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INTRODUCTION

World over competition is growing due to globalization, liberalization, privatization and automation. In order to meet this ever growing competition the most essential ingredient required in every sphere is quality.


Manufacturing industries, service organizations and educational institutions are expected to bring and maintain quality standards at the economically optimum level. The optimum level may be achieved by making the production or service defect free right at first time by the way of eliminating the amount of rework and scrap.


As the customers’ needs keep on changing, it is for the production firms to continuously improve their processes and product performances. Among the several technologies and methodologies available for bringing out the improvement in the quality of product the control charts play a vital role in examining the process over a period of time during production.


A control chart is a statistical tool used to distinguish between variation in a process resulting from common causes and variation resulting from special causes. It presents a graphic display of process stability or instability over time.


Control charts help to monitor process variation over time, differentiate the variation due to special causes and common causes, assess the effectiveness of changes to improve a process and communicate how a process performed during a specific period.


Control  charts are an essential tool to monitor and analyse how the process is performing and estimate process capability which are affected by changes in the process and to identify special or assignable causes for factors that impede peak performance. This information in turn be used to make quality improvements.


To deal with process variation, control charts are effective tools that are widely used for quality inspection. The main purpose of a control chart is to continually monitor a given process by illustrating its behaviour (Montgomery, 1985). A control chart can be also used to define the process capability before starting large production.

When a control chart is used to monitor a process, test parameters required for analysis the sample size, the sampling interval between successive samples and the control limits or critical region of the chart should be determined.


Attribute charts have been widely used to monitor discrete data and variable charts for continuous data. Control charts are widely used in many fields to monitor both manufacturing and non-manufacturing processes.


Traditional Shewhart control charts are very popular in statistical process control. Shewart-type control charts only use the current observation or sample to monitor the process. A major disadvantage of these charts is that they are relatively insensitive to small shifts in production processes. This is because Shewhart control chart only uses information regarding the process contained in the plotted point and ignores the information given by the entire sequence of points.


The Cumulative Sum (CUSUM) and Exponentially Weighted Moving Average (EWMA) control charts utilizes the information from current and previous observation are two very effective alternatives to the Shewhart control chart. These charts may be used when small shifts are of interest. The performance of the EWMA control chart is approximately equivalent to that of the Cumulative Sum Control Chart (CUSUM), but is easier to set up and operate. The EWMA is typically used in individual observations and also pointed out that when the process variation is equal to or less than one standard deviation.


The Exponentially Weighted Moving Average (EWMA) chart was first introduced by Roberts (1959) and has been shown to be effective for detecting small shifts in the process target value Roberts (1966).


EWMA charts are helpful to analyse trends and cyclic behaviour that occurs in the production process through the mean of a process. EWMA is an optimal one-step-ahead predictor in studying the behaviour of process under study. This motivated the researcher to pursue the study on EWMA chart.

PROFILE OF THE PRESENT WORK

This thesis content in the review of research articles

(i)
EWMA control chart for the mean with independent observation and ARL function by Roberts (1959)

(ii)
Modified EWMA chart of Zhang (1998) 

and  (iii)  EWMA chart and measurement error of Maravelakis, Panaretos and Psarakis (2004).
REVIEW OF LITERATURE

​


This part presents the relevant literature relating to EWMA control chart. Shewhar control charts are proposed by Walter. A Shewhart in the year (1931) to monitor production processes using the statistics like mean, standard deviation, range, proportion of defectives, number of defects. These charts are effective only in deducting shifts that occur in a long run process.


To detect shifts quickly Roberts (1959) introduced the control chart based on the Exponentially Weighted Moving Average  (EWMA) statistic. Using simulation results, Roberts (1959) derived nomograms for the ARL of normally distributed variables. Robinson and Ho (1978) evaluated the ARL of the EWMA control chart using Edgeworth expansion.

Under different parameters of a particular specification, the Markov chain approach of Brook and Evans (1972) is used to calculate the Average Run Length (ARL) of the negative binomial EWMA control chart, and to build EWMA control schemes to detect minor process variations and improve the quality of the production process.


Crowder and Hamilton (1992) introduced the EWMA chart for monitoring process standard deviation. Gan (1998) initiated the designing of one and two sided EWMA charts.


Hunter (1986) studied EWMA charts and observed that plotting of the EWMA is as easy as plotting the successive observations. Crowder (1987a) showed that the ARL of the EWMA chart can be written as Fredholm integral of the second kind.


Champ and Woodall (1987) shown exact results for run rules. Champ and Ridgon (1991) evaluated the run length distribution based on Markov chain and integral equation approaches.


Crowder (1987b) presented the computation of ARL for individual measurements and moving range charts.


Gardiner and Montgomery (1987) presented the method of software quality using control charts. Ng and Case (1989) studied the development and evaluation of EWMA control charts. Designing method of EWMA schemes were illustrated by Crowder (1989).


Lucas and Saccucci (1990) used a Markov-chain approach to evaluate the ARL of the EWMA control chart described three enhancements of the EWMA chart with reference to that of Lucas and Crosier (1982) and it was shown that the properties of the EWMA chart are very close to that of CUSUM schemes. Montgomery and Runger (1994) indicated the method of finding the gauge capability. 


Macgregor and Harris (1990) discussed the EWMA schemes and their properties. Domangue and Patch (1991) stated the two ways of computing the measures of performance namely the integral equation method and the Markov chain method.


Mac Gregor and Harris (1993) constructed Exponentially Weighted Moving Variance (EWMV) chart. Montgomery et al. (1994) indicated the integration of statistical process control and engineering process control. Reynolds (1996) presented the EWMA charts with variable and fixed sampling interval.


Lin and Adams (1996) applied control charts to monitor schemes with forecast. Scranton et al. (1996) showed the detection of shift in using Exponentially Weighted Moving Average (EWMA) chart and principal components.

Schmid (1997) shown that the properties of the EWMA chart are very close to those of CUSUM schemes and indicated that utilizing the exact variance for the control limit does not always lead to better ARL behaviour. In order to implement the EWMA chart the two parameter and width of the control limits have to be chosen. Further presented combinations for the parameters that yield an in‑control ARL for various values of (. For other in-control ARLs, combinations of control limits and smoothing parameter can be determined by fixing two points on the ARL curve of the control chart.  

In Schmid and Schone (1997) some theoretical results on the EWMA control chart in the presence of auto correlation are presented. VanBrackle and Reynolds (1997) presented the ARL curve of the modified EWMA chart for ARMA(1, 1) data. ARL of the modified EWMA chart in case of AR(1) observations are presented. 

Mittag and Stemann (1998) examined the effect of measurement error on the joined control chart for mean and standard deviation assuming a linear model with the random error. In Zhang (1998) was shown that if the sequence is stationary, then the value of the EWMA statistic is asymptotically stationary.

Steiner (1998, 1999) showed the construction of EWMA charts respectively with grouped data and time varying control limits. Borrer et al. (1999) studied the robustness of EWMA chart to non-normality. Lu and Reynolds (1999) explained the method of monitoring auto correlated processes with EWMA chart.


Linna and Woodall (2001) extended the preceeding model by assuming one with covariates and they investigated the effect of this model on the mean and variance control charts. Henderson (2001) evaluated the feedback adjustment in industries with EWMA chart.


Linna et al. (2001) examined the effect of the model with covariate in the case of multivariate Shewhart chart for the mean. It also deals with the performance of the EWMA control chart for the mean under the effect of measurement error, by assuming a model with co-variates. A technique suggested by Linna and Woodall (2001) in order to decrease the measurement error effect is to take several measurements and average them to get a more precise measurement.


Reynolds and Stounbos (2006) compared Exponentially Weighted Moving Average and Exponentially Weighted Moving Variance charts. Reynolds and Cho (2006) showed the monitoring of mean vector and variance matrix.
CHAPTER  I

BASIC CONCEPTS


This chapter presents the terms and definitions that are essential to develop the EWMA charts to monitor the production process in attaining the quality.

Quality

The term quality refers to the item which conforms to the standards specified. Quality means customer’s satisfaction, fitness for use and conformance to standards. Quality depends on materials, manpower, methods, machines and management.

Defect

The defect is defined as the nonconformity of any given specification in any given item under study.

Defective

A unit which does not conform to one or more of the given specifications is called a defective unit. A defective unit may contain one or more defects.

Causes

The variation in the manufactured product is due to two causes – chance causes and assignable causes.
Variation due to Chance Causes

The variation of deviation in the quality of the products which are due to minor causes (chance causes) that behave in a random manner are called chance variations. This variation is beyond the control of human hand and cannot be detected and prevented and inevitable in any production process. It is also known as stable pattern of variation.

Variation due to Assignable Causes

The variations in the quality due to specific factors such as change in raw material, improper machine setting, new production process, new operation methods, faculty equipment, unskilled or inexperienced technical staff are called assignable variations. These variations can be identified and eliminated. The importance of quality control lies in detecting and preventing these assignable variations in any production process.

Process Control

The control of the quality of the goods produced while they are in the process of production is called process control. It ensures that men, machines, methods, measurements responsible for quality is in satisfactory mode.

Statistical Process Control (SPC)

Statistical process control is the application of statistical techniques to determine if a process is yielding an adequate degree of control in the presence of various causes of variation. SPC is an efficient diagnostic technique to

· identify instability in the process

· provide accurate and timely feedback of quality

Thus it will continuously improve the process by eliminating the causes of variation.

Benefits of Statistical Process Control

Statistical process control is inevitable in monitoring any process due to the following advantages

· gives quantitive feedback

· allows effective analysis

· provides better control of process

· determine how well processes are under control

· improves performance

· gives an orderly approach

· saves time

· reduces cost

Control Charts



Control chart is a statistical device used to control deviations in any repetitive manufacturing process. It is a graphical representation used to detect any unusual variation occurring in the production process. W.A.Shewhart developed the control chart first.

Types of Control Chart


There are two main categories of control charts those that display attribute data and those that display variables data.

· Attribute Data
This category of control chart displays data that result from counting the number of occurrences or items in a single category of similar items or occurrences. These “count” data may be expressed as pass / fail, yes / no, or presence / absence.

Various types of attribute control charts are

p-chart for proportion of defectives.

np-chart for number of defectives.

c-chart for number of defects.

u-chart for proportion of defects.

g-chart and h-chart for interarrival time

· Variable Data

This category of control chart displays values resulting from the measurement of a continuous variable. Examples of variables data are such as diameter, length, pressure capacity, elapsed time, temperature and radiation dose. 

Variable control charts are

X bar chart for the mean.

R chart for variation.

S chart for variation.

Chart for individual observations and moving range chart. 

Form of Control Chart

The control chart consists of a Control Line (CL) which indicates the  desired standard, Upper Control Limit (UCL) which indicates the upper limit for the tolerance of desired standard and Lower Control Limit (LCL) which indicates the lower limit of the tolerance of desired standard of the process.

Elements of a Control Chart

A control chart is made up of eight elements only.

Title

The title briefly describes the information which is displayed.

Legend


This is information on how and when the data were collected.

Data Collection 

The counts or measurements are recorded in the data collection of the control chart prior to being graphed.

Plotted Areas

A control chart has two areas an upper graph and a lower graph where the data is plotted.

(a)
The upper graph plots either the individual values, in the case of an individual X and moving range chart, or the average (mean value) of the sample or subgroup in the case of an X-bar and R chart.

(b)
The lower graph plots the moving range for individual X and moving range charts, or the range of values found in the subgroups for X-bar and R charts.

Vertical or Y-Axis
This axis reflects the magnitude of the data collected. The Y-axis shows the scale of the measurement for variables data, or the count (frequency) or percentage of occurrence of an even for attribute data.

Horizontal or X-Axis

This axis displays the chronological order in which the data were collected – sample points in the order of occurrence.

Control Limits

Control limits are set at a distance of 3 sigma above and 3 sigma below the centerline. They indicate variable from the centerline and are calculated by using the actual values plotted on the control chart graphs.

Centerline

This line is drawn at the average or mean value of all the plotted data. The upper and lower graphs each have a separate centerline.
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Form of Control Chart

CHAPTER  II 

EWMA AND MODIFIED EWMA CHARTS 

This chapter presents the method of deriving control limits for Exponentially Weighted Moving Average control chart for the mean with independently and identically distributed observations and modified EWMA control charts for correlated observations – AR(1) data in sections one and two respectively. An application is presented to show the details of construction and deriving inference from EWMA chart.

In section three, the ARL behaviour of these two types of EWMA control charts are presented to study the influence of correlated data.

EWMA chart and modified EWMA chart are applied to investigate and distinguish the short term variation from the long term variation in the production processes.

SECTION  1

EWMA CONTROL CHART FOR i.i.d. OBSERVATIONS


This section gives the method of obtaining control limits of EWMA chart when the observations are independently and identically distributed. The numerical application is also given in order to outline the procedure of construction of the EWMA chart and drawing inference about the behaviour of the process from the observations behaviour.

Theoretical Basis of Construction of EWMA Chart

The sequence of independent observations of a quality characteristic is denoted by {Xt}, where


Xt ( N ((t, 
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where the index t of (t indicates that the mean of the observations may shift over time.

Assumptions
· Xt, an observation at time t with t ( z, are independently and identically distributed.

· WX, 0 is set equal to a target value.

· Value of WX, t depends on WX, t–1.

· The parameter ( is a constant satisfying ( ( (0, 1).

The value of the EWMA statistic at time t denoted by WX, t is given by


WX, t
=
( Xt + (1 – () WX, t–1




      (2.1.1)  


If WX, t is interpreted as an one-step-ahead predictor of Xt+1, the expression (2.1.1) becomes
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This formula shows that the predictor for Xt+1 equals the predictor for Xt corrected with a fraction of the error made in the forecast of Xt.


Equation (2.1.1) can also be rewritten as


WX, t
=
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      (2.1.2)

Expression (2.1.2) reveals that the EWMA is a geometric moving average since the weights of past observations are declining as in a geometric series. The use of the term average can be justified by observing that for any ‘t’ the weights sum to one, since
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      (2.1.3)


The choice of ( determines the decline of the weights, and thereby the effect of past observations in the computation of WX,t. However, for all possible choices of (, more recent observations always receive more weightage in the computation of WX, t than the older observations.


If ( ( 1 then WX, t​ ( Xt and the EWMA statistic places all of its weight on the most recent observation.  At this occasion the EWMA control chart behaves as the Shewhart control chart.


If ( ( 0, then the most recent observation receives a smaller weight, whereas the weight attached to previous observations only slightly declines with the age of the observations. The EWMA has the appearance of the CUSUM.


Equation (2.1.2) signifies that

WX,0 
= 
(

WX t
=
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Var(WX,t )
=
(2 
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Variance of WX(t), denoted by 
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The Lower Control Limit (LCL) at time t is constructed as 


LCLt
=
( ( c(X 
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The Upper Control Limit (UCL) at time t is computed as


UCLt
=
( + c(X 
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The EWMA chart generates an out-of-control signal at time ‘t’ if the realization of WX, t at time ‘t’ (which is denoted by Wt) is larger than UCLt​ or smaller than LCL​t. In equations (2.1.6) and (2.1.7) the constant c is unknown and needs to be chosen by the designer of the control chart.


From equation (2.1.5) one can see that 
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UCL
=
( + c(X 
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In practice, the parameters ( and (X will be unknown. Therefore, ( and (X  are to be replaced by their estimators.

Application

A machine is used to fill cans with motor oil additive. A single sample can is selected every hour and the weight of the can is obtained. Since the filling process is automated, it has very stable variability, and long experience indicates that ( = 1. The individual observations for 30 hours of operation are shown in Table 2.1.1.


Assuming that target value of the process is the mean WX, 0 = (0 = 10 with ( = 0.10 and c = 2.7.


Consider the first observation, x1 = 9.45. The first value of the EWMA statistic is


WX, 1
=
( x1 + (1 – () WX, 0


=
(0.1) (9.45) + (0.9) (10)



=
9.945.


Therefore, WX, 1 = 9.945 is the first value plotted on the control chart. The second value of the EWMA statistic is


WX, 2
=
( x2 + (1 – () WX, 1


=
(0.1) (7.99) + (0.9) (9.945)



=
9.7495.

Table 2.1.1  EWMA STATISTIC VALUES

	Subgroup, i
	Sample xi observation
	EWMA, WX, i

	1
	9.45
	9.945

	2
	7.99
	9.7495

	3
	9.29
	9.70355

	4
	11.66
	9.8992

	5
	12.16
	10.1253

	6
	10.18
	10.1307

	7
	8.04
	9.92167

	8
	11.46
	10.0755

	9
	9.2
	9.98796

	10
	10.34
	10.0232

	11
	9.03
	9.92384

	12
	11.47
	10.0785

	13
	10.51
	10.1216

	14
	9.4
	10.0495 

	15
	10.08
	10.0525

	16
	9.37
	9.98426

	17
	10.62
	10.0478

	18
	10.31
	10.074

	19
	8.52
	9.91864

	20
	10.84
	10.0108

	21
	10.9
	10.0997

	22
	9.33
	10.0227

	23
	12.29
	10.2495

	24
	11.5
	10.3745

	25
	10.6
	10.3971

	26
	11.08
	10.4654

	27
	10.38
	10.4568

	28
	11.62
	10.5731

	29
	11.31
	10.6468*

	30
	10.52
	10.6341*



In a similar manner the other values of the EWMA statistic are computed.


The control limits are found using equations (2.1.6) and (2.1.7).

For period t = 1,


UCLt
=
( + C(X 
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=
10.27


LCLt
=
( ( C(X 
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=
9.73.

For period 2, the limits are


UCLt
=
( + C(X 
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FIG. 2.1.1  EWMA CHART FOR i.i.d OBSERVATIONS

From the fig. 2.1.1 the control limits increase in width as i increase from i = 1, 2 ( until they stabilize at the steady-state values given by equations (1.1.8) and (1.1.9)
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The EWMA control chart in figure signals out of control or shift at observation 28, so one could conclude that the process is out of control.

SECTION  2 

THE MODIFIED EWMA CHART

This section gives the construction of modified EWMA chart when the observations are correlated and has AR(1) form. The effect of serial correlation on the EWMA chart, the limits will be adjusted so that the in-control ARL of the EWMA chart for dependent observations equals a predefined in-control ARL of the EWMA chart for independent observations. The resulting control chart is called the modified EWMA chart.

Theoretical Basis of Modified EWMA Chart

The statistic that will be plotted in the control chart at time t is an EWMA of the correlated data, and is denoted by Wy, t. Successive realizations of {Wy, t} are generated by


Wy, t    =
(yt + (1 – () Wy, t(1
where the sequence {yt} consists of AR(1) observations


yt ( (t
=
((yt(1 ( (t(1) + (t for t ( z,


where {(t} is a sequence of i.i.d disturbances, (t ( N(0, 
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For determining the control limits for the EWMA chart for AR(1) data, one needs to derive the variance of Wy, t.

Var(Wy, t)
=
Var
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The variance of Wy, t is not constant over time. However,


Var(Wy, t)
(
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 for large t.


Control limits for monitoring the sequence {Wy, t}, are of the form


LCLt
=
( ( c(Wy,t

UCLt
=
( + c(Wy,t
where  either the exact standard deviation of {Wy,t} can be used, which will result in control limits that vary over time, or the asymptotic standard deviation, which results in constant control limits.


Let 
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[image: image76.wmf]y

W

L

((, u, v)
=
1 +
[image: image77.wmf]ò

s

£

m

-

l

-

+

l

l

+

l

-

d

}

W

C

 

 

|

 

u

 

)

1

(

y

 

{|

W

y

y

)

y

 

,

y

u

 

)

1

(

 

,

(

L

 









x  f(y((v – (1 – () (( + ((y))dy




=
1 + 
[image: image78.wmf]l

1

 
[image: image79.wmf]ò

s

+

m

s

-

m

÷

ø

ö

ç

è

æ

l

l

-

-

d

y

W

y

W

y

C

C

W

u

)

1

(

w

 

 w,

,

L

  

 





x  f
[image: image80.wmf]dw

 

)

(

 

)

1

(

v

u

)

1

(

w

y

÷

ø

ö

ç

è

æ

ds

+

m

f

-

-

f

-

l

l

-

-


where w = (1 – () u + (y,

and f(.) is the probability density function of the disturbances. If the first observation is taken at the time of the shift, the corresponding ARL function is 
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where,

u( is the last observed value of the EWMA statistics before the shift in the mean occurred.

v( is the corresponding AR(1) observation.

w( is the value of the EWMA statistic at the time of the shift.


The corresponding AR(1) observation is denoted by y( and equals


y(
=
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The dependence of 
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where,

k(.) is the probability density function of the last

AR(1) observation just before the occurrence of the shift and

g(.) is the truncated probability density function of the last observation of the EWMA just before the shift.

SECTION 3  

ARL COMPARISON

The optimal combination for ( and c are determined interms of the minimum consumers risk. ARL values of EWMA chart and modified EWMA chart are presented to study the influence of correlation on the observed data.


The ARL of EWMA chart depends on the smoothing parameter, ( and the width of the control limits, c. These two parameters are determined according to fixation of two points namely incontrol ARL (minimum ARL) and producers risk, out of control ARL (maximum ARL) and consumers risk on the ARL curve.


Figures 2.3.1 and 2.3.2, present the ARL values corresponding to various ( values.


These figures show that the ARL behaviour is bettern for negative ( and worse for positive (.
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Fig. 2.3.1 ARL CURVES FOR NEGATIVE (
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Fig. 2.3.2 ARL CURVES FOR POSTIVE (
CHAPTER  III
EWMA CHART IN THE PRESENCE OF MEASUREMENT ERROR


This chapter deals with the construction and the study of performance of the Exponentially Weighted Moving Average (EWMA) control chart for the mean under the effect of measurement error, multiple measurements and linearly increasing variance. The EWMA chart for the mean and a model with covariates is also given.


The EWMA charts have been implemented in the context of measurement error. Measurement error is A distortion factor in real applications that influence the outcome of a process. This problem is the result of the inability to measure accurately the variable of interest. The use of imprecise measurement devices affects the ability of the control chart to detect an out-of-control situations. The models involving linear covariates, multiple measurements and linearly increasing variance are examined. The derivation of the run length distribution and its first moment are given to compare the models.

EWMA CHART USING COVARIATES


This part gives the construction of EWMA chart for a model with covariates.

ASSUMPTIONS
· Characteristic X under investigation ( N((, (2)

· Y = A + BX + (
· A and B are constants and

· (, the random error component, ( N(0, 
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· (, the smoothing parameter lies between 0 and 1

· All the model parameters are known

From the relationship relating to Y and X, one can prove that Y is normally distributed with mean A + B( and variance B2 (2 + 
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          E(Y)
=
E(A + BX + ()


=
E(A) + B E(X) + E(()

           
=
A + B( 


      Var (Y)
=
Var(A + BX + ()


=
B2 Var(X) + Var(()


=
B2 (2 + 
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Assume that at each sampling point, n values of Y are collected. EWMA statistic Zt is computed using the formula.

Zt   =   ( 
[image: image93.wmf]i

Y

 + (1 – () Zt(1 with Z0​  =  A + B(
where
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 is the mean of the observations collected at time 


   i = 1, 2, (
              ( is the smoothing parameter. 

The control limits are 


UCL
=
A + B( + L 
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LCL
=
A + B( ( L 
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where L is a constant used to specify the width of the control limits and centerline which is given by the quantity
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In other words, L is the distance between the mean and standard deviation of Zt respectively when the process is in control. The EWMA chart is used rarely with the control limits specified in (3.1) and (3.2).


In practical applications, the EWMA chart is applied with the following control limits


UCL
=
A + B( + L 
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LCL
=
A + B( ( L 
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In this case,
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is the asymptotic standard deviation of Zt. 

EWMA CHART FOR MULTIPLE MEASUREMENTS


This part gives the derivation of the control limits and centre line of EWMA chart for the mean under the effect of measurement errot.
ASSUMPTIONS
· EWMA statistic Qt = ( 
[image: image101.wmf]i

Y

 + (1 – () Qt(1 is computed using this formula with Q0 = A + B(.

· At each sampling point, k measurements for each of n observations of Y are made.

· 
[image: image102.wmf]i

Y

 is the mean of the observations collected at time i = 1, 2, ( 

· ( is a smoothing parameter that takes values between 0 and 1.

· k measurements made for collected at the same sampling unit are independent.


The  mean  of  EWMA  statistic  Qt  is  A + B( and its variance is 
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Therefore, the control limits are


​UCLQ
=
A + B( + L 
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LCLQ
=
A + B( ( L 
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where L is a constant used to specify the width of the control limits from centre line which is computed as 
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 when the process is in control. 


Under the limiting condition the EWMA chart has the following upper and lower control limits 


UCLQ
=
A + B( + L 
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LCLQ
=
A + B( ( L 
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EWMA CHART FOR LINEARLY INCREASING VARIANCE


This part deals with the construction of EWMA chart under the model with linearly increasing variance.
ASSUMPTIONS
· The variance changes linearly with variable X

· Y = A + BX + (, 

· A and B are constants

· the error component ( is distributed as a normal with mean 0 and variance C + D(.


From the relation between Y and X one can prove that Y is normally distributed with mean A + B( and variance B2 (2 + C + D( since

           E(Y)
=
E(A + BX + ()



=
E(A) + B E(X) + E(()

           
=
A + B( 


      and       Var (Y)
=
Var(A + BX + ()



=
B2 Var(X) + Var(()



=
B2 (2 + C+ D(.

The control limits of the EWMA chart under the linearly increasing variance are


UCLV
=
A + B( + L 
[image: image110.wmf]÷

÷

ø

ö

ç

ç

è

æ

m

+

+

s

l

-

-

÷

ø

ö

ç

è

æ

l

-

l

n

D

C

 

B

 

]

)

1

(

[1

 

2

2

2

i

2


         (3.9)

LCLV
=
A + B( ( L 
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 Instead of the control limits (3.9) and (3.10), one can adopt the following control limits with their limiting values.


UCLV
=
A + B( + L 
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LCLV
=
A + B( ( L 
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AVERAGE RUN LENGTH

Two objectives of using EWMA control chart are

(i)
Chart has to signal the false operation (shift in the process).

(ii)
Chart has to signal as soon as the change occurs.


Measures for evaluating the performance of a chart concerning the previous two objectives are the average run length (ARL), which is based on the run length (RL) distribution. The number of observations (individual data), or samples (data in subgroups), needed for a control chart to signal is a run length or alternatively one observation of the RL distribution. The mean of the RL distribution is the ARL, which is actually the average number of observations needed for a control chart to signal. Alternatively, the ARL is expressed as the Average Number of Observations to Signal (ANOS). A measure similar to the ARL is the Average Time to Signal (ATS), which is the average time needed for a control chart to signal and it is actually a product of the ARL and the sampling interval used in the case of fixed sampling.

DERIVATION OF ARL FUNCTION

In order to compute the probability density function, the cumulative distribution function and the first moment of the run length distribution of the EWMA chart for the mean we may approximate it as a discrete Marko chain by dividing the distance between the control limits in 2m + 1 states, each of which has width 2( the statistic Zt remains in state j as long as (j ( ( < Zt < (j + ( where ( m ( j ( m and (j is the midpoint in the jth interval. In the absorbing state, Zt crosses the control limit. In the transient state, the process is in control.


The transition probability matrix for the EWMA chart for the mean is computed as


P
=
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where R - is the a sub-matrix containing the transient states,

           ( - is a t x t identity matrix and


1 - is a t x 1 vector of unities


The jkth element of the sub-matrix R is given by Pjk = P[Sj ( ( < ( yi + (1 – () Sj ( Sj + (]. In the case of the normal distribution with the assumed model with covariates the probabilities are given by


Pjk   
=
( 
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In case of multiple measurements the probabilities are


Pjk   
=
( 
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and in the case of linearly increasing variance the probabilities are


Pjk   
=
( 
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Let ( denote the run length of the EWMA then P(( ( t) = (1 – Rt)1 and therefore P(( = t) = Rt(1 – Rt)1 for t ( 1. The ARL can be computed using the formula E(() = 
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ARL values are computed numerically and presented in Tales 3.1 to 3.7 for various model.
TABLE 3.1 ARL for the Covariate model for B = 1
	Shift
	No Error
	Values of 
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 / (2

	
	
	0.1
	0.2
	0.3
	0.5
	1

	0
	370.22
	370.27
	370.27
	370.27
	370.27
	370.26

	0.5
	41.13
	45.22
	49.26
	53.23
	60.96
	79.06

	1
	10.25
	11.21
	12.18
	13.16
	15.15
	20.26

	1.5
	5.18
	5.57
	5.96
	6.36
	7.16
	9.20

	2
	3.46
	3.69
	3.91
	4.13
	4.57
	5.67

	2.5
	2.65
	2.80
	2.94
	3.09
	3.37
	4.08

	3
	2.19
	2.29
	2.40
	2.50
	2.71
	3.22



Table 3.1, gives the ARL values of the covariate model for different values of the ratio of 
[image: image123.wmf]2
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 / (2 for B = 1. The in control ARL value is the same for all combinations in order to achieve a fair comparison. From the table one can see that there is an increasing effect on the out of control ARL as the ratio of 
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 / (2 increases.


The ARL results of the covariate model for different values of B are given in Table 3.2. The results are displayed with the same parameters as in Table 3.1 when 
[image: image125.wmf]2
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 / (2 = 1. It is seen that as the value of B increases, the effect on the ARL diminishes. Furthermore, in both Tables 3.1 and 3.2 the effect of the measurement error on the ARL values reduce as the shift increases and A does not affect the ARL performance.

TABLE 3.2 ARL for the Covariate model for 
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 / (2 = 1
	Shift
	No Error
	Values of B

	
	
	1
	2
	3
	5

	0
	370.22
	370.27
	370.27
	370.27
	370.27

	0.5
	41.13
	79.06
	51.25
	45.67
	42.78

	1
	10.25
	20.26
	12.67
	11.31
	10.63

	1.5
	5.18
	9.20
	6.16
	5.61
	5.33

	2
	3.46
	5.67
	4.02
	3.71
	3.55

	2.5
	2.65
	4.08
	3.01
	2.81
	2.71

	3
	2.19
	3.22
	2.45
	2.31
	2.23



Numerical values in Table 3.3, reveals that the ARL results for the covariate model with multiple measurements for different values 
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 / (2  when k = 5 and B = 1. 

TABLE  3.3 ARL for the Multiple Measurements k = 5, B = 1 
	Shift
	No Error
	Values of 
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	0.1
	0.2
	0.3
	0.5
	1

	0
	370.22
	370.26
	370.26
	370.27
	370.27
	370.27

	0.5
	41.13
	41.96
	42.78
	43.59
	45.22
	49.26

	1
	10.25
	10.44
	10.63
	10.82
	11.21
	12.18

	1.5
	5.18
	5.25
	5.33
	5.41
	5.57
	5.96

	2
	3.46
	3.51
	3.55
	3.60
	3.69
	3.91

	2.5
	2.65
	2.68
	2.71
	2.74
	2.80
	2.94

	3
	2.19
	2.21
	2.23
	2.25
	2.29
	2.40



It is obvious that ARL decreases with increase in shift irrespective of values of 
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 / (2. If the practitioner has the ability to take five measurements in each unit then for values of 
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 / (2 less than 0.3 we may see that the process operates actually without measurement error. For values of 
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 / (2 larger than 0.3 the effect is reduced in comparison to the k = 1 case, which corresponds to the results in Table 3.1, even for 
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Table 3.4 presents the results in the case of multiple measurements for different values of B. Also, the increase in B diminishes ARL. This result is in accordance with the results in Table 3.2.

TABLE 3.4 ARL for the Multiple Measurements k = 5,  
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	Shift
	No Error
	Values of B

	
	
	1
	2
	3
	5

	0
	370.22
	370.27
	370.26
	370.28
	370.27

	0.5
	41.13
	49.26
	43.18
	42.05
	41.46

	1
	10.25
	12.18
	10.73
	10.46
	10.33

	1.5
	5.18
	5.96
	5.37
	5.26
	5.21

	2
	3.46
	3.91
	3.57
	3.51
	3.48

	2.5
	2.65
	2.94
	2.72
	2.68
	2.66

	3
	2.19
	2.40
	2.24
	2.21
	2.20



ARL values corresponding to multiple measurements for different k values are presented in Table 3.5. Increase in k results in the reduction of the measurement error.

TABLE 3.5 ARL for the Multiple Measurements

	Shift
	No Error
	Values of k

	
	
	5
	10
	20
	50

	0
	370.22
	370.27
	370.27
	370.26
	370.26

	0.5
	41.13
	49.26
	45.22
	43.18
	41.96

	1
	10.25
	12.18
	11.21
	10.73
	10.44

	1.5
	5.18
	5.96
	5.57
	5.37
	5.25

	2
	3.46
	3.91
	3.69
	3.57
	3.51

	2.5
	2.65
	2.94
	2.80
	2.72
	2.68

	3
	2.19
	2.40
	2.29
	2.24
	2.21


TABLE  3.6 ARL for Linearly Increasing Variance

	Shift
	No Error
	Values of D

	
	
	1
	2
	3
	5

	0
	370.22
	370.27
	370.28
	370.27
	370.28

	0.5
	41.13
	231.40
	282.70
	306.34
	328.76

	1
	10.25
	102.95
	161.16
	198.80
	244.30

	1.5
	5.18
	50.14
	90.14
	122.03
	168.52

	2
	3.46
	28.10
	53.72
	76.89
	115.28

	2.5
	2.65
	17.79
	34.49
	50.85
	80.43

	3
	2.19
	12.39
	23.73
	35.38
	57.77



The result relating to ARL values in the case of linearly increasing variance are given in Tables 3.6 and 3.7. In the ARL values when B = 1, C = 0 and 
[image: image134.wmf]2
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 / (2 = 1 for different values of D shows that even for small values of D there is a more serious effect than in the no error case. Additionally, as the value of D increases, this effect is getting larger.

TABLE  3.7 ARL for Linearly Increasing Variance

	Shift
	No Error
	Values of C

	
	
	1
	2
	3
	5

	0
	370.22
	370.27
	370.29
	370.27
	370.27

	0.5
	41.13
	231.40
	239.08
	245.96
	252.14

	1
	10.25
	102.95
	110.13
	116.95
	123.44

	1.5
	5.18
	50.14
	54.53
	58.84
	63.06

	2
	3.46
	28.10
	30.72
	33.34
	35.95

	2.5
	2.65
	17.79
	19.43
	21.09
	22.75

	3
	2.19
	12.39
	13.49
	14.59
	15.71



Table 3.7 presents the ARL results when B = 1, D = 1 and 
[image: image135.wmf]2

m
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 / (2 = 1 for different values of C. Analogously from Table 3.6, one can observe increasing values of C cause an increasing effect of measurement error on the ARL. However, this effect is not of the same magnitude as that of effect of D. This result is also expected since D is multiplied by the mean (, increases faster than the error variance as D increases whereas C is just added to this variance. In all the computation values of the constants are ( = 0.25 and L = 2.898. In order to detect small shifts fast the ( value usually used is 0.1 or less.

However such small values are not able to detect small to moderate shifts and this is the reason for the ( value chosen. It is to be pointed out that in all the cases the control limits used are the ones with the limiting values.

CONCLUSIONS

In the presence of measurement error, assuming a model with covariates is recommended. Multiple measurements is also proved to be a solution to this problem.


Linearly increasing variance is also discussed and proved that it affects the performance of the chart to a larger extent.


Measurement error affects the ARL performance of the chart. A properly designed economic study is the solution for this specific problem.


In today’s industry error in measurements may not arise as the measurements are usually done in an automated way.
SUMMARY AND CONCLUSION

In this dissertation, exponentially weighted moving average control charts are analysed.


In chapter I basic concepts and important definitions are included.


In chapter II the theoretical background of exponentially weighted control charts for i.i.d observations and modified EWMA charts are given. Their applications are also explained in detail.


In chapter III the EWMA chart to accommodate measurement error, multiple measurement and linearly increasing variance are constructed and evaluated through ARL values.

Recommendations for further study
(i)
To identify the underlying distribution in order to study the suitability of control chart a histogram may be constructed.

(ii)
Exponentially weighted moving average control chart may be studied through computer simulation analysis.

(iii)
Markov chain method may be tried to device the control limits.
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