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REFERENCES


INTRODUCTION


“Mathematics is of profound significance in the Universe,


not because it exhibits principle, that we obey,


but because it exhibits principles that we impose”.









- J.N.N.Sullivan


The concept of fuzzy compactness was first introduced by C.L.Chang  [9] in 1968. In 1976, R.Lowen [25] modified the definition of fuzzy topological spaces and introduced a new notion of compactness. Many other notions of compactness have been introduced in fuzzy topological spaces by various authors – C.K.Wong, T.E.Gantner, R.C.Steinlage, R.H.Warren, M.E.Abd Elmonsef, M.H.Ghanim, Wang Guojun, Li Zhong Fu, M.W.Warner, Coker, A.Haydar, A.A.Nouh, A.Kandil, E.E.Kerre, A.A.Ramadan.

Some of these notions are listed below :

1.
Semi compactness, C.K.Wong, 1973 [38].

2.
Sequential compactness, C.K.Wong, 1973 [38 ].

3.
Weakly fuzzy compactness, R.Lowen, 1976 [25].

4.
Strong fuzzy compactness, T.E.Gantner, R.C.Steinlage and R.H.Warren, 1978 [14].

5.
Ultra fuzzy compactness, R.Lowen, 1978 [27].

6. (-compactness, T.E.Gantner, R.C.Steinlage and R.H.Warren, 1978  [14].

7. (*-compactness, T.E.Gantner, R.C.Steinlage and R.H.Warren, 1978 [14].

8. ( - almost compactness, M.E,Abd Elmonsef, M.H.Ghanim, 1981 [1].

9. ( - nearly  compactness, M.E.Abd Elmonsef, M.H.Ghanim, 1981 [1].

10. N - compactness, Wang Guojun, 1983 [36].

11. Almost compactness, Di Concillio and Gerla, 1984 [11].

12. F. Q( - compact, Li zhong fu, 1984 [24].

13. Nearly F. Q(  - compact, Li zhong fu, 1984 [24].

14. Almost F. Q( - compact, Li zhong fu, 1984 [24].

15. Pre - F. Q( - compact, Li zhong fu, 1984 [24].

16. Semi - F. Q( - compact, Li zhong fu, 1984 [24].

17. (0 F. Q( - compact, Li zhong fu, 1984 [24].

18. (. F. Q( - compact, Li zhong fu, 1984 [24].

19. W.Pre - F. Q( - compact, Li zhong fu, 1984 [24].

20. Feebly - F. Q( - compact, Li zhong fu, 1984 [24].

21. Fuzzy strong Q - compactness, Li zhong fu, 1984 [24].

22. Fuzzy Q – compact, M.K.Luo, 1988 [32].

23. ( - sequentially sompact, M.W.Warner, 1989 [37].

24. ( - weakly countably compact, M.W.Warner, 1989 [37 ].

25. RS - compactness, Coker, Dogan, ES, A.Haydar, 1989 [10].

26. Weak RS - compactness, Coker, Dogan, ES, A.Haydar, 1989 [10].

27. f - compactness, J.J.Chadwick, 1991 [8].

28. (1,2. F.Q( - compactness, E.E.Kerre, A.A.Nouh, A.Kandil, 1991 [21].

29. ( 1,2. F.Q - compactness, E.E.Kerre, A.A.Nouh, A.Kandil, 1991 [21].

30. Smooth compact, E.E.Kerre, M.K.El Gayyar, A.A.Ramadan, 1994 [22].

31. Smooth almost compactness, E.E.Kerre, M.K.El Gayyar,A.A.Ramadan, 1994 [22].

32. Smooth near compactness, E.E.Kerre, M.K.El Gayyar, A.A.Ramadan, 1994 [22].

33. ( - compactness, Balasubramanian, Ganesan, 1997 [4].

All these compactness notions have been introduced and studied in [0, 1]‑fuzzy topological spaces. Many of these compactness notions have been generalised to the general L‑fuzzy topological spaces. (where L is a completely distributive lattice). Compactness in an L‑fuzzy topological spaces have been introduced by T.E.Gantner et al [14] in 1978. In this dissertation, we study in detail the following compactness notions in L‑fuzzy topological spaces.

1. Compactness in  L‑fuzzy topological spaces (Definition 2.1)

2. Relative compactness in L​‑fuzzy  topological spaces (Definition 3.1)

3. Strong  relative compactness in L‑fuzzy topological spaces (Definition 3.4)

4. ( - compactness in L‑fuzzy topological spaces (Definition 4.3)

5. N - compactness in L‑fuzzy topological spaces (Definition 5.3)

Chapter - I deals with preliminary definitions and results.

Chapter - II deals with compactness in L‑fuzzy topological spaces. The  results presented in this chapter are taken from the paper “Compactness in L‑fuzzy topological spaces” by S.R.T.Kudri [23].


The interesting results discussed here are,

1. Let (X, () be an L‑fuzzy topological space. If h and g are compact L‑fuzzy subsets, then h ( g is compact (Theorem 2.2).

2. Let (X, () be an L‑fuzzy topological space. If g is a compact L‑fuzzy subset, then for each closed L‑fuzzy subset h, h ( g is compact (Theorem 2.4).

3. Let (X, (X) and (Y, (Y) be L‑fuzzy topological spaces, and let f : (X, (X) ( (Y, (Y) be continuous mapping. If g is a compact L​‑fuzzy subset of (X, (X), then f(g) is a compact L‑fuzzy subset of (Y, (Y) (Theorem 2.6).

4. Let (X, () be a compact Hausdroff L‑fuzzy topological space. Then  (X, () is regular (Theorem 2.11).

Relative compactness in L‑fuzzy topological spaces is studied in Chapter - III.


Here two kind of compactness namely L‑fuzzy relative compactness and L‑fuzzy strong relative compactness are discussed.


Interesting characterizations regarding these two L‑fuzzy relative compactness are given in theorems 3.6, 3.8, 3.9 and 3.10. Some properties and goodness theorems are also established.


Chapter - IV is devoted to the study of (‑compactness in L‑fuzzy topological spaces. Two interesting characterizations of (-compact L‑fuzzy sets are given in theorems 4.6 and 4.7.


Characterizations of (-compactness in terms of (-nets and (-level filter bases are also obtained as follows : 

1. Let (X, () be an L‑fuzzy topological space and g ( LX. The L‑fuzzy set g is (-compact if and only if every constant (-net contained in g has an (‑cluster point x( ( M (LX) with height (, contained in g, i.e., g(x) ( ( for each ( ( M(L) (Theorem 4.9).

2. An L‑fuzzy topological space (X, () is (-compact if and only if every constant (-net in (X, () has an (-cluster point with height ( (Corollary  4.10).

3. Let (X, () be an L‑fuzzy topological space and g ( LX. The L‑fuzzy set g is compact if and only if every (-level filter base in g, where ( ( M(L), has an (-cluster point x(, with height (, contained in g. (Theorem 4.13).

4. An L‑fuzzy topological space (X, () is (-compact if and only if every (‑level filter base has a cluster point with height (, where ( ( M(L) (Corollary  4.14).

Some properties of (-compact L‑fuzzy sets are also established. 

In  Chapter - V, the notion of N‑compactness of an L‑fuzzy topological space is introduced and studied. The results presented in this chapter are taken from the paper “The N‑compactness in L‑fuzzy topological spaces” by Zhao Dong Sheng [40]. Alexander’s subbase lemma (Theorem 5.13) and Tychonoff product theorem (Theorem 5.14) are obtained for N‑compactness in L‑fuzzy topological spaces.

REVIEW OF LITERATURE


The study of compact spaces has attracted the attention of many famous topologists starting from P. Alexandroff (1939) [2], E. Cech (1937) [7]. A number of generalised forms of compactness have been introduced and studied by J. Dieudonne [12], C.H. Dowker [13], I. Glicksberg [20], A.H. Stone [35] and many others.


Compactness in fuzzy topological spaces was first introduced by C.L.Chang [9]. With this definition of compactness, J.Goguen [16] proved Alexandroff subbase theorem and Tychonoff theorem for finite products. He  was the first to point out a deficiency in Chang’s compactness theory by showing that the Tychonofff theorem is false for infinite products. In 1977, R.Lowen [26] introduced a new notion of compactness. With this definition, R.Lowen proved the Tychonoff theorem for an arbitrary product. Since each of the above approaches to compactness has serious limitations, a new definition for a fuzzy space to be compact was proposed by T.E.Gantner, R.H.Warren and R.C.Steinlage [14] known as (‑compactness ((*‑compactness). S.E.Rodabaugh [34] introduced the concept of (‑Hausdroff fuzzy topological space which is compatible with (‑compactness and fuzzy continuity.


A good comparative study of various compactness notions was published by R.Lowen [27] in 1978.


The fuzzy unit interval has been introduced by B. Hutton to characterize the normality [5]  and to define the complete regularity [6] of fuzzy topological spaces. The unit interval as a topological space is a very important compact space. This study of unit interval leads to the study of fuzzy unit interval with reference to the various fuzzy compactness notions. In the paper entitled “Compactness in fuzzy topological space” [14], T.E.Gantner, R.C.Steinlage and R.H.Warren have proved that fuzzy unit interval is compact in the sense of C.L.Chang [9]. Also, the fuzzy unit interval is (‑compact for special values of (. The question “whether the fuzzy unit interval is (*‑compact” was first raised by Gantner, Steinlage and Warren [14]. In 1988, Artico and Moresco  [15] have proved that fuzzy unit interval is  (*‑compact for special values of  (.


In 1982, R.Lowen [29] introduced the class of fuzzy neighbourhood spaces. This class has a non empty intersection with the class of probabilistic fuzzy topological spaces introduced by U.Hohle [19]. Lowen has characterised different types of compactness in fuzzy neighbourhood spaces [29].


Fuzzy uniform spaces was first introduced by R.Lowen [28] in 1981. He gave some basic results and showed that, how a fuzzy topology was derived from fuzzy uniformity. The concept of compactness in fuzzy uniform spaces was studied by R.Lowen and P.Wuyts [30]. They were able to obtain characterisations of compactness in terms of precompactness and completeness.


A new fuzzy compactness namely N-compactness for fuzzy topological spaces was introduced and studied by Wang Guojun 1983 [36].


In 1987, Zhao Dong Sheng [40] generalised N-compactness to general L‑fuzzy spaces (L denotes a completely distributive lattice). A detailed discussion of this compactness is given in Chapter – V of this thesis.


Using the convergence theory for generalised topological molecular lattices proposed by G.J. Wang, as a tool, Y.W. Peng has introduced the concept of nice compactness of L‑fuzzy topological spaces and discussed a number of its basic properties [33]. He has also given a condition under which nice compactness and Q‑compactness coincide for L‑fuzzy sets.


Two kinds of new fuzzy compactness, namely, the fuzzy Q(‑compactness and fuzzy strong Q‑compactness based upon the concepts of Q‑neighbourhoods and convergence of nets are introduced and analysed by Li Zhong Fu [24]. 


In 1987, ES, A.Hayder [18] obtained some characterizations of almost compactness in terms of regular open and regular closed fuzzy sets. He also proved that weakly continuous image of a compact fuzzy topological space is almost compact and fuzzy strongly continuous image of an almost compact fuzzy topological space is compact.


In 1989, Coker, Dogan, ES, A.Haydar [10] introduced RS‑compactness and weak RS‑compactness for fuzzy topological spaces and studied the relations among RS‑compact, weak RS‑compact, fuzzy compact (C.L.Chang [9]) and almost compact (Di.Concilio [11]) spaces. Some characterisations of RS‑compactness and weak RS‑compactness in terms of regular semi closed, regular semi open, regular closed and regular open fuzzy sets are discussed.


Later in 1997, the concept of fuzzy (‑open set was introduced by Balasubramanian, Ganesan [4]. Using fuzzy (‑open sets, the concepts of fuzzy (‑compact spaces and fuzzy (‑extremely disconnected spaces were introduced and some interesting properties of these spaces were investigated. 

SUMMARY AND CONCLUSION


Today it is obvious that fuzzy topology and many related theories have and will have a fundamental play in applied sciences.


Eversince the introduction of fuzzy sets by Zadeh, L.A. [39], several authors have worked on this concept and the theory of fuzzy sets has developed in many directions and is finding applications in a wide variety of fields. L‑fuzzy sets and L‑fuzzy topological spaces play a dominant role in the study of fuzzy topological spaces.


The main aim of this thesis is to discuss different notions of compactness in L‑fuzzy topological spaces. Various important results discussed here are due to S.R.T.Kudri, Halis Aygun, M.W.Warner, Zhao Dong Sheng. 


In this thesis the following compactness notions are discussed :

1. Compactness in L‑fuzzy topological spaces.

2. Relative compactness in L-fuzzy topological spaces.

3. Strong relative compactness in L-fuzzy topological spaces.

4. (‑compactness in L-fuzzy topological spaces.

5. N-compactness in L-fuzzy topological spaces.

Interesting characterisations of these compactness notions are established and are given in theorems 3.6, 3.8, 3.9, 3.10, 4.6, 4.7, 4.9, 4.13 and 5.5.

For these compactness notions the following important properties are also studied :

1. Preservation under fuzzy continuous mappings.

2. Productivity theorems.

3. Goodness theorems. 

CHAPTER – I

PRELIMINARY DEFINITIONS AND RESULTS

Definition  1.1  :


A  lattice  is a partially ordered set in which any two elements  x  and  y  have the greatest lower bound or meet (x ( y) and the least upper bound or join (x ( y).

Definition  1.2  :


A lattice  L  is  complete  if for every  A ( L, sup  A  and inf  A  exists in  L.

Definition  1.3  :


A lattice  L  is  distributive if it satisfies the distributive laws,


x ( (y ( z)  =  (x ( y) ( (x ( z)


x ( (y ( z)  =  (x ( y) ( (x ( z),  for all x, y, z ( L.

Definition  1.4  :


A complete lattice  L  is said to be completely distributive if it satisfies the following conditions for any collections of elements  {ai} and {bj} in L.
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Definition  1.5  :


Order reversing involution  (  on  L  is a map  (  :  L ( L such that,

i) (a()(  =  a

ii) a ( b ( a( ( b(,  for every  a, b ( L.

Definition  1.6  :


An element  p  of  L  is called prime if and only if  p ( 1 and whenever a, b ( L  with  a ( b ( p  then  a ( p  or  b ( p. The set of all prime elements of  L  will be denoted by PR(L).

Definition  1.7  :


An element  (  of  L  is  called union irreducible or co‑prime  if and only if whenever a, b ( L with  ( ( a ( b  then  ( ( a  or  ( ( b. The set of all non zero union irreducible elements of  L  will be denoted by M(L).

Definition  1.8  :


The Scott topology  on (L, () is defined as follows :  A ( L is open if,

i) x ( A  and  x ( y ( y ( A

ii) U X ( A  with  X  directed  (  X ( A ( (, i.e., there exists x ( X  such that  x ( A.

Definition  1.9  :


Let  X  be a set and let  ( = [0, 1]. A fuzzy set in X is an element of the set  (X of all functions from  X  to  (. 


An L-fuzzy set in  X  is an element of the set  LX of all functions from  X  to  L,  where  L  is a completely distributive lattice with an order reversing involution  ‘,’ on it, and with the smallest element  0  and with the largest element  1 (0 ( 1).

Definition  1.10  :


Let  f, g ( LX, where  LX is the collection of L‑fuzzy sets on X. Then f ( g, f ( g, f ( g, fc are defined as,

i) f ( g ( f(x) ( g(x) for every x ( X.

ii) (f ( g) (x)  =  max { f(x), g(x) } for every x ( X.

iii) (f ( g) (x)  =  min { f(x), g(x) } for every x ( X.

iv) (fc) (x)  =  1 – f(x) for each  x ( X (fc is also denoted as f().

v) Supp (f)  =  { x ( X / f(x) > 0 }.

Let  (  be an indexing set and  { f( / ( ( ( } be a family of fuzzy sets in  X. Then their union and intersection are defined as follows :
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Definition  1.11  :


Any subset  A  of  X  can be identified with the fuzzy set  (A, the characteristic function of A. The function  (A : X ( ( is defined by,


(A(x)
=   1
if x ( A,



​=   0
if x ( A.


The empty set ( and the whole space X can be considered as fuzzy sets by identifying them with the constant function 0 and 1 respectively.

Note  1.12  :


Ordinary sets referred to as crisp sets. Ordinary topological spaces are referred to as crisp topological spaces.

Definition  1.13  :


An L-fuzzy topology  (  on LX is a subfamily of LX, closed under the operations of finite intersections and arbitrary unions. The pair (LX, () is called an L‑fuzzy topological space, briefly  L-fts.

Definition  1.14  :


Let (LX, () be an L‑fuzzy topological space. The members of  ( (resp. (( or  (c = {f( / f ( (}) are called open (resp. closed) L‑fuzzy sets.

Definition  1.15  :


Let (LX, () be an L‑fuzzy topological space. For each g ( LX, the L‑fuzzy set cl(g) = ( { f ( (( / g ( f } (resp. int (g) = ( { f ( ( / f ( g}) is called the closure (resp. interior) of g. 

Definition  1.16  :


Let  (  be a function from  X to Y. Let  f  be an L‑fuzzy set  in Y. Then inverse of f written as (-1(f) is a L‑fuzzy set on X defined by  (‑1(f) (x)  =  f(((x)) for all x ( X.


Conversely, let  f  be a L‑fuzzy set on X. The image of  f   written as ((f)  is a L‑fuzzy set in  Y  defined by,


( (f) (y)
=
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  if  (-1(y)  is not empty,



=
0 
otherwise.

for all y ( Y where  f-1(y) = { x / f(x) = y }.

Definition  1.17  :


The prime elements of fuzzy lattice  LX  is defined as PR(LX) = { xp : x ( X and p ( PR(L) } where for each x ( X and each p ( PR(L), xp : X ( L is the L‑fuzzy set defined by,


xp(y)
=
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These  xp  are called  L‑fuzzy points of  X.

Remark  1.18  :


xp  is a member of an L‑fuzzy set  f  and write  xp ( f  if and only if  
[image: image9.wmf]f(x) 
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Definition  1.19  :


The co-prime elements of  LX  are the functions  x( : X ( L  defined by,


x( (y)
=

[image: image10.wmf]a
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=
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where  x ( X  and  ( ( M(L) and they may be identified with the L‑fuzzy points of  X.  Then  x  will be called the support of  x( and  (  its height and we shall refer to them as fuzzy points  x( ( M(LX), where M(LX) is the set of all co‑prime elements of LX. (i.e.) supp x( = x,  h(x() = (.

Definition  1.20  :


Let   L  be a completely distributive lattice and  (  an element of  L. A  subset  B  of  L  is called a minimal set of  (, if the following two conditions hold :

i) ( B = (
ii) For each b ( B and every subset  (  of  L  with  ( ( ( (, there is  ( ( (, such that  ( ( b.

Remark  1.21  :


In a completely distributive lattice, each element  (  has a greatest minimal set which we will denote by  ((().


Let  L  be a completely distributive lattice and  M  the set of all nonzero elements of  L.  Then for each  a ( L (a ( 0) we have, a  =  ( (((a) ( M), moreover, a  is an irreducible element if and only if  ((a) ( M is a directed set. Here  ((a) is the greatest minimal set of  a.  In the sequel the set  ((a) ( M will be denoted by  (((a), and if  b ( (((a) then we write  b ( a.

Definition  1.22  :


Let  (LX, () be an L‑fuzzy topological space and  e  a  point.  p ( (( is called an R‑neighbourhood of  e  if e ( p. The set of all R‑neighbourhoods of  e  denoted by  ((e). It is easy to see that  ((e) is an ideal base. In the sequel  we  often  write   p ( ((e) to express that  p  is an R‑neighbourhood  of  e.

Definition  1.23  :


A  L‑fuzzy set  f  in an L‑fuzzy topological space (X, () is called,

i)
(-open  if  f ( int (cl(int f))).

ii)
(-closed  if  cl (int (cl(f))) ( f.
iii) Pre-open  if  f ( int (cl(f)).

iv) pre-closed  if cl (int(f)) ( f.

Lemma  1.24  :


Let (X, () be a topological space, let  f  be an L‑fuzzy set in the L‑fuzzy topological space (X, ((()) and  p ( PR(L), then we have,

i) (cl(f))-1 ({t ( L : t 
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ii) (int (f))-1 ({t ( L : t 
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Definition  1.25  :


Given  (  a topology on  X, we can associate a L‑fuzzy topology  ((() on X as,


((()  =  {f ( (X / f-1 ((, 1] ( (}.

Definition  1.26  :

( is topology generated if ( = ( (() for some topology (.

Definition  1.27  :


An L-fuzzy topological space (X, () is fully stratified if and only if each L-fuzzy set in X taking a constant value on  X  is  open.

Definition  1.28  :


Let (X, (​X) and (Y, (Y) be two fuzzy topological spaces. A mapping ( of (X, (​X) into (Y, (Y) is called fuzzy continuous iff for each open set g in (Y, the inverse image (-1(g) in  (​X.

Definition  1.29  :


Let D be a nonvoid set. Let ( be a semi order on D. The pair (D, () is called a directed set, directed by (, iff for every pair m, n ( D, there exist a p ( D such that p ( m and p ( n.

Definition  1.30  :


Let (X, () be a L-fuzzy topological space. A net in (X, () is a function S : D ( M (LX), where D is a directed set.

Remark  1.31  :


Sm  =  S (m), S = (Sm)m(D. 
Definition  1.32  :


Let (X, () be an L‑fuzzy topological space, f ( LX and (Sm)m(D a net in  (X, (). (Sm)m(D is  called  a  net  contained  in  f  if and only if Sm ( f for each m ( D, i.e., f (supp Sm) ( h (Sm).

Definition  1.33  :


A fuzzy point x( ( M(Lx) is called a cluster point of a net (Sm)m(D  is an L‑fuzzy topological space (X, () if and only if for each closed L‑fuzzy set f  with f(x) 
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 (  we have that for all j ( D there is m ( D such that m ( j and Sm 
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 f, i.e., f (supp Sm) 
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 h(Sm).

Definition  1.34  :


Let (X, () be an L-fuzzy topological space and (Sm)m(D be a net. (Sm)m(D is called an (- net  (( ( M(L)) if and only if for each  ( ( (*(() = ((() ( M(L) (((() denotes the union of all minimal sets, relative to ( ( L), the net h(s) = (h(Sm))m(D is eventually greater than (, i.e., there is mo ( D such that h(Sm) ( ( whenever m ( mo, where h(Sm) is the height of the L-fuzzy point Sm ( M(LX). If h(Sm) = ( for all m ( D, then we shall say that (Sm)m(D is a constant (-net.

Definition  1.35  :


Let V : D ( X be a net and A ( X. V is said to be  eventually in  A if any of the following equivalent conditions hold

i) F an m ( D ( a ( m ( V(a) ( A.

ii) V(R) ( A for some residual R in D.

CHAPTER  -  II

COMPACTNESS IN L-FUZZY TOPOLOGICAL SPACES

Definition  2.1  :


Let (X, () be an L-fuzzy topological space and g ( LX. The L‑fuzzy subset  g  is said to be compact if and only if for every prime  p ( L  and every collection (fi) i(J  of open L‑fuzzy sets with (
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i(J fi) (x) 
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 p  for all L‑fuzzy points  xp ( PR (LX) such that  xp​ ( g(, i.e., for all x ( X with g(x) ( p(, there exists a finite subset  F  of J with (
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i(F fi) (x) 
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 p for all L‑fuzzy points xp ( PR  (LX) such that  xp ( g(.

Theorem  2.2  :


Let (X, () be an L‑fuzzy topological space. If  h  and  g  are compact L‑fuzzy subsets, then h ( g is compact.

Proof  :


Let  p ( PR(L) and let (fi)​ i(J  be a family of open L‑fuzzy sets with (
[image: image22.wmf]Ú

i(J fi) (x) ( p for all x ( X such that (h ( g) (x) ( p(. But if (h ( g) (x) ( p( then h(x) ( p( or g(x) ( p( because  p ( PR(L) and we always have if h(x) ( p( or g(x) ( p( then (h ( g) (x) ( p(. From the compactness of h and g, there are finite subsets F1, F2 of J with (
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i(F1 fi) (x) 
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 p for  all x ( X such that h (x) ( p( and (
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i(F2 fi) (x) 
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 p for all x ( X such that g(x) ( p(. Then (
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i(F1 ( F2 fi) (x) 
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 p for all x ( X such that h(x) ( p( or g(x) ( p(. Hence h ( g is compact. 

Corollary  2.3  :


Let (X, () be an L‑fuzzy topological space. Every L‑fuzzy set  g  with finite support is compact.

Proof  :


Since each L‑fuzzy set  f  is a meet of L‑fuzzy points. We also have  f  as a join of functions of the form 
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where  p ( PR(L). Therefore, any L‑fuzzy set with finite support is a finite join of functions  
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Let  p ( PR(L), p0 ( PR(L), y ( X and  
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we have
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For every family (fi)i(J  of open L‑fuzzy sets with (
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i(J fi) (x) 
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£

 p  for all x ( H we must show that there is a finite subset F of J with (
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i(F fi) (x) 
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 p  for all x ( H.


If  p(0 
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 p(  we have  H = (.


If  p(0 ( p(  we have  H = { y }, then (
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i(J fi) (y) 
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 p  implies that there is  i0 ( J  such that 
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 Thus there exists a finite subset  F = { i0 } of J with  (
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i(F fi) (y) 
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 p. Hence 
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 is compact. 

Theorem  2.4  :


Let (X, () be an L‑fuzzy topological space. If  g  is a compact L‑fuzzy subset, then for each closed L‑fuzzy subset h, h ( g is compact. 

Proof  :


Let  p ( PR(L) and let 
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  be a family of open L‑fuzzy sets with (
[image: image48.wmf]Ú

i(J fi) (x) 
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 p  for all x ( X with (h ( g) (x) ( p(. Thus, ( =  
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 is a family of open L‑fuzzy sets in (X, () with (
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k(( K) (x) 
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 p  for all  x ( X with g (x) ( p(. In fact, for each x ( X with g(x) ( p(, if h(x) ( p( then (h ( g) (x) ( p( which implies that (
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i(J fi) (x) 
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 p thus  (
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k(( K) (x) 
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 p. If  h(x) 
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 p(  then h( (x) 
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 p which implies that (
[image: image59.wmf]Ú

k(( K) (x) 
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 p. From the  compactness of  g, there is a finite subfamily  (  of  (,  say  ( = { f1,..., fm​, h( } with (
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k(( K) (x) 
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 p for all x ( X with g(x) ( p(. Then (
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i({1,…., ​m} fi) (x) 
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 p for all x ( X with (h ( g) (x) ( p(. In fact, if (h ( g)(x) ( p( then g(x) ( p(, hence  (
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k(( K) (x) 
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 p. Therefore, there is  k ( (  such that  k(x) 
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 p. However h (x)  ( p(, that is, h( (x) ( p, so  (
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i({1,…., ​m} fi) (x) 
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 p  for all  x ( X  with (h ( g) (x) ( p(. Hence  h ( g  is compact.


From this theorem we immediately get the following corollary.

Corollary  2.5  :


Let (X, () be an L‑fuzzy topological space. If g is compact L‑fuzzy subset, then each closed L‑fuzzy subset contained in g  is compact.

Theorem  2.6  :


Let (X, (x)  and (Y, (Y) be L‑fuzzy topological spaces, and let  f : (X, (X) ( (Y, (Y)  be continuous mapping. If  g  is a compact L‑fuzzy subset of (X, (X), then f(g) is a compact L‑fuzzy subset of (Y, (Y).

Proof  :


Let  p ( PR(L) and let 
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  be a family of open L‑fuzzy sets in (Y, (Y​) with (
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i(J fi) (y) 
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 p  for all y ( Y  with f(g) (y) ( p(. Then 
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  is a family of open L‑fuzzy sets in (X, (X) with (
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i(J f-1 (fi)) (x) 
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 p  for all x ( X with g(x) ( p(. 


In fact, since each fi ( (Y  and  f  are continuous, f-1 (fi) ( (X for every i ( J. We also have (
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i(J f-1 (fi)) (x) 
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 p  for all x ( X with g (x) ( p(  because if  g(x) ( p( then  f(g) (f(x)) ( p(. So (
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i(J f-1 (fi)) (x)  = (
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i(J fi) (f(x)) 
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 p. From the compactness of  g  in (X, (x), there exists a finite subset  F  of J  with (
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i(F f-1 (fi)) (x) 
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 p for all x ( X  with g (x) ( p(. Then (
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i(F fi) (y) 
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 p  for all  y ( Y  with  f(g) (y) ( p(. In fact, if f(g) (y) ( p( then
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 which implies that there is  x ( X with g(x) ( p( and f(x) = y. So, (
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i(F fi) (y) = (
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i(F fi) (f(x))  =  (
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i(F f-1 (fi) (x) 
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 p. Hence f(g) is compact in (Y, (Y).

Lemma  2.7  :


Let (X, () be an L-fuzzy topological space, f ( Lx and  p ( PR(L). If  f  is compact in (X, (), then { x ( X ; f (x) ( p( } is compact in the ordinary topological space (x, () where  ( = { U ( X ; (u ( ( }.

Proof  :


Let (Fi) i (J  be a family of open sets in the subspace H = { x ( X ; f(x) ( p( } of (X, () with H = U i(J Fi. Therefore, for each  i ( J there is Oi ( ( such that Fi = Oi ( H. So, 
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  for all x ( H. From the compactness of  f  there is a finite subsets  k  of  J  with 
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Then U i(K Fi = H and H is compact in (X, ().

Theorem  2.8  :


Let (X, () be a fully stratified L‑fuzzy topological spaces and (X, () be a Hausdroff topological space, where  ( = { U ( X ; (U ( ( }. Then each compact L‑fuzzy set is closed.

Proof  :


The proof follows from lemma 2.7. 

Definition  2.9  :


An L-fuzzy topological spaces (X, () is regular if and only if for every p ( PR(L), for each x ( X and each, closed L-fuzzy set  f  such that there is y ( X with yp ( f( and f(x) = 0, there are u, v ( ( with xp ( u ; for every yp​ ( f(, yp ( v and (( z ( X) u(z) = 0 or v(z) = 0.

Theorem  2.10  :


Let (X, () be a topological space. Then (X, () is regular if and only if (X, ((()) is a regular L-fuzzy topological space.

Proof  :

Necessity  :


Let  p ( PR(L), x ( X, f a closed L-fuzzy set in (X, ((() such that there is y ( X with yp ( f( and f(x) = 0. Therefore, F = { t ( X ; f(t) ( p( } ( ( is closed in (X, () and x ( F. From the regularity of (X, (), there are Ux, UF ( ( with x ( Ux, F ( UF and Ux ( UF = (.


Let  u = (Ux and v = (UF. Then u, v ( (((), u(x) = 1 
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 p and for every yp ( f(, yp​ ( v because yp​ ( f( implies that y ( F, thus y ( UF and v(y) = 1 
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 p.


We also have (( z ( X) u(z) = 0 or v(z) = 0 because if z ( X and u(z) ( 0 then z ( Ux which implies z ( UF( and v(z) = 0. Hence (X, ((()) is regular. 

Sufficiency  :


Let x ( X, p ( PR(L) and let  F  be a closed set in (X, () with x ( F, F ( 0.

Consider 
f : X ( L
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We have  f  closed in (X, ((()), there is y ( X with yp ( f( and f(x) = 0. In  fact, since F = ( there y ( F and then f(y) = p( which implies yp ( f( and we also have f(x) = 0 since x ( F. Also f is closed in (X, ((()) since
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is closed in (X, ().


Thus, from the regularity of (X, ((()), there are open L‑fuzzy sets u, v with u(x) 
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 p ; for every yp​ ( f(, yp​ ( v and (( z ( X) u(z) = 0 or v(z) = 0. 


Let Ux = { t ( X ; u(t) 
[image: image98.wmf]/

£

 p } and UF = { t ( X ; v(t) 
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 p }. Then, Ux, UF ( (, x ( Ux and F ( UF because if y ( F then yp​ ( f( which implies yp​ ( v and then y ( UF. We also have Ux ( UF = ( because if t ( Ux then u(t) 
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 p which implies v(t) = 0 and t ( UF. Hence (X, () is regular.

Definition  2.10 (a)  :


An L‑fuzzy topological space (X, () is Hausdroff if and only if for every p, q ( PR(L) and every pair x, y of distinct elements of X, there exists f, g ( ( with f(x) 
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 p, g (y) 
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 q and ( ( z ( X) f(z) = 0 or g(z) = 0.

Theorem  2.11  :


Let (X, () be a compact Hausdroff L‑fuzzy topological space. Then (X, () is regular.

Proof  :


Let  p ( PR(L), x ( X, f closed L‑fuzzy set in (X, () such that there is y ( X with yp​ ( f( and f(x) = 0.


Let F = { t ( X, f(t) ( p( }. We have that x ( F. Since (X, () is Hausdroff for each y ( F there exist fy​, gy​ ( ( with fy(x) 
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 p, g​y​(y) 
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 p and (( z ( X) fy(z) = 0 or gy(z) = 0.


Let   A  =  (gy​)y(F.


We have (
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h(A h) (z) 
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 p for all z ( F. Infact, if z ( F, gz (z) 
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 p. Since f is closed and (X, () is compact, by corollary 2.5 we have f compact. Therefore, there is a finite subfamily ( of A, say  ( = { gy​1, . . . , gyk } with (
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 p for all z ( F. Let  u = 
[image: image110.wmf] 

 f

i

=

1

k

y

i

Ù

  and  v  = 
[image: image111.wmf] 

 g

i

=

1

k

y

i

Ú

.


We have u, v ( (, u(x) 
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 p ; for every yp​ ( f(, yp ( v and (( z ( X) u(z) = 0 or v(z) = 0. Infact, since each
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 p since p is prime and v(y)  =  
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 for every yp​ ( f(. We also have (( z( x) u(z) = 0 or v(z) = 0 because if z ( x and u(z) ( 0 then for all  i ( { 1, . . . , k }
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 Then  v(z) = 0. Hence (x, () is regular.

Definition  2.12  :


An L‑fuzzy topological space (X, () is normal if and only if for all p ( PR(L) and for every pair  f, g of closed L‑fuzzy sets such that there are x,  y ( X with xp ( f( and yp ( g( and (( z ( X) f(z) = 0 or g(z) = 0, there are u, v ( ( with for every zp​ ( f(, zp​ ( v ; for every zp​ ( g(, zp ( u and (( z ( X) u(z) = 0 or v(z) = 0.

Theorem  2.13  :


Let (X, () be a topological space. Then (x, () is normal if and only if (x, ((()) is normal. 


The proof is similar to the proof of Theorem  2.10.

Theorem  2.14  :


Let (X, () be a compact Hausdroff L-fuzzy topological spaces. Then (X, () is normal.


The proof is similar to the proof of Theorem  2.11. 

CHAPTER – III

RELATIVE COMPACTNESS AND STRONG RELATIVE COMPACTNESS  IN L-FUZZY TOPOLOGICAL SPACES

Definition  3.1  :


Let (X, () be an L‑fuzzy topological space and let g ( LX. The L‑fuzzy set  g  is  said to be  relatively compact if and only if for every  p ( PR(L) and every collection 
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 for all x ( X, there exists a finite subset  F  of  J  such that  
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Remark  3.2  :


It is clear that every compact L‑fuzzy set is relatively compact.

Definition  3.3  :


Let (X, () be an L‑fuzzy topological space. An L‑fuzzy set k is very compact  if and only if for some  e ( L  it is of the form. 


k (x)
=
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and  (​supp k is compact.

Definition  3.4  :


Let (X, () be an L‑fuzzy topological space. An L‑fuzzy set  g  is said to be strongly relatively compact if and only if  g  is  contained in a very compact L‑fuzzy set, i.e., there exist a very compact L‑fuzzy set  k  with g ( k.

Remark  3.5  :


Clearly every very compact L‑fuzzy set is strongly relatively compact and every strongly relatively compact L‑fuzzy set is relatively compact.

Theorem  3.6  :


Let (X, () be an L‑fuzzy topological space and let g ( LX. The L‑fuzzy set g is relatively compact if and only if for every  ( ( M(L) and every collection  
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  for all x ( X, there is a finite subset  F  of  (  such that  
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Proof  :


The proof follows immediately from Definition  3.1.

Lemma  3.7  :


Let (X, () be an L‑fuzzy topological space and let p ( PR(L). Then the family (p(() = { f-1({t ( L ; t 
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 p}) ; f ( ( } is an ordinary topology on X.

Theorem  3.8  :


Let (X, () be an L‑fuzzy topological space and let  g ( LX. The L‑fuzzy set g is relatively compact if and only if for every p ( PR(L). Gp = {x ( X ; g(x) ( p(} is relatively compact in (X, (p (()).

Proof  :

Necessity  :


Let   p ( PR(L)   and   let (Ai)i((  be  an  open  covering  of  (X, (p(()), where Ai = 
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 for all x ( X. By the relative compactness of  g,  there is a finite subset  F  of  (  such that 
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 for all x ( X  with g(x) ( p(, i.e., for all x ( Gp​. Hence Gp ( 
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  and so Gp​ is relatively compact in (X, (p(()).

Sufficiency  :


Let   p ( PR(L)   and   let (fi)i((  be  a collection of  open  L​‑fuzzy sets with 
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Then  X  = 
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 for all x ( X with g(x) ( p(. Thus  g  is relatively compact.

Theorem  3.9  :


Let (X, () be an L‑fuzzy topological spaces and g ( LX. The L‑fuzzy set  g  is relatively compact if and only if for every p ( PR(L) and every collection (fi)i(( of open L‑fuzzy sets with 
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 for all x ( X, there is a finite subset  F  of  (  such that  
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 for all x ( X.

Proof  :

Necessity  :


Let p ( PR(L) and let  (fi)i((  be a collection of open L‑fuzzy sets with 
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 for all x ( X. Since  g  is  relatively compact, there is a finite subset  F  of  (  such that  
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Take an arbitrary x ( X. If g((x) ( p then 

g((x) ( 
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. Thus we have 
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Sufficiency  :


Let p ( PR(L) and let  (fi)i((  be a family of open L‑fuzzy sets with 
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 for all x ( X. From the hypothesis, there is a finite subset  F  of  (  such that  
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Thus 
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 for all x ( X with g((x) ( p. Hence  g  is  relatively compact. 

Theorem  3.10  :


Let (X, () be an L‑fuzzy topological space and let g ( LX. The L‑fuzzy set  g  is relatively compact if and only if every constant  (‑net contained in  g  has a cluster point  in  X  with height  (, for each  ( ( M(L).

Proof  :

Necessity  :


Let  ( ( M(L) and let S = 
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 be a constant  (‑net  with g(xm) ( (  for all  m ( D. Let G = {z ( X ; g(z) ( (} and let p = ((. Since  g  is relatively compact, by theorem 3.8, G  is relatively compact in the ordinary topological space (X, (p(()). Moreover, xm ( G for all m ( D. Thus (xm)m(D is a net in G. Since  G  is relatively compact in (X, (p(()), the net (xm)m(D  has a cluster point in X, say x. We are going to show that x( is a cluster point of S.


Let  f  be a closed L‑fuzzy set with f(x) 
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 ( and j ( D. Put F = {z ( X ; f(z) ( (}. Then  F  is a closed set in (X, (p(()) and x ( F. Since  x  is a cluster point of (xm)m(D, there is m ( D such that xm ( F, i.e., there exist m  ( j with f(xm) 
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 (. Hence,  x(  is a cluster point of the net  S.

Sufficiency  :


Suppose that  g  is not relatively compact. Then, by theorem 3.8, there is p ( PR(L) such that Gp = {x ( X ; g(x) ( p(} is not relatively compact in (X, (p(()). Hence, there is a net (xm)m(D in Gp​ with no cluster point in X.


Let  p(  =  (.


Then, the constant  (‑net  S = (x(m)m(D  has no cluster point in X, with height  (.

The goodness theorems

​Lemma  3.11  :


Let (X, () be a topological space. For every p ( PR(L), (p(((()) = (.

Proof  :


Let p ( PR(L). Take A ( (. Then  (A  is Scott continuous and therefore (A ( (((). Hence, 
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Theorem  3.12  :


Let (X, () be a topological space and A ( X. A is relatively compact in (X, () if and only if  (A  is relatively compact in the L‑fuzzy topological space (X, ((()).

Proof  :


The proof follows from Lemma 3.11 and Theorem  3.8. 

Theorem  3.13  :


Let (X, () be a topological space and A ( X. A is strongly relatively compact in (X, () if and only if  (A  is strongly relatively compact in the L‑fuzzy topological space (X, ((()).

Proof  : 


Suppose that  A  is strongly relatively compact in (X, (). Then there is a compact subset  K of X with A ( K. Hence,  (A ( (K and (K is compact in (X, ((()).


(k is also very compact in (X, ((()) and therefore  (A  is strongly relatively compact.


Now suppose that  (A  is strongly relatively compact in (X, ((()). Then, there is a very compact L‑fuzzy set  K such that  (A (  k, where 


k (x)
=
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and  (k  is compact.


Since  (A​ (  k, we have A ( K. Because  (k  is compact in (X, ((()), by the goodness of compactness,  K  is compact in (X, ().

Theorem  3.14  :


Let (X, () be an L‑fuzzy topological space  and let f, g, h ( LX.

(i)
If  g  and  h  are relatively compact then g ( h is relatively compact.

(ii) If  g  is relatively compact and f ( g then  f  is  relatively compact.

Proof  :

(i) Let  p ( PR(L) and let g, h be relatively compact. Then by theorem 3.8 Gp​ = {x ( X ; g(x) ( p(} and Hp​ = {x ( X ; h(x) ( p(} are relatively compact in the ordinary topological space (X, (p(()). Hence Gp ( Hp​ is relatively compact in (X, (p(()). On the other hand, we have Kp = {x ( X ; (g ( h) (x) ( p(} = Gp​ ( Hp because  p ( PR(L). Thus Kp is relatively compact in (X, (p(()) and therefore g ( h is relatively compact in (X, ().

(ii) This proof is very similar to the proof of (i).

Lemma  3.15  :


Let (X, () and (Y, (*) be L‑fuzzy topological space and let f : X ( Y be a function. If f : (X, () ( (Y, (*) is continuous then for every p ( PR(L), f : (X, (p(()) ( (Y, (p((*)) is continuous.

Proof  :


Suppose that f : (X, () ( (Y, (*) is continuous and p ( PR(L). Take 
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We have that 
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Since f-1(g) ( (, f-1(g-1({t ( L ; t ( p})) = (f-1(g)-1 ({t ( L ; t 
[image: image160.wmf]/
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 p})) ( (p(() and therefore  f : (X, (p(()) ( (Y, (p((*)) is continuous. 

Theorem  3.16  :


Let (X, () and (Y, (*) be L‑fuzzy topological space and let f : X ( Y be a continuous function such that for every y ( Y, f-1(y) is finite. If  g  is relatively compact L‑fuzzy set in (X, () then f(g) is relatively compact in (Y, (*).

Proof  :


Let p ( PR(L) and  g  be a relatively compact L‑fuzzy set in (X, (). Since  g  is relatively compact in (X, (), by theorem 3.8 Gp = {x ( X ; g(x) ( p(} is relatively compact in (X, (p(()). On the other hand, we have f(G)p = {y ( Y ; f(g) (y) ( p(} = f(Gp) because p is prime and for every y ( Y, f-1(y) is finite. Since by Lemma 3.15, f : (X, (p(()) ( (Y, (p((*)) is continuous, f(Gp) is relatively compact in (Y, (p((*)). So by theorem 3.8, f(g) is relatively compact in (Y, (*).

Theorem  3.17  :


Let (X, () be an L‑fuzzy topological space and f, g, h ( LX.

(i) If  g  and  h  are strongly relatively compact then g ( h  is strongly relatively compact.

(ii) If  g  is strongly relatively compact and f ( g then  f  is strongly relatively compact.

Proof  :

(i) Suppose that  g  and  h  are strongly relatively compact. Then, there are very compact L‑fuzzy sets k1 and k2 with g ( k1 and h ( k2 where 

k1(x)
=
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Then  g ( h ( k. Since  
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 is compact, by theorem 2.2,  k  is a very compact L‑fuzzy set and therefore g ( h  is strongly relatively compact.

(ii) This is trivial.

Theorem  3.18  :


Let (X, () and (Y, (*) be L‑fuzzy topological space. If f : (X, () ( (Y, (*) is a continuous mapping and g is a strongly relatively compact L‑fuzzy set in (X, () then f(g) is a strongly relatively compact L‑fuzzy set in (Y, (*). 

Proof  :


Let  f : (X, () ( (Y, (*) be a continuous mapping  and let  g  be a strongly relatively compact L‑fuzzy set in (X, (). So, there is a very compact L‑fuzzy set  k  with g ( k where,

k(x)
=
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and  (K  is compact in (X, (). Hence,

f(g) ( f(k)(y)
=
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Since  f  is continuous and  (K  is compact in (X, () by theorem  2.6 f((K) = (f(K) is compact in (Y, (*) and therefore f(k) is very compact in (Y, (*). This completes the proof. 

Theorem  3.19  :


Let (X, () be a Hausdroff L‑fuzzy topological space and g ( LX. If  g  is strongly relatively compact then  
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Proof  :


Suppose that  g  is a strongly relatively compact L‑fuzzy set. Then, there is a very compact L‑fuzzy set  k  with g ( k, where


k(x)
=
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and  (K  is compact.

Thus  supp g  (  supp k = K.

Hence  
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Since  (K  is compact and (X, () is Hausdroff, (K  is closed. So we have 
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Because  (K  is compact  and 
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 is compact by corollary 2.5.


The following is an example of a relatively compact L‑fuzzy set which is not strongly relatively compact.

Example  3.20  :


Consider  X  = [0, 1] = L.


Let  ( be the fuzzy topology with the subbase

S =  {0, 1} ( {fxt : x ( X and t < ½} where f​xt : X ( L is defined by


fxt(y)
=

[image: image175.wmf] 

1

/

2

if y 

=

 x,

t

if y 

 x.

¹

ì

í

î


Define the fuzzy set  g  :  X ( L by


g(z)
=
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We show that g is relatively compact but not strongly relatively compact.


Let  B  be a family of subbase open fuzzy sets and let p ( [0, 1) = PR(L).

(i) If p < 1/2  and 
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(ii) If  p ( 1/2  and 
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 for all y ( X, then 1 ( B. Let B * = {1}. Then, we have that 
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 for all y ( X with g(y) ( p(.

Consequently,  g  is relatively compact in (X, (). 

But  g  is not strongly relatively compact. Because, there is no very compact fuzzy set in the fuzzy topological space (X, () containing  g.  In fact, suppose that  k  is a very compact fuzzy set in (X, () with g ( k. Then for all z ( X k (z) ( S  ( 1/2. Since the fuzzy topological space (X, () is not compact, the constant fuzzy set k is not very compact. Hence, g is not strongly relatively compact. 

CHAPTER  -  IV

( - COMPACTNESS IN L – FUZZY TOPOLOGICAL SPACES

Definition  4.1  :


Let (X, () be an L‑fuzzy topological spaces and g ( LX, r ( L

(i) A collection  (  = (fi)i(J  of L‑fuzzy sets is called an r-level cover of the L‑fuzzy set  g  if and only if  (
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 r  for all x ( X  with g(x) ( r(.

If each fi is open then  (  is called r-level open cover of g. 

If g  is the whole space  X, then  (  is called an r-level cover of X. Then, ( is an r‑level cover of  X  if and only if (
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 r  for all x ( X.

(ii) An r-level cover  ( = (fi)i(J of  g  is said to have a finite r-level subcover if there exists a finite subset F of J such that (
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 r  for all  x ( X  with  g(x) ( r(.

Definition  4.2 :  (S.R.T. Kudri [ 23] )


Let (X, () be an L-fuzzy topological space. An L-fuzzy subset g ( LX is said to be,

(i) Compact  if and only if every p-level open cover of g, where p ( PR(L), has a finite p-level subcover, i.e., for every prime element  p  of  L  and every collection (fi)i(J  of open L-fuzzy sets with (
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 p for all x ( X with g(x) ( p( (xp​ ( g(), there is a finite subset  F  of  J  such that  (
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 p for all x ( X with g(x) ( p(.

If  g  is the whole space X, then the L-fuzzy topological space (X, () is called compact.

(ii) Strong compact  if and only if every p-level pre-open cover of g, where p ( PR(L), has a finite p-level subcover. If g is the whole space X, then the L-fuzzy topological space (X, () is called strong compact.

Definition  4.3  :


Let (X, () be an L-fuzzy topological space and g ( LX. The L-fuzzy set  g  is said to be  (-compact if and only if every p-level cover of  g  consisting of (-open L-fuzzy sets has a finite p-level subcover, where p ( PR(L), i.e., for every p ( PR(L) and every collection (fi)i(J  of (-open L-fuzzy sets with (
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 p for all x ( X with g(x) ( p(, there is a finite subset  F  of  J  such that (
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 p for all x ( X with g(x) ( p(.


If  g  is the whole space, then we say that the L-fuzzy topological spaces (X, () is (-compact. 

Lemma  4.4  :


Let (X, () be a topological space and A ( X. Then, A is (-open in (X, () if and only if  (A  is  (-open in the L-fuzzy topological spaces (X, ((()).

Proof  :


A  is  (-open in (X, () iff A ( int (cl (int(A))) iff (A ( (​int (cl(int(A)))  =  int (cl(int((A))) iff  (A  is (-open in (X, ((()).

Theorem  4.5 :  (The goodness of (-compactness)


Let (X, () be a topological space. Then (X, () is (-compact if and only if the L-fuzzy topological space (X, ((()) is (-compact.

Proof  :

Necessity  :


Let p ( PR(L) and let (fi)i(J be a p-level  (-open cover of (X, ((()). Then, (
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 p for all x ( X. Hence, for each  x ( X there is  i ( J such that fi(x) 
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We also have that fi ( int (cl(int fi)) for every i ( J  because each fi is (‑open in (X, ((()). Hence, by lemma 1.24, we get 
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 is (-open in (X, (). Thus 
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 is an (-open cover of (X, (). Due to the (‑compactness of (X, (), there is a finite subset F of J such that 
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 p for all x ( X. Hence (X, ((()) is (-compact.

Sufficiency  :


Let (Ai)i(J  be an (-open cover of (X, (). Then by Lemma 4.4 
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 is a family of (-open L-fuzzy sets in (X, ((()) such that  ( = (
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 p for all x ( X  and for all  p ( PR(L), i.e., 
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 is a p-level  (-open cover of (X,  ((()). Since (X, ((()) is (-compact, there is a finite subset  F  of  J  such that (
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Characterization of (-compactness :

Theorem  4.6 :


Let (X, () be an L-fuzzy topological space and g ( LX. The L-fuzzy set  g  is  (-compact if and only if for every p ( PR(L) and every collection (fi)i(J of (‑open L‑fuzzy sets with (
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 p  for all x ( X, there is a finite subset  F  of  J  such that  (
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 p  for all x ( X.

Proof  :

Necessity  :


Let  P ( PR(L) and let  (fi)i(J  be a collection of (-open L‑fuzzy sets with (
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 p  for all x ( X. Then, (
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 p  for all x ( X with g(x) ( p(. Since  g  is  (-compact, there is a finite subset  F  of  J  such that (
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 p for all  x ( X with g(x) ( p(.

Take an arbitrary x ( X. If g((x) ( p then

g((x) ( (
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If  g((x) 
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 p  then we have g((x) ( (
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 p. Thus, we have  (
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 p  for all  x ( X.

Sufficiency  :


Let  p ( PR(L) and let  (fi)i(J be a p-level  (-open cover of  g. Then, (
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 p  for all x ( X with g(x) ( p(. Hence  (
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 p  for all x ( X. From the hypothesis, there is a finite subset  F  of  J  such that (
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 p for all  x ( X. Then, (
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 p  for all  x ( x with g((x) ( p. Hence,  g  is  (-compact. 

Theorem  4.7  :


Let (X, () be an L-fuzzy topological space and g ( LX. The L‑fuzzy set  g  is  (-compact  if and only if for every  ( ( M(L) and every collection (hi)i(J  of  (‑closed L‑fuzzy sets with (
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 ( for all  x ( X with g(x) ( (, there is a finite subset  F  of  J  such that (
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 ( for all  x ( X with g(x) ( (.

Proof  :


The proof follows immediately from definition  4.3.

Definition  4.8  :


Let (X, () be an L-fuzzy topological space, let x( be an L-fuzzy point in M(LX) and let  S  =  (Sm​)m(D  be a net. The L-fuzzy point  x(  is called an (‑cluster point of S  iff for each (‑closed L‑fuzzy  set  f  with  f(x) 
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 ( and for all n ( D, there is m ( D such that m ( n and  Sm​ 
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 f, i.e., h(Sm) 
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 f(supp Sm).

Characterization of (-compactness in terms of  (-nets  :

Theorem  4.9  :


Let (X, () be an L-fuzzy topological space and g ( LX. The L-fuzzy set  g  is  (-compact if and only if every constant  (-net contained in  g  has an (‑cluster point  x( ( M(LX), with height  (,  contained in g, ie., g(x) ( (  for each  ( ( M(L). 

Proof  :

Necessity  :

​
Let ( ( M(L) and let (Sm)m(D  be a constant (-net contained in g  without any (‑cluster point with height  (  contained in g. Then, for each x ( X with g(x) ( (, x( is not an (‑cluster point of (Sm)m(D, i.e., there are nx ( D and an (‑closed L‑fuzzy set f​x with f​x(x) 
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 (  and Sm​ ( fx for each m ( nx.


Let  x(, . . ., xk  be elements of  X  with g(xi) ( ( for each i ( {1, . . ., k}. Then, there are 
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Now, consider the family  ( = (fx)x(X  with g(x) ( (.

Then 
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  for  all  y ( X  with g(y) ( ( because fy(y) 
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 for  each m ( n0. Hence, by the previous theorem,  g  is not (-compact.

Sufficiency  :


Suppose that  g  is not  (-compact. Then, by the previous theorem, there exist  ( ( M(L)  and a collection  ( = (fi)​i(J  of  (‑closed L‑fuzzy sets with (
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 (  for all x ( X with g(x) ( (, but for any infinite subfamily ( of  (  there is x ( X with g(x) ( (  and  (
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Consider the family of all finite subsets of  (, 2(() with the order  (1 ( (2  if and only if  (1 ( (2.  Then 2(() is a directed set.


So, writing  x(  as  S(  for every  ( ( 2((), 
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 is a constant  (‑net contained in  g  because the height of  S(  for all  ( ( 2(()  is  (  and S( ( g for all ( ( 2((), i.e., g(x) ( (.
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 also satisfies the condition that for each (‑closed L‑fuzzy set fi ( (  we have x( = S( ( fi.

Let  y ( X  with g(y) ( (. Then, (
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 (, i.e., there exist  j ( J  with  fi(y) 
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Let  (0  =  {fi}. So, for any  ( ( (0, S( ( 
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Thus, we got an (-closed L-fuzzy set fj  with fj(y) ( (  and (0 ( 2(()  such that for any  ( ( (0, S( ( fj, that means  y( ( M(LX) is not an (-cluster point 
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 has no (-cluster point with height  (, contained in  g. 

Corollary  4.10  :


An L‑fuzzy topological space (X, () is  (‑compact if and only if every constant  (‑net in (X, () has an  (‑cluster point with height  (.

Proof  :


The proof easily follows from the previous theorem. 

Characterization of  (-compactness in terms of filter bases  :

Definition  4.11  :

Let  ( ( M(L)  and  g ( LX. A collection   (  of L‑​fuzzy sets  is said to form an  (‑level filter base in the L-fuzzy set  g  if and only if for any finite subcollection { f1, f2, . . . , fn } of  (, there exists  x ( X with g(x) ( (  such that  (
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 fi) (x)  ( ( when  g  is the whole space  X, then  ( is an (‑level filter base if and only if for any finite subcollection { f1, f2, . . . , fn } of  (, there exists  x ( X such that  (
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Definition  4.12  :

Let (X, () be an L-fuzzy topological space and let  (  be an (-level filter base, where ( ( M(L). A fuzzy point xr ( M(LX) is called an (‑cluster point of (  if and only if (
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 { g ( LX : g  ( f  and  g  is  (‑closed }.

Theorem  4.13  :


Let (X, () be an L-fuzzy topological space and g ( LX. The L‑fuzzy set  g  is compact if and only if every  (-level filter base in g, where  ( ( M(L), has an (‑cluster point  x(, with height  (, contained in  g.

Proof  :

Necessity  :


Suppose that  (  is an  (-level filter base in  g  with no cluster point, with height  (, contained in  g,  where  ( ( M(L). Then, for each x ( X with g(x) ( (,  x( is not an  (‑cluster point of  (. i.e., there is  fx ( (  with acl (fx) (x) 
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 (. Hence, (acl (fx))((x) 
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 ((  =  p ( PR(L). This means that the collection ((acl(fx))(x(X with g(x) ( (  is a p‑level  (‑open cover of  g.  From the (‑compactness of g, there are 
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 for all x ( X with g(x) ( p( = (. Hence, 
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 for all x ( X with g(x) ( ( which implies that 
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  for all x ( X  with g(x)  ( (. This is a contradiction. 

Sufficiency  :


Suppose that  g  is  not (‑compact. Then, there is a p‑level (‑open cover  (  of  g  with no finite  p‑level subcover, where p ( PR(L). Hence, for each finite subcollection { h1, . . . , hn } of (, there exists x ( X with g(x) ( p( such that 
[image: image295.wmf]( 

 h

) (x) 

 p,

 i.

e.

,

 ( 

 h

) (x) 

 

p

 

=

 

 

 M(L).

i

=

1

n

i

i

=

1

n

i

Ú

Ù

£

¢

³

¢

Î

l

 Thus, (  =  { h( : h ( ( } forms an  (‑level filter base in g. By the hypothesis,  (  has an (‑cluster point  z( ( M(LX), with height (, contained in g, i.e., g(z) ( ( and 
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  which yields a contradiction. This completes the proof.

Corollary  4.14  :


An L‑fuzzy topological spaces (X, ()  is  (‑compact if and only if every (‑level filter base has a cluster point with height  (, where  ( ( M(L).

Proof  :


The proof follows from the previous theorem.

Some properties of  (‑compactness  :

Theorem  4.15  :


Let (X, () be an L‑fuzzy topological space where  X  is a finite set. Then (X, () is  (‑compact.

Proof  :


Let  p ( PR(L)  and let 
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  for all x ( X. Hence, for each x ( X there is  i ( J such that  
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 Since X is finite, there is a finite subset F of J such that 
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  for all x ( X. So (X, () is  (‑compact.

Theorem  4.16  :


Let  (X, () be an L‑fuzzy topological space and g ( LX. If g is (‑compact in (X, (), then for every p ( PR(L), Gp = { x ( X : g(x) ( p( } is (‑compact in the ordinary topological space (X, (), where  ( = { A ( X : (A ( ( }.

Proof  :


Let  p ( PR(L)  and let  (Ai)i(J be a family of (‑open sets in (X, () such that Gp ( Ui(J A​i. Then, 
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  for all x ( Gp. From the (‑compactness of g, there is a finite subset  F  of  J  such that  
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  for all  x ( Gp. Thus Gp ( Ui(F A​i  and hence Gp​ is compact in (X, ().

Theorem  4.17  :


Let (X, () be an L‑fuzzy topological space and g, h ( LX. 

(i) If  g  and  h  are (‑compact then g ( h  is  (‑compact.

(ii) If  g  is  (‑compact and  h  is  (‑closed, then g ( h  is  (‑compact.

(iii) Every  L‑fuzzy set with finite support is (‑compact.

Corollary  4.18  :


Let (X, () be an L-fuzzy topological space. If  g  is an (‑compact L‑fuzzy set, then each  (‑closed L‑fuzzy set contained in  g  is  (‑compact.

Proof  :


The proof follows from theorem  4.17(ii).

Theorem  4.19  :


Let (X, () be an L‑fuzzy topological space and g ( LX. Then we have the following implications.

i) g  is strong compact  (  g  is (‑compact.

ii) g  is strong compact  (  g  is compact.

That is, (‑compactness is stronger than compactness and is weaker than strong compactness.

Proof  :

i) g  is strong compact  (  g  is  (‑compact.

Since every  (‑open L‑fuzzy set is pre‑open, this directly follows from the definitions.

(ii)
g  is strong compact  (  g  is compact.


Since every open L‑fuzzy set is  (‑open, this immediately follows from the definitions. 

CHAPTER  -  V

THE N-COMPACTNESS IN L-FUZZY TOPOLOGICAL SPACES

Definition  5.1  :


Let (LX, () be an L‑fuzzy topological space, and g ( LX.  ( ( (( is called an  (‑remote neighbourhood family of g, briefly  (‑RF of g, if for each point x( in g, there is p ( ( such that p ( ((x(). ( is called an((‑remote neighbourhood family of g, briefly ((‑RF of g. If there exists  ( ( ( such that  ( is an  (‑RF of g, where  ( belongs to M. Where  M  is the set of all non‑zero irreducible elements of L.

Notation  :


( ( <  g(() (( ( « g(()) to express that  (  is an (‑RF (((‑RF) of g.

Lemma  5.2  :


Let ( be a family of closed sets and g a subset. Then  ( ( < g(() (( ( M)  if and only if for each point  x( ( g, we have  ( ( ( ( (x(), i.e., x( ( ( (.


From the lemma it follows that if  ( ( (( and  ( ( < g(() (( ( M) does not hold, then there exists a point  x( ( g with  x( ( ( (.

Definition  5.3  :


Let (LX, () be an L‑fuzzy topological space. g ( LX is N‑compact in (LX, (), if for any  ( ( M  and every  ( ( (( with  ( ( < g(() there exists a finite subfamily  (0 of  (  such that  ( (0 « g(().

Theorem  5.4  :


g  is N‑compact in (LX, () if and only if for every  (‑RF  ( of g (( ( M) the following two conditions hold  :

1) ( ( « g(() ;

2) there is  (0 ( 2(()  such that  ( (0 < g(()

Theorem  5.5  :


g  is N‑compact in (LX, () if and only if the following two conditions hold :

1) for every  (‑RF  ((( ( M) of g  there is  (​0 ( 2(() with  ( (0 < g(() ;

2) for every ( ( M and any closed set  f  satisfying f ( ((x() for each point x( ( g, there is  ( ((  such that for each x( ( g, f ( ((x().

Proof  :


Assume that  g  is  N-compact and ( is an (‑RF of g (( ( M). By definition 5.3, there is  (0 ( 2(() with  ( (0 « g(() and so it certainly holds that  ( (0 < g((). Thus (1) is satisfied.


Consider now a closed set  f  satisfying the condition that for each point x( ( g, f ( ((x(). Let  ( = { f } ; then it is obvious that  ( ( < g((). By the N‑compactness of g, there is  ( ( (  and a non‑empty finite subset  (0 of  (, such that  ( (0 < g((). Obviously  (0 = ( ; hence for each  x( ( g, we have f ( ((x(). Hence (2) holds. The necessity of the theorem is proved. 

Sufficiency  :


Suppose now that conditions (1) and (2) are satisfied, and ( is an (‑RF of g(( ( M). By (1) there is  (0 ( 2(() with  ( (0 < g((). From lemma 5.2, one sees that the closed set f = ( (0 satisfies the condition that for each x( ( g, f ( ((x(). By (2) there is  ( ((  such that for each x( ( g, f ( ((x(). Using lemma 5.2 again, we have  ( (0 < g((). Therefore  g  is  N‑compact. 

Lemma  5.6  :


Let  L  be a completely distributive lattice and  M  the set of all non zero irreducible elements of L. Then for each a ( L (a ( 0), we have a = ( (((a) ( M), moreover, a  is an irreducible element if and only if  ((a) ( M is a directed set. Here  ((a) is the greatest minimal set of a.

Theorem  5.7  :


Every set with finite support is N‑compact.

Proof  :


Let (LX, () be an L‑fuzzy topological space and g ( LX with finite support. For convenience, we assume that supp  g = { x(, . . . , xn }. Consider now an (‑RF  ( of g (( ( M). Since  ( > 0, then x( ( g  implies  x ( supp  g. Now we consider two cases. 

(i) For each  xi ( supp g.  
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 (. Since  ( = ( (((() ( M) = ( (*((), then for each  i (1 ( i ( n) there is  (i ( (*(() such that g(xi) 
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 (i. By lemma 5.6,  (*(() is directed. Hence there exists  ( ( (*(() such that  ( ( (i (1 ( i ( n). Thus for each x ( supp g, g(x) 
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 (, i.e., x( ( g. Taking an arbitrary closed set  p ( (, then  ( {p} < g(() and {p} ( 2(().

(ii) For some  x ( supp g  we have  x( ( g, without loss of generality we can assume that  x((, . . . , x​(m ( g and x(m+1, . . . , x(n ( g. Since  (  is an  (‑RF of g, so for each i (1 ( i ( m), there exists pi ( ( such that  pi ( ( (x(i), i.e., x(i ( p  or pi(xi) 
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 (. In the same way, from  ( = ( (*(() it follows that there are (i ( (*(() with pi(xi) ( (i (1 ( i ( m). For each j (m+1 ( j ( n), since x(j ( g, i.e., g(xj) 
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 (, so there is  (j ( (*(() such that g(xj) 
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 (j. (*(()  being directed, there is  ( ( (*(() with  ( ( (1 ( . . . ( (n. Put  (0 = { p1, . . . , pn } ; then  (0 ( 2(() and  ( (0 < g((). In fact, if x( ( g, then x ( supp g  and since for each j ( m+1, g(xj) 
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 (j, so g(xj) 
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 (, i.e., x(j ( g. Thus x ( { x(, . . . , xm }. Let x = xi (i ( m) ; then since pi(xi) 
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 (i  and  ( ( (i, so pi(xi) 
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 ( ; i.e., x(i = x( ( pi, which is equivalent to pi ( ((x(). This shows that  ( (0 < g(().

It turns out that there is  (0 ( 2(()  such that  ( (0 « g((). Hence  g  is N‑compact.

The following theorem shows that the N-compactness is hereditary for the closed subset. 

Theorem  5.8  :


Let  g  be an N‑compact set in (LX, () ; then for each f ( ((, f ( g is N‑compact.

Proof  :


Let  (  be an (‑RF of f ( g (( ( M). Put  (* = ( ( {f} ; then ( (* < g((). In fact, for each x( ( g, if  x( ( f  then x( ( g ( f  and,  by  ( ( < (g ( f) ((), there is  p ( ( ( (* such that  p ( ((x(). If x( ( f, then f ( (* and  f ( ((x(). By definition we have  ( (* < g(().  g  being N‑compact, there exist  ( ( (  and  (0* ( 2((*), so that  ( (0 < g((). Let  (0 = (0* - {f} ; then  (0 ( 2(() and  ( (0 < (g ( f) ((). In fact, if  x( ( g ( f, then x( ( g ; from the definition  of  (0*, there exists  p ( (0*  with  p ( ((x(). However  x( ( f  so p ( f  and therefore  p ( (0* - { f } = (0. The N-compactness of g ( f  follows immediately. 

Definition  5.9  :


Consider now two L-fuzzy topological space (LX, (​X) and (LY, (Y). ( : LX ( LY  is continuous if  (-1(p) ( (X for each p ( (Y. 

Note  5.10  :


It is easy to check that this is equivalent to the condition that for each h ( (Y(,  (-1(h) ( (X(.

Lemma  5.11  :


Let  ( : LX ( LY  be a fuzzy mapping and g ( LX. If the point y( belongs to ((g), then we have the following equation : 


(  =  sup { ( ( L :  F x ( (-1(y), g (x) ( (, and  ( ( ( }


(*)

Proof


Let  S = { ( ( L : F x ( (-1(y), g(x) ( (, ( ( ( }, and  (* = VS. By definition ((g)(y) = sup { g(x) : x ( (-1(y) } = sup {( ( L : F x ( (-1(y), g(x) ( (}. On the other hand,  y( ( ((g), i.e.,  ((g) (y) ( (, hence  ( = ( ( (((g)(y)) = sup { ( ( ( ;  ( ( L, and  F  x ( (-1(y), g(x) ( ( }. Put  T = { ( ( ( : ( ( L  and   F x ( (-1(y), g(x) ( ( } ; then obviously T ( S, thus  VT = ( ( VS = (*. However, since each element in S is smaller than  (,  so  VS ( (. It turns out that  ( = (*, i.e., equation (*) holds. 

Theorem  5.12  :


Suppose that  ( : (LX, (X) ( (LY, (Y) is a continuous mapping and  g  an  N‑compact set in (LX, (X), then  ((g) is N-compact in (LY, (Y).

Proof  :


Let  ( ( (Y​( be an  (‑RF  of  ((g) (( ( M). To begin with, let us show that  (-1(() = { (-1(p) : p ( ( }  is an (‑RF of g.


Since ( is continuous, then  (-1(() ( ((X. Let  x( ( g ; then  ((x() = (((x))( ( ((g) and by ( ( < ((g) (() there exists p ( ( with p ( (((((x))(), i.e., (((x))( ( p or equivalently, p(((x)) 
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 (. By the definition of inverse mapping, (-1(p)(x) = p(((x)) 
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 (, hence x( ( (-1(p). It follows that (‑1(p) ( ((x(). Therefore  (-1(()  is an  (‑RF of g. 


From the N‑compactness of g, there exists  ( ( (  and  (0 ( 2((), such  that   ( (-1((0) < g((). Again, by the N‑compactness of  g,  there exists  (1 (  (  and a finite subset  (0 of  (-1((0), such that  ( (0 < g((1). Obviously we can take  (0 = (-1((0).


We will show that  ( (0 < ((g)((). Let  y( ( ((g) ; by Lemma  5.11, ( = sup { ( ( L : F x ( (-1(y), g(x) ( (, and  ( ( ( }. Since  (1 ( (, we have  (1 ( ((()  and hence there is  ( ( L and x ( (-1(y) with g(x) ( (, ( ( (, and ( ( (1 ; thus  
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 It follows from  ( ((-1((0)) < g((1) that there is p ( (0 with  (-1(p) ( 
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[image: image321.wmf]q

g

-1

1

(p) (x) 

 

/

³

. Hence  
[image: image322.wmf]p(y) 

=

 p(

(x)) 

 

1

q

g

/

³

 and therefore certainly  
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. i.e., p ( ((y(). By definition,  ((g) is N‑compact. 

The Tychonoff product theorem  :


We first extend Alexander’s subbase lemma in general topology.

Theorem  5.13  :


Suppose that (LX, () is an L‑fuzzy topological space, g ( LX, and  (  is a subbase of  ((. If for each  (‑RF  (  of  g  consisting of elements of  (, there is  (0 ( 2(()  with  ( (0 « g((), then g  is N-compact. 

Proof  :


Let  (  be an arbitrary  (‑RF  of g (( ( M). We shall show that there exists  (0 ( 2(()  with  ( (0 « g((). In fact, if for every  (0 ( 2(() and any  ( ( (,  ( (0 < g(() does not hold, let  H = { ( : ( ( ( ( ((, ( ( ( (, (0 ( 2((), ( (0 
[image: image324.wmf]/
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 g(r) }, then H ( (. One easily sees that  H  is a partial-ordered set with respect to the inclusion relation, and, moreover, each chain in H has an upper bound, hence by Zorn’s lemma, “Let  A  be a set that is strictly partially ordered, if every simply ordered subset of  A  has an upper bound in  A, then  A  has a maximal element”, there exists a maximal element,  (* say, in H.  (* satisfies the following conditions :

1) ( (* < g(().

2) for every  p ( ((, if p ( (*  and Q ( p  then  Q ( (* ;

3) if p ( (*  and Q ( (* and Q ( (* then p ( Q ( (*, where  p ( (( and Q ( ((.

We only verify (3). By the definition of  (*, if p ( (*,  Q ( (* and p ( ((, Q ( (( then there exist  (1 ( (,  (2 ( (   and  (1* ( 2((*),(2* ( 2((*), such that  ( ({p} ( (1*} < g((1) and  (({Q} ( (2*) < g ((2) ;  (  is an irreducible element by lemma  5.6 and (*(() is directed, hence we can choose ( ( (*(() with (  (  (1 ( (2. Now we have (({p ( Q} ( (1* ( (2*) < g((). Since  (1* ( (2* ( 2((*), so  p ( Q ( (*.

From (1) and (2) it is immediate that, if R ( (*,  p​1, . . . , pn ( ((  and R ( p1 ( . . .  ( pn, then there is  i (1 ( i ( n), such that R ( pi.

Consider now  ( ( (* ; by the definition of  (*, for every ( ( (  and any  (0 ( 2((  ( (*), ( (0 < g(() does not hold. Hence by the assumption of the theorem, we have  ( (( ( (*) < g(() does not hold ; i.e., there exists x( ( g, such that x( has no R-neighbourhood in ( ( (*. This means that x( ( ((( ( (*). From this we will deduce that x( ( ( (*. In fact, if for some Q ( (*, we have x( ( Q, then since  Q can be represented as the intersection of finite unions of elements in  (‑there exist finite elements p1, . . . , pn  in  ( such that 
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. From Q ( (* and the preceeding remark, it follows that for some i (1 ( i ( n),  pi ( (*. Thus pI ( ( ( (*  and  x( ( pi. This contradicts  x( ( ( (( ( (*) ( pi. At last we deduce that  x( ( ( (*. However, this is impossible since  ( (* < g(() and x( ( g. The N‑compactness of  g  is proved.

Theorem  5.14  :


Let 
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 be a collection of L‑fuzzy topological space and g(  be an N‑compact  set in 
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 for each  ( ( (, then the product of all fuzzy sets  g( (( ( () is N-compact.

Proof  :


Let  us first observe that the set  S = 
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 is a subbase of the family of all closed sets of all product space. By Alexander’s subbase lemma, to show that 
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  is N-compact, we only need to verify that for each ( ( S with  ( ( < (
[image: image331.wmf]l

l

Î

Õ

L

 g

) (() there exists  (0 ( 2(()  such that  ( ( « (
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) ((), where  ( ( M. In fact, without loss of generality, we can assume that 
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. Now we consider the following two cases : 

(i)
There exists  (0 ( (  such that no point with height  (  is contained in 
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(ii)
For every  (( (, g(  contains a point with height  (,  
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. For each  ( ( { (i : i ( ( } take  y(() = x((). Let  y  be the point in  
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  (since  
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It turns out that, in any case, there is (0 ( 2(() with  
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Theorem  5.15  :


Let 
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 be a collection of L‑fuzzy topological space. Then the product L‑fuzzy topological space is N-compact if and only if each 
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 is N-compact. 

Proof  :


The necessity follows from Theorem  5.12 and the fact that each projection is continuous. The sufficiency follows from the stronger result of the previous theorem. 
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