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Chapter 6 

𝝀𝒈
𝜶-Homeomorphisms in Topological Spaces 

6.1 Introduction  

 A mapping that is one-to-one between sets such that both the map and its inverse are 

continuous i.e., bi-continuous is a homeomorphism and that in topology it exists for 

geometric figures which can be transformed from one into the other by an elastic 

deformation.  More formally, in topology two spaces are said to be equivalent if there exists 

a homeomorphism between them.  Several researchers have formulated the generalization 

of homeomorphisms on the initiation of the 𝑔-homemorphisms and 𝑔𝑐-homeomorphisms in 

topological spaces by Maki et al. [1991].  Later, on the introduction of 𝑔̃-closed sets, the 

notion 𝑔̃-homeomorphisms were defined and characterized by Caldas et al. [2009].  Quite 

recently, Gilbert Rani and Pious Missier [2011], Padma et al. [2015], Delcia and Punitha 

Tharani [2021] have studied Λ𝜆-homeomorphisms, 𝑄∗-homeomorphisms, 𝑔∗𝛼-

homeomorphisms respectively.  Moreover, they all have also established important 

theorems and fundamental properties with the respective mappings. 

 In this chapter, a very peculiar form of homeomorphisms called as 𝜆𝑔
𝛼-

homeomorphisms and 𝜆𝑔
𝛼𝓇-homeomorphisms are defined using 𝜆𝑔

𝛼-continuity and 𝜆𝑔
𝛼-

irresoluteness.  Later, it was found that the developed 𝜆𝑔
𝛼𝓇-homeomorphism forms a group 

under the relation – composition of mappings and it also induces an isomorphism between 

two groups formed by the topology. 
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6.2. 𝝀𝒈
𝜶-Homeomorphisms 

 The forthcoming section defines, analyzes and investigates the importance of 𝜆𝑔
𝛼-

homeomorphisms and 𝜆𝑔
𝛼𝓇-homeomorphisms in topological spaces. 

Definition 6.2.1 A bijective map 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) is called 𝝀𝒈
𝜶-homeomorphism if it is 

both 𝜆𝑔
𝛼-open and 𝜆𝑔

𝛼-continuous.  In other words, a bijective map 𝑢 is a 𝜆𝑔
𝛼-homeomorphism 

if both 𝑢 and 𝑢−1are 𝜆𝑔
𝛼-continuous. 

Example 6.2.2 Let 𝑀 = 𝑁 = {𝑖, 𝑗, 𝑘}, 𝜇 = {𝜙, {𝑖}, {𝑖, 𝑗}, {𝑖, 𝑘}, 𝑀} and 𝜈 = {𝜙, {𝑖}, {𝑗, 𝑘}, 𝑁}.  

Let 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) be the map defined by 𝑢(𝑖) = 𝑗, 𝑢(𝑗) = 𝑘 and 𝑢(𝑘) = 𝑖.  Then 𝑢 is 

a 𝜆𝑔
𝛼-homeomorphism. 

Proposition 6.2.3 Every homeomorphism 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) is a 𝜆𝑔
𝛼-homeomorphism. 

Proof: By definition 𝑢 is bijective, open and continuous.  Using Proposition 3.2.4 and 

Proposition 5.3.3, 𝑢 is both 𝜆𝑔
𝛼-continuous and 𝜆𝑔

𝛼-open.  Hence by Definition 6.2.1 𝑢 is 𝜆𝑔
𝛼-

homeomorphism. 

The subsequent example shows that the converse of Proposition 6.2.3 does not hold good. 

Example 6.2.4 Let 𝑀 = 𝑁 = {𝑖, 𝑗, 𝑘}, 𝜇 = {𝜙, {𝑖}, {𝑗, 𝑘}, 𝑀} and 𝜈 = {𝜙, {𝑖}, {𝑗}, {𝑖, 𝑗}, 𝑁}.  

Let 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) be a map defined by 𝑢(𝑖) = 𝑗, 𝑢(𝑗) = 𝑖 and 𝑢(𝑘) = 𝑘.  Then 𝑢 is a 

𝜆𝑔
𝛼-homeomorphism but not a homeomorphism, since for the open set {𝑖, 𝑗} in (𝑁, 𝜈) 

𝑢−1({𝑖, 𝑗}) = {𝑖, 𝑗} is not open in (𝑀, 𝜇). 

Theorem 6.2.5 Let 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) be a bijective 𝜆𝑔
𝛼-continuous map, then the following 

statements are equivalent.  𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) is a 

(i) 𝜆𝑔
𝛼-open map 
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(ii) 𝜆𝑔
𝛼-homeomorphism 

(iii) 𝜆𝑔
𝛼-closed map 

Proof:  

(i) ⇒ (ii) Assume (i), then 𝑢 is bijective and 𝜆𝑔
𝛼-continuous, which proves (ii) 

(ii) ⇒ (iii) Assume (ii) and using Proposition 5.3.9 

(iii) ⇒ (i) Obvious from Proposition 5.3.9 

Theorem 6.2.6 If a bijective map 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) is both open and 𝜆𝑔
𝛼-irresolute, then it 

is a 𝜆𝑔
𝛼-homeomorphism. 

Proof: From the Proposition 5.3.3 and Proposition 3.3.4.  we have 𝑢 is both 𝜆𝑔
𝛼-open and 

𝜆𝑔
𝛼-continuous.  Hence 𝑢 is a 𝜆𝑔

𝛼-homeomorphism. 

The subsequent example shows that the converse of Proposition 6.2.6 does not hold good. 

Example 6.2.7 Let 𝑀 = 𝑁 = {𝑖, 𝑗, 𝑘}, 𝜇 = {𝜙, {𝑖}, {𝑖, 𝑗}, 𝑀} and 𝜈 = {𝜙, {𝑖}, {𝑗, 𝑘}, 𝑁}.  Let 

𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) be the identity map. Then the map 𝑢 is a 𝜆𝑔
𝛼-homeomorphism but it is 

neither open nor 𝜆𝑔
𝛼-irresolute, since for the open set {𝑖, 𝑗} in (𝑀, 𝜇), 𝑢({𝑖, 𝑗}) = {𝑖, 𝑗} is not 

open in (𝑁, 𝜈) and also for the 𝜆𝑔
𝛼-closed set {𝑖, 𝑘} in (𝑁, 𝜈), 𝑢−1({𝑖, 𝑘}) = {𝑖, 𝑘} is not 𝜆𝑔

𝛼-

closed in (𝑀, 𝜇). 

Theorem 6.2.8 If a bijective map 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) is both 𝜆-open and 𝜆-continuous then 

it is a 𝜆𝑔
𝛼-homeomorphism. 

Proof: Let 𝑆 be an open set in (𝑀, 𝜇).  As 𝑢 is 𝜆-open, 𝑢(𝑆) is 𝜆-open in (𝑁, 𝜈).  By 

Proposition 2.4.3, 𝑢(𝑆) is 𝜆𝑔
𝛼-open.  Therefore 𝑢 is a 𝜆𝑔

𝛼-open map. 
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Let 𝑇 be an open set in (𝑁, 𝜈).  As 𝑢 is 𝜆-continuous, 𝑢−1(𝑇) is 𝜆-open in (𝑀, 𝜇).  

By Proposition 2.4.3, 𝑢−1(𝑇) is 𝜆𝑔
𝛼-open.  Therefore 𝑢 is a 𝜆𝑔

𝛼-continuous map.  Hence 𝑢 is 

a 𝜆𝑔
𝛼-homeomorphism. 

The subsequent example shows that the converse of Proposition 6.2.8 does not hold good. 

Example 6.2.9 Let 𝑀 = 𝑁 = {𝑖, 𝑗, 𝑘}, 𝜇 = {𝜙, {𝑖, 𝑗}, 𝑀} and 𝜈 = {𝜙, {𝑖}, {𝑗, 𝑘}, 𝑁}.  Let 

𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) be a map defined by 𝑢(𝑖) = 𝑖, 𝑢(𝑗) = 𝑘 and 𝑢(𝑘) = 𝑗.  Then 𝑢 is a 𝜆𝑔
𝛼-

homeomorphism but it is neither 𝜆-open nor 𝜆-continuous, since for the open set {𝑖, 𝑗} in 

(𝑀, 𝜇), 𝑢({𝑖, 𝑗}) = {𝑖, 𝑘} is not 𝜆-open in (𝑁, 𝜈) and also for the closed set {𝑖} in (𝑁, 𝜈), 

𝑢−1({𝑖}) = {𝑖} is not 𝜆-closed in (𝑀, 𝜇). 

Theorem 6.2.10 If a bijective map 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) is both 𝜆-open and 𝜆-irresolute then 

it is a 𝜆𝑔
𝛼-homeomorphism. 

Proof: Follows from the Proposition 5.3.4. and Proposition 3.2.11. 

The subsequent example shows that the converse of Theorem 6.2.10 does not hold good. 

Example 6.2.11 Consider 𝑀, 𝑁, 𝜇, 𝜈 and 𝑢 as in Example 6.2.9, then 𝑢 is a 𝜆𝑔
𝛼-

homeomorphism but it is neither 𝜆-open nor 𝜆-irresolute, since for the 𝜆-closed set {𝑗, 𝑘} in 

(𝑁, 𝜈), 𝑢−1({𝑗, 𝑘}) = {𝑗, 𝑘} is not 𝜆-closed in (𝑀, 𝜇). 

Theorem 6.2.12 If a bijective map 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) and its inverse 𝑢−1: (𝑁, 𝜈) → (𝑀, 𝜇) 

are both 𝜆𝑔
𝛼-irresolute then it is a 𝜆𝑔

𝛼-homeomorphism. 

Proof: Let 𝑆 be an open set in (𝑀, 𝜇).  Using the Proposition 2.4.3, 𝑆 is a 𝜆𝑔
𝛼-open set in 

(𝑀, 𝜇). Since 𝑢−1 is 𝜆𝑔
𝛼-irresolute, (𝑢−1)−1(𝑆) = 𝑢(𝑆) is 𝜆𝑔

𝛼-open in (𝑁, 𝜈).  Thus 𝑢 is a 

𝜆𝑔
𝛼-open map.   
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Let 𝑇 be an open set in (𝑁, 𝜈).  Then 𝑇 is also a 𝜆𝑔
𝛼-open set in (𝑁, 𝜈).  Since 𝑢 is 

𝜆𝑔
𝛼-irresolute, 𝑢−1(𝑇) is 𝜆𝑔

𝛼-open in (𝑀, 𝜇).  Thus 𝑢 is a 𝜆𝑔
𝛼-continuous map.  Hence 𝑢 is a 

𝜆𝑔
𝛼-homeomorphism. 

The subsequent example shows that the converse of Proposition 6.2.12 does not hold good. 

Example 6.2.13 Let 𝑀 = 𝑁 = {𝑖, 𝑗, 𝑘, 𝑙, 𝑚}, 𝜇 = {𝜙, {𝑖}, {𝑗}, {𝑖, 𝑗}, {𝑗, 𝑘}, {𝑖, 𝑗, 𝑘}, {𝑗, 𝑘, 𝑙},  

{𝑖, 𝑗, 𝑘, 𝑙}, {𝑗, 𝑘, 𝑙, 𝑚}, 𝑀} and 𝜈 = {𝜙, {𝑖}, {𝑗}, {𝑖, 𝑗}, {𝑖, 𝑗, 𝑚}, {𝑖, 𝑗, 𝑘, 𝑚}, {𝑖, 𝑗, 𝑙, 𝑚}, 𝑁}.  Let 

𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) be the identity map. Then 𝑢 is a 𝜆𝑔
𝛼-homeomorphism but neither 𝑢 nor 

𝑢−1 is 𝜆𝑔
𝛼-irresolute, since for the 𝜆𝑔

𝛼-closed set {𝑖, 𝑘} in (𝑀, 𝜇), (𝑢−1)−1({𝑖, 𝑘}) =

𝑢({𝑖, 𝑘}) = {𝑖, 𝑘} is not 𝜆𝑔
𝛼-closed in (𝑁, 𝜈) and also for the 𝜆𝑔

𝛼-closed set {𝑖, 𝑗, 𝑘, 𝑚} in 

(𝑁, 𝜈), 𝑢−1({𝑖, 𝑗, 𝑘, 𝑚}) = {𝑖, 𝑗, 𝑘, 𝑚} is not 𝜆𝑔
𝛼-closed in (𝑀, 𝜇). 

Definition 6.2.14 A bijective map 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) is called 𝝀𝒈
𝜶𝓻-homeomorphism if 𝑢 

is both strongly 𝜆𝑔
𝛼-open and 𝜆𝑔

𝛼-irresolute.  In other words, a bijective map 𝑢: (𝑀, 𝜇) →

(𝑁, 𝜈) is a 𝜆𝑔
𝛼𝓇-homeomorphism if both 𝑢 and 𝑢−1 are 𝜆𝑔

𝛼-irresolute. 

 The family of all 𝜆𝑔
𝛼𝓇-homeomorphisms onto itself is denoted by 𝜆𝑔

𝛼𝓇-𝐻(𝑀, 𝜇). 

Example 6.2.15 Let 𝑀 = 𝑁 = {𝑖, 𝑗, 𝑘}, 𝜇 = {𝜙, {𝑖}, {𝑗}, {𝑖, 𝑗}, {𝑖, 𝑘}, 𝑀} and 𝜈 =

{𝜙, {𝑖}, {𝑖, 𝑗}, {𝑖, 𝑘}, 𝑁}.  Let 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) be a map defined by 𝑢(𝑖) = 𝑗, 𝑢(𝑗) = 𝑘 and 

𝑢(𝑘) = 𝑖.  Then 𝑢 is a 𝜆𝑔
𝛼𝓇-homeomorphism. 

Proposition 6.2.16 Every 𝜆𝑔
𝛼𝓇-homeomorphism 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) is a 𝜆𝑔

𝛼-

homeomorphism. 

Proof: By assumption, 𝑢 is bijective, 𝜆𝑔
𝛼-irresolute and 𝑢−1 is 𝜆𝑔

𝛼-irresolute.  Using 

Proposition 3.3.4, 𝑢 and 𝑢−1 are 𝜆𝑔
𝛼-continuous and hence by definition, the proof follows. 

The subsequent example shows that the converse of Proposition 6.2.16 does not hold good. 
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Example 6.2.17 Consider 𝑀, 𝑁, 𝜇 and 𝜈 as in Example 6.2.13.  Let 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) be a 

map defined by 𝑢(𝑖) = 𝑖, 𝑢(𝑗) = 𝑗, 𝑢(𝑘) = 𝑙, 𝑢(𝑙) = 𝑘 and 𝑢(𝑚) = 𝑚.  Then 𝑢 is a 𝜆𝑔
𝛼-

homeomorphism but neither 𝑢 nor 𝑢−1 is 𝜆𝑔
𝛼-irresolute, since for the 𝜆𝑔

𝛼-closed set {𝑖, 𝑘} in 

(𝑀, 𝜇), (𝑢−1)−1({𝑖, 𝑘}) = 𝑢({𝑖, 𝑘}) = {𝑖, 𝑙} is not 𝜆𝑔
𝛼-closed in (𝑁, 𝜈) and also for the 𝜆𝑔

𝛼-

closed set {𝑖, 𝑗, 𝑘, 𝑚} in (𝑁, 𝜈), 𝑢−1({𝑖, 𝑗, 𝑘, 𝑚}) = {𝑖, 𝑗, 𝑙, 𝑚} is not 𝜆𝑔
𝛼-closed in (𝑀, 𝜇). 

Remark 6.2.18 𝜆𝑔
𝛼𝓇-homeomorphism and homeomorphism are independent of each other 

as continuity and 𝜆𝑔
𝛼-irresoluteness are independent concepts, as the following examples 

prove. 

Example 6.2.19 Let 𝑀 = 𝑁 = {𝑖, 𝑗, 𝑘, 𝑙}, 𝜇 = {𝜙, {𝑖}, {𝑖, 𝑗}, 𝑀} and 𝜈 = {𝜙, {𝑖, 𝑗}, 𝑁}.  Let 

𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) be a map defined by 𝑢(𝑖) = 𝑘, 𝑢(𝑗) = 𝑗, 𝑢(𝑘) = 𝑖 and 𝑢(𝑙) = 𝑙.  Then 𝑢 

is continuous but not 𝜆𝑔
𝛼-irresolute, since for the 𝜆𝑔

𝛼-closed set {𝑖, 𝑘, 𝑙} in (𝑁, 𝜈), 

𝑢−1({𝑖, 𝑘, 𝑙}) = {𝑖, 𝑘, 𝑙} is not 𝜆𝑔
𝛼-closed in (𝑀, 𝜇). 

Example 6.2.20 Let 𝑀 = 𝑁 = {𝑖, 𝑗, 𝑘, 𝑙}, 𝜇 = {𝜙, {𝑖, 𝑗, 𝑘}, 𝑀} and 𝜈 = {𝜙, {𝑖}, {𝑖, 𝑗}, 𝑁}.  Let 

𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) be a map defined by 𝑢(𝑖) = 𝑖, 𝑢(𝑗) = 𝑘, 𝑢(𝑘) = 𝑗 and 𝑢(𝑙) = 𝑙.  Then 𝑢 

is 𝜆𝑔
𝛼-irresolute but not continuous, since for the closed set {𝑘, 𝑙} in (𝑁, 𝜈), 𝑢−1({𝑘, 𝑙}) =

{𝑗, 𝑙} is not closed in (𝑀, 𝜇). 

Theorem 6.2.21 For a 𝜆𝑔
𝛼𝓇-homeomorphism 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈), the equality 

𝜆𝑔
𝛼𝑐𝑙(𝑢−1(𝑇)) = 𝑢−1(𝜆𝑔

𝛼𝑐𝑙(𝑇)) holds for all 𝜆𝑔
𝛼-closed sets 𝑇 in (𝑁, 𝜈). 

Proof: Assume that 𝑢 is a 𝜆𝑔
𝛼𝓇-homeomorphism, which implies it is also a 𝜆𝑔

𝛼-irresolute 

map.  When 𝜆𝑔
𝛼𝑐𝑙(𝑇) is a 𝜆𝑔

𝛼-closed set in (𝑁, 𝜈), for 𝑇 ⊆ 𝑁, then 𝑢−1(𝜆𝑔
𝛼𝑐𝑙(𝑇)) is 𝜆𝑔

𝛼-closed 

in (𝑀, 𝜇).  Since 𝑇 ⊆ 𝜆𝑔
𝛼𝑐𝑙(𝑇), 𝑢−1(𝑇) ⊆ 𝑢−1(𝜆𝑔

𝛼𝑐𝑙(𝑇)).  Therefore, 𝜆𝑔
𝛼𝑐𝑙(𝑢−1(𝑇)) ⊆

𝑢−1(𝜆𝑔
𝛼𝑐𝑙(𝑇)). 

 Conversely, by hypothesis 𝑢−1 is a 𝜆𝑔
𝛼-irresolute map.  When 𝜆𝑔

𝛼𝑐𝑙(𝑢−1(𝑇)) is a 𝜆𝑔
𝛼-

closed set in (𝑀, 𝜇), (𝑢−1)−1(𝜆𝑔
𝛼𝑐𝑙(𝑢−1(𝑇))) = 𝑢(𝜆𝑔

𝛼𝑐𝑙(𝑢−1(𝑇))) is 𝜆𝑔
𝛼-closed in (𝑁, 𝜈).  
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Since 𝑇 ⊆ (𝑢−1)−1(𝑢−1(𝑇)) ⊆ (𝑢−1)−1(𝜆𝑔
𝛼𝑐𝑙(𝑢−1(𝑇))) = 𝑢(𝜆𝑔

𝛼𝑐𝑙(𝑢−1(𝑇))).  Therefore 

𝜆𝑔
𝛼𝑐𝑙(𝑇) ⊆ 𝑢(𝜆𝑔

𝛼𝑐𝑙(𝑢−1(𝑇))) ⇒ 𝑢−1(𝜆𝑔
𝛼𝑐𝑙(𝑇)) ⊆ 𝜆𝑔

𝛼𝑐𝑙(𝑢−1(𝑇)).  Thus, the equality holds. 

Corollary 6.2.22 For a 𝜆𝑔
𝛼𝓇-homeomorphism 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈), the equality 

𝜆𝑔
𝛼𝑐𝑙(𝑢(𝑇)) = 𝑢(𝜆𝑔

𝛼𝑐𝑙(𝑇)) holds for all 𝜆𝑔
𝛼-closed sets 𝑇 in (𝑁, 𝜈). 

Proof: Since 𝑢 is a 𝜆𝑔
𝛼𝓇-homeomorphism, 𝑢−1 is also a 𝜆𝑔

𝛼𝓇-homeomorphism.  Hence using 

Theorem 6.2.21, 𝜆𝑔
𝛼𝑐𝑙((𝑢−1)−1(𝑇)) = (𝑢−1)−1(𝜆𝑔

𝛼𝑐𝑙(𝑇)), for all 𝜆𝑔
𝛼-closed sets 𝑇 in (𝑁, 𝜈).  

Hence the proof follows. 

Corollary 6.2.23 For a 𝜆𝑔
𝛼𝓇-homeomorphism 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈), the equality 

𝜆𝑔
𝛼𝑖𝑛𝑡(𝑢(𝑆)) = 𝑢(𝜆𝑔

𝛼𝑖𝑛𝑡(𝑆)) holds for all 𝜆𝑔
𝛼-open sets 𝑆 in (𝑀, 𝜇). 

Proof: Using the fact that “𝜆𝑔
𝛼𝑖𝑛𝑡(𝑆) = 𝑀 ∖ [𝜆𝑔

𝛼𝑐𝑙(𝑀 ∖ 𝑆)]” and using the Corollary 6.2.22 

the proof follows. 

Corollary 6.2.24 For a 𝜆𝑔
𝛼𝓇-homeomorphism 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈), the equality 

𝜆𝑔
𝛼𝑖𝑛𝑡(𝑢−1(𝑇)) = 𝑢−1(𝜆𝑔

𝛼𝑖𝑛𝑡(𝑇)) holds for all 𝜆𝑔
𝛼-open sets 𝑇 in (𝑁, 𝜈). 

Proof: Since 𝑢 is 𝜆𝑔
𝛼𝓇-homeomorphism, 𝑢−1 is also a 𝜆𝑔

𝛼𝓇-homeomorphism and by 

Corollary 6.2.23 the proof follows. 

Remark 6.2.25 The composition of two 𝜆𝑔
𝛼-homeomorphisms need not be a 𝜆𝑔

𝛼-

homeomorphism as described in the next example. 

Example 6.2.26 Let 𝑀 = 𝑁 = 𝐾 = {𝑖, 𝑗, 𝑘}, 𝜇 = {𝜙, {𝑖}, {𝑖, 𝑗}, 𝑀}, 𝜈 =

{𝜙, {𝑖}, {𝑖, 𝑗}, {𝑖, 𝑘}, 𝑁} and 𝜅 = {𝜙, {𝑖}, {𝑗, 𝑘}, 𝐾}.  Let 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) be the identity 

map, 𝑤: (𝑁, 𝜈) → (𝐾, 𝜅) be a map defined by 𝑤(𝑖) = 𝑗, 𝑤(𝑗) = 𝑖 and 𝑤(𝑘) = 𝑘.  Then both 

𝑢 and 𝑤 are 𝜆𝑔
𝛼-homeomorphisms but their composition (𝑤 ∘ 𝑢): (𝑀, 𝜇) → (𝐾, 𝜅) is not a 

𝜆𝑔
𝛼-homeomorphism, since for the open set {𝑖} in (𝐾, 𝜅), (𝑤 ∘ 𝑢)({𝑖}) = 𝑤(𝑢({𝑖})) = {𝑗}  

is not 𝜆𝑔
𝛼-open in (𝑀, 𝜇).  Therefore (𝑤 ∘ 𝑢) is not a 𝜆𝑔

𝛼-open map. 
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Theorem 6.2.27 The composition of two homeomorphisms is a 𝜆𝑔
𝛼-homeomorphism. 

Proof: Let 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) and 𝑤: (𝑁, 𝜈) → (𝐾, 𝜅) be two homeomorphisms.  Let 𝑄 be 

the open set in (𝐾, 𝜅).  By assumption, 𝑤 is continuous and so 𝑤−1(𝑄) is an open set in 

(𝑁, 𝜈).  Also 𝑢 is continuous and therefore 𝑢−1(𝑤−1(𝑄)) = (𝑤 ∘ 𝑢)−1(𝑄) is an open set in 

(𝑀, 𝜇).  By Proposition 2.4.3, (𝑤 ∘ 𝑢)−1(𝑄) is a 𝜆𝑔
𝛼-open set in (𝑀, 𝜇).  Hence 

(𝑤 ∘ 𝑢): (𝑀, 𝜇) → (𝐾, 𝜅) is 𝜆𝑔
𝛼-continuous. 

 Let 𝑆 be an open set 𝑆 in (𝑀, 𝜇).  By assumption, 𝑢 is an open map and so 𝑢(𝑆) is 

an open set in (𝑁, 𝜈).  Also 𝑤 is an open map and therefore 𝑤(𝑢(𝑆)) = (𝑤 ∘ 𝑢)(𝑆) is an 

open set in (𝐾, 𝜅).  By Proposition 2.4.3, (𝑤 ∘ 𝑢)(𝑆) is also a 𝜆𝑔
𝛼-open set in (𝐾, 𝜅) and 

hence (𝑤 ∘ 𝑢): (𝑀, 𝜇) → (𝐾, 𝜅) is a 𝜆𝑔
𝛼-open map. 

 Since 𝑢 and 𝑤 are bijective maps, (𝑤 ∘ 𝑢) is also a bijective map.  Hence (𝑤 ∘ 𝑢) is 

a bijective, 𝜆𝑔
𝛼-open and 𝜆𝑔

𝛼-continuous map.  Therefore (𝑤 ∘ 𝑢) is a 𝜆𝑔
𝛼-homeomorphism. 

Theorem 6.2.28 The composition of two 𝜆𝑔
𝛼𝓇-homeomorphisms is a 𝜆𝑔

𝛼𝓇-

homeomorphism. 

Proof: Let 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) and 𝑤: (𝑁, 𝜈) → (𝐾, 𝜅) be two 𝜆𝑔
𝛼𝓇-homeomorphisms.  Let 

𝑇 be the 𝜆𝑔
𝛼-closed set in (𝐾, 𝜅).  Consider (𝑤 ∘ 𝑢)−1(𝑇) = 𝑢−1(𝑤−1(𝑇)) = 𝑢−1(𝑆), where 

𝑆 = 𝑤−1(𝑇).  By assumption, 𝑆 is a 𝜆𝑔
𝛼-closed set in (𝑁, 𝜈) and hence 𝑢−1(𝑆) is a 𝜆𝑔

𝛼-closed 

set in (𝑀, 𝜇).  Thus (𝑤 ∘ 𝑢): (𝑀, 𝜇) → (𝐾, 𝜅) is 𝜆𝑔
𝛼-irresolute. 

 Let 𝐸 be a 𝜆𝑔
𝛼-closed set in (𝑀, 𝜇).  Consider [(𝑤 ∘ 𝑢)−1]−1(𝐸) = (𝑤 ∘ 𝑢)(𝐸) =

𝑤(𝑢(𝐸)) = 𝑤(𝐹) where 𝐹 = 𝑢(𝐸).  By assumption 𝑤(𝐹) is a 𝜆𝑔
𝛼-closed set in (𝑁, 𝜈) and 

𝑤(𝑢(𝐸)) is a 𝜆𝑔
𝛼-closed set in (𝐾, 𝜅).  Therefore (𝑤 ∘ 𝑢)−1: (𝐾, 𝜅) → (𝑀, 𝜇)  is 𝜆𝑔

𝛼-

irresolute.  Hence (𝑤 ∘ 𝑢) is 𝜆𝑔
𝛼𝓇-homeomorphism. 
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Theorem 6.2.29 If 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) and 𝑤: (𝑁, 𝜈) → (𝐾, 𝜅) are bijective maps such that 

𝑢 is open, 𝜆𝑔
𝛼-continuous and 𝑤 is a homeomorphism then their composition (𝑤 ∘

𝑢): (𝑀, 𝜇) → (𝐾, 𝜅) is a 𝜆𝑔
𝛼-homeomorphism. 

Proof: Let 𝑆 be the open set in (𝐾, 𝜅).  From assumption, 𝑤−1(𝑆) is open in (𝑁, 𝜈) and 

(𝑤 ∘ 𝑢)−1(𝑆) = 𝑢−1(𝑤−1(𝑆)) is open.  By Proposition 2.4.3, (𝑤 ∘ 𝑢)−1(𝑆) is a 𝜆𝑔
𝛼-open set 

in (𝑀, 𝜇).  Therefore, (𝑤 ∘ 𝑢) is 𝜆𝑔
𝛼-continuous. 

 Let 𝑇 be the open set in (𝑀, 𝜇).  From assumption, 𝑢(𝑇) is open in (𝑁, 𝜈) and 

(𝑤 ∘ 𝑢)(𝑇) = 𝑤(𝑢(𝑇)) is open in (𝐾, 𝜅). By Proposition 2.4.3, (𝑤 ∘ 𝑢)(𝑇) = 𝑤(𝑢(𝑇)) is 

𝜆𝑔
𝛼-open in (𝐾, 𝜅).  Therefore (𝑤 ∘ 𝑢) is 𝜆𝑔

𝛼-open.  Also, since 𝑢 and 𝑤 are bijective maps, 

(𝑤 ∘ 𝑢) is also a bijective map.  Hence (𝑤 ∘ 𝑢) is a 𝜆𝑔
𝛼-homeomorphism. 

Remark 6.2.30 The above theorem holds good even if 𝑢 is open and 𝜆𝑔
𝛼-irresolute. 

Theorem 6.2.31 The set 𝜆𝑔
𝛼𝓇-𝐻(𝑀, 𝜇) forms a group under the operation composition of 

mappings. 

Proof: Consider the binary operation ⋆ : [𝜆𝑔
𝛼𝓇-𝐻(𝑀, 𝜇) × 𝜆𝑔

𝛼𝓇-𝐻(𝑀, 𝜇)] → 𝜆𝑔
𝛼𝓇-𝐻(𝑀, 𝜇) 

defined by (𝑝 ⋆ 𝑞) = (𝑝 ∘ 𝑞) ∀ 𝑝, 𝑞 ∈ 𝜆𝑔
𝛼𝓇-𝐻(𝑀, 𝜇), where ∘ is the usual operation of 

composition of mappings.   Using Theorem 6.2.28, (𝑝 ∘ 𝑞) ∈ 𝜆𝑔
𝛼𝓇-𝐻(𝑀, 𝜇), this satisfies 

the closure property.  Associative property holds, since the composition of mappings is 

always associative.  The identity map 𝐼: (𝑀, 𝜇) → (𝑀, 𝜇) is a 𝜆𝑔
𝛼𝓇-homeomorphism and 𝐼 ∈

𝜆𝑔
𝛼𝓇-𝐻(𝑀, 𝜇).  Also, 𝑝 ∘ 𝐼 = 𝐼 ∘ 𝑝 = 𝑝, ∀ 𝑝 ∈ 𝜆𝑔

𝛼𝓇-𝐻(𝑀, 𝜇).  For any 𝑝 ∈ 𝜆𝑔
𝛼𝓇-𝐻(𝑀, 𝜇), 

𝑝−1 ∈ 𝜆𝑔
𝛼𝓇-𝐻(𝑀, 𝜇) and 𝑝 ∘ 𝑝−1 = 𝑝−1 ∘ 𝑝 = 𝐼.  Hence the set 𝜆𝑔

𝛼𝓇-𝐻(𝑀, 𝜇) forms a group 

under composition of mappings. 

Theorem 6.2.32 Let 𝑢: (𝑀, 𝜇) → (𝑁, 𝜈) be a 𝜆𝑔
𝛼𝓇-homeomorphism, then 𝑢 induces an 

isomorphism from the group 𝜆𝑔
𝛼𝓇-𝐻(𝑀, 𝜇) onto the group 𝜆𝑔

𝛼𝓇-𝐻(𝑁, 𝜈). 
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Proof: Let 𝜗𝑢: 𝜆𝑔
𝛼𝓇-𝐻(𝑀, 𝜇) → 𝜆𝑔

𝛼𝓇-𝐻(𝑁, 𝜈) be a map defined by 𝜗𝑢(𝑝) = (𝑢−1 ∘ 𝑝 ∘ 𝑢), 

∀ 𝑝 ∈ 𝜆𝑔
𝛼𝓇-𝐻(𝑀, 𝜇).  

For 𝑝1 ≠ 𝑝2, if 𝜗𝑢(𝑝1) = 𝜗𝑢(𝑝2) then (𝑢−1 ∘ 𝑝1 ∘ 𝑢) = (𝑢−1 ∘ 𝑝2 ∘ 𝑢).  Hence 𝑝1 = 𝑝2, 

which contradicts the assumption.  Therefore 𝜗𝑢 is one-to-one. 

For 𝑞 ∈ 𝜆𝑔
𝛼𝓇-𝐻(𝑁, 𝜈), choose 𝑝 ∈ 𝜆𝑔

𝛼𝓇-𝐻(𝑀, 𝜇), such that 𝜗𝑢(𝑝) = (𝑢−1 ∘ 𝑝 ∘ 𝑢) = 𝑞.  

That is 𝑝 = (𝑢 ∘ 𝑝 ∘ 𝑢−1) ∈ 𝜆𝑔
𝛼𝓇-𝐻(𝑀, 𝜇).  Therefore 𝜗𝑢 is onto and hence 𝜗𝑢 is a bijective 

map. 

For all 𝑝1, 𝑝2 ∈ 𝜆𝑔
𝛼𝓇-𝐻(𝑀, 𝜇), 𝜗𝑢(𝑝1 ∘ 𝑝2) = (𝑢−1 ∘ (𝑝1 ∘ 𝑝2) ∘ 𝑢) = (𝑢−1 ∘ 𝑝1 ∘ 𝑢) ∘

(𝑢−1 ∘ 𝑝2 ∘ 𝑢) = 𝜗𝑢(𝑝1) ∘ 𝜗𝑢(𝑝2).  Hence 𝜗𝑢 is a homomorphism.  Thus 𝜗𝑢 is an 

isomorphism induced by 𝑢. 

Theorem 6.2.33 𝜆𝑔
𝛼𝓇-homeomorphism is an equivalence relation in the collection of all 

topological spaces. 

Proof: Let 𝔇 be the collection of all topological spaces.  For (𝑀, 𝜇),(𝑁, 𝜈) ∈ 𝔇, define a 

relation ℛ on 𝔇 such that (𝑀, 𝜇) ℛ (𝑁, 𝜈) if and only if (𝑀, 𝜇) and (𝑁, 𝜈) are 𝜆𝑔
𝛼𝓇-

homeomorphism to each other. 

Reflexivity: (𝑀, 𝜇) ℛ (𝑀, 𝜇) is obvious from the relation defined. 

Symmetricity: (𝑀, 𝜇) ℛ (𝑁, 𝜈) ⇒ (𝑁, 𝜈) ℛ (𝑀, 𝜇)  

Transitivity: follows from Theorem 6.2.28. 

Hence the proof.  

  


