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1 his paper is concerned with the passivity analysis of Markovian jumping neural networks with leakage time-varying delays. Based
on a Lyapunov functional that accounts for the mixed time delays, a leakage delay-dependent passivity conditions are derived in
terms of linear matrix inequalities (LMIs). The mixed delays includes leakage time-varying delays, discrete time-varying delays, and
distributed time-varying delays. By employing a novel Lyapunov-Krasovski! functional having triple-integral terms, new passivity
leakage delay-dependent criteria are established to guarantee the passivity performance. This performance not only depends on
the upper bound of the time-varying leakage delay a(t) but also depends on the upper bound of the derivative of the time-varying
leakage delay ~ While e.stimating the upper hound of derivative of the J.yapunov-Krasov.skii functional, the discrete and distributed
delays should be treated so as to appropriately develop less conservative results. Two numerical examples are given to show the

validity and potential of the developed criteria.

1. Introduction

In the past few decades, neural networks (NNs) have been
a hot research topic because of their emerged application
in static image processing, pattern recognition, fixed-point
computation, associative memory, combinatorial optimiza-
tion [1-5]. Because the interactions between neurons are
generally asynchronous in biological and artificial neural
networks, time delays are usually encountered. Since the
existence of time delays is frequently one of the main sources
of instability for neural networks, the stability analysis for
delayed neural networks had been extensively studied and
many papers have been published on various types of neural
networks with time delays based on theLM | approach [6-14].

On the other hand, the main idea of passivity theory is
that the passive properties of a system can keep the system
internally stable. In addition, passivity theory is frequently
used in control systems to prove the stability of systems.
The problem of passivity performance analysis has also been
extensively applied in many areas such as signal processing.

fuzzy control, sliding mode control [15], and networked
control [16]. The passivity idea is a promising approach to
the analysis of the stability of NNs, because it can lead to
more general stability results. It is important to investigate the
passivity analysis for neural networks with time delays. More
recently, dissipativity or passivity performances of NNs have
received increasing attention and many research results have
been reported in the literature, for example, [17-21].

In practice, the RNNs often exhibit the behavior of
finite state representations (also called clusters, patterns, or
modes) which are referred to as the information latching
problems [22]. In this case, the network states may switch
(or jump) between different RNN modes according to a
Markovian chain, and this gives rise to the so-called Marko-
vian jumping recurrent neural networks. It has been .shown
that the information latching phenomenon is recognized
to exist universally in neural networks [23, 24], which can
be dealt with extracting finite state representation from a
trained network, that is, a neural network sometimes has
finite modes that switch from one to another at different
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times. Tire results related to all kinds of Markovian jump
neural networks with time delay can also be found in [25-27J
and the references therein. It should be pointed out that all
the above mentioned references assume that the considered
transition probabilities in the Markov process or Markov
chain are time invariant, that is, the considered Markov
process or Markov chain is assumed to be homogeneous.
It is noted that such kind of assumption is required in
most existing results on Markovian jump systems [28, 29].
The detailed discussion about piecewise homogeneous and
nonhomogeneous Markovian jumping parameters has been
given in [30] and references therein.

On the other hand, a typical time delay called as leakage
(or “forgetting”) delay may exist in the negative feedback
terms of the neural network and it has a great impact on
the dynamic behaviors of delayed neural networks and more
details are given in [31-36]. In [34] the authors introduced
leakage time-varying delay for dynamical systems with non-
linear perturbations and derived leakage delay-dependent
stability conditions via constructing a new type of Lyapunov-
Krasovskii functional and LMI approach. Recently, the pas-
sivity analysis for neural networks of neutral type with
Markovian jumping parameters and time delay in the leakage
term have been addressed in [37]. With reference to the
results above, it has been studied that many results get to be
found out for passivity analysis of Markovian jumping neural
networks with leakage time-varying delays. Thus, the main
purpose of this paper is to shorten such a gap by making the
first attempt to deal with the passivity analysis problem for a
type of continuous-time neural networks with time-varying
transition probabilities and mixed time delays.

In this paper, the problem of passivity analysis of Marko-
vian jump neural networks with leakage time-varying delay
and discrete and distributed time-varying delays is consid-
ered. Tlie Markov process in the under lying neural networks
is as.sumed to be finite piecewise homogeneous, which is
a special nonhomogeneous (time-varying) Markov chain.
Motivated by [30] a novel Lyapunov-Krasovskii functional
is constructed in which the positive definite matrices are
dependent on the system mode and a triple-integral term is
introduced for deriving the delay-dependent stability condi-
tions. By employing a novel Lyapunov-Krasovskii functional
having triple integral terms, new passivity leakage delay-
dependent criteria are established to guarantee the passivity
performance of the given systems. This performance not
only depends on the upper bound of the time-varying
leakage delay cr{t) but also depends on the upper bound of
the derivative of the time-varying leakage delay When
estimating an upper bound of the derivative of the Lyapunov-
Krasovskii functional, we handle the terms related to the
discrete and distributed delays appropriately so as to develop
less conservative results. Two numerical examples are given
to show the validity and potential of the development of the
proposed passivity criteria.

Notations. Let IR' denote the n-dimensional Euclidean space
and the superscript “T” denotes the transpose of a matrix or
vector. 1 denote the identity matrix with compatible dimen-
sions. For square matrices Mj and Mj, the notation M, >

(>, <, <) M2 denotes positive-definite (positive-semidefinite,
negative, negative semidefinitc) matrix. Let (fl, S- P) be a
complete probability space with a natural filtration [SJjgo
and E[ ] stand for the correspondent expectation operator
with respect to the given probability measure P. Also, let
T > 0 and C([-r, 0]; R") denote the family of continuously
differentiable function 0 from [-T, 0] to R" with the uniform
norm [P [I'= max{max_r<e<ol0 (0)!, max_.r<0<ol0'(6)|}

2. Problem Description and Preliminaries

Fix a probabilify space {ClI, SN), d is the sample space,
is the cT-algebra of subsets of the sample space, and 5" is
the probability measure on and consider the following
Markov jump neural networks with mixed time-delays:

x{l) -C(r (M x{t-a (f) £A(r () g {x ()
+B{r (1) g {x{t- T(1)

-i-D (r(f)[ g{x{s))ds + u{t),
h-d(t)

y{t) = g(x(1)),

wherex(t-a(t)) = Ix,(t-a(t)) X2(t-a(t)) == xjt-a(t))]”
and g(x(t)) = lgi(x~ (1)) g2(x2(t)) wm g, (x,(t)]" x~(t-
a(t)) are the state ofthe ith neuron at time t with leakage time
varying delay and ~,(x,(f)) denotes the neuron activation
function; C(r(t)) = diag{C,(ri(f)) Cjjrjjf)) C..(r,,(t)}
is a diagonal matrix with positive entries; A(r(f)) =
B(r(t)) = ("(KY))..., and D(r(f)) =
(dj(r())™MVW\ are, respectively, the connection weight matrix,
the discretely delayed connection weight matrix, and the
distributively delayed connection weight matrix; y(t) is the
output of the neural network, and w(f) 6 L2[0,co) is the
output; T(t) and d(f) denote the discrete delay and distributed
delay, respectively, and the time varying delay r(/) satisfies
0<TM<T O0<T<TH<T

f(H)<T™, 0<rr(f)<(T, &{I) < 2
0<d{t)<d

where r,, Tj, o\ 0, and d are some real constants. By the
simple transformation, model (1) has an equivalent form as
follows:

£ . .
at (f)-C(r(o)[ a(t)x(s) ds
=-C (r(H) x{t)-C (r(N)x{i-a (1) &(1)

+ A(r(0) g {x(f)) + B{r (f) g{x(t-T ()

+D(r(f)) i g {x(s)) ds + u(f),

y{t) = g{x it)).



Here, {r,,f > 0} is a right continuous markov chain on the
probability space taking values in a finite slate space & =
{1,2,...,N] with transition rate matrix

given by

4~ Ui + ofh), i+,

r, 1+4 ™M 41ofh), j=i

in which h > 0, lini;,_,oo(h)/h = 0, and >0 forjfi
is the transition rate from mode i at time t to mode j at time

Similarly, the parameter > 0} is also a right
continuous markov chain on the probability space taking
values in a finite state space ={1,2..... T} with transition
rate matrix A = {p,,...} given by

n P.ssh +0(), ni~m,
]

=-=m =-

®)
Pt 1+ Pmu™ + o(h).

n=m,

in which h > 0, lim;,~Qo(h)/h = 0, and p,,,,, > 0 for « #m, are
the transition rate from mode m at time t to mode n at time
t+hand —~ n=m,n"*w Pmiv

In this paper, we make the following assumption, defini-
tion, and lemmas for deriving the main result.

Assumption 1 Each activation function /;(*) in (1) is contin-
uous and bounded and satisfies

1= 1,2, (6

where ~,(0) = 0,«i,a2 ~ a, N«2>
are known real scalars. It follows from (6) that the neural
activation function satisfies

1=\V%,....n @

Lemma 2 (Jensen Inequality). For any matrix M > 0, any
scalars a and b with a < b and a vector function x{t)
[a, b] — SAt'such that the integrals concerned are well defined,
thefollowing inequality holds:

(h- fl) 1 x{s)*Mx (s) ds
I

(s)ds ™M X(s) ds

Lemma 3. For any constant matrix Z = > 0 and scalars
a >0, ™ >0, Tj > 0such that thefollowing inequalities hold

U
- X(sj™ Zx (s) dsdd
J-Tj JI+0 ) ©
<— [ [ x{s)dsdd\ z(\ [ x{s)dsd0
2 w9 / W2
- x{s)™ Zx{s) dsdd
by ke 20
" x(s)dsdd""
(€] -rj") Vi-r, Jt+0 (s)
xz(\ ¢ x{s)dsde
\J-r, JI+0
ff x{s) Zx (s) dsdd
A\ [ x{s)dsdd”~ z(\ [ x{s)dsdd
\J-<T Jt+0 / \J-alJt+fl

©)

The main purpose of this paper is to establish a delay-
dependent sufficient condition to ensure that neural networks
(2) are passive.

Definition 4. The system (1) is said to be passive, ifthere exists
a scalar v > 0 such that for all fp > 0 and for all the solutions
of (1), the following inequality

21 £ Iy ru@lds>-yJ £ JusywE]ds (10)

holds under zero initial conditions.

3. Main Results

In this section, we derive a new delay-dependent criterion for
passivity of the delayed Markovian jumping neural networks
(1) using the Lyapunov-Krasovskii functional method com-
bining with LMI approach. For presentation convenience, in
the following, we denote

£.=diag{£;4 ,£,-£;,....£;£;),

© - vE; . (1)
£2 = diag Fi+K

Now, we e.stablish the following passivity condition for the
system (1).



Theorems. Thegiven Markovianjumping neural networks (1)

“ 1,12 ~ 3> “ 113 ~ 4(j T3, s 14 = Pj,,,Dj,
is passive if there exist
“ 115 ~ 472A1> “116 = 4 (Tj - T,) Ti, cii7=P,,
/\i A Q Ql-m S O ~22 = Ql,.,, + Q 2., + 3L+ Q 3, + A2%m
m by ~ '
aL Q +al[RA,. +d"Wi +a'ga,- a’
Qi Qi @, QL “23~ 0, lizd ~ PPi GBj,
> O Q3..,, = > 01
q( Qi aL Qil, “25 %26 27 = "28"
~29 = -A]PCi- AICCi.
Q4 > o, U - > 0,
210 - o =211 - PimN®  «212 % 0, =213- 0,
(12
. . . . H.4=a[rd,+al[gd,
positive symmetric matricess; = Sj > o0, .sj = > 0,8, =

Sj>0,Ti=TJ>0 Tj=7T1>0, T"=1tJ >o0; thepositive

“215 = 0, ~2ig = 0, 112,17 = n G ~
definite matriceswj > 0, wj > o the diagonal matricesa* >
0> > 0, A* > 0, A~ > 0, and a scalar “33 =" ('~ THQLA, - FIAL
y > o0 such thatfor any (/,m) e (5',J1) thefollowing LMI
holds: H34 = - (1-T,)Q J,,.+F2A~...
AN (e d)ITXIT “35 % 36" Y37 “38% “39% “310
1 P»-uQl, + + 1 Pn,Qs,. = 311 = “312 = “313 = “314 = “315 = 0,
“3,16 = “ 317 = 0,
+KQ3,, <u
(13) H44 = - (1- QL +srPBi+blgb™ a\,,
T Poridl,.,. + Q2 MU, “45 = 0, H4g= =47 = S48 = 0,
ncM [
«“49 =, PCj- Bj GCj, H4,0 = 0,
. A\
X FmiiQs,,, + Qs3,, < U
nill Jes “411 = ~Bi Pi.m"\’ “412 = “413 = 0,
wher .
ere “414 = B, Fp, + B- GDj, S45=£4,6 =0,
~” Pim +Qiut ™
Q’“’U e, =blr+blg,
+ RN +Q 4-("2-3'1)S,
“55 = “Q2,, “ ™2 PINijn’
- 83- 4t T, - 4y, - T,fT, - 4a % - F,a\
“56 = ~~2,,.,  P2™Nim’ “57 = ">
TPmMnPi,+ YAP],  +t@&V,. “66 = “Q)m AL
2,2 = P.rrAi + Qt,,, + Qi,,, + + Q3,,, “77 = ~QY,, ~ (r2 =« Ay we s P\
+ O + F2A,,, “78 = ~Qii,,, PIPNM <88 = ~Qii,, ~ A
V13- o ‘14 = PLI “15 = 0, 99 =- (=-",)Q4+cCjRC,.+clgC,.- F AN,
“ 16 ~ 0> “L7 ~ (M2~ NN “1,8 ~ 0,

“910 = PI"Crn’ “911 = C,

“19 « ~Pi,mNi™Mk “ 110 “ 0> _ ,
e,4=-clrd,- cl'gd,,

1 Pimi~ X PnPin+ 'ZNiiPj.,

“917 = “c, R- CjG, “ 10,10 =
J€S



H o =c¢  Zpmnhn+ C.-w2,
v jes
“ULM4-  CjFj.Dj
117 7 -C Ry R« /e N33 PR3
e4,, =d; rd,+d;'gd, - w,,
1417 = D- R+ Dj G, “1515 = ~47 ,,

“pis« 4ny  MIT=P+G-yl,

R=tl (tj- Ti)S, + (e2- + 0§

G=r% +{rl-r*)\ +a%,

and the remaining coefficients are all zero.

14)

Proof. Denote ( = [x{ty» ~(Z(t))™ "™ and consider the fol-
lowing Lyapunov-Krasovskii functional for neural network

t
O ({sfui; (s) dsdd,

(>5)

(1):
V(XGr,t,) =Vixpr, 1+ Vj{x,r,r1,) +V(X,.r,1T)
+ VA {xt,r,ri,) + VX, r,,t],),
where
Vi (x,,r(,/7t) = x(t) - C, [ X (s) ds]
Jl-cr(l) J
[0 o,
7i(*,.1,..() = «.<)' Q... (s) ds
JI-T,
+L C(5"Q3,...C(B)EiI5
+ [ x (s)™MQ4X (s) ds
+ [" [' C(s)"DC (s) dsde
J-T, Jt+d

V3 (Xprp>7) = T2(€2* T,)

t
o X(s)"SiX (s) dsdd

H(2- T)) [ [ x(s)*S2X (s) dsdd
FT) IO

O x{sj~Sffi (s) dsdd,

1+0

V4 {xt,r,r],) = [

[ g{x{s))*Wig(xis))dsdd
d Jt+e

+a \ [ x(s)»W2X (s) dsdd,
h-a Je
r0 r0rt

B (x,, 1p A = 212 x{s)ATAx(s)dsdXdd
3T, Jo Jma

+2 x(s)

0 J+A

X T2X (s) dsdXdd

t
x{s)\x (s) dsdXdd.

A

m

(16)

Define infinitesimal generator (denoted by L) of the markov

process acting on V{x,, M gf) as follows:

LV (xpr(,>7)

V {Xtch>r,Mn>1t+h) Mi=tg =m

-V (xpTt =1i,g, = m)

It can be calculated that

LV (x,,rpi7,)
f

jersjni

+ (1 + PmmY) Z TIT'PhV{xt?,,.jm

jis.jri

a7

+ (H-7r"h)V (X (*.;..i,m)



-V (xp i,m)

lim Z  PmnV{xA,.in) +Rm

i
(1-.0

*i

+ (1 +7r"h) I,m)

/lii_”a * Z PMNVK+h.*>) + ZAN:A iAHIVA'™N)
Y neM jei’

r» )+ Z NN )+ ni).
p'r»y ) j€SJ M)y )

Z
n€j(
(18)

From (15), it can be seen that

LV{x,r,t],) = LV, (x,,r,,/T) + LV2(x,,r,,/T)
+ LV3(X,. r,rj,) + LV4A(xprp?Y) (19

+ LV5 (xp rpr/,).

Based on the above equation, along the solution of the neural
network (3), we obtain that for each (i, m) e

LVi (xpTp;/)

= X(H-GI

X (s) ds]
h-au) \

X Pim~ f'\ (O " ()

dr
+ ~ (0

-c, X (s) ds
dt L J(-a(0

®-C [ .

h-a4))

( -r
X (s) ds

X (s) ds

xt)- C. [

z PmA,+Ta A
M Jcs

X X(@®-C [  X(s)ds

LVA{X,.r,.rj,)

<C (0Qi,C(0-Cit-rit)Q ,Jit- T@)(1- ™
f o ™ Avg:  C(s)ds
+ (s ﬂ%/\/p a ..+ Z""Qi,

+A (0Q2,C()- C"(f- Ti)Q2,,C(t- t,)

i R d
. Z P Q2,+2<Q2 c(s)ds
+ (0 J (®)-Ct-T)QIY (t-r,)
I-ru)
Ais)  zZ PnmQi, ((s)ds
"2 j€cy
i wap c(s)d
_r(t)Cls) Z p""Ai,, = ]I€S CQv (s)ds

+ i) QaXit)-xA it-a it)) QaX (t- (T(1) (1-

+T" (0 F/C(0 - £ C(E)rdC(5)ds + TaC' (0 f/C(0

AT r(

¢ (5)t/C(5)ds- Alis)uas)ds,
Jf-r(0

LV3 (xprp/7)

= 22(22-T i) H0"S,x (0

fo
ST2(2-Ti)J  x(t +0)AS,x (t +0)d0

+(€2- T)™x(1)" SjX (1)

- (6 - Tj) [ x(t+6)"S2Xit + 8) dd
ITj

o
+ a™xit)"S™x it) - o x(t + 8)N"SjX it +0) dd
J-a

= KO/ [rl (€2- ¢,)Si + (€2- + CTS] (1)

-T2(22-T)I X(s)"S| X(s)ds

el
“ (22 X(s)NS,x(s)ds
Jl-r,



“a T xs)Ts3x(s) ds,
Ji-Ff

LV4 (x,,r,,",)

= d*g{x{t)fWig(x{t))

-di N g{x (5))"W,g {x (5) ds

+  x[)™MW2X(t) - a(t) [ x{s)"*"W"x{s)ds,

-nU)
LV/A{x,,r,9,)
=x(ON[At, +{A - A)\ + Xit)

0 rt

- 2T Xis)NT, x is) dsdd
12 Jt+6

- (AN I is) dsdd
N rt

- 28N (s) dsdd.
J-a JI+8

(20)

Moreover, based on Lemma 2, we can get the following
inequalities:

x(s) S2Xis) ds

2l
~~[I X (s) ds
-d\ - g{x ig)~"W,g (x (s)) ds
Ji-d -
T ft (22)
<- gixis))ds w, [ g(x(s))ds
LI(-d(t) Jt-d(i)

By using Lemma 3, we can also get that

CIA [ ]

x(s)™Zx (s) dsdd
N J-Tj Jt+«

xis)dsdd™ Z (I-,I—X(s) dsdd” .

(23)

Similarly, we can use Lemmas 2 and 3 for other integrals. On
the other hand, we have from (6) that forany A= 1,2,..., n,

(5a(™a(0)- f;a(0) Ba(™a(0)- f;xa(0) <0, (24)

which is equivalent to

(At) Cit) <0, (25)

Ft+F7__j

where  denotes the unit column vector having 1element on
its Ath row and zeros elsewhere. Thus, for any appropriately
dimensioned diagonal matrix A’~ > 0, the following
inequality holds:

-FiAU FA(,

0<CA(f) . -
- al,

C(t). (26)

Similarly, for any appropriately dimensioned diagonal matri-

Alm > 0, A™M >0, > 0,and A > 0, the following
inequalities also hold:
-FiAl,,,, F,Af,
0<C N (t-T(0) i C (t-T (0).
-al.
- 1 N\
0<C' (I-Ti) FIAL FAR, {t-7,),
* -al,,
(27)
0<c' (t- T) PAU At m).
-Krr.
-fA ,,, F2AI,, .
0<C(t-(rit)) At-crit)).
* AL,

Using inequalities (20)-(23) in (19) and adding (26)-(27) in
(19), we get

LV (xp r,, rji) - 2y~ ityuit) - yunit)u (f) <  (f) Epit),

(28)

where p(t) = [pf(t) pi(f) pi(t)] with

p, (f)=[x(t) gixit)) Xit-Tit)) gixit-rit)))
x{t-T,) 5 (-«(f-~i))].
P2 (t) - Xx(t-T2) g(x(t-T2) Xit-a it))
gixit-a it)) [ x(s)ds  x(t-fr)
Pi (0 = x(s)ds ixis))ds xis)ds
(0= [ J@ds o919 X9
| xis)ds  w(t)].
(29)
Hence we can obtain from (10) that,
LV (x,, r,, ri,) - 2yit)”u it) - yuit)?u it) < 0. (30)

Now, to show the passivity of the delayed neural networks in
(2), we set

7(fp) =Em A[-yuitfuit) - 2yit)’u ()] dt . (31)

where tp > 0.



Using Dynkin’s formula, we have

LV{x,r,ri,)dt =E[v £2,0]

(32)
mE[V(X,, rQ,~/0)l-

Now, we can deduce that
Jih)
E "[-y«(0 "« (0 - 2y(0 '« (0 + LV (x,, 1, i/,)] &K

-E fo LU (x,,r,t7)df

=B "[yw(0"w(0 - My (tfu (0 + LV (x, r, t])] dt

-E[V (x,, 1, 1j)] + E [V (xp, rp,P)].
(33)

Thus, if (33) holds, then since E[V (X, ,r, )] > 0 and
V(xp, Tg t/g) = 0 holds under zero initial condition, from (31)
it follows that /(tp) < 0 for any tp > 0, which implies that
(13) is satisfied and therefore the delayed neural networks (1)
are locally passive. Next we shall prove that E[JIxH11’7 ~ 0

as f — oo0. Taking expectation on both sides of (28) and
integrating from 0 to t we have

E [LV (x]j, Tj, ds- 2 E[y™(s)u(s)] ds

-yl E[u(s)u(s)] ds (34)

< |ME[p~(s)Hp(s)]ds.

By using Dynkin’s formula, we have

E [LV (Xf, 1, rii)] - E [LV (X,,, I, /P)]

-2 1 Ey*(s)w(s)]ds- y 1 E [u™(s)w(s)] ds

(35)
A E[pt (5)Hp(s)] ds.

Hence

E[LV (x,,r..//)]- E[p™(s) Ep (s)] ds

< E [LV (xo,rp,t;0)] +2  E [y’’(s)u(s)] ds (36)

+y] E[m(s)w(s)] ds < oo, t>0.

Journal of Computational Methods in Physics™

Using Jenson’s inequality and (36), we have

BIG

X (s) d
heiel)y

ElC, |
|

0 x(s)ds I1Cj J(a(O x (s) ds
<A,,

An,ax(cf) .
Amin (Q4) 4 1-

<caqy ™D JL Ex® (5)Q4x(s)ds
Anin (Q4)

Ex(s)ds Ex (s) ds

-, A (C?) [

Ex'(s)Q 4x(s)ds
Amin (Q4) h-u

A,nax(Cn. .
<a ( EVi (x,,r,,r/,)

Amin (Q4)

Amax(C?)
<

Amin (Q4)

EV (x,,r,)/,)

Amax(Cf)
<a EV(xp,rp,r/p),
Amin (Q4)

t>0.

@37

Similarly, it follows from the definition of V, (x,, f/,) that

(0-Q

H -n(l) X

 EV, (X, 1" Ih)

Amin (*NiMo)

X (s) ds
1-o(1)

(38)

» EV(X,: rt>ni)
min %(0)

. EV(X,,
t>0.

*Amin ('

Hence, it can be obtained that

x (s) ds

ElIxOf =EN (1) - C, f
| Jf- a(

x (s)ds+C; [
a(o Jt-

< 2E]IC [ x (s) ds
J-CT(



+2E )-C [

X (s) d
Jt-a(l) (5) ds

A.,,ax(Cf)
< ?2a EV (xo.ro. %)

Amin (Q4)

EV (xQ,ro,y70
2 xQ y)<00. t> 0.

Amin
where

EV (xo. ro. rjo)

x(0) - C(r(0)) J_q(o)x{s)ds

fo

XPIO.O X(0)- C ) X0
@

* 14(0) COQ A
0

+ 17 ({s)'Q2  ((5ds
0

* 300003

+ 7 xs)Torx{s)ds
1O

0 ro
+J J C(s)’uC (s)dsdd

fo 0
+  ({sfu((s)dsdd
J-Tj Je

0O o
+ T2 (tj - Tj X(s)*S] X (5) dsdd
(ti J)J_TjJﬂ (s)"S] X (5)

r-Ti rO
+(T-T) x(s)"S2X (s) dsdd
3Tj O

Ll )
+a\ x{s)" SjX [s) dsdd
T Je '

+ }_d J[e g{x{s)ywig{x{s))dsdd
0 «

+a \ X(S)"W2X (s) dsii0
JcT Je

+2T2)  j J X{s)"T"x (s) dsdXdd

r- O 0
+2(t - J

J J x(s)"T2X (s)dsdXdd

(39)

2a" [ [ [ x{sj"T2x (s) dsdXdd
a

J-ale
‘Amax (JN rn”~C,"»
+ (Qi.0).{o)

+ AR (A 20.0W)  ~SATBX (Qa,,l))
(Q4)

+rikKaxiU)riX~ax(U)

+T2(€2-T,)AN,(S,)

+ (£2- Ti) AN (S2) + (TPAN(SI)

+rf'A_(W))

+ (W2) + 2T2ANN(T))

+2(tj - x() (Ti - T)NAN, (T2)

+20°A.,,,, (T3) =< 00.

(40)

From (39) and (40). it can be deduced that the trivial solution
of system (1) is locally passive. Then the solutions x(t) =
x(f, 0. <3 of system (1) is bounded on [0.00). considering (1).
we know that x(f) is bounded on [0.00). which leads to the
uniform continuity ofthe solution x(t) on [0,00). From (36).
we note that the following inequality holds:

Amin (E) e [x~(s)x(s)]ds

<E[LV (x,.r,.;7)]
-1E[p~(5)Sp(s)s (41)

<E[LV (xq.Ta7()]+2 E[y' (su(s)]ds

+yl E (S)u (s)] ds <00. t> 0.

By Barbalats’ lemma [38]. it holds that E[I[x®)]|N ~ 0 as
t — OQand this completes the proof of the global passivity
of the system (1). |

Remark 6. When a(t) = a, the system (1) becomes
X(0=-Crmx{t-a@®)+Ar®))gx(®)
+B{r(t))g{x (t-r(t)))

+D(r(f)[ g (X (s)) ds + u (1),
Jt-d(t)

) (0 =g(x (0).



The system (42) can be written in its equivalent form as
follows:

g XOC O XEds
-C(r@) X@® +Ar @) g (x ()

+B(r (0) g{x{I-T (i))) + D (r (V) (43)

X g {x (s)) ds +u (t);
Jt-dit)

y{t) = g{x(1)).
The time varying delay r(f) satisfies
0<T, <T({)<Tj, fFH<T, 0<d() <d, (44)

where TpTj.r*.d are some constants and the leakage delay
o > 0 is a constant.
Now, the passivity condition for the neural networks (43)

is given in the following corollary and the result follows from
Theorem 5.

Corollary 7. Neural networks (43) are passive if there exist

Q..QL
Pim >0. Qi, > 0.
Q2,., Q2. Qlii Qki
Q2,mM= > 0. > 0,
IC d Q. Qg,
Q4 > 0, u= > 0,

(45)

positive symmetric matrices S = Sf > 0, S, = > 0, =
S] >0T, = tl >0, T2 =TJ >0,T3 =TJ > 0
the positive definite matrices W, > 0, Wj > 0; the diagonal
matrices >0, >0, >0, a;,, >0, AN, >0;

and a scalar y > 0 such thatfor any (i,m) 6 [S',M) the
following LMI holds:

Z PrmQl,, + + Z
Je.~

ZPn,,,QZ.,, +_ZS IIQ )n <U
jc

ZPans., +%/YQ1 <
J

(46)

where

Su = - -cjP,,+Q ;+qZ, +
+ + Q4" (22~ “ g
- Arlfi - 4(t, - T)X - 4a T3- FA\,
+ ZP>nAn+
1Y }€S
“12* Pim™Ni + Qy,, Q2,, + Zitf + Q3"
+ N+ Flaly,
"\A~Pi,mPi' “17= (*2“ 2,)Sp =13 = 53,
=ce.c- / 4 x ¢ Cl+AaTj,
neM jeS
“112 - A.nPY “ 113 “ 4T2Ti,
“1U4=4(Tj- T,)Tj, “115 = P;,,,,

-ZZzQi. +Qi +tX +qgl +T12i7
+a[ra,+d X +a'ca,- a’',

=24 = a] rb,+a]gb,, =2, :—a[RCi— a[GC,.,

22,1. = -A[Pi,,,,Ci, =212 = A]JRDi+ a[GD,.,

215- A;R+AjG T,

-3,3¢ (1
2B4=-(i-t)azZ, +22A,,.
244 =- - T,)d—+
-49 = -PjPCi - bJgCi,
411=-R P C
A2 =blrd, +blgDi,
ML =blr+blg,
-55 = ~Bi- 2iA ju

56 -QZ+f2Al,. 25,2 = 52.



“77-  Q3,, ("™ s2
“7’8 - “@H”
n _ ai*
. -
S, =-Q, +cjRC, + CfGC, - S3- F,

“910 * ~2Ninp “9,12- C,RD; C, GD,

.915 ~cJr-clg,

v = T Z PrRn+ Q-W3- 4T3,

ES
S1112 -1115  -¢'p ..,
En.n =-DjRD,-DjGD,-W ,,

“1215 = D, R+ D, G,
“1414 - NN

Sisis = R+ G- y/,

“1313 - -4 Pl

= W2 ("2~ Ti)Si + (- Ti)"S2+ (T°Sj,

G=T2'T, +(T2~A-THV2 +a %
(47)

and the remaining coefficients are all zero.

Proof. We can define the Lyapunov functional for the above
neural networks as in Theorem 5 by replacing af{t) by a. The
proofisthe same as that of Theorem 5, and hence it is omitted.

O

4. Problem without Switching

4.1. Description and Preliminaries. In this section, we derive
passivity criterion for the delayed neural networks using the
Lyapunov-Krasovskii functional without Markovian jumping
parameters.

Consider the following neural networks with mixed time-
delays:

x{t)= -Cx(t-a i) + Ag {x (1)) + Bg{x{t-T (1))

+D[ g{x(s)ds+u(y),

y(t) = g{x{1)).
(48)

Or, it has an equivalent form as follows:

X@®-Cl
h-att)

X (s) ds

-Cx (0 - Cx(t-a(@)af{t) +Ag(x(0)

+Bgix{t-T it)) (49)

+D g (x(s))ds+uit),
Jt-rf(i)

yit) = gix it)).

Now, we establish the following passivity condition for the
system (49).

Theorem 8. Neural network (49) ispassive if there exist

qQ/>0

P >0, Qi

Q2 Q (50)

, Q3= >0,

(2(2]>0 a; QiJ

& >0, u= > 0,

positive symmetric matrices >0,$ =S2>0,S3=
SI >0, Ti=tJ >0, Tj=rj >0,Tj =tJ > a-thepositive
definite matrices Wj > 0, W > 0; the diagonal matrices A" >
0, A~A>0, AA>0, A~ >0, A~ > 0;and ascalary > 0 such
that thefollowing LMT holds:

E= V *0/20x20 <0 (%)

where

H, = -PC-C~p +QI+Qi + T.f/'+Qi + TAG,+Q4
(T2-r)S,-S3-4riT,-4(T2-T,)'T2

- 4a% - FiA* +u V],

o PA+ql+aql+Tfir +QiH +FiA’,
“14 - “17- ("2 N> -19- PCan,
Si,,=CPC. “112 - 3> -113 4T3,
“114 - FPO “117 - 4T2PL
“119 “ 4 (t2 - Ti) f2> “120 = P



N22=Qi +Q2+ +Qj + + AMRA + W

+a™ga- a\
“2, = A°RB + A"GB, Sj.y = -~ "RC - A"GC,
“2,1=-A"PC, 52,14 = A"RD + a "™GD,
220 = AR+ ANG - ], 533=- (I - v) Q! -

S34=-(1-T,)Q~ +F2An
A4 = - {\ -t")g\+ b RB + b""GB- A"
£49 = -BM"RC - B"GC, 54,,, =-B'"pC,
=414 = B RD + b” GD, H20=b"r +b'g,
AB5=-Qi-S2- F,A’, 55, =-Q" + F2A-.
“57= % “66=“Q2~A >
AT =4Q3" (72- T - ~2- FIA%,
“78“ “Q3'"mN2A) -8,8 “ “Q3“ A >

Egg = - (1 - (™) Q4+ C~ARC + CNGC- FiAN

“910 “ PIA . “911 ~ G office.
Eg 4 = -C~ARD - C"GD, 2D = -C"™R- CAG,
“1010« “A,  2uii =-W2,
5,,4 =-C'>D, “UN~“G P,
“1212 = +53> “ 1313 = “ATj,

5i4,i4 = D'*RD + D'*"GD-Wy,

“40~F) R+D G, “f55=- | A%
"
H516 = --G ~ 2616 =--G ~
1 T
20A7=--G " -4T,. “Bst Ny
o ,
— /\ .
T~ T _HT> “1919 = “ATj,
2

“00- R+G yl,
F=12(2- 1.)S, +(€2- 1.)°S24

G=4T ,+{rl-TIH\ +a%,

and the remaining coefficients are all zero.

Proof. Denote C = [x(t)™ g(x{t))‘]" and consider the fol-
lowing Lyapunov-Krasovskii functional for neural network

(49):
V(X)) =V, (X,) +V2(™) +V3(x,) + VA(x,) +V5(X,),
(53)
where
_r f
V, (x,) = x (@ - C, x (s) ds

Jt-aU)

XP[x(0-Q[ x (s) ds\,
L Ji-o-(t) J
V.o(x)= f_ ((9"Q,C(5)ds+ ['_ C(s)"Q2C(5d5
HT@) JI-T,

+ .{I-TZ C(MYMQ3(( By + Jf-a(f) x{sfQ~x{s)ds
O t
i;{sfui: (5) dsdd

'+0

t
O C(s)"GC (s) dsdd,

+0
o rt
VANRY) = T2(€2-T)-(- P

Ox{sj’\SiX (s)dsdd
Si-(r2-Ti)[ % X(s)S. X (s) dsdd
J-Tj J(+

+ x(s)* Sffi (s) dsdd,
J~0 Jt+6

VA4 (x,) = J_d}Iidg{x(s))'wf\g{x{s))dsdd

1 ff "W X (s) dsdd,
Lol W xoe

0 10K
Vs (x,) = 2Ti x{s)'1\x (s) dsdXdd
J-T, J6 J+A
FPz A
t2(2- d)]J j 3 x{sY T-x(s) dsdXdd

O rort
-+ 2cr X[s)NTffi (s) dsdXdd.
J-a J0 it+X
(54)

Taking time derivative acting on V(x,) along the neural
networks (49) is defined as follows;

-T

V. (x,) X (f) - C I:.ﬁ)x (s) ds

(52)

P~ f) - d
Pdt [x() CJ[t _(Ox{s) S
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:t S(0-cf  X(s)ds
xP X({)-Cf X(s)ds

(x)< (©QC(®- (t- T(0)QiC(f- T(0)
x(1-T,)

+C7(0Q2C (f)-(""(F-T,)Q2((f-T))
+C"W Q3sC(t)-CA(f-T2)QsC(t-T2)
+ XN i) QiX{t)

- x (- () QaX (- a) (- (™M

+ f* (\tuat)de- i;'"Ms)u({s)ds
T, JT,

+f CA(D)[/C(OdO-
3Tj e

CNMWT/CWds,
[ d

W3 (Xf) = x(O)" [tl (g - T))S, + (€2- + erSj] X ()

T2(€2-Tj)  x(s)*S]X (s)ds
T,

N

C'-u
- (2-T,) X(s) S™x (s) ds
I-Tj "

f' 3+
-CT x(s) SjXfslds,
JXCT ’

VA(X() = d"g{x (1)) Wig {x {1))

-d{t) [ = g{x{s)fWig (x (s)) ds
Jt-d(t)

+ er™x(f)""W2x (t) - O'(f) }t-a(f) X(S)AW"[X(s)ds,

A5 (x,) = x(07 - TR\ + 0873] X(1)

f
@) X(S)AT[X (s) dsdO

x (s)"T2X (s) dsdO
'('TZ"Af)LTj bivo

W | | x{s) T~x{s)dsdd.

-0 Jt+6

Q)

Similarly like Theorem 5 we can use Lemmas 2 and 3 for the
integrals. On the other hand, we have from (5) that for any
A=1,2,...«,

idx {x\ (0) - (M) {ox {x;i (0) - FIx;i (f)) <0, (56)

which is equivalent to

((t)<o, (57)

where  denotes the unit column vector having 1element on
its Ath row and zeros elsewhere. Thus, for any appropriately
dimensioned diagonal matrix > 0, the following inequal-
ity holds:

AT FA

0<C” (1) . A

<(0. (58)

Similarly, for any appropriately dimensioned diagonal matri-
ces A > 0,A > 0, A" > 0,and A > 0, the following
inequalities also hold:

-FiAn
o<C' (f-T(0) ', . CO-r(f),
. -F.A" FAN
0<CA(-Ti) "0 L C(f-Ti).
(59)
-E.AN FjA*
0< (t-T) An C(f- TN
-F,A= FA=
0<C’'(t-a(0) . A= ((F-FF(O).

Using inequalities (55) and adding (58)-(59) to V(Xj), we get

V(x)-2y* (@u®)- yur@Qu(®) < ()Ep(t), (60)

where p(f) = [p~()  pi{t)  p[(f) pi(]with

p, (1)=[x(0 g{x{t)) x{t-T{t))
g{x{t-Ti)I,

g{x{t-T{t)))

x{t-Ti)



ft (0 =
gix(t-a{t))) | x(s)ds
pMt)= \x{t-a) \ Xis)ds [ g {x (s)) ds
| Jt-a
X (s) ds g {x()yds ,
JE-Ti J
pMt)= [[  x{s)ds [ g{x{s))ds
T
X(s)yds u(t)
(61)
Hence we can obtain from (51) that
V(x)) - 2y{t)' u{t)- yi<ty™M (t) < 0. (62)

lire remaining part of the proofis the same as Theorem 5. O

Remark 9. In this paper. Theorem 5 provides passivity crite-
ria for the Markovian jumping neural networks with leakage
time varying delays. Such stability criterion is derived based
on the assumption that the leakage time varying delays
are differentiable and the values of are known. A new
set of triple integral terms have been introduced in the
Lyapunov-Krasovskii functional to derive the leakage delay-
dependent passivity conditions via LMI approach. New type
of Lyapunov-Krasovskii functional is constructed in which
the positive definite matrices Qi, Qu.m’Qsi.m dependent
on the system mode and a triple-integral term is introduced
for deriving the delay-dependent passivity conditions.

5. Numerical Examples

In this chapter, we provide two simple examples presented
here in order to illustrate the usefulness of our main results.
Our aim is to examine the passivity analysis of given delayed
neural networks.

Example 1. Consider the delayed neural networks (1) with
the following parameters and having Markovian jumping
parameters as below:

X(t) = - C(r (1) x(t-cT () +A(r (1) g (x (1)
+B(r{t))g{x{t-Tm
(63)
+D(r () [ g (x (s)) ds + u (t),
Jt-d(t)

y{t) =g9{x (0),

where

24 0 c 260
C.= o 35 ’ 0 32
04 16 05 1.2
A= 05 02 .05 08
(64)
0.9 057 5 - 03 08
B.= 07 05 "7 05 -1.2
11 . 16 06 04

04 09 D2= 17 06

and the activation functions are taken as follows: gi(a) =
N2(«) = tanh(a). It is found that P> = [g Jand Fj = [J°]
Furthermore, the transition probability matrices are

0.9 05 _ =05 05
" o7 06 = 07 .08
. -0.7 09
05 -08 (65)
0.7 02 025
A= 05 -1.2 03
03 06 -0.5

We choose the lower and upper bounds of delay values of rfl),
a(t), and d(t) arer, = 0.2, Tj = 1.5, a = 0.3, = 0.4, =
0.6, d = 0.5. By applying MATLAB LMI toolbox, we obtain
the feasible solution as follows:

6.0138 0.2029

Pu="02029 55897
5.9453 0.2180
B2 = (2180 5.5357
6.1753 0.5152
B3 = 05152 59589
9.2206 -0.4935
P2~ .0.4935 55949
8.3958 -0.3461
P22 - 03461 5.2798
8.4741 -0.2735

P23~ _0.2735 5.2809

B 96.5032  0.8993
Qiin 0.8993 101.4537

_ -20.1310 -0.5306
QIl2* 95306 -22.4636



63.6503
Qill3 51830

109.9724

QilZl= 17802

-25.8818
QU2 = 5 1403

69.9294

-0.1830
58.2996

1.7802
115.7604

-2.1403
-27.4127

0.2372

QuZ 2372 63.8244

121.1754

Ql2ll = _9.3055

141.1052
4.9561

-60.7043

17 53397

44.3204

13 =

MI2 =

0.2613

0.1771
-0.0191

0.2957
-0.0315

30.0136
-0.8922

152.5941
-28.2867

172.8581
-2.3076

0.6547
-0.0596

0.6766
-0.0639

32.2540
-0.0557

358.6106
0

365.0550
0

485.6460

fu — 0

AM2L

380.7375
0

374.8279
0

-0.3055
116.3565

4.9561

148.6923

-2.3397
-67.6228

0.2613
46.7241

-0.0191
-0.1934

-0.0315
0.3223

-0.8922
31.0764

-29.2867
162.9678

-2.3076"
174.9177

-0.0596"
0.7113

-0.0639
0.7368

-0.0557
32.3317

0
408.4828

0
414.4924

0
535.5544

0
419.7776

0
416.9314

484.0639 0
23 ~ 0 529.9711
99.3611 0
n211 0  90.0987
96.8689 0
0  90.9087
87.2398 0
7213 0  80.2453
88.4163 0
L221 0  110.4032
93.5395 0
0 1155929
111.7177 0
ne2l ~ 0 134.5697
110.6615 0
0 132.6384
111.4636 0
~523 ~ 0 133.5637 y = 166.0447.

(66)

This shows that the given Markovian jumping neural net-
works (1) or (3) are globally passive with respect to the passive
control.

Example 2. Consider the delayed neural network (49) with
the following parameters and without markovian jumping
parameters as below:

X(t) = -Cx(t-o it) +Ag {x (f)

+Bg {x{t- r (1)

(67)
+D g {x (s)) ds + u (1),
\t]d(t)
y{t) = g(x it)
where
22 0 12 -1.5
€= o 25 A= 47 12
(68)
11 05 0.8 0.2
B= 05 08 D 02 03
Further, we have the matrices
00 10
~y = 00 p2: 01 (69)

Here, the bounds of time delays of r(t), a(t), and d{t) are
chosen as follows: ¢, = 05, T2 = 1, ¢ = 0.1, e™ = 0.1,



T = 0.2,d = 05. By applying MATLAB LMI toolbox, we
obtain the feasible solution as follows:

_0.2899 0.0371 ) 4.9833 -0.0919
0.0371 0.2688 Qii = _0.0919 4.8960
_ -1.3685 0.0391
Qi2= 0391 -1.3516
2.7359 0.7977 4.6114 -0.0801
QB“ 0.7977 2.6571 Q21 0.0801 4.4621
-1.2020 0.0433
0.0433 -1.1716
2.0159 0.1757 4.5805 -0.0773
Q23 “ 91757 2.0771 Q3. = _0.0773 4.4345

-1.1979 0.0404
Q32 = 00424 -1.1685

2.0158 0.1770
Q33 “ 0.1770 2.0774

5.2009 0.7431
Q4= 07431 54021
-0.0258

_ 5.7038
L, = 5.5568

-0.0258

-1.4144 0.0649
0.0649 -1.3884 "3 =

2.9386 0.2022

v 0.2022 3.0092

_0.2360 0.0515
SI= 0.0515 0.2458
0.4259 0.0798

0.0798 0.4379 Ss =

2.9380 0.0495

$2- 0.0495 2.9462

4.8673 0.5358

W, 0.5358 4.1789

5.7616 0.4026
0.4026 5.7553 ©

WA = 0.0807 0.0460'
- 0.0460 0.0859
0.3553 0.0632

T2= (0632 0.3633

' 1.9454 -0.0007

. pyo 173673 0
* .0.0007 1.9459 Y 15 0 168346

3.5738 0
0 3.2436

25698 0 _ 25591 O
0 25662 'T 0 25552

’

4.0154 0

0 42815 y = 6.5268.

(70)

Ibis shows that the given Markovian jumping neural net-
works (49) are globally passive with respect to the passive
control.

6. Conclusion

In this paper, stochastic stability analysis of Markovian
jump neural networks with leakage time-varying delay and
discrete and distributed time-varying delays is considered.
The Markov process in the underlying neural networks is
finite piecewise homogeneous. A leakage delay-dependent
passivity conditions have been derived in terms of LMIs by
constructing novel Lyapunov-Krasovskii functional having
triple integral terms. This performance not only depends
on the upper bound of the time-varying leakage delay a(t)
but also depends on the upper bound of the derivative of
the time-varying leakage delay Two numerical examples
have been provided to demonstrate the effectiveness of the
proposed methods for both with and without Markovian
jumping parameters.
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