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INTRODULTION



INTRODUCTION

The essence of Mathematics is its freedom,
said Cantor, freedom of construct, freedom to make
assumptions. These aspects of Mathematics are recognised
in construct vision and formalism vyet cantor was a
platonist, beleiver in a wathematical reality that

transcends human mind.

PHILIPS J. DAVIS AND
REUBEN HERSH.
The Queueing theory had its origin in 1909.
When A.K. Erlang (1878-1929) published his fundamental

paper relating to the study of congestion in telephone

traffic.

A queue or waiting line is formed when
customers (or Units) needing some kind of service arrive
at a service channel which offers such facility. A
queueing system can be described as the flow of units for
service, forming or joining the queue. If the service
is not immediatedly availaktlie, and leaving the system
after being served (or sometimes without being served).

The basic four characteristics of queueing
systems are

(i) Arrival Pattern



(ii) Service Mechanism.
(iii) Queue Discipline

(iv) Service Channels.

ARRIVAL PATTERN

The arrival pattern is measured in terms of
the mean arrival rate or mean inter arrival time.
Cenerally the arrival of customers is deterministic but
in most of the cases the arrival pattern is probabilistic
or stochastic. Arrival of customers may occur either
singly or in batches. Most of the arrival pattern is
assumed to follow poisson process. In some cases
arriving units may go through several exponential phases
before entering for service. This type of arrival

pattern is known as Erlang Process.

SERVICE MECHANI SM

This means the arrangement of service
facility to serve the customears. |If there are infinite
number of servers then all the customers are served

instantaneously on arrival and these will be no queue.

If the number of servers is finite then the
customers are served according to specific order.

Further, the customers may be served in batches of fixed



size or variable size rather than individually by the
same server such as a computer with parallel processing
or people boarding a bus. The service system in this case

is called bulk service system.

QUEUE DISCIPLINE

The queue discipline is a rule by which the
Customers are selected for service when a queue has been
formed. The most common discipline is the "First come,
first serve" (FCFS) or "first in, first out" (FIFO) rule
under which the customers are served in strict order of
their arrivals. Sometimes the customers are served on
the basis "Last in First out" (LIFO). Another queue
descipline is "Service in Random Order" (SIRO) rule
according to which the customers are served randomly
irrespective of their arrivals in the system.
"Priority" is another queue discipline, where the

Customers are given priority upon entering the system.

SERVICE CHANNELS

The number of services or service channels
in a queueing model may be finite or infinite. Depending
on the model, if the number of servers is more than one,
the customers may form a single queue waiting for service

or seperate queue in front of each server.



NOTATION

Kendall (4) designed a convenient notation
to denote queueing systems. A queueing process is
described by a service of symbols and slashes such as
A/BIXIYIZ.

Where
A : indicates the interarrival distribution
B : the service pattern as described by probability

distribution for service time.

X : the number of parallel service channels.
Y : the restriction on system capacity.

Z : the queue discipline.

The following, letters are used for

signifying distributions.

M : for negative exponential inter arrival or service
time distribution.

D : for constant inter arrival or service times

Ek : for the K - Erlang distribution.

G : for general or arbitary inter arrival on service time

distribution.



Bulk service queueing structure occupy an
important place in our daily life, mainly at taxi stand,
unscheduled car ferry, a ground floor station of an

elevator etc. Arora (1) Ghére (3) have studied bulk

service queue.

Neuts (10) has introduced the general bulk

service for single channel system with capacity range (a,

b). Under this rule, the service starts only when a
minimum number of customers 'a' is present in the queue
and maximum service capacity is 'b'. If the server is

free and queue length is 'a' or more but less than or
equal to b, then entire queue is taken up for service .

If the queue size is greater than 'b', only 'b' customers

are taken up for service while others wait in the queue.

Borthakur (2) has discussed the M/M (a,b)/ 1
queue and obtained the steady state solution. Medhi (6)
has obtained distribution of waiting time in the queue.
Medhi (5,7) has also discussed a method for direct steady
state solution and the busy period distribution.

Medhi and Borthakur (9) have considered the
system of two channel hoﬁugenous server case under the
general bulk service rule. Medhi (8) have discussed the
steady state waiting time distribution of M/M (a, b)/ C

system.,



Neuts and Natarajan (11) have considered
the same model as a Markov process in a matrix geometric
approach and they have expressed the stationary waiting
time distribution in a usable algorithmic form.

In this dissertation the queueing system
M/M a,b/2 with two types of balking is analysed. (i) An
arriving customer will definitely join the system
whatever may be queue length if he finds atleast one
server is busy otherwise he may balk. (ii) An arriving
customer will definitely join the system if the queue
length is 'a' and also if atleast one server is free. |If
not either he joins the system with probability ﬁ or
leave the system with probabiiity 1-B

The queueing model M/Mab /2 with balking (i)
and (ii) are studied in chapter |. For both the models
the waiting time distribution and the expected queue
lengths are obtained. Also it is proved that the
little's formula is not true for system M/Ma,b/2 with
balking.

In the second chapter_ attempt is made to
verify Little's formula for M/Ma,b/1 with balking. By
deriving the expressions for E(T)and Lgq for both the types
of balking, it is proved, that for the single server
Markovian queue with bulk service and balking the formula

is not true if the balking probabilityp 1.
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CHAPTER - 1
TWO - SERVER - BULK SERVICE WITH BALKING

In this chapter the two server Markovian
queue with general bulk service and balking is
considered. In the first section it is assumed that an
arriving customer may balk if he finds both the servers
are busy. In the second section the system with the
assumption that an arriving customer would not balk if he
gets immediate service is analysed. For both types the
steady state probabilities, waiting time distribution and

the expected number in the queue are derived.

Consider a queueing process with two

servers, that is completely specified by the following.

(i) Customers arrive to the service station

in accordance with poisson process with parameter A

(ii) Both the servers serve the system

according to a general bulk service rule with same

service rate B-

(iii) Whenever a server becomes free and if
the queue length is grecater than or equal to a, then the

server takes into service immediately, a batch



containing k (a & k<& b) customers waiting at the head

of the line.

The model leads to the state space
(Ci,n)/i=0,1, 0&Ln ga-1] U [ (&, nn)/n30]. In the
state space the first index denote the number of busy
servers., The index n represents the number of waiting

customers in the queue.

Let P in (t) denote the probability that

the system is in state (i,n) at time t.

SECTION (1)
Assume that if an arriving customer finds
both the servers are busy, then he joins the system with

probability p and wait in the line.

The differential difference equations
Qre.
Po, 0" (t) = = NP 00 ft) + JAP1,0 (t)
PO,n' (t) = = XNPO,n (t) + A\ PO,n -1 (t) +* P1, n (t)
P1,0'(t) = = (A+f*) P1,0(t)+2}% P2,0(t)+APoa-1(t)
P1,n'(t) == (A*M) PIL,n(t) + API,n-1(t) + 2/%P2n(t)
P2,0' (t) = = (NB+*2]) P2n(t)+ AP1,a-1(t)

b
+ 2 £ P2,s
S=a



P2,n' (t) = = (AB+ 2}) P2,n (t) +MB P2,n-1(t)
+ 2M P2,n+b (t)

The steady state equations are given by

A P00 =pMP1O (2)
APOn = )\ Pon-1 + MPin (14 nga-y) (3)
(A+M) P10 = 2 P20 + N POa-1 ()
(XN+M) Pin =APin-1+2pMP2n (1€ n<La-1) (5)
b
(Xpr2f P20 = APla-1 +p2 £ P25 (6)
s=a
(MP+2p9 P2n = AB P2n-1 + 2 P2n+b (7)

The characteristic equation of (7) can be wiritten
b+1

as h (Z) = 2z - (AP 2p) Z +NB= 0 (8)
Suppose f (Z) = - (N8+ 2 M) Z and

9 (2) = 2pz°T g,
Then for |Z| = 1 we have.

lg (2)] = /2,u.zb+1 +>\p | &/ - ()\p»f 20) 2/ = /f(2)/
Since has only one zero inside lz| = 1 by

Rouche's theorem only one zero of h (Z) falls inside 1z1

= 1. Denote this root of h (Z) by|r|,0&r &1 and the

other b roots as Fae Fopreees T ( |ri|';' ) i o= 1 to
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‘
. The system is then stable if h (1) >1.

[i.e.] if P= ?bé A
,u.

(9)

Thus equation (7) has the solution,

p2n = Ar" +£_ Ai ri" n>o.
i =1
O
Since é_ P2h £ 1, we must have Ai
n =20

Arn

Hence P2n = (n20)
Eliminating A we get

n

: o.
for 1€igb.

P2n = P20 r° (n >0 ) (10)
Define 8 = A (11)
At
from equation (5) we get
r_n+l
Pin  =A ( A )"+ 2 P20
ATM IXN+p) r=
taking n = 0 and using (4).
2 2jr
( H ) P20 + ( A ) P0a-1 = A + P P20
A+R A+ (A+ ) =)
2 )
A = QBPoa-1 - H* P20
(X)) TOXN ) 7 =X
20
A = OPoa-1 - a P20

CA+p) r =)



Hence

n+1 n+1
2 2 \r
Pin = 0" poa-q - O P20 + H P20
(A1) rp A+ r-a
2
Pin = g"*! Poa-1 + Ce™T 2 g™y by
(A [TRIIGESN (12)
Putting K = 1,2 ......... n in equation (3) and adding
we get
n
APon = AP00 +p £ Pik
k=1
using (2) in the above equation gives,
n
P one ~=t. < Pilk
A k=0
N n+1 2N P20
= -E--(2£:6 P0a-1 + ———It ------- (Pt gt
O er (A+p) r-x
p o - o"*2 2 M
= —-ea [ m==mmemmme P0a-1 + =-eeome____
A 1-9 (N+ M) r-)
n+2 | n+2
r—-r 9 = e
( = )
1 - r 1-6
2 n+2
2 2 r
Pon = (1-0""T) poa-1 + ' - 2 i
: A (-1) A (r7e-1T)y (7-r)y
2 POn+1
+ P20 (13)
A(r/e-1)



putting n = a-1 in the above equation we get

2 a+1
P
P0a-1

1l
~~
i
]
[« <]
Nt
O
o
o))
|
By
+
~~~
|
|
|
|
|
I
|
!
Ny
|
t
|
|
|
[}
|
|
|
|
|
|
i

a
2 ue
+ —---E-—-n ) P20
Alr/e-1)
. 1 2 prat! 2ug?
8°P0a-1 = --- (-=-- (1= T“eeoo__ )+ =—--- ) P20
A 1er Alr/e=1) = (r/e-1)
1 2p(1-r7) ZF(ya Oa)
Pla-g = e (e - meesseesa )P20 (14)
] (1-r) (r/8-1)
we have all the steady state probabilities are in term of

P20. We can derive P20 using the normalized equation,

a -1 -
< [POn + Pin] + ég. P2n = 1
n =20 n =9

using equations (12), (13) and (14) we get

--------- ) P20 + Poa-1]+ :E.onr" =1
A(r/g‘l) n=0

n =0 A+u)rjA‘A(l-r) A (r/e-1) (1-r) )& (1-r)

2 p (r? - 99 1

------------- JP20 % ===== PYQ = i
)\9 (r/e-1) 1-r



'S

2 (r - ra+1) a Z}A(T-ra)
[==mmmm e e ¥ memewmean (e -
(A pIr-A (1-r) e’ 1 -r
2| r?- o) 2 M3 2p(rl.pat2) :
--------- t e mm e - -i-----i---—-—- + -“-'-]PZO = 1
(r/e - 1) (1-r)X A1-r)%(r/e-1) (1-r)

2 pr(1-r9) a (2| 1= r?) 2 (rP- )
—————————————————— + —--- —————————— - mmmmmm )
[CA+ u)r=N(1-r) 2¢° (1-r) (rig - 1)

2pa apr 2 (1-r3) 1

R T + ==gm-—o- 5=====---- R ] P20 = 1
A1 =-r) A I-r)"(r/g -1) (1-r)
1 2 a a 2 (l—ra)
P20 =[-------- + ---Jf:--- + mmm———e o ( ---!t --------
1 -r Al1-r) )\Ba 1-r
2 (r? -9 ?) 2ur (1-r?) 71
SR TR I ) (15)
(rig -1) A -

WAITING TIME DISTRIBUTION
Now we find the waiting time distributior
in the equilibrium state.. Let the random variable T

denote the waiting time in the queue for an arriving

unit,

Let W (t) be the probability densityv
function (p.d.f) of T.

f (e, k, t) be the p.d.f. of gamma

distribution with parameter o, k.



r;(oc, k,) be the incomplete gamma function.
X

. k) =|f (£, k, t) dt

o

S
k=1 ( o< x)
=1 - £ memmmmmmmmooee-
s=0 S !
An arriving customer finds the system in
one of the following state (16)

(i) (Ola-1)r (1ra-1)
(ii) (o,n), (1,n) 0&nga —2.
(iii) (2,n) a-1ém$b-1}n=kb+m

(iv) (2,n) Oémsa - 2

by
"

o
~
-
~

N
.

.

.

In case (i) the arriving unit does not wait
and the probability of zero dealy is thus [POa-1+P1a-1].
In all other case, the unit has to wait and the

probability of blocking is thus 1 - [P0a - 1 + Pla - 1].

In case (ii), the arriving unit has to wait
for the arrival of (a - 1 - n) unit and the time needec
for (a -1 -n) arrival has a gamma distribution witk

parameters,\, a-1-n.



In case (iii), the arriving unit has to
wait for the completion of services of (k + 1) batches
and the time required for this has a gamma distribution

with parameter 2Kk o+ 1,

In case (iv) the arriving unit has to wait

till either the services of (k + 1) groups are completed
or (a - 1 - m) units arrive, whichever occur later, this
duration which s given by the maximum of two gamma

variaties may be denoted by the random variable 7.

Z = max (gamma variate with parameter/\P,
» @ -1 -m ; gamma variable
with parameters 2 Lk o+ 1)
Z =max ( X, Y) (say) (17)

The distribdtion function Fz(t) and the

p.d.f hz(t) of Z are given by

Fz(t) = Pr ( z&t )
= Pr (max (X, Y)gt )
=Pr (X<t, Y<t)
=Pr (X<t)Pr (Y€t)
=g a -1 -m 1 op, ks
and hz (t) = Fz' (1)



= f Mp,a-1-m Y (2@, k + 1)
cfps ks tng,a-1-m (s

I't follows that p.d.f Y(t) of T is given

by
a-2
y(t) = 2 [PIn + POn] f (N, @a -~ 1 -n, t)
n=0
Z 2
+ P2, kb + m f(ZfL, k+1, t)
k=0 m=a-1
0 a-2
v £ £ P2 kb+m hz (t) (19).
k=0 m=0
Denote
m - 1 zk
====- = e (m,z) ; e-z e(m,z) = E(m,z)rngl.
k=0 ! (20).

Then by the following arguments at Medhi [6,7], we have

a-1-q a-2-q -=-tA

a-2 a-2 A\ t e
é_ f(A, a<1-gq, t) = & “cucecoa- P

q=0 I (a-1-q)
q=0 _

= Ae At e (a-1,At)

a-2 t
2 rTf (A, a-1-q,t)=pe At 22 e(a-1,)-\—-)
q =0 r

= a(a-1)
St E (a-1, )\ t) dt S
0



@ th (ra-I) - a(r-1)
t -At ' -
e e (8 -1, --=2) dt = —=z=-c=z-—--c- 5 == ===
r ANor (r=1)
° a
0 _ t (r°=-1) - a(r-1)
Jt e Atpe(a-—l, ‘—)-\E) dt = -'2'—-5°—-:-2- ------ 537~
r ' X B r (r-1)
(]
g b r2(1-ra) ar? 1(1~r)
Jt e 1T It Eai, At) dt = —--m-- s=o====gmm======
A (1-r)
o
t (1-rP)e” POTM It g o s =-- .
B (1-r7) (21)
6

.

The first term on the righthand side of the equation (19)
is

a-2

Z [Pln + POn ] f (N, a-1-n, t)

n=0

using equation (12), (13) and (21)S we get

n+1 2 n+2
a-2 2 2 Mr 2

L oA scARSEES S S P22
n=0 (1-r) (M= A AL+ ) r=Al (1-r)

+ Poa-11 f(AN, a-1-n, t).

- \
[=====-=- P20 + PoOa-1])\ e Ao (a-1, At)



2
————— E (a - 1,A\t) P20 *AE(a-1, \t) Poa-1
1-r
a-1
2mr t -
S <A e(a-1, --=-) e Mpyo (22
(1-r) r

Second term on the right hand side of equation (19)

> b=1 ‘
Z Z. P2kbm f2p , k + 1, t)
k=0 m=a-1

usng equation (10) we get

Z b>1 kb+m
= ¢ f(2p , k + 1, t) P20

r.m _7/L rkb (ZH)k+1 'Zrlt tk
2 ------------------- P20
m=a-1 k=0 k !
b-1 o0
m é (2r&trb)k e 2”“
2R e e P20
m=a-1 k =0 ki
b-1
rm ZrLe-zkt ezpr? P20
m=a-1
a-1 b b
r -r
[===mmmmeee } 2p e PP by (23)



The third term on the right hand side of equation (19)
consists of two terms corresponding to those of equation

(18) and using equation (10) we get
£ rkbrmpg Op.a-1-m, )t (20, k+1,)

[t OB, a-1-m) £ (2p, ke1,t) 120 11

consider the first term of the above equation

£ pkbem fAB, a-1-m, t) [1 (2 P, K+1) P20

&
a-2 o0
M fOB a-1-m, t) PPl f2p ko1, t) dt pao
o 2
m=0 IK:0
6
using (21) we get. L B ke
_ _ ARt © _ (2mtr”)
Ape APt 1a=24 4y --ﬁ---)ff_ 2pe” IR dtP20
r 5 k=0 L k!
t b
,AP eﬁkpt r372 e(a-1 éE---) Zyje-zf*t(l-r ) dt P20
r
t ° b
_;éf%__ eﬁAFt ra=2 e(a-1, éE-—- ) (l_e-Zf*t(1—r ) P20

1-r r
' (24)

The second term of the equation

a-2
2 i rkb+m ﬂ (,\F,aq-m\, f(2,,g,k+1,t) P20
k=0 m=0



20

Z 2 em Lozt PP oR0T ek
k=0 m= 0 q=0 q! k!
P20
=0 a-2 k
[ f_ 2 _ pkbm =2 p-t -EE.&E!---
k=0 m=0 k |
a-2 o a-m-2
t q
L2z ogem g 0wt
m=0 k=0 q=0 q l
2 e 2Ptk
---------------- ] P20
k|
-~ 2 ot k o9 a=p=2 Mt q
e (2pLt) e ( t)
| B oy, 20 Bl 2wz 2T 281
k=0 k ! k=0 q:() q !
-Z}At k a-1
2 e (2p£t) 1-r
ot s i [ (R —— ] P20
k ! 1-r
Zpt b APt g
2M e (1-r") a-m-2 e (ABt)
-..t’: —————————————— [ ]-ra 1 - é _________ B_ -
1-r q=0 ql
a-m-2
-NB t q
e ( t)
+ ra—1 é.. --——------)\P--—--] P20
q= 0 q !
-2pt b
2 e (1-r7)
e iR e [ 1-p37T ~E(a-1,)\B t)
1-r t
+ p371 gTAp e(a-1, Z\E—--)] P20
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Adding equations (24) and (25). We get the equation 111

as follows.

e

Hence by the equations (22) (23) and (26) we get the

expression for the probability density functony(t) as.

2 2 @]
Yt) = [ --=-a- E (a-1,At) - el e At
1-r 1-r
b
t - 2}Le-2}Lt(1—r )
e(a=1, -===) = o __
r 1-r
ra-l Zrbezhpt tg
Ml DD LT TR e (a-1 --=)
1-r r
b
ere-zr*t(l_r )
M (1-E (a - 1,\8t))]P20
1-r )ﬁ
+ NE(a-1, A t) Poa-1 (27)
The Expected waiting time in the queue E (T) is given by
0
E (T) =Jt Y (t) dt
® & 5 2pard] t
= t [—--tf— E (a-1,0t) - —-tt-—--— e A e(a-1,'§--)
1-r 1-r r



b
rbzy.e_zl"'t(]-r ) pa-1 2pe APt t
o N ik e O + mmece—cccccecc- e (a-1, ===)
1-r 1-r r

$ mmeesescsccc—cn——- (1 - E (a-1,Ag t)] P20dt
b 1"'
+ t NE (a-1, A\t) dt Poe-
o
2}; a (a-1) Z}Lra L (ra-l) -a(r-1)
= [==Seme mmmmeemee B e e e i S
1-r 2 A?- 1-r )?ra—z(r-l)z
(1 - rb) ZFLF [(ra-i) -a(r-1)]
2p(1-r) (1-r2)? (r-1)% (1-r) \* B?
ZP‘ rz(l—ra) ara+1(1 r)
= =mimmin | Sieme=es R N 57"~ ] P20
L=y P p (1-r)
a.(a-I)
+ et———i ----- Poa-1
2 A
2pur 1 a(a-1)
E(T) = [ -i-ti--g-- [r? -1 -a(r-1)] [ =g =1] + -;f ----------
A (-r) P N (-r)
r 2
+ mmmmmez———— - ——--—--JTQ--- [r2(1-ra)-ara+1(1-r)]]

P20 + =====---- Poa-1 (28)

The Expected number of cusiomer waiting in the queue is

given by



a-1 o

Lg = 22; n [POn + Pln] + ;éf n P2n

n=0 n=0

and using equations (12), (13) and (10) we get

2 n+2 n+1
a-1 2 2 r 2 0
PR N T S L S il o
n=0 All-r) A rig=-1)(1-r) Alrig=-1)
a-1 -l
P20 + n(1- 8"*1) Poa-1+ nd*! Poa-1
n=0 n=0
a-1 2
+ n —---g---- (r"+1-9n+1) P20
n=0 APy r-A
0
+ é_ nr" P20
n=0
B a(a-1) Zprz (1-r°) - ar? ! (1-r)
B D T (I ]
AU0-r) A(1-r) (1-r)2
r a(a-1)
+ m———- 5= 1 P20 + —=--emeo Poa-1
(1-r) 2
r a(a-1) 2
Lq = [——----i— + --E ------ - "'E"§“ (rz(l—ra)—ara+1(1-r )
(1=r} Al1-r) (1-r)
a(a-1)
IP20 + -—==e--- P0a-1
2 (29)

The Little's formul;}s not true.



SECTION - 11,
Assume that an arriving customer would not
balk if atleast one server is free and the queue length

is found to be a-1,.

That is, if an arriving customer finds the
system in state (0, a-1) or in state (1, a-1) then he
would not balk. In all other cases he will join the

system with probabilityrp and balk with probability 1-B

The differential difference equations are.

Poo’ (t) = - ABPO0 (t) + PP10 (t) (30)
Pon' (t) = = APPOn (t) + NBPOn-1 (t) + MPin (t)
P10’ (t) = = AB+P) P10(t) +APo0a-1(t)+2PP20 (t)
Pin'(t) = - AB+p) PIn(t) +AB P1,n-1t) + 2MP2n(t:
P2n' (t) = = (AB+2p) P2n(t)14ABP2n-1(t) + 2MP2n+b(t)
P20 (t) = - B+2p) P20(t)+ APla-1(t)

C % b

S=a

Poa-1'(t) = - APoa-1(t) HNP0a-2(t) +HP1a-1(t)
Pla-1'(t) == (A+H) Pla-1(t)+ AB Pla-2(t) + 2pP2a-1

The steady state equations are given by

AB P00 = P10 (31)

-



)\P POon
(A +m) P10

(AP+}‘) Pin
(AP+2’A) P2n

(Ap+2p) P20

)\POa—1
(A+ M Pla-i
we get only

other roots r

© -

Define

=‘XP POn-1 +(AP 1n

A Poa-1

+ 2 P20

;AFPln—1+2}LP2n

=ApP2n-1 + 2 P2n+b

b
= APla-1 + 2p S P2s
s=a

=AB P0a-2 + jt Pla-1

)\p Pla-2 + 2 P2a-1

Equation (35) has b+1

one root say r lies in side |Z|

1 rz ----- rb lie outside

=)
Since .Zi

PN 1
n=0
_ n
P2n = Ar for n2o0
taking n =0 weget A = P20
P2n = P20 "

AR+

(32)

(33)

(34)

(35)

(36)

(37)

(38)

the unit circle.

(39).

0

T

and aijl

(40).

roots using Rouche's tt:orem

the



2b

from equation (34) we get

n rn+1
Pin = A (--Zi@ ----- + 2 M mmmmmeeea P20
AR+ M (p+H) r=Ap
taking n = 0 and using (33)
2 2 Ar
------ P20 + =—=xfizscss Pha~i = & & = meees P20
AR+ AB + & (MB+ M )r-AB
2 2 r
A = o Poa-1 +[—---tt—-—- - ----- }t ------ ] P20
B )\ﬁ+,uL ()sP-r).L)r-)\B
6 ZHAR
= === P0a=1 = ===me-eeeeeeoooo == 1 P20
p (DB+H) [ (AB+ ) r- AR |
2o
= Ehs PoaEl = Sseecme—e N P20
Ag+H) r- \B
n+1 n+1 n+1
2 2 r
PIn = ====-- Po0z-1 - ——!f-? ------ P20 + --—!f -------- P20
(AB+H) r=-AB (,\P+I.:.),--)\p
n+1
2
Pin = -2 Ppoa-1 - B S (r"1o g™y Pao
R AR +M) r-AB (41)

putting k = 1, z .... n in equation (32) and adding we get

n
Pon = AB P00 + P1k
AP p PO pz

using (31) in the above equaition gives

Pon S . Z  Pik



]

B ol i ] P20. [42)
)\p(r/e-ﬂ

using equation (38) yield.

Pla-1 z eetew- Pla-2 + ----- P2a-1

= el (0%71-r37T) pyg + ( A
(A+p) (1-r/p) A R



2
6! Poa-1 + N oY P20
P )\+H
2 20 '
Pla-1 = ----tt ----- (ea -r9 -a\-ea-] Poa-1
A+H) (8-r) A+
(43)
Substituting equation (43) in (36) we get Poa-1
(AB+2p)P20 = 2u A (8%-r?) + A2 931 poa_y
A+p) (8-r) A+
3 2p(ra-rb+1)
---------- P20
1-r
AZ
----- 07" Poa-1 = 2p (1-r%) P20 2 pA (82-r?)
A+ L -—-- - el P20
1-r (A+p) (8-r)
A+ 2 2HA
Poa-1 = -5---- P29 [-E-- (1-r?) - e (6% - r?)
A% 1-r +p) (@-r)

(44)
Now we have all the probabilities in terms of P20
substituting all the expression in equation (37) it is

easy to find the expression for P20. The results can be
checked by substituting the value of Pin i=0,1, o0 < n
La-1 and P2n,rh;0 in the normalised equation,
a-1

o0
= [Pon + Pin] + 22 P2n = 1
n =90 n =90 '
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a-2 oC

< [Pon + PIn] + Poa-1 + Pla-1 + ;é. P2n=1
n =0 n =20
a-2 2y 2|.19n+1 2p2rn+2
[==== + —cme=e - S ARG ] P20+
n=0 (1-rpXr/e-1) (Ag)" (1-r) (r/e-1)
———————————— Poa-1 + === Poa=1
n =0 ﬁ n =20 P
a-2

Arp 2 p (1-r?) 25 (8% - r?)
i i et o i o — 1P20
A0 1 - (A+p) (8-r)
2 (82 - r?) 2p (1-r?)
p s P20 + P20 - ommmee-
(A+p) (8-r) Al1=-r)
2 p (0%-r%) 1
- mmmm—mm e —- P20 + ----- P20 = 1
(A+p) (8-r) 1-r

Hence we get,

2pr (1+r+ ra=2) (a-1)
t mmmmm—————— + [==== + 1]

Aﬁ (r/e-1) |
A+p 2 2 2pu(1-r7) 1
(35551 ey - 2 e ey EIL + ===]
N6 1 - r (A+ p)(o—r) A(l-r) 1-r



320

(a-1) 2 2pu(1-r2) ur (1-r271)
o - T2 O e oeh
AB (1-r) A(1-r) AB (1-r)
A+ p 2 p (1—ra) - 2pA (ea - ra) a-1
geemg |mmews e ] ==+ 1]
A"6 1-r A+ p) (6-r)
1
# mmm] (45)
1-r

WAITING TIME DISTRIBUTION

Now we find the waiting time distribution
in the equilibrium state. Let the random variable T

denote the waiting time in the queue for an arriving

unit.

Let WY(t) be the probability . density

function (p.d.f) of T.

f (¢, k,t) be the probability density

function of gamma distribution with parameteroe(, k.
k k-1 -t
¢ t e
(1.0 T (9d k,t}) = ==smsseceecm- t 20, k =1, 2...
r1 (¢, K) be the incomplete gamma function
(i.e)% (2 k) f«, k,t) dt

k -1 e —ax (¢ x)

1}



g1

An arriving customer finds the system in one of the

following state (47)
(i) (0, a-1), (1- a-1)

(ii) (0, n), (1, n) 0 < n g a-2

(iii) (2, n) a-1 <m<g b-1 n = Kb + m

(iv) (2, n) oL m < a-1 k= 0,1,2 ...

In case (i) the arriving unit does not wait and
the probability of zero delay is thus [Poa-1 + Pla-1].
In all other case, the unit has to wait and the

probability of blocking is thus 1 - [Poa-1 + Pla-1]

In case (ii) the arriving unit has to wait for
the arrival of (a-1-n) unit and the time needed for (a-1-

n) arrival has a gamma dist~ibution with parameter,kp .

a-1-n,

In case (iii) the arriving unit has to wait for
the completion of services of (k+1) batches and the time

required for this has a gamma distribution with paramecter

2p, K+1.,

In case of (iv) the arriving unit has to wait
till either the services of (K+1) groups are completed or
(a=-1-m) units arrive, whichever occur later, this

duration which is given by the maximum of two gamma

variates may be denoted by the random variable Z
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Z = max (gamma variate with parameterAp , a-1-m; gamma

variate with parameters 2p, K+1)
Z = max (X,Y) (say) (u48)

The distribution function Fz(t) and the p.d.f
hz(t) of Z are given by

Fz(t) Pr(z £ t)

= Pr(max (X,Y) € t)

= PriX< t, Ygt)

= Pr(X< t) Pr(Y € t)
Ftng,a-1-m) Map, k1)

and hz (t)

Fz'(t)
f(A8, a-1-m) [t (2p, K+1)
+f}(Aﬁ, a-1-m) f(2p, K+1) (49)

It follows that probability density function

VY(t) of T is given by
a - 2
Y(t) = = [PIn + Pon] f()8, a-1-n, t)

n =0

b -1

+

P2 Kb+m f(Zp, K+1, t)

a - 2
2 P2 Kb+m hz(t)
m= o (50)

+

[ -]
=z
K = o m=a-1
)
=
K = o
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Denote

= = .

------ = e (m,z); e e(m,z) = E(m,z) m=21 (51)

Then the following arguments at Medhi [6, 7] we have
a- a-2 ()\ﬁ) a-1-q ya-2-q -APt
é f(Ap,a-1-q,t) = & s
q =20 q=0 (a-1-q)

=A\B e AP e(a-1,ABt).

a-2 tA
i £9 f (AB. a-1-q,t) = e PPt L2-2 e(a-l,—--E)

r
q =20

‘§ a(a-1)

t E (a=-1 \Bt)dt = —--z-----

g 4 2 X' p?

] t S (r¥-1) - a(r-1)

5t e Mt o(a1, 2Bl ) - R = it 77"

-1
: r AR T (r-1)

g4 b
jt E (a-1,ABt) e~ MO=-rT2t 4
(]

r2 (1-r?) - ar?*! (1-r)
i /\Z.P'?'H r')2
- 1
Jt(l-r ) e feO-ro)t g o -3----¢
. p-ro)

The first term on the right hand side of equation (50)is
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n=0
n+1 2 .
2 --e- ----- Poa-1 + --—--’t ----- (rn+1 0" ") P20 +
n=o0 P (NB +u)r-Ap
2 n+1 NTOLE
1-9"*! s gl LT L
—————— -1 + ——mmmm—m - mm——- ;
————— roar (1-r)AB )\"(r/e -1)(1-r) ,\P(rle- )
fp\ﬁ, a-1-n,t)
a-2 _—
2
Z el BB e e -
n =0 B (1-r)AB AB(1-r)
f (AR .a-1-n,1)
2 -
(-1—— Poa-1 + ——---—P:-—- P20) Xﬁ e )\ﬁt e(a-1,x pt)
P (1-r)NB
- —-Ef:- ra-1 e—tAP)\P e(a-1,08t/r)P20
N1-r)
E (a-1,\Bt) PoOa-1 + ----E'-u:-- E (a-1,5pt) P20
A AP (1-r)
t
L e S B -)‘Pte(a-l,&—--) P20 (53)



Second term on the right hand side of equation (50) is

The third term o
consists of two

using (39) we get

=~
ééi_ Zéi ]
m=0 k =0
o0 a-2
z2 £
k =0 m= 0

P2 kb+m f(2}--L ., K+1,1t)

-------------------------- P20
K !
o0
-2t (2ptr)

2 e
S -
T k=0 K !

2t 2 arPt

e tHt 2P P20

“2 et (1-rP)

l2p eTIM (54)
n the right hand side of equation (50)

terms corresponding to those of (49) and

pibrm g (Mg, a-1-m,t) [t (20 ,K+1)

[t (\g La-1-m) F(2p, Ke1,t)) P20
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The first term of the above equation is

o0 a - 2

é 2 plEHIm f(,\’B,a-l-m,t)ﬂ(ZP ,K+1) P20

K =0 m = 0

a-2 m 0. kb &

z r f()‘P ,a—1-m,t)é re ff(sz LK=1,t)dt P20
m = 0 k=10 °

using (23) we get

o0
Ap P a2 (L AP St 2y,
=0 6

(2 ’.A-trb)k
------------ dt P20
K |



kbm12 ”*t(ZFJ)k
é— Z Lo ey P20
k =0 m= 0 K !
= = e 2 M 2k
é 2 kb+m A R
- r P20 ~==--emcmrencmnene=
k =0 m= 0
a-m-2 e Pt L&Pt)q
q=0 q !
o0 Kk o8
_ (2 pet;
: = PP T ey . £ kb
k =0 k ! k = 0

q=20 q !
= p2- 1
(=== ) ) P20
1-r
2 M e-ZMtU-‘r ) a-1 a-m-2 e -/\Pt B t)q
-------------------- ( l=r) o @ sesasmaze nas
(1-r) q=20 q !
a-m-2
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b
2 e-Z}At(l-r )

Adding equations (55)and (56) we get the third term of the

equation (50) as

R (1-r®"1 B (a-1,AB1))
1 - r
-ABt
2 e AP APt
S U E— r e (a~1, -====-=- ) 1P20 (57)
1 -r r

Hence by the equations (53), (54) and (57) we get the

expressioh for the probability density function Y (t) as

e E (a-1,APt)] P20 +

AE(a-1 ,)\pt) Poa-1 (58)
The expected waiting time in the queue E(T) is given by

o0

E (T) = J t Y (t) dt
0
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Pred
2 (1-r”)2 ) )
= St ( (---t’:-- E (a-l,,\Pt) R ’_A_ T2t (0 P)
1-r (1-r)
< 2t e-zpt(1-r'3
= eeEERRSSesimeie E (a-1,Apt) | P20

2 b a(a-1) 2L
N T (T I .
1-r 2 A? p? (1-r) (2p)2 (1-rP)
2 P2 (1-r?)- ar® (1op
o [===5--F===mccmmmece 1 ) P20
1=r )\2 pz (1-r')2
a(a-1)\
L el T Poa-1
2 2
A P
a(a-1) 1
E (1) = (---F-. G Bt 1 Lt e £---
1-r A° B 2u(1-r) (1-r7)
2 r? (1-r%)- ar?*! (1-r)
e S St R e et LT 1) P20
(1-r)° 32 g (1-r)2
a(a-1)
TS e S ——— ,P0a-1 (59)
2 A\ B

The Expected number of customer waiting in the queue is
given by
a

-1 o0
Lg = 2E_n [POn + P1n] + jé_n P2n
n=0 n=0
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a-2 Poa-1 2p (1-r"*1)
= £ n [ -==-- s P20] +(a-1) P0a-1
n=0 P (1-r)AB
o
+ (a-1) P1 a-1 + 2 nr" P20
n =20
a- Poa-1 2 2 pur" '
= é n [ -=-=--- + (---E- - —--—P: ----- )P20] + (a-1) Poa-1
n=0 P Mp(1-7) AB(1-r)
2p(1-r?) o0
+ (a-1) __]_—l(_ -------- P20 + 2 n r" P20
A(1-r) n=0
Poa-1(a-1) (a-2) 2 (a=-2)(a-1)
T eem-m—cecsessc—co-- +  emmemeeces cccsscmsccecae- P20
ZP )P(l-r) 2
2 a-
- mmmmmee - r? nr"~1 P20 + (a-1)Poa-1 +
/\p(l-r) n =20
(a-1)2p (1-r) o i
------------------- P20 + r 2. ar"! P20
(1-r)A n=0
a-2 2,-& a-2
= (a-1) Po a-1 ( -====- # F ] .#[ ==—==== (a=1) (====== +1)
P (1-r) &
2 a-2 d (a=1) 2pr
. -“-r--- r? - (rM)) - Ll oS
AP (1-r) n = 0 dr A (1-r)
oo d
v r £ ---= (r") ) P20
n =20 dr
a-2 2 a-2
= f(a=1) Po a=1 [ === + 1) +( -*-&--—(a—l)( ------ +1)
P (1-r) B
2 , o __mn) (-(a-1) 7% +(1-r27T)
- s e i ro ( ==—====----rececccccccem - )
(1-r) (1-r)?
2 ﬁ(a-])r r
# e — o —— o i 5 i ) P20



a-2 2 a-2
Lg = a (a-1) Po a-1 ( -====- + 1) +( ~emmee- (a=1) (-=z--- +1
{(1-r)
r 2 rr -r®Ty S o(am1) f® (1er)
+ ~——-—-§' T weemsess (mtereccrccccccccc e e - i ———————————
(1-r) All-r) 2 (1-r)
+ (a=1)r?) P20 (60)
It is clear that the Little's formula is not true in
this model also. It can be verified that when p= 1 we

have E(M= ALqg.



SINGLE SERVER MARKOVIAN QUFUTF
WITH BALKING
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CHAPTER -2
SINGLE SERVER MARKOVIAN QUEUE WITH BALKING

Here the steady state results are given for
the single «channel bulk service Markovian queue with
balking. It is proved that the little's formule is not

true if p $ 1.

Type 1

First assume that if an arriving customer
finds the server is free he would not balk. The customer

joins the queue with probabilityp.

The steady state equations are

AP0OO = p P10 (1)
APon = /\P0n+pP:)n 14 n£a-1 (2)
AB+ p) P 10 = AP0a-1 + pZ P 1s (3)
s=a
(AP+ P) P 1n =‘Aﬁ Piln-1 + p Pin + b (4)
The steady state probabilities are given as
P 1n= r"P10 for n > 0 (5)
¥ 1-rn+]

Pon= -_-- [====-- ] P10 0gnga-
A 1-r (6)
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- ( a+1) rb+1) iy
P 00 = [==== + =-ceccee-- gm=======- ] (7)
1-r (1-r)
waiting time distribution
a-2 o) b-1
Y(t) = é- Pon f(XA,a=1-n, t) + é é P1 kb+m
n=0 k=0 m=a-1
é; a=2
f(p, Ke1,t) + Z PiKb+m h z(t) (8)
k=0 m=o
- " At
\?(t) = Poo AI[E(a-1, At) - r2 L e At e(a-1, =----)
e r
1-r

b
+ P27l qupt e(a-1, Apt) + e pti-r) (1-r®)

.
- t(]-rb)
- e’k E (a-1,A8t)] (9)
The Expected waiting time in the queue E(T) is given by

E(T) =p§t Y (t) dt

0
APO0O a (a-1) 1
E(T) S — [ Feesgesa ¢ e
1 - r 2 X p (1-r7)
ara+] (1-r) - rz (1-r7)
+ @ e,emecrmccccccccccc o - ----
,\z P2 (1_”2
r [(r®-1) -a(r -1)] 1
e [== =1 ] (10)
Az(l_r)z p2

The Expected number of customers Lg waiting in the queue

is given by



bl

a-1
Lg = 2 n P on + ;éin Pin
n=0 n=0
a+1 2
a (a-1) ar (1-r) = r°(1-r°) Al
Lg = P00 [ --------- + Bt siuinbutel ettt + ———————-=
2 (1-r) (1-r) pli-r)~
(11)
It is clear that unless p = 1 the little's formula is

not true.

TYPE 2

Assume that if an arriving customer finds
the system in state (0, a-1) then he would not balk. In
all other cases he will join the system with probabilityg

and balk with probability I-P .

The steady state equations are

ABPOO = p P10 (12)
ABPOn = ABPOn-1 + pP1in 0&n La-1 (13)

b
(;\p+ p) P10 = A Poa-1 + PZP 1s (14)
(AB+ p) P 1n = ABPin-1 + p Pln + b (15)
.A P 0a-1 =ABP0a-2 + p Pla-1 (16)

The steady state probabilities are given as



P 1n = r'P1o0 (17)
B 1—rn+]
POn = ----- [====mmmm 1P10 0€n<La-2
AB 1-r (18)
B (1-r%)
POa-1= ---= [ —eccecoo ] P10 (19)
A (1-r)
a-1 (3 _pP*1y (1-r?)p
P00 =[---- + ——---- g=== + ==-==<lo_o ]
1-r (1-r) (1-r) (20)
waiting time distribution
a-2 S b-1
v(t) = é_ P On f(/\P,a-l-n, t) + .é 2 P1 kb+m
n=0 k=0 m=a-1
c® g-
f(p, k+1,t) + 2% £ Pl kbem hz(t) (21)
k=0 m=o
b
y(t) = AB_ [E(a-1,AB t) (1- HE(1-r")
1-r
-ut (1-r2) . b
+ e P " J1-r®)1P00 (22)

The Expected waiting time in the queue E(T) is given as

o0
E(T) = St V(t) dt
° a+l
a(a-1) 1 ar (1
E(T) = Qﬂi_[__--i_ Y ITTTTRT Y ity
1-r 2 A P (1-r) N P

The Expected number of customers Lq wa

is given by

-r) - rz(l—r )
-------- 5=====1P00
(1-r)
23)
iting in the queue
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-1 0
Lg= < n P 0n-+2£ n Pln
n=0 n=0
a-2 a0
=< nP0n+ (a-1) Poa-1 + £ a Pin
n=0 n=0
| (a-1) (a-2) {a-1) (1-r?) ard*l
Lq =  =-=---- [ === ¥ mmm e m e e  m—————
(1-r) 2 (1-r) (1-r)
rz(ra-r )
o g ] P0OO (2u)

Conclusion : -
For queues with bulk service and balkinyg

the Little's formule does not hold.
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