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Cubic Structures in Z-Algebras 9

In 2012, Jun et al. [36] have introduced a remarkable theory, namely, the theory
of cubic sets. This structure is comprised of an interval-valued fuzzy set and a fuzzy set. This
chapter is divided into two sections. In the first section, we introduce the notion of cubic
Z-Subalgebras in Z-algebras. In the second section, we initiate the notion of cubic Z -Ideals in
Z-algebras . Also we prove some interesting results.

9.1 Cubic Z-Subalgebras in Z-algebras
In this section, we define the notion of Cubic Z-Subalgebra of a Z-algebra and proved some

interesting results.

Definition 9.1.1: Let (X,%0) be a Z-algebra. A cubic set A =({i,,m,)in X is called a cubic
Z-Subalgebra of X if it satisfies the following conditions:
(i) Ty (xxy) 2 rmin i, (x). 1, (5)]

(i) o, (x*y)< max{coA(X),COA(Y)} ,forall x,yeX.

Example 9.1.2: Consider a Z-algebra X= {0,1,2,3} be a set with the following Cayley table :

* 10 1 2 3
0 |0 1 2 3
1 |0 1 2 1
2 |0 2 2 3
3 |0 1 3 3

[0.6,0.7] if x €{0,2}
[0.1,0.2] otherwise

0.2 if xe{0,2}
0.6 otherwise

Define a cubic set A in X by 1, (x)= { and o, (x)= {

Then A is a cubic Z-Subalgebra of a Z-algebra X.
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Theorem 9.1.3: The intersection of any set of cubic Z-Subalgebras of a Z-algebra X is also a

cubic Z-Subalgebra of X.
Proof: Let A, = {<X, n A (X), 00, (X)>|X € X} where 1€ Q an index set, be a set of cubic
Z-Subalgebras of a Z-algebra X . For x,y e X,
Hoa (x*y)=rinfl, (x*y) 2 rinf{rmin{{, (x),{, (y)}} =rmin{rinf {i, (x),rinf {i, (y)}
=rmin{f, (X),H4, (¥)}
and ©_, (X*y)=supw, (x*y) <sup{max{o, (x),0, (y)}} =max{sup o, (x),supo, (y)}
=max{o_, (X),o_, (¥)}

Hence (A, = {<X,ﬁmAi (), (X)>|X € X} is a cubic Z-Subalgebra of X.

ieQ
We remark here that the union, P-intersection and P-union of any sets of cubic Z-Subalgebras in
Z-algebras is need not be a cubic Z-subalgebra. We now provide some conditions that the
union, P-intersection and P-union of any cubic Z-Subalgebras in Z-algebras are still a cubic

Z-Subalgebra in the following three theorems.

Theorem 9.1.4: Let A = {<x,ﬁ A (X), 0, (x)>|x € X} where ieQ an index set, be cubic
Z-Subalgebras of a Z-algebra X. If
rsup{rmin{fi, (x),H, (y)}}=rmin{rsup i, (x),rsup i, (y)} and
inf{max{ o, (x),o, (y)}}=max{inf o, (x),inf w, (y)}, for all x,yeX, then the union of A,

is again a cubic Z-Subalgebra of X.
Proof: For any x,ye X,

oy, (cey) = rsupfi, (x#y) = rsup{rmin (i, (X7, (¥)}} = rmin{rsup i, (x),rsup i, ()}
=rmin{f,, (X),Hos, ()}
and ., (x*y)=info, (x*y)<inf{max{®, (x),0, (y)}} = max{inf o, (x),inf ®, ()}
= max{o,, (x),0., (V)}

Hence | JA, = {<X,ﬁuAi (%), @4, (X)>|x € X} is a cubic Z-Subalgebra of a Z-algebra X .

ieQ
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Theorem 9.1.5: Let A, = {<x,ﬁAi (x), 0, (x)>|x € X} where i€Q an index set, be cubic
Z-Subalgebras of a Z-algebra X. If inf{max{w, (x),», (y)}} =max{inf o, (x),inf 0, (y)}, for

all x,y € X, then the P-intersection of A, is again a cubic Z-Subalgebra of X.

Proof: For any x,y e X,

Hoa (x*y)=rinfli, (x*y) 2 rinf{rmin{{, (x),[i, (y)}} =rmin{rinf i, (x),rinf I, (y)}
=rminfil, (X),1, ()}

and ., (x*y)=infw, (x*y) <infimax{w, (x),o, (y)}} =max{inf o, (x),inf 0, (y)}

=max{o,, (X),o., (¥)}

which shows that P(ﬂAij = (ﬁm A Dop ) a cubic Z-Subalgebra of a Z-algebra X.

ieQ
Theorem 9.1.6: Let Ai:{<x,ﬁAl (x), 0, (x)>|xeX} where i€ Q an index set, be cubic

Z-Subalgebras of a Z-algebra X. If
rsup{rmin{{l, (x),[{, (y)}} =rmin{rsup i, (x),rsupii, (y); , for all x,yeX, then the

P-union of A, is again a cubic Z-Subalgebra of X.

Proof: For any x,ye X,

Hoa, (x*y)=rsupfi, (x*y) = rsup{rmin{{i, (x),i{, (y)}} =rmin{rsup i, (x),rsupfi, (¥)}
=rmin{fi_, (x),0,, ()}

and o_, (X*y)=supo, (x*y) <sup{max{w, (x),o, (y)}} =max{sup o, (x),supw, (¥)}

=max{o_, (), , ()}

which shows that P(U Aij = (ﬁu A Ooa ) is a cubic Z-Subalgebra of X.

ieQ
Theorem 9.1.7: Cubic set A =(u,,m,) of a Z-algebra X is a cubic Z-Subalgebra of X where
M, =[us,px] ifand only if pt, uand (@,) are fuzzy Z-Subalgebras of X.

Proof: Let p', u’ and (w,)°are fuzzy Z-Subalgebras of a Z-algebra X and x,y e X.

Then, I, (x*y) = rmin{il, (x),fi,(y)}
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Also (0,)°(x*y) 2 min{(®,)* (x),(©,)° ()

= l-o,(x*y)2min{l-0, (x).1 -0, ()} > 1-max{o, (x),0, ()}
implies o, (x*y) < max{m, (x),o, ()}

Thus A is cubic Z-Subalgebra of a Z-algebra X.

Conversely, assume that A is a cubic Z-Subalgebra of a Z-algebra X.

For any x,yeX, we have pji(x*y)zmin{uy(x),n5(y)}, pa(x*y)2min{p, (x),p3(y)}
Also, o, (x*y) < max{coA (x),0, (y)}

= 1-o,(x*y)21-max{o, (x),0, ()}

= l-o,x*y)2min{l-o0,(x),l -0, (y)}

= (0,) (x*y)2min{(w,)"(x),(©0,)"(y)}

Thus p', p and (®,)° are fuzzy Z-Subalgebras of a Z-algebra X.

Theorem 9.1.8: If a cubic set A =(li,,»,) in a Z-algebra X is a cubic Z-Subalgebra of X then
for [s,,s,]€D[0,1] and te[0,1] the interval-valued upper [s,,s,]-level subset U(ﬁ A;[sl,sz]) and
lower t-level subset L(w,;t) of A are Z-Subalgebras of X.

Proof: Assume that A is a cubic Z-Subalgebra of a Z-algebra X and let [s,,s,] € D[0,]] be such
that x,y e U(ﬁA;[sl,sz]). Then clearly, [, (x *y)>[s,,s,].

Thus U(ﬁA;[s1 ,sz]) is a Z-Subalgebra of a Z-algebra X.

Let te[0,1] be such that x,y e L(oaA;t). Then, ©,(x)<t and o,(y)<t.

It follows that, ®, (x *y) < max{o, (x),0,(y)} < max{t, t}= t sothat x*ye L(coA;t).

Hence, L(w, ;t) is a Z-Subalgebra of a Z-algebra X.

This completes the proof.

Converse of the above theorem stated as follows can be easily proved.

Theorem 9.1.9: Let A=(fi,,®,) be a cubic set of a Z-algebra X, such that the sets
U(ﬁA;[sl,sz]) and L(mA;t) are Z-Subalgebras of X for every [s,,s,]€D[0,1] and t €[0,1]. Then
A=(ii,,0,)is a cubic Z-Subalgebra of X.
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Theorem 9.1.10: Any Z-Subalgebra of a Z-algebra X can be realized as both the interval-valued

upper [s,,s, |- level and lower t-level subsets of some cubic Z-Subalgebra of X.

Proof: Let Y be a Z-Subalgebra of a Z-algebra X and A be a cubic set on X defined by

- [s;»s,] ifxeY t if xeY
H,(x)= i and 0, (x)= .

[0,0] otherwise 1 otherwise
where [s,,s,]€D[0,1] and te[0,1] with [s,,s,]>[0,0] and t<I.
To prove: A is a cubic Z-Subalgebra of a Z-algebra X.

Let x,y e X . We consider the following cases.
Case (1): If x,yeY then x*yeY.

Therefore, i, (x*y)=[s,.s,] =rmin{[s,.s,1[s,.s,]1} = rmin{fi, (x).fi, (y)}

and o, (x*y)=t=max{t,t}=max{o, (x),coA(y)}

Case (2): If x,ye Ythen [I,(x)=[0,0]=[i,(y)and o, (x)=1=0,(y).

Now, I, (x*y)=[0,0] =rmin{[0,0],[0,0]} = rmin i, (x).[,(y)}

and o, (x*y)<1 =max{L1} = max{w, (x),0,(y)}

Case (3): If xeY and ygYthen fi,(x)=[s.s,], {,(y)=[0,0],0,(x)=t and o, (y)=1.
Thus, i, (x*y)2[0,0] = rmin{s,,s,1,[0,0]} = rmin{f, (%), (y)}

and o, (x*y)<1 =max{t,l} =max{coA(x),coA(y)}

Case (4): If yeY and x & Ythen [i,(x)=[0,0], i, (y) =Is,.s,], ®,(x)=1 and
o,(y)=t.Thus,  Ti,(x*y)=[0,0] =rmin{[0,0],[s,,s,1} = rmin {ii, (x), [, (y)}

and o, (x*y)<1 =max{Lt} =max{w, (x),0,(y)}

Therefore, A is a cubic Z-Subalgebra of a Z-algebra X.

Obviously, U([i,;[s,.5,])=Y =L(w,;t).

Theorem 9.1.11: Let Y be a subset of a Z-algebra X and A be a cubic set on X which is given in
the proof of Theorem 9.1.10. If Y be realized as interval-valued upper [s,s,]-level
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Z-Subalgebra and lower t-level Z-Subalgebra of cubic Z-Subalgebra A of X, then Y is a
Z-Subalgebra of a Z-algebra X.
Proof: Let Y be a subset of a Z-algebra X and Let A be a cubic Z-Subalgebra of a Z-algebra X
such that U(l1,;[s,,s,]) =Y =L(w,;t).
To prove: Y is a Z-Subalgebra of a Z-algebra X.
Let x,yeY.
Then, [, (x)=[s,,5,]=H,(y) and 0, (x)=t=0,(y).
Thus, i, (x*y)> rmin{fi, (x), i, (y)} =rmin{[s,,s,L,[s,,5,]} =[min{s,.s,}.45,.5,}]
= [Sl ) Sz]
= HA(X*y)Z[sl,sz].
and o,(x*y)<max{o,(x),o,(y)}=max{tt}=t.
Thus x*yeY.
Hence Y is a Z-Subalgebra of a Z-algebra X.
Theorem 9.1.12: Let h be a Z-homomorphism from a Z-algebra (X,*,O) onto a Z-algebra

(Y,*’,O’) and A be a cubic Z-Subalgebra of X with rsup-inf property. Then the image of A,

h(A)= {<y,ﬁh(A)(y), mh(A)(y)>|y € Y} is a cubic Z-Subalgebra of Y.

Proof: Let a,b e Y with x,eh™'(a) and y, e h™'(b) such that

f,(x,)=rsupfiy(t) ; f,(yo)=rsupfi,(t) and

teh™(a) teh™(b)

(DA(XO): inf (’OA(t);('OA(YO)Z inf (DA(t)

teh™(a) teh ™ (b)

Now,

r’lh(A)(a *'b): rsup ﬁA(t) 2 ﬁA(XO * YO) 2 rmin{ﬁA(X0)7ﬁA(YO)}

teh ™! (a*'b)

= rmin{rsup Ti,(t), rsup ﬁA(t)}

teh™ (a) teh™ (b)

That is, [1,,,(a* b) 2 min{fi,,,(@),[L,,(b)}
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Also Oy (a) (a + b) = tehifl(f*,b) Oy (t) o, (Xo *Yo ) < max{(’OA (Xo ), Wy (YO )}

=max{ inf o,(t), inf coA(t)}

teh™(a) teh™ (b)

= max{(’oh(A)(a)’ O)h(A)(b)}
That is, o, ,,(a * b) < max {0y, (), 0,4, (b)}
Therefore h(A) is a cubic Z-Subalgebra of a Z-algebra Y.
Theorem 9.1.13: Assume that h:(X,*,O)—)(Y,*’,O') is a Z-homomorphism of Z-algebras and
A = (ﬁ A Op ) iIs a cubic  Z-Subalgebras of X,  where 1eQ). If
inf{max{w, (x),o, (y)}} =max{inf 0, (x),inf 0, (y)}, for all x,yeX, then h(P(ﬂ AiD is

ieQ

a cubic Z-Subalgebra of Y.
Proof: Let A, = (ﬁ LN ) be cubic Z-Subalgebras of a Z-algebra X, where i € Q satisfying

inf{max{w, (x),®, (y)}} =max{inf 0, (x),infw, (y)}, for all X,yeX. Then by Theorem

9.1.5, P(ﬂAij is a cubic Z-Subalgebra of X. Hence h(P(ﬂ AiD is also a cubic Z-Subalgebra
ieQ ieQ

of Y.

Theorem 9.1.14: Consider h:(X,%0)—(Y,¥,0') is a Z-homomorphism of Z-algebras and

A = (ﬁ NCN ) is a cubic Z-Subalgebras of X, where ieQ. If

rsup{rmin{{, (x),f, (y)}} =rmin{rsup i, (x),rsupii, (y)}, for all x,yeX, then

h(P(U Ain is also a cubic Z-Subalgebra of Y.
ieQ

Proof: Let A, = (ﬁ A O Ai) be cubic Z-Subalgebras of a Z-algebra X, where i € Q satisfying

rsup{rmin{fi, (x),fi, (y)}} =rmin{rsupfi, (x),rsupfi, (y)}, for all x,yeX. Then by

Theorem 9.1.6 , P(UAJ is a cubic Z-Subalgebra of X. Hence h(P(UAiD is also a cubic

ieQ ieQ

Z-Subalgebra of Y.

Fuzzy Structures on Z-Algebras 197



Cubic Structures in Z-Algebras

Theorem 9.1.15: Let h:(X,x0)—(Y,¥,0') be a Z-homomorphism of Z-algebras and
B=(li;,®,) is a cubic Z-Subalgebra of Y then the inverse image
h™'(B)= {<x, B (B)(X), @, ) (X)>|x € X} of B under h is a cubic Z-Subalgebra of X.

Proof: Let B = ({i,,®, ) be a cubic Z-Subalgebra of Y.
To prove: h™'(B) is a cubic Z-Subalgebra of a Z-algebra X.

Let x,ye X,

Then fi ., (x*y) =y (h(x *y)) =Hp(h(x)* h(y)) =rmin i, (h(x)),fs(h(y))}
=rmin{p, - (X),H, o (V)

= Py (X ry) 2rmin{p (), 1 (V)]

and O,y (X Y) = 0y (h(x * y)) = 05 (h(x) ¥ h(y)) < max{og(h(x)),os(h(y))}

=max{o, ., , (%), 0 5 (¥)]
= o, (B)(X *y) < max o, (B)(X), O (B)(y)}
Thus h™'(B) isa cubic Z-Subalgebra of a Z-algebra X.

Theorem 9.1.16: Let h:(X,*,O)—)(Y,*',O') be a Z-homomorphism of Z-algebras. Let
B, = (ﬁBj , O, ) be  cubic  Z-Subalgebras of Y ,  where jeQ. If

inf{max{ oy (x),0y (y)}} = max{inf o, (x),inf 0, (y)}, for all x,yeY, then h_l(P(ﬂBjJJ is
jeQ

also a cubic Z-Subalgebra of X.

Proof: Let B,= (ﬁBJ_ ,oaBj) be cubic Z-Subalgebras of Y , where jeQ satisfying

inf{max{oy (x),05 (y)}} = max{inf o, (x),inf 05 (y)}, for all x,yeY. Then by Theorem

9.1.5, P(HBJ is a cubic Z-Subalgebra of Y. Hence h{P(ﬂBJJ is also a cubic

jEQ jeQ

Z-Subalgebra of X.
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Theorem 9.1.17: Let h:(X,*,O)—)(Y,*',O') be a Z-homomorphism of Z-algebras. Let
B, = (ﬁBj ;O ) be  cubic  Z-Subalgebras of Y ,  where jeQ. If

rsup{rmin{ﬁBj (x),ﬁBJ(y)}} =rmin{rsup ﬁBj(x),rsup ﬁBj(y)} , for all x,yeY, then
hl(P(UBjJJ is also a cubic Z-Subalgebra of X.

jeQ
Proof: Let B, = (ﬁBJ , 0, ) be cubic Z-Subalgebras of Y , where jeQ satisfying

rsup{rmin{p (x),iy (y)}} =rmin{rsup iy (X),rsuppiy ()}, for all x,yeY. Then by

Theorem 9.1.6, P(U Bj] is a cubic Z-Subalgebra of Y. Hence h‘l(P(U BjD is also a cubic

jeo s
Z-Subalgebra of X.

Theorem 9.1.18: If A and B be cubic Z-subalgebras of a Z-algebra X then A x B is also a cubic
Z-Subalgebra of X x X .

Proof: Let A and B be cubic Z-subalgebras of a Z-algebra X.

To prove: AxB is also a cubic Z-Subalgebra of X x X..

Take (x,,y,) and (x,,y,)e XxX . Then clearly,

B (1531 (00 y2)) 2 rmin it (3, v )b s (%5070}

and @, [(x,y))* (5., )= 0, [(x, %%, ) (v, * v, )]
=max{o, (x, *x,) 0y (y, *y,)}
< max{max{o, (x, ). 0, (x, )l max{o, (v, ) og (v, I}
= max{max{o, (x, ) o, (y, )} max{o, (x, ) 0y (v, )}}

= maX{(DAxB (Xl Y1 )’ ®AxB (Xz Y2 )}
This proves that the Cartesian product of two cubic Z-Subalgebras is again a cubic Z-Subalgebra

of X.
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9.2 Cubic Z-Ideals in Z-algebras

In this section, the notion of Cubic Z-ideals in Z-algebras is defined and corresponding

results are proved.

Definition 9.2.1 : Let (X,*,O) be a Z-algebra. A cubic set A =(l1,,»,)1in X is called a cubic
Z-ideal of X if it satisfies the following conditions:

() 7,02 i, (x) and o, (0) S o, (x)

(if) @, (x) = rmin{p, (x *y), b, (y)}

(iil) o, (x) <max{o, (x*y),0,(y)} ,forall x,ye Xx.

Example 9.2.2: Consider a Z-algebra X= {0,1,2,3} with the following Cayley table :

* 10 1 2 3
0 |0 1 2 3
1 |0 1 3 1
2 |0 3 2 1
3 |0 1 1 3

Define a cubic set A in X by p,(x)=[0.6,0.8] and ®,(x)=0.2 ,forall xeX .Then, Aisa
cubic Z-ideal of a Z-algebra X.

Theorem 9.2.3: The intersection of any set of cubic Z-ideals of a Z-algebra X is also a cubic

Z-ideal of X.

Proof: Let A, = {<X, ﬁAi (X), 0, (X)>|X EX} where 1€ Q) an index set, be a set of cubic Z-ideals

of a Z-algebra X . Then for any x,y e X,

Hoa, (0) =rinf i, (0) 2rinf 1, (x) =K, (X)

®_,, (0) =supo, (0)<supw, (x)=w_, (X)

B, () =rinffi, (%) 2 rinf{rmin{, (x*y).{, ()}} = rmin{rinf fi, (x*y),rinf i, (v)}
=rminfil, (X*y), K., (Y)}

and ©_, (X) =supw, (X) <sup{max{w, (x*y),0, (y)}} =max{sup o, (x*y),supw, (y)}

=max{o_, (X*y),o_, (¥)}
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Hence ﬂAi = (ﬁm A > O ) is a cubic Z-ideal of a Z-algebra X.

ieQ)
We remark here that the union, P-intersection and P-union of any sets of cubic Z-ideals in
Z-algebras is need not be a cubic Z-ideal. We now provide some conditions that the union,
P-intersection and P-union of any cubic Z-ideals in Z-algebras are still a cubic Z-ideal in the
following three theorems.
Theorem 9.2.4: Let A, = (i1, ,0, ) be a set of cubic Z-ideals of a Z-algebra X, where i€ an
index set. If rsup{rmin{u, (x*y),li, (y)}}=rmin{rsupfi, (x*y),rsupp, (y)} and
inf{max{w, (x*y),o, (y)}}=max{info, (x*y),infw, (y)}, for all x,yeX, then the
union of A, is again a cubic Z-ideal of X.
Proof: For any x,ye X,
iy, (0)=rsupfi, (0)2rsupfi, (x)=fi,, (x)
o, (0)=infw, (0)<info, (X)=0,, (X)
iy, (X) =rsupfi, () > rsup{rmin{fi, (x*y)., (¥)}}
= rmin{rsup i, (x*y),rsup i, ()}
=rmin{ii , (X*y),0,, (V)}
and o, (x)=info, (X) <inf{max{w, (x*y),o, (¥)}}
= max{inf o, (x*y),inf ®, (y)}
=max{o,, (X*y),0., (¥)}

Hence UAi = (ﬁuAi QNN ) is a cubic Z-ideal of a Z-algebra X.

ieQ
Theorem 9.2.5: Let A, = (i, ,0, ) be a set of cubic Z-ideals of a Z-algebra X, where 1€ an
index set. If inf{max{w, (x*y),®, (y)}} =max{infw, (x*y),info, (y)}, for all x,yeX,

then the P-intersection of A, is again a cubic Z-ideal of X.

Proof: For any x,y e X,

Hoy, (0) =rinf i, (0)2rinf L, (x) =1, (x)
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0., (0)=info, (0)<info, (X)=0., (x)

Fo, () =Tinf R, (x) = rinf{rmin{fi, (x*y),fi, ()3} =rmin{rinf i, (x*y),rinf fi, ()}
=rminf, (X*y), K., (Y)}

and o, (x)=info, (x) <infimax{o, (x*y),0, (y)}} =max{inf o, (x*y),inf o, ()}

=max{o,, (X*y),0., (y)}

Hence P(ﬂ Aij = (ﬁm A Ona ) is a cubic Z-ideal of a Z-algebra X.

ieQ

Theorem 9.2.6: Let A, = (i, ,0, ) be a set of cubic Z-ideals of a Z-algebra X, where 1€ an

index set. If rsup{rmin{y, (x*y),i, (y)}}=rmin{rsupp, (x*y),rsuppi, (y)}, for all
X,y € X, then the P-union of A, is again a cubic Z-Subalgebra of X.

Proof: For any x,y e X,

i, (0)=rsupfi, (0)=rsupfi, (X)=i_, (x)

©_, (0)=supo, (0) <supo, (x)=0_, (x)

Hoa, (X) =1supii, (x) >rsup{rmin{fi, (x*y),{, (y)}} =rmin{rsupi, (x*y),rsupfi, (y)}
=rmin {ﬁuAi (x*y), ﬁuAl ()}

and ®_, (X)=supw, (x) <sup{max{o, (x*y),o, (y)}} =max{sup o, (x*y),supo, (y)}

=max {("‘)UAl (X * Y)a('ouAi (Y)}
Hence P(U Aij = (ﬁu N ) is a cubic Z-ideal of a Z-algebra X.
ieQ

Theorem 9.2.7: Cubic set A =({i,,®, ) of a Z-algebra X is a cubic Z-ideal of X where

I, =[us,us] ifand only if pf,u} and (o, ) are fuzzy Z-ideals of X.

Proof: Let p,uy and (o, ) are fuzzy Z-ideals of a Z-algebra X and x,y € X.

Consider T, (0)=[px (0), 1} (0)]= [} (x), 1} ()] = i, (X) (1)

Fy (%) =[x (%), pa (x)]
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2 [min {u; (x * y), px (y)}, min {p (x * y), 1y (v)}]
= rmin{[u, (x *y),pz (x* )L, [15 (9), 02 D]
=rminffi, (x*y). 5, (y)} @
Also, 1-0,(0)=(0,)(0)2 (0, ) (x)=1-w,(x)
= 0,(0)<o,(x) 3)
1=, (x)= (@, F ()2 min {0, } G y). (0, ) (¥)]
=min{l -0, (x*y),l - o,(y)}
=1-max{o, (x*y),0,(y)}
= o,(x)<max{o, (x*y).0,(y)} @)
From (1), (2), (3) and (4) we get, A = (ji,,®, ) is a cubic Z-ideal of a Z-algebra X.

Conversely, for any X,ye X,

[ (0), 15 (0] =i, (0) > T, (%) =[x (x), uy (x)]

= pi(0)2pi(x) and  p(0)2py(x) (%)
and i (x)> minfus (x xy) k()] and i (x)2 minfud(x*y).pd(y)) (6)
Also, (0, (0)=1-w,(0)21-0,(x)= (0, f (x) (7

(0 (x)=1-0, ()2 1-max{o, (x+ y).0,(y)}
=min{l-o,(x*y).1-0,(y)}
= min{(o, ) (x *y). (0, (y)}

= (02) (x)2 min{(o, ) (x*y). (0, ()] ®)

From (5),(6),(7) and (8), we get u,u} and (o, ) are fuzzy Z-ideals of a Z-algebra X.
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Analogously, the following theorems can be proved.

Theorem 9.2.8: Let A =(j1,,®,) be a cubic set in a Z-algebra X. Then A is a cubic Z-ideal of
X if and only if for all [s,,s,]eD[0,]] and te[0,1], the sets U(f,;:[s,,s,]) and L(w,;t) of A
are either empty or Z-ideals of X.

Theorem 9.2.9: Let h be a Z-homomorphism from a Z-algebra (X,*,O) onto a Z-algebra
(Y,*',O’) and A be a cubic Z-ideal of X with rsup-inf property. Then image of A denoted by
h(A)is a

cubic Z-ideal of Y.

Theorem 9.2.10: Let h:(X,*,0)— (Y,*,0") be a Z-homomorphism of Z-algebras. If B is a
cubic Z-ideal of Y, then h™'(B) is a cubic Z-ideal of X.

Theorem 9.2.11: Let h:(X,*,0) > (Y,*,0") be an Z-epimorphism of Z-algebras. Let B be a
cubic set of Y. If h™'(B) is a cubic Z-ideal of X then B is a cubic Z-ideal of Y.

Proof: Assume h™'(B) is a cubic Z-ideal of a Z-algebra X.

To prove: B is a cubic Z-ideal of a Z-algebra Y.
Lety €, there exists x € X such that h (x) =y. Then

) () =Ha(hx) =, (%) <H, ., (0)= Fy(h(0)= fy(0)
This implies, 15(0) 2 iy (y)
(i) o) =0y(x) =0, (x)20,.,/(0)= 0y(h0)= 00)
This implies, 0 (0) < 0y (y)
Letx,y e Y. Then there exists a, b e X such that h(a) = x and h (b) =y. It follows that
(i) fig(x)=Hp(h(@)) =fi ., (@) Zrmin{ ,, (a*b)E ., (b)
= rmin{fi; (h(a * b)), i, (h(b))}
= rmin{fi, (h(a) ¥ h(b)),fi, (h(b))}
=rmin{p, (x * y), iy (y)}
This implies, [i;(x) >rmin{fi,(x *'y), [ (y)}

(i) oy(x)=0,(h@)=0,., (@) <max{o, ., @*xblo b}
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= max {0, (h(a *b)),w, (h(b))}
= max {0, (h(a) ¥ h(b)),wy (h(b))}
= max {og (x *'y),05(y)}

This implies, ©;(x) <max{oy(x*'y),05(y)}

From (i) ,(i1), (ii1) and (iv) we get, B is a cubic Z-ideal of a Z-algebra Y.

Theorem 9.2.12: If A and B be cubic Z-ideals of Z-algebra X then A xB is a cubic Z-ideal in

XxX.

Proof: Let A and B be cubic Z-ideals in a Z-algebra X.
To prove: AxB is a cubic Z-ideal in X x X .

Let (x,,x,) € XxX,

Ha5(0,0) = rmin{p, (0),15(0)} >rmin{pi, (x,), A5 (X,)}= Hap(X15X,)

Hence 1i,,5(0,0) 1 ,5(x;,X,) (1)
©5(0.0) = maxio, (0), 5 (0)f < maxio, (x,) 0y (x, )} = 0,5 (,,%,)
Hence ®,,5(0,0) < ®,,5(X,X;) )
Let (x,,X,),(y,,y,) € XxX. Then,
s (Xp,X,) = rmin{f, (X)), K (x,)}
> rmin{rmin{fi, (X, *y,), 0, (y)}, rmin{fiy (x, * y,), 0y (¥,)} }
= rmin{rmin{{i, (X, *y,), g (X, *y,)}, rmin{{i, (y,), B (y,)} }
= rmin{i,, 5 (%, * y1), (X5 * Y1) Bas (Y1, Y1)}
=rmin{fl,, (X, X,) * (¥, ¥2) Baup (Y15 2)} 3)
and ©,,4,(x,,%, )= max{o, (x, ) oy (x, )}
< max{max{o, (x, *y, ) o, (v, max{o, (x, *y, ) 0, (v, )}}
= max{max{o, (x, *y, ). oy (x, *y, ) max{o, (v, L o5y, )j)
= max {0, ((, *y, L (%, * ¥, o (3175}
= max{ . (%1, %,)* (71,72 ) 00 (v, )} @)
Hence A xB is a cubic Z-ideal in X x X .
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Theorem 9.2.13: Let A and B be two cubic sets of a Z-algebra X. If AxB is a cubic Z-ideal of
X x X, the following are true.

(i) 1, (0)> i, (y) and [,(0)>,(x) forall x,yex.

(i) ©,(0)<w4(y) and ®,(0)<w,(x) forall x,ye X .

~

Proof : Assume that fi (y)>1,(0) and i, (x)>i,(0) for some x,yeX.

Then [i,,g (X Y) = rmm{HA( ) ( )} > rmin{ﬁB (O)’ Hy (0)}

=11,,5(0,0) which is a contradiction.
Similarly, assume that o, (x)< ®,(0) and ®,(y)<®,(0) for some x,ye X .
Then ,,,(x,y)=max{o, (x),o,(y)} < max{o,(0),o,(0)} = ®,,,(0,0) which is also a
contradiction. Thus proving the result.
Theorem 9.2.14: Let A and B be two cubic sets of a Z-algebra X such that AxB is a cubic
Z-ideal of X x X .Then either A or B is a cubic Z-ideal of X.
Proof : Now by above Theorem 9.2.13, if we take {i,(0)>{i,(y) and ©,(0)<w,(y) for all

yeX,
Fa (0y)=rmin{fi, (0L fiy(y) =fis(y) ~and @,.,(0.y)=maxio, (0)o,(y)i=0uy) (1)
Take (x,,y,) and (x,,y,)e XxX.
Since AxB is a cubic Z-ideal of X x X .
Fan (x0 ) 2 rmin{ (e v, ) (6, vl s (3252 ))
= rmin {5 (X, * X, ¥ *¥,): Hag (X, ¥2)) )
Putting x, = x, =0 in (2) we get,
W (0.y,) = rminffi, ,(0,y, *y, . H,5(0.y,)} and by (1),
()2 rmin{iiy (v, * v, ) s (v, )}
Analogously, we can prove o, (y, )< max{o,(y, *y,).04(y, )}
Hence B is a cubic Z-ideal of X.
By Theorem 9.2.13, assume that fi,(0)>1i,(x) and ©,(0)< ®,(x) then A is a cubic Z-ideal of a
Z-algebra X.
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Therefore, either A or B is a cubic Z-ideal of a Z-algebra X.
This completes the proof.
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