5. Batch Arrival Retrial G-Queue with Multistage and
Multi-Optional Services, Active Breakdown, Delayed Repair and
Orbital Search

Bulk arrival retrial G-queue with two phase service is considered. The server
is subject to active breakdown and breakdown due to negative arrival. The server
failed due to negative arrival is sent for repair immediately and the interrupted
customer leaves the system. The repair of the active breakdown server starts after
some random time and the interrupted customer remains in the service position for the
completion of the remaining service. During idle period, the server may search for
customers in the orbit. By using the supplementary variable method, the steady state
solutions for the system measures are derived. Availability of the server and failure
frequency are obtained. Stochastic decomposition law is verified. The effect of

various parameters on the system performance is analysed numerically.
5.1 Model Description

Two phase repairable M*/G/1 retrial G-queue with orbital search is
considered. The diagrammatic representation of the proposed model is shown in

Fig. 5.1. The assumptions of the proposed model are described below.

The arriving customers are of two types, positive and negative. The positive
customers arrive in batches according to the Poisson process with rate A*. The batch
size Y is a random variable with distribution function P(Y=k)=Cy, k=1,2,3...... and
probability generating function C(z) having the first two moments m; and my.

Negative customers arrive in single according to the Poisson process with rate A".

If the arriving batch of customers finds the server free, then one of the
customers of the batch begins his service immediately and the others join the orbit.
Otherwise, all the customers join the orbit and make trial at a later time. Orbital
customers behave independently of each other and keep making retrials until they
receive their service. Successsive inter-retrial times are generally distributed with

distribution function A(x), Laplace-Stieltjes transformA”(s) and the conditional

completion rate n(x).
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Fig. 5.1 Batch Arrival Retrial G-Queue with Multistage and Multi-Optional Services,
Active Breakdown, Delayed Repair and Orbital Search

The server provides two phase service — essential and optional. The essential

service time is generally distributed with distribution function B,(x), Laplace-Stieltjes

transform By (s),, n factorial moment “gm and the conditional completion rate pg(X).

There are M-stages in the second phase and each stage contains multi-optional
services. After the completion of essential service, the customer may proceed to the

first stage in second phase and opt ji"™ ( ji=1,2,....,k1 ) optional service with probability
P;, or leave the system with probability q,. After the completion of i" stage service,
the customer may proceed to (i+1)" stage and opt ji1™" optional service with
probability p; or leave the system with probability G;. The service time of i stage

optional service follows a general distribution with distribution function B; ;.(x),

Laplace-Stieltjes transform B;j; (s), n factorial moment uf’]l) and the conditional

completion rate p;; (x), i=123.....M, j=123.... k.
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The server is subject to two types of breakdown, active breakdown and

breakdown due to negative arrival.

The lifetime of the server is assumed to be exponentially distributed with rate
1o during essential and 1; ( i=1,2,...,M) during optional services. Once the system

fails the repair starts after some random time known as delay time. The interrupted
customer remains in the service area until the remaining service gets completed. The

repair time of the server failed during the essential service is generally distributed

with distribution function F,(X), Laplace-Stieltjes transform F,(s), n" factorial
moment ré“) , and the conditional completion rate ry(X). The repair time of the server
failed during i*" stage i optional service follows general distribution with distribution
function F,; (x), Laplace-Stieltjes transform F; (s), n factorial moment r? and the
conditional completion rate r; ;. (x), 1=123....,M, J; =123,.....k;. The delay time of
the server during the essential service is generally distributed with distribution
function Dy(x), Laplace-Stieltjes transform Dy (s), n™ factorial moment yg‘), and the
conditional completion rate v,(x). The delay time of the server during i stage ™

optional service follows general distribution with distribution function D; x),

Laplace-Stieltjes transform Dj; (s), n" factorial moment y,(']l) and the conditional

completion rate v; ;. (), 1=123...,M, j;=123.....k;.

The arrival of the negative customer makes the server down with the removal
of positive customer being in service. As soon as the breakdown occurs, the server is

sent for repair. The repair time of the server failed during the essential service is
generally distributed with distribution function R,(x), Laplace-Stieltjes transform

Ry(s), n™ factorial moment g”), and the conditional completion rate

dR,(x)

R0 The repair time of the server failed during i stage j" optional
— o

Bo(x) =

service follows general distribution with distribution function R;; (x), Laplace-

Stieltjes transform R, (s), n" factorial moment Bf']) and the conditional completion

dRi,ji (x)

1 I 2112131 ----- lMy ji :112535 ----- 1ki .
1-R;; (%)

rate f;; (X) =
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After the completion of service or repair, the server searches for the customer

in the orbit with probability 6 or remains idle with complementary probability

0=1-0.
5.2 Definitions and Notations

The state of the system at time t can be described by the bivariate Markov
process { S(t), N(t), t>0 }, where S(t) denotes the state of the server at time t and N(t)
denotes the number of customers in the orbit at time t. The server state at time t is
given in Table 5.1,

Table 5.1 Server State

S(t) Stage State
0 - Idle
1 Essential Busy
2 i stage ji™" option Busy
3 Essential Repair _
(Negative Arrival)
4 i" stage ji'" option Repair
(Negative Arrival)
5 Essential Delay Time
6 i stage ji" option Delay Time
7 Essential _ Repair
(Active Breakdown)
8 i™ stage ji™ option ~ Repair
(Active Breakdown)

Supplementary variables are defined as follows.

&1(t) —elapsed retrial time ;  &x(t) — elapsed service time

&3(t) — elapsed repair time ;  &4(t) — elapsed delay time
5.3 Orbit Size Distributions at Random Epoch

For the Markov process { N(t), S(t), t>0}, the transient probabilities of server

state are defined below.

1o (1) — P{S(t)=0, N(t)=0}
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[, (x,1) = P{S(t)=0, N(t)=n, x<§(t)<x+dx}, n>1

Pon(X,)dx = P{S(t)=1, N(t)=n, x<&(t)<x+dx}, n=0

i’ji,n(x,t)dx = P{S(t)=2, N(t)=n, x<&,(t)<x+dx},n>0,i=12,...,M,}; =12,....k;

Ron(x,t)dx = P{S(t)=3 , N(t)=n, x<&3(t)<x+dx} , n>0

ijion (X = P{S(t) =4,N(t) =n, X <&3(t) <x+dx},n20,1=12...Mj; =12.... k;
Don (X, y,t)dxdy= P{S(t)=5, N(t)=n, x<&,(t)<x+dx, y<&4(t)<y+dy},n=>0
I’Ji'n(x,y,t)dxdy: P{S(t) =6, N(t) =n, X <&, (t) <x+dx, y<&,(t) <y+dy}

n>0, i=12....,M,j; =12,....K;

Fon (X, y,t)dxdy = P{S(t)=7 , N(t)=n, x<&,(t) <x+dx, y<&s(t)<y+dy},n>0

’I’n(x,y,t)dxdy: P{S(t) =8, N(t)=n, x <&, (t) <x+dx, y<&z(t) <y+dy}

N>0,i=12....M,j =12.... k;

The steady state equations governing the model under consideration are given below

7\'+IO - qO,[PO O(X)MO(X)dX + Zlql Z IPIJ O(X)HIJ (X)dX
1 ji=10

k 0
o Ro,o(X)Bo(X)dXJr'\ZA: 3 [Rij,000, 000
0 i=1ji=1 0

(5.1)
&h](x) = =" +n(x) 1,(x), n>1 (5.2)
d b ‘ n
d—XPo,n(X) ==X+ A +po(X) +10) Pon(X) + 271 =305) 2CyPo n_i (X)
+ [Ron (V) Io(y)dy,n 20 (5.3)
0
%Pi,ji,n(x) == "+ 07+, () Pij a0+ 7»+(1—50n)§: CiPiji n-k (X)
o (5.4)
+ [F o n OGN (Ddy,n >0, i=12....,M,j =12,.... k;
0
d + + 4
d—XRo,n (X) == +Bo (X)) Ropn(x) +4 (1—80n)k§1<3k Ronk(X) ,n>0 (5.5)
d + + 4
d_XRi,ji,n(X):_O" +Bij () Rijn )+ 27 (1=80n) 2Ck Riji nk (X) (5.6)

N>0, i=12,..,M,j; =12....,.k;
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d

i —Don(X,y) ==X +7v4(y)) Do (x,y) + A (1- 6On)ZCk Donk(X,y) ,n>0

d

dx
i:1’2"""M’ji :1,2 ...... kl

d n
d_xFO’“ (X,y) =—(A" +15(y)) Fopn(X,y) +4° (1—60n)k21Ck Fonk (X,y) ,n=0

d

dX |J,n(X y):_(xr"'rlj(y)) Jn(X Y)+7»+(1 8On)zck i,Jj.n— k(X y) .n=0,

i=12,. MJ|—12 ...... K;

with boundary conditions

1,(0)= (1-6) [CIoIPo n(X)uo(X)dX+ZQ. Z IF’. ji.n (Om j; (X)dx

=l jj=

+J.R0n(X)BO(X)dX+§|: 2 J‘R” O(X)B|] (x)dx], n=0
i=1ji=1

Dijin (6 Y) == (X" +7vi; (V) Dijn (X, y)+ A7 (1—50n)§.1ck Djjink(Xy) ,nz0,

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

Po,o(0) =2A"Cylg + fll(X) n(x) dx+6 [quF’ol(X) Ho(X)dx +Z Qi Z IF’.J 1) i j (x)dx

i=1 ji=1o

+IR01(X) ﬁo(X)dX+Z Z IR.J 1(X) Bi j; () dx]

i=1 ji=lo
Pon(0) = A"Cpqly + 7”+Ck_“n k+1 ()dX +f|n+1(X)11(X)dX

+6[q0IP0 n+1(X)HO(X)dX +Z:LQ| Z IPI ji n+1(X)H|J (x)dx
1 jii=lo

+ IRom(x y)Bo(y)dy+Z Z JR., 01 (G Y)Bi i (Y)dyl,n >1
i=1j=1

Pl,j]_yn (O) = le J.Po’n (X)MO (X)dX , N > O, jl :1,2 ...... kl

Pi.i.n (0) =pj; Z jP_lhln(x)u,_lJ L (X)dx, n>0,i=23,...., M, i =12,....k;

Ji-a=l

Ro’n (0) = 7\,_ J PO’n (X)dX ’ n 2 0
0

Ri,ji,n(o) zl_jPi’ji’n(X)dX, nZO, i=1,2,3 ........ M, ji 21,2 ...... ki
0

Do (%,0) =1 Pop(X), n=0

Di,ji,n (X,O) =T Pi,ji,n (X) , N 20, | :1,2,3 ........ M, ji :1,2 ...... ki
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(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)



Fon (.0 = EDo,n(x,y) Yo()dy, n=0 (5.20)

Fijin(%0)=[Djin(y) yij(Y)dy, n>0, i=123,....., M, ji =12,...k; (5.21)
0

5.4 Generating Functions of the Orbit Length

The probability generating functions for |z| <1 are defined as
I(x,2) = X1, (x)2" ; Po(x,2) = XPg, ()" ; P (%2) = X Pijn(x)2"
n=1 n=0 n=0

Ro(2)= TRon(2" i Ry (k)= TRiya (02" 1 Do(xy.2)= TDgy (x.y)2"

Dij (x.y,2) = ZODi,J'i,n x.y)z"  R(xy.2) = ZOFO,n x,y)z"; Fii (x.y,2) = ZOFi,J'i,n (x,y)z"
n= n= n=
(5.22)
Theorem 5.1

The probability generating functions of the orbit size when the system is in

different states are

I(z) = 1,A—A"()[OC@)T,(2)+06T,(z)—2z]/D(2) (5.23)
Po(2) = A IoA" (A" )(C(2) - )((L— By (0 (2)))/ 00 (2))/D(2) (5.24)
P(2) = X'1,A"(X)(C(2) -DBo (e (2))
ghkzllp,-ix:_l«l— Bi j (@, @)/ j, (2)) / D(2) (52
Ro(2) = =X 1oA"(W)(1- By (o (2)))/ 00 (2))L- R (N(2)))/D(2) (5.26)
R@) = —xIOA*(w)é:zjlpjiBz§<coo<z»A’:1(<1—B:i,-i (@15 @) @3, (2))
(1-R;; (h(2))) / D(2) (5.27)
Do(2) = =70 loA" (W )((L— By (00 (2)))/ o (2))L— D (h(2)))/D(2) (5.28)
Dy(z) = —éri IOA*(w)jikzilp,-iBz(wo(z»A’E_l«l—B:,—i(coi,,-i(z)»/oai,,-i(z))
(1-D;; (h(2) / D) (5.29)
FR@ = =10 loA (W)@~ Bo(wg(2)))/ 0g(2)Do(h(2)A- K (n(2)))/D(2) (5.30)
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% K * * *
F(z) = _%Ti oA" (A7) X P Bo(0o (2)Ai1 (A~ B j; (o () w; j, (2))

Ji=1
Dij, (h(@)A-F ; (h(2))) / D(2)

where

D(z) =z-(1-0)[A"(X") + Cz)L- A (L") Ty(2) - 0Ty (2)

(5.31)

T1(2) = do Bo (0o (2)) +0; Aj (o, (2))Bo (@0 (2)) + A (1 Bg (0 (2)))/ 0 (2))Ro (h(2))

K * * * *
+A g‘, 2 P Aia(@igj, (2)(A-Bjj (055 (2))/ o j; (2)R; j; ((2))Bo (00 (2))

Sin
o (2) =X +17 =1 C(2) + 15 [1- Do (h(2))F, (h(2))]

o j; (2) =1" +X7 =ATC(2) + 7 [1-Dj j; (h(@)Fj, (h(2)]
h(z) = A" 1-C(2))

Proof.

Multiplying equations (5.2) to (5.10) by z" and summing over n, we get

(i +A° +n(x)j I(x,z) =0
dx

[t O 000 | P2~ o 0y )y

(%Hﬁ @-C@2)+1 +T0 5+ i (x)) Pi,ji (x,2) :TFi,ji (X,Y,2) M (y)dy,
0

i=1,2 ....... M’JI =1,2 ......... kl

(i+x+(1—C(z))+Bo(x)J Ro(x,2)=0
dx
(%4‘}\:'— (1_C(Z))+Bi,ji (X)jRivji (X,Z) = 0 f | =1,2 ....... M, ji :1,2 ........... ki

cf'—y+x+(1—C(z»+vo<y)]Do(x,y,z>=o

d

%m 1-C@)+ ro(Y)jFo (x.y,2)=0
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@+7J(1—C(z))+yi,ji(y)]Di’ji(x,y,z):O, i=12....M, ji=12,...., k;

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)



(% +AT(1-C(2) +r (y)jl:,yji (x,y,2)=0, i=12,..... M, ji=12,....., k; (5.40)

Solving the partial differential equations (5.32) and (5.35) to (5.40), we obtain
I(x,2) = 1(0,2) e X (1— A(X)) (5.41)
Ro(%,2) = Ry (0,2)e™* " C@OX (1 _ R (x)) (5.42)

Rij (x.2)=R;; (0,2)e"* COX(A_R; (X)), =12 M, i =12,k (5.43)

Do (X, Y, Z) = D (x,0,2)e"* ~+"C@Y (1_ Dy (y)) (5.44)

D, ; (x,v,2) = D; ;. (x,0,2)e"* 7 C@Ya_D, ; (y)), (5.45)
i=1,2 ........ M, ji =1,2 ....... ki

Fo (X, Y,2) = Fy(x,0,2)e"* 2 COWY 1 _F (y)) (5.46)

R 0y.2) =R (60,2 OV (AR 1 (), =12, M, i =12.....K; (5.47)

Multiplying equations (5.11) to (5.21) by z" and summing over n, we get

1(0,2) =(1- 9)[Qofpo(x Z) po (X)dx + Zlq Z IP.J (%, 2) pj j, (x)dx
= ji=lo

+jR0(x Z)Bo(x)dx + Zl Z jR,J (x,2)B; j; (x)dx]- Al (5.48)
=1 ji=L

P, (0,2) :1[x+c:(z)|0 + Ojol(x, 2(x)dx + wc:(z)ofl(x, 2)dx]

+e[qojpo(x Dot + 3 q,hk_ [Py, 06.2) by, 090

. jRO(x 2)Bo () dx+ gl J.Z—u{ R ; (x,2)B; () o] (5.49)
P, (O,Z)=pjlzP0(X,Z)p0(x)dx, =12,k (5.50)
P.; (0,2)=p; ,-ikijp“l’ o KD (0K, 122300 M, i =12,k (5.51)
RO(O,Z)zx‘IPO(x,z)dx (5.52)
Ri; (o,z):xif:mi ,2)dx, i=123....M, ji=12,...k; (553)
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Dy (%,0,2) = 19 Py(X,2) (5.54)
Di,ji (X,O, Z) = Ti Pi,ji (X,Z) y | :1,2,3 ........ M, ji :1,2 ...... ki (555)

F)(x.0,2) = IDO(X, Y.2) 1o(y)dy (5.56)

R.j (xX,0,2) = [D;;, (X,¥,2) vij; (Wdy , i=123,....., M, ji=12,...., k; (5.57)
0

Using equations (5.44), (5.45), (5.54) and (5.55), the equations (5.56) and (5.57) yield

Fo(x.0,2) = [Dg(x,0,2)e”* @Y 1Dy (y)) vo(y)dy
0

= Dy(x,0,2) Dy (A" —A"C(2))

= Dy (A" —A"C(2)) 1o Py(X,2) (5.58)

R (x.0,2) = [D;j (x,0,2)e”* " COYA_D; () v; , (V) dy .
0
i:1,2,3, ...... ,M, ji :1’2"""ki

= D;; (x,0,2) D} ; (X" —A"C(2))
= D;j, (W =A"C(@) 7 P (x,2) (5.59)

Substituting the expressions (5.58) and (5.59) in equations (5.33) and (5.34) and

solving, we get

Po(X,2) = Py (0,2) e™™@X (1- By (x)) (5.60)

—0j j; (z)x

Pi,ji (X,Z) = Piyji (O,Z)e (1— Bi,ji (X)), | :1,2 ........ M, ji :1,2 ....... ki (561)

Using equations (5.42), (5.43), (5.60) and (5.61), the equation (5.48) gives

100,2) = (L— 8)[do [ Po (0. 2)e ™0 (1 - By (%)) 1o (X)dX
0

i o0

M Ki
+2 0; X [P j(0,2)e
i=1  jj=1l0

—0j j; (z)x

(A-B; j, (X)) b, j; (x)dx
+ [Ro(0,2)e™* " C@X (1 Ry (%)) Bo (x) dx
0

S TR (0,2)e ¢ T C@XA_R, - (x))B; ;. () dx]— X'l
=10

i=1 jj
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- (1 9)[% PO(O Z) BO((DO(Z))"' Zl qu PIJ (O Z) BIJ (wl Ji (Z))
i=1jj=

+R(0,2)Ry(h(2))+ Z‘i Z R ; O, Z)RIJ (h(@)1-2%1, (5.62)
i=1 ji=1

Similarly, by using equations (5.41) to (5.43), (5.60) and (5.61) and solving, equations
(5.49) to (5.53) yield

P, (0, z):l[ ATC(2)l, + (A*()J) +C@)(1-A" (7&))) 1(0,2)]

+ e[qO PO(O Z) BO((’)O(Z))"' Z ZQ| PIJ (O Z) Blj (O*)Ij (Z))

i=1jj=1

+R0(0,2)R5(h(2)) + Iz hz_ R;; (0.2)R; (h(2)] (5.63)
PLj, (0,2)=pj, Po(0,2) Bo(w(2)), =12k (5.64)
P.; (0.2)=p; E_ Piyj,(0.2)Bi g (@4, (@) i=23....M, ji=12......k; (5.65)
Ro(0,2)=1" Py(0,2) (1- By (wo(2)))/ e (2) (5.66)

Ri,ji (0, Z):}\,_ Pi,ji (O, Z) (1— BT,J| (mi,ji (Z)))/(’Oi,ji (Z), i :1,2,3,......,M, ji :1,2 ........ ki (567)

Using the result in the equation (5.65) repeatedly we obtain

Ki
Pi,ji(oaz) = pjl _lejl . Z PI -2,ji— 2(0 Z) BI -2,ji 2(wl -2,ji— 2)B—ljl l((’ol—ljl 1)
Ji-1= Ji—2=1

Ki Ki
= PJ,.Z Piiy Z Pii_, Z PI3] 3(0 z) B|31,3((D|31,3(Z))

Jia=l Ji—2=1 Ji-3=1
Bi o, (@i ,(@)Biyj (@i ()

Kiz Ki—2
= Pj Z Pi, 2 Pj_ 2----2 Pj, Z P;,Po(0,2) By (w0 (2)) Bljl(@ljl(z))

Jica=l Ji—2=1 i2=1 =1
Bz,j2 (@35, (2)).... Bi—z,ji_2 (2,5, (2)Bi_yj; , (@i , (2))

kl * k2 *
=Ppj _lejl Byj, (o, (Z))_lej2 Byj, (@3, (2))-..... Z PJ, 4 |—1 i (@i, (2)
h= 2=

Jia=l

Bo (0o(2)) Py (0,2)
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i-1 K . N
= Pj; { IHi_lepnBl,h (001, (Z))} Bo(wq(2)) Py(0,2)
=1j=

= pj;Ai1Bo(p(2)) Po(0,2) , i1=123.....M, j; =12,......K (5.68)

where

* * i K *
Ag=1, Aj= Il_Il_lej, Byj (@}, (2)
=1j=

Substituting the expression (5.68) in the equation (5.67), we obtain

R;j (0.2) = & pj A1 Bo(0g(2)) Po(0,2) A-Bj . (o), ()]0 . (),

_ _ (5.69)
i=123,...M, ji =12,...... K

Inserting the expressions (5.60) and (5.61) in equations (5.54) and (5.55), we get

Do (%,0,2) = 19 Py (0,2) e X (1 By (e (2))) (5.70)

D; j (x,0,2) = ti p;; A e i @ (a- B?,ji (@5 ; (2)))Py (0,2) Bo (o (2)), (5.71)

i=123,......, M, ji =12,......, K;
Using equations (5.70) and (5.71), equations (5.58) and (5.59) yield

Fo(X,0,2)= 1o Py (0,2) e~ X (1— By (w0 (2))) Dg (h(2)) (5.72)

—0j j; (z)x

Ry (x0.2) =7 pjAfse (-B7 (01, @)Po(0.2) By (002D, (@), (5759

i =1,2,3 ........ M, ji :1,2 ........ ki
Substituting the equations (5.66) to (5.68) in equation (5.62) and simplifying, we get
1(0,z) = (1-0) T,(2) Py(0,2) — 1", (5.74)

Substituting the expressions (5.66), (5.68), (5.69) and (5.74) in equation (5.63) and

simplifying, we have

A1A"(A)(C(2) -1)

e L-0)[A" (") +C@A-A"(A)] Tu(2)- 6Ty (2)

(5.75)
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Substituting the expression of Po(0,z) in equations (5.66), (5.68) to (5.74), we obtain
1(0,2) = A 1, [6C(2) Ty (2) +0 T (2) — z]/D(z) (5.76)
P, (0,2)=A"1,A"(A")(C(z) -1)/D(z) (5.77)

Pyj, (0.2)=pj, A IoA" () (C(2) ~D By (00 (2))/D(2) . Jy =1.2...... K, (5.78)

Pji (0.2)=p; A 1pA" (W )(C(2) ~D) A} 1By (09 (2))/D(2), i =23....... M, J; =12,.....K;
(5.79)

Ro(x,0,2)=2" A 1,A" (A" )(C(2) - (L~ By (o (2)))/ 9 (2))/D(2) (5.80)

R ;i (x.0,2)=pj X A IoA" (A" )(C(2) DA 1 (A—Bfj (i, (@) ;. (2))Bg (0(2))/D(2),

i=123,....M, ji =12,.....K; (5.81)
Do (x.0,2)= 1o A IpA" (A)(C(2) —~) e~ @* (1~ By (w(2)))/D(2) (5.82)

Dy (%0,2)=1; P2 A" () (C@) ~DAT 1 & ¥ (1B} (o (2)))B5 (00 (2)) /D),

i=123.....M, ji =12,......K; (5.83)

Fo(X,0,2) = to AT 1A™ (W)(C(2) —1) e 0 @* (1— By (wg (2)))Dy (h(2)) /D(2)
(5.84)

Fii (60.2)= 7P K 10A" ()(C@) DA & (1~ B (15 (2)B5 (00 (2D (n(2))/D@),
i=1,2,3,......,M, ji =1,2 ........ ki (585)

Integrating the equations (5.41), (5.42), (5.43), (5.60) and (5.61) with respect to x, the

equations (5.44) to (5.47) with respect to both x and y and substituting the expressions

in equations (5.76) to (5.85), we can obtain the probability generating functions of the

server states as in equations (5.23) to (5.31).

lo can be obtained using normalising condition as

1-0m(1-A*(\)-T, () (5.86)
T v DR* () 4 A% e® B '
A (ﬁ){l—qocgl)—_Z‘iqi[Mi( Bo(X )+ AicP1-h, +cP}

i=
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where
4 M * _ * _ * _
T = qocé”+_zl i [M; DBy () + AT () cP 1+ A m, (- By (1)) B —c)
1=
1 l * * M k| *
(M) L+t (8 + 7)) =B (W) + A miBo (W)X X pj AT (V)

i=1ji=1

(=B ; OO)BY +hy +(A"'my /37) By (1)h,

M K Op* ) A% (r— . x 0 M * =y o)
hy = _Zi_zlpji[Mi—l Bo(A7)+c5 Ait (A )IA-B; j; (7)) - Bo (A )ZipjiAiflO‘ ) Cij
i=1ji= 1=

ki X )
n = X 3P0 ) B AN+ S +vi))

i=1 ji=1

e = Army @+ o (Y +vP)) [xe™ X bo(x)dx
0

M K;j ©
¢ =ATm Y Y @+ () +y ) [xe™ ¥ by j (x)dx
0

i=1jj=1
MO = tim A, M@ =lim A,
z—>1 z—>1
Corollary 5.1

The probability generating functions of the orbit size and system size are

P,(z) = IOA*(x*){z—qoBS(mo(z»—%in’EBB(coo(zm(w(c:(z)—l)—x)

[A—Bo (w0 (2)))/ 0o (2) + _%l_zlp,-i Ai 1B (00(2))A-B; j (@ j; (2))/ ; j; (2)]
i=Lji=

—To(1=Bo(®g(2)))/ g (2)[1-Dq (h(2))F, (h(2))]- _'\Zﬂ;lfi _leji Ai1Bo (0o (2))
=1 ji=

(1= B}, (@, @) @, @L- D}, (@), ({@)TH D) (5.87)

P(2) = IoA*(W){z—qoBS(mo(z))—iin’EBS(wo(zm(zw(c:(z)—l)—x)

* ki * * *
[(1—Bg(0g(2)))/ 09(2)+ _%_le jiAiaBo (00 (2))1-B; j (o1 (2)))/ @ (2)]
i=Lji=

* * * ki * *
—27(1-Bg (w0 (2)))/ o (2)[1-Do (h(2))F, (h(2))]-2 _%/;Ti leji Ai4Bo (0 (2))
= ji=

(1-Bij, (@, @)/ 0, @1~ D}, (ND)F;, (W)Y D) (5.88)
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Proof:

The probability generating function of the number of customers in the orbit is

i K;
Pa(2) = lo+1@+Py(2)+3 3 Py (D +Ro(@)+ 3 3. Ry (2)+Dp(2)
i=1ji=1 i=1ji=1
(5.89)
M K;j M Kj
+2 2.0 +R@+2 2 F ;)

i=1ji=1 i=1jj=1

The probability generating function of the number of customers in the system is

K ki K
P(2) = 1y+1@)+2| Py + 3 3 Pr; ()+Do@)+ 3. 3. Dy () +Fod)+ 2 3 Fy; ()
i=1ji=1 i=1ji=1 i=1ji=1 (590)

M Kj
+Ro(2)+ X X R (2)
i=1ji=1

Substituting the expressions of equations (5.23) to (5.31) in the above equations
(5.89) and (5.90), the probability generating functions of the orbit size and the system

size as in (5.87) and (5.88) are obtained by direct calculation.

5.5 Stability Condition

The necessary and sufficient condition for the system to be stable is
om,L-A" () +T, @) < 1
5.6 Performance Measures

e The probability that the server is idle in the non empty system and the
corresponding mean number of customers in the orbit are given by
= im i@
Iy A" (7&))(6 my + T, @ —1)

- " % a4 ! (591)
1-6mL-A"(A")-T, @

L, =lim-L1@2)

z-1(z
= lo@-A" (" )){T2 [é (My+2m T, @)+ T, (1)} ~T, [é my+Ty (1) - 1} / 272

(5.92)
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e The probability that the server is busy in essential service and the

corresponding mean number of customers in the orbit are given by
P, = lim P,(2)
z—>1

L0 my /) AT (A)(L-Bg (1)) (5.93)
1- éml(l—A*(W))—Tl,(l)

. d
L, = lim—P,(z
Fo z-10z 0()

= 1A )T M, /A7) A- By (X)) —2(A my /A7) e
+2(my /)2 A+ o (Y +vP)A- By (A )]
+ To[(Wmy /A7) — By (W)} 272 (5.94)

e The probability that the server is busy in optional services and the

corresponding mean number of customers in the orbit are given by

M ki
P = I|m Z z Pi,ji (Z)

-1 =1

* ki * *
loW'my /A7) A" (A)By (7»‘)_% 2P AL (A)A-B;; (W)
- _ i (5.95)
1-omI-A*(A)-T, ()

Le =lim d P(2)

z-1 0z

* kl * * *
= 1A (W H{T[("'m, /7»_)% _lejiBo(W)Ai_l(?f)(l— Bij () +2("my /27 )hy
i=1 ji=

* kl * * *
F2(0my /10)? Bo(x—)h21+T3[(Wm1/r)% . pj AT () B7 0 DB 0 TH 2T
i=L ji=

(5.96)

e The probability that the server is under repair due to negative arrival and the

corresponding mean number of customers in the orbit are given by

) M Ki
R = ||m1[R0(Z)+_Z_Z Rij (@]
z— i=1jj=1

* M ki * - -
o mAT G LE-Bo (D P+ 2 3.y Bo )0 Biy GG B
i=1jj=

1-0my(L-A" () -T, @)

(5.97)
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_
Lg = mE(RO(zH R(2))

* 2 * 2 M k' * * * 2
= lpA" (L ){T,[(x my)? (@-Bo ()RS +2 2 p;Bo( A4 ()A- B *)B)
i=l ji=

* 1 M kl * * * 1
Army (- By (W )BY + 2 > pjiBo0 A4 (M )A-Bj )R
i=1 ji=

M Kj - _ * _ M K * _
# 20 my[-c{BE) + 2 > pj ALy (0)A-BY; ()6 B + 2 > py M (- Bi ()]
i=1 ji= i=1 ji=

ki . N 0
-3 3 py 74008 0 )el) B 1 20 My 1) T+ T ms (- B3 6 )
i=1 ji=

M I(i * * * 1 2
+2 2P A (- (A)Bo (1) B} 2T
i< ji=

(5.98)

The probability that the server is in delay time and the corresponding mean
number of customers in the orbit are given by

M Kj
D = Iim1 Do(z) +lim Y > Di (2)

z-li=1j;=1

* * 1 M ki * * * 1
log (K'my /A7) A" () [t (L- By (1)) v #2712 Py By () By ()AL () v
_ ==

1-0m(L-A" (L) =T, (1)

(5.99)
Lp = !iml(;j—z (Do (2) +Ds(2))

* * k| * * *
= oA (WL M) 10) (- Bo () + %1 W 2 P Bo ()AL ()-8, ()
i1 ji=

* Ki * * *
YD)+ My 1) (=B (W) +§ 3 P Bo ()AL (V) L-Bi ) 7))

i=1 ji=1
M Ki . 3 * 3 M Ki
20 my )R v + 3 5 2 AL 0B 0l v + 3w 2 p MY
=l ji= i=l =
. M K * k. _
(L-Bi; )y - 2% 2 Py ()Bo Ne y@ 1+ 200 my 0)2 T,
i=l =

* 1) M k| * * * 1 2
+ Tl (MM /27) (@B (W) v 2 2 Py A () 0B (M)Bo () Y 2T;
=l ji=

(5.100)
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e The probability that the server is under repair due to active breakdown and the

corresponding mean number of customers in the orbit are given by

F=lm [Fo(Z)+Z Z i (@]

i=1 ji=1

log (K my /37) A" (M) [xo (L= Bo (1)) 1 +z1 T zlp, Bo(v) (- Bij () A1 (A7) )]
= JI_

1-6m,(L-A* () =T, ()

(5.101)
. d
Lr = L'Tla(':o (2)+F(2))

= 1oA"()THL( my)? /2 )z (- By (X )r§? + Zlf. Z pj, Bo(W )AL (X)L~ B;j, (A7)
i=1 ji=1

(&) + (K my /17 )(xo - B (W)Y + zl o) p;Bo(A )AL () By, (1) rf))
i=1 ji=1

200 my 120) (0 gy 1 o e “”Zf Zpl A7) -85 ()ef 1)
[ ji=1

+zlr zlpj, M (- B7 5 0D - _zlr Zp, Ai (0B (7)) 1) + 207 my 117)? T,
1=l Ji= i=1 ji=l

M *
2 mlzlr ij i1 ()Bo () (LB, ())7i) 1 + o[ my /7Y (@~ By () g
I ji=l

+Zf Zp, 1) Q=B (0))Bo() )1y 2T3 (5.102)

i=1 ji=1

e Average orbit size is given by

Lg = lim iP (2)

z-1dz
M * _ * —
= 1pA" (A" ){To[-aocl? - > aiMPBo (47) +2MPef) + AT (1) P11 B (V)

+2"m, Ty +c§ z z p; (MEB (L) +2MTe§) + AT, (7)) - B7; (1))

i=1 ji=1
M & @, U & TS W\ 2
£330y 0)B 0006l + 23 Xy (7 100)ef) + MBS0 14 T T 2T
i=Lji= i=L ji=

(5.103)
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e Average system size is given by

Ly = lim dP(z)
z—10dz

= 1A (W ){T,[-qoc$? - zq [IMPBy (A7) +2MBcl) + A7) P+ (21 m

i=1

+ A" M) T+ ¢ +zlz pj AiL1()Bo()c) — z z Pi (M&B (A7)
i=1jj =1

+2M® e + AT, () eP) - B (x‘))+2z1 5 P, (A7, ()cf
i=1jj=1

M2 Bo(x—))c(”i +205my 30) [t (L= Bo O (rg + 1)

+zlr.2p, Bo(X7) (- Bij, W DAL (v + )]+ Ty T}/ 273
1 Ji

(5.104)
where

T, =1-0m,1-A*()-T, @)

Ty =- (T1” @) +6@-A"( ))(m2 +2m,T, (1) ))

o
I

1-qocd - Zq[M(l)Bo(k )+ A (A7) e ]—hy +cH

Ts = (/X)) [1-Bo(A~ )+z1 zlp, Aia(0)A-B; (A7)Bo(A )]
=, JI_

Te = (1—B’5(x—)> @+t (r” +v§ ) BP

W3S P+ 1+ NA-Bi; () A7) BB,
i=1 jj=

T, = (1_33(7;)) @+t + Py

+zl zlpj @+ (i +ySNA-Bi; () A7) Bo )y
I Ji=

Tg = (1-Bg (x—)) A+t (r$” + 8y M

+ Z Z P, @+t (i) +yDNA-Bi; (W) Al (W) Bo (W )rl
i=1 jj=1

c@ = (Wm@+ 1o (r® +yPM? [x2e™ X by (x)dx
0

—(M m, (r{? +v®)+ 200 m, )ngl)ygl))jxe—“ bo (x)dx

116



¢ = ZZT,[(k+m1(l+‘r S +v8N) sze* X by (X)dx
i=1j=1

~(¢’m 2 (i) + 93y +2("my)? r(l)yl(lj))jxe"‘ * by (X)dx]

n M * *
T, ©=00c2 +30;IMP By (1) +2MPe) + A7) @1+ (1) m, Tg +207 m, T,
i=1
+ (W my /20)[- 2(1+T0(r01)+Y(1)))C(l)+2lz Jz p L+ () +v 8 )-8, (1)

M B30:) K15 0)¢) -3 3 py 4110018300+ 7,6+ )e)]
i=1 ji=1 |

£ 200y 137)2 T+ 2(05" my) 2 0 )[T6+z1 zlpj( 4By () +2MPel) + AT (1))
= JI_

I(I *
(L-Bi; N~ 2212pJ (M By (1) + Ajy (7))l _%”:lzlpj, Aia () By )ef?)
i=l ji=1 1=l )i=

To= —c§’ BY +z1 zlp, M& Bo( ) (@~ Bi; () BY) +z1 zlp, (e
=l Ji= =1lJi=

(1-Bi; (% ))B(l)+2 ij 100)Bo()el) B ]

Tio = [A-Bo (A7) @+7o(r$? +7v§"))? .S Zp, A (X)Bo(1)
i=1 ji=1

@+ (5 v N?@-Bi; ()]

5.7 Stochastic Decomposition
Theorem 5.2

Average system size can be expressed as the sum of the mean number of

customers in the classical batch arrival multistage and multi-optional retrial G-queue
with active breakdown, delayed repair and orbital search (L;) and the mean number
of customers in the orbit when the server is idle (L, ).

Lo = Ly + L,

Proof:

Let ¢(z) be the probability generating function of the system size for

classical batch arrival multistage and multi-optional G-queue with active

breakdown, delayed repair and orbital search.
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¢(z)= _lim  Py(z)
A (AH)-l

[L-T, MKz - 0B} (e (z))—_ﬁin’EBS (00(2))+ (1" (C(2)-D)-17)

* K x  _x *
[(A-Bg(wg(2)))/ 09 (2)) + g 2. Pj; AiaaBo (0 (2))(A- B j; (05 5, (2)))/ @ 5, (2))]

i=1jj=1

* * * I(| * *
— 275 ((1- By (g (2)))/ 0 (2)) [L- Dy (n(2))Fy (h(2))] -2 _%ri 2. PjA11Bo (00 (2))
i=l ji=
(1-Bj; (@, @)/ o, @)[L-Djj, (N@)F;, (h2)}
[z2-T:(2)]T,

(5.105)

Let y(z) be the probability generating function of the number of customers in the

orbit when the server is idle.

g +1(2)
(@)= lo+1(1)

T2[z2-Ti(2)] (5.106)
[1-T: W] D(2)

By the equations (5.90), (5.105) and (5.106), it is easy to prove
Pi(2) = ¢(2) y(2) (5.107)

On differentiating the equation (5.107) and taking limit as z —1, we obtain the

result Ly = Ly + L.

5.8 Reliability Indices

In this section, the reliability indices like availability of the server and

failure frequency are derived in the following theorem.

Theorem 5.3

The steady state availability (4 ) and failure frequency () of the server are

4 A (x+)[1—T1T(1)+ A my T ] (5.108)
4
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* * M k| * *
(L-Bo()) (A +70)+ X Bo(A )X X pj Aia(W)(A- B (1))
ATmAT () v ok =
+Bo (A7) 2 P Ais(0)(L-Bi; (V)
i=l =

(5.109)
Proof.
The availability of the server in the system is given by

A =lo+1+Po+P

Result in equation (5.108) can be obtained by using equations (5.86), (5.91), (5.93)
and (5.95).

The failure frequency of the server in the system is given by

B M Ki
F= A (PO+P)+10P0+_zlri_zlpi,ji(1)
i=L  ji=

Result in equation (5.109) can be obtained by using equations (5.93) and (5.95).

5.9 Special Cases

Case (i) : If M =0, A =0 and 6 = 0, then the system reduces to M*/G/1 retrial

queue with breakdown and delayed repair. In this case,

lhA"(L) (-1
z—[A"(A") + C@)@— A" (X))]Bg (w0 (2))

Pq (2) =

C1-my - AT A mpd L 1o + )
AT(X)

o

where wq(z) = AT —ATC(2) + 1o[1— Do (h(2))F; (h(2))]

The above results agree with the results of Choudhury and Ke (2012) with no

vacation.
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Case (ii) : If A" =0,0=0and k1 = k2 = .... = km =1, then the model under study
becomes multistage bulk arrival retrial queue with active breakdown and delayed
repair. In this case,

b A" (X)) (z-1)

Pq(z)z - - 7 —
z-[A () +C@A-A (7»+))]_§)qi A Bg(m(2))

A" () (2-1) 3 6 A} B (00(2)
Ps (Z) = 1=0

z2-[A" (A1) + C()L-A” W»JEO a; A} By (00(2))

. M__ —
1- ml(l—A (7&))— _zlqi ANiaM® —qo 2 m (1+ o (1Y +ygl)))
=

0" NG

where
* i * *
Aj =HD|B|(®|(Z)), Ap=1

@o(2) = X" = 17C(2) + 1o[1- Do (h(2))Ry (n(2))]

0 (z) =17 =2"C(2) + 1i[1- D; ("@)F (h(2))]

h(z) = A" (1-C(2))
MO = 3, 1 e 0 +1)
m=1

The above results coincide with the results of Bagyam and Udaya Chandrika (2018)

with no reserved time.
5.10 Practical Justification of the Model

Internet Banking System is an innovative form of advanced technology with a
series of set processes (Multistage Services) that the clients (Positive Customers) logs
into the bank’s website through the web-browser installed on the PC by using a
private username and password based on the user’s selection (Essential Service). The
clients try for their request are enqueued (Orbit). The data input is encrypted by SSL

(Secure Socket Layer) and transmitted to the bank’s server.
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Once the client logged in, all the information the bank has on file can be
accessed such as applying for new lines of credit, opening new accounts, view
transaction details or even applying for loans or mortgages can sometimes done right
from home (Multistage and Multi-Optional Services).

The quality of the internet connection is a major ingredient for any we based
applications. Poor internet connection creates a risk to banking transactions. It
interrupts only the current service. As a result, the program which is processing at the
moment moves to the memory and makes the server down (Active breakdown). When
the system experiences failure due to poor internet connection, it has to undergo
repair. The repair process begins after an initial delay. Once after the recognition of
the high speed internet (repair), the interrupted program which is in the memory being
processed.

On the other hand, unexpected software issues (Negative Customer) on the webpage
cause a heavy damage by terminating all the services and make the server breakdown.
The repair of the failed browser starts immediately. After the service or repair process

completed, the server searches for the clients request in the queue (Orbital Search).
5.11 Numerical Results and Discussion

Numerical examples are presented to illustrate the sensitivity of various
parameters on the system measures. It is assumed that the retrial time, first phase
service time, second phase service time, repair time at first phase due to negative
arrival and active breakdown and repair time at second phase due to negative arrival

and active breakdown are exponentially distributed with respective parameters

M, Ko Mij, o BosTos Bij oTij Yo viy, Wherei=1,2,..,Mand ji=1.2,.., ki.

The following arbitrary values are selected for the parameters in such a way
that stability condition holds A= 2, A =0.2, n=50, M=3, ki=2, k.=3, ks=2,
p,=[0.4 0.3], p;,=[0.2 0.3 0.1], p;, =[0.4 0.2], qo=0.3, g=[0.4 0.4 1], 6=0.5,
Mo=10, By=7, 1p=3, [,=2, K=[20 15], p,=[12 22 24], u,=[16 18], B,;=[7 4],
B,=[5 7 10], Bs=[2 3], v,=[5 6], V,=[1 2 3], v,=[4 6], I,=[2 1], ,=[4 5 3],

r,=[2 4], 1,=0.5, 1,=0.4, 1,=0.5, 1,=0.7.

121



Table 5.2 to 5.5 give the computed values of various characteristics of the
system lo — the probability that the server is idle in the empty system, | — the
probability that the server is idle in the non-empty system , Po — the probability that
the server is busy in first phase , P — the probability that the server is busy in second
phase, R — the probability that the server is under repair due to negative arrival,
D — the probability that the server is in delay time, F — the probability that the server

is under repair due to active breakdown, 4 — availability of the server, & — failure
frequency of the server and Ls — expected system size by varying the rates 1", 1,, I,

Y,. From the tables it is observed that

e o increases with increase in I, and v, but decreases with increase in A" and 1,.

e | increases with increase in A" and t, but decreases with increase in I, and y,.

e Poand P increases with increase in 1, but decreases with increase in", I, and v,

e R increases with increase in A but decreases with increase in 7y, and is

independent of I, and T,.
e D increases with increase in & and 1, but decreases with increase in I, and 7,.
e Fincreases with increase in 71, but decreases with increase in 1", I, and v,.
e 7 increases with increase in I, and v, but decreases with increase in A", 1,.
e Fincreases with increase in A", 1, I, and y,.

e Lsincreases with increase in &~ and 1, but decreases with increase in I, and y,.

The combined effect of m and po on the performance measures are displayed in
Fig. 5.2 (a) to (f). From the figures it is found that

» Increase in 1 increases Io , decreases | and has no effect on Po, R, D and F.
> Increase in o increases lo and Po and decreases the remaining measures.

The combined effect of 6 and n on the performance measures are displayed in
Fig. 5.3 (a) to (d). The figures show that

» Increase in 0 increases lo and 4 and decreases | and Ls.
» Increase in 1 increases o , decreases | and Ls and has no effect on 4.
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Table 5.2 Performance measures by varying A’

» lo I Po P R D F A F Ls
0.2 | 0.1692 | 0.0140 | 0.2090 | 0.3769 | 0.0198 | 0.0696 | 0.1415 | 0.7395 | 0.7457 | 16.4917
0.3 | 0.1630 | 0.0144 | 0.2090 | 0.3739 | 0.0295 | 0.0693 | 0.1409 | 0.7311 | 0.8360 | 17.3498
0.4 | 0.1570 | 0.0149 | 0.2090 | 0.3708 | 0.0391 | 0.0690 | 0.1402 | 0.7227 | 0.9219 | 18.8160
0.5 | 0.1512 | 0.0153 | 0.2089 | 0.3677 | 0.0486 | 0.0687 | 0.1396 | 0.7146 | 1.0035 | 21.4878
0.6 | 0.1456 | 0.0157 | 0.2088 | 0.3646 | 0.0580 | 0.0684 | 0.1389 | 0.7065 | 1.0812 | 27.1586
Table 5.3 Performance measures by varying to
70 lo | Po P R D F A F Ls
0.2 | 0.2244 | 0.0118 | 0.2088 | 0.3765 | 0.0198 | 0.0486 | 0.1101 | 0.7899 | 0.6269 | 15.5155
0.4 | 0.1876 | 0.0133 | 0.2089 | 0.3768 | 0.0198 | 0.0626 | 0.1310 | 0.7563 | 0.7061 | 22.3952
0.6 | 0.1508 | 0.0147 | 0.2090 | 0.3771 | 0.0198 | 0.0766 | 0.1520 | 0.7227 | 0.7852 | 33.2369
0.8 | 0.1139 | 0.0161 | 0.2092 | 0.3773 | 0.0198 | 0.0906 | 0.1731 | 0.6890 | 0.8642 | 51.9011
1 | 0.0769 | 0.0176 | 0.2093 | 0.3776 | 0.0198 | 0.1046 | 0.1941 | 0.6552 | 0.9430 | 89.6774
Table 5.4 Performance measures by varying ro
ro lo | Po P R D F A F Ls
4 | 0.2574 | 0.0101 | 0.1936 | 0.3492 | 0.0183 | 0.0645 | 0.1069 | 0.7821 | 0.6545 | 13.0987
5 | 0.2625 | 0.0099 | 0.1936 | 0.3492 | 0.0183 | 0.0645 | 0.1021 | 0.7868 | 0.6546 | 12.4864
6 | 0.2659 | 0.0098 | 0.1936 | 0.3491 | 0.0183 | 0.0644 | 0.0988 | 0.7899 | 0.6546 | 12.0961
7 | 0.2683 | 0.0097 | 0.1935 | 0.3491 | 0.0183 | 0.0644 | 0.0965 | 0.7922 | 0.6546 | 11.8256
8 | 0.2701 | 0.0097 | 0.1935 | 0.3491 | 0.0183 | 0.0644 | 0.0948 | 0.7938 | 0.6547 | 11.6272
Table 5.5 Performance measures by varying yo
Yo lo | Po P R D F A F Ls
2 | 0.2149 | 0.0116 | 0.1937 | 0.3495 | 0.0184 | 0.0807 | 0.1312 | 0.7430 | 0.6540 | 19.7494
4 | 0.2404 | 0.0107 | 0.1936 | 0.3493 | 0.0184 | 0.0564 | 0.1312 | 0.7665 | 0.6543 | 15.3936
6 | 0.2489 | 0.0104 | 0.1936 | 0.3493 | 0.0184 | 0.0483 | 0.1311 | 0.7743 | 0.6544 | 14.1911
8 | 0.2531 | 0.0103 | 0.1936 | 0.3492 | 0.0184 | 0.0443 | 0.1311 | 0.7782 | 0.6545 | 13.6296
10 | 0.2557 | 0.0102 | 0.1936 | 0.3492 | 0.0183 | 0.0419 | 0.1311 | 0.7806 | 0.6545 | 13.3046
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