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I NTRODUCT I ON 

The essence of Mathematics is its freedom, 

said Cantor, freedom of construct, freedom to make 

assumptions. These aspects of Mathematics are recognised 

in construct vision and formalism yet cantor was a 

platonist, beleiver in a i,,iathematical reality that 

transcends human mind. 

PHILIPS J. DAVIS AND 
REUBEN HERSH. 

The Queueing theory had its origin in 1909. 

When A.K. Erlang (1878-1929) published his fundamental 

paper relating to the study of congestion in telephone 

traffic. 

A queue or waiting line is formed when 

customers (or Units) needing some kind of service arrive 

at a service channel which offers such facility. A 

queueing system can be described as the flow of units for 

service, forming or joining the queue. If the service 

is not inniediatedly availab'e, and leaving the system 

after being served (or sometimes without being served). 

The basic four characteristics of queueing 

systems are 

(i) Arrival Pattern 



Service Mechanism. 

Queue Discipline 

Service Channels. 

ARRIVAL PATTERN 

The arrival pattern is measured in terms of 

the mean arrival rate or mean inter arrival time. 

Generally the arrival of customers is deterministic but 

in most of the cases the arrival pattern is probabilistic 

or stochastic. Arrival of customers may occur either 

singly or in batches. Most of the arrival pattern is 

assumed to follow poisson process. In some cases 

arriving units may go through several exponential phases 

before entering for service. This type of arrival 

pattern is known as Erlang Process. 

SERVICE MECHANISM 

This means the arrangement of service 

facility to serve the custors. If there are infinite 

number of servers then al I the customers are served 

instantaneously on arrival and these will be no queue. 

If the number of servers is finite then the 

customers are served according to specific order. 

Further, the customers may be served in batches of fixed 
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size or variable size rather than individually by the 

same server such as a computer with parallel processing 

or people boarding a bus. The service system in this case 

is called bulk service system. 

QUEUE DISCIPLINE 

The queue discipline is a rule by which the 

customers are selected for service when a queue has been 

formed. The most common discipline is the "First come, 

first serve' (FCFS) or "first in, first out" (FlFO) rule 

under which the customers are served in strict order of 

cheir arrivals. Sometimes the customers are served on 

the basis "Last in First out" (LIFO). Another queue 

descipline is "Service in Random Order" (SIRO) rule 

according to which the customers are served randomly 

irrespective of their arrivals in the system. 

"Priority" is another queue discipline, where the 

customers are given priority upon entering the system. 

SERVICE CHANNELS 

The number of services or service channels 

in a queueing model may be finite or infinite. Depending 

on the model, if the number of servers is more than one, 

the customers may form a single queue waiting for service 

or seperate queue in front of each server. 



NOTATION 

Kendall () des!gned a convenient notation 

to denote queueing systems. A queueing process is 

described by a service of symbols and slashes such as 

AIB/X/Y/Z 

Where 

A : indicates the interarrivcil distribution 

B the service pattern as described by probability 

distribution for service time. 

X : the number of parallel service channels. 

Y : the restriction on system capacity. 

Z : the queue discipline. 

The fol lowinç letters are used for 

signi fying distributions. 

M : for negative exponential inter arrival or service 

time distribution. 

D for constant inter arrival or service times 

Ek : for the K - Erlang distribution. 

G : for general or arbitary inter arrival on service time 

di stribution. 

4 
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Bulk service queueing scructure OCCUpY an 

important place in our daily life, mainly at taxi stand,, 

unscheduled car ferry, a ground floor station of an 

elevator etc. Arora (1) Chare (3) have studied bulk 

service queue. 

Neuts (10) has introduced the general bulk 

service for single channel system with capacity range (a, 

b). Under this rule, the service starts only when ii 

minimum number of customerc 'a' is present in the queue 

and maximum service capacity is 'b' . If the server is 

free and queue length is 'a' or more but less than or 

equal to b, then entire queue is •taken up for service 

If the queue size is greater than b, only 'b' customers 

are taken up for service while others wait in the queue. 

Borthakur (2) has discussed the M/M (a,b)/ 1 

queue and obtained the steady state solution. Medhi (6) 

has obtained distribution of waiting time in the queue. 

Medhi (5,7) has also discussed a method for direct steacI 

state solution and the busy period distribution. 

Medhi and Borthakur (9) have considered thc 

system of two channel homL"jenous server case under th 

general bulk service rule. Medhi (8) have discussed th 

steady state waiting time distribution of M/M (a, b)I ( 

system. 



Neuts and Natarajan (H) have considered 

the same model as a Markov process in a matrix geometric 

approach and they have expressed the stationary waiting 

time distribution ina usable algorithmic form. 

In this dissertation the qiieueing system 

M/M a,b12 with two types of balking is analysed. (i) An 

arriving customer will definitely join the system 

whatever may be queue length if he finds atleast one 

server is busy otherwise he may balk. (ii) An arriving 

customer will definitely join the system if the queue 

length is 'a' and also if atleast one server is free. If 

not either he Jo ins the system with probability /3 or 

leave the system with probabitity 1- 

The queueing model M/Mb/2 with balking (i) 

and (ii) are studied in chapter I. For both the models 

the waiting time distribution and the expected queue 

lengths are obtained. Also it is proved that the 

little's formula is not true for system M/Ma,b/2 with 

balking. 

In the second chapter,attempt is made to 

verify Little's formula for M/Ma,b/1 with balking. By 

deriving the expressions for E(T)and Lq for both the types 

of balking, it is proved, that for the single server 

Markovian queue with bulk service and balking the formula 

is not true if the balking probability/i t 1. 



iTh BRIKIRO  



CHAPTER - I 

TWO - SERVER - BULK SERVICE WITH BALKING 

In this chapter the two server Markovian 

queue with general bulk service and balking is 

considered. In the first section it is assumed that an 

arriving customer may balk if he finds both the servers 

are busy. In the second section the system with the 

assumption that an arriving customer would not balk if he 

gets irrmediate service is analysed. For both types the 

steady state probabilities, waiting timedistribution and 

the expected number in the queue are derived. 

Consider a queueing process with two 

servers, that is completely specified by the following. 

Customers arrive to the service station 

in accordance with Poisson process with parameter A 

Both the servers serve the system 

according to a general bulk service rule with same 

service rate  P. 

Whenever a server becomes free and if 

the queue length is greater than or equal to a, then the 

server takes into service immediately, a batch 



containing k (a k b) customers waiting at the head 

of the line. 

The model leads to the state space 

{(i,n)/i=o,1, 0 n <a-1] U [ (.,n)/n.0j . In the 

state space the first index denote the number of busy 

servers. The index n represents the number of waiting 

customers in the queue. 

Let P in (t) denote the probability that 

the system is in state (i,n) at time t. 

SECTION (I) 

Assume that if an arriving customer finds 

both the servers are busy, then he joins the system with 

probability and wait in the line. 

The differential difference equations 

Q.r e. 

PO,01 (t) = - ,> P 00 (t) + PP1,0 (t) 

PO,n 1 (t) = 
- PO,n (t) + A  PO,n - 1 (t) + P1, n (t) 

P1,01 (t) = 
- (A+) Pl,O(t)+2P2,O(t)+ApOa1(t) 

P1,n 1 (t) 
- (A+) P1,n(t) P1,n-1(t) + 2P2n(t) 

P2,01 (t) = 
- (Xp+2) P2n(t)+P1,a-1(t) 

b 
+ 2J- P 2 , s 

S=a 



P2,n1 (t) = 
- (> + 2..L) P2,n (t) +)s P2,n-1(t) 

+ 2 t.A P2,n+b  (t) 

The steady state equations are given by 

Apoo =.&.pio (2) 

APOn = A P0n-1 +-P1n (1na-) (3) 

( )+ f4) P10 = 2 -P20 + A P0a-1 ( L.  ) 

(>+p)P1n =AP1n-1+2.AP2n (1na-1) (f;) 

b 
( +2/4 P20 = AP1a-1 +frL2 j  P2S (i;) 

(>+2/4.) P2n =) P2n-1 + 2AP2n+b (7) 

The characteristic equation of (7) can be wvitten 

as h (Z) = 24Z b+1 
- L"'- 2/A.)Z += 0 (8) 

Suppose f (Z) = 
- ( )+ 2 p. ) Z and 

g (Z) = 2t_Lz b+l  +)%. 

Then for IZI = 1 we have. 

/g (Z)/ = /2z + I 4 / 
- (A+ 2/)-) ZI = /f(Z)I 

Since has only one zero inside IzI 1 by 

Rouche's theorem only one zero of h (Z) falls inside izi 

= 1. Denote this root of h (Z) by ri ,o. r 41 and the 

other b roots as r1 , r2  ..... ,rb ( r > I ) i = 1 to 



I 
b. The system is then stable if h  

[i.e.] if F  = i (9) 
2b& 

Thus equation (7) has the solution, 

P2fl = Ar" +Ai ri' n.0. 

vo 

S i n c e P21`141, we must have Ai = 0. 
n = 0 for 1ib. 

Hence P2n = Am n ( n0) 

Eliminating A we get 

P2n = P20 r (n 0 ) 

Define e A 

from equation (5) we get 

r I 4' 
Pin =A( A ) n +2_l. 

__________ 
P20 

(,>.+,i.&) r- 

taking n = 0 and using (4). 

2-t 2r 
P20 + ( A ) P0a-i = A + P20 

_ 
 

A = ePoa-1 - 
2A 

P20 

[(),+_A.) r - , I 

2 Ae 
A = $Poa-i - P20 

r -> 

;o 

(10) 

(ii) 



Hence 
+l + 

Pin = 9 
2 lAo

n 

n+l P0a-1 
- P20 + 

n 1 

 ______________ 
P20 

+ jA) r-
,\ + r - 

n+l 2p..i.- 
Pin = e Poa-1 

+ _____________ ( r 1  - ) P20 
(A.'.) r-,>., (12) 

Putting K = 1,2 •......, n in equation (3) and adding 

we get 

APon =,XPoo 
k 

P1k 
=1 

 

using (2) in the above equation gives. 

n 
P on= P1k 

k=0 

U ' n+1 2 tL P20 
= e P0a-i + ------------------ - 

fl+1)  
A loo (A+A) r-,\ 

G - 

P0a -1 + A 1-8 (A+ ) r - 

r-r 
n~2 n+2 

1-r i 

POn = (1_e1) P0a-i 
+ 

2 
- 

22 r2 

A(1-r) 
2 

A (rIB-i) (1-F] 

2 
+ P20 (13) 



'2; 

putting n = a-I in the above equation we get 

2 a+l 
P0a-1 = (19a) P0a-I+ 

)(1-r) 
), (rIO-i) (i-r) 

2 
+ --------- ) P20 

A(r/9-I ) 

1 a+i 
2u0 a 8a 01 

 = --- (---- (1 --------)+ ----- ) A 1-r A(r/ 9-1) (r/-1) 

1 2,J(i_ra) 2J(-a Qa )  
P0a—g = --- ( ------------------ )P20 (14) 

(1-r) (rIO-i) 

we have all the steady state probabilities are in term of 

P20. We can derive P20 using the normalized equation. 

[POn + Pin] + .....P2n 
: 

= 1 

using equations (12),  (13)ad(14)weget 

2 n + 2 a- 2i 2u 

(r1 
- 9 fl+1 2u r ) + 

n = 0 (A+j)r-A A(i-r) A2 (r/e-1)  

+2u9n+1 PO 

) P20 + Poa-i]+ £p2Or 
A(ne-i) n=0 

n+i 2 n~2 a
)  

a-i 2ur 2 p r 2p(1-r 
-'- - - - - + -------------------+ n = 0 (,)+u)r-AA(1 n) A (rIO-I) (i-n) X4 (i-r) 

2i(r a - a
Q) 1 

]P20 + ----- P20 = 

i-n 
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2 Cr - r 1 ) a 2 4(i_ ra ) 
+ ------- ( ----------- 

A e 
a

1 - r 

2 ra_) 2 a 
2 r2-•r2) 

)+ -------------------------- - 
+ -----1P20 1. 

2))r(l_ra) a (2.4l_ ra) 2fr( aa)  

+ 
{(>+ u)r-,AJ(1-r) Aøa 

( ----------------------- 
(1-r)  

27-l.a 2.4.r 2 (1_ ra) 1 
+ ---------+ 

- r) -  -----   - ----  A (1-r) (ne 
--- + ---- 
-1) (1-r) 

1 P20 = 1. 

1 2 ..ta a 2.A.(l_ na) 
P20 =[-------- + ---------- 

+ 1 - r A(1-r) 
-- 

A 9  i-r 

- ) - _k_J::.1 
-1 

(15) (r/9  -1) A(1-r)2  

WAITING TIME DISTRIBUTION 

Now we find the waiting time distributior 

in the equil ibnium state. Let the random variable 1' 

denote the waiting time in the queue for an arnivinq 

unit. 

Let 9(t) be the probability density 

function (p.d.f) of T. 

f ( , k, t) be the p.d.f. of gamuu 

distribution withparameten o, k. 



OC 
k t

1  e - 

f ( ,k, t) = ----
--

, t >O, k=1,2 

Il- 

,. 

) 

k,) be the incomplete gamma function. 

=ff (o, k, t) dt 

=1- 

e - ---- -(øx) 

s=O S 

An arriving customer finds the system in 

one of the following state 
(1.6) 

(0, a - 1), (1, a - 1) 

(0,n), (1,n) 0n a —2. 

(2,n) a - 1 mb - 17 n = kb + m 

(2,n) 0 ma - 2 J k = 0, 1, 2.... 

In case (i) the arriving unit does not wait 

and the probability of zero dealy is thus 
{P0a-1+P1a-1]. 

In all other case, the unit has to wait and the 

probability of blocking is thus 1 .- [POa - 1 + Pla  

In case (ii), the arriving unit has to wait 

f o r the arrival of (a - 1 - 
n) unit and the time needec 

f o r (a - 1 - 
n) arrival has a gamma distribution with 

parametersA, a - 1 - n. 
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In case (iii), the arriving unit has to 

wait for the completion of services of (k 
+ 1) batches 

and the time required for this has a gamma distribution 

with parameter 2..k + 1. 

In case (iv) the arriving unit has to wait 

till either the services of (k + 1) groups are completed 

or (a - 1 - m) units arrive, whichever occur later, this 

duration which is given by the maximum of two gamma 

variaties may be denoted by the random variable Z. 

Z = max (gamma variate with parameterAp, 

a - 1 - m ; gamma variable 

with parameters 2*. ,k + 1) 

Z = max ( X, Y) (say) 
(17) 

The distribution function Fz(t) and the 

p.d.f hz(t) of Z are given by 

Fz(t) = Pr ( Z,t 

= Pr ( max ( X, Y),t 

= Pr (Xt, Yt) 

= Pr (X t ) Pr ( Y4t 

= 11(AJ3, a - 1 m) ft (2j.i. k + 1) 

and hz (t) = Fz1(t) 



lb 

= f (Xp , a-1 -ml 11 (2p.. k + 1) 

+ f (2j...; k + 1) rt (>p. a - 1 - m) (18; 

It follows that p.d.f V(t) of I is given 

.75 
a-2 

(t) = [Pin + POn] f a - 1 - n, t) 

n =0 

00 

 + b_ P2, kb + rn f(2fr4_, k+i, t) 
k=0 m=a-i 

" a-2 
+ P2 kb+m hz (t) (19). 

k=0 m=0 

Denote 

rn-i z k 
= e (m,z) ; e- e(m,z) = E(m,z) m> 1 

k=0 k (20). 

Then by the following arguments at Medhi [6,7], we have 

a-1-q a-2-q -tA 
a-2 a-2 ,.\ t e 

a-1 -q, t) = -.. _________________ 

q=0 
q=0 P(a-i--q) 

= Ae At (a-1,At) 

a-2 

(A. a - 1 - q, t) =A -)t a-2 .At 
e r e(a-i,---) 

q = 0 r 

00 
a( a-] 

t E (a-i,At)  dt = -------- 

1 2 A2  
0 



00 

 - 

t) ( ra_l) 
- a(r-I) 

t e 
At e (a - 1, -"") dt = - :2 

e_te(a_1, --') dt 

it e E(a-1,At) dt 

-r e dt 
= tIL2 r 

(fl)S 

0 
The first term on the riçjhthand side of the equtiorI (19) 

is 

[Pin + POn I f  (A a-i-n, t) 

using equation (12), (13) and (21) 
S we get 

-: - ----------- - + - 
n=O (1-r) (+)r-,> 

+ POa-1J f(A, a - 1 - n, t). 

[ -- - -   - - -  P20 + P0a -1IA e e (a-1,At) 

(1-r)A 

2 At At 
ra A e(a-1, ----- )] P20 

( 1 - r ) r 

(r 
a 
 -1) - a(r-1) 

-------------------- 
2 2 a-2 2 

A r (r-1) 

2 a a+1 
r (1-r )-ar (i-r) 

A2 (1-r)2 



- E (a - 1,At)  P20 +AE(a-1 ,At) P0a-1 
1 - r 

:ii1 tA - -- e(a-i , ----) Atp20 (22) 
(i - 

 
r) r 

Second term on the right hand side of equation (19) 

P2 kb+m f(2& , k + 1, t) k=0 m=a-1 

usng equation (10) we get 

kb+m r f(21 , k + 1, t) P20 
k=o m=a-i 

m=a -1 

rm rkb 

P20 
k=0 k 

b-i 

m a-i 

m 
(2 

-
t rb)k e 2tt 

r2A. --------------------- P20 
k=0 k 

b-i 
rm 2be_ 2 J t P20 

m= a-i 

r a-i r b - 
I -r 

6 
P20 

1 -r 
(23) 



The third term on the right hand side of equation (19) 

consists of two terms corresponding to those of equation 

(18) and using equation (10) we get 

CPO a-2 

k=0 
r kb+m[ f 1 a-1-m,t) (2, k+1,) 

+fl a -i -rn) f (2, k+1 , t ) 1 P20 III 

consider the first term of the above equation 

a-2 

£ kb+rn 
r a-1-m,t)fl(2 , K+1) P20 k = 0 m=0 

a-2 

1-5 rm f Cy,  a -i -rn, t) 
rSf(2 ,k+1, t) dt p 2 0 m=0 

I<o 

u s i n g ( 21 ) we get. 

a-2 
(L e 2N dtP20 

r e(a-1, -----) 2  
k=o kt 0 

AP  , e)Pt r a-2 e(a-1 ---) 21.4Je2 /.Lt(lrb) 
dt P20 

r 

0 

e -)t ra_2 e(a-1, ) ( _21.At(1 r) - P20 (i_ rb 1-e ) 

e(a-1,--) (1-e2 t(lrb)) 

(24) 

The second term of the equation 

a-2 
kb+m 

_ 

r lit ( ,a-1-m f(2&,k+1,t) P20 
k=0 m=0 



zo 

km [1- a-m-2 _i r ti 
k=0 m=0 q=0 q k 1  

P20 

a-2 

£ £ rkb+m 2 &e 2 t ---- 
k=0 m=0 k I 

a-2 moo a-m-2 

r +m 1_ 
m=O k0 qO 

e t () )q 
-------------- 

qt 

2 e 2 t(2J..&.t )k 

1 P20 
ki 

a-m-2 

I 2_ r 2- -------------- - rkb 
k=0 k I k=0 q=O q 

2p..e21plt ( 2  p  t ) k 
I [ --------1 P20 

k i 
. i-r 

2 Le 2)At (i_ rb) 
a-i a-m-2 

----- [i-r - 
1-r q=0 q 

a-m-2 

+ ral ;_ 
I___?1_t_, 

P20 
q=0 q! 

2 e 2 t rb) 

[ i_ra -E(a-1, t) 

p 
 
--- )] P20 

i-r 
a-i e(a-i, 

-- ; 
+ r 

r (25  
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Adding equations (24) and (25). We get the equation Ill 

as follows. 

2e2P (l.rb) 
a-i 

1-r 
--------[ i-r 

- 

+- -i --- --------- - --- 
 

r e(a --)]P20 
i-r r 

(26) 

Hence by the equations (22) (23) and (26) we get the 

expression for the probability density functon)(t) as. 

2 
— 2(t) { ----- E (a-1,.At) - 

l - r 
e At 

At rb2e_21t b) 
e(a-i , ---- 

r i-r 
ra 2.& e 1) t 

+ --------- e (a-i  
i-r r 

2 e2/t(t b 
+ ----------------- ( 1- E (a - 1 1,Xpt))]P2o 

+ X  E(a-i, )t) POa-i (27) 

The Expected waiting time in the queue E (1) is given by 

IC 

E (1) 
= f t 9(t) dt

100 

 

t 

° 2. 2 /.A. ra
-  1 

-At At = 

f 

I ------ E (a-i,A t) ---------e e(a-1 , ---) i-r 1-r r 
0 



rb2 e_ 2&t ral 2pePt  
------ + --------------- e(a-1,---) 

l-r i-r r 

2 ie2I*t (i-r b) 

+ ----------------- (1 - E (a-i,)p t)] P20 d 
i - r 

+ tAE (a-i, At) dt PO&i 

a (a-i) 2 (ral) -a(r-i) 

i-r 2 1-r 2r2(r-i )2 

(1 - r b ) 2)kr [(rra i) -a(r-i)] 

+ + 2 ( 1:r ),> 2 32  

r2(i_ ra)_ar i(i_ r) -------------1P20 

1-r (i - r) 

,>a (a-i) 
+ ----------- P0a-i 

2) 

2  Ft  r a 1 ..&a(a-i) 
E(T) { 2 -   ----- [ r -1 -a( r-i ) ] [ -ij + _____________ 

r 21.A. r 2 a a+i 
+ -----------

-

------------- [r (i-r )-ar (1-r)]] 
(1-r) )p A • (i-r) 

a (a-i) 
P20 + --------- P0a-i (28) 

2,) 

The Expected number of customer waiting in the queue is 

given by 



2r3 

a-i Do 
Lq 

= n [POn + Pin] + n P 2 n 
fl0 n = 0 

and using equations (12), (13) and (10) we get 

a-i 2 2L2 r 2 2 

n=0 r) 
Lq 

= n { ------------
2 ------------ + A (1- A (r/-i ) 

P20 + 

a-i a-I 
ft~ 1 n(i- e 1 ) P0a-i+ n P0a-i 

n=0 fl:O 

a-i 211 
n+iØn+i) P20 +fl  ----- ---- (r 

n = 0 

00 

+ nr P20 
n=0 

a (a-i) 2pr 2 (1-r a ) - ar a-i
(1-r) 

)(1-r) A(1-r) (i-r) 

r a(a-i) 
+ ------

2 
P20 + --------- P0a-i 

(i - r) 2 
r ua(a-l) 2ti 

2 a a+1 Lq { -------2 + 
-- - - -- ----- - 

(r (1-r )-ar (i-r ) (i-r) A(i -r) (1-r) 

a(a-i ) 
]P20 + ------- P0a-i 

2 (29) 

The Little's formula,s not te. 



SECTION - II. 

Assume that an arriving customer would not 

balk if atleast one server is free and the queue length 

is found to be a-i. 

That is, if an arriving customer finds the 

system in state (0, a-i) or in stote (1, a-i) then he 

would not balk. In all other cases he will join the 

system with Probabilityp and balk with Probability i- 

The differential difference equations are. 

P001 (t) = 
- Ap P00 (t) + -P10 (t) (30) 

POn1  Ct) = - A A POn (t) + Ap POn- i (t) + P1n ( t ) 

P101  (t) = 
- P10(t) +APoa-1 (t)+2P20 (t) 

Pin1 (t) = 
- p+) P1n(t) +AP Pi,n-it) + 2P2n(t 

P2n1 (t) = 
- (p+2 P2n(t)+P2n_1(t) + 2P2n+b(t) 

P201 (t) = 
- +2F) P20(t)+PJa_1(t) 

b 
+ 2/& P2,s 

S=a 

POa-1 1 (t) = - P0a-1(t) +POa-2(t) +P1a-1(t) 

Pia-11(t)  P1 a-1(t)+pp1a_2(t) +2P2a-1 

The steady state equations are given by 

Apoo =Apio 
( 31 ) 

2 



2 

Ap POn = P0n-1 +/.AP in  

(A +1U)P10 = ,¼P0a-1 + 2-P20  

(A+p.) Pin =XfBPini+2p.P2n  

P2n =)pP2n-1 + 2 /. P2n+b  

(A+21.L) P20 
b 

= )P1a-i + 2J.L 1—P2S   

,APOa-1 = Ap P0a-2 + Ji. P1a-i  

(X+ 7..L) P1a-1 = A Pia-2 + 2pP2a-1  

Equation (35) has b+i roots using Rouche's t orem 

we get only one root say r lies in side IZI = 1 and all the 

other roots r1  r2 ----- rb lie outside the unit circle. 

00 
Sinc. PZD<.i 

P2n = Ar for n0 

taking n = 0 we get A = P20 

P2n = P20 rn 
(39). 

Define e = ...__' .... 

(40). 



from equation (34) we get 

Pin = A ( --2. ----- ) + 2 JL P20 
(.i)r-)J3 

taking n = 0 and using (33) 

2Jr 
----P0a-1 = A + ------------- P20 

+ (\p+ /L )r-A  19 

2frL 2j.I.r 
A = ---- P0a-i +[ ---- -- ---- - ------------ ] P20 

P (+.)r-A 

= 
--- P0a-1 - 

9 2p 
P0a-1 ------------------P20 

()+jA) r Xp - 

9 2 .9 2 Lr 
n+i n+1 n+i 

P1 - - ------ P0-i -------------P20 + ------------- P20 
13 ()+fr)r-,X 

n+1 
G n+ 1 n+i Pin = ------ P0a-1 -------------(r 

- ) P20 
(41) 

putting k = 1, z .... n in equation (32) and adding we get 

Ap POn 
= 

P00 +tA. P1k 

using (31) in the above equaition gives 
n 

POn P i k  = 
k=0 

P20 + 

]P20 
(+)[(+p) r-A A I 



n + 1 nil n + 1  P. 2!.Lr - e  = 
---- { j - P0a-i + 

- P20] 
k=O p (A+p) r-A 

, n-1. 
24. 

= P0a-1 + 

(+) r-A 

r-r 2 8— 
ni-2 

- -----------1  P20 
1 - r 1-9 

(l—e n + 2 fr& A ) 
= Poa-1 + -------------- P2 0  

)•s13 p (1-e) (>p+j.t) r-A 

n r r +2  
-----) --------- + - --------- 
-r 1-S l - r 

2 LJ. 2j2 r 2  POn = ----- (1- e 1 ) P0a-1 + { ------------- - --- - - - - - - - -  - 
 

2J. 9I+1 

+ - ] P20. 112) 
Ap(r/e-1) 

using equation (38) yield. 

2-t 
P1a-1 = ------ P1a-2 + ----- P2a-1 

i I = ..-..F------ ( ra'_ 9a ) p2O  
)+ i)  r-A 

+ -s'--- P0a-11 

- 

2.*. 
--------------- 

- (A +  FL ) (1 -r/) 

2L 
+ - - - - - -  ral P20 

(Qa-1a-l) P20 
+ C -'s-- 



2 

a-i 2 
P0a-1 + ral P20 G 

2fri. P20 
P1a-1 = ----------- ( 8a 

- ra) + __ea1  P0a-1 
(A+p.) (8-r) I)¼ +P 

(43) 

Substituting equation (43) in (36) we get 

(A,a+2p)P20 = 2A (øa...ra) 
+ A2 9a-1 Poa-1 

)+p) (8-r) A+p 

+ 2 JJ ( r a_ r l) 

--- ----P20 
 

i r  

9a-1 Poa-1 
= 2p (i_ra) P20 2 A 

(9aa) 

--- ----------
P2(  

i-r (A+p) (9-r) 

Poa-1 
Ap 

a 2 .iA 
a a a 

- 

-

-

r 

 P20 [---- (-r ) -  ------ (9 - r )] A 8  
(44) 

Now we have all the probabilities in terms of P20 

substituting all the expression in equation (37) it is 

easy to find the expression for P20. The results can be 

checked by substituting the value of Pin i=0,1, 0 n 

,a-1 and P2n, n0 in the normalised equation. 

a-i 00 

[Pon + Pin] + P2n 
n = 0 n=0 



a-2 C1 

[Pon + Pin] + Poa-1 + P1a-1 + 4 P2ni 
n = 0 n = 0 

n'i 2 n+2 
a-2 2p9 r 

[----- 
+ - 
 -- --- 

-----  - ----- ------- 
J P20 +  

n = 0 (1-r)A)r/e-1) (A) (i-r) (rl&-1) 

a-2 1 - 

8 n+1 a-2 9 nfl 

-----------Poa-1 + —--
-
-- Poa-1 

n=O P n=0 

+ 2 -(r ll fi - 9n+1) P20 
+ 

n 0 (A+ii)  r-) 

p 2 p (l_ra) 2 '; 
( a 

- r') 

- ----------]P2o A ea 1 - r ()~p) (e-r) 

2 p (9a 
- r  a  ) 21J (1-r') 

+ ----------- P20 + P20 -  ---------- 
(Ai) (&-r)  

a 2p(9-r a) 1 
P20+ -----P20 = 

>+p) (8-r) 1 - r 

Hence we get, 

a- (a-1)2j 
- 

2 2 r (i+r+...+ 2r ) 

Ap(i -r) 1-r r18-n 

2 ay) (a-i) 
+ 

+ [---- + 11 
Ap(r/G-i) 

a 2 P a a 
2p(l _ ra) 

[----[ ----- (1-r) -------(e  -r)1+ 
),6 1 -r) A (1-r) 1-r 

P20 = 1 



(a-i) 2p 
P20 = [- 

Ala  

+ 

21ir (l_ra) 

+ --) ----- 

2 p (l_ra) - 2PA (0a 
- ra) a-i 

] [--- + 1] 
i-r (A p) (6-r) 

30 

+ ---1 1 
(45) 

1-r 

WAITING TIME DISTRIBUTION 

Now we find the waiting time distribution 

in the equil ibrium state. Let the random variable I 

denote the waiting time in the queue for an arriving 

unit. 

Let '9(t) be the probability, density 

function (p.d.f) ofT. 

f (, k,t) be the probability density 

function of gani1a distribution with parametera., k. 

k t k-i -cdt 
e 

( i .e) f (, k,t) - ------------t > 0, k = 1, 2... 
K) (Lf6) 

PX (at, K) be the incomplete garrrna function 

(i.e)Px (ce, k) 

= 5 
f(c, k,t) dt 

5 
0 k - 1 e - (ox) 
=1-k 

S = 0 Si 
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An arriving customer finds the system in one of the 

following state (47) 

(0, a-i), (1- a-i) 

(0, n), (1, n) 0 n a-2 

(2, n) a - i m b - i 
2 

n = Kb + m 

(iv) (2, n) o , m a-1J k = 0,1 ,2 

In case (i) the arriving unit does not wait and 

the probability of zero delay is thus [Poa-1 + Pia-i I. 

In all other case, the unit has to wait and the 

probability of blocking is thus i 
- [Poa-i + Pia-i] 

In case (ii) the arriving unit has to wait for 

the arrival of (a-i-n) unit and the time needed for (a-i-

n) arrival has a gamma dist,- gbution with parameter 
 AP 

a-i-n. 

In case (iii) the arriving unit has to wait for 

the completion of services of (k4-1) batches and the time 

required for this has a 

2}J, K+i. 

In case of (iv) the arriving unit has to wait 

till either the services of (K+i) groups are completed or 

(a-i-m) units arrive, whichever occur later, this 

duration which is given by the maximum of two gamma 

variates may be denoted by the random variable Z. 



Z = max (ganina variate with Parameter>p , a-i-rn; gamma 

variate with parameters 21i, K+i) 

Z = max (X,Y) (say) (48) 

The distribution function Fz(t) and the p.d.f 

hz(t) of Z are given by 

Fz(t) = Pr(Z .4. t) 

= Pr(max (X,Y) t) 

= P r ( X t, Y t ) 

= Pr(X t) P r ( Y t) 

= fl(>p,a-i-rn) 2 K+1) 

and hz (t) = Fz'(t) 

= a - i -rn) fi(2i, K+i) 

a - i -rn) f(2p, K+i) (49) 

It fol lows that probability density function 

V(t) of I is given by 
a - 2 

V(t) = 5EE [Pin + Pon] f(V, a-1-n t) 
n=O 

b - i 
+ P2 Kb+rn f(21i, K+i, t) 
K = o rn=a-i 

00 a - 2 
+ P2 Kb+rn hz(t) 
K=o m=o (50) 



Denote 

rn-i 

= -z e (m,z); e e(rn,z) = E(m,z) mi (51) 
k=O K! 

Then the fol lowing arguments at Medhi [6, 71 we have 

a- a-2 a-l-q a-2-q -AP t 

. 
f(A,a-1-q,t) = 

q = 0 q=0 I (a-i-q) 

=,)p e' e(a-1,pt). 

13  f (Ar, a-i-q,t) =,ePt  r 2  e(a-i, 
) 

r 
q = 0 

do 
a(a-1) 

t E ( a-i,)t)dt = --------- 

) 2) 

-, 

)t ( ral) 
- a(r-l) 

e P e(a-1,---- ) dt 

I r  

E (a-1Ap t) e(1t dt: 

r (1-r ) - ar (1-r) -------------------------- 

60 

(t(l_rb) e (l_rb)t dt 

J 
0 

The first term on the right hand side of equation (50)is 

33 



I :z (Pin + POn) f (6A , a - i - n, t) 
n = 0 

a-2 8 n+i 2-- 

Poa-1 
+ --- - -------  (r ' - 

9n+1 P20 + 

n = 0 P (X+u)r-Ap 

2j-. Zp r 1  
Poa-i + ( -------- - -- ------------- + ------ ) 

(i-r)A A2 (r18 -i)(1-r) 

f(Afl1 a-i-n,t) 

a-2 
P0a-1 2pr' 

( ------- + -------- P20 - -----------P20) 
n = 0 (i-r)Ap )(i-r) 

f ( Ap, ,a-i-n,t) 

( -- - P0a-i + P20) X e(ait) 

2/L 
a-i t - ')3 ,> 8  e(a-i,tIr)P20 r e 

2 fr.4. 
) E ( a- I Ap t) P0a-i + --------- E (a-i ,,)pt) P20 

(1-r) 

- ra e te(ai ) P20 (53) 

3Lt. 



Second term on the right hand side of equation (50) is 

b-i 
P2 kb-'-m f(21.h. , K+i,t) 

k 0 m = a-i 

m1 

rm r(b ----)K+1-2•kt --

P20 

rm  

m = a-i I k=o K 

m=a-1 
rm 2 

1j e 2 1t e2 1 t P20 

a-i b 

I 2frL e _ 2 frt 

The third term on the right hand side of equation (50) 

consists of two terms corresponding to those of (49) and 

using (39) we get 

a -2 

4 
rkb+m h2 (t) P20 

rkb+m (f 
a-1-m,t) Ft (2 ,K+1 k=o m = : 

) 

+rb ( ,a-1-m) f(24., K+1 ,t)) P20 



.3 b 

The first term of the above equation is 

00 - 2 

K0 :
4-5L
: 

rkb+m fAp1a
-i-mt fl 2p ,K+i) P20 

rm f( ,a-i-m,t) r f ( 2 ,K--i,t)dt P2 ,L'  . e4— f )IIL  
m = 0 k=o 

using (23) we get 

Atp 0O  
Ape 

-Art ra2 e ( a-i , --- e 2I2p 
r 

(2 
-- dt P20 

K 

,pePt 
a-2 

r e(a-i , ___?_) e2t( rb)dt P20 

e "'P t r e (a-i 
a-2 tAp -2 4. t (1 -r )P2 

0 , ) (i - e (i_rb) 

A.

e ' r 2  e(a-i , -' ) (1-e xt (I_rb) 
) P20 

- r r (5) 

The second term of equation is 

90 
a 2 

bk+m r fl(A a - i - rn) f(2  fA ,K+1,t) P 2 0 
k=0 m=0 

k=0 
rm { 

a-m-2 

2 e 2 14t ( 2 1_ct) k 
P20 

K! 
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a 2 

: : 

rkbm2 
P20 

=2 rkb+m 
m 

 P20  
- 

0 

k 0 

a-m-2 e lt ( t) 
4--------------- 
q=0 q! 

rkb 2 e 2tt 
k=O - k = 0 

a-2-m e j>t ( t ) q 2 e 2 t (2p t t)k 
------------------------------------ 

q = 0 q! 

a-i 1-r 
(---------- ) P20 

1-r 

(2 e 2 t e2P (1 
- __ 

(------------ ) ) P20 

(1 -r - 

q

rn 

+ r a-I a-m-2 
) P20  

q= 0 



b 
2 LA_ e 2 ! t(  

( i ral 
- E',a-i ,) t) + ra t.Ap 

(i-r) 

Apt 
e(a-i , --- ))P20 

r 

(56) 

Adding equations (55)and (56) we get the third term of the 

equation (50) as 

2 J-1 
e2 _Lt (i_ rb) 

------- ( l_ ral 
- E (a-1,,Apt)) 

i - r 

2A e?t 
a-i 

- + ------------- r e (a-i, ------) ]P20 (57) 
i - r r 

Hence by the equations (53), (54) and (57) we get the 

expression for the probability density function 9 (t) as 

(t) = {---- E (a-1,At) + -------- e 2 tM_ 

2A.e2 J)t (1-r 

-----------------E (a-1,At)J P20 + 
i - r 

AE(a-1,At) P0a-1 (58) 

The expected waiting time in the queue E(T) is given by 

E (1) = t V (t) dt 
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2t (1-r°)2 
= [ (- E (a-i t) + __ e_2Ft (l-) 

1 r (1-r) 

2jA e _ 2 1t 
--------------E (a-i ,.Xt) ] P20 

1-r 

+ Po a-i E (a-1,,)t) I dt 

a(a - i) 2,.A. 
= ( -------[ ------------ 1- 

1-r 2 AP (1-r) (2f_k.) (1-r 
2 a a+i 2 r (1-r )-  ar (i-r) 

I--------------------------I ) P20 
1-r  

a(a-1 )A 
+ ----------- P0a-i 

2) 

E (1) 
a(a-i) 

= ( -------[ ------------ ]+ 
1-r A2 JS 2 r) (i-r ) 

2 r2 ra)_ ara (i-r) 

------ ] ) P20 

a(a-i ) 
+ ------------ P0a-1 

2) 2  

The Expected number of customer waiting in the queue is 

given by 

a-i 00 
Lq = n [POn + Pin] + n P2ri 

n = 0 n = 0 

(59) 



4c 

a-2 P0a-i 211 (1-r
n+i ) 

[ ----- + P201 +(a-1 ) POa-i 
n = 0 (l  -r )Ap 

+ (a-i) P1 a-i + nr'1  P20 
nO 

a- P0a-i 2 2 
n [ ----- + ( ---------------- )P20] + (a-i) PO-i 

A(i -r) )p(1_r) 

2L1fi_ ra) 
+ (a-i) ------------P20 + n r P20 

A (i-r) n=0 

P0a-i (a-i) (a-2) 2 (a-2) (a-i) 
= -----------------+ ------------------------ P20 

2p A(i - r) 2 

r2 ; • nr P20 + (a-i)Poa-i + 

(i-r) n = 0 

( a _1)2,_(i_ ra) 
n-i ------------P20 + r nr P20 

n=O 

a-2 2.& a-2 
= (a-i ) Po a-i ( ------ + 1 ) + ( -------(a-i ) ( - 

-
---- ~1) 

(l-r) 3 

2-& 2 a-2 d (a-i) 2Fra  
r (.. ----(r)) -------------- 

)(1-r) n = 0 dr  

+ r
= 

---- (r') ) P20 
n 0  

a-2 2 a-2 
= (a-i) Po a-i C ------ + i ) ( -------(a-1 )( -----±1) (1-r) 

2 2 
(1-r) (_(a_1)ra_2) +(ir1) 

r ( ------------------------------) 
a (i-r) 

2 j(a-i)r r 
+ ------- + ------------)P20 

,A(i -r) (1-r) 



4,  

a-2 2 a-2 Lq = a (a-i) Po a-i ( ------ + 1 ) +( -------(a-i) (----- 4 .  

r 2tA r2 (a-i) ra (l-r) 
-------------------------------- 

+ ------

-(

1:r)2  

+ (a_i)ra) P20 
(60) 

It is clear that the Little's formula is not true in 

this model also. It can be verified that when 
= 

1 we 
have ECP= ALq. 
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CHAPTER -2 

SINGLE SERVER MARKOVIAN QUEUE WITH BALKING 

Here the steady state results are given for 

the single channel bulk service Markovian queue with 

balking. It is proved that the little's formule is not 

true if P t I. 

Type 1 

First assume that if an arriving customer 

finds the server is free he would not balk. The customer 

joins the queue with probability. 

The steady state equations are 

Aoo F  PlO (1) 

APOn = APon + p P in 1 4 n a-i (2) 
b 

(A+ P 10 = APOa-i + is (3) 

(Ap+ P in = AP  Pin-i + p Pin + b (4) 

The steady state probabilities are given as 

P ln= rPiO for n 0 (5) 

n+1 i-r 
P 0------- [------] PlO 0na-1 
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a+1 b+1 
a (r ) -r ) 

P 00 = [---- + -------------------  ]' (7) 
l-r (1-r) 

waiting timedistribution 

a-2 00 b-i 

= P On f(A,a-1-n, t) + P1 kb+m 
n=O k=O m=a-i 

f(1i, K+i,t) + P1Kb+m h z(t) (8) 

Poo A[E(a-1, At) 
a-i -At 

At 
- r e e(a-1, ----) 

r 
1-r 

a-i t + 
e

Lt(i_rb ) b 
+ r e e(a-1, Apt) (1-r 

r 

- e t( E (a-1,Apt)] (9) 

The Expected waiting time in the queue E(T) is given by 

E(T) = t (t) dt 
0 

APoo a (a-i) 1 
E(T) = ------ [ -------- + ---------- 

1 - r 2 A 
i 

(1-r ) 

a+1 2 a 
ar (i-r) - r (1-r 

+ 

A (1-r) 

r [(ra_l)  -a(r -1)] 

+ ----- [- -1 1 (10) - - 

A (1-r) p 

The Expected number of customers Lq waiting in the queue 

is given by 



a-i 
00 

Lq = n P On + i.fl Pin 
n=O n=O 

a (a-i) ar a+1 (1-r) - r 
2 
 (1-r  a ) Ar 

Lq = P00 [ ---------
+ ---- - + 

2 (i-r) (i -r) IJ( 1-r) 

(ii) 

It is clear that unless V 1 the little's formula is 

not true. 

TYPE 2 

Assume that if an arriving customer finds 

the system in state (0, a-i) then he would not balk. In 

all other cases he wil I join the system with probabil ity 

and balk with probability 1_ 

The steady state equations are 

APoo = PlO (12) 

Ap POn = POn-i + p P in 0 n ga-i (i3) 

PlO = A P0a-1 + pP is (iLl) 

(A+ 1j) P in = APin-i + p Pin + b  

.A P 0a-1 =APOa-2 + Pia-i  

The steady state probabilities are given as 



P in = r'1P10 (17) 

p 
1-r n + 1  

p 0 - [- IPlO 0na-2 
i-r (18) 

p (1-r') 
P0a-1 = 

A 
--- - ii --------i P1 0 (1 9) 

p 00 
a-i 

+ 

a b+1 

+ 

a -r ) (i-r ) 
={---- 

-- - -- - 
i-r (- -r) (1-r) (20) 

waiting time distribution 

= £ P On f(Ap1a-i-n, t) + . P1 kb+m 
n=O k=O m=a-1 

oO a- 
f(p, k+i ,t) + P1 kb+m hz(t) (21) 

k=o m=o 

(t) =--- [E(a-1,?t) (i e t(1  

+ eit (i_rb)(irb)]pOO (22) 

The Expected waiting time in the queue E(T) is given as 

00 

E(T) = i t 9(t) dt 

a+I 2 a a(a-1) 1 ar (1-r) - r (1-r 
E(T) = !'__{ -----

2 + ------ + -- -----------------1POO 1-r 2 A (i-r ) X p (1-r) 

23) 
The Expected number of customers Lq waiting in the queue 

is given by 



In 

L q = 
_ 

n P On n Pin 
n=O 

+ (a - i) POa-1 + n Pin 
n=O n=O 

I (a-i ) (a-2) -i ) ( 1-r a ) 
Lq [ -----------+ ---------------+ ------- 

(i - r) 2 (i-r) (l--r) 

2 a b 
r (r -r 

+ - 1 P00 (2 11 ) 
(4-r)' 

Conclusion - 

For queues with bulk service and balking 

the Little's formule does not hold. 





BIBLIOGRAPHY 

ARORA. K.L (19611) : Two server bulk - service 

queueing process, Operations Res. 12, 286-2911. 

BORTHAKUR. A. (1971) : A Poisson queue with a 

general bulk service rule. J. Assam. Sci. Soc., XIV 162-

1 67. 

CHARE 'P.M. (1968) Multichannel queueing system with 

bulk. Operations Res, 16, 189-192. 

t. KENDALL.D.G. (1953) : Some problems in theory of 

queues J. Roy. Statist. Soc. Ser. B, 10, 151-183. 

MEDHI. J. : Recent development in Bulk queueing 

models. Wiley Eastern Limited, New York. 

MEDHI. J. (1975) : Waiting time distribution in a 

poisson queue with a general bulk service rule. Mgmt. 

Sci . 21, 777-782. 

MEDHI. J. : Stochastic process. Wiley, New York. 

MEDHI. J. (1979) : Further results on waiting time 

distribution in a poisson queue under a general bulk 

service rule. Cahiers du centre E'tude de Rech oper, 21, 

183-189. 



9. MEDHI. J. AND BORTHAKUR. A (1972) On a two server 

Markovian queue with a general bulk service rule. Cahiers 

centre E' tudes de Reche oper. 14, 151-158. 

10.NEUTS M.F. (1967) : A General class of bulk queues 

with Poisson input, Ann. Math Stat. 38, 759-770. 

11.NEUTS M.F. AND NADARAJAN. R (1982) : A multi server 

queue with thresholds for the acceptance of customers 

into service. Operations Res, 30, 948-960. 


