IT v a-Continuous Maps in
Topological Spaces

3.1 Introduction

The notion of continuity is one of the most important concept in the study of
topological spaces. The study of characterizations and generalizations of continuity has
been done by various generalized closed sets. Several researchers working in the field of
general topology have shown interest in studying the properties of generalizations of
continuous maps. Levine (1960), Arya and Gupta (1974), Jain (1980) and Noiri (1984)
introduced respectively strongly continuous maps, completely continuous maps, totally
continuous maps and perfectly continuous maps which are some of stronger forms of
continuous maps. Mashhour et al.(1983), Balachandran et al.(1991), Devi et al.(1997) and
Ramya and Parvathi (2013) introduced o-continuous maps, g-continuous maps,
ag-continuous maps(ga-continuous maps) and yg-continuous maps respectively which are
some of the weaker forms of continuous maps. Dontchev (1996) and Jafari and Noiri
(2001) defined respectively contra continuous maps and contra a-continuous maps which

are independent of their respective continuous maps.

In this chapter, the concepts of \V*a-continuous maps, quasi w*u-continuous maps,
perfectly " a-continuous maps, totally y a-continuous maps and strongly y a-continuous
maps and contra y o-continuous maps are introduced and some of their properties and their

interrelations are obtained.

3.2 w*u-continuous maps

In this section, y a-continuous maps in topological spaces are introduced and their
properties are derived. It is shown that the composition of two \V*a-continuous maps need

not be " a-continuous.
Definition 3.2.1 A map f: (X, 1) — (Y, o) is called y"a-continuous if (V) is y a-closed

in (X, 1) for every closed set V in (Y, o).

Theorem 3.2.2 A map f: (X, 1) — (Y, o) is w*a-continuous if and only if (V) is

\y*a-open for each open set V in (Y, o).
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Proposition 3.2.3
(i) Every continuous map f: (X, 1) — (Y, o) isa \V*a-continuous map.
(ii) Every completely continuous map f: (X, ©) — (Y, o) is a y o-continuous map.

(ii1) Every a-continuous map f: (X, 1) —» (Y, 0)isa \u*a—continuous map.

Proof: Since every closed, regular closed and a-closed set is \y*a-closed, the statements of

the proposition hold good.

The converse of the statements in the above proposition need not be true as seen

from the following examples.

Example 3.2.4 Let X =Y = {a, b, ¢}, T = {¢, {a, b}, X} and 6 = {¢, {a}, Y}. Let
f: (X, 1) — (Y, o) be a map defined by f(a) =Db, f(b) = a, f(c) = c. Then fis \V*a-continuous
but not continuous, not completely continuous and not a-continuous, since for the closed

set {b, ¢} in (Y, ©), £'({b, c}) = {a, ¢} is not closed, not regular closed and not a-closed in

(X, 7).

Proposition 3.2.5 Every w*a-continuous map f : (X, 1) — (Y, o) is go-continuous,
ag-continuou, g, -continuous, \-continuous, Yg -continuous, \g-continuous and

ag -continuous.

Proof: Since every \y*(x-closed set is ga-closed, ag-closed, g,-closed, y-closed, yg-closed,

yg-closed and og-closed, the result follows.

The converse of the above proposition is not true as seen from the following

examples.

Example 3.2.6 Let X =Y = {a, b, ¢, d}, T = {¢, {d}, {a, b}, {a, b, d}, X} and
c=1{¢, {a}, Y}. Let f: (X, 1) — (Y, o) be a map defined by f(a) = b, f(b) = a, f(c) =c,
f(d)=d. Then f is ga-continuous, og-continuous, g, -continuous, Yg -continuous,
yg-continuous and ag -continuous but not \p*a-continuous, since for the closed set

{b, ¢, d} in (Y, o), f'({b, ¢, d}) = {a, c, d} is not \y*a-closed in (X, 1).
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Example 3.2.7 Let X =Y = {a, b, ¢}, T = {d, {a}, {b}, {a, b}, X} and 5 = {¢, {a, b}, Y}.
Let f: (X, 1) — (Y, o) be a map defined by f(a) = c, f(b) = b, f(c) = a. Then f is
- continuous but not \p*a—continuous, since for the closed set {c} in (Y, o), f '({c}) = {a}

is not w*a-closed in (X, ).

Remark 3.2.8 Let f : (X, 1) — (Y, o) be a map. When (X, 1) is y+Tc-space (resp.
w*a Lo -Space, goTy+q -space, o5 Ty*e-space and T\« -space), the concept of continuity (resp.

a-continuity, go-continuity, ag-continuity and yg-continuity) and \p*u-continuity coincides.

Proposition 3.2.9 Every strongly continuous (resp. totally continuous) map

f: (X, 1) — (Y, 0) isay a-continuous map but not conversely.

Proof: Let V be a closed set in (Y, o). Since f : (X, 1) — (Y, o) is strongly continuous
(resp. totally continuous), f "V) is clopen in (X, 1). Since every closed set is \y*a-closed,

£1(V) is y a-closed in (X, ). Hence f is a " a-continuous map.

Example 3.2.10 Let X =Y = {a, b, ¢}, T = {9, {a}, {b}, {a, b}, {a, c}, X} and o= {¢,{a},
{a, b}, {a, c}, Y}. Let f: (X, 1) — (Y, o) be a map defined by f(a) = a, f(b) = c, f(c) =b.
Then f is \y*a-continuous but not strongly continuous and not totally continuous, since {b}

is closed in (Y, o) but fl({b}) = {c} is not open in (X, 7).

Remark 3.2.11 The following examples show that semi continuous maps and

* . .
y a- continuous maps are independent.

Example 3.2.12 Let X =Y = {a, b, c}, 1= {¢, {a}, {b}, {a, b}, X} and o= {¢, {a, b}, Y}.
Let f: (X, 1) — (Y, o) be a map defined by f(a) = c, f(b) = a, f(c) = b. Then f is semi
continuous but not w*a-continuous, since for the closed set {c} in (Y, o), f'({ ¢}) = {a} is

semi closed but not \u*a-closed in (X, 7).

Example 3.2.13 Let X =Y = {a, b, ¢}, © = {¢, {a, b}, X} and o = {¢, {a}, Y}. Let
f: (X, 1) = (Y, o) be the identity map. Then f is \p*a-continuous but not semi continuous,
since for the closed set {b, ¢} in (Y, 6) f'({b, ¢}) = {b, ¢} is w*a-closed but not semi
closed in (X, 1).
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Remark 3.2.14 The following examples show that the notion of g-(resp. g*, 8 g, *g, 8,

f=}

¢" p") continuity and y a-continuity are independent.

Example 3.2.15 Let X =Y = {a, b, ¢, d}, T = {9, {d}, {a, b}, {a, b, d}, X} and o= {¢, {a},
Y}. Let f: (X, 1) — (Y, o) be a map defined by f(a) =D, f(b) = a, f(c) =c, f(d)=d. Then fis
g-(resp. g, 8, ¢".'g, 8 &'p") continuous but not y a-continuous, since for the closed set
{b, c, d} in (Y, o), £ '({b, ¢, d})={a, c, d} is g-(resp. g, &, ", g, & ¢’ p") closed but not
v a-closed in (X, 1).

Example 3.2.16 Let X =Y = {a, b, ¢}, T = {¢, {a}, {a, b}, X} and o = {¢, {a, b}, Y}. Let
f: (X, 1) — (Y, o) be a map defined by f(a) =Db, f(b) =c, f(c) = a. Then fis \y*a-continuous
but not g-(resp. g, 8, g, ‘2 8 g'p’) continuous, since for the closed set {c} in (Y, o)

fl({c}) = {b} is \y*a-closed but not g-(resp. g*, g, g#._ *g, g, g#p#) closed in (X, 1).

Remark 3.2.17 The dependency relations between various types of continuous maps with

w*a-continuous maps are given in the following diagram.

Continuous map g,-continuous map
go-continuous map
Completely continuous map
\ / ag-continuous map
Strongly continuous map R v a- » | 0g-continuous map
continuous

\ y-continuous map

Totally continuous map / \
yg-continuous map

a-continuous map yg-continuous map
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Remark 3.2.18 The independency relations between various types of continuous maps with

w*a-continuous maps are given in the following diagram.

g-continuous map

g -continuous map . .
semi continuous map

™, /

g-continuous map 4—1—>[ w*a-continuous J<—|—> g#p#-continuous map

SN

# . = .
g -continuous map g-continuous map

“g-continuous map

Theorem 3.2.19 If f: (X, 1) = (Y,0)isa \u*a-continuous map, then f(\u*(xcl(U)) c cl(f(U))
for every subset U of (X, 1).

Proof: Let U be any subset of (X, 7). Then cl(f(U)) is closed in (Y, &). Since f is
w*a-continuous, flcl(f(U))) is w*a-closed in (X, 1). Since f(U) < cl(f(U)),
U c ! (f(U)) < f'(cl(f(U))) and hence f'(cl(f(U))) is a y o-closed set containing U. By
definition of v a-closure, we have y ocl(U) < f'(cl(f(U))) which implies that
fy acl(U)) < cl(fU)).

Corollary 3.2.20 Let f: (X, 1) — (Y, o) be a continuous map. Then for every subset U of
(X, 0, f(y acl(U)) < cl(fU)).
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Proof: Follows from Proposition 3.2.3 (i) and by Theorem 3.2.19.

Theorem 3.2.21 Let f: (X, 1) — (Y, o) be a map from a topological space (X, 1) into a

topological space (Y, o). Then the following statements are equivalent.

(a) For each point x in (X, 1) and each open set V in (Y, o) containing f(x), there
exists a \V*a-open set U in (X, t) containing x such that f(U) c V.

(b) For every subset A of (X, 1), f(\u*acl(A)) c cl(f(A)).

(©) For every subset B of (Y, o), \p*acl(f 'B)) < £ (cl(B)).

Proof: (a) = (b) Suppose that (a) holds and let y € f(\u*acl(A)). Then y = f(x) for some
X € \p*acl(A) < X. Let V be any open set in (Y, o) containing f(x).Then by hypothesis,
there exists a w*a-open set U in (X, 1) containing x such that f(U) V. By Theorem 2.5.15
we get U N A # ¢. Then f(U N A) # ¢, which implies that V. N f(A) # ¢. Hence
y = f(x) € cl(f(A)). Therefore f(y acl(A)) < cl(f(A)).

Conversely, suppose that (b) holds and let x € X and let V be any open set in (Y, o)
containing f(x). Let A = £'(V®) then x¢A. By (b), f(y acl(A)) < cl(f(A)) < cl(f(f'(VY))) <
cl(V€) = V°. Therefore f'(f(y acl(A))) < (V) which implies y acl(A) < (V) = A.
Hence A = \y*acl(A). Since xgA, x¢ \u*acl(A). Then there exists a \V*a-open set U
containing x such that U N A = ¢ and hence f(U) c f(A°) c V.

(b) = (c) Suppose that (b) holds and let B be any subset of Y. Replacing A by
£1(B) from (b), f(y ucl (f'(B))) < cl(f(f'(B))) = cI(B). Hence vy acl (f'(B)) < f(cl(B)).

Conversely, suppose that (¢) holds and let B = f(A) where A is a subset of X. Then
vacl (A) <y acl(f!(B)) < £'(cl(B)). Therefore f(y acl(A)) < cl(B) = cl(f(A)).

Proposition 3.2.22 Iff: (X, 1) —» (Y, 0) isa \y*a-continuous map and g: (Y, o) — (Z, 1)
is a continuous (resp. strongly continuous) map, then gef : (X, 1) — (Z, 1) is a

* .
Y a-continuous map

Proof: Let V be a closed set in (Z, n). Since g is continuous (resp. strongly continuous),
g™ (V) is closed (resp. clopen) in (Y, o). Since f is y a-continuous, (gof)' (V) = f'(g(V)) is

\y*a-closed in (X, 7). Therefore gefis a w*a-continuous map
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Remark 3.2.23 The Proposition 3.2.22 is also true if g is a completely continuous map,

since every regular closed set is closed.

Remark 3.2.24 If f: (X, 1) — (Y, o) is a continuous (resp. an a-continuous) map and
g:(Y,o) — (Z, n) is a continuous map, then gef: (X, 1) — (Z, ) is a w*a-continuous

map.

Remark 3.2.25 If f: (X, 1) — (Y, 6) is an a-irresolute map and g: (Y,c) — (Z,n)isa

continuous map , then gof : (X, 1) — (Z, ) is a y a-continuous map.

Proposition 3.2.26 Let f: (X, 1) — (Y, 6) be an a-irresolute map and g : (Y, o) — (Z, 1)
be a w*a-continuous map. If (Y, o) is a yxTa-space, then gof : (X, 1) — (Z, n) is an

a-continuous map.

Proof: Let V be a closed set in (Z, n). Since g is w*a-continuous, g'(V) is \u*a-closed in
(Y, o). Since (Y, o) isa +T4-space, g'l(V) is a-closed in (Y, o). Since f is a-irresolute,

(gof)'l(V) =f 1(g'l(V)) is a-closed in (X, t). Hence geof is an a-continuous map.

Remark 3.2.27 The composition of two \ a-continuous maps need not be a

\V*a—continuous map as seen from the following example.

Example 3.2.28 Let X =Y =Z = {a, b, ¢}, 1= {¢, {a}, {a, b}, X}, o = {¢, {a, b}, Y} and
n= {6, {a}, Z}. Letf: (X, 1) — (Y, o) be the identity mapand g:(Y,o) — (Zm)bea
map defined by g(a) = b, g(b) = a, g(c) = c. Then the maps f and g are w*a-continuous but
their composition gof : (X, ) — (Z, 1) is not a y a-continuous map, since for the closed set

{b, ¢} in (Z,n), (2©) ' ({b, ¢}) = {a, ¢} is not y a-closed in (X, 7).
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Proposition 3.2.29 Let f: (X, 1) —» (Y, 0) and g: (Y, 6) — (Z, n) be \u*a—continuous

maps. Then gef : (X, 1) — (Z,n) isalso a \u*a-continuous map, if (Y, o) is a y+Tc-space.

Proof: Let V be a closed set in (Z, n). Since g is w*a-continuous, g (V) is \y*a-closed in
(Y, o). Since (Y, 6) is a y+Tc-space, g"(V) is closed in (Y, o). Since f is \p*a-continuous,

(gOf)'l(V) =f 1(g'l(V)) is w*u-closed in (X, 7). Hence gof isa w*a-continuous map.

Proposition 3.2.30 Let f: (X, 1) — (Y, o) be a ga-continuous map and g : (Y, 6) — (Z, )
be a continuous. Then gef : (X, 1) — (Z, n) is a w*a-continuous map, if (X, 1) is a

g0 Ly*q-Space.

Proof: Let V be a closed set in (Z, n). Since g is continuous, g (V) is closed in (Y, o).
Since f is ga-continuous, (gOf)'l(V) =f 1(g'l(V)) is ga-closed in (X, 7). Since (X, 1) is a

gaTy#o-sSpace, (gof)'(V) is y a-closed in (X, 7). Hence gef is a y a-continuous map.

Proposition 3.2.31 Let f: (X, 1) — (Y, 6) be a ag-continuous map and g : (Y, 6) — (Z,n)
be a continuous map. Then gof : (X, T) — (Z, ) is a y o-continuous map, if (X, 1) is a

ag Ly*a-Space.

Proof: Let V be a closed set in (Z, n). Since g is continuous, g'l(V) is closed in (Y, o).
Since f is ag-continuous, (gOf)'l(V) =f l(g'l(V)) is ag-closed in (X, 1). Since (X, 1) is a

ag L y*a-Space, (gof) (V) is \V*a-closed in (X, ). Hence gof isa \V*a-continuous map.

Proposition 3.2.32 Let f: (X, 1) — (Y, o) be a yg-continuous map and g : (Y, 6) — (Z,n)
be a continuous map. Then gof : (X, 1) — (Z, m) is a w*a-continuous map, if (X, 1) is a

e Ty#a-space

Proof: Let V be a closed set in (Z, 1). Since g is continuous, g (V) is closed in (Y, o).
Since f is yg-continuous, (gOf)'l(V) =f 1(g'l(V)) is yg-closed in (X, 1). Since (X, 1) is a

veLy=a-space, (gof) (V) is y a-closed in (X, 7). Hence gof is a y o-continuous map.
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Proposition 3.233 Let f : (X, 1) — (Y, 6) be a \V*a—continuous map and
g : (Y, 6) — (Z, n) be an ag-continuous map. Then gof : (X, 1) —(Z, n) is a

\y*a—continuous map, if (Y, o) isa,Ty-space

Proof: Let V be a closed set in (Z, 1). Since g is ag-continuous, g"'(V) is og-closed in
(Y, o). Since (Y, o) is a 4Ty-space, g (V) is closed in (Y, o). Since f is y a-continuous,

(gef)'(V)=f(g'(V)) is w*a—closed in (X, 7). Hence gof isa w*a—continuous map.

Definition 3.2.34 A map f: (X, 1) — (Y, o) is said to be pre yg-closed (resp. pre yg-open)
if f(U) is yg-closed (resp. yg-open) in (Y, o) for every yg-closed (resp. yg-open) set U in
X, 7).

Theorem 3.2.35 Let f: (X, 1) — (Y, o) be a bijective pre yg-closed and pre a-open map

and if (X, 1) is a y+, To-space, then (Y, o) is also a .+, T,-space.

Proof: Lety € Y. Since f is a bijection map, y = f(x) for some x € X. By hypothesis (X, 1)
is a y# T, -space and so {x} is either yg-closed or a-open by Theorem 2.6.7. If {x} is
yg-closed then {y} = f({x}) is yg-closed, since f is pre yg-closed. Also {y} = f({x}) is

a-open, as f'is pre a-open. Hence by Theorem 2.6.7, (Y, c) is a +,Tq-space.

Theorem 3.2.36 Let f: (X, 1) — (Y, o) be a bijective, pre yg-closed and \y*(x-continuous
map from (X, 1) to an a-space (Y, o). If A is y o-open subset of (Y, o), then f'(A) is a

\y*a-open set in (X, 7).

Proof: Let A be a \p*a-open set in (Y, o) and F be any yg-closed set in (X, 1) such that
F  f'(A). Then f(F) ¢ A. By hypothesis f(F) is yg-closed in (Y, o) and A is " a-open in
(Y, o). Hence f(F) < aint(A) by Theroem 2.5.11 and so F < f'(aint(A)). Since f is
v a-continuous and (Y, o) is an a-space, f'(aint(A)) is y a-open in (X, t). Therefore

F  aint(f'(aint(A))) < aint(f'(A)) and so £'(A) is y a-open in (X, 1).

Theorem 3.2.37 Let f: (X, 1) — (Y, o) be a yg-irresolute and pre a-closed map. If A is a

v a-closed set in (X, 1), then f(A) is a y a-closed set in (Y, o).
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Proof: Let A be a y a-closed set in (X, ) and U be any yg-open set in (Y, o) such that
f(A) < U. Then A c f'(U). By hypothesis acl(A) < f'(U). Thus f(acl(A)) < U and
f(acl(A)) is a-closed. Now acl(f (A)) < acl(f (acl(A))) = f (acl(A)) < U. That is acl(f(A))
cUandsof(A)isa w*u-closed setin (Y, o).

3.3 Quasi w*a-continuous maps and perfectly w*a—continuous maps

In this section, quasi \v*a—continuous and perfectly y a-continuous maps in

topological spaces are introduced and their properties are studied.

Definition 3.3.1 A map f: (X, 1) — (Y, o) is called quasi w*a—continuous if £1(V) is
closed in (X, 1) for every \u*a—closed set Vin (Y, o).

Example 3.3.2 Let X =Y = {a, b, ¢}, 1= {0, {a}, {b}, {a, b}, {a, ¢}, X} and o = {¢, {a},
{b,c}, Y}. Let f: (X, 1) — (Y, o) be amap defined by f(a) =D, f(b) = a, f(c) = c. Then fis

. * .
quasi y o-continuous.

Theorem 3.3.3 A map f: (X, 1) — (Y, o) is quasi \y*a-continuous if and only if the inverse

image of every \y*a—open setin (Y, o) is open in (X, 1).

Proof: (Necessity) Let f: (X, 1) — (Y, o) be quasi w*a—continuous and V be any
\y*a-open set in (Y, o). Then Y — V is \y*a-closed in (Y, o). Since f is quasi
\y*a-continuous, 1Y - V) =X - (V) is closed in (X, 7). Hence f (V) is open in (X, 1).

(Sufficiency): Let F be any vy o-closed set in (Y, o). Then Y — F is y o -open in (Y, o). By
assumption, f (Y —F) =X — f 'I(F) is open in (X, t) which implies that f'(F) is closed in

(X, 1). Hence fis quasi w*a-continuous.

Definition 3.3.4 A map f: (X, 1) — (Y, o) is called perfectly w*a—continuous if £1(V)is
clopen in (X, 1) for every \V*a-closed set Vin (Y, o).

Example 3.3.5 Let X =Y = {a, b, ¢}, t= {¢, {a}, {b}, {a, b}, {a, c}, X}, and c = {¢, {a},
{b,c}, Y}. Letf: (X, 1) = (Y, o) be amap defined by f(a) =c, f(b) =a, f(c) =Db. Then fis

perfectly \y*a—continuous.
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Theorem 3.3.6 A map f: (X, 1) — (Y, o) is perfectly \y*a—continuous if and only if the

inverse image of every \u*a-open setin (Y, o) is clopen in (X, 1).

Proof: (Necessity) Let V be any \p*a—open set in (Y, ). Then Y — V is w*a—closed in
(Y, o). Since f is perfectly \p*a-continuous, f 1(Y -V)y=X-f 1(V) is clopen in (X, 1).
Hence (V) is clopen in (X, 7).

(Sufficiency): Let F be any \y*a-closed setin (Y, o). Then Y — F is \y*a-open in (Y, 6). By
assumption, Y-F)=X-fl(F)is clopen in (X, t) which implies that f 1(F) is clopen in

(X, 1). Hence fis a perfectly \y*a-continuous map

Proposition 3.3.7 If f : (X, 1) — (Y, o) is a perfectly w*a-continuous map, then it is a

. * .
quasi y a-continuous map but not conversely.

Proof: Let V be a w*a-closed set in (Y, o). Since f: (X, 1) — (Y, o) is a perfectly

\y*a—continuous map, 1(V) is clopen in (X, 1). Hence fis a quasi \u*a—continuous map.

Example 3.3.8 Let X =Y = {a, b, c}, 1= {¢, {b}, {a, b}, {b, ¢}, X}, and o = {9, {a},
{a, b}, Y}. Letf: (X, 1) = (Y, o) be a map defined by f(a) =c, f(b) =a, f(c) =b. Then fis
quasi \y*a-continuous but not perfectly w*a-continuous, since for the w*a-closed sets {b},
{c}, {b, ¢} in (Y, o), £'({b}) = {c}, f'({c}) = {a}, F'({b, ¢}) = {a, ¢} are closed but not
open in (X, 1).

Proposition 3.3.9 Every strongly continuous map f : (X, 1) — (Y, o) is a quasi

\y*a-continuous ( resp. perfectly \y*a-continuous ) map but not conversely.

Proof: Let V be a \y*a-closed set in (Y, o). Since f: (X, 1) — (Y, ©) is strongly continuous,
for any subset V, f '1(V) is both open and closed in (X, 1). Hence f is a quasi

v a-continuous ( resp. perfectly y o-continuous) map.

Example 3.3.10 Let X =Y = {a, b, c}, 1= {¢, {a}, {b, ¢}, X} and o = {¢, {a}, {b, c}, Y}.
Let f: (X, 1) — (Y, o) be the identity map. Then f is quasi y a-continuous (resp. perfectly
w*a—continuous) but not strongly continuous, since for the subset {a, b} in (Y, o),

f'({a, b}) = {a, b} is not clopen in (X, 7).
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Remark 3.3.11 From the above results we have the following diagram.

Strongly Continuous map

* . . * 3
Perfectly \v a-continuous el Quasi v/ a-continuous map

Theorem 3.3.12 Let f: (X, 1) — (Y, o) be a map. If (X, 1) is a discrete topological space

and (Y, o) be any topological space then the following statements are equivalent
6 f is perfectly \V*a-continuous
(i) fis quasi w*u-continuous.

Proof: (i) = (ii) follows from Proposition 3.3.7

(il)) = (i) Let V be any w*a-closed set in (Y, o). By hypothesis, '(V) is closed in
(X, 7). Since (X, 1) is a discrete space, £'(V) is open in (X, ). Hence f'(V) is clopen in

(X, 1). Hence f is a perfectly y a-continuous map.

Proposition 3.3.13 Let f : (X, 1) — (Y, o) be a continuous map. If (Y, o) is a y+,T-space

. . * .
then f is a quasi y a-continuous map.

Proof: Let V be a w*a-closed set in (Y, o). Since (Y, 0) is a y+Tc-space, V is closed in
(Y, o). Since f is continuous, f'(V) is closed in (X, 7). Hence f is a quasi w*a-continuous

map.

Proposition 3.3.14 Let f: (X, 1) — (Y, o) be a continuous map. If (Y, o) is a y=Tc-space

and a discrete space. Then f is a perfectly \u*a—continuous map.
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Proof: Let V be a \p*a—closed set in (Y, o). Since (Y, o) is a y+Tc-space, V is closed in
(Y, o). Since (Y, o) is a discrete space, V is open in (Y, o). Since f is continuous, f 1(V) is

clopen in (X, 7). Hence fis a perfectly y a-continuous map.

Proposition 3.3.15 Every totally continuous map f : (X, 1) — (Y, o) is a quasi

w*a-continuous (resp. perfectly \V*a-continuous )map, if (Y, o) is a +Tc-space.

Proof: Let V be a \y*a-closed set in (Y, o). Since (Y, o) 1is a y+Tc-space, V is closed in
(Y, o). Since f is totally continuous, f 1(V) is both open and closed in (X, ). Hence fis a

quasi w*a-continuous (resp. perfectly w*a-continuous) map.

Proposition 3.3.16 Every quasi \V*a—continuous (resp. perfectly \u*a—continuous) map is an

a-irresolute map but not conversely.

Proof: Let f : (X, 1) — (Y, o) be a quasi \y*a-continuous (resp. perfectly
\y*a-continuous) map. Let V be an a-closed set in (Y, o). Since every a-closed set is
v a-closed, V is y'a-closed in (Y, o). Since f is quasi y a-continuous (resp. perfectly
\y*a-continuous), £1(V) is closed (resp. clopen) in (X 1). Since every closed set is a-closed,

(V) is a-closed in (X, 7). Hence f is an a-irresolute map

Example 3.3.17 Let X =Y = {a, b, ¢}, 1= {¢, {a}, X} and o = {¢, {a}, {a, b}, {a, c}, Y}
Let f: (X, 1) — (Y, o) be a map defined by f(a) = a, f(b) = c, f(c) = b. Then f is a-irresolute
but not quasi \u*oc-continuous (resp. perfectly w*a-continuous), since {c} is \u*a-closed in

(Y, o) but f'({c}) = {b} is not closed in (X, 1).

Proposition 3.3.18 Every quasi \u*a—continuous map is a \u*a—continuous map but not

conversely.

Proof: Let f : (X, 1) — (Y, 6) be a quasi w*a-continuous map. Let V be a closed set in
(Y, o). Since every closed set is \y*(x-closed, V is \y*(x-closed in (Y, o). Since f is quasi
v a-continuous, £'(V) is closed in (X 1). Since every closed set is y o-closed, f'(V) is

v a-closed in (X, t). Hence f is a y a-continuous map.
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Example 3.3.19 Let X =Y = {a, b, c}, 1= {9, {a}, {a, b}, X} and o = {¢, {a, b}, Y}. Let
f: X 1) — (Y, o) be the identity map. Then f is \y*a-continuous but not quasi
\y*a—continuous, since {a, c} is \u*a—closed in (Y, o) but f'({a, ¢}) = {a, ¢} is not closed in

(X, 7).

Proposition 3.3.20 Let f: (X, 1) — (Y, 0) and g: (Y, ) — (Z, n) be any two maps. Then

gof - (X, 1) — (Z, 1) is a quasi y o-continuous (resp. perfectly y a-continuous) map.

(1) if g is a strongly continuous map and f is a quasi y o-continuous (resp.
perfectly y o-continuous) map.
(i) if g is a quasi \y*a-continuous (resp. perfectly \V*u-continuous)map and fis a

continuous map.

Proof: (i) Let V be any \V*(x-closed set in (Z, n). Since g is strongly continuous, g'(V) is
both open and closed in (Y, o). Since every closed set is y a-closed, g (V) is ¢ a-closed in
(Y, o). Since f is quasi \y*(x-continuous (resp. perfectly \y*a-continuous),
(geH'(V) = fl(g'(V)) is closed (resp. clopen) in (X, 7). Hence gof is a quasi

\y*a-continuous (resp. perfectly \y*a-continuous) map.

(i) Let V be any \V*a—closed set in (Z, m). Since g is quasi \u*a—continuous (resp.
perfectly w*a—continuous), g'l(V) is closed (resp. clopen) in (Y, o). Since f is continuous,
(gof)'l(V) = f 1(g'l(V)) is closed (resp. clopen) in (X, 1). Hence gef is a quasi

\y*a-continuous (resp. a perfectly w*a-continuous) map.

Proposition 3.3.21 If f : (X, 1) — (Y, o) is a quasi w*a—continuous (resp. perfectly
w*a—continuous) map and g : (Y, 6) — (Z, ) is a perfectly \y*a—continuous (resp. quasi
w*a-continuous) map, then gof : (X, 1) — (Z, n) is a quasi w*a-continuous (resp. perfectly

* .
y o-continuous) map.

Proof: Since every closed set is \y*a-closed, the result follows.
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Proposition 3.3.22 If f : (X, 1) —» (Y, o) and g : (Y, 6) — (Z, n) are quasi
\y*a- continuous (resp. perfectly \u*a-continuous) maps, then gof : (X, 1) — (Z, n) is also a

quasi \u*a-continuous (resp. perfectly \y*a-continuous) map.

Proof : Let V be any \y*a-closed set in (Z, 1). Then g™ (V) is closed (resp. clopen) in (Y, o)
as g is quasi w*a-continuous (resp. perfectly \y*a-continuous). Since every closed set is
v o-closed, g'(V) is yo-closed in (Y, o). Since f is quasi y a-continuous (resp. perfectly
w*a-continuous), (gof) (V) = (g (V)) is closed (resp. clopen) in (X, 1) and hence gof is a

quasi \p*a-continuous (resp. perfectly \V*a-continuous) map.

3.4 Totally w*a-continuous maps and strongly w*a-continuous maps

In this section, some new classes of maps called totally \y*a-continuous maps and

strongly \y*a-continuous maps are introduced and their properties are discussed.

Definition 3.4.1 A subset A of (X, 1) is called y a-clopen if it is both y a-open and
\y*a-closed in (X, 1).

Definition 3.4.2 A map f: (X, 1) — (Y, o) is called totally W*u-continuous if f'(V)is a

\u*a-clopen set in (X, 7) for every open set V in (Y, o).

Example 3.43 Let X =Y = {a, b, ¢}, 1= {¢, {a}, {b, ¢}, X} and ¢ = {, {a}, Y}. Let
f: (X, 1) — (Y, 6) be a map defined by f(a) = a, f(b) = c, f(c) = b. Then f is totally

* .
VY a-continuous.

Proposition 3.4.4 A map f: (X, 1) — (Y, o) is totally \p*a-continuous if and only if the

inverse image of every closed subset of (Y, o) is a \u*a-clopen subset of (X, 7).

Proof : (Necessity) Let V be any closed set in (Y, c).Then Y — V is open in (Y, o). Since f
is totally \V*a-continuous, iy - v)=X - (V) is \v*a-clopen in (X, 1) which implies
that £'(V) is w*a-clopen in (X, 1).
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(Sufficiency): Let U be any open set in (Y, ). Then Y — U is closed in (Y, o). By
assumption, (Y — U) = X — f'(U) is y a-clopen in (X, t) which implies that f'(U) is

w*a-clopen in (X, t). Hence f is totally \V*a-continuous.

Proposition 3.4.5 Every totally y a-continuous map is a y a-continuous map but not

conversely.
Proof : Follows from the definitions of totally \y*a-continuous and \y*a-continuous maps.

Example 3.4.6 Let X =Y = {a, b, ¢}, 7= {0, {a}, {a, b}, {a, ¢}, X} and 6 = {0, {a}, Y}.
Let f: (X, 1) — (Y, o) be the identity map. Then f is y a-continuous but not totally
\y*a-continuous, since for the open set {a} in (Y, o), f'({a}) = {a} is \V*a-open but not

\y*a -closed in (X, 7).

Definition 3.4.7 A map f: (X, 1) — (Y, o) is called strongly w*a-continuous iff'(V)isa
v a-clopen set in (X, 1) for every subset V in (Y, o).

Example 3.4.8 Let X =Y = {a, b, c}, 1= {0, {a}, {b}, {c}, {a, b}, {a, ¢}, {b,c}, X} and
c = {0, {c}, {a, b}, Y}. Let f: (X, 1) — (Y, 6) be a map defined by f(a) = a, f(b) = c,

f(c) =b. Then f'is strongly w*a-continuous.

Remark 3.4.9 Every strongly w*a-continuous map is a totally w*a-continuous map but not

conversely.

Proof : Follows from the definitions of totally w*a-continuous and strongly \p*a-continuous

maps.

Example 3.4.10 Let X =Y = {a, b, c}, 1= {0, {a}, {b, c}, X} and o = {¢, {a}, Y}. Let
f: (X, 1) — (Y, o) be the identity map. Then f is totally w*a-continuous but not strongly
v a-continuous, since for the subset {b} in (Y, o), f'({b}) = {b} is not y o-clopen in

(X, 7).

Proposition 3.4.11 Let f: (X, 1) — (Y, o) be a totally \y*a-continuous map where (Y, o)

is a discrete topological space. Then f is a strongly \y*a-continuous map
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Proof: Let V be any subset of (Y, o). Since (Y, o) is a discrete topological space, V is
open in (Y, ). Since fis totally \V*a-continuous, (V) is \y*a-clopen in (X, 7). Hence fis a

strongly \y*a-continuous map

Theorem 3.4.12 Every perfectly w*a-continuous map is a totally \u*a-continuous map but

not conversely. .

Proof: Let V be any open set in (Y, ). Then V is w*a -open in (Y, o). Since
f: (X, 1) — (Y, o) is perfectly y o-continuous, f' (V) is clopen in (X, ). Since every open
set is w*a-open and every closed set is w*u-closed, (V) is \y*a-clopen in (X, 7). Hence f'is

a totally \y*a-continuous map

Example 3.4.13 Let X =Y = {a, b, ¢}, © = {¢, {a}, {b}, {a, b}, {a, ¢}, X} and
c ={¢, {b}, Y}. Let f: (X, 1) — (Y, o) be the identity map. Then f is totally
v a-continuous but not perfectly y o-continuous, since for the y a-open set {b, ¢} in

(Y, o), f'({b, ¢}) = {b, ¢} is not clopen in (X, 7).

3.5 Contra w*a-continuous maps

In this section, contra y a-continuous maps in topological spaces are introduced and

some of their properties are obtained.

Definition 3.5.1 A map f : (X, 1) — (Y, o) is called contra y a-continuous if f'(V) is
\y*a—open in (X, 1) for every closed set V of (Y, o).

Example 3.5.2 Let X =Y = {a, b, c}, T= {d, {a}, {b}, {a, b}, X} and o = {¢, {a}, Y}. Let
f: (X, 1) > (Y, o) be amap defined by f(a) = b, f(b) = ¢, f(c) = a. Then f is contra

* .
Y a-continuous.

Proposition 3.5.3 If amap f: (X, t) — (Y, o) is contra a-continuous, then it is a contra

* .
v a-continuous map but not conversely.

Proof: Let V be any closed set in (Y, o). Since f is contra o-continuous, f (V) is a-open in
(X, 7). Since every a-open set is y a-open and so f'(V) is y a-open. Hence f is contra

* .
Y a-continuous.
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Example 3.54 Let X=Y = {a, b, c}, 1= {¢, {a, b}, X} and 6 = {¢, {a}, {a, b}, Y}. Let
f: (X, 1) — (Y, ) be amap defined by f(a) = b, f(b) = c, f(c) = a. Then f is contra
w*a—continuous but not contra a-continuous, since for the closed set {c} in (Y, o),

f1({c}) = {b} is not a-open in (X, 1).

Proposition 3.5.5 Every totally w*a—continuous map is a contra \u*a—continuous map but

not conversely.

Proof : Let f: (X, 1) — (Y, o) be a totally \y*a-continuous map. Let V be any closed

subset of (Y, o). Then £'(V) is y a-clopen in (X, ). Hence f is contra y a-continuous.

Example 3.5.6 Let X =Y = {a, b, ¢}, 1= {0, {a}, {a, b}, X} and 5 = { ¢, {a}, {b},{a, b},
Y}. Let f: (X, 1) = (Y, 6) be amap defined by f(a) = c, f(b) = a, f(c) =b. Then fis contra
\y*a-continuous but not totally \V*a-continuous, since for the closed set {b, ¢} in (Y, o),

f({b, c})={a, c} is \y*a-open but not \y*a-closed in (X, 7).

Proposition 3.5.7 Every strongly \y*a-continuous map is contra w*a-continuous but not

conversely.

Proof: Follows from the definitions of strongly w*a-continuous and contra w*a-continuous

maps.

Example 3.5.8 Let X =Y = {a, b, c}, 1= {9, {a}, {a, b}, X} and 6 = { ¢, {a}, {b}, {a, b},
Y}. Letf: (X, 1) — (Y, o) beamap defined by f(a) = c, f(b) = a, f(c) =b. Then f is contra
\y*a-continuous but not strongly w*a-continuous, since for the subset {b} in (Y, o),

fl({b}) = {c} is \y*a-closed but not \v*a-open in (X, 7).

Proposition 3.5.9 Every perfectly w*a-continuous map is contra w*a-continuous but not

conversely.

Proof: Let f: (X, 1) — (Y, o) be a perfectly \V*a-continuous map. Let V be a closed set in
(Y, o). Since every closed set is \p*a-closed, Vis \u*a-closed in (Y, o). Since f is perfectly
w*a-continuous, f 1(V) is clopen in (X, 1). Since every open set is \y*a-open, f 1(V) is

v a -open in (X, T). Hence fis contra y a-continuous.
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Example 3.5.10 Let X =Y = {a, b, ¢}, t= {0, {a}, {b}, {a, b}, X} and &= {0, {a}, {a, b},
Y}. Letf: (X, 1) — (Y, 0) be amap defined by f(a) =b, f(b) =c, f(c) = a. Then f is contra
w*a—continuous but not perfectly w*a—continuous, since for the \y*a—closed set {c} in

(Y, o), f'({c}) = {b} is open but not closed in (X, 7).

Remark 3.5.11 The following examples show that contra \y*a-continuous map and

£ . .
W o- continuous map are independent.

Example 3.5.12 Let X=Y = {a, b, c}, 1= {0, {a}, {a, b}, X} and o= {¢, {a}, {b}, {a, b},
Y}. Letf: (X, 1) — (Y, o) beamap defined by f(a) =c, f(b) = a, f(c) =b. Then f is contra
v a-continuous but not y a-continuous, since {c} is closed in (Y, o), but f'({c}) = {a} is

not y a-closed in (X, 7).

Example 3.5.13 Let X=Y = {a, b, ¢}, 1= {¢, {a}, {a,b}, X} andc = {¢, {a,c}, Y}. Let
f: (X, 1) — (Y, 0) be amap defined by f(a) = c, f(b) = a, f(c) =b. Then f is y a-continuous
but not contra w*a-continuous, since {b} is closed in (Y, o), but f'({b}) = {c} is not

\y*a-open in (X, 1).

Theorem 3.5.14 A map f: (X, 1) — (Y, o) is contra \y*a-continuous if and only if f 'U) is
\V*a—closed in (X, 1) for every open set U in (Y, G).

Proof : (Necessity) Let f: (X, 1) — (Y, 6) be contra w*a-continuous and U be any open
set in (Y, o). Then Y — U is closed in (Y, o). Since f is contra \y*a-continuous,
f (Y = U) =X - f (U) is y a-open in (X, 1) which implies that f'(U) is y o-closed in
(X, 7).

(Sufficiency): Let V be any closed set in (Y, o). Then Y — V is open in (Y, o). By
assumption, '(Y — V) = X — £!(V) is y'o-closed in (X, 1) which implies that £'(V) is

* . . * .
v a-open in (X, 1). Hence fis contra y a-continuous.

Proposition 3.5.15 If f : (X, 1) — (Y, o) 1is a contra w*a-continuous map and
g:(Y,o0) — (Z, n) is a continuous map, then gof : (X, 1) — (Z, n) 1is a contra

* .
Y a-continuous map
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Proof: Let V be any closed set in (Z, ). Then g'l(V) is closed in (Y, o) as g is continuous.
Since f is contra w*a-continuous, (gOf)'l(V) =f 1(g'l(V)) is w*a-open in (X, t). Hence gef is

* .
contra y a-continuous.

Proposition 3.5.16 Let f : (X, ) — (Y, o) be perfectly w*a-continuous and
g : (Y, 0) — (Z, n) be contra w*u-continuous then gof : (X, 1) — (Z, n) is totally

\y*a-continuous.
Proof: Since every closed set is \y*a-closed, the result follows.

Remark 3.5.17 The composition of two contra y o-continuous maps need not be a contra

\y*a-continuous map as seen from the following example.

Example 3.5.18 Let X =Y =Z={a, b, c}, 1= {¢, {a}, {a, b}, X}, o= {¢, {a}, {b}, {a, b},
Y} and n= {¢, {a}, Z}. Letf: (X, 1) = (Y, o) be a map defined by f(a) = c, f(b) = a,
f(c)=b and g: (Y, ) — (Z, m) be a map defined by g(a) = ¢, g(b) = b, g(c) = a. Then the
maps f and g are contra \y*a-continuous but their composition gof : (X, 1) — (Z, n) is not
contra \V*a—continuous, since {b, ¢} is closed in (Z, 1), whereas (gof)"'({b, c}) = {b, ¢} is

not \p*a-open in (X, 1).

Remark 3.5.19 The interrelations between various forms of y o-continuities are given in

the following diagram.

Quasi

. , Perfectly
Y a-continuous map

<
* .
Y a-continuous map

l

Totally

* .
Y a-continuous map

]

i antra Strongly
Y a-continuous map

* .
Yy a-continuous map —

* .
Y o-continuous map
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