Chapter 5
Some 8P¢-Continuous Functions in Topological Spaces

5.1 Introduction

Functions are imp ortant tools for studying properties of spaces and for constructing
new spaces from existing spaces. The classical concept of continuity is that of metric
continuity. This led to the notion of topological continuity. General topologists have
introduced and investigated many different generalizations of continuous functions. In the

year 1970, Norman Levine initiated the idea of continuous functions.

In this chapter, various types of continuities using &§Ps-open sets namely &P;s-
continuity, quasi 8Pg-continuity, perfectly &Ps-continuity, totally &§Pg-continuity, strongly

& Ps-continuity and contra 6 Pg-continuity are defined and their properties are discussed.

5.2 6Ps-Continuous Functions

In this section & Pg-continuous functions in topological spaces are introduced and
some interesting properties are obtained.
Definition 5.2.1.A function f: (X,7) = (Y, o) is called § Pg-continuous at a point x € X if
each open set V of Y containing f (x), there exists a § Ps-open set U of X containing x such
that f(U) € V. If f is § Ps-continuous at every point of X, then it is called § Pg-continuous.
Proposition 5.2.2. Every complete continuous function is & Ps-continuous.
Proof. Let f: (X,t) — (Y, 0) be a complete continuous function. Let x € X and V be an open
set containing f(x). Then f~1(V) is regular open in X, since f is complete continuous.
Choosing U = f~1(V) will give f(U) €V and x € f(U).
Moreover f~1(V) is §Ps-open from Proposition 2.2.15.
Hence f is 6Ps-continuous at x. Since x is arbitrary, f is a § Ps-continuous function.
Proposition 5.2.3. Every super continuous function is 6Ps-continuous function.
Proof. As in the proposition 5.2.2, f~1(V) is §-open, since f is super continuous. Hence from
Proposition 2.2.14, f~1(V) is § Pg-open which implies f is § Pg-continuous.
Proposition 5.2.4. Every Ps-continuous function is 6Ps-continuous function.
Proof. As in the proposition 5.2.2, f~1(V) is Ps-open, since f is Pg-continuous. Hence from
Proposition 2.2.13, f ~1(V) is 8Ps-open which implies f is § Ps-continuous.
Proposition 5.2.5. Every 6§ Ps-continuous function is 8-precontinuous function.
Proof. The proof follows as in the proposition 5.2.2, f~1(V) is §Ps-open, since f is §Ps-

continuous. Hence from Definition 1.3.2(g), f is 8-precontinuous.
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Note 5.2.6. From the above results and we from Lemma 1.3.25 we obtain the following

implication diagram.
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Figure 5.1

Theorem 5.2.7. For a function f: (X, 7) — (Y, o), the following statements are equivalent:
a) f is § Pg-continuous.
b) f~1(V) is a §Ps-open set in X, for each openset VinY.
¢) f~1(F) is a § Pg-closed set in X, for each closed set F in'Y.
d) f(8PsCL(A)) < CL(f(A)), foreach A € X.
e) 8PCL(f~1(B)) € f~1(CI(B)), foreachB C Y.
f) f~Y(B) € §PsInt(f~1(B)) foreachB C Y.
g) Int(f(A)) € f(6PsInt(A)), foreach A c X.

Proof. (a) = (b) Let f: (X, 1) = (Y, 0) be 6Ps-continuous function.
To Prove. f~1(V) is 8Psopen in X for every open set Vin'Y
Let VbeopeninY. Letx € f~1(V). Then f(x) € V
By Definition 5.2.1, there exists a §Ps-open set U of X containing x such that f(U) €V =
xeUcf1w.
By Definition 2.5.7 x is an 8§ P Int point of f~1(V). Since x is arbitrary, f~1(V) is a 8Ps-
open.
(b) = (c) Let F be any closed set of Y, then Y'\F is an open set of Y. By (b), we have
fY(Y\F) = X\f~1(F) is a §Ps-open set in X. Hence f~1(F) is a § Ps-closed set in X.

A New Class of Open Sets using 3-Preopen Sets 99



(c) > (d) Consider A € X. Then f(A) € Y. Then CIf(A) = F say, is closed in Y. Then by
(c), f~L(F) is 8Ps-closed in X.
& SPsCU(f~H(F) = f~1(F)
Now, A € 8PsCI(A) C 8PCIf(F)
Then by (c), f~(8PsCIA) < CI(f(A)).
f(8PsCl(A) < f(6Ps CL(fTH(F))
(Since, f(A) € CI(f(A) =F&Ac fY(F)
From (1) & (2),

v

1)

)

v

f(8Ps CL(A) < f(fF~H(F)) € F = CI(f(A))
(d)= (e)LetBS Yand f1(B) = A= B = f(4)
Then by (d) f(6PsCI(f~1(B)) = f(§PsCIA) < CIf(A) = CL(B)
= CIf(f"1(B)) < CIB
= 8PsCI(f~1(B) < f~1(CIB)
(e) = (f) From lemma prove §PsInt A = (§PsCl A)¢
~ From (e) (8PsCI(f~1(B))¢ 2 (f~*(CIB))®
= §PgIntB 2 f~1(CIB)¢ = f~1(Int B)
~ f~1(Int B) € §PsIntB
(f) = (g)LetAc X. Let BC Y suchthat A = f~1(B)
= f(A) € B
= Int f(A) < Int(B)
= f~1(Intf(A)) € f~*(Int B) € §PsIntf~*(B) = §PsIntA
~ Int f(A) C f(6PInt A)
(9) = (a): Let x € X and let V be any open set of Y containing f(x), then x € f~1(V) and
fY(V) is a subset of X. Hence, by (g), we have Int(f(f~1(V)) € f( §PsInt(f~1(V))). So,
Int(V) € f(§PsInt(f~1(V))). Since V isan open setin Y, then V € f(§PsInt(f~1(V)))
which implies that f~1(V)) € §PsInt(f~1(V))). Therefore, f~1(V) is § Pg-open set in X

contains x and clearly f(f~1(V)) € V. Hence f is § Pg-continuous.

Proposition 5.2.8. A function f:(X,t) = (Y,0) is §Ps-continuous if and only if f is 6-
precontinuous and for each x € X and each open set V of Y containing f(x), there exists a
semi-closed set F in X containing x such that f(F) € V.

Proof. Let f:(X,7) » (Y, 0) be §Ps-continuous, since every &Ps-open set is &-preopen, f is

§-precontinuous also. Let x € X and V be any set containing f(x). From the definition of §Ps-
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continuity, there exists a §Ps-open set U of X containing x, such that f(U) € V. From the
definition of &Ps-open set, for all x € U, there exists a semi-closed set F of X such that
xeFcU.

~f(F) S fU)cV

& Let the criteria be true. To prove f is SPs-continuous. From the criteria, f is 6-
precontinuous which implies f~1(V) is §-preopen set.

Let x € f~1(V) then f(x) € V and by hypothesis there exists a semi-closed set F in X such
thatx e Fand f(F) SV = x € F < f~1(V).

~ f71(V) is 6Ps-open = F is 8Ps-continuous.

Proposition 5.2.9. If f: (X,7) = (Y, ) is a continuous and an open function and V is a é Ps-
open set of Y, then f~1(V) is a §Ps-open set of X.

Proof. Let V be a 6Ps-open set of Y, then by Proposition 2.2.2, V is a §-preopen set of Y and
V = UF,, where F, is a semi- closed set of Y for each a. Then f~1(V) = f~1(UF,) = U
fY(F,), where F, is semi-closed set of Y for each a. Since f is a continuous and an open
function. Then by Proposition 1.3.5, f ~1(V) is a preopen set of X and thereby f~1(V) is 6-
preopen and by Proposition 1.3.6, f~1(F,) is a semi-closed set of X for each o. Hence by
2.2.2, f~1 (V) is a §Ps-open set of X.

Corollary 5.2.10. If f:(X,7) = (Y,0) is a continuous and open function and F is a §Ps-
closed set of Y, then f~1(F) is a § Ps-closed set of X.

The following theorem gives the decomposition of perfect continuity:

Theorem 5.2.11. The following statements are equivalent for a function f: (X, 1) = (Y, 0):
a) f is perfectly continuous.

b) f is super continuous and contra §- continuous
¢) f is Ps-continuous and contra 8-continuous.

d) f is a-continuous and contra §-continuous.

e) f is 8Ps-continuous and contra &- continuous.

f) f is &-pre-continuous and contra §-continuous.

Proof. This is an immediate consequence of Corollary 2.2.38 and from the definitions of
perfectly continuous [1.3.1(f)], super continuous [1.3.1(h)], contra &-continuous [1.3.2()],

Ps-continuous [1.3.4], a-continuous [1.3.1(d)], 8Ps-continuous [5.2.1] and &-precontinuous
[1.3.2(9)].
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The following theorem gives the decomposition of complete continuity in a semi-

regular space:
Theorem 5.2.12. The following statements are equivalent for a function f: (X, 1) = (Y, 0), in
a semi-regular space:

a) f is complete continuous.

b) f is Ps-continuous and contra-semicontinuous.

c) f iscontinuous and contra-semicontinuous.

d) f is a-continuous and contra-semicontinuous.

e) f is 8Ps-continuous and contra semicontinuous.

f) f is &-precontinuous and contra-semicontinuous.
Proof. This is an immediate consequence of Corollary 2.2.39 and the definitions of
complete continuous [1.3.1(g)], Ps-continuous [1.3.4], continuous [1.3.1(a)], a-continuous
[1.3.1(d)], 8Pg-continuous [5.2.1], &-precontinuous [1.3.2(g)] and contra semi-continuous
[1.3.2(e)].
Theorem 5.2.13. The following statements are equivalent for a function f: (X, 1) = (Y, 0):

a) f is complete continuous

b) f is super continuous and §-semicomplete continuous

c) f issuper continuous and contra- § -semi 6 continuous

d) f issuper continuous and contra -8 semicontinuous

e) f is a-continuous and contra- §-semicontinuous

f) f is § Ps-continuous and contra - §-semicontinuous

g) f is 6P-continuous and contra - §-semicontinuous

h) A is a-precontinuous and contra-e* continuous
Proof: This is an immediate consequence of Corollary 2.2.40 and the definitions of
complete continuous [1.3.1(g)], super continuous [1.3.1(h)], a-continuous, §Pg-continuous
[5.2.1], 6-precontinuous [1.3.2(g)], 6-semicomplete continuous, contra 5-semi 8-continuous,
contra §-semi-continuous and contra e*-continuous [1.3.2(h)].
Proposition 5.2.14. If f: (X,7) — (Y, o) be 0s-continuous and precontinuous, then f is 6Ps-
continuous.
Proof. Let f: (X,t) = (Y, 0) be 85-continuous and precontinuous. Let V be an open set in Y.
Since f is 85 continuous and precontinuous function =1 (V) is 6-semiopen and preopen in X.
This implies f~1(V)is 0-semiopen and §-preopen. By Corollary 2.2.45, f~1(V) is §P50(X).
Then by Theorem 5.2.7(b), f is §Ps-continuous.
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Corollary 5.2.15. If a function f:(X,t) - (Y,0) is almost 6s-continuous and almost
precontinuous, then f: (X, t) = (Y, g5) is 6Ps-continuous.

Proof. Let f:(X,t) = (Y,0) be almost 6s-continuous and almost precontinuous function.
Let V be open in Y, then by definition almost 6s-continuous and almost precontinuous
function, f~1(V) is 8-semiopen and preopen. From Corollary 1.3.24, f~1(V) is Ps-open
which implies

f~Y(V) is 8Ps-open [by Proposition 2.2.17]. Hence by Theorem 5.2.7(b), f is &Ps-
continuous.

Corollary 5.2.16. Let X be a locally indiscrete space. Then the function f: (X,7) = (Y,0) is
almost continuous if and only if f: (X, 1) — (Y, g5) is § Ps-continuous.

Proof. Follows from Proposition 2.2.31 in which it is proved that in a locally indiscrete space
SPsO(X) =1

Corollary 5.2.17. Let f: (X,t) = (Y, 0) be a function and X is locally indiscrete space. Then
f is 6Ps- continuous if and only if f is continuous.

Proof. Follows from Proposition 2.2.31.

Corollary 5.2.18. Let f:(X,7) = (Y,0) be a function and X is s-regular space. If f is
continuous, then f is § Pg-continuous.

Proof. Follows from Proposition 2.2.35 in which it is proved that in a s-regular space

T C 8Ps0(X).

Corollary 5.2.19. Let f: (X,7) — (Y, o) be a function and X is semi-T; space. Then f is
SPs-continuous if and only if f is 5-precontinuous.

Proof. Follows from Proposition 2.2.23 in which it is proved that in a semi-T; space
8P;0(X) = 6PO(X).

Proposition 5.2.20. Let X be an extremally disconnected space. If the function f: (X, 1) =
(Y, 0) is almost Os-continuous, then f: (X, 1) = (Y, g,) is 8Ps-continuous.

Proof. Let H € g, then H is a regular open set in (Y, o). Since f: (X,7) = (Y, o) is almost
0s- continuous. Then f*(H) is 0-semi-open set in X. Since X is extremally disconnected
space. Then by Proposition 2.2.46, f *(H) is8Ps-open set in X. Therefore, by Theorem 5.2.7,
f: (X, 1) = (Y, 0) is 6Ps-continuous.

Proposition 5.2.21. Let f: (X,t) = (Y, o) be a function. Let B be any basis for Tin Y. Then
is 8Pg-continuous if and only if for each B € B, f~1(B) is a §Ps-open subset of X.

Proof. Necessity. Suppose that f is 8 Ps-continuous. Then since each B € B is an open subset

of Y and f is 8Ps-continuous. f *(B) is a 8Ps-open subset of X by Theorem 5.2.7.
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Sufficiency. Let V be any open subset of Y. Then V = U{B; : i € I} where every B is a
member of B for a suitable index set I, it follows that f (V) = f Y(U{B; : i € I}) = UF'({B;: i
€ 1}). Since f (B;) is a §Ps-open subset of X for each i € I, by hypothesis f (V) is the union
of afamily of 8Pg-open sets of X and hence is §Ps-open set of X, by Proposition 2.2.7.
Therefore, by Theorem 5.2.7(b), f is § Pg-continuous.

Proposition 5.2.22. Let f: (X, t) — (Y, o) be a §Ps-continuous function. If A is either open
or regular semi-open subset of X, then flJA:A-Y is 8§Ps-continuous in the subspace A.

Proof. Let V be any open set of Y. Since f is 8Ps- continuous, f *(V) is 6Ps- open set in X,
then by Theorem 5.2.7(b). Since A is either open or regular semi-open subset of X.
(fl1AY(V) = f~Y (V) n A is a 8Ps-open subspace of A by Proposition 2.3.6. This shows
that fl/A:A—Y is 6Ps-continuous.

From Proposition 5.2.22, we obtain the following corollary

Corollary 5.2.23. Let f: (X,7) = (Y, o) be a 8Ps-continuous function. If A is a regular open
subset of X, then fl|A:A—-Y is 8Ps-continuous in the subspace A.

Proof: If A is regular open then it is open. Hence from Proposition 5.2.22, the proof follows.
Proposition 5.2.24. A function f: (X, 1) = (Y, o) is 8Ps- continuous. If for each x € X, there
exists a regular open set A of X containing x such that f{A:A-Y is §Ps-continuous.

Proof. Let x € X, then by hypothesis, there exists a regular open set A containing X such
that fJA:A—-Y is 6Ps-continuous. Let V be any open set of Y containing f (x), there exists a
d Ps-open set U in A containing x such that (fl/A)(U) < V. Since A is regular open set. By
Proposition 2.3.2, U is 8Ps-open set in X and hence f (U) € V. This shows that f is 6Ps-
continuous.

Corollary 5.2.25. Let {U,: @ € A} be a regular open cover of a topological space X. A
function f: (X, 1) = (Y, 0) is 8Ps-continuous if and only if f|U,: U, = (Y, o) is &Ps-
continuous for each a € A.

Proof. Let {U,/a € A} be aregular open cover of a topological space X. Let f: (X,7) —

(Y, 0) be aregular open cover of a topological space X. Let F: X — Y be 6Ps-continuous. By
Corollary 5.2.23 f /U, : U, = Y is 6Ps-continuous V a € A.

Conversely, let f /U, : U, — Y be 6Ps-continuous, V a € A

Now, V x € X, there exists U, € {U,/a € A} containing X, since {U,} is a cover for X. Then
by Proposition 5.2.24 f: (X, t) = (Y, 0) is §Ps-continuous.

Proposition 5.2.26. If X =R U S, where R and S are regular open sets and f:(X,7) -

(Y, 0) is a function such that both f|R and f|S are 8§Ps-continuous, then f is §Ps-continuous.
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Proof. Let V be any open set of Y. Then f (V) = (fR)"'(V) U (f|S) (V). Since f|R and f|S
are 8Ps- continuous. Then by Theorem 5.2.7(b), (flR) (V) and (f|S)'(V) are 8Ps-open sets
in R and S, respectively. Since R and S are regular open sets in X, then by Proposition 2.3.2,
(fR)"'(V) and (f|]S)'(V) are 8Ps-open sets in X. Since union of two 8Ps-open sets is 8Ps-
open. Hence f'(V) is 8Ps- open set in X. Therefore, by Theorem 5.2.7(b), f is 6Ps-

continuous.
The following is the pasting lemma for 8 Pg-continuity:

Lemma 5.2.27. Let X = R; U Ry, where R; and R, are regular open sets in X. Let f:R;»Y
and g:R,—Y be Pg-continuous. If f (X) = g (x) for each X € Ry N R,. Then h:R; U R,€Y such
that

_(f@ifx€ER
h(x) = {g(x) if x € P

IS 8Ps-continuous.

Proof. Let O be an open set of Y. Now h™'(O) = f "/(0) u g "'(O). Since f is 8Ps-continuous,
then by Theorem 5.2.7(b), f ~'(O) is 8Ps-open set in R1. But R; is regular open set in X. Then
by Proposition 2.3.2, f '(0) is 6Ps-open set in X. Similarly, g ~'(O) is §Ps-open set in R, and
hence, 8Ps -open set in X. Since union of two 8Ps-open sets is 8Ps-open. Therefore, h™'(0) =
f 1(0)ug }(O) is a 8P -open set in X. Hence by Theorem 5.2.7(b), h is 8P -continuous.
Proposition 5.2.28. Let f: (X,t) = (Y,0)be &Ps-continuous surjection and A be either &-
open or regular semi- open subset of X. If f is an 6-open function, then the function g:A—f
(A), defined by g (x) = f (x) for each x € A, is 6Ps-continuous.

Proof. Putting H = f (A). Let x € A and let V be any open set in H containing g(x). Since H
isopen in Y and V is open in H, then V is open in Y. Since f is §Ps-continuous, there exists
a 8Ps- open set U in X containing x such that f (U) € V. Taking W = U n A, since A is either
§-open or regular semi-open subset of X. Then by Corollary 2.3.7, W is a 6Ps-open set in A
containing x and g(W) €V NnH =Vy. Then g(W) € Vy. This shows that g is &Ps-
continuous.

Proposition 5.2.29. Let f: (X, 1) = (Y, o) be a 6Ps-continuous. If Y is an open subset of a
topological space Z, then f: (X,t) = (Z,n) is 6Ps-continuous.

Proof. Let V be an open set in Z. Then V N Y is open in Y. Since f is 6Ps-continuous, by
Theorem 5.2.7(b), f*(V N Y) is 8Ps-open set in X. But f (x) € Y for each x € X, and thus
f1(V) = f}(V N Y) is a 8Ps-open subset of X. Therefore, by Theorem 5.2.7(b), f: (X, 1) =

(Z,7n) is 8Ps-continuous.
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Remark 5.2.30. In general, composition of two 8Ps-continuous functions need not be

S8Pg-continuous.

Example 5.2.31. Let
X=Y=Z={ab,c} 1= {X, @,{a},{b},{aq, b}},a = {X, ?,{a, b}} and n = {X,0,{c}}.
Define f: (X,7) = (Y,0) and g: (Y, o) — (Z,n) as identity functions. Then f and g are 6Ps-
continuous functions but not g o f is not §Ps-continuous as f~1(g~*{a, b}) = {a, b} is not
SPs-closed in (X, 7).
Theorem 5.2.32. Let f:(X,t) = (Y,0) and g:(Y,0) = (Z,n) be functions. Then the
composition function g o f: X — Z is 8Ps-continuous if f and g satisfy one of the following
conditions:

a) f is 8Ps-continuous and g is continuous.

b) f is continuous and open and g is 6Ps- continuous.
Proof. a). Let W be any open subset of Z. Since g is continuous, g~1(W) is open subset of
Y. Since f is §Pg-continuous, then by Theorem 5.2.7(b), (g © ) *(W) = f {(g”}(W)) is 6 Ps-
open subset in X. Therefore, by Theorem 5.2.7(b), g ° f is § Ps-continuous.
b). Let W be any open subset of Z. Since g is § Ps-continuous, by Theorem 5.2.7(b), g (W) is
dPs- open subset of Y. Since f is continuous and open, then by Theorem 5.2.7(b),
(g (W)) = (g o f) (W) is a §Pg-open set in X. Hence by Theorem 5.2.7(b), g o f is 6P-
continuous.
Proposition 5.2.33: Let f: (X, 7) — (Y, g) be an injective, continuous and open function. If Y
is 8PsT,, then X is 5 PsT,.
Proof: Let x,y € X with x # y. Since f is injective and Y is § PsT,, there exists a § Ps-open
set U, in Y such that f is f(x) € U, and f(y) & U, or there exists a § P;-open set U, in Y
such that f(y) € U, and f(x) € U, with f(x) # f(y). Since f is continuous and open
function, then by Proposition 5.2.9, f~1(U,) is § Ps-open set in X such that x € f~1(U,) and
y & f~1(Uy) or f~1(U,) 6Ps-open set in X such that y € f~*(U,) and x & f~'(U,). This
shows that X is 6PsT,.
Proposition 5.2.34: Let f: (X, t) = (Y, o) be an injective, continuous and open function. If
Y is 8 5T, then X is § PT; -space.
Proof: Proof follows from Proposition 5.2.33.
Proposition 5.2.35: Let f: (X, t) = (Y, o) be an injective, continuous and open function. If
Y is 8 PsT,, then X is § PsT,-space.
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Proof: Proof follows from Proposition 4.2.1.10.

Proposition 5.2.36: If f: (X, 1) = (Y, 0) isal scontinuous surjection function and X

is extremally disconnected and & Ps-compact space, then Y is compact.

Proof: Follows from Proposition 4.6.1 and Proposition 5.2.20

Proposition 5.2.37: If f: (X,7) = (Y, g)is a continuous and open function. If A is § Ps-
set, then f (A) is § Ps-set.

Proof: Let {V,: a €A} be any cover of f (A) by § Ps-open sets of Y. Since f is
continuous and open function. By Proposition 5.2.7(b), {f ! (V): a €A} is a cover of
A by 6Ps-open sets of X. Since A is § Pg-set, there exists a finite subset Ay of A such that
A CU{f1(V,): a € Ag}. Thus, we have f (A) SU{V,: a EA¢}. This shows that f(4) is
6 Ps-set.

Corollary 5.2.38: If X is a § Ps-compact space and f: (X, t) = (Y, o) is acontinuous

and open surjection function, then Y is § Ps-compact.

5.3 Perfectly 6 P¢-Continuity and Strongly 8 Pg-Continuity

Definition 5.3.1. Amap f: (X,7) = (Y, 0) is called perfectly § Pg-continuous if the inverse
image of every § Ps-open set in (Y, o) is a clopen set in (X, 1).

Proposition 5.3.2. A function f: (X, t) = (Y, 0) is perfectly § Ps-continuous if and only if the
inverse image of every § Ps-closed set in Y is clopen in X.

Proof: (Necessary): Let f: (X,7) = (Y, o) be perfectly § Ps-continuous and V be any 6 Ps-
closed set in (Y, ). Then Y\V is § Ps-open set in (Y, ©). Since f'is perfectly § Pg-continuous,
f1(Y-V) =X \f (V) is clopen in (X, t) which implies that f * (V) is clopen in (X, 7).
(Sufficiency): Let the inverse image of every § Ps-closed set in (Y, o) is clopen in (X, t). Let
U be any §Ps-open setin (Y, o). Then (Y \ U) is a § Ps-closed set in (Y, ). By our
assumption, f (Y \ U) = X \ f }(U) is clopen in (X,t) which implies that f * (U) is clopen in
(X,7) and hence f is perfectly § Ps -continuous.

Proposition 5.3.3. Let f: (X, 1) = (Y,0) and g: (Y, o) = (Z,n) be any two functions. Then
their composition g o f: (X, 1) — (Z,n) is perfectly § Ps-continuous if g is perfectly 6 Ps-
continuous and f is continuous.

Proof. Let g: (Y,0) = (Z,n) be perfectly § Ps-continuous and f: (X,t) = (Y,0) be
continuous. Let V be a §Ps-closed set in Z. Then g ~* (V) is open as well as closed in Y.
Since f is continuous, f (g ™ (V)) = (g o f) ' (V) is clopen in X. Hence g o f is perfectly

& Pg-continuous.
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Proposition 5.3.4. Every strongly continuous function is a perfectly § Pg-continuous function.
Proof: Let f: (X,7) = (Y, g) be a strongly continuous function and B be a § Ps-closed set in
Y. By hypothesis, f *(B) is clopen in X. This proves f is a perfectly § Ps-continuous function.
Proposition 5.3.5. Let f: (X,7) = (Y,0) and g: (Y, o) — (Z,n) be any two functions. Then
their composition g o f: (X,7) = (Z,n) is continuous if g is § Ps-continuous and f is perfectly
& Ps-continuous.
Proof: Let g: (Y,0) — (Z,7n) be § Ps-continuous and f: (X, t) — (Y, o) be perfectly § Ps-
continuous. Let V be a closed set in Z. Then g ' (V) is a § Pg-closed in Y. Further, since f is
perfectly & Ps-continuous, (f~1(g~1(V)) = (g o £)~1(V) is clopen in X and thereby closed in
X. Hence g o f is continuous.
Theorem 5.3.6. For topological spaces (X, 1), (Y,0),(Z,n),f: (X,t) = (Y,0),9:(Y,0) =
(Z,m)and g o f: (X, t) = (Z,1n) the following results are true.
a) If fis perfectly § Ps-continuous and g is super continuous then g o f is perfectly
continuous.
b) If fis continuous and g is perfectly § Ps-continuous then g o f is perfectly 6 Pg-
continuous.
c) If fissuper continuous and g is perfectly § Pg-continuous then g o f is perfectly & Ps-

continuous.

Proof: a) Let f: (X,7) - (Y, 0), be perfectly § Ps-continuous function and g: (Y,o) — (Z,1n)
be a super continuous function. Let W be a open subset of Z. Then g ' (W) is 8-open in Y
and hence §Pg-open in Y. Further, f~3(g ™" (W)) = (g o f) "' (W) is clopen in X. Hence g o f
is a perfectly continuous function.

b) Let f: (X,1) = (Y, 0), be a continuous function and g: (Y, o) — (Z,n)be a perfectly §Ps-
continuous function. Let W be a § Pg-open subset of Z. Then g ' (W) is clopen in Y and
hence £~ (g~ (W)) = (g o f) (W) is clopen in X. Hence g o f is a perfectly §Ps-
continuous function.

c) Let f: (X,t) » (Y, 0), be a super continuous function and g: (Y, o) — (Z,n)be a perfectly
8 Ps-continuous function. Let W be a § Pg-open subset of Z. Then g ™' (W) is clopen in Y.
Then =1 (g™ (W)) = (g o f) " (W) is 5-closed and §-open in X. Thereby it is 8 Ps-closed as
well as § Ps-open in X. Hence g o f is a perfectly & Ps-continuous function.

Definition 5.3.7. A function f: (X,7) = (Y, o) is called strongly 6 Pg-continuous if the

inverse image of every subset of (Y, o) is § Ps-clopen in (X, 1).
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Proposition 5.3.8. If f is a strongly & Ps-continuous and g is any function then g o f is a
strongly & Ps- continuous.

Proof: Let f: (X, 1) — (Y, 0), be a strongly § Ps-continuous function and g: (Y, o) = (Z,1)
be a quasi 8 Ps-continuous function. Let W be any subset of Z. Then g ™' (W) is a subset in Y.
Further, f ' (g™ (W)) = (g o ) "' (W) is § Ps-clopen in X. Hence g o f is a strongly & Ps-

continuous function.

5.4 Quasi 8 Pg-Continuity and Totally § Pg-Continuity

Definition 5.4.1. A function f: (X,7) — (Y, 0) is called quasi §Pg-continuous if the inverse
image of every § Ps-open set in (Y, o) is open in (X, 7).
Example 5.4.2 Let X =Y = {a,b,c} witht= {X, @, {a}, {b}, {a,b}, {a,c}} and 6 = {Y, @,
{a,b}}. Let f: (X, 1) = (Y, 0) be the identity function. Then f is quasi § Ps-continuous.
Proposition 5.4.3. A function f: (X, t) = (Y, g)is quasi § Ps-continuous if and only if the
inverse image of every § Ps-closed set in (Y, o) is closed in (X, 7).
Proof (Necessary): Let f: (X,7) — (Y, 0) be quasi § Ps-continuous function. Let VV be a § Ps-
closed in (Y, o) which implies that (Y\V) is § Ps-open in (Y, o). Since f is quasi § Ps-
continuous, f~1(Y\V) = X\f (V) is open in (X, 7) and hence f~1(V) is closed in (X, 7).
(Sufficiency): Let U be §Ps-open set in (Y, o) which implies (Y\U) is § Ps-closed set in
(Y,0). By assumption f~1(Y\U) = X\f~1(U) is open in (X, 7). Hence f is quasi 6 P-
continuous.
Theorem 5.4.4. For a function f: (X, 7) — (Y, o), the following are equivalent:
(a) quasi 6 Pg-continuous;
(b) f~1(B) is closed in X, for every §Ps-closed B in Y.
(c) For each x € X and each §Ps-open set B containing f(x), there exists an open set A
containing x such that f(A) < B.
Proof. (a) & (b) is obvious.
(b) = (c) Let x € X and let B be an open set containing f(x) then by hypothesis f *(B) is a
8 Ps-open set containing x. Let A = f~1(B) then f(4) = f(f~*(B)) < B.
(c) = (a) Let B be 6Ps-open in Y with x € f~1(B) = f(x) = B then by hypothesis there
exists an open set A containing x such that f(4) € B = A € f~1(B). The result follows as
f~1(B) can be written as the union of open sets.
Proposition 5.4.5. Let (X, 1) be a partition space, (Y, o) be a topological space and

f:(X,t) = (Y,0) be any function. Then f is quasi § Ps-continuous.
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Proof. Follows from the definition of a partition space in which every open set is closed.
Proposition 5.4.6. Let f: (X,7) = (Y,0) and g: (Y, o) — (Z,n) be any two functions. Then
their composition g o f: (X, ) = (Z,n) is continuous if g is § Ps-continuous and f is quasi
& Ps-continuous.
Proof. Let g: (Y, o) — (Z,n) be § Ps-continuous and f: (X, t) — (Y, 0) be quasi § Ps-
continuous. Let V be a closed set in Z. Then g~ (V) is § Ps-closed in Y. Further,
F (g7 (") = (g ° /)1 (V) is closed in X. Hence g o f is continuous.
Theorem 5.4.7. For topological spaces (X, 1), (Y,0),(Z,n),f: (X,t) =» (Y,0),0:(Y,0) -
(Z,m)and g o f: (X,7) = (Z,n) the following results are true.
(a) If fis quasi 6 Ps-continuous and g is super continuous then g o f is continuous.
(b) If fis super continuous and g is quasi & Ps-continuous then g o f is quasi & Ps-
continuous.
Proof: (a) Let f: (X,t) = (Y, 0) be quasi § Ps-continuous function and g: (Y, o) = (Z,n) be
a super continuous function. Let W be a closed subset of Z. Then g=1(W) is §-closed in Y.
Thus g~*(W) is §Ps-closed in Y. Further, f~1(g=t(W)) = (g  f)~1(W) is closed in X.
Hence g o f is a continuous function.
(b) Let f: (X, t) = (Y, 0) be a continuous function and g: (Y, ) — (Z,n)be a quasi 6 Ps-
continuous function. Let W be a § Ps-open subset of Z. Then g~1(W) is open in Y and hence
f g7 (W) = (g ° /)1 (W) is open in X. Hence g ° f is a quasi & Ps-continuous
function.
Totally Continuous
Definition 5.4.8. A function f: (X,7) — (Y, 0) is called totally § Pg-continuous if the
inverse image of every open subset of (Y, o) is § Ps- clopen in (X, 1).
Proposition 5.4.9. A function f: (X,7) — (Y, o) is totally § Ps-continuous iff f~1(V) is § Ps-
clopen in (X, 7) for every closed set V in (Y, o).
Proof: It is obvious.
Proposition 5.4.10. Every totally § Ps-continuous function is § Ps-continuous but not
conversely.
Proof: Follows from the definitions of totally § Ps-continuous and & Ps-continuous functions.
Example 5.4.11. Let X =Y = {a, b, c} with t = {X, @,{a}, {a, b}, {a,c}} and 6 = {Y, @, {a},
{a, b}, {a, c}}. Let f: (X, 1) = (Y, 0) be the identity map. Then f is § P;-continuous but not
totally 8 Ps-continuous since for the open subset {a} in (Y, ), f }({a}) = {a} is § Ps-open set
but not § Pg-closed set in (X, 7).
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Proposition 5.4.12. For topological spaces (X, 1), (Y, 0), (Z, 1), f: (X, 1) = (Y, 0),

g:(Y,0) = (Z,n)and go f:(X,t) = (Z,n) thenif f is a totally § Ps-continuous and g is a
continuous (resp. super continuous) then g o f is a totally & Ps-continuous.

Proof: Let f: (X,7) = (Y, o) be a totally § Ps-continuous function and g: (Y,0) = (Z,n) bea
continuous (resp. super continuous) function. Let W be any open subset of Z. Then g~1(W)
is open (resp. 8-open) in Y. Thereby it is open in Y. Further, f~*(g=*(W)) = (g o f)"*(W)
is 8 Ps-clopen in X. Hence g o f is a totally § Ps-continuous function.

Proposition 5.4.13. Every strongly § Ps-continuous function is a totally § Ps-continuous
function but not conversely.

Proof: Let f: (X,7) = (Y, o) be a strongly & Ps-continuous function and B be an open subset
of Y. By hypothesis, f *(B) is §Ps-clopen in X. This proves f is a totally & Ps-continuous
function.

Example 5.4.14. Consider X = {a, b, c,d},t = {X,0,{a, b},{c,d}} and f: (X,7) = (X,0) is
an identity function. Then f is totally § Pg-continuous function but not strongly & Ps-
continuous.

5.5 Contra 8Pg-Continuous Functions

Definition 5.5.1: A function f:(X,7) = (Y,0) is said to be contra §Pg-continuous, for
every open subset V of Y, f~1(V) is § Ps-closed.
Theorem 5.5.2: The following results supervene from their definitions directly:

a) Every contra complete continuous function is contra § Pg-continuous.

b) Every contra super continuous function is contra § Ps-continuous.

c) Every contra Ps-continuous function is contra & Ps-continuous.

d) Every contra § Pg-continuous function is contra §-precontinuous.

Proof: (a) Since every regular open is a § Ps-open set [Proposition 2.2.15].
(b) Since every §-open set is a § Ps-open set [Proposition 2.2.14].
(c) Since every Pg-open set is a § Ps-open set [Proposition 2.2.13].

(d) Since every 6 Pg-open set is a §P-open set [Definition 2.2.1].

Remark 5.5.3: From the above Proposition we have the following figure:
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Figure 5.2

Example 5.5.4: Let X = {a, b, ¢, d} with the two topologies t = {@, X, {c}, {a, d}, {a, c, d}}
and o = {0, X, {a}, {b, c}, {a, b, c}}. Let f: (X, 1) - (X, o) be a function defined as follows:
f(a) = f(b) = f(c) =aand f(d) = b. Then f is contra-precontinuous but not contra- 6 Ps-
continuous, since {b, c} € o but f~1({b, c}) = {d} is not § Ps-closed in (X, 7).

Example 5.5.5: Let X = {a, b, c} with the two topologies

t={X,0,{a}},0 = {X,0,{a}, {a, b}.{a,c}}. Then §Ps0(7) = {X,0,{b},{c},{b,c}}. Let
f:(X,7) = (Y, o) be identity function. Since every closed set in o has inverse image in
6P;0(7). ~ f is contra § Pg-continuous function. But not contra super continuous and contra
complete continuous. Since §-open sets in (X, t) are only X and @.

Remark 5.5.6: The following two examples will show that the concepts of contra 6 Ps-
continuous and & Ps-continuous are independent from each other.

Example 5.5.7: Let X = {a, b, c} with the topology T = {X, @,{a},{b}, {a,b}}; then
6P;0(X,t) = 1. Let f: (X, 1) = (X, 7) be a function defined as follows: f(a) = f(b) = ¢
and f(c) = b. Then f is contra § Pg-continuous, but not § Pg-continuous, since {b} is an open
set of (X, 7) but f~1({b}) = {c} is not §Ps-open in (X, 7).
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Example 5.5.8: Let X ={a, b,c} with the topology = {X,,{a},{b},{a,b}}; then
SP;0(X,t) =1. Let f:(X,7) - (X,7) be a function defined as follows: f(a) = f(b) = ¢
and f(c) =b. Then f is §Ps-continuous, but not contra &§Ps-continuous, since {c} is an
closed set of (X, 7) but {c} is not § Ps-open in (X, 7).

Theorem 5.5.9: For a function f: (X,7) — (Y, o), the following statements are equivalent:
() f is contra § Pg-continuous.
(b) For every closed subset F of Y, f ~1(F) is § Ps-open.
(c) For every x € X and every closed subset F of Y containing f(x), there exists a § Ps-
open subset U of X containing x such that f(U) € F.
(d) f(6PsCL(A)) < ker(f(A)) for every subset A of X.
(e) 8P;CIL(f~1(B)) < f~1(ker(B)) for every subset B of Y.

Proof: (a) = (b) It follows from the fact that closedness (resp. §Pg-closedness) is the

complement of openness (resp. § Ps-0penness).
(b) = (c) It follows from the definition of contra § Ps-continuity.

(c) = (d) Let A € X and let y € f(S5PsCL(A)). Suppose y ¢ ker(f(A)) =n{V/V € o and
f(A) € V}. Then there exists an open subset V of Y such that f(A) S Vandy ¢ V. Let

x € 6P;Cl(A) suchthat y = f(x). Then f(x) € Y\V, which is closed in Y. By (c) there
exists a § Pg-open subset U of X for whichx € U and f(U) € Y\V.Since f(A) SV, ANU =
@. Since U is § Ps-open, it follows that x & §P;CL(A).

(d) = (e) Let B c Y. It follows from (d) that

f(SPSCI(F(B))) € ker (f(F71(B)))) € ker(B)
and thus §PsCL(f~1(B)) < f~1(ker(B)).

(e) = (a) Let V be an open subset of Y. Using (e) we obtain §P;CL(f~1(V)) <
fY(ker(V)) = f~1(V) and, since §PsCL(f~1(A4)) is §P-closed, it follows that f~1(V) is
& Ps-closed.

Definition 5.5.10: A function f: (X, t) = (Y, o) is said to be usc-continuous if, for every

closed subset F of Y, f ~1(F) is a union of semi-closed sets

The implications below follow from the definition of a § P;-open set and the fact that

regular open sets are both §-preopen and semi-closed.
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Proposition 5.5.11: Every totally §Pg-continuous function is a contra &Pgs-continuous
function but not conversely.
Proof: Let f: (X,t) = (Y, 0) be a totally § Pg-continuous function and B be a closed subset
of Y. By hypothesis, f*(B) is §Ps-clopen in X. This proves f is a contra §Ps-continuous
function.
Example 5.5.12: Consider X ={a,b,c}, 1t =0 ={X,0,{a}} and f: (X,7) - (X,0) is an
identity function. Then f is contra & Ps-continuous function but not totally & Pg-continuous.
Note 5.5.13: § Ps-continuity and contra § Pg-continuity are independent.
Example 5.5.14: Let X = {a, b, c} with two topologies T = o = {X, @, {a}, {b}, {a, b}}. Let
f:(X,7) = (X, 0) be identity functions is § Ps-continuous, but not contra § Pg-continuous.
Example 5.5.15: Let X = {a, b, c} with the two topologies = = {X, @, {b}, {c}, {b, c}},a =
{X,0,{a},{a,b}.{a,c}}. Then §P;0(t) = {X,0,{b},{c},{b,c}}. Let f:(X,7) > (Y,0) be
identity function. Since every closed set in ¢ has inverse image in §P;0(t). -~ f is contra
& Ps-continuous function, but not & Ps-continuous.
Proposition 5.5.16: If f: (X,t) = (Y, 0) is contra § Ps-continuous and Y is a C-space, then f

is 8 Ps-continuous.

Proof: Let x € X and let VV be an open subset of Y containing f(x). Since Y is a C-space,
there exists a closed subset F of Y such that x € F € V. Then, since f is contra §Ps-
continuous, From Theorem 5.5.9(c), implies that there exists a §Pg-open subset U of X
containing x such that f(U) < F. Hence f(U) < V, which proves that f is § Ps-continuous.
Proposition 5.5.17: If f: (X,7) = (Y, o) is contra § Ps-continuous and Y is either regular or
T;, then f is § Ps-continuous.

Proof: Let x be any arbitrary point of X and V be an open set of Y containing f (x) such that
ClL(G) €Y. Since f is contra § Ps-continuous, by Theorem 5.5.9(c), there exists a § Ps-open
set U of X containing x such that f(U) € CI(G). Then f(U) € CL(G) S V. Hence f is §Ps-

continuous.
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Proposition 5.5.18: A function f: (X, t) = (Y, 0) is contra § Ps-continuous if and only if f is
contra-precontinuous and for each x € X and each closed set F of Y containing f(x), there

exists a semi-closed set E in X containing x such that f(E) € F.

Proof. Necessity. Let x € X and let F be any closed set of Y containing f(x). Since f is
contra § Pg-continuous, then by Theorem 5.5.9(b), there exists a § Ps-open set U of X
containing x such that f(U) € F. Since U is § Ps-open set. Then for each x € U, there exists
a semi-closed set E of X such that x € E € U. Therefore, we have f(E) € F. And also, since

f is contra § Pg-continuous. Then f is contra precontinuous.

Sufficiency. Let F be any closed set of Y. We have to show that f~(F) is §Ps-open set in X.
Since f is contra precontinuous, then £ ~1(F) is preopen set which is §-preopen in X. Let

x € f~1(F). Then f(x) € F. By hypothesis, there exists a semi-closed set E of X containing
x such that f(E) € F. Which implies that x € E € f~1(F). Therefore f ~1(F) is § Ps-open

set in X. Hence by Theorem 5.5.9(b), f is contra § Ps-continuous.

Proposition 5.5.19: If a function f: (X, t) — (Y, 0) is contra § Ps-continuous and Y is
regular, then f is § Ps-continuous.
Proof. Let x be any arbitrary point of X and V be an open set of Y containing f (x). Since Y
is regular, then there exists an open set G in Y containing f(x) such that CI(G) < V. Since f
is contra & Pg-continuous, so by Theorem 5.5.9(b), there exists a § Ps-open set U of X
containing xsuch that f(U) € Cl(G) < V. Hence, f is § Ps-continuous.
Theorem 5.5.20: The following statements are equivalent for a function f: (X,t) = (Y, 0):

a) f is perfectly continuous

b) f iscontra §- continuous and super continuous

c) f iscontra Pg-continuous and super continuous

d) f is contra a-continuous and super continuous

e) f iscontra § Ps-continuous and super continuous

f) f iscontra §-precontinuous and super continuous
Proof. The proof follows from Corollary 2.2.38.
Theorem 5.5.21: For any topological space the following statements are equivalent for a
function f: (X,7) = (Y, 0):

a) f is RC continuous

b) f is contra super continuous and §-SR-continuous

c) f iscontrasuper continuous and §-S@-continuous
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d) f iscontra a-continuous and §-semi-continuous

e) f iscontra § Pg continuous and §-semi-continuous

f) f iscontra §-pre-continuous and §-semi-continuous

g) f iscontra a continuous and e*-semi-continuous
Proof: Follows from Corollary 2.2.40.
Theorem 5.5.22: In a semi-regular space the following conditions are equivalent for
f:(X,t) = (Y,0):

a) a) f is RC continuous

b) f is contra Ps-continuous and semi-continuous

c) f iscontra continuous and semi-continuous

d) f iscontra a-continuous and semi-continuous

e) f iscontra §Ps continuous and semi-continuous

f) f iscontra §-pre-continuous and semi-continuous

Proof: Follows from Corollary 2.2.39.
Corollary 5.5.23: Let f: (X, 1) — (Y, 0) be a function and X is semi- T; space. Then f is
contra § Pg-continuous if and only if f is contra §-precontinuous.
Proof: Follows from Proposition 2.2.23, Since in a semi-T;-space 6 Ps0(X) = PO (X).
Corollary 5.5.24: Let f: (X, 1) — (Y, 0) be a function and X is locally indiscrete space. Then
f is contra § Pg-continuous if and only if f is contra continuous.
Proof: Follows from Proposition 2.2.31.
Corollary 5.5.25: If X is both semi- T; and locally indiscrete space, the following statements
are equivalent for a function f: (X, t) = (Y, 0):

a) f iscontra § Ps-continuous

b) f is contra §-precontinuous

c) f iscontra precontinuous

d) f iscontra continuous
Proof: Follows from Corollary 5.5.23, Corollary 5.5.24 and from Proposition 2.2.23.
Corollary 5.5.26: Let f: (X, 1) — (Y, 0) be a function and Y is locally indiscrete space. Then
f is contra § Ps-continuous if and only if f is § Ps-continuous.
Proof: In a locally indiscrete space, §P;0(X, ) = t. Moreover, in a locally indiscrete space
every open set is closed. Hence every & Ps-open set is 6 Pg-closed. Thus, the concepts 6 Ps-

continuity and contra 6 Pg-continuity coincide.
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Corollary 5.5.27: Let f: (X, t) = (Y, 0) be a function and X is s-regular space. If f is contra
continuous, then f is contra § Pg-continuous.

Proof: Follows from Proposition 2.2.35.

Proposition 5.5.28: If the function f: (X,t) — (Y, o) is almost contra §-precontinuous and

either S-continuous or 8-irresolute, then f: (X, 7) — (Y, gy) is contra § Ps-continuous.

Proof: Let H € g, then H is regular open set in (Y, o). Since f: (X,t) = (Y,0) is almost
contra §-precontinuous. Then f~1(H) is §-preclosed set in X. Again since f: (X,7) = (Y, 0)
is either S-continuous or @-irrseolute, then f~1(H) is the intersection of regular open sets of
X and hence is the intersection of semi-open sets of X. By Proposition 2.4.2, f~1(H) is a

& Ps-closed set of X. Hence f: (X, 1) = (Y, g,) Is contra § Ps-continuous.

Proposition 5.5.29: Let X be a semi- T; space. A function f: (X,7) — (Y, o) is almost contra

&-precontinuous if and only if f: (X, 1) = (Y, gy) is contra- § Ps-continuous.

Proof. Let H € g, then H is regular open set in (Y, o). Since f:(X,t) = (Y,0) is almost
contra §-precontinuous. Then f~1(H) is preclosed set in X. Since X is semi-T; space. Then
by Proposition 2.2.23, f ~1(H) is 6 Ps-closed set in X. Therefore, f: (X, 1) — (Y, 0,) is contra-

& Ps-continuous.

Conversely, Let H be any regular open set in (Y, o), then H € a,. Since f: (X,7) = (Y, dy) is
contra 8 Ps-continuous. Then f~1(H) is § Pg-closed set in X and hence it is §-preclosed set in

X. Therefore, f: (X,7) = (Y, 0) is almost contra §-precontinuous.

Proposition 5.5.30. Let X be a locally indiscrete space. A function f:(X,7) = (Y,0) is

(6, s)-continuous if and only if f: (X, 1) = (Y, gy) is contra § Ps-continuous.

Proof. Let H € gy, then H is regular open set in (Y,0). Since f:(X,t) = (Y,0) is (6,s)-
continuous. Then f~1(H) is closed set in X. Since X is locally indiscrete space. Then by
Proposition 2.2.31, f~1(H) is §Ps-closed set in X. Therefore, f: (X,7) = (Y, 05) is contra

& Ps-continuous.

Conversely, Let H be any regular open set in (Y, ), then H € as. Since f: (X, 1) = (Y, d5) IS
contra §Ps-continuous. Then f~1(H) is §Ps-closed set in X. Since X is locally indiscrete
space. Then by Proposition 2.2.31, f~1(H) is closed set in X. Therefore, f: (X,7) = (Y,0) is

(6, s)-continuous.
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5.5.1 Properties
In this section, we give some properties of contra & Ps-continuous functions.
Proposition 5.5.1.1: Let f: (X,7) — (Y,0) be contra- § Ps-continuous function. If A is either
open or regular semi-open subset of X, then f|A: A — Y is contra § Ps-continuous in the

subspace A.

Proof. Let F be any closed set of Y. Since f is contra § Ps-continuous. Then by Theorem
5.5.9(b), f~1(F) is § Ps-open set in X. Since A is either open or regular semiopen subset of X.
Then by Proposition 2.3.5, (f|4)"1(F) = f~1(F) n A is a § Ps-open subspace of A.
Therefore, by Theorem 5.5.9(b), f|A: A = Y is contra § Ps-continuous.

From Theorem 5.5.1.1, we obtain the following corollary
Corollary 5.5.1.2. Let f: (X,t) = (Y,0) be a contra- § Pg-continuous function. If A is
regular open subset of X, then f|A: A — Y is contra- § Ps-continuous in the subspace A.
Proposition 5.5.1.3. A function f: (X,t) — (Y, o) is contra- § Ps-continuous, if for each
x € X, there exists a regular open set A of X containing x such that f|A: A = Y is contra-
& Pg-continuous in the subspace A.
Proof. Let x € X, then by hypothesis, there exists a regular open set A containing x such that
flA: A = Y is contra- § Pg-continuous. Let F be any closed set of Y containing f(x). By
Theorem 5.5.9(c), there exists a § Ps-open set U in A containing x such that (f|4)(U) € F.
Since A is regular open set. By Proposition 5.5.11(c), U is § Ps-open set in X and hence
f(U) < F. Therefore, by Theorem 5.5.9(c), f is contra- § Pg-continuous
Corollary 5.5.1.4: Let {U,: a € A} be a regular open cover of a topological space X. A
function f: (X,7) — (Y, ) is contra- § Ps-continuous if and only if f|U,: U, — Y is contra-
& Ps-continuous for each a € A.
Proof. Follows from Corollary 5.5.1.2 and Proposition 5.5.1.3.
Proposition 5.5.1.5. If X = R U S, where R and S are regular open sets and f: (X,7) —
(Y, o) is a function such that both f | R and f | S are contra- § Ps-continuous, then f is contra-
& Ps-continuous.
Proof. Let F be any closed set of Y. Then f~1(F) = (f|R)"*(F) U (f|S)~1(F). Since f|R
and f|S are contra § Ps-continuous. Then by Theorem 5.5.9(b), (f|R)~1(F) and (f|S)~1(F)
are 6 Ps-open sets in R and S, respectively. Since R and S are regular open sets in X, then by
Proposition 2.3.2, (f|R)"1(F) and (f|S)~1(F). are §Ps-open sets in X. Since union of two
8 Ps-open sets is § Pg-open, f~1(F) is § Ps-open set in X. Therefore, by Theorem 5.5.9(b), f is

contra- § Pscontinuous.
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In general, if X =U {K,: « € A}, where each K, is a regular open setand f: (X, 1) -
(Y,0) is afunction that f|K, is contra § Ps-continuous for each «, then f is contra § Ps-
continuous.

The following is the pasting lemma for contra § Pg-continuous functions:

Lemma5.5.1.6: Let X = R; U R,, where R, and R, are regular open setsin X. Let f:R; = Y
and g: R, — Y be contra § Pg-continuous. If f(x) = g(x) for each x € Ry N R,. Then
h:R; U R, — Y such that

h(x) = {g](rg) iflfxxeeRli1
Proof: Let E be a closed set of Y. Now h™1(E) = f~1(E) U g~ 1(E). Since f is contra § Ps-
continuous, then by Theorem 5.5.9(b), f ~1(E) is § Ps-open set in R,. But R, is regular open
set in X. Then by Proposition 2.3.2, f ~1(E) is § Pg-open set in X. Similarly, g~ (E) is § Ps-

is contra & Pg-continuous.

open set in R, and hence, & Ps-open set in X. Since union of two & Ps-open sets is & Ps-open.
Therefore, h"1(E) = f~Y(E) U g7 1(E) is a § Pg-open set in X. Hence by Theorem 5.5.9(b),
h is contra é Ps-continuous.
Proposition 5.5.1.7: Let f: (X, 7) — (Y, o) be contra § Ps-continuous surjection and A be
either open or regular semi-open subset of X. If f is a closed function, then the function
g:A — f(A), defined by g(x) = f(x) for each x € A, is contra 6 Ps-continuous.
Proof: Putting H = f(A). Let x € A and let F be any closed set in H containing g(x). Since
H is closed in Y. Since f is contra § Pg-continuous, by Theorem 5.5.9(c), there exists a § Ps-
open set U in X containing x such that f(U) € F. Taking W = U N A, since A is either open
or regular semi-open subset of X. Then by Proposition 2.3.5, W is a § Ps-open set in A
containing x and g(W) € Fy, N H = Fy. Then g(W) < Fy. Therefore, by Theorem 5.5.9(c),
g is contra & Ps-continuous.
Remark 5.5.1.8: Composition of contra & Ps-continuous need not be contra § Ps-continuous
function.
Example 5.5.1.9: Let f: (X,7) = (Y,0)and g: (Y,0) = (Z,n) suchthat X =Y =Z =
{a,b,c}, T = {X, ?,{c}{a, b}},a = {X, )} {a}},n = {X, ?,{a, b}}; 6Ps(1) = 1,6Ps(0) =
{X,0,{b},{c},{b,c}}. Then f and g are contra § Ps-continuous but g o f is not contra § Ps-
continuous, since (g ° f)"1({a, b}) = {b, ¢} & 5Ps-closed sets of 7.

We shall obtain some conditions for the composition of two functions to be contra

& Ps-continuous.

A New Class of Open Sets using 3-Preopen Sets 119



Theorem 5.5.1.10: Let f: (X,7) = (Y,0) and g: (Y, o) — (Z,n) be functions. Then the
composition g o f: (X, t) = (Z,n) is contra § Ps-continuous if f and g satisfy one of the
following conditions:

a) f iscontra § Ps-continuous and g is continuous.

b) f is continuous and open and g is contra & Ps-continuous

c) f is §Ps-continuous and g is contra continuous.
Proof: a) Let W be any open subset of Z. Since g is continuous, g~ (W) is open subset of Y.
Since f is contra § Pg-continuous, then (g o f)~*(W) = f~1(g~1(W)) is § Ps-closed subset
in X. Therefore g o f is contra § Ps-continuous.
b) Let F be any closed subset of Z. Since g is contra § Ps-continuous, by Theorem 5.5.9(b),
g~ L(F) is 8§ Ps-open subset of Y. Since f is continuous and open, then by Theorem 5.2.9,
fX(g72(F)) = (g ° /)~1(F) is a §Ps-open set in X. Hence by Theorem 5.5.9(b), g o f is
contra & Pg-continuous.
c) Let W be any open subset of Z. Since g is contra continuous, then g=*(W) is closed
subset of Y. Since f is §Ps-continuous, by Theorem 5.2.7(c), (g ° )t (W) = f~1(g~*(W))
is 8 Ps-closed subset in X. Therefore, g o f is contra § Pg-continuous.
Proposition 5.5.1.11: If f:(X,7) => (Y,0) is a function and g:(Y,0) = (Z,n) is
injecticve and closed, and g o f: (X, t) = (Z,n) is contra § Pg-continuous, then £ is contra
& Ps-continuous.
Proof: Let F be a closed subset of Y. Since g is closed, g(F) is closed in Z. Then, since

gef is contra §Pg-continuous and g is injective, we see that

fTUF)=f1 (g‘l(g(F))) = (g o f)"*(g(F)) is §Ps-open in X, which proves that f is
contra & Pg-continuous.

Proposition 5.5.1.12: The set of all points of x of X at which f: (X,7) — (Y, o) is not contra
& Ps-continuous is identical with the union of the § Ps-boundaries of the inverse images of
closed subsets of Y containing f(x).

Proof: If f is not contra § Ps-continuous at x € X, then there exists a closed set F of

Y containing f(x) such that f(U) n Y\F # @ for every § Ps-open set U of containing x. This
means tthat for every § Ps-open set Uof X containing x, we must have have U N X\ f~1(F) #
@. Therefore, we have x € §Ps(CL(X\f~1(F)). But x € f~1(F) and hence

x € §Ps(CL(f~1(F)). This means that x € §P¢Bd(f ~1(F)).
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On the other hand, suppose that x € §PsBd(f ~1(F)) for some closed subset F of Y such that
f(x) € F.Supoose that f is contra § Pg-continuous at x. Then by Theorem 5.5.9(c), there
exists a § Pg-open set U of X containing x such that f(U) € F. Then we have U € f~1(F).
This shows that x € § PgInt(f ~1(F)). Therefore, we have x & §P;(CL(X\f~1(F)) and

x & SPsBd(f~1(F)). But this is a contradiction. This means that f is not contra & Ps-
continuous.

Definition 5.5.1.13: For a subset A of a topological space (X, 1), 8Pg-frontier of A is
denoted by 6§ PsF (A) and defined as § PsF (A) = §PsCL(A)\SPsInt(A).

Proposition 5.5.1.14: Let f: (X,t) = (Y, 0) be a function and let x € X. Then f is not contra
& Ps-continuous at x if and only if x is a member of the & Ps-frontier of the inverse image of a
closed subset of Y containing f(x).

Proof: (=) Assume f is not contra & Ps-continuous at x. Then by Theorem 5.5.9(c), there
exists a closed subset F of Y such that f(x) € F and, for every § Ps-open subset U of X
containing x, f(U) € F. Hence U N f~1(Y\F) # @ for every § Ps-open subset U of X
containing x, which implies that x € §PsCI(f ~*(Y\F)) and hence x € §PsCI(f~*(F)) n
SPsCU(f1(Y\F)) = §PsFr(f~1(F)).

(&) Let x € X and assume that x € §PgFr(f~1(F)) for some closed subset F of Y
containing f(x). Suppose f is contra § Pg-continuous at x. Then there exists a § Ps-open
subset U of X containing x such that f(U) € F. Then we see that x € U € f~1(F) and hence
that x & SPCL(Y\f~1(F)) and thus x & §PsFr(f~1(F)). Therefore f is not contra & Ps-
continuous at x.

Definition 5.5.1.15: A function f: (X,t) = (Y, 0) is said to have 8 Pg-closed graph if for
every (x,y) € X X Y\G(f) there exists a § Ps-open set U of X such that x € U < X and an
open set VV such that y € V € Y for which (x,y) € U XV € X X Y\G(f).

Proposition 5.5.1.16: If f: (X,7) — (Y, o) is contra § Ps-continuous and Y is T,, then G(f) is
& Ps-closed.

Proof: Assume (x,y) € X X Y\G(f), then since y # f(x), there exist disjoint open subsets
V and W of X and Y, respectively, such that f(x) € V and y € W. Since f is contra § Ps-
continuous, there exists a § Ps-open subset U of X such that x € U and f(U) < V. Because
VoW =0, f(U)nW = @andthus (x,y) € UXxW < X X Y\G(f). Therefore G(f) is 6 Ps-

closed.
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Definition 5.5.1.17: A function f: (X,t) — (Y, 0) is said to have a contra § Ps-closed graph
if, for every (x,y) € X X Y\G(f), there exists a § Ps-open set U of X suchthat x € U € X
and a closed set F such that y € F € Y for which (x,y) € U X F € X X Y\G(f).
Proposition 5.5.1.18: A function f: (X, 1) — (Y, 0) is contra § Ps-continuous and Y is
Urysohn, then G (f) is contra & Ps-closed.

Proof: Assume (x,y) € X X Y\G(f). Then, since y # f(x), there exist open subsets V and
W of X and Y, respectively, such that f(x) € Vand y € W and CL(V) n CI(W) = @. Since f
is contra & Pg-continuous, there exists a § Ps-open subset U of X containing x such that

f(U) € CIL(V). Then we have (x,y) € U x CL(W) € X X Y\G(f), which proves that G(f) is
contra & Ps-closed.

Proposition 5.5.1.19: Assume Y is an Urysohn space and that f;: X; = Y for i = 1,2 is contra
& Ps-continuous for each i. The set A = {(x1, x3): f1(x1) = f2(x2)} is § Ps-closed in the
product space X; X X,.

Proof: Suppose (x;,x,) € (X; X X3)\A. Then f;(x;) # f,(x;) and, since Y is Urysohn,
there exists open sets V; and V, containing f; (x;) and f,(x,), respectively, such that

Cl(Vy) n CL(V,) = @. Since products of §Ps-open sets are §Ps-open, f; 1 (CL(Vy)) X

fo 1(CL(V,)) is 8Pg-open in X; X X,. Then we see that (x;, x,) € £, "(CL(Vy)) X
fz"l(Cl(Vz)) C (X; X X,)\A. Since the union of § P;-open sets are § Ps-open, it follows that
Ais §Ps-closed in X X Y.

Proposition 5.5.1.20: Let f,:(X,7) = (Y, 0) be a function for every a € A and let
fi: X = [laen Yo be the product function given by f(x) = (f,(x))qe4 fOr every x € X. If

f is contra § Pg-continuous, then f,, is contra § Pg-continuous for every a € A.

Proof: Let B € A and pg: [Inen Yo — Y be the Bth projection function. Since f = pg ©
f it follows from Theorem 5.5.1.10(b) that fz is contra § Ps-continuous.
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