is closed in X, as g is injective.

]

Theorem 6.2.16. A function f : X — Y is X -open iff f(int(A)) C Noint(f(A)), for
every A C X.
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Proof. Necessity : Let A C X. Now, int(A) is open in X. Since [ is )\g—open,
flint(A)) is M-open in Y. We know, int(A) C A = f(int(A)) C f(A) =
Noint(f(int(A))) € Nint(f(A)) = f(int(A)) € Nint(f(A)), as f(int(A)) is AJ-open in
Y. Sufficiency : Let A be an open subset of X. By hypothesis, f(int(A)) C Aint(f(A)).
Since A is open, f(A) C Nint(f(A)). Thus f(A) is AJ-open and hence f is X-open. [

Corollary 6.2.17. If a function f : X — Y is A)-open then f~'(Xcl(B)) C
c(f~1(B)), for every BC Y.

Proof. Let f be A)-open and B C Y. Then f~'(B) C cl(f'(B)). By Corollary
6.2.8, there exists a A)-closed set A C Y such that B C A and f~'(A) C cl(f'(B)) =
FENl(B)) C f7HNCl(A)) = f7HA) C cl(f~H(B)), since A is A-closed. O

Theorem 6.2.18. If a function f : X — Y is )\g-open then for each x € X and
for each neighborhood U of x € X, there exists a )\g—neighborhood W of f(x) such that
W C f(U).

Proof. Let x € X, and for each neighborhood U of x € X, there exists an open set G
such that = € G C U. By hypothesis, f(G) = f(intG) C Nint(f(G)) = f(G) is Ao-open
in Y. Further f(z) C f(G) C f(U). By taking f(G) = W, the result follows. O

6.3 )\g—homeomorphism and )\g*—homeomorphism

Definition 6.3.1. A bijective function f : (X, 7) — (Y, 0) is called )\g-homeomorphism

. . 5 . 6
if f is both Aj-continuous and Aj-open.

Theorem 6.3.2. If a bijective function f : X — Y is Ag—continuous then the

following statements are equivalent.

(i) f is A>-open;
(ii) f is A)-homeomorphism;

(iii) f is A)-closed.
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Proof. (i) < (iii) is obvious.

(i) « (ii) follows from the definition of A>-homeomorphism. O

Remark 6.3.3. Homeomorphism is independent of )\g—homeomorphism as seen from

the following Example.

Example 6.3.4. Let X =Y = {a,b,c},7 = {X,0,{a,b}} and 0 = {Y, ¢, {a}, {0},
{a,b}} and f : (X,7) = (Y,0) be an identity function. Then f is a A’-homeomorphism

but not a homeomorphism as f is closed but not continuous.

Example 6.3.5. Let X =Y = {a,b,¢,d}, 7 = 0 = {X,¢,{a},{c},{a,b},{a,c},
{a,b,c},{a,c,d}} and f : (X,7) — (Y,0) be an identity function. Then f is a

homeomorphism but not a /\g—homeomorphism as f is neither /\g—closed nor /\g—continuous.

Definition 6.3.6. A bijective function f : (X,7) — (Y,0) is called

)\g*-homeomorphism if both f and f~! are /\g—irresolute.
Theorem 6.3.7. Composition of two )\g*—homeomorphisms isa )\g*—homeomorphism.

Proof. Let f: X — Y and f : Y — Z be two )\g*—homeomorphisms and go f :
X — Z. Let U be Xo-closed in Z. Now (go f)"'(U) = f~ (g "(U)) = f~1(V), where
V = g 1(U). By hypothesis, g7 (U) is )\g—closed in Y. Once again by hypothesis, f~1(V)
is )\g—closed in X. Hence go f is )\g—irresolute. Now, let G be )\g—closed in X. Then
(g0 f)(G) = g(f(G)) = g(W), where W = f(G). By hypothesis, f(G) is A)-closed in Y.
Again by hypothesis, g(f(G)) is )\g—closed in Z. Therefore (go f)™!is /\g—irresolute and

hence go f is a )\g*—homeomorphism. O
Theorem 6.3.8. Iff: X - Y isa )\g*-homeomorphjsm then
1. For AC X, f(Aocl(A)) C cls(f(A)),
2. For BCY, )\gcl(f_l(B)) C f~Ycls(B)),
3. For BCY, f~'(\ocl(B)) C cls(f~(B)),

4. For AC X, Xocl(f(A)) C f(cls(A)).
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Definition 6.3.9. The set of all )\g*—homeomorphisms of (X, 7) onto itself is denoted
by A"h(X, 7).

Theorem 6.3.10. Let f : X — X be any function. If f € /\g*h(X, 7) then f~! €
6*
Ay h(X, 7).

Proof. Let f € /\g*h(X, 7) then both f and f~' are A)-irresolute. Now f = (f~!)~"is
Ao-irresolute. Thus both f~ and (f~')~" are X’-irresolute This implies f~' € AJ"h(X, 7).
]

Theorem 6.3.11. The set of all \>"-homeomorphisms of (X, 7) onto itself denoted

by )\g*h(X ,T) forms a group under composition of functions.

Proof. Define a binary operation  : XJ"h(X,7) x AX>"h(X, 7) — A0 h(X, 7) defined by
fxg=gof,forall f g€ Ag*h(X, 7) and o is the usual composition of maps. By Theorem
6.3.7, go f € )\g*h(X , 7). Hence the closure axiom. Since composition of functions is
associative, the associative axiom holds. I € )\g*h(X ,T) is the identity element, where
I:(X,7) = (X,7) is the identity function. By Theorem 6.3.10, if f € )\g*h(X, 7) then
fte /\g*h(X, 7) in such a way that fo f~! = f~lo f = I. Hence the existence of inverse.

Therefore )\g*h(X ,7) forms a group under composition of functions. O

Theorem 6.3.12. Let x : )\g*h(X, T) — )\g*h(Y, o) be a homeomorphism then

A-ker(x) Is a normal subgroup of A3 h(X, ).

Proof. Since «(I,) = I,, I, € X-ker(x) and hence X-ker(x) # ¢. Let hy, hy €
Ao-ker(x) then *(hi) = x(hy) = I,. This implies x(hihy') = x(h1) % (hy') = I, Then
hihy' € M -ker(x). Hence X-ker(x) is a subgroup of )\g*h(X, 7). Now let hy € M-
ker(x) and g € XJ"h(X,7) then *(ghig™") = I, which implies gh1g~ € Ao-ker(x). Hence

5 - 5*
Ag-ker(x) is a normal subgroup of \g h(X, 7). O
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