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A New Class of Open Sets using δ-Preopen Sets 

Chapter 5 

Some 𝜹𝑷𝑺-Continuous Functions in Topological Spaces 

5.1 Introduction 

Functions are imp ortant tools for studying properties of spaces and for constructing 

new spaces from existing spaces. The classical concept of continuity is that of metric 

continuity. This led to the notion of topological continuity. General topologists have 

introduced and investigated many different generalizations of continuous functions. In the 

year 1970, Norman Levine initiated the idea of continuous functions.  

In this chapter, various types of continuities using 𝛿𝑃𝑆-open sets namely 𝛿𝑃𝑆-

continuity, quasi 𝛿𝑃𝑆-continuity, perfectly 𝛿𝑃𝑆-continuity, totally 𝛿𝑃𝑆-continuity, strongly 

𝛿𝑃𝑆-continuity and contra 𝛿𝑃𝑆-continuity are defined and their properties are discussed. 

5.2 δPS-Continuous Functions 

In this section 𝛿𝑃𝑆-continuous functions in topological spaces are introduced and 

some interesting properties are obtained.  

Definition 5.2.1.A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is called 𝜹𝑷𝑺-continuous at a point 𝑥 ∈ X  if 

each open set V of Y containing f (x), there exists a 𝛿𝑃𝑆-open set U of X containing x such 

that 𝑓(𝑈) ⊆ 𝑉. If 𝑓 is 𝛿𝑃𝑆-continuous at every point of X, then it is called 𝛿𝑃𝑆-continuous. 

Proposition 5.2.2. Every complete continuous function is 𝛿𝑃𝑆-continuous. 

Proof. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a complete continuous function. Let 𝑥 ∈ 𝑋 and V be an open 

set containing  f(x). Then 𝑓−1(𝑉) is regular open in X, since 𝑓 is complete continuous. 

Choosing U = 𝑓−1(V) will give f(U) ⊆ V  and 𝑥 ∈ 𝑓(𝑈). 

Moreover 𝑓−1(V) is δPS-open from Proposition 2.2.15. 

Hence 𝑓 is δPS-continuous at x. Since x is arbitrary, 𝑓 is a 𝛿𝑃𝑆-continuous function. 

Proposition 5.2.3. Every super continuous function is δPS-continuous function. 

Proof. As in the proposition 5.2.2, 𝑓−1(V) is δ-open, since f is super continuous. Hence from 

Proposition 2.2.14, f −1(V) is 𝛿𝑃𝑆-open which implies 𝑓 is 𝛿𝑃𝑆-continuous. 

Proposition 5.2.4. Every PS-continuous function is δPS-continuous function. 

Proof. As in the proposition 5.2.2, 𝑓−1(V) is P𝑆-open, since 𝑓 is P𝑆-continuous. Hence from 

Proposition 2.2.13, 𝑓−1(V) is δ𝑃𝑆-open which implies f is 𝛿𝑃𝑆-continuous. 

Proposition 5.2.5. Every 𝛿𝑃𝑆-continuous function is δ-precontinuous function. 

Proof. The proof follows as in the proposition 5.2.2, 𝑓−1(V) is 𝛿𝑃𝑆-open, since f is 𝛿P𝑆-

continuous. Hence from Definition 1.3.2(g), 𝑓 is δ-precontinuous. 
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Note 5.2.6. From the above results and we from Lemma 1.3.25 we obtain the following 

implication diagram. 

 

 

 

 

 

 

 

 

 

 

 

 

           Figure 5.1 

Theorem 5.2.7. For a function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎), the following statements are equivalent: 

a) 𝑓 is 𝛿𝑃𝑆-continuous. 

b) 𝑓−1(𝑉) is a 𝛿𝑃𝑆-open set in 𝑋, for each open set 𝑉 in 𝑌. 

c) 𝑓−1(𝐹) is a 𝛿𝑃𝑆-closed set in 𝑋, for each closed set 𝐹 in 𝑌. 

d) 𝑓(𝛿𝑃𝑆𝐶𝑙(𝐴)) ⊆ 𝐶𝑙(𝑓(𝐴)), for each 𝐴 ⊆ 𝑋. 

e) 𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝐵)) ⊆ 𝑓−1(𝐶𝑙(𝐵)), for each 𝐵 ⊆ 𝑌. 

f) 𝑓−1(𝐵) ⊆ 𝛿𝑃𝑆𝐼𝑛𝑡(𝑓−1(𝐵)) for each 𝐵 ⊆ 𝑌. 

g) 𝐼𝑛𝑡(𝑓(𝐴)) ⊆ 𝑓(𝛿𝑃𝑆𝐼𝑛𝑡(𝐴)), for each 𝐴 ⊆ X. 

Proof. (𝑎) ⇒ (𝑏)     Let 𝑓: (X, τ) → (Y, σ) be δPS-continuous function. 

To Prove. 𝑓−1(V) is δPSopen in X for every open set V in Y 

Let V be open in Y. Let 𝑥 ∈ 𝑓−1(V). Then 𝑓(x) ∈ V 

By Definition 5.2.1, there exists a δPS-open set U of X containing 𝑥 such that 𝑓(U) ⊆ V  ⇒

𝑥 ∈ U ⊆ 𝑓−1(V). 

By Definition 2.5.7 𝑥 is an 𝛿𝑃𝑆 𝐼𝑛𝑡 point of 𝑓−1(V). Since x is arbitrary, 𝑓−1(V) is a δPS-

open. 

(𝑏) ⇒ (𝑐) Let 𝐹 be any closed set of 𝑌, then 𝑌\𝐹 is an open set of 𝑌. By (𝑏), we have 

𝑓−1(𝑌\𝐹) = 𝑋\𝑓−1(𝐹) is a 𝛿𝑃𝑆-open set in 𝑋. Hence 𝑓−1(𝐹) is a 𝛿𝑃𝑆-closed set in 𝑋. 

Complete Continuous 

Super Continuous 

Continuous 

α-Continuous 

PS-Continuous 

Pre-Continuous δ-pre-continuous 

δPs-Continuous 
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(𝑐) ⇒ (d)   Consider A ⊆ X. Then f(A) ⊆ 𝑌. Then Clf(A) = 𝐹 say, is closed in Y. Then by 

(c), f −1(𝐹) is δ𝑃𝑆-closed in X. 

∴  𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝐹) = 𝑓−1(𝐹)      (1) 

Now, 𝐴 ⊆ 𝛿𝑃𝑆Cl(A) ⊆ δ𝑃𝑆Clf(F) 

Then by (c), f −1(δPSClA) ⊆ Cl(f(A)). 

𝑓(𝛿𝑃𝑆𝐶𝑙(𝐴) ⊆ 𝑓(𝛿𝑃𝑆  𝐶𝑙(𝑓−1(𝐹))            (2) 

(Since, 𝑓(𝐴) ⊆ 𝐶𝑙(𝑓(𝐴)) = 𝐹 & 𝐴 ⊆ 𝑓−1(𝐹) 

From (1) & (2), 

𝑓(𝛿𝑃𝑆  𝐶𝑙(𝐴) ⊆ 𝑓(𝑓−1(𝐹)) ⊆ 𝐹 = 𝐶𝑙(𝑓(𝐴)) 

(𝑑) ⇒ (𝑒) Let B ⊆ Y and f −1(B) = A ⇒ B = 𝑓(𝐴) 

Then by (d) f(𝛿𝑃𝑆Cl(f −1(B)) = f(𝛿𝑃𝑆ClA) ⊆ Clf(A) = 𝐶𝑙(𝐵) 

                                                  = Clf(f −1(B)) ⊆ ClB 

                             ∴ δPSCl(f −1(B) ⊆ f −1(ClB)  

(𝑒) ⇒ (𝑓)  From lemma prove 𝛿𝑃𝑆Int A = (δPSCl A)C 

∴ From (e)  (δPSCl(f −1(B))C ⊇ (f −1(ClB))C 

⇒ 𝛿𝑃𝑆IntB ⊇ f −1(Cl B)C = f −1(Int B) 

∴ f −1(Int B) ⊆ 𝛿𝑃𝑆IntB  

 (𝑓) ⇒ (g)Let A ⊆ X. Let B ⊆ Y  such that A = f −1(B) 

                                           ⇒ f(A) ⊆ B  

                                           ⇒ Int f(A) ⊆ Int(B)  

⇒ f −1(Intf(A)) ⊆ f −1(Int B) ⊆ 𝛿𝑃𝑆Intf −1(B) = 𝛿𝑃𝑆IntA 

∴ Int f(A) ⊆ f(𝛿𝑃𝑆Int A)  

(𝑔) ⇒ (𝑎): Let 𝑥 ∈ 𝑋 and let 𝑉 be any open set of  𝑌 containing 𝑓(𝑥), then 𝑥 ∈ 𝑓−1(𝑉) and 

𝑓−1(𝑉) is a subset of 𝑋. Hence, by (𝑔), we have 𝐼𝑛𝑡(𝑓(𝑓−1(𝑉)) ⊆ 𝑓( 𝛿𝑃𝑆𝐼𝑛𝑡(𝑓−1(𝑉))). So, 

𝐼𝑛𝑡(𝑉) ⊆ 𝑓(𝛿𝑃𝑆𝐼𝑛𝑡(𝑓−1(𝑉))). Since 𝑉 is an open set in 𝑌, then 𝑉 ⊆ 𝑓(𝛿𝑃𝑆𝐼𝑛𝑡(𝑓−1(𝑉))) 

which implies that 𝑓−1(𝑉)) ⊆ 𝛿𝑃𝑆𝐼𝑛𝑡(𝑓−1(𝑉))). Therefore, 𝑓−1(𝑉) is 𝛿𝑃𝑆-open set in 𝑋 

contains 𝑥 and clearly 𝑓(𝑓−1(𝑉)) ⊆ 𝑉. Hence 𝑓 is 𝛿𝑃𝑆-continuous. 

Proposition 5.2.8. A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is 𝛿𝑃𝑆-continuous if and only if f is 𝛿-

precontinuous and for each 𝑥 ∈ X and each open set V of Y containing 𝑓(𝑥), there exists a 

semi-closed set F in X containing x such that 𝑓(𝐹) ⊆ V. 

Proof. Let  𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be 𝛿𝑃𝑆-continuous, since every 𝛿𝑃𝑆-open set is δ-preopen, f is 

δ-precontinuous also. Let 𝑥 ∈ X and V be any set containing f(x). From the definition of δPS-
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continuity, there exists a δPS-open set 𝑈 of X containing x, such that f(U) ⊆ V.  From the 

definition of δPS-open set, for all x ∈ U, there exists a semi-closed set F of X such that 

x ∈ F ⊆ U.    

∴ 𝑓(F) ⊆ 𝑓(U) ⊆ V  

⇔ Let the criteria be true. To prove f is δPS-continuous. From the criteria, 𝑓 is δ-

precontinuous which implies 𝑓−1(V) is δ-preopen set. 

Let x ∈ 𝑓−1(V) then 𝑓(x) ∈ V and by hypothesis there exists a semi-closed set F in X such 

that x ∈ F and f(F) ⊆ V ⇒ x ∈ F ⊆ 𝑓−1(V). 

∴ 𝑓−1(V)  is δPS-open ⇒ F is δPS-continuous. 

Proposition 5.2.9. If 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is a continuous and an open function and V is a 𝛿𝑃𝑆-

open set of Y, then 𝑓−1(V) is a δPS-open set of X. 

Proof. Let V be a δPS-open set of Y, then by Proposition 2.2.2, V is a δ-preopen set of Y and 

V = ∪Fα, where Fα is a semi- closed set of Y for each α. Then 𝑓−1(V) = 𝑓−1(∪Fα) = ∪

𝑓−1(Fα), where Fα is semi-closed set of Y for each α. Since f is a continuous and an open 

function. Then by Proposition 1.3.5, 𝑓−1(V) is a preopen set of X and thereby 𝑓−1(V) is δ-

preopen and by Proposition 1.3.6, 𝑓−1(Fα) is a semi-closed set of 𝑋 for each α. Hence by 

2.2.2, 𝑓−1 (V) is a δPS-open set of X. 

Corollary 5.2.10. If 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is a continuous and open function and F is a 𝛿𝑃𝑆-

closed set of Y, then 𝑓−1(𝐹) is a 𝛿𝑃𝑆-closed set of X. 

The following theorem gives the decomposition of perfect continuity: 

Theorem 5.2.11. The following statements are equivalent for a function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎): 

a) 𝑓 is perfectly continuous. 

b) 𝑓 is super continuous and contra δ- continuous 

c) 𝑓 is PS-continuous and contra δ-continuous. 

d) 𝑓 is α-continuous and contra δ-continuous. 

e) 𝑓 is δPS-continuous and contra δ- continuous. 

f) 𝑓 is δ-pre-continuous and contra δ-continuous.  

Proof. This is an immediate consequence of Corollary 2.2.38 and from the definitions of 

perfectly continuous [1.3.1(f)], super continuous [1.3.1(h)], contra δ-continuous [1.3.2(f)], 

P𝑆-continuous [1.3.4], 𝛼-continuous [1.3.1(d)], δ𝑃𝑆-continuous [5.2.1] and δ-precontinuous 

[1.3.2(g)]. 
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The following theorem gives the decomposition of complete continuity in a semi-

regular space:  

Theorem 5.2.12. The following statements are equivalent for a function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎), in 

a semi-regular space: 

a) 𝑓 is complete continuous. 

b) 𝑓 is PS-continuous and contra-semicontinuous. 

c) 𝑓 is continuous and contra-semicontinuous. 

d) 𝑓 is α-continuous and contra-semicontinuous. 

e) 𝑓 is δPS-continuous and contra semicontinuous. 

f) 𝑓 is δ-precontinuous and contra-semicontinuous.  

Proof. This is an immediate consequence of Corollary 2.2.39 and the definitions of 

complete continuous [1.3.1(g)], P𝑆-continuous [1.3.4], continuous [1.3.1(a)], α-continuous 

[1.3.1(d)], δ𝑃𝑆-continuous [5.2.1], δ-precontinuous [1.3.2(g)] and contra semi-continuous 

[1.3.2(e)]. 

Theorem 5.2.13. The following statements are equivalent for a function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎): 

a) 𝑓 is complete continuous 

b) 𝑓 is super continuous and 𝛿-semicomplete continuous 

c) 𝑓 is super continuous and contra- 𝛿 -semi 𝜃 continuous 

d) 𝑓 is super continuous and contra -𝛿 semicontinuous 

e) 𝑓 is 𝑎-continuous and contra- 𝛿-semicontinuous 

f) 𝑓 is 𝛿𝑃𝑆-continuous and contra - 𝛿-semicontinuous 

g) 𝑓 is 𝛿𝑃-continuous and contra - 𝛿-semicontinuous 

h) 𝐴 is 𝑎-precontinuous and contra-𝑒∗ continuous 

Proof: This is an immediate consequence of Corollary 2.2.40 and the definitions of 

complete continuous [1.3.1(g)], super continuous [1.3.1(h)], 𝑎-continuous, δ𝑃𝑆-continuous 

[5.2.1], δ-precontinuous [1.3.2(g)], δ-semicomplete continuous, contra δ-semi 𝜃-continuous, 

contra δ-semi-continuous and contra e∗-continuous [1.3.2(h)]. 

Proposition 5.2.14. If 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be θS-continuous and precontinuous, then f is δPS-

continuous. 

Proof. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be θS-continuous and precontinuous. Let V be an open set in Y. 

Since f is θS continuous and precontinuous function f −1(V) is θ-semiopen and preopen in X. 

This implies f −1(V)is θ-semiopen and δ-preopen. By Corollary 2.2.45, f −1(V) is δPSO(X). 

Then by Theorem 5.2.7(b), f is δPS-continuous. 
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Corollary 5.2.15. If a function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is almost 𝜃𝑆-continuous and almost 

precontinuous, then 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎𝑠) is δPS-continuous. 

Proof. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be almost 𝜃𝑆-continuous and almost precontinuous function. 

Let 𝑉 be open in 𝑌, then by definition almost 𝜃𝑆-continuous and almost precontinuous 

function, 𝑓−1(𝑉) is 𝜃-semiopen and preopen. From Corollary 1.3.24, 𝑓−1(𝑉) is 𝑃𝑆-open 

which implies  

𝑓−1(𝑉) is 𝛿𝑃𝑆-open [by Proposition 2.2.17]. Hence by Theorem 5.2.7(b), 𝑓 is 𝛿𝑃𝑆-

continuous. 

Corollary 5.2.16. Let 𝑋 be a locally indiscrete space. Then the function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is 

almost continuous if and only if 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎𝑆) is 𝛿𝑃𝑆-continuous. 

Proof. Follows from Proposition 2.2.31 in which it is proved that in a locally indiscrete space 

δ𝑃𝑆𝑂(𝑋) = 𝜏 

Corollary 5.2.17. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a function and 𝑋 is locally indiscrete space. Then 

𝑓 is δPS- continuous if and only if f is continuous. 

Proof. Follows from Proposition 2.2.31. 

Corollary 5.2.18. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a function and X is s-regular space. If 𝑓 is 

continuous, then f is 𝛿𝑃𝑆-continuous. 

Proof. Follows from Proposition 2.2.35 in which it is proved that in a s-regular space 

τ ⊆ δ𝑃𝑆𝑂(𝑋). 

Corollary 5.2.19. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a function and X is semi-T1 space. Then 𝑓 is 

δPS-continuous if and only if f is δ-precontinuous. 

Proof. Follows from Proposition 2.2.23 in which it is proved that in a semi-T1 space 

δ𝑃𝑆𝑂(𝑋) = 𝛿𝑃𝑂(𝑋). 

Proposition 5.2.20. Let X be an extremally disconnected space. If the function 𝑓: (𝑋, 𝜏) →

(𝑌, 𝜎) is almost θs-continuous, then 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎𝑠) is δPS-continuous. 

Proof. Let 𝐻 ∈ 𝜎𝑠, then H is a regular open set in (𝑌, 𝜎). Since 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is almost 

θs- continuous. Then f
−1

(H) is θ-semi-open set in X. Since X is extremally disconnected 

space. Then by Proposition 2.2.46, f
−1

(H) isδ𝑃𝑆-open set in X. Therefore, by Theorem 5.2.7, 

𝑓: (𝑋, 𝜏) → (𝑌, 𝜎𝑠) is δPS-continuous. 

Proposition 5.2.21. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a function. Let B be any basis for τ in Y. Then f 

is δ𝑃𝑆-continuous if and only if for each 𝐵 ∈ ℬ, 𝑓−1(𝐵) is a δ𝑃𝑆-open subset of X. 

Proof. Necessity. Suppose that 𝑓 is δ𝑃𝑆-continuous. Then since each 𝐵 ∈ ℬ is an open subset 

of Y and f is δ𝑃𝑆-continuous. f
−1

(B) is a δ𝑃𝑆-open subset of X by Theorem 5.2.7.  
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Sufficiency. Let V be any open subset of Y. Then V = ∪{Bi : i ∈ I} where every Bi is a 

member of ℬ for a suitable index set 𝐼, it follows that f
−1

(V) = f
−1

(∪{Bi : i ∈ I}) = ∪f
−1

({Bi : i 

∈ I}). Since f
−1

(Bi) is a δ𝑃𝑆-open subset of X for each i ∈ I, by hypothesis f
−1

(V) is the union 

of a family of δ𝑃𝑆-open sets of X and hence is 𝛿𝑃𝑆-open set of X, by Proposition 2.2.7. 

Therefore, by Theorem 5.2.7(b), f is δ𝑃𝑆-continuous. 

Proposition 5.2.22. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a δ𝑃𝑆-continuous function. If A is either open  

or regular semi-open subset of X, then f|A:A→Y is δPS-continuous in the subspace A. 

Proof. Let V be any open set of Y. Since 𝑓 is δPS- continuous, f
−1

(V) is δPS- open set in X, 

then by Theorem 5.2.7(b). Since A is either open or regular semi-open subset of X. 

(𝑓|𝐴)−1(𝑉) = 𝑓−1(𝑉) ∩ 𝐴 is a δPS-open subspace of A by Proposition 2.3.6. This shows 

that f|A:A→Y is δPS-continuous. 

From Proposition 5.2.22, we obtain the following corollary 

Corollary 5.2.23. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a δPS-continuous function. If A is a regular open 

subset of X, then f|A:A→Y is δPS-continuous in the subspace A.  

Proof: If A is regular open then it is open. Hence from Proposition 5.2.22, the proof follows. 

Proposition 5.2.24. A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is δ𝑃𝑆- continuous. If for each 𝑥 ∈ 𝑋, there 

exists a regular open set A of X containing x such that f|A:A→Y is δPS-continuous.  

Proof. Let 𝑥 ∈ X, then by hypothesis, there exists a regular open set A containing x such 

that f|A:A→Y is δPS-continuous. Let V be any open set of Y containing f (x), there exists a 

𝛿𝑃𝑆-open set U in A containing x such that (f|A)(U) ⊆ V. Since A is regular open set. By 

Proposition 2.3.2, U is δPS-open set in X and hence f (U) ⊆ V. This shows that f is δPS-

continuous. 

Corollary 5.2.25. Let {𝑈𝛼: 𝛼 ∈ ∆} be a regular open cover of a topological space X. A 

function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is δPS-continuous if and only if 𝑓|𝑈𝛼: 𝑈𝛼 → (𝑌, 𝜎) is δPS-

continuous for each α ∈ Δ.  

Proof. Let {𝑈𝛼/𝛼 ∈ ∆} be a regular open cover of a topological space X. Let 𝑓: (𝑋, 𝜏) →

(𝑌, 𝜎) be a regular open cover of a topological space 𝑋. Let 𝐹: 𝑋 → 𝑌 be δPS-continuous. By 

Corollary 5.2.23 𝑓/𝑈𝛼 ∶  𝑈𝛼 → 𝑌 is δPS-continuous ∀  𝛼 ∈ ∆. 

Conversely, let 𝑓/𝑈𝛼  ∶ 𝑈𝛼 → 𝑌 be δPS-continuous, ∀ 𝛼 ∈ ∆ 

Now, ∀ 𝑥 ∈ 𝑋, there exists 𝑈𝛼 ∈ {𝑈𝛼/𝛼 ∈ ∆} containing x, since {𝑈𝛼} is a cover for 𝑋. Then 

by Proposition 5.2.24 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is δPS-continuous. 

Proposition 5.2.26. If 𝑋 = 𝑅 ∪ 𝑆, where R and S are regular open sets and 𝑓: (𝑋, 𝜏) →

(𝑌, 𝜎) is a function such that both f|R and f|S are δPS-continuous, then f is δPS-continuous. 
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Proof. Let V be any open set of Y. Then f
−1

(V) = (f|R)
−1

(V) ∪ (f|S)
−1

(V). Since f|R and f|S 

are δPS- continuous. Then by Theorem 5.2.7(b), (f|R)
−1

(V) and (f|S)
−1

(V) are δPS-open sets 

in R and S, respectively. Since R and S are regular open sets in X, then by Proposition 2.3.2, 

(f|R)
−1

(V) and (f|S)
−1

(V) are δPS-open sets in X. Since union of two δPS-open sets is δPS-

open. Hence f
−1

(V) is δPS- open set in X. Therefore, by Theorem 5.2.7(b), f is δPS-

continuous. 

 

The following is the pasting lemma for 𝛅𝐏𝐒-continuity: 

Lemma 5.2.27. Let X = R1 ∪ R2, where R1 and R2 are regular open sets in X. Let f:R1→Y 

and g:R2→Y be 𝑃𝑆-continuous. If f (x) = g (x) for each x ∈ R1 ∩ R2. Then h:R1 ∪ R2∈Y such 

that  

ℎ(𝑥) = {
𝑓(𝑥) 𝑖𝑓 𝑥 ∈ 𝑅1

𝑔(𝑥) 𝑖𝑓 𝑥 ∈ 𝑅2
   

is δPS-continuous. 

Proof. Let O be an open set of Y. Now h
−1

(O) = f 
−1

(O) ∪ g 
−1

(O). Since f is δPS-continuous, 

then by Theorem 5.2.7(b), f 
−1

(O) is δPS-open set in R1. But R1 is regular open set in X. Then 

by Proposition 2.3.2, f
 −1

(O) is δPS-open set in X. Similarly, g 
−1

(O) is δPS-open set in R2 and 

hence, δPS -open set in X. Since union of two δPS-open sets is δPS-open. Therefore, h
−1

(O) = 

f 
−1

(O)∪g 
−1

(O) is a δPS -open set in X. Hence by Theorem 5.2.7(b), h is δPS -continuous. 

Proposition 5.2.28. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎)be  δPS-continuous surjection and A be either δ-

open or regular semi- open subset of X. If f is an δ-open function, then the function g:A→f 

(A), defined by g (x) = f (x) for each x ∈ A, is δPS-continuous. 

Proof. Putting H = f (A). Let x ∈ A and let V be any open set in H containing 𝑔(𝑥). Since H 

is open in Y and V is open in H, then V is open in Y. Since 𝑓 is δPS-continuous, there exists 

a δPS- open set U in X containing x such that f (U) ⊆ V. Taking W = U ∩ A, since A is either 

δ-open or regular semi-open subset of X. Then by Corollary 2.3.7, W is a δPS-open set in A 

containing 𝑥 and 𝑔(𝑊) ⊆ 𝑉 ∩ 𝐻 = 𝑉𝐻. Then 𝑔(𝑊) ⊆ 𝑉𝐻. This shows that 𝑔 is δPS-

continuous. 

Proposition 5.2.29. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a δPS-continuous. If Y is an open subset of a 

topological space Z, then 𝑓: (𝑋, 𝜏) → (𝑍, 𝜂) is δPS-continuous. 

Proof. Let V be an open set in Z. Then V ∩ Y is open in Y. Since f is δPS-continuous, by 

Theorem 5.2.7(b), f
−1

(V ∩ Y) is δPS-open set in X. But f (x) ∈ Y for each x ∈ X, and thus 

f
−1

(V) = f
−1

(V ∩ Y) is a δPS-open subset of X. Therefore, by Theorem 5.2.7(b), 𝑓: (𝑋, 𝜏) →

(𝑍, 𝜂) is δPS-continuous. 
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Remark 5.2.30. In general, composition of two 𝛅𝐏𝐒-continuous functions need not be 

𝛅𝐏𝐒-continuous. 

 

Example 5.2.31.  Let 

𝑋 = 𝑌 = 𝑍 = {𝑎, 𝑏, 𝑐}, 𝜏 = {𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}}, 𝜎 = {𝑋, ∅, {𝑎, 𝑏}}  𝑎𝑛𝑑  𝜂 = {𝑋, ∅, {𝑐}}. 

Define 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) and 𝑔: (𝑌, 𝜎) → (𝑍, 𝜂) as identity functions. Then 𝑓 and 𝑔 are δPS-

continuous functions but not 𝑔 ∘ 𝑓 is not δPS-continuous as 𝑓−1(𝑔−1{𝑎, 𝑏}) = {𝑎, 𝑏} is not 

δPS-closed in (𝑋, 𝜏). 

Theorem 5.2.32. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) and 𝑔: (𝑌, 𝜎) → (𝑍, 𝜂) be functions. Then the 

composition function 𝑔 ∘ 𝑓: 𝑋 → 𝑍 is δPS-continuous if f and g satisfy one of the following 

conditions: 

a) 𝑓 is δPS-continuous and 𝑔 is continuous. 

b) 𝑓 is continuous and open and 𝑔 is δPS- continuous. 

Proof. a). Let 𝑊 be any open subset of  𝑍. Since 𝑔 is continuous, 𝑔−1(𝑊)  is open subset of 

𝑌.  Since 𝑓 is 𝛿𝑃𝑆-continuous, then by Theorem 5.2.7(b), (𝑔 ∘ 𝑓)
−1

(W) = f
−1

(g
−1

(W)) is 𝛿𝑃𝑆-

open subset in 𝑋. Therefore, by Theorem 5.2.7(b), 𝑔 ∘ 𝑓 is 𝛿𝑃𝑆-continuous. 

b). Let W be any open subset of Z. Since g is 𝛿𝑃𝑆-continuous, by Theorem 5.2.7(b), g
−1

(W) is 

𝛿𝑃𝑆- open subset of Y. Since 𝑓 is continuous and open, then by Theorem 5.2.7(b), 

f
−1

(g
−1

(W)) = (𝑔 ∘ 𝑓)
−1

(W) is a 𝛿𝑃𝑆-open set in X. Hence by Theorem 5.2.7(b), 𝑔 ∘ 𝑓 is 𝛿𝑃𝑆-

continuous. 

Proposition 5.2.33: Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be an injective, continuous and open function. If 𝑌 

is 𝛿𝑃𝑆𝑇0, then 𝑋 is 𝛿𝑃𝑆𝑇0. 

Proof: Let 𝑥, 𝑦 ∈ 𝑋 with 𝑥 ≠ 𝑦. Since f is injective and Y is 𝛿𝑃𝑆𝑇0, there exists a 𝛿𝑃𝑆-open 

set 𝑈𝑥 in Y such that f is 𝑓(𝑥) ∈ 𝑈𝑥 and 𝑓(𝑦) ∉ 𝑈𝑥 or there exists a 𝛿𝑃𝑆-open set 𝑈𝑦 in Y 

such that 𝑓(𝑦) ∈ 𝑈𝑦 and 𝑓(𝑥) ∉ 𝑈𝑦 with 𝑓(𝑥) ≠ 𝑓(𝑦). Since f is continuous and open 

function, then by Proposition 5.2.9, 𝑓−1(𝑈𝑥) is 𝛿𝑃𝑆-open set in X such that 𝑥 ∈ 𝑓−1(𝑈𝑥) and 

𝑦 ∉ 𝑓−1(𝑈𝑥) or 𝑓−1(𝑈𝑦) 𝛿𝑃𝑆-open set in X such that 𝑦 ∈ 𝑓−1(𝑈𝑦) and 𝑥 ∉ 𝑓−1(𝑈𝑦). This 

shows that X is  𝛿𝑃𝑆𝑇0. 

Proposition 5.2.34: Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be an injective, continuous and open function. If 

Y is 𝛿𝑃𝑆𝑇1, then X is 𝛿𝑃𝑆𝑇1-space. 

Proof: Proof follows from Proposition 5.2.33. 

Proposition 5.2.35: Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be an injective, continuous and open function. If 

Y is 𝛿𝑃𝑆𝑇2, then X is 𝛿𝑃𝑆𝑇2-space. 
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Proof: Proof follows from Proposition 4.2.1.10. 

Proposition 5.2.36: If 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) -continuous surjection function and X 

is extremally disconnected and 𝛿𝑃𝑆-compact space, then Y is compact. 

Proof: Follows from Proposition 4.6.1 and Proposition 5.2.20 

Proposition 5.2.37: If 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎)is a continuous and open function. If A is 𝛿𝑃𝑆-

set, then f (A) is 𝛿𝑃𝑆-set. 

Proof: Let {Vα: α ∈Δ} be any cover of f (A) by 𝛿𝑃𝑆-open sets of Y. Since f is 

continuous and open function. By Proposition 5.2.7(b), {𝑓−1 (Vα): α ∈Δ} is a cover of 

A by 𝛿𝑃𝑆-open sets of X. Since A is 𝛿𝑃𝑆-set, there exists a finite subset Δ0 of Δ such that 

𝐴 ⊆∪ {𝑓−1(Vα): α ∈ Δ0}. Thus, we have f (A) ⊆∪{Vα: α ∈Δ0}. This shows that 𝑓(𝐴) is 

𝛿𝑃𝑆-set. 

Corollary 5.2.38: If X is a 𝛿𝑃𝑆-compact space and 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is a continuous 

and open surjection function, then Y is 𝛿𝑃𝑆-compact. 

 

5.3 Perfectly 𝜹𝑷𝑺-Continuity and Strongly 𝜹𝑷𝑺-Continuity 

Definition 5.3.1. A map 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is called perfectly 𝜹𝑷𝑺-continuous if the inverse 

image of every 𝛿𝑃𝑆-open set in (Y, σ) is a clopen set in (X, τ). 

Proposition 5.3.2. A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is perfectly 𝛿𝑃𝑆-continuous if and only if the 

inverse image of every 𝛿𝑃𝑆-closed set in Y is clopen in X. 

Proof: (Necessary): Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be perfectly 𝛿𝑃𝑆-continuous and V be any 𝛿𝑃𝑆-

closed set in (Y, σ). Then Y\V is 𝛿𝑃𝑆-open set in (Y, σ). Since f is perfectly 𝛿𝑃𝑆-continuous,  

f 
−1

(Y−V) = X \ f 
−1

(V) is clopen in (X, ) which implies that f 
−1

 (V) is clopen in (X, ).  

(Sufficiency): Let the inverse image of every 𝛿𝑃𝑆-closed set in (𝑌, 𝜎) is clopen in (X, ). Let 

U be any 𝛿𝑃𝑆-open set in (𝑌, 𝜎). Then (Y \ U) is a 𝛿𝑃𝑆-closed set in (Y, σ). By our 

assumption, f 
−1

(Y \ U) = X \ f 
−1

(U) is clopen in (X,) which implies that f 
−1

 (U) is clopen in 

(X,) and hence f is perfectly 𝛿𝑃𝑆 -continuous. 

Proposition 5.3.3. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) and 𝑔: (𝑌, 𝜎) → (𝑍, 𝜂) be any two functions. Then 

their composition 𝑔 ∘ 𝑓: (𝑋, 𝜏) → (𝑍, 𝜂) is perfectly 𝛿𝑃𝑆-continuous if g is perfectly 𝛿𝑃𝑆-

continuous and f is continuous. 

Proof.  Let 𝑔: (𝑌, 𝜎) → (𝑍, 𝜂) be perfectly 𝛿𝑃𝑆-continuous and 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be 

continuous. Let V be a 𝛿𝑃𝑆-closed set in Z. Then g 
−1

 (V) is open as well as closed in Y. 

Since f is continuous, f 
−1 

(g 
−1 

(V)) = (𝑔 ∘ 𝑓)
 −1 

(V) is clopen in X. Hence 𝑔 ∘ 𝑓 is perfectly 

𝛿𝑃𝑆-continuous. 
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Proposition 5.3.4. Every strongly continuous function is a perfectly 𝛿𝑃𝑆-continuous function. 

Proof: Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a strongly continuous function and B be a 𝛿𝑃𝑆-closed set in 

Y. By hypothesis, f 
−1 

(B) is clopen in X. This proves f is a perfectly 𝛿𝑃𝑆-continuous function. 

Proposition 5.3.5. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) and 𝑔: (𝑌, 𝜎) → (𝑍, 𝜂) be any two functions. Then 

their composition 𝑔 ∘ 𝑓: (𝑋, 𝜏) → (𝑍, 𝜂) is continuous if g is 𝛿𝑃𝑆-continuous and f is perfectly 

𝛿𝑃𝑆-continuous. 

Proof: Let 𝑔: (𝑌, 𝜎) → (𝑍, 𝜂) be 𝛿𝑃𝑆-continuous and 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be perfectly 𝛿𝑃𝑆-

continuous. Let V be a closed set in Z. Then g
 −1 

(V) is a 𝛿𝑃𝑆-closed in Y. Further, since f is 

perfectly 𝛿𝑃𝑆-continuous, (𝑓−1(𝑔−1(𝑉)) = (𝑔 ∘ 𝑓)−1(𝑉) is clopen in X and thereby closed in 

X. Hence 𝑔 ∘ 𝑓 is continuous. 

Theorem 5.3.6. For topological spaces (𝑋, 𝜏), (𝑌, 𝜎), (𝑍, 𝜂), 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎), 𝑔: (𝑌, 𝜎) →

(𝑍, 𝜂) and 𝑔 ∘ 𝑓: (𝑋, 𝜏) → (𝑍, 𝜂) the following results are true. 

a) If f is perfectly 𝛿𝑃𝑆-continuous and g is super continuous then 𝑔 ∘ 𝑓 is perfectly 

continuous.  

b) If f is continuous and g is perfectly 𝛿𝑃𝑆-continuous then 𝑔 ∘ 𝑓 is perfectly 𝛿𝑃𝑆-

continuous.  

c) If f is super continuous and g is perfectly 𝛿𝑃𝑆-continuous then 𝑔 ∘ 𝑓 is perfectly 𝛿𝑃𝑆-

continuous. 

Proof: a) Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎),  be perfectly 𝛿𝑃𝑆-continuous function and 𝑔: (𝑌, 𝜎) → (𝑍, 𝜂) 

be a super continuous function. Let W be a open subset of Z. Then g
 −1 

(W) is δ-open in Y 

and hence 𝛿𝑃𝑆-open in Y. Further, 𝑓−1(g
 −1 

(W)) = (𝑔 ∘ 𝑓)
 −1 

(W) is clopen in X. Hence 𝑔 ∘ 𝑓 

is a perfectly continuous function.  

b) Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎), be a continuous function and 𝑔: (𝑌, 𝜎) → (𝑍, 𝜂)be a perfectly 𝛿𝑃𝑆- 

continuous function. Let W be a 𝛿𝑃𝑆-open subset of Z. Then g
 −1 

(W) is clopen in Y and 

hence 𝑓−1 
(g

 −1
 (W)) = (𝑔 ∘ 𝑓) 

−1 
(W) is clopen in X. Hence 𝑔 ∘ 𝑓 is a perfectly 𝛿𝑃𝑆-

continuous function. 

c) Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎), be a super continuous function and 𝑔: (𝑌, 𝜎) → (𝑍, 𝜂)be a perfectly 

𝛿𝑃𝑆-continuous function. Let W be a 𝛿𝑃𝑆-open subset of Z. Then g
 −1 

(W) is clopen in Y. 

Then 𝑓−1 
(g

 −1 
(W)) = (𝑔 ∘ 𝑓)

 −1 
(W) is 𝛿-closed and 𝛿-open in X. Thereby it is 𝛿𝑃𝑆-closed as 

well as 𝛿𝑃𝑆-open in X. Hence 𝑔 ∘ 𝑓 is a perfectly 𝛿𝑃𝑆-continuous function. 

Definition 5.3.7. A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is called strongly 𝜹𝑷𝑺-continuous if the 

inverse image of every subset of (Y, σ) is 𝛿𝑃𝑆-clopen in (X, τ). 
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Proposition 5.3.8. If f is a strongly 𝛿𝑃𝑆-continuous and g is any function then 𝑔 ∘ 𝑓 is a 

strongly 𝛿𝑃𝑆- continuous. 

Proof: Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎), be a strongly 𝛿𝑃𝑆-continuous function and 𝑔: (𝑌, 𝜎) → (𝑍, 𝜂) 

be a quasi 𝛿𝑃𝑆-continuous function. Let W be any subset of Z. Then g
 −1 

(W) is a subset in Y. 

Further, f
 −1 

(g
 −1 

(W)) = (𝑔 ∘ 𝑓)
 −1 

(W) is 𝛿𝑃𝑆-clopen in X. Hence 𝑔 ∘ 𝑓 is a strongly 𝛿𝑃𝑆-

continuous function. 

5.4 Quasi 𝜹𝑷𝑺-Continuity and Totally 𝜹𝑷𝑺-Continuity 

Definition 5.4.1. A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is called quasi 𝜹𝑷𝑺-continuous if the inverse 

image of every 𝛿𝑃𝑆-open set in (Y, σ) is open in (𝑋, 𝜏).  

Example 5.4.2 Let X = Y = {a,b,c} with τ = {X, ∅, {a}, {b}, {a,b}, {a,c}} and σ = {Y, ∅, 

{a,b}}. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be the identity function. Then f is quasi 𝛿𝑃𝑆-continuous. 

Proposition 5.4.3. A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎)is quasi 𝛿𝑃𝑆-continuous if and only if the 

inverse image of every 𝛿𝑃𝑆-closed set in (𝑌, 𝜎) is closed in (𝑋, 𝜏).  

Proof (Necessary): Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be quasi 𝛿𝑃𝑆-continuous function. Let 𝑉 be a 𝛿𝑃𝑆-

closed in (𝑌, 𝜎) which implies that (𝑌\𝑉) is 𝛿𝑃𝑆-open in (𝑌, 𝜎). Since f is quasi 𝛿𝑃𝑆-

continuous, 𝑓−1(𝑌\𝑉) = 𝑋\𝑓−1(𝑉) is open in (𝑋, 𝜏) and hence 𝑓−1(𝑉) is closed in (𝑋, 𝜏).  

(Sufficiency): Let 𝑈 be 𝛿𝑃𝑆-open set in (𝑌, 𝜎) which implies (𝑌\𝑈) is 𝛿𝑃𝑆-closed set in 

(𝑌, 𝜎). By assumption 𝑓−1(𝑌\𝑈) = 𝑋\𝑓−1(𝑈) is open in (𝑋, 𝜏). Hence f is quasi 𝛿𝑃𝑆-

continuous. 

Theorem 5.4.4. For a function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎), the following are equivalent:  

(a) quasi 𝛿𝑃𝑆-continuous;  

(b) 𝑓−1(𝐵) is closed in X, for every 𝛿𝑃𝑆-closed B in Y.  

(c) For each 𝑥 ∈ 𝑋 and each 𝛿𝑃𝑆-open set B containing f(x), there exists an open set A 

containing x such that 𝑓(𝐴) ⊆ 𝐵. 

Proof. (a) ⇔ (b) is obvious.  

(b) ⇒ (c) Let 𝑥 ∈ 𝑋 and let B be an open set containing f(x) then by hypothesis f
−1

(B) is a 

𝛿𝑃𝑆-open set containing 𝑥. Let 𝐴 = 𝑓−1(𝐵) then 𝑓(𝐴) = 𝑓(𝑓−1(𝐵)) ⊆ 𝐵.  

(c) ⇒ (a) Let B be 𝛿𝑃𝑆-open in Y with 𝑥 ∈ 𝑓−1(𝐵) ⇒ 𝑓(𝑥) ⇒ 𝐵 then by hypothesis there 

exists an open set A containing x such that 𝑓(𝐴) ⊆ 𝐵 ⇒ 𝐴 ⊆ 𝑓−1(𝐵). The result follows as 

𝑓−1(𝐵) can be written as the union of open sets. 

Proposition 5.4.5. Let (X, τ) be a partition space, (Y, σ) be a topological space and 

𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be any function. Then f is quasi 𝛿𝑃𝑆-continuous.  
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Proof. Follows from the definition of a partition space in which every open set is closed. 

Proposition 5.4.6. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) and 𝑔: (𝑌, 𝜎) → (𝑍, 𝜂) be any two functions. Then 

their composition 𝑔 ∘ 𝑓: (𝑋, 𝜏) → (𝑍, 𝜂) is continuous if g is 𝛿𝑃𝑆-continuous and f is quasi 

𝛿𝑃𝑆-continuous.  

Proof. Let 𝑔: (𝑌, 𝜎) → (𝑍, 𝜂) be 𝛿𝑃𝑆-continuous and 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be quasi 𝛿𝑃𝑆-

continuous. Let V be a closed set in Z. Then 𝑔−1(𝑉) is 𝛿𝑃𝑆-closed in Y. Further, 

𝑓−1(𝑔−1(𝑉)) = (𝑔 ∘ 𝑓)−1(𝑉) is closed in X. Hence 𝑔 ∘ 𝑓 is continuous. 

Theorem 5.4.7. For topological spaces (𝑋, 𝜏), (𝑌, 𝜎), (𝑍, 𝜂), 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎), g: (𝑌, 𝜎) →

(𝑍, 𝜂) and 𝑔 ∘ 𝑓: (𝑋, 𝜏) → (𝑍, 𝜂) the following results are true.  

(a) If f is quasi 𝛿𝑃𝑆-continuous and g is super continuous then 𝑔 ∘ 𝑓 is continuous. 

(b) If f is super continuous and g is quasi 𝛿𝑃𝑆-continuous then 𝑔 ∘ 𝑓 is quasi 𝛿𝑃𝑆-

continuous. 

Proof: (a) Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be quasi 𝛿𝑃𝑆-continuous function and 𝑔: (𝑌, 𝜎) → (𝑍, 𝜂) be 

a super continuous function. Let W be a closed subset of Z. Then 𝑔−1(𝑊) is δ-closed in Y. 

Thus 𝑔−1(𝑊) is 𝛿𝑃𝑆-closed in Y. Further, 𝑓−1(𝑔−1(𝑊)) = (𝑔 ∘ 𝑓)−1(𝑊) is closed in X. 

Hence 𝑔 ∘ 𝑓 is a continuous function. 

(b) Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a continuous function and 𝑔: (𝑌, 𝜎) → (𝑍, 𝜂)be a quasi 𝛿𝑃𝑆-

continuous function. Let W be a 𝛿𝑃𝑆-open subset of Z. Then 𝑔−1(𝑊) is open in Y and hence 

𝑓−1(𝑔−1(𝑊)) = (𝑔 ∘ 𝑓)−1(𝑊) is open in X. Hence 𝑔 ∘ 𝑓 is a quasi 𝛿𝑃𝑆-continuous 

function. 

Totally Continuous 

Definition 5.4.8. A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is called totally 𝜹𝑷𝑺-continuous if the 

inverse image of every open subset of (𝑌, 𝜎) is 𝛿𝑃𝑆- clopen in (X, τ). 

Proposition 5.4.9. A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is totally 𝛿𝑃𝑆-continuous iff 𝑓−1(V) is 𝛿𝑃𝑆-

clopen in (𝑋, 𝜏) for every closed set V in (𝑌, 𝜎). 

Proof: It is obvious. 

Proposition 5.4.10. Every totally 𝛿𝑃𝑆-continuous function is 𝛿𝑃𝑆-continuous but not 

conversely.  

Proof: Follows from the definitions of totally 𝛿𝑃𝑆-continuous and 𝛿𝑃𝑆-continuous functions.  

Example 5.4.11. Let X = Y = {a, b, c} with τ = {X, ∅,{a}, {a, b}, {a, c}} and σ = {Y, ∅, {a}, 

{a, b}, {a, c}}. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be the identity map. Then f is 𝛿𝑃𝑆-continuous but not 

totally 𝛿𝑃𝑆-continuous since for the open subset {a} in (𝑌, 𝜎), f
−1

({a}) = {a} is 𝛿𝑃𝑆-open set 

but not 𝛿𝑃𝑆-closed set in (𝑋, 𝜏). 
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Proposition 5.4.12. For topological spaces (X, τ), (Y, σ), (Z, η), 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎), 

𝑔: (𝑌, 𝜎) → (𝑍, 𝜂) and 𝑔 ∘ 𝑓: (𝑋, 𝜏) → (𝑍, 𝜂) then if 𝑓 is a totally 𝛿𝑃𝑆-continuous and 𝑔 is a 

continuous (resp. super continuous) then 𝑔 ∘ 𝑓 is a totally 𝛿𝑃𝑆-continuous. 

Proof: Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a totally 𝛿𝑃𝑆-continuous function and 𝑔: (𝑌, 𝜎) → (𝑍, 𝜂) be a 

continuous (resp. super continuous) function. Let W be any open subset of Z. Then 𝑔−1(𝑊) 

is open (resp. δ-open) in Y. Thereby it is open in Y. Further, 𝑓−1(𝑔−1(𝑊)) = (𝑔 ∘ 𝑓)−1(𝑊)   

is 𝛿𝑃𝑆-clopen in X. Hence 𝑔 ∘ 𝑓 is a totally 𝛿𝑃𝑆-continuous function.  

Proposition 5.4.13. Every strongly 𝛿𝑃𝑆-continuous function is a totally 𝛿𝑃𝑆-continuous 

function but not conversely.  

Proof: Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a strongly 𝛿𝑃𝑆-continuous function and B be an open subset 

of Y. By hypothesis, f
−1

(B) is 𝛿𝑃𝑆-clopen in X. This proves f is a totally 𝛿𝑃𝑆-continuous 

function.  

Example 5.4.14. Consider 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑}, 𝜏 = {𝑋, ∅, {𝑎, 𝑏}, {𝑐, 𝑑}} and 𝑓: (𝑋, 𝜏) → (𝑋, 𝜎) is 

an identity function. Then 𝑓 is totally 𝛿𝑃𝑆-continuous function but not strongly 𝛿𝑃𝑆-

continuous. 

5.5 Contra 𝜹𝑷𝑺-Continuous Functions 

Definition 5.5.1: A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is said to be contra 𝜹𝑷𝑺-continuous, for 

every open subset 𝑉 of 𝑌, 𝑓−1(𝑉) is 𝛿𝑃𝑆-closed. 

Theorem 5.5.2:  The following results supervene from their definitions directly: 

a) Every contra complete continuous function is contra 𝛿𝑃𝑆-continuous. 

b)  Every contra super continuous function is contra 𝛿𝑃𝑆-continuous. 

c)   Every contra 𝑃𝑆-continuous function is contra 𝛿𝑃𝑆-continuous. 

d)   Every contra 𝛿𝑃𝑆-continuous function is contra 𝛿-precontinuous. 

Proof: (a) Since every regular open is a 𝛿𝑃𝑆-open set [Proposition 2.2.15]. 

(b) Since every 𝛿-open set is a 𝛿𝑃𝑆-open set [Proposition 2.2.14]. 

(c) Since every 𝑃𝑆-open set is a 𝛿𝑃𝑆-open set [Proposition 2.2.13]. 

(d) Since every 𝛿𝑃𝑆-open set is a 𝛿𝑃-open set [Definition 2.2.1]. 

Remark 5.5.3: From the above Proposition we have the following figure: 
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Figure 5.2 

Example 5.5.4: Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑} with the two topologies  = {∅, X, {c}, {a, d}, {a, c, d}} 

and  = {∅, X, {a}, {b, c}, {a, b, c}}. Let 𝑓: (𝑋, 𝜏) → (𝑋, 𝜎) be a function defined as follows: 

𝑓(𝑎) = 𝑓(𝑏) = 𝑓(𝑐) = 𝑎 and 𝑓(𝑑) = 𝑏. Then 𝑓 is contra-precontinuous but not contra- 𝛿𝑃𝑆-

continuous, since {𝑏, 𝑐} ∈ 𝜎 but 𝑓−1({𝑏, 𝑐}) = {𝑑} is not 𝛿𝑃𝑆-closed in (𝑋, 𝜏). 

Example 5.5.5: Let 𝑋 = {𝑎, 𝑏, 𝑐} with the two topologies 

𝜏 = {𝑋, ∅, {𝑎}}, 𝜎 = {𝑋, ∅, {𝑎}, {𝑎, 𝑏}. {𝑎, 𝑐}}. Then 𝛿𝑃𝑆𝑂(𝜏) = {𝑋, ∅, {𝑏}, {𝑐}, {𝑏, 𝑐}}. Let 

𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be identity function. Since every closed set in 𝜎 has inverse image in 

𝛿𝑃𝑆𝑂(𝜏). ∴ 𝑓 is contra 𝛿𝑃𝑆-continuous function. But not contra super continuous and contra 

complete continuous. Since 𝛿-open sets in (𝑋, 𝜏) are only 𝑋 and ∅. 

Remark 5.5.6: The following two examples will show that the concepts of contra 𝛿𝑃𝑆-

continuous and 𝛿𝑃𝑆-continuous are independent from each other. 

Example 5.5.7: Let 𝑋 = {𝑎, 𝑏, 𝑐} with the topology 𝜏 = {𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}}; then 

𝛿𝑃𝑆𝑂(𝑋, 𝜏) = 𝜏. Let 𝑓: (𝑋, 𝜏) → (𝑋, 𝜏) be a function defined as follows: 𝑓(𝑎) = 𝑓(𝑏) = 𝑐 

and 𝑓(𝑐) = 𝑏. Then 𝑓 is contra 𝛿𝑃𝑆-continuous, but not 𝛿𝑃𝑆-continuous, since {𝑏} is an open 

set of (𝑋, 𝜏) but 𝑓−1({𝑏}) = {𝑐} is not 𝛿𝑃𝑆-open in (𝑋, 𝜏). 

Contra Complete Continuous  

(RC-Continuous) 
Perfect Continuous 

Contra Super Continuous Contra Continuous 

Contra 𝑃𝑆-Continuous Contra Pre-continuous 

Contra 𝜹𝑷𝑺-Continuous Contra 𝛿-precontinuous 
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Example 5.5.8: Let 𝑋 = {𝑎, 𝑏, 𝑐} with the topology 𝜏 = {𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}}; then 

𝛿𝑃𝑆𝑂(𝑋, 𝜏) = 𝜏. Let 𝑓: (𝑋, 𝜏) → (𝑋, 𝜏) be a function defined as follows: 𝑓(𝑎) = 𝑓(𝑏) = 𝑐 

and 𝑓(𝑐) = 𝑏. Then 𝑓 is 𝛿𝑃𝑆-continuous, but not contra 𝛿𝑃𝑆-continuous, since {𝑐} is an 

closed set of (𝑋, 𝜏) but {𝑐} is not 𝛿𝑃𝑆-open in (𝑋, 𝜏). 

Theorem 5.5.9: For a function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎), the following statements are equivalent: 

(a) 𝑓 is contra 𝛿𝑃𝑆-continuous. 

(b) For every closed subset 𝐹 of 𝑌, 𝑓−1(𝐹) is 𝛿𝑃𝑆-open. 

(c) For every 𝑥 ∈ 𝑋 and every closed subset 𝐹 of 𝑌 containing 𝑓(𝑥), there exists a 𝛿𝑃𝑆-

open subset 𝑈 of 𝑋 containing 𝑥 such that 𝑓(𝑈) ⊆ 𝐹. 

(d) 𝑓(𝛿𝑃𝑆𝐶𝑙(𝐴)) ⊆ ker (𝑓(𝐴)) for every subset 𝐴 of 𝑋. 

(e) 𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝐵)) ⊆ 𝑓−1(ker(𝐵)) for every subset 𝐵 of 𝑌. 

Proof: (𝑎) ⇒ (𝑏) It follows from the fact that closedness (resp. 𝛿𝑃𝑆-closedness) is the 

complement of openness (resp. 𝛿𝑃𝑆-openness).  

(𝑏) ⇒ (𝑐) It follows from the definition of contra 𝛿𝑃𝑆-continuity. 

(𝑐) ⇒ (𝑑) Let 𝐴 ⊆ 𝑋 and let 𝑦 ∈ 𝑓(𝛿𝑃𝑆𝐶𝑙(𝐴)). Suppose 𝑦 ∉ ker(𝑓(𝐴)) =∩ {𝑉/𝑉 ∈ 𝜎 and 

𝑓(𝐴) ⊆ 𝑉}. Then there exists an open subset 𝑉 of 𝑌 such that 𝑓(𝐴) ⊆ 𝑉 and 𝑦 ∉ 𝑉. Let 

𝑥 ∈ 𝛿𝑃𝑆𝐶𝑙(𝐴) such that 𝑦 = 𝑓(𝑥). Then 𝑓(𝑥) ∈ 𝑌\𝑉, which is closed in 𝑌. By (𝑐) there 

exists a 𝛿𝑃𝑆-open subset 𝑈 of 𝑋 for which 𝑥 ∈ 𝑈 and 𝑓(𝑈) ⊆ 𝑌\𝑉. Since 𝑓(𝐴) ⊆ 𝑉, 𝐴 ∩ 𝑈 =

∅. Since 𝑈 is 𝛿𝑃𝑆-open, it follows that 𝑥 ∉ 𝛿𝑃𝑆𝐶𝑙(𝐴). 

(𝑑) ⇒ (𝑒) Let 𝐵 ⊆ 𝑌. It follows from (𝑑) that 

 𝑓(𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝐵))) ⊆ ker (𝑓(𝑓−1(𝐵)))) ⊆ ker (𝐵)  

and thus 𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝐵)) ⊆ 𝑓−1(ker(𝐵)). 

(𝑒) ⇒ (𝑎) Let 𝑉 be an open subset of 𝑌. Using (𝑒) we obtain 𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝑉)) ⊆

𝑓−1(ker(𝑉)) = 𝑓−1(𝑉) and, since 𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝐴)) is 𝛿𝑃𝑆-closed, it follows that 𝑓−1(𝑉) is 

𝛿𝑃𝑆-closed. 

Definition 5.5.10: A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is said to be usc-continuous if, for every 

closed subset 𝐹 of 𝑌, 𝑓−1(𝐹) is a union of semi-closed sets 

 The implications below follow from the definition of a 𝛿𝑃𝑆-open set and the fact that 

regular open sets are both 𝛿-preopen and semi-closed. 
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Proposition 5.5.11: Every totally 𝛿𝑃𝑆-continuous function is a contra 𝛿𝑃𝑆-continuous 

function but not conversely. 

Proof: Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a totally 𝛿𝑃𝑆-continuous function and B be a closed subset 

of Y. By hypothesis, f
−1

(B) is 𝛿𝑃𝑆-clopen in X. This proves f is a contra 𝛿𝑃𝑆-continuous 

function. 

Example 5.5.12:  Consider 𝑋 = {𝑎, 𝑏, 𝑐}, 𝜏 = 𝜎 = {𝑋, ∅, {𝑎}} and 𝑓: (𝑋, 𝜏) → (𝑋, 𝜎) is an 

identity function. Then 𝑓 is contra 𝛿𝑃𝑆-continuous function but not totally 𝛿𝑃𝑆-continuous. 

Note 5.5.13: 𝛿𝑃𝑆-continuity and contra 𝛿𝑃𝑆-continuity are independent. 

Example 5.5.14: Let 𝑋 = {𝑎, 𝑏, 𝑐} with two topologies 𝜏 = 𝜎 = {𝑋, ∅, {𝑎}, {𝑏}, {𝑎, 𝑏}}. Let 

𝑓: (𝑋, 𝜏) → (𝑋, 𝜎) be identity functions is 𝛿𝑃𝑆-continuous, but not contra 𝛿𝑃𝑆-continuous. 

Example 5.5.15: Let 𝑋 = {𝑎, 𝑏, 𝑐} with the two topologies 𝜏 = {𝑋, ∅, {𝑏}, {𝑐}, {𝑏, 𝑐}}, 𝜎 =

{𝑋, ∅, {𝑎}, {𝑎, 𝑏}. {𝑎, 𝑐}}. Then 𝛿𝑃𝑆𝑂(𝜏) = {𝑋, ∅, {𝑏}, {𝑐}, {𝑏, 𝑐}}. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be 

identity function. Since every closed set in 𝜎 has inverse image in 𝛿𝑃𝑆𝑂(𝜏). ∴ 𝑓 is contra 

𝛿𝑃𝑆-continuous function, but not 𝛿𝑃𝑆-continuous. 

Proposition 5.5.16: If 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is contra 𝛿𝑃𝑆-continuous and 𝑌 is a 𝐶-space, then 𝑓  

is 𝛿𝑃𝑆-continuous. 

Proof: Let 𝑥 ∈ 𝑋 and let 𝑉 be an open subset of 𝑌 containing 𝑓(𝑥). Since 𝑌 is a 𝐶-space, 

there exists a closed subset 𝐹 of 𝑌 such that 𝑥 ∈ 𝐹 ⊆ 𝑉. Then, since 𝑓 is contra 𝛿𝑃𝑆-

continuous, From Theorem 5.5.9(c), implies that there exists a 𝛿𝑃𝑆-open subset 𝑈 of 𝑋 

containing 𝑥 such that 𝑓(𝑈) ⊆ 𝐹. Hence 𝑓(𝑈) ⊆ 𝑉, which proves that 𝑓 is 𝛿𝑃𝑆-continuous. 

Proposition 5.5.17: If 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is contra 𝛿𝑃𝑆-continuous and 𝑌 is either regular or  

𝑇1, then 𝑓  is 𝛿𝑃𝑆-continuous. 

Proof: Let 𝑥 be any arbitrary point of 𝑋 and 𝑉 be an open set of 𝑌 containing 𝑓(𝑥) such that 

𝐶𝑙(𝐺) ⊆ 𝑌. Since 𝑓 is contra 𝛿𝑃𝑆-continuous, by Theorem 5.5.9(c), there exists a 𝛿𝑃𝑆-open 

set 𝑈 of 𝑋 containing 𝑥 such that 𝑓(𝑈) ⊆ 𝐶𝑙(𝐺). Then 𝑓(𝑈) ⊆ 𝐶𝑙(𝐺) ⊆ 𝑉. Hence 𝑓 is 𝛿𝑃𝑆-

continuous.  

Contra 𝜹𝑷𝑺-

Continuity 
Contra 𝜹-precontinuity 

usc-Continuity 

Contra Complete 

Continuity 
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Proposition 5.5.18: A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is contra 𝛿𝑃𝑆-continuous if and only if f is 

contra-precontinuous and for each 𝑥 ∈ 𝑋 and each closed set 𝐹 of 𝑌 containing 𝑓(𝑥), there 

exists a semi-closed set 𝐸 in 𝑋 containing 𝑥 such that 𝑓(𝐸) ⊆ 𝐹.  

Proof. Necessity. Let 𝑥 ∈ 𝑋 and let 𝐹 be any closed set of 𝑌 containing 𝑓(𝑥). Since 𝑓 is 

contra 𝛿𝑃𝑆-continuous, then by Theorem 5.5.9(b), there exists a 𝛿𝑃𝑆-open set 𝑈 of 𝑋 

containing 𝑥 such that 𝑓(𝑈) ⊆ 𝐹. Since 𝑈 is 𝛿𝑃𝑆-open set. Then for each 𝑥 ∈ 𝑈, there exists 

a semi-closed set 𝐸 of 𝑋 such that 𝑥 ∈ 𝐸 ⊆ 𝑈. Therefore, we have 𝑓(𝐸) ⊆ 𝐹. And also, since 

𝑓 is contra 𝛿𝑃𝑆-continuous. Then 𝑓 is contra precontinuous. 

Sufficiency. Let 𝐹 be any closed set of 𝑌. We have to show that 𝑓−1(𝐹) is 𝛿𝑃𝑆-open set in 𝑋. 

Since 𝑓 is contra precontinuous, then 𝑓−1(𝐹) is preopen set which is 𝛿-preopen in 𝑋. Let 

𝑥 ∈ 𝑓−1(𝐹). Then 𝑓(𝑥) ∈ 𝐹. By hypothesis, there exists a semi-closed set 𝐸 of 𝑋 containing 

𝑥 such that 𝑓(𝐸) ⊆ 𝐹. Which implies that 𝑥 ∈ 𝐸 ⊆ 𝑓−1(𝐹). Therefore 𝑓−1(𝐹) is 𝛿𝑃𝑆-open 

set in 𝑋. Hence by Theorem 5.5.9(b), 𝑓 is contra 𝛿𝑃𝑆-continuous. 

Proposition 5.5.19: If a function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is contra 𝛿𝑃𝑆-continuous and 𝑌 is 

regular, then 𝑓 is 𝛿𝑃𝑆-continuous. 

Proof. Let 𝑥 be any arbitrary point of 𝑋 and V be an open set of 𝑌 containing 𝑓(𝑥). Since 𝑌 

is regular, then there exists an open set 𝐺 in 𝑌 containing 𝑓(𝑥) such that 𝐶𝑙(𝐺) ⊆ 𝑉. Since 𝑓 

is contra 𝛿𝑃𝑆-continuous, so by Theorem 5.5.9(b), there exists a 𝛿𝑃𝑆-open set 𝑈 of 𝑋 

containing 𝑥such that 𝑓(𝑈) ⊆ 𝐶𝑙(𝐺) ⊆ 𝑉. Hence, 𝑓 is 𝛿𝑃𝑆-continuous.   

Theorem 5.5.20: The following statements are equivalent for a function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎): 

a) 𝑓 is perfectly continuous 

b) 𝑓 is contra 𝛿- continuous and super continuous 

c) 𝑓 is contra 𝑃𝑆-continuous and super continuous 

d) 𝑓 is contra 𝛼-continuous and super continuous 

e) 𝑓 is contra 𝛿𝑃𝑆-continuous and super continuous 

f) 𝑓 is contra 𝛿-precontinuous and super continuous 

Proof. The proof follows from Corollary 2.2.38. 

Theorem 5.5.21:  For any topological space the following statements are equivalent for a 

function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎): 

a) 𝑓 is RC continuous 

b) 𝑓 is contra super continuous and 𝛿-SR-continuous 

c) 𝑓  is contra super continuous and 𝛿-S𝜃-continuous 
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d) 𝑓  is contra 𝑎-continuous and 𝛿-semi-continuous 

e) 𝑓  is contra 𝛿𝑃𝑆 continuous and 𝛿-semi-continuous 

f) 𝑓  is contra 𝛿-pre-continuous and 𝛿-semi-continuous 

g) 𝑓  is contra 𝛼 continuous and 𝑒∗-semi-continuous 

Proof: Follows from Corollary 2.2.40. 

Theorem 5.5.22: In a semi-regular space the following conditions are equivalent for 

𝑓: (𝑋, 𝜏) → (𝑌, 𝜎): 

a) a) 𝑓 is RC continuous 

b) 𝑓 is contra 𝑃𝑆-continuous and semi-continuous 

c) 𝑓  is contra continuous and semi-continuous 

d) 𝑓  is contra 𝛼-continuous and semi-continuous 

e) 𝑓  is contra 𝛿𝑃𝑆 continuous and semi-continuous 

f) 𝑓  is contra 𝛿-pre-continuous and semi-continuous 

Proof: Follows from Corollary 2.2.39. 

Corollary 5.5.23: Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a function and 𝑋 is semi- 𝑇1 space. Then 𝑓 is 

contra 𝛿𝑃𝑆-continuous if and only if 𝑓 is contra 𝛿-precontinuous. 

Proof: Follows from Proposition 2.2.23, Since in a semi-T1-space 𝛿𝑃𝑆𝑂(𝑋) = 𝛿𝑃𝑂(𝑋). 

Corollary 5.5.24: Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a function and 𝑋 is locally indiscrete space. Then 

𝑓 is contra 𝛿𝑃𝑆-continuous if and only if 𝑓 is contra continuous. 

Proof: Follows from Proposition 2.2.31. 

Corollary 5.5.25: If  𝑋 is both semi- 𝑇1 and locally indiscrete space, the following statements 

are equivalent for a function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎): 

a) 𝑓 is contra 𝛿𝑃𝑆-continuous 

b) 𝑓 is contra 𝛿-precontinuous 

c) 𝑓 is contra precontinuous 

d) 𝑓 is contra continuous 

Proof: Follows from Corollary 5.5.23, Corollary 5.5.24 and from Proposition 2.2.23. 

Corollary 5.5.26: Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a function and 𝑌 is locally indiscrete space. Then 

𝑓 is contra 𝛿𝑃𝑆-continuous if and only if 𝑓 is 𝛿𝑃𝑆-continuous. 

Proof: In a locally indiscrete space, 𝛿𝑃𝑆𝑂(𝑋, 𝜏) = 𝜏. Moreover, in a locally indiscrete space 

every open set is closed. Hence every 𝛿𝑃𝑆-open set is 𝛿𝑃𝑆-closed. Thus, the concepts 𝛿𝑃𝑆-

continuity and contra 𝛿𝑃𝑆-continuity coincide. 
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Corollary 5.5.27: Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a function and 𝑋 is s-regular space. If 𝑓 is contra 

continuous, then 𝑓 is contra 𝛿𝑃𝑆-continuous. 

Proof: Follows from Proposition 2.2.35. 

Proposition 5.5.28: If the function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is almost contra 𝛿-precontinuous and 

either S-continuous or 𝜃-irresolute, then 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎𝑠) is contra 𝛿𝑃𝑆-continuous. 

Proof: Let 𝐻 ∈ 𝜎𝑠, then 𝐻 is regular open set in (𝑌, 𝜎). Since 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is almost 

contra 𝛿-precontinuous. Then 𝑓−1(𝐻) is 𝛿-preclosed set in 𝑋. Again since 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) 

is either S-continuous or 𝜃-irrseolute, then 𝑓−1(𝐻) is the intersection of regular open sets of 

𝑋 and hence is the intersection of semi-open sets of 𝑋. By Proposition 2.4.2, 𝑓−1(𝐻) is a 

𝛿𝑃𝑆-closed set of 𝑋. Hence 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎𝑠) is contra 𝛿𝑃𝑆-continuous. 

Proposition 5.5.29: Let 𝑋 be a semi- 𝑇1 space. A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is almost contra 

𝛿-precontinuous if and only if 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎𝑠) is contra- 𝛿𝑃𝑆-continuous.  

Proof. Let 𝐻 ∈ 𝜎𝑠, then 𝐻 is regular open set in (𝑌, 𝜎). Since 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is almost 

contra 𝛿-precontinuous. Then 𝑓−1(𝐻) is preclosed set in 𝑋. Since 𝑋 is semi-𝑇1 space. Then 

by Proposition 2.2.23, 𝑓−1(𝐻) is 𝛿𝑃𝑆-closed set in 𝑋. Therefore, 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎𝑠) is contra- 

𝛿𝑃𝑆-continuous.  

Conversely, Let 𝐻 be any regular open set in (𝑌, 𝜎), then 𝐻 ∈ 𝜎𝑠. Since 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎𝑠) is 

contra 𝛿𝑃𝑆-continuous. Then 𝑓−1(𝐻) is 𝛿𝑃𝑆-closed set in 𝑋 and hence it is 𝛿-preclosed set in 

𝑋. Therefore, 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is almost contra 𝛿-precontinuous.  

Proposition 5.5.30. Let 𝑋 be a locally indiscrete space. A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is 

(𝜃, 𝑠)-continuous if and only if 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎𝑠) is contra 𝛿𝑃𝑆-continuous.  

Proof. Let 𝐻 ∈ 𝜎𝑠, then 𝐻 is regular open set in (𝑌, 𝜎). Since 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is (𝜃, 𝑠)-

continuous. Then 𝑓−1(𝐻) is closed set in 𝑋. Since 𝑋 is locally indiscrete space. Then by 

Proposition 2.2.31, 𝑓−1(𝐻) is 𝛿𝑃𝑆-closed set in 𝑋. Therefore, 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎𝑠) is contra 

𝛿𝑃𝑆-continuous.  

Conversely, Let 𝐻 be any regular open set in (𝑌, 𝜎), then 𝐻 ∈ 𝜎𝑠. Since 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎𝑠) is 

contra 𝛿𝑃𝑆-continuous. Then 𝑓−1(𝐻) is 𝛿𝑃𝑆-closed set in 𝑋. Since 𝑋 is locally indiscrete 

space. Then by Proposition 2.2.31, 𝑓−1(𝐻) is closed set in X. Therefore, 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is 

(𝜃, 𝑠)-continuous. 
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5.5.1 Properties 

In this section, we give some properties of contra 𝛿𝑃𝑆-continuous functions.  

Proposition 5.5.1.1: Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎)  be contra- 𝛿𝑃𝑆-continuous function. If A is either 

open or regular semi-open subset of X, then 𝑓|𝐴: 𝐴 → 𝑌 is contra 𝛿𝑃𝑆-continuous in the 

subspace A.  

Proof. Let 𝐹 be any closed set of 𝑌. Since 𝑓 is contra 𝛿𝑃𝑆-continuous. Then by Theorem 

5.5.9(b), 𝑓−1(𝐹) is 𝛿𝑃𝑆-open set in 𝑋. Since 𝐴 is either open or regular semiopen subset of 𝑋. 

Then by Proposition 2.3.5, (𝑓|𝐴)−1(𝐹) = 𝑓−1(𝐹) ∩ 𝐴 is a 𝛿𝑃𝑆-open subspace of 𝐴. 

Therefore, by Theorem 5.5.9(b), 𝑓|𝐴: 𝐴 → 𝑌 is contra 𝛿𝑃𝑆-continuous.  

From Theorem 5.5.1.1, we obtain the following corollary 

Corollary 5.5.1.2. Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎)  be a contra- 𝛿𝑃𝑆-continuous function. If A is 

regular open subset of X, then 𝑓|𝐴: 𝐴 → 𝑌 is contra- 𝛿𝑃𝑆-continuous in the subspace A.  

Proposition 5.5.1.3. A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎)  is contra- 𝛿𝑃𝑆-continuous, if for each 

𝑥 ∈ 𝑋, there exists a regular open set 𝐴 of 𝑋 containing 𝑥 such that 𝑓|𝐴: 𝐴 → 𝑌 is contra- 

𝛿𝑃𝑆-continuous in the subspace A. 

Proof. Let 𝑥 ∈ 𝑋, then by hypothesis, there exists a regular open set 𝐴 containing 𝑥 such that 

𝑓|𝐴: 𝐴 → 𝑌 is contra- 𝛿𝑃𝑆-continuous. Let F be any closed set of 𝑌 containing 𝑓(𝑥). By 

Theorem 5.5.9(c), there exists a 𝛿𝑃𝑆-open set 𝑈 in 𝐴 containing x such that (𝑓|𝐴)(𝑈) ⊆ 𝐹. 

Since 𝐴 is regular open set. By Proposition 5.5.11(c), 𝑈 is 𝛿𝑃𝑆-open set in 𝑋 and hence 

𝑓(𝑈) ⊆ 𝐹. Therefore, by Theorem 5.5.9(c), 𝑓 is contra- 𝛿𝑃𝑆-continuous 

Corollary 5.5.1.4: Let {𝑈𝛼: 𝛼 ∈ Δ}  be a regular open cover of a topological space X. A 

function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is contra- 𝛿𝑃𝑆-continuous if and only if 𝑓|𝑈𝛼: 𝑈𝛼 → 𝑌 is contra- 

𝛿𝑃𝑆-continuous for each 𝛼 ∈ Δ.  

Proof. Follows from Corollary 5.5.1.2 and Proposition 5.5.1.3.  

Proposition 5.5.1.5. If 𝑋 = 𝑅 ∪ 𝑆, where R and S are regular open sets and 𝑓: (𝑋, 𝜏) →

(𝑌, 𝜎) is a function such that both f | R and f | S are contra- 𝛿𝑃𝑆-continuous, then f is contra- 

𝛿𝑃𝑆-continuous.  

Proof. Let F be any closed set of Y. Then 𝑓−1(𝐹) = (𝑓|𝑅)−1(𝐹) ∪ (𝑓|𝑆)−1(𝐹). Since 𝑓|𝑅 

and 𝑓|𝑆 are contra 𝛿𝑃𝑆-continuous. Then by Theorem 5.5.9(b), (𝑓|𝑅)−1(𝐹) and (𝑓|𝑆)−1(𝐹) 

are 𝛿𝑃𝑆-open sets in R and S, respectively. Since R and S are regular open sets in 𝑋, then by 

Proposition 2.3.2, (𝑓|𝑅)−1(𝐹) and (𝑓|𝑆)−1(𝐹). are 𝛿𝑃𝑆-open sets in 𝑋. Since union of two 

𝛿𝑃𝑆-open sets is 𝛿𝑃𝑆-open, 𝑓−1(𝐹) is 𝛿𝑃𝑆-open set in 𝑋. Therefore, by Theorem 5.5.9(b), f is 

contra- 𝛿𝑃𝑆continuous. 
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 In general, if 𝑋 =∪ {𝐾𝛼: 𝛼 ∈ Δ}, where each 𝐾𝛼 is a regular open set and 𝑓: (𝑋, 𝜏) →

(𝑌, 𝜎) is a function that 𝑓|𝐾𝛼 is contra 𝛿𝑃𝑆-continuous for each 𝛼, then 𝑓 is contra 𝛿𝑃𝑆-

continuous. 

The following is the pasting lemma for contra 𝜹𝑷𝑺-continuous functions: 

Lemma 5.5.1.6: Let 𝑋 = 𝑅1 ∪ 𝑅2, where 𝑅1 and 𝑅2 are regular open sets in 𝑋. Let 𝑓: 𝑅1 → 𝑌 

and 𝑔: 𝑅2 → 𝑌 be contra 𝛿𝑃𝑆-continuous. If 𝑓(𝑥) = 𝑔(𝑥) for each 𝑥 ∈ 𝑅1 ∩ 𝑅2. Then 

ℎ: 𝑅1 ∪ 𝑅2 → 𝑌 such that  

ℎ(𝑥) = {
𝑓(𝑥)     𝑖𝑓 𝑥 ∈ 𝑅1

𝑔(𝑥)    𝑖𝑓   𝑥 ∈ 𝑅2    
is contra 𝛿𝑃𝑆-continuous. 

Proof: Let 𝐸 be a closed set of 𝑌. Now ℎ−1(𝐸) = 𝑓−1(𝐸) ∪ 𝑔−1(𝐸). Since 𝑓 is contra 𝛿𝑃𝑆-

continuous, then by Theorem 5.5.9(b), 𝑓−1(𝐸) is 𝛿𝑃𝑆-open set in 𝑅1. But 𝑅1 is regular open 

set in 𝑋. Then by Proposition 2.3.2, 𝑓−1(𝐸) is 𝛿𝑃𝑆-open set in 𝑋. Similarly, 𝑔−1(𝐸) is 𝛿𝑃𝑆-

open set in 𝑅2 and hence, 𝛿𝑃𝑆-open set in 𝑋. Since union of two 𝛿𝑃𝑆-open sets is 𝛿𝑃𝑆-open. 

Therefore, ℎ−1(𝐸) = 𝑓−1(𝐸) ∪ 𝑔−1(𝐸) is a 𝛿𝑃𝑆-open set in 𝑋. Hence by Theorem 5.5.9(b), 

ℎ is contra 𝛿𝑃𝑆-continuous. 

Proposition 5.5.1.7: Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be contra 𝛿𝑃𝑆-continuous surjection and 𝐴 be 

either open or regular semi-open subset of 𝑋. If 𝑓 is a closed function, then the function 

𝑔: 𝐴 → 𝑓(𝐴), defined by 𝑔(𝑥) = 𝑓(𝑥) for each 𝑥 ∈ 𝐴, is contra 𝛿𝑃𝑆-continuous. 

Proof:  Putting 𝐻 = 𝑓(𝐴). Let 𝑥 ∈ 𝐴 and let 𝐹 be any closed set in 𝐻 containing 𝑔(𝑥). Since 

𝐻 is closed in 𝑌. Since 𝑓 is contra 𝛿𝑃𝑆-continuous, by Theorem 5.5.9(c), there exists a 𝛿𝑃𝑆-

open set 𝑈 in 𝑋 containing 𝑥 such that 𝑓(𝑈) ⊆ 𝐹. Taking 𝑊 = 𝑈 ∩ 𝐴, since 𝐴 is either open 

or regular semi-open subset of 𝑋. Then by Proposition 2.3.5, 𝑊 is a 𝛿𝑃𝑆-open set in 𝐴 

containing 𝑥 and 𝑔(𝑊) ⊆ 𝐹𝑌 ∩ 𝐻 = 𝐹𝐻. Then 𝑔(𝑊) ⊆ 𝐹𝐻. Therefore, by Theorem 5.5.9(c), 

𝑔 is contra 𝛿𝑃𝑆-continuous. 

Remark 5.5.1.8: Composition of contra 𝛿𝑃𝑆-continuous need not be contra 𝛿𝑃𝑆-continuous 

function. 

Example 5.5.1.9: Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) and 𝑔: (𝑌, 𝜎) → (𝑍, 𝜂) such that 𝑋 = 𝑌 = 𝑍 =

{𝑎, 𝑏, 𝑐}, 𝜏 = {𝑋, ∅, {𝑐}, {𝑎, 𝑏}}, 𝜎 = {𝑋, ∅, {𝑎}}, 𝜂 = {𝑋, ∅, {𝑎, 𝑏}};  𝛿𝑃𝑆(𝜏) = 𝜏, 𝛿𝑃𝑆(𝜎) =

{𝑋, ∅, {𝑏}, {𝑐}, {𝑏, 𝑐}}. Then 𝑓 and 𝑔 are contra 𝛿𝑃𝑆-continuous but 𝑔 ∘ 𝑓 is not contra 𝛿𝑃𝑆-

continuous, since (𝑔 ∘ 𝑓)−1({𝑎, 𝑏}) = {𝑏, 𝑐} ∉ 𝛿𝑃𝑆-closed sets of 𝜏. 

 We shall obtain some conditions for the composition of two functions to be contra 

𝛿𝑃𝑆-continuous. 
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Theorem 5.5.1.10: Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) and 𝑔: (𝑌, 𝜎) → (𝑍, 𝜂) be functions. Then the 

composition 𝑔 ∘ 𝑓: (𝑋, 𝜏) → (𝑍, 𝜂) is contra 𝛿𝑃𝑆-continuous if 𝑓 and 𝑔 satisfy one of the 

following conditions: 

a) 𝑓 is contra 𝛿𝑃𝑆-continuous and 𝑔 is continuous. 

b) 𝑓 is continuous and open and 𝑔 is contra 𝛿𝑃𝑆-continuous 

c) 𝑓 is 𝛿𝑃𝑆-continuous and 𝑔 is contra continuous. 

Proof: a) Let 𝑊 be any open subset of 𝑍. Since 𝑔 is continuous, 𝑔−1(𝑊) is open subset of 𝑌. 

Since 𝑓 is contra 𝛿𝑃𝑆-continuous, then (𝑔 ∘ 𝑓)−1(𝑊) = 𝑓−1(𝑔−1(𝑊)) is 𝛿𝑃𝑆-closed subset 

in 𝑋. Therefore 𝑔 ∘ 𝑓 is contra 𝛿𝑃𝑆-continuous. 

b) Let 𝐹 be any closed subset of 𝑍. Since 𝑔 is contra 𝛿𝑃𝑆-continuous, by Theorem 5.5.9(b), 

𝑔−1(𝐹) is 𝛿𝑃𝑆-open subset of 𝑌. Since 𝑓 is continuous and open, then by Theorem 5.2.9, 

𝑓−1(𝑔−1(𝐹)) = (𝑔 ∘ 𝑓)−1(𝐹) is a 𝛿𝑃𝑆-open set in 𝑋. Hence by Theorem 5.5.9(b), 𝑔 ∘ 𝑓 is 

contra 𝛿𝑃𝑆-continuous. 

c) Let 𝑊 be any open subset of 𝑍. Since 𝑔 is contra continuous, then 𝑔−1(𝑊) is closed 

subset of 𝑌. Since 𝑓 is 𝛿𝑃𝑆-continuous, by Theorem 5.2.7(c), (𝑔 ∘ 𝑓)−1(𝑊) = 𝑓−1(𝑔−1(𝑊)) 

is 𝛿𝑃𝑆-closed subset in 𝑋. Therefore, 𝑔 ∘ 𝑓 is contra 𝛿𝑃𝑆-continuous. 

Proposition 5.5.1.11: If 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is a function and 𝑔: (𝑌, 𝜎) → (𝑍, 𝜂) is 

injecticve and closed, and 𝑔 ∘ 𝑓: (𝑋, 𝜏) → (𝑍, 𝜂) is contra 𝛿𝑃𝑆-continuous, then 𝑓 is contra 

𝛿𝑃𝑆-continuous. 

Proof: Let 𝐹 be a closed subset of 𝑌. Since 𝑔 is closed, 𝑔(𝐹) is closed in 𝑍. Then, since 

𝑔 ∘ 𝑓 is contra 𝛿𝑃𝑆-continuous and 𝑔 is injective, we see that 

𝑓−1(𝐹) = 𝑓−1 (𝑔−1(𝑔(𝐹))) = (𝑔 ∘ 𝑓)−1(𝑔(𝐹)) is 𝛿𝑃𝑆-open in 𝑋, which proves that 𝑓 is 

contra 𝛿𝑃𝑆-continuous. 

Proposition 5.5.1.12: The set of all points of 𝑥 of 𝑋 at which 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is not contra 

𝛿𝑃𝑆-continuous is identical with the union of the 𝛿𝑃𝑆-boundaries of the inverse images of 

closed subsets of 𝑌 containing 𝑓(𝑥). 

Proof: If 𝑓 is not contra 𝛿𝑃𝑆-continuous at 𝑥 ∈ 𝑋, then there exists a closed set 𝐹 of 

𝑌 containing 𝑓(𝑥) such that 𝑓(𝑈) ∩ 𝑌\𝐹 ≠ ∅ for every 𝛿𝑃𝑆-open set 𝑈 of containing 𝑥. This 

means tthat for every 𝛿𝑃𝑆-open set 𝑈of 𝑋 containing 𝑥, we must have have 𝑈 ∩ 𝑋\𝑓−1(𝐹) ≠

∅. Therefore, we have 𝑥 ∈ 𝛿𝑃𝑆(𝐶𝑙(𝑋\𝑓−1(𝐹)). But 𝑥 ∈ 𝑓−1(𝐹) and hence 

𝑥 ∈ 𝛿𝑃𝑆(𝐶𝑙(𝑓−1(𝐹)). This means that 𝑥 ∈ 𝛿𝑃𝑆𝐵𝑑(𝑓−1(𝐹)). 
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On the other hand, suppose that 𝑥 ∈ 𝛿𝑃𝑆𝐵𝑑(𝑓−1(𝐹)) for some closed subset 𝐹 of 𝑌 such that 

𝑓(𝑥) ∈ 𝐹. Supoose that 𝑓 is contra 𝛿𝑃𝑆-continuous at 𝑥. Then by Theorem 5.5.9(c), there 

exists a 𝛿𝑃𝑆-open set 𝑈 of 𝑋 containing 𝑥 such that 𝑓(𝑈) ⊆ 𝐹. Then we have 𝑈 ⊆ 𝑓−1(𝐹). 

This shows that 𝑥 ∈ 𝛿𝑃𝑆𝐼𝑛𝑡(𝑓−1(𝐹)). Therefore, we have 𝑥 ∉ 𝛿𝑃𝑆(𝐶𝑙(𝑋\𝑓−1(𝐹)) and 

𝑥 ∉ 𝛿𝑃𝑆𝐵𝑑(𝑓−1(𝐹)). But this is a contradiction. This means that 𝑓 is not contra 𝛿𝑃𝑆-

continuous. 

Definition 5.5.1.13: For a subset A of a topological space (X, τ), 𝜹𝑷𝑺-frontier of A is 

denoted by 𝛿𝑃𝑆𝐹(𝐴) and defined as 𝛿𝑃𝑆𝐹(𝐴) = 𝛿𝑃𝑆𝐶𝑙(𝐴)\𝛿𝑃𝑆𝐼𝑛𝑡(𝐴). 

Proposition 5.5.1.14: Let 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) be a function and let 𝑥 ∈ 𝑋. Then 𝑓 is not contra 

𝛿𝑃𝑆-continuous at 𝑥 if and only if 𝑥 is a member of the 𝛿𝑃𝑆-frontier of the inverse image of a 

closed subset of 𝑌 containing 𝑓(𝑥). 

Proof: (⇒) Assume 𝑓 is not contra 𝛿𝑃𝑆-continuous at 𝑥. Then by Theorem 5.5.9(c), there 

exists a closed subset 𝐹 of 𝑌 such that 𝑓(𝑥) ∈ 𝐹 and, for every 𝛿𝑃𝑆-open subset 𝑈 of 𝑋 

containing 𝑥, 𝑓(𝑈) ⊈ 𝐹. Hence 𝑈 ∩ 𝑓−1(𝑌\𝐹) ≠ ∅ for every 𝛿𝑃𝑆-open subset 𝑈 of 𝑋 

containing 𝑥, which implies that 𝑥 ∈ 𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝑌\𝐹)) and hence 𝑥 ∈ 𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝐹)) ∩

𝛿𝑃𝑆𝐶𝑙(𝑓−1(𝑌\𝐹)) = 𝛿𝑃𝑆𝐹𝑟(𝑓−1(𝐹)). 

(⇐) Let 𝑥 ∈ 𝑋 and assume that 𝑥 ∈ 𝛿𝑃𝑆𝐹𝑟(𝑓−1(𝐹)) for some closed subset 𝐹 of 𝑌 

containing 𝑓(𝑥). Suppose 𝑓 is contra 𝛿𝑃𝑆-continuous at 𝑥. Then there exists a 𝛿𝑃𝑆-open 

subset 𝑈 of 𝑋 containing 𝑥 such that 𝑓(𝑈) ⊆ 𝐹. Then we see that 𝑥 ∈ 𝑈 ⊆ 𝑓−1(𝐹) and hence 

that 𝑥 ∉ 𝛿𝑃𝑆𝐶𝑙(𝑌\𝑓−1(𝐹)) and thus 𝑥 ∉ 𝛿𝑃𝑆𝐹𝑟(𝑓−1(𝐹)). Therefore 𝑓 is not contra 𝛿𝑃𝑆-

continuous at 𝑥. 

Definition 5.5.1.15: A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is said to have 𝜹𝑷𝑺-closed graph if for 

every (𝑥, 𝑦) ∈ 𝑋 × 𝑌\𝐺(𝑓) there exists a 𝛿𝑃𝑆-open set 𝑈 of 𝑋 such that 𝑥 ∈ 𝑈 ⊆ 𝑋 and an 

open set 𝑉 such that 𝑦 ∈ 𝑉 ⊆ 𝑌 for which (𝑥, 𝑦) ∈ 𝑈 × 𝑉 ⊆ 𝑋 × 𝑌\𝐺(𝑓). 

Proposition 5.5.1.16: If 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is contra 𝛿𝑃𝑆-continuous and 𝑌 is 𝑇2, then 𝐺(𝑓) is 

𝛿𝑃𝑆-closed. 

Proof: Assume (𝑥, 𝑦) ∈ 𝑋 × 𝑌\𝐺(𝑓), then since 𝑦 ≠ 𝑓(𝑥), there exist disjoint open subsets 

𝑉 and 𝑊 of 𝑋 and 𝑌, respectively, such that 𝑓(𝑥) ∈ 𝑉 and 𝑦 ∈ 𝑊. Since 𝑓 is contra 𝛿𝑃𝑆-

continuous, there exists a 𝛿𝑃𝑆-open subset 𝑈 of 𝑋 such that 𝑥 ∈ 𝑈 and 𝑓(𝑈) ⊆ 𝑉. Because 

𝑉 ∩ 𝑊 = ∅, 𝑓(𝑈) ∩ 𝑊 = ∅ and thus (𝑥, 𝑦) ∈ 𝑈 × 𝑊 ⊆ 𝑋 × 𝑌\𝐺(𝑓). Therefore 𝐺(𝑓) is 𝛿𝑃𝑆-

closed. 
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Definition 5.5.1.17: A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is said to have a contra 𝜹𝑷𝑺-closed graph 

if, for every (𝑥, 𝑦) ∈ 𝑋 × 𝑌\𝐺(𝑓), there exists a 𝛿𝑃𝑆-open set 𝑈 of 𝑋 such that 𝑥 ∈ 𝑈 ⊆ 𝑋 

and a closed set 𝐹 such that 𝑦 ∈ 𝐹 ⊆ 𝑌 for which (𝑥, 𝑦) ∈ 𝑈 × 𝐹 ⊆ 𝑋 × 𝑌\𝐺(𝑓). 

Proposition 5.5.1.18: A function 𝑓: (𝑋, 𝜏) → (𝑌, 𝜎) is contra 𝛿𝑃𝑆-continuous and 𝑌 is 

Urysohn, then 𝐺(𝑓) is contra 𝛿𝑃𝑆-closed. 

Proof: Assume (𝑥, 𝑦) ∈ 𝑋 × 𝑌\𝐺(𝑓). Then, since 𝑦 ≠ 𝑓(𝑥), there exist open subsets 𝑉 and 

𝑊 of 𝑋 and 𝑌, respectively, such that 𝑓(𝑥) ∈ 𝑉 and 𝑦 ∈ 𝑊 and 𝐶𝑙(𝑉) ∩ 𝐶𝑙(𝑊) = ∅. Since 𝑓 

is contra 𝛿𝑃𝑆-continuous, there exists a 𝛿𝑃𝑆-open subset 𝑈 of 𝑋 containing 𝑥 such that 

𝑓(𝑈) ⊆ 𝐶𝑙(𝑉). Then we have (𝑥, 𝑦) ∈ 𝑈 × 𝐶𝑙(𝑊) ⊆ 𝑋 × 𝑌\𝐺(𝑓), which proves that 𝐺(𝑓) is 

contra 𝛿𝑃𝑆-closed. 

Proposition 5.5.1.19: Assume 𝑌 is an Urysohn space and that 𝑓𝑖: 𝑋𝑖 → 𝑌 for 𝑖 = 1,2 is contra 

𝛿𝑃𝑆-continuous for each 𝑖. The set 𝐴 = {(𝑥1, 𝑥2): 𝑓1(𝑥1) = 𝑓2(𝑥2)} is 𝛿𝑃𝑆-closed in the 

product space 𝑋1 × 𝑋2. 

Proof: Suppose (𝑥1, 𝑥2) ∈ (𝑋1 × 𝑋2)\𝐴. Then 𝑓1(𝑥1) ≠ 𝑓2(𝑥2) and, since 𝑌 is Urysohn, 

there exists open sets 𝑉1 and 𝑉2 containing 𝑓1(𝑥1) and 𝑓2(𝑥2), respectively, such that 

𝐶𝑙(𝑉1) ∩ 𝐶𝑙(𝑉2) = ∅. Since products of 𝛿𝑃𝑆-open sets are 𝛿𝑃𝑆-open, 𝑓1
−1(𝐶𝑙(𝑉1)) ×

𝑓2
−1(𝐶𝑙(𝑉2)) is 𝛿𝑃𝑆-open in 𝑋1 × 𝑋2. Then we see that (𝑥1, 𝑥2) ∈ 𝑓1

−1(𝐶𝑙(𝑉1)) ×

𝑓2
−1(𝐶𝑙(𝑉2)) ⊆ (𝑋1 × 𝑋2)\𝐴. Since the union of 𝛿𝑃𝑆-open sets are 𝛿𝑃𝑆-open, it follows that 

𝐴 is 𝛿𝑃𝑆-closed in 𝑋 × 𝑌. 

Proposition 5.5.1.20: Let 𝑓𝛼: (𝑋, 𝜏) → (𝑌𝛼, 𝜎) be a function for every 𝛼 ∈ 𝒜 and let 

𝑓: 𝑋 → ∏ 𝑌𝛼𝛼∈𝒜  be the product function given by 𝑓(𝑥) = (𝑓𝛼(𝑥))𝛼∈𝒜  for every 𝑥 ∈ 𝑋. If 

𝑓 is contra 𝛿𝑃𝑆-continuous, then 𝑓𝛼 is contra 𝛿𝑃𝑆-continuous for every 𝛼 ∈ 𝐴. 

Proof: Let 𝛽 ∈ 𝒜 and 𝑝𝛽: ∏ 𝑌𝛼 → 𝑌𝛽𝛼∈𝒜  be the 𝛽th projection function. Since 𝑓𝛽 = 𝑝𝛽 ∘

𝑓, it follows from Theorem 5.5.1.10(b) that 𝑓𝛽 is contra 𝛿𝑃𝑆-continuous. 

  

 

 

 

 

 

 

 


