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SYNOPSIS



SYNOPSIS

Chapter-1 deals with an Introduction of graph theory, Review of literature
and discussed some of the important definitions like Fuzzy Set, Intuitionistic
Fuzzy Set, Pythagorean Fuzzy Set, Spherical Fuzzy Set, Fuzzy Graph,
Intutionistic Fuzzy Graph, Pythagorean Fuzzy Graph and Spherical Fuzzy Graph.

Chapter-11 deals with the extended concepts of Pythagorean Fuzzy
Environment and also described Regular Maximal Product in Pythagorean Fuzzy
Set and Regular Residue Product in Pythagorean Fuzzy Set as well as included

some operations such as Connectedness, Completeness and Strongness.

Chapter-111 deals with new ideas of Spherical Fuzzy Environment, Which
is an extension of Pythagorean Fuzzy Environment. We discussed the
combination of two Spherical Fuzzy Graphs using Products namely Maximal
Product and Residue Product and also included some operations such as

Connectedness, Completeness and strongness.
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CHAPTER 1
1.1 INTRODUCTION

Fuzzy sets were introduced by Zadeh in 1965. The notion of fuzzy set theory
has caused great interest among both pure and applied mathematics. This day’s
fuzzy set hypothesis has arisen as a likely space of interdisciplinary exploration. It
has fruitful applications in different fields as a phenomenal apparatus for
addressing human information and discernment.

Atanassov (1983) introduced the concept of intuitionistic fuzzy set as a
generalisation of fuzzy sets. Intuitionistic fuzzy models provide more precision,
flexibility and compatibility to the system compared to the fuzzy models and he
also added new components that determine the degree of non-membership in the
definition of fuzzy set. The fuzzy sets give the degree of membership, while
intuitionistic fuzzy sets give both the degree of membership and the degree of
non-membership, which are more or less independent from each other; the only
requirement is that the sum of these two degrees is not greater than one.
Intuitionistic fuzzy sets have been applied in a wide variety of fields, including
computer science, engineering, mathematics, medicine, chemistry, and economics.

Atanassov (1989) introduced new results on intuitionistic fuzzy sets and also
defined two new operations on intuitionistic fuzzy sets and their basic properties.
Young et al. (2005) using the notion intuitionistic fuzzy sets, the concept of
intuitionistic fuzzy semi-preopen sets and intuitionistic fuzzy semi-precontinuous
mappings are introduced.

Yager, proposed a brand-new extension of fuzzy set called Pythagorean fuzzy
set (PFS), which has been successfully applied in many fields for decision making
procedures. PFS is characterized by a membership and non-membership function
satisfies the condition that the square sum of membership and non-membership is
less than or equal to one.

Spherical fuzzy set is a generalization of picture fuzzy set and Pythagorean
fuzzy set. There is a need of spherical fuzzy set to tackle an interesting scenario

emerge when picture fuzzy sets and Pythagorean fuzzy sets both failed to handle.



We can study the neutral degree in spherical fuzzy set where as in Pythagorean
fuzzy sets and picture fuzzy sets it doesn’t. In spherical fuzzy set, membership
degrees are gratifying the condition0 < P?(x)+ 1?(x)+ N?*(x) <1.

In Mathematics, Graph theory is the investigation of graphs, which are
numerical designs used to display the relationship between two or more objects or
with set of vertices and edges. Mathematics plays an essential role in our day to
day life. The graph theory origin can be traced back to Euler’s work on the
Konigsberg bridges problem in 1735.

Kaufmann (1973) gave first definition of fuzzy graph based on Zadeh’s fuzzy
relations. But it was Rosenfeld who laid the foundations for fuzzy graph theory in
1975. Generalization of fundamental ideas of graph theory like paths, cycles,
trees, connectedness, and their properties to fuzzy graph theory have been done by
Rosenfeld. Fuzzy graph models can address the complex, imprecise and uncertain
problems where classical graph models may fail. Thus, a fuzzy graph
representation is more appropriate to reality than crisp graph representation. Fuzzy
graph theory has applications in the modern science and technology especially in
the fields of information theory, neural network, expert systems, cluster analysis,
medical diagnosis, control theory, etc. Bhattacharya (1987) introduced the notions
of eccentricity and centre on the fuzzy graph.

The idea of intuitionistic fuzzy graph was created by Atanassov in 1994.
Intuitionistic fuzzy graphs discover more extensive applications in clinical
science, the executive’s science, designing, software engineering and so forth. In
the whole application field, it helps in demonstrating constant framework where
the data acquired changes with various degrees of accuracy. Parvathi and
Karunambigai in 2006 gave another meaning of intuitionistic fuzzy graphs and
discuss some properties. Further investigated different procedure on min-max
intuitionistic fuzzy graphs. Akram and Alshehri in 2014 made a new
understanding on bends, scaffolds and cutnodes of an intuitionistic fuzzy graph.

Recently, Naz et al. (2018) initially presented the idea of Pythagorean Fuzzy
Graph (PFG). Akram et al. (2018) introduced certain notions, including
intuitionistic fuzzy Graphs of 3-Type (IFGs3T), Intuitionistic Fuzzy Graphs of 4-



Type (IFGs4T), and Intuitionistic Fuzzy Graphs of n-Type (IFGsnT), and proved
that every IFG (n-1)T is an IFGsnT, and also discussed the application of
Pythagorean fuzzy graphs in decision making.

Spherical Fuzzy Graph deals with many real time issues and to modify the
bounding constraint. The motto of this research is to merge two Spherical Fuzzy
Graphs using products namely Maximal Product and Residue Product. Therefore,
we discuss with the standard properties such as connectedness, completeness and
strongness with appropriate illustrations.

Chapter-I deals with an introduction of graph theory review of literature
and discussed some of the important definitions like Fuzzy set, Intuitionistic
Fuzzy Set, Pythagorean Fuzzy Set, Spherical Fuzzy Set, Fuzzy Graph,
Intutionistic Fuzzy Graph, Pythagorean Fuzzy Graph and Spherical Fuzzy Graph.

Chapter-11 deals with the extended concepts of Pythagorean Fuzzy
Environment and also described Regular Maximal Product in Pythagorean Fuzzy
Set and Regular Residue Product in Pythagorean Fuzzy Set as well as included
some operations such as Connectedness, Completeness and Strongness.

Chapter-I11 deals with new ideas of Spherical Fuzzy Environment, Which
is an extension of Pythagorean Fuzzy Environment. We discussed the
combination of two Spherical Fuzzy Graphs using Products namely Maximal
Product and Residue Product and also included some operations such as

Connectedness, Completeness and Strongness.



1.2 REVIEW OF LITERATURE

In 1965, Zadeh was introduced a fuzzy set is a class of objects with a
continuum of grades of membership. Such a set is characterised by a membership
(characteristic) function that assigns to each object a grade of membership ranging
between zero and one.

In 1983, Atanassov defined the concept Intuitionistic Fuzzy Set (IFS) as a
generalization of the concept fuzzy set. Various properties are proved, which are
connected to the operations and relations over sets, and with modal and
topological operators, defined over the set of IFS's. In 1989, Atanassov defined
new results on Intuitionistic fuzzy sets. Two new operators on intuitionistic fuzzy
sets are defined and their basic properties are studied. Krassimir T. Atanassov
(1998) was established the intuitionistic fuzzy set (IFS) which is generalization of
the fuzzy set. Later he extended various concepts and properties of intuitionistic
fuzzy set.

In 2005, Young et al. using the notion of intuitionistic fuzzy sets, the
concepts of intuitionistic fuzzy semi-preopen sets and intuitionistic fuzzy semi-
precontinuous mappings were introduced. The relation between an intuitionistic
fuzzy precontinuous mapping and an intuitionistic semi-precontinuous mapping is
given. Characterizations of intuitionistic fuzzy semi-preopen sets and intuitionist
fuzzy semi-precontinuous mappings are given.

Yager (2013) introduced a Pythagorean fuzzy set (PFS), whose origin from
great philosophers, mathematicians named Pythagoras. Yager suggests that PFS is
useful for decision making purpose.

In 2014, Yager introduced a class of nonstandard Pythagorean fuzzy subsets
whose membership grades are pairs (a,b) satisfying the requirement a? + b’<1.
They also introduce a variety of aggregation operations for these Pythagorean
fuzzy subsets. Then look at multicriteria decision making in the case where the
criteria satisfaction is expressed using Pythagorean membership grades. The issue
of having to choose the best alternative in multicriteria decision making leads us

to consider the problem of comparing Pythagorean membership grades.



Garg (2018) explored an idea of Pythagorean fuzzy sets in decision-making.
Later he proposed concept of Pythagorean fuzzy set (PFS) has been extended to
interval-valued Pythagorean fuzzy set and hesitant Pythagorean fuzzy set.

In 2019, Xindong Peng et al. present an overview of the Pythagorean fuzzy
set with the aim of offering a clear perspective on the different concepts, tools,
and trends related to their extension. In particular, we provide two novel
algorithms for decision-making problems in a Pythagorean fuzzy environment. It
may serve as a foundation for developing more algorithms in decision-making.

In 1735, graph theory was first introduced by Swiss mathematician
Leonhard Euler by solving a Konigsberg bridge problem.

In 1973, Kaufmann gave first definition of fuzzy graph based on Zadeh’s
fuzzy relations. In 1975, Rosenfeld developed the theory of fuzzy graphs and also
defined generalization of fundamental ideas of graph theory like paths, cycles,
trees, connectedness, and their properties to fuzzy graph theory.

In 1987, Bhattacharya introduces the notions of eccentricity and center, and
their examples indicate that results from (crisp) graph theory do not always have
analogues for fuzzy graphs.

In 2006, Atanassov et al. discuss a new generalization of the Intuitionistic
Fuzzy Graphs (IFGs), using as a basis the concepts of the Intuitionistic Fuzzy Sets
(IFSs), Intuitionistic Fuzzy Relations (IFRs), and Index Matrices (IMs) and their
basic concepts.

In 2006, Parvathi et al. introduced a new definition for intuitionistic fuzzy
graphs and some properties of intuitionistic fuzzy graphs are considered and the
authors introduced the notions of various concepts. These concepts are analysed
through suitable illustrations. In 2007, Karunambigai et al. present a model based
on dynamic programming to find the shortest paths in intuitionistic fuzzy graphs.

In 2018, Naz et al. proposed the Pythagorean Fuzzy Graph (PFG). They
investigate some properties of our proposed graphs. We determine the degree and
total degree of a vertex of PFGs. Moreover, they introduce the concept of
Pythagorean Fuzzy Preference Relations (PFPRs). In particular, we solve

decision-making problems, including hospital evaluations, partner selection in



supply chain management, and electronic learning main factors evaluation, by
using PFGs.

In 2018, Garg proposes an improved score function for solving Multi-
Criteria Decision-Making (MCDM) problems with partially known weight
information. In it, the preferences related to criteria are taken in the form of
interval-valued Pythagorean fuzzy sets. Based on these preferences and an
improved score function, a score matrix has been formulated and then a linear
programming-based method has been proposed to solve MCDM problems with
unknown attribute weights. Some generalised properties have also been proven
with justification. Illustrative examples have been given to show the superiority of
the approach over the other existing functions in the decision-making process.

Muhammad Akram et al. (2019) extended the definition of Pythagorean
fuzzy sets (PFS) to Pythagorean fuzzy graphs (PFG) and its properties, and
studied the regularity of Pythagorean fuzzy graph (PFG) product. The
Pythagorean fuzzy graph is an extension of intuitionistic fuzzy graph and it
provides an accurate value for the problem which is vague.

In 2019, Akram et al. defined the concept of Pythagorean fuzzy sets for
graphs and then combined two Pythagorean Fuzzy Graphs (PFGs) using two new
graph products, namely, the maximal product and the residue product. The author
investigates the regularity of these products. Moreover, it discusses some eminent
properties such as strongness, connectedness, and completeness. Further, it
proposes some necessary and sufficient conditions for G1*G2 and G1.G2 to be
regular. Finally, decision-making problems concerning the best company for
investment and alliance partner selection of a software company are solved by
better understanding PFGs.

In 2019, Xindong Peng et al. present an overview of the Pythagorean fuzzy
set with the aim of offering a clear perspective on the different concepts, tools,
and trends related to their extension. In particular, we provide two novel
algorithms for decision-making problems in a Pythagorean fuzzy environment. It

may serve as a foundation for developing more algorithms in decision-making.



In 2020, Akalyadevi et al. introduced spherical fuzzy graph in bipolar
environment and discussed the operation on bipolar spherical fuzzy graphs
namely, symmetric difference and rejection with brief description on degree and
total degree of bipolar spherical fuzzy graphs.

In 2020, Akalyadevi et al. Compared to fuzzy set and all other versions of
fuzzy set, neutrosophic sets can handle imprecise information in a more effective
way. A Neutrosophic cubic set, which is the generalization of neutrosophic set,
are more flexibile as well as compatible to the system compared to other existing
fuzzy models. On other hand, graph is a very easy way to understand and handle a
problem physically in the form of diagrams. We introduce spherical fuzzy
neutrosophic cubic graph and single-valued neutrosophic spherical cubic graphs in
bipolar setting and discuss some of their properties such as Cartesian product,
composition, m-join, n-join, m-union, n-union. We also present a numerical
example of the defined model which depicts the advantage of the same. Finally,
we define a score function and minimum spanning tree algorithm of an undirected
bipolar single-valued neutrosophic spherical cubic graph with a numerical
example.

In 2020, Akalyadevi et al. proposed an algorithm for finding minimum
spanning tree of an undirected bipolar graph where the edge lengths are
represented by bipolar spherical fuzzy number. To construct the minimum
spanning tree of undirected bipolar spherical fuzzy graph, a new algorithm and
score function based on matrix approach has been introduced. The proposed

method compare with some existing method are also discussed.



FS
FR
IFS
IFR
PFS
PFR
SFS
SFR
FG
IFG
PFG
SFG

NOTATIONS

Fuzzy set

Fuzzy Relation
Intuitionistic Fuzzy Set
Intuitionistic Fuzzy Relation
Pythagorean Fuzzy Set
Pythagorean Fuzzy Relation
Spherical Fuzzy Set
Spherical Fuzzy Graph
Fuzzy Graph

Intuitionistic Fuzzy Graph
Pythagorean Fuzzy Graph
Spherical Fuzzy Graph



1.3 PRELIMINIARIES
Definition 1.3.1

A Fuzzy Set (FS) on a universe Y is an object of the form represents the
membership

m={(n, o, () In €Y}

Where o, 1Y —[0,1] represents the membership functions of m.

Definition 1.3.2

A Fuzzy seton Y x Y is said to be a Fuzzy Relation (FR) onY , denoted by
n={n\a,MA)|weYxY}

Where o, : Y x Y —[0,1] represents the membership function of m.

Definition 1.3.3

An Intuitionistic Fuzzy Set (IFS) on a universe X is an object of the form
m={(n, &, (n).Bn (M) In Y},

Where o, 1Y —>[O,1] and B, :Y—>[O,1] represents the membership and non-

membership  functions of m, and «o,,B, satisfies the condition
0<a,m)+B,(n)<l foralln Y.

Definition 1.3.4

An Intuitionistic Fuzzy Relation (IFR) n=(o,(n,A),$,(m,A)) in an Universe
Y xY (Mm(Y —Y)) is an intutionistic fuzzy set of the form

n={(M.2A),a,(n,2),B, (N, W) (U, V) eY x Y|

Where a, 1 YxY —[0,1] andB, : Y xY —[0,1]. The Intuitionistic fuzzy relation
m satisfies 0<a,(m,A)+B,(n,A) <lforall n,AeY.



Definition 1.3.5

A Pythagorean Fuzzy Set (PFS) on a universe Y is an object of the form

m={n, o, (M),Bn (M) In €Y}

Where a, :Y —[0,1] and B, :Y —[0,1] represents the membership and non-
membership  functions of m, and «,,B, satisfies the condition
0<a(n)+pi(m)<1forall neY.

Definition 1.3.6

A Pythagorean Fuzzy Set n on YxY s said to be a Pythagorean Fuzzy
Relation (PFR) on X, denoted by

n={(n, o, (1), B, (1) InheY x Y}

Where a,:YxY —[0,1]and B,:YxY —[0,1] represents the membership
function and non- membership functions of n, o,,B, satisfies the condition
0<a?(Mr)+pE(Aa)<iforallnieYxY.

Definition 1.3.7
A Spherical Fuzzy Set (SFS) on a universe Y is an object of the form

m={n, a, (), B,(n).t,()In €Y}

where a,:Y—[01] , B,:Y—[01] and <,:Y—[0,1] represents the
membership, non-membership and Indeterminancy functions of m, and o, ,B,,
and 1, satisfies the condition 0<a?(n)+B2(n)+7%(n)<1 foralln €Y.

Definition 1.3.8

A Spherical Fuzzy Set n on YxY s said to be Spherical Fuzzy Relation
(SPR) onY , denoted by

n={(n o, (M2). B, (M2) 7, (W) Inre Y x Y

o, YxY—[01], B,:YxY—[01], 1, :YxY —>[0,1]

10



represents the membership ,non-membership and Indeterminancy of N and
a,,B, and T, satisfies the condition 0 <aZ(mA)+p2(mA)+t2(mAr)<1 for all

nA eYxY.

Definition 1.3.9

A Graph G is finite non-empty set of objects called vertices together with a set of
unordered pairs of distinct vertices of G, called edges. The vertex set and the edge
set of G are respectively denoted by V (G) and E (G) is denoted by G= (V, E).

Definition 1.3.10

The Degree of a vertex vin a graph G is the number of edges of G Incident with v
and is denoted by deg(v) andd(v).

Definition 1.3.11

The cardinality of the vertex V(G)is said to be the Order of the graph G.

Definition 1.3.12

A Graph in which each vertex has the same degree is a Regular Graph.

Definition 1.3.13

A Simple Graph in which each pair of distinct vertices is adjacent is a Complete
Graph.

Definition 1.3.14

A graph is said to be Connected if there exists at least one path between every
pair of vertices.

Definition 1.3.15

A Graph can split into an Independent Components. Then it is called as
Disconnected Graph

Definition 1.3.16

A Fuzzy Graph (FG) on a non-empty set Y is a pair g:(m,n) with M a FS on
Y and N afuzzy relation on Y such that

o, (MA)<a, (Ao, ()

11
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Foralln,AeY ,where m:Y —[0,1] andn:YxY —[0,1].

Definition 1.3.17

An Intuitionistic Fuzzy Graph (IFG) on a non-empty set Y is a pair g=(m,n)
with m anIFSon Y and n an IFR on Y such that

o, (A)< o, ()ra, () L B, (MA)2 B, ()v B, (~)

And 0< o, (nA)+P,(nr)<1 foralln,LeY , where o, : Y xY —[0,1]and
B, :YxY —[0,1] represents the membership function and non- membership
functions of n, respectively.

Definition 1.3.18

A Pythagorean Fuzzy Graph (PFG) on a non-empty set Y is a pair g = (m, n)
with m aPFSon Y and naPFRon Y such that

o, ()<, (Ao, (), B, (MA)2B, (n)v B, (~)

and0< o?(nA)+B2(mA)<1 for alln,AeY, where o, :YxY —[0,1]and
B,:YxY —[0,1] represents the membership function and non- membership
functions of n, respectively.

Definition 1.3.19

A Spherical Fuzzy Graph (SFG) on a non-empty set Y is a pair g:(m,n) with
M anSFSon Y and N anSFRon Y such that

o, (MA)<a, (Ao, @) ,
B, (1)< B, (M)ABL (),
()21, (MA)v T, ()

and 0<a?(nA)+p2(mA)+t2(nr)<1 for alln,LeY , where, o, :YxY —[0]]
B,:YxY—[01] and t,:YxY—[0,1] represents the membership, non-
membership and indeterminacy functions of n, respectively.
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CHAPTER -2
Certain Graphs under Pythagorean Fuzzy Environment
2.1 Regular maximal product in Pythagorean fuzzy graphs
Definition 2.1.1
Let g,=(A,,B))and g,=(A,,B,) be two PFGS of G,=(V,E;) and

G, =(V,,E,)respectively. The maximal product of g, and g, is denoted by
g, *d, =(A, *A,,B, *B,) and defined as:

(l'lA1 *Ua, XUUUZ): MAl(ul)vqu (uz)
() (VA1 *Va, XUPUZ):VA(ul)/\VAZ(uZ)
forall (u,,u,)e V, xV,

(b, # b, (0, XUV, ) = i, () g (U,v,)
(if) (Vﬁl *V, X(u’ uz)(uivz)): Va, (U)Avﬁz(uzvz)

forallu e V,andu,v, €,

(“131 *Ug, X(Hl’ Z)(Vu Z)) = Hp, (ulvl)v Ha, (Z)
(iii) 1 (v, * v, KUy, 2)(V1,2)) = vy, (Uy, V) AV (2)

forallzeV,andu,v, eE,

Definition 2.1.2

A Pythagorean fuzzy graph g = (A, B) is said to be a Strong Pythagorean fuzzy
graph of underlying crisp graph G =(V,E) if

Ha (u)/\ Ha (V)’
va(u)vv,(v)forall uveE

“’B(uv)

VB(UV)

Example 2.1.3

Consider a graph G =(V,E) where V=1{a,b,c,d,e,f} andE = {af,bf cf,df ,ef }.
Let A and B be Pythagorean fuzzy vertex set and Pythagorean fuzzy edge set
defined on V and V x V respectively.

13



(0.6,0.5)
c

(05,0.7)

i
(0.4,0.7)

Figure 2.1

By routine calculation, one can see from fig that is a strong Pythagorean fuzzy
graph.

Theorem 2.1.4

If g,=(A,,B,)and g, =(A,,B,) are two strong PFGs, then their maximal
product is also a strong PFG.

Proof

Let g, =(A,,B,) and g, =(A,,B,) be two strong PFGs of the graph G,and G,
respectively. Then,

p, (UsU,) = pa, (u) A pa, (U,)
Mg, (ViV2) = ta, (Vi) A kg, (V)
ve, (ViVy)=va (V,)vv, (v, )forallv,v, €E,
By definition of maximal product, we have if u, =u,andv,v,€E,
(g, 1, K(Us v Ny, v, )
=t (Up) v 1y, (VyV,)

=t (0)V i, (V) A1, (V)

14



= b, (U)V ia, (V)] A s, (U) Vv g, (V)

= (a1, KUy Vo)A (1, *a, JU,, V)
Ve, *ve, uz v, Nu, v,))

=v, (u)Avy (vv,)

=V, (U) Ay a, (V) v v, (V)]

=Va, UD) A VA, (Vv Vi, () A v, (V)]

=(va #Va, U V) A (Ve %V NUg )

If v, =v,andu,u, eE,,

(g, 1, K(Us v Ny, v, )

“Bl(u1u2)v Ma, (V)

=, (Up) A b, ()1 s, (V)

={ha, (U)V b, (V)i G, (1) v b, (V)]
=(uA1 ST (PR PN (THEITING TPV
Ve, *ve, Uz v, Nu, v,))
=vg, (U, ) Av,, (V)
Va, (U)v vy (U)fava, (v)
Va, W) AV, ()jv v, (U,) A vy, (V)]

:(VAl *Va, Xul'vl)v (VA1 *Va, Xuz’vz)-

Hence the maximal product g, *g, of two strong PFGs is a strong PFG.

15



16

Remark 2.1.5

Converse the theorem may not be as it can be seen in the following example.
Consider two Pythagorean fuzzy graphs g, =(A;,B,) and g,=(A,,B,)as
shows in fig, their maximal product is given in fig,

Here

M, (UgUp) # pp (Ug) Al (U))

v (U U,) 2 v, (U) Vv, (Uy) and

Ha, (Vi Vo) # 1, (V1) AL, (V)

Ve, (V1 Vy) # Vi, (V) Vv, (V)

Hence, g, and g, are not strong PFGs.

But (ug, *mg,) (U V) (X,Y)) = pa (U V) Apy, (XY)
(v, * Ve, ) (U V)(X,Y)) = v, (U V) Vv, (X Y)

For all edge (u,v) (x,y)inE. Thus, their maximal product g,*g, is a strong
PFG.

Definition 2.1.6

Let g=(A,B) be a Pythagorean fuzzy graph on underlying crisp graph
G =(V,E). g is to be connected, if for every pair of vertices, there exist at least
one non-zero path, that is, for allu,v € V, the p— strength of connectedness

u“’( ,k)zSup{u'(u,v): for some 1}
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(0.6, 0.6) (0.7, 0.4)
) (u1,v1) (u1 , v2)
uy Vi
(0.6, 0.6)
(0.5, 0.6) (0.7, 0.4)
(0.5, 0.6)
(uz,v1) (uz , va)
u, w2 {0.5,0.6) (0.7, 0.4)
Figure 2.2 Figure 2.3

and v - strength of connectedness
v*(n,A)=inf{v'(u,v): for some 1}
Satisfy one of the following conditions:
w*(u,v)>0,v*(u,v)>0 and

or u”(u,v)=0,v"(u,v)=0and

or u”(u,v)>0,v*(u,v)=0.

Where

MI(U'V):a(uul)Au(uluz)/\ ----- u(u|—1v)
v'i(nA)=v(uu )av(uyu,)A....v(u,_, v) forsomel

Represents - strength of path and v - strength of path lengthl, respectively.
Example 2.1.7

Consider a Pythagorean fuzzy graph g = (A,B) as displayed in the following fig
forb,f €V . Using definition we have

M =pg(0,) Apg (€0) Apg(ih) Apg (h.0) Apg (9.F)
=0.6A0.2A04A0870.4=0.2,

B = 1 (B,€) Akt (€,d) A kg (6,6) Apg (&)
=0.6A05A05A05=0.5,



1’ =ng(0,€) Apg(c,d) Apg(d,g) Aug(9.T)
—0.6A05A0.510.4=04,

This implies

u” (b,F) = sup{p® (b, F), u* (b, F), 1 (b, ), (b, )
=sup {0.2,0.5,0.4,0.4}=0.5>0

and

v = vg(b,C)vvg(ci)vvg(i,h)yvvg(h,g)vvg(g,f)
=0.7v09v0.8v0.5v0.7=0.9,

vi= vg(b,c)vvg(c,d)vvg(de)vvg(ef)
=0.4v0.7v0.8v0.7=0.8,

vi=vg(b,c)vvg(c,d)vvg(d,g)vvg(g,f)
=04v0.7v06v0.7=0.7,

vi= vg(b,c)vvg(hg)vvy(g,f)
=04v05v0.7=0.7.

This implies

v*(b,f) =inf {v* (b, F),v*(b,f),v* (b, f),v*(b,f)}
=inf {0.9,0.8,0.7,0.7}=0.7>0

0.5, 0.7) (0.8, 0.4) 0.6, 0.7)
a b c (0.7, 0.7)
e

©.5, 0.7) (0.6, 0.7) /N (0.6, 0.6)
“a N\

(0.5, 0.7)
(0.5, 0.7)

(0.4, 0.7) (0.4, 0.7)

i i h
(0.5, 0.7) (0.4, 0.7) (0.9, 0.3)

Figure 2.4

That is, there exist a non-zero path between bandf .Therefore, g = (A, B)in fig is
connected Pythagorean fuzzy graph.

18



Theorem 2.1.8
The maximal product g, *g,of two connected SFGs is always a connected SFG.
Proof

Let g, =(A,,B,) and g, =(A,,B,) be two connected Pythagorean Fuzzy Graphs
with underlying crisp graph G,= (V,, E,) and G,= (V,, E,), respectively.

forall u;,u;e V, and p(v,v,)>0, vi(v,v,)>0 forallv,,v,eV,.

The maximal product of g, =(A,,B,) and g, =(A,,B,) can be taken as
g=(AB). Consider the k sub graphs of g=(A,B) with the vertex set
V, ={U; V,,u; V,,....,u,v,} fori=1,2,3...m. Each of these sub graphs of
g =(A,B) is connected asu, s are same.

Since g, =(A,,B,) and g, =(A,,B,) are connected, each u, and v, are adjacent
to at least one of the vertices in V, and V,. Therefore, there exists at least one
edge between any pair of the above k sub graphs

Thus, we have

v, o )0,

v )0

For all (u;, v, )(u,,v,)eE

Hence, g = (A, B) is a connected PFG.

Definition 2.1.9

A Spherical Fuzzy Graph g = (A, B) is said to be a Complete Spherical Fuzzy
Graph on underlying crisp graph G = (V,E) if

MB(U’V): MA(U)/\ MA(V)'

VB(U’V):VA(U)VVA(V)

forallu,veV.

19
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Example 2.1.10
Consider a graph G = (V,E) where V = {a, b,c,d,e} and

E:{ab, ac,ad, ae, bc, bd, be, cd, ce, de}. Let Aand B be Pythagorean fuzzy vertex
set and Pythagorean fuzzy edge set defined on Vand V xV, respectively.

(abcde](abcdej
A= st ousl Teusut Reuma il PaY Rl sl S e and
0.25 0.8 0.65 0.4 0.9 0.8 0.7 0.6 0.7 04

(0.25,0.8)

0.9,04) e b (0.8, 0.7)

(0.4,0.7) (0.65,0.7)

< (0.65, 0.6)
0.4,0.7) d 04,07

Figure 2.5

By routine calculation, one can see from fig that it is a complete Pythagorean
Fuzzy Graph.

Remark 2.1.11

If two Pythagorean fuzzy graphs are complete, their maximal product may not be
a complete PFG, as it can be seen in the following example. Consider two PFGs
g, =(A,,B,) and g, =(A,,B,)on V, ={u,,u,}andV, ={v,,Vv,}, respectively,
as shown in fig. their maximal product g, *g, is shown in fig.
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(0.6,0.7) (1,v1)
0

(0.5, 0.6) (0.6 ,0.4)
5 0.7,0.4
(0.5,0.6) ©5.06) « " )
1 V2 <
= (0.5,0.6) (0.7,04)
0.5,0.7) (uz ,v1) (ug,v2)
(05,0.6) 0.7,0.4)
uy (mz ,v2)
(0.5, 0.6) 0.7,0.4)
Figure 2.6 Figure 2.7

By routine calculation, one can seen from fig that g, and g, are complete PFGs.
While notice that g,*g, is not a complete PFG, as the case u,u,<E,and

v, V, €E, is not included in the definition of the maximal product. Further one
can notice that the maximal product of two complete PFGs is a strong PFG. (Fig)

(0.7,0.5) (0.8,0.3)
u3

0.9,0.2) us 0.9,0.2)
(0.9,0.2)

Figure 2.8
Definition 2.1.12

Let g=(A,B) be a Pythagorean fuzzy graph on underlying crisp graph
G=(V,E).If

d, ()= Yp(uv) =k,

u,vzueV

d,(u)= Y vguv)=I forallueV,

uvzueV

Then gis said to be regular Pythagorean fuzzy graph of degree (k,.l) or
(k,1) -degree regular PFG.



Example 2.1.13

Consider a graph G=(V,E) where V={u;,u,,u,U, Us;Us} and
E = {uU,U;,U,U,,U,U,, U UG, Ugl,, UsUg f Let Aand Bbe Pythagorean fuzzy
vertex set and Pythagorean fuzzy edge set defined on V and V x V respectively.

_<(0.5’0.7’0.8’0.9’0.9’0.9j (0.6’0.5’0.3’0.2”0.2'0.2j>

22

Us Us

g /[UilUs UilUg UplU, UpUg Ugll, UgUs ><(ulu5 U,Ug U,U, U,Us UzU,
0303 03 03 0303 0707 07°

Since d, (u;)=06 and d,(u;)=14 for all u;eVandi=123,...6, gis a
regular Pythagorean fuzzy graph of degree (0.3, 0.7) or (0.3, 0.7) - regular PFG.

Remark 2.1.14

If G,=(A,,B,)and G, =(A,,B,) are two regular PFGs, then their maximal
product G, *G,may not be regular PFG as it can be seen in this example.
Consider two PFGs G,=(A,,B,)and G,=(A,,B,)on V, ={a,b}and
V2:{c,d,e,f}re5pectively as shown in fig. Their maximal product G, *G,is
shown in fig

(0.4,0.6)

(0.5,0.6) (0.3,0.8) (0.3,0.8) d (0.6,0.5)
a

(0.5, 0.6)

Figure 2.9

07 07

0.7

)



5 0.5,0.
@SS 0s0e @9
(0.5,0.6) (0.5,0.6)
(0.5,0.6) (a, ©) — - (a, ) (0.5,0.5)
(0.4,0.6) é < (0.5,0.5)
(0.4, 0.6) (b,c) = = ®, B (0.5,0.5)
(0.4, 0.6) (0.5,0.6)
(b.d) (0.5,0.6) (b, e)
(0.6,0.5) (0.5,0.6)

Figure 2.10

By routine calculation, one can see from fig that G,and G,are regular PFGs.
While notice that

That is (d)s..e, (8,¢) = (d)s..q, (b, f). Therefore, G, G, is not regular PFG.

Definition 2.1.15

Let G=(A,B)be a Pythagorean fuzzy graph on underlying crisp graph
G =(V,E).Then, G is said to be a partially regular Pythagorean fuzzy graph if
G = (V,E) is aregular graph.

Example 2.1.16

Consider a Pythagorean fuzzy graph g= (A, B) as displayed in the fig. Since
d,(a)=1.65%2=d (a)and d (a)=2.35%18=d, (b) Hence, Gis not a regular

Pythagorean fuzzy graph but G is a regular graph as the degree of each vertex is
equal. Thus, G is a partially regular Pythagorean fuzzy graph.

23
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(0-6550-75) (0.9,0.2)
b

7,0.5
(0.4, 0.8) : (0.8,0.2)

(0.84,0.5) (0.7,0.7)
i h

(0.45,0.7) c (0.8,0.5)
(0.4, 0.7) (u_s,iu_ % (0.6, 0.7)
e d
(0.9.0.4) (0.6.0.7)
Figure 2.11

The following theorems explain the conditions for the maximal product of two
regular PFGs to be regular.

Theorem 2.1.17

If g, =(A,,B,) is a partially regular PFG and g, =(A,,B,) is a PFG such that
Ha SHp,Va 2Vg and u, ,v, are constant functions of values c, and c,
respectively, then their maximal product is regular if and only if g, =(A,,B,) is
regular PFG.

Proof

Let g, =(A,,B,) be a partially regular PFG such that G, =(V,,E,) is r-regular
and g,=(A,,B,) be any PFG with p, <pg,vs Vg then
Ha, 2 Mg Va, SVgand pu, ,v, are constant functions of values c, and c,

respectively.

Now assume that g, = (Al, B ) is a (k, I)-regular PFG. Then the degree of any
vertex in maximal product is given by

(d”>gl*gz (ul’u2): Z(HBl *Ug, X(ul’uz)(vl’VZ))

(ug,up )(v4, V7 JEE; xE,

= Z HAl VHB (U2V2)+ ZMBl (Ulvl)\/HAz (u,)

Uy=Vq,U,V,€E, Up=V,,Uy VieEy
= Z Hg, (U, v,)+ Z:MA2 (uy)
Uy=Vy,Uy VeV, Up,=V,,U; VieEy

= (dp)gz(lvlz)"'de1 (ul)”Az (u,)



=rc, +k.

(dv)gl*gz(ul’uz): Z(Vsl *Vg, X(uliuz)(vlivz))

(ug,u;)(vy,v, JeE; xE,

= Z VAl(ul)vaz(u2V2)+ ZVBl(ulvl)vaz (u,)

U;=Vy,U,v,€eE, Uy=V,,U; Vi€Ey
= E , Vsz(uzvz)"' E ,VAZ(UZ)
Uy=Vq,U, VoV, u,=V,,uy V,eE;

= (dp)gz(uz) "'dcs1 (ul)VA2 (u,)
=rc, +1.
This is constant for all vertices inV, xV,. Hence G, *G, is a regular PFG.

Conversely, assume that G, *G,is a regular PFG. Then, for any two vertices
(u,,v,)and (u,,v,) inV,xV,,

(0, )y, (V) =d,), L, (V)

(@, )9, (v,)+ do, (U, (v2)= A, Jg (v,)+ o, (U, ), (v)
re, +(d, ), (v))=re, +(d, ), (v.)

@,), (v)=(d,), (v.)

(A )yeq, (U3 V1) = (), (U,V,)

(d,)9, (vy)+de, (ug Jva, (vi)=(d, Jg, (v, )+ de, (U Jva, (v)
rc, +(d, ), (vi)=rc, +(d, ), (v2)

(d, )y, (vi)=(d, )y, (v>)

This is true for all vertices ing,. Hence, g,is regular PFG.

25



Theorem 2.1.18

If g,=(A,,B))and g,=(A,,B,)are two partially regular PFG such that
Ha 2 Mg Va 2 Vg, Ha, 2 Hg s Va 2 Vg and p, ,v, are constant functions of
values ¢, and c, respectively, then their maximal product if and only if pn, and

v 5 are constant functions.

Proof

Let g, =(A,,B,) and g, =(A,,B,)are two partially regular PFG such that
Ha ZHg Va SVg , Ha, 2 Mg Va SVgand p, v, are constant functions of
values c, andc,, respectively, with G;is r,- regular,i=1,2. Now assume that
Ha and v, are constant functions of values C;andc,, respectively. Then, the
degree of any vertex in maximal product is given by,

(dp)gl*gz (u,u,) = Z(Hsl *HBZ)((ul’ u,)(Vi,V,))

(Ug,Up) (v, Vo) €Ey xE,

- z Ha, (ul)V“Bz (Upvy)+ ZHBl (ulVl)VMA2 (k2)

Uy=Vq,U,V,eE(xE, Up,=V,, Uy vy €Eq
= Z Ha, (u)+ ZMAZ (u,)
Uy=Vy,U, Vv, €Ey Up,=V,, Uy VieEy

= dG2 (UZ)HAI (ul)"'de1 (ul)HA2 (u,)

=I,C, +I,C,,

(dv)gl*gz (U, u,) = Z(Vsl *VBZ)((ul’ u,) (Vi,V,))

(u1,U) (v1,V2) €EixE,

- Z Va, (ul)/\VBz (Upv,)+ szl (ulvl)/\VA2 (k2)

U;=Vy,U,VoeExE,y Up=V,,U; vy €Ey
= Z Va, (u)+ ZVAZ (u,)
Ug=Vq,U, Vv, €E,y Up,=V,,U; vieEy

= dG2 (uz)vA1 (u1)+dG1 (ul)VA2 (u,)

=I,C, +I,C,.
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This is a constant for all vertices inV, xV,. Hence, g, *g,Iis a regular PFG.

Conversely, assume that g, *g, is a regular PFG. Then, for any two vertices
(u;,vy)and (u,,v,)in V, xV,,

(d,)geg, (U1 V1) = (d,) g0, (U2, V)

dg, (U pa, (Vi) +dg (Vi) (Uy) =dg (Up) s, (Vo) +dg, (Vo) (U))
rCy+rypa (U)=rc +1, 1, (U,)

Ha, (Uy) =pa (Uy).

(d,)g,ug, (U V1) = (d,)g g, (U2, V)

dg, (U)Va, (V1) +dg (V) v, (U) =dg (Uy) v 4, (V) +dg, (V) va (Uy)
rC,+1,va (U)) =TC +1, v, (Uy)

Va, (Ug) =V, (U).

This is true for all vertices ing, . Hence, p, and v, are constant functions.

Definition 2.1.19

Let g=(A,B) be a Pythagorean fuzzy graph on underlying crisp graph
G =(V,E).Then gis said to be a full regular Pythagorean fuzzy graph if gis
both regular and partially regular graph.

Example 2.1.20

Consider a Pythagorean fuzzy graph g=(A,B)as displayed in fig. Since
d,(u;)=15and d (u;)=2 for all u, €V, where i=1,...6. Hence,gis a regular

Pythagorean fuzzy graph of degree (1.5,2). Also, Gis a regular graph as the
degree of each vertex is equal. Thus, gis a full regular Pythagorean fuzzy graph.
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(0.6, 0.6) uy ks uz (0.7,0.5)

[

(0.6, 0.6) = (0.7,0.5)
i
=

0.8, 0.3
(0.9, 0.2) ug ©.8, 2 uy (0.8, 0.3)

(0.9, 0.2) (0.8,0.3)
us
(0.9,0.2)

Figure 2.12

Remark 2.1.21

If two Pythagorean fuzzy graphs are full regular, their maximal product may not
be full regular PFG as it can be seen in this example. Consider two PFGs

9, =(A,,B))and g, =(A,,B,)on V, ={a,b} and V, ={c,d,e}respectively, as
shown in fig. Their maximal product g, *g,is shown in fig.

(0.5, 0.4)
<

a (0.6, 0O_5) b
(0.9, 0.2) (0.6, 0.5)

Figure 2.13

0.9,0.2
¢ [ d))

(09,02) (09,02)
(a,€)

(0.8,0.4)

(a,c) (b,c)
(0.9,0.2) (0.6, 0.5) (0.8,0.4)

(0.7,0.5)

¢ p T d)
06,05 06,09 07,05
Figure 2.14

By routine calculation, one can see that g, and g, are full regular PFGs. But
(d),..,, (a,d)# (d),..,, (b,d). Hence g, *g,is not full regular PFG.



Remark 2.1.21

The maximal product of two regular PFGs on complete graphs is partially regular.
Consider two PFGs ¢, =(A,,B)and g,=(A,,B,)on V,={u,v,}and
V, ={u,,V, }respectively as shown in fig. Their maximal product g, *g,is
shown in fig.

0.4,0.7 (0.3,0.7) (0.5,0.6) (0.4,0.7)
( u ) (0.3,0.7) Vi u, (0.4,0.7) vy
Figure 2.15
(0.5, 0.6) (0.4,0.7)
(uy, uz) (0.4,0.7) (ug, v1)
(0.5, 0.6) (0.4,0.7)
(v, u2) (0.4,0.7) (V1> ¥2)
(0.5,0.6) (0.4,0.7)
Figure 2.16

By routine calculation, one can see that g,and g,are regular PFFGs. But
(d)g,uq, (Uy,U,) % (d),.y (V;,V,). Hence g, g, is a partially regular PFG as crisp

graph is regular.
2.2 Regular residue product in Pythagorean fuzzy graphs

Definition 2.2.1

Let g9,=(A,,B,)and g,=(A,,B,) be two PFGS of G,=(V,,E;) and
G, =(V,,E,)respectively. The residue product of g, and g, is denoted by
0,-9, =(A,-A,,B,-B,) and defined as:

(MA1 '“AZXUMUZ):“Al(ul)V“Az(UZ)
() (VA1 'VAZXulvuz):VA(ul)/\VAz(uz)
forall (u,,u,)e V, xV,
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(“Bl "M, X(uvuz)(vl’vz)): Ug, (ulvl)
(ii) (VB1 Vg, X(u1’u2XVl7V2)): Vg, (ulvl)

forallu,v, e E,,u, #v,.

Remark 2.2.2

30

In general, the residue product of two strong PFGs may not be strong PFG as it is
explained in this example. Consider two Pythagorean fuzzy graphs g, = (A,,B,)

and g, =(A,,B,)as shows in fig,

5 - (0.6, 0.5)
(u.?,ut:._) (0.6, 0.5) s
(0.2, 0.9)
w3
(0.2, 0.9)
Figure 2.17

Here

Mg, (UpUp) =y, (Uy) Ap,, (Uy)

vg (U Uy)=v, (U) v, (U,)  forallu,u,eE,
and

g, (Vi Vo) =pa, (V) Apg, (V)

Ve, (V1 Vo) =Va, (V1) V V4, (V)

Hence, g, and g, are strong PFGs.

(0.7, 0.4)
Vi

(0.7, 0.4)

Va2
(0.8, 0.3)

But (Hsl "M, )((ul’VZ)(UZ’Vl)): 0'6¢“A1(ul’v2)/\“A2 (U2’V1)20-7 and

(VBl "Vg, )((ul’vz)(UZ’Vl)) = 0'5¢VA1 (ul'VZ)/\ Va, (u2'V1) =04.

Thus, their residue product g, -g,is not a strong PFG which the residue product is

strong.



Theorem 2.2.3

The residue product of a strong PFG g, =(A,, B, )with any PFG g, =(A,,B, )is
astrong PFGif uy 2, ,Va SV

Proof

Let g,=(A,,B,) be a strong PFG and g, =(A,,B,)be any PFG with
Ha ZHa, Va SVa . Then

Hg, (ulu2): “Al(ul)/\ uAl(UZ)’
v (U, )=v, (U)v v, (u,) forall uu, eE,

By definition of residue product, we have

If u,u, <E, and v, #v,, then
(T (Y (PR
=g, (U3 U,)
=pp, (Up) A pa, (U,)
=, () v i, (Vo)A () i, (V)
= TINRTTONY TRV VN TR TING (TP
Ve, -ve, MUz vy Mu,, v, )
=vg, (U, u,)
=va, (U)V v, (U,)
Va W) Ava, (V)i v, (W) A v, (v,)f

:(VA1 "Va, Xullvl)v (VA1 "Va, Xuzyvz)-

Hence, g, -g, is a strong PFG.
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Theorem 2.2.4
The residue product g, - g, of two connected PFGs is always a connected PFG.
Proof

Let g, =(A,,B,) and g, =(A,,B,) be two connected Pythagorean Fuzzy Graphs
with underlying crisp graph G,= (V,, E,) and G,= (V,, E,), respectively.

forall u;,u;e V, andps (v, v;)>0,vi(v,v,)>0, forall v, ,v,eV,.

The residue product of g, =(A,,B,) and g, =(A,,B,) can be taken as
g=(A,B) Consider the k sub graphs of g=(A,B) with the vertex set
V, ={U; V,,U; V,,....,u,v, } for i=1,2,3...m. Each of these sub graphs of
g =(A,B) is connected asu, s are same.

Since g, =(A,,B,) and g, =(A,,B,) are connected, each u, and v, are adjacent
to at least one of the vertices in V, and V,. Therefore, there exists at least one
edge between any pair of the above k sub graphs

Thus, we have
i (v Juv))>0,
V(v w)=0
for all (u;, v, )(u,, v, )eE

Hence, g = (A,B) is a connected PFG.
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(0.7, 0.4)
0.7, 0.4) (2, v1) (0.7.0.4)
l:l.ll,"l) (“5: Yl)

Figure 2.18

Remark 2.2.5

The residue product of two complete PFGs is not a complete PFG. We explain
with an example. Consider two PFGs g,=(A,;,B;) and g,=(A,,B,)on
V, ={a,b,c} andV, ={d,e}, respectively as shown in fig. their residue product
g, - 9,shown in fig.

(0.8, 0.4)
o

(0.6, 0.6)

d e
(0.9, 0.2) (0.6, 0.6)

(0.6,0.7)

b <
(0.6, 0.7) (0.7,0.5)

Figure 2.19



(0.9,0.2) (0.9,0.2)
d) (b.d)
0.8,0.4
©1:9 ¢ ) (0.7,0.5)
(c.d)
©6,08
(b.e)
(0.6.0.6) (0.8,0.4)

Figure 2.20

By routine calculation one can see from fig that g, and g, are complete PFGs.
while notice that g,-g,is not a complete PFG as the only case u,u, €E,is
included in the definition of the residue product.

Remark 2.2.6

If g,=(A;,B,) and g, =(A,,B,)are two regular PFGs, then their residue
product g, -g,may not be regular PFG as it is explained in this example. Consider
two PFGs g,=(A,,B,)and g,=(A,,B,)on V,={ab,} andV,={cdj,
respectively as shown in fig. Their residue product g, - g, is shown in fig.

(0.2, 0.8) (Pajé?'ﬁ)
(u_%, 0.8) [0.4}5 0.8) (a ey
(0.2,0.8) (0.4, 0.8)
b a ®. ) @, d)
©.3.0.7) (©.5. 0.6) (0.3,0.7) (0.5,0.6)
Figure 2.21 Figure 2.22

By routine calculation one can see from fig that g, and g, are regular PFGs.
While notice that(d),, .., (a,d) # (d),.,, (a,c). Therefore, g, -g,is not regular PFG.

The following theorems explain the conditions for the residue product of two
regular PFGs to be regular.
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Theorem 2.2.7

The residue product g, -g,of any PFG g, =(A,,B,)with a PFG g, =(A,,B,)
such that|V,| =1, is always a PFG with no edge.

Proof
The proof follows from the Definition

Theorem 2.2.8

If g,=(A,;,B))and g, =(A,,B,)are two PFGs such that|V,|>1, then their
residue product is regular if and only if g, is regular.

Proof

Let g, =(A,,B,)be a (k1I)- regular PFG and g, =(A,,B,)be any PFG with
V,|>1. If|V,|>1, then the degree of any vertex in residue product is given by

(dp,)gl-gz (up,u,) = ZuBl(ulvl)

uvi By, Uy =y,

(dv)gl-g2 (ul’UZ): ZVBl(ulvl)
Uyvi€Eq Uy 2y,
=(dy )y, (ug)=1.
This is a constant for all vertices inV, xV,. Hence g, - g, is a regular PFG.

Conversely, assume that g,-g, is a regular PFG. Then, for any two vertices
(u,,v,)and (u,,v,) inV,xV,,

(u)glg U vy)=(d,), o (Uav,)

(du l ( ) 2)’

(dv )g1~gz (ul’vl) = (dv )glgz (u21V2)
(d, Ja (u,) = (d, ), (u,)
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This is true for all vertices in V,.Hence, g, is a regular PFG.
Theorem 2.2.9

If g,=(A,,B,)and g, =(A,,B,)are two PFGs such thatp, >p, ,v, <V, ,

then the total degree of any vertex in the residue product g, -g, is given as
(tdu)gl -gz(ui,vj)—{

(td, ), (u) i v >1,

Ha, (ui) if|V1| =1,

(td,), (u) if[Vy>1

(tdv)gl ‘gz(uiiv')_{ )

v (U) if [V, =1.
Proof

If Lo 2, VA SVa and [V,|>1,then

(t,) V)= e ) (U V) U V) + (s, 1) (U V,)

(Ui, vi) (U, vi) By xE,

= ZHBI(UiUk)+“A1(ui)VHA2(Vj)

Uj Uy €Eq, vV,

:{(dp)gl (U)+pp (Uy) BV, >0,

Ha, (u;), if |V2| =1,
~ (tdu)ch (u)), if |V2| >1,
Ha, u;), if |V2| =1.

(td, )y, (U V)= D (v V) (U V) (U V) + (Vo -V ) (U, V)

(Ui Vi) (ug, vi) €E <E,

ZVBl(ui uk)+VA1(ui)/\VA2 (Vj)

Uj Uy €Eq, ViV,

C]@)g () + v, (Uy) if [V,] >1,
B Va, u;), if|V2|:1’
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(@), @) V1
Va, (Uy), .ff|V2| =1.

Definition 2.2.10

Let g=(A,B)be a Pythagorean fuzzy graph on underlying crisp graph
G =(V,E).If

6, (0)= Y pa(w) )=k

u,v£ueV

> ve(w)+v(u)=1 forallueV

u,v£ueV

td, (u)

Then gis said to be totally regular Pythagorean fuzzy graph of total degree
(k, I) or (k, I) - totally regular PFG.

Example 2.2.11

Consider a graph G=(V,E) where V= {ul, u,,us,, u4} and
E= {u1u2 ,UUg,u,uy,, u3u4}. Let Aand Bbe Pythagorean fuzzy vertex set and
Pythagorean fuzzy edge set defined on V and V x V respectively.

Ao(( YL Yo Us Us ) (U Uy Us Uy )\ oy
07'07'07'07) (05050505

g ([Uilz Uls Uply Ugly | (UUy Ugly Uy, Ugl,
06 07 07 06 06 06 06 06

(0.7, 0.5) (0.7, 0.5)
uy s

0.7,0.5) 0.7,0.5)

Figure 2.23
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Since td, (u;)=1.8 and td,(u;)=1.7 for all u, eVand i=1, 2, 3, 4. Hence g s a totally

regular Pythagorean fuzzy graph of total degree (1.8, 1.7) or (1.8, 1.7) - totally regular
PFG.

Theorem 2.2.12

If g, =(A,,B,) is a totally regular PFG and g, =(A,,B,) is a PFG such that
Ha 2 Ha Vs <V, and |V, >1, then the residue product is totally regular PFG.

Proof

Let g, =(A,,B,)be a (k, I)-totally regular PFG and g, =(A,,B,)be a PFG such
that ia, > Ha, Vs SVaand [V,[>1.Then (td,) (u))=k, (td,), (u;)=1for al

uiin  Viand  (pa pa, U V) =pa (), (Va Ve, U ve) = v (ug), for all
(u;,v,)in V, xV,.

Now

td,), , (u,v)

@) (v <uA o)
=(d,), (v, +uA1
(4., )

— K,

o

<

(td, )y, (U, V)
v)g (Ul’v) (A 'VAZXul’Vl)
g () + v, (uy)

), (u)

v
1

(d
(d
(
|

This is constant for all vertices inV, xV,. Hence g, -g,is a (k,I)-totally regular
PFG.
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CHAPTER -3
Certain Graphs under Spherical Fuzzy Environment
3.1 Maximal Product in Spherical Fuzzy Graphs

Definition 3.1.1

Let g, =(m,,n,)and g, =(m,,n,)be two spherical fuzzy graph of G, =(V,,E, )
and G, =(V,,E,) respectively. The maximal product of g,and g, is denoted by
g,*0, = (ml *m,, nl*nz) and defined as

(Otm1 (X
(B, * B, ) m,) =B, (1) B (1)
(tm1 *Tm )(m,ﬂz)=fml(m)Mmz(ﬂz)

forall (n,m,)e V, xV,

(0, * ) m,) (0,2,) = ety () v, (0 2,)
(B, B, )M )(M2,)) =By, (1) v By, (1, 1)
(c,, * 7, J((m,) 02, =7, (1) A 7, (0, 2,)

for all neV, and n,A, €E,

(anl *Oy, )((nl' 7\’)(7\’1' K)) =, (nl A ) O, (Z)
(B, *B (0, 2) (0, 2) = By, (12 v By, (2)
(‘En1 *Th, )((Thy 7")(7‘1’ 7\')) = Ty (111 7“1) T, (Z)

Forall AeV, andn, A, €E,.
Definition 3.1.2

A Spherical Fuzzy Graph g:(m,n) is said to be Strong Spherical Fuzzy
Graph (SSFG) of underlying crisp graph G =(V, E) if

a,(ni)=a,m)Aa, )
B.(mA)=B,n)AB, (1)
() =1,(n)v m(k)
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forallnieE.

Example 3.1.3

Consider a graph G =(V,E) where V={a,b,c,d,e,f} and E={af,bf,cf,df ef
Let mand n be Spherical Fuzzy Vertex Set and Spherical Fuzzy Edge Set
defined onV and V x V, respectively.

(0.4,0.7,0.9)

(0.3,0.5,0.7)e b{0.2,0.5, 0.7)

{0.2,0.5,0.9)

(0.5,0.6, 0.9)d

€(0.3,04,0.8)

Figure 3.1

(iﬂiﬂi) (iﬂiiij (iﬂiﬂi)
0.2'02'02'02'02) \(050504'0505) (0908080808

Theorem 3.1.4

If g,=(m,n,)and g,=(m,,n,) are two SSFG, then their maximal product is
also a SSFG

Proof

Let g,=(m,,n,) and g, =(m,,n,) be two SSFG of the graph G,andG,
respectively. Then

OLnl (nl nz): OLm1 (nl)/\ aml (n2)'
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Bo, (M) =By, () AB, (),

T, (i m,) =1, () 7, () for all m;m, €E,
oy, (M) =ty () Aty ()

Ba, (1 22) =B, (A1) A B, ()

1, (M A,) =1, (&) v, (A,) forall A, 2, €E,
By the definition of maximal product, we have
If n, =m, and A, A, €E,

(e, * o, (320 ) (N0 2,)) = 0t () v 1y, (B 2,)
=t (M) ot (A1) A 01, (1))

(n
= {O‘m1 (m)v Ay, (7‘1)}/\ {Otm1 (Tll)v U, (7“2)}
= (OL oy )(nl A )/\(aml*amz )(nz'kz) ( (Th:nz))’

( ) (nz}‘“ )) B (ﬂl)Van(Mkz)
=B, ( DV { ( DBy, (1))

= B (0)v B, (1)} { ()V B, (1)}

= B *Br )2 )A B, B, S0 2) (=)

( ) )(nz A )): Tm, (Th)/\T (7b 7“2)

=Th (nl) { 7‘ }

={t, () A T4, }{ ()A, (2)}

:(T T )(nl ( m * T ) (- (n=m,))

IfA, =A,andn,n, €E,

(a’nl *na,, )((111,7»1)(712,7»2)) =y, (111 7“2)\/ U, (7“1)

o, () A 0ty (na)}v 01, (1)

{6t (W) 0ty ()} ot (1) v, (1))

(a Oy )(Th)*) (a O )(nzvkz) ((y =2,))
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(2 22)) = By, (M 2n) v B, (Ay)
Bml(m) o )}V B, (0 )
()Y B, (1)} A B, (o) By, ()
Bml*Bmz)(nv}H) (m1 Bmzxnz’ 2 (-'-(7”1:7“2))
)

Tn, *Th, ((111,7»1)(112,7»2)) =T, (111,7»2)/\ T, (7“1)
= {'tm1 (nl)v T, (le)}/\ T, (}‘1)
{ ) T, (7‘1)}\/ {Tm1 (le)/\ T, (7”2)}

= (Tm1 * 17m2) Th’}‘l)v (Tml *Th, )(le’}“z) ( (7“1 = 7‘2))

Hence the maximal product g, *g, of two strong SPGs is a strong SFG.

==
E’
'@
T
—~

Remark 3.1.5

Converse of the theorem may not be true as it can be seen be in the following
example. Consider two spherical fuzzy graphs g, =(m,,n,) and g, =(m,,n,)

and their maximal product is also given, Here

®n, (Myn,) # O, () A O, ()
Bn1 (n1,M,) # Bm1 (1) A Bm1 (M>)
To, (M1 M2) # T, (M) V T, (M)

Hence g, and g, are not strong spherical fuzzy graph
But (o, *o, )(m,2)(p,Q)) =0, (nA)Aa, (p0)
(Bn, *Ba, (., 2) (P, A)) =By, (. A) AB, (P, 0)

(t,, *7,, (M) (P, A4)) =1, (N A) v T, (p.Q) for all edge (mA)(p,q) INE. Thus

their maximal product g, *g, is a strong spherical fuzzy graph.

Definition 3.1.6

Let g :(m,n) be a Spherical Fuzzy Graph (SFG) on underlying crisp graph G=
(V, E). g is said to be connected, if every pair of vertices ,there exist at least one
non-zero path, that is, for all



n,A €V, the a - strength of connectedness.

0.4,0.6, 0.8)
0.4, 0.6, 0.8 (0-3,0.5,0.7) (04,06,
(0.2,0.5, 0.6) ( . ! Ay (0.3,0.5, 0.8) A
Mo M
(0.2,0.5, 0.8)

Figure 3.2

(0.2,0.5, 0.8)
(narAg)

(nwAz)
(0.3,0.5,0.7)

(nz: Az)
(0.2,0.5, 0.8)

Figure 3.3

a”(n,2)=Sup{a'(n,2): for some 1}

and B - strength of connectedness
B”(m,2)=Sup{B'(n,1): for some 1}

and T - strength of connectedness
t'(n,A)=inf{z'(n,2): for some 1}

Satisfy one of the following conditions:

a”(n,A)>0,B"(m,A)>0 and t*(n,1)>0

or a”(n,A)=0,p"(n,A)=0and t*(n,1)>0
or o”(n,A)>0,p”(n,A)>0and t*(n,1)=0

where,
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a'(n2)=amn)ramm,)A...aln i)
B'(.A)=Bnmny ) ABM, M)A BNy 1)
T ( ) T(nnl)VT(Th nz)v """" T(T]t—1 7“)

represents o - strength of path, B - strength of path and 1- strength of path of
length t, respectively.

Example 3.1.7

Consider a Spherical Fuzzy Graph g =(m,n) as displayed in the following figure.
For b, feV , using the definition, we have

a’(,f)=a,(b,c)ra,(cd Aa, (de)ra,(e,f)=03A03A03A02=0.2
a‘(b,f)=a,(a)ra,(@g)ra, (9 i) ra,(f)=02A02A03A02=0.2
a’(,f)=a,(b,h)Aa, (hi)ra, (i, j)Ara, (j,f)=03A04A03A0.2=0.2

(0.2,05,07) (0.2,05,08) (03,06, 05)
(0.3,05,07) (0.4,0.6, 0f) (0.3,0.6,09)
g
030508 1 c(0.4,07,0.9)
(0.2,04,08) E ?g“
uf g
" s (03,06,03)
g s
(0.2,0.4,0.8)
(0.2,04, 0.8)f 0305,09) ]
| i
102,06, 08N 030507 {0-4.0%\
2 d(0.3,0.,0.9)
(03,0508  (030509)
Figure 3.4

This implies

a” (b, f) =sup{a® (b, f), o’ (b, ), 0° (b, )
=sup{0.2,0.2,0.2}=0.2>0

and
B°(b,f)=p, (b,c) AB,(c,d) AP, (d,e) AP, (e,f)=06 0.6 A0.5,04=0.4
B°(b,f) =B, (b,a) AB,(a,9) AB, (9 ) AB,(j,f)=05A05A05A04=0.4

B (b, f) =B, (b,h) AB, (h,i) AB, (i, i) AB,(j,f)=0.6 A 0.6 A 0.5 0.4=0.4



This implies

B (b,f) =sup{B°(b,),B* (b,f), B*(b, )}
=sup{ 0.4,0.4,0.4,0.43=0.4>0

and

©°(b,f)=1,(b,c)vr, (cd) v, (de)vr,(ef)=09v09v09v0.8=09
(b, f)=1,(ba)vt,(ag) v, (givr,(jf)=08v07v0.7v08=08
(b, f) =1, (bh)vt, (hi)vr, (@ j)vr, (jf)=08v09v09v08=09
This implies

© (b,f) =inf {x°(b,f), " (b, F), °(b, )}
—inf{ 0.9,0.80.9}=0.8>0

That is, there exists a non-zero path between bandf. Therefore, g=(m,n)is
connected spherical fuzzy graph.

Theorem 3.1.8
The maximal product g, *g,of two connected SFGs is always a connected SFG.

Proof

Let g, =(m,,n,) and g, =(m,,n,) be two connected Spherical Fuzzy Graphs
with underlying crisp graph G,= (V,, E,) and G,= (V,, E,), respectively.
Let V=i, M, Mpeem,)  and  V, =P, .00, f.  Thenof(n,m,)>0,
Br(nim,)>0, 7 (n;n,)>0 for all nm;e V, and of(x,%,)>0,Bz( 2,)>0,
r?(kixj)>0forall Lishje V,.

The maximal product of g,=(m,n,) and g,=(m,,n,) can be taken as

g=(m,n). Consider the k sub graphs of g=(m,n) with the vertex set
sz{ni A Ay ,nikq} for i =1,2,....p. Each of these sub graphs of
g

(m,n) is connected asn, ’s are same.

Since g, =(m,,n,) and g, =(m,,n,) are connected, each 1, and A, are adjacent
to at least one of the vertices in V, and V,. Therefore, there exists at least one
edge between any pair of the above k sub graphs
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Thus, we have

o”((n, 2, )ne.2.))> 0,

B~ ((n 2, )(n 1))~ 0,

((n2;)(ni 2,))> 0 for all (.2 )(n. 2, )€ E
Hence, g =(m,n) is a connected SFG.

Definition 3.1.9

A Spherical Fuzzy Graph ¢ :(m,n) is said to be a Complete Spherical Fuzzy
Graph on underlying crisp graph G= (V, E) if

oty (nA)= oty () A oty (A1),
Ba(n.2)=Br(n) A B (2)
t,(nA)=1,(n)v 1, (1) forall n,ireV.
Example 3.1.10

Consider  Classical Graph  G=(V,E)where  V={a,b,c,d,e} and
E ={ab,ac,ad, ae, bc,cd,ce,de}. Let mand n be spherical fuzzy vertex set and
spherical fuzzy edge set defined on V andV x V, respectively.

m = iiiiixiiiiixiiiii
0.2'02'03'04'05) (070506 05 0.6 0.9'08'09'07'0.9

02'02'02'02°02'0202'03 04

"= a_bﬁﬂﬁ,ﬁ,mﬁﬁﬁﬁjx
05'0.6 0506 050505 05 06 05

ﬂﬁﬂﬁ&ﬂ&ﬂﬁ@

ab ac ad ae bc bd be cd de}><

0909097090908 09°09°090.9
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(0.2,0,5,0,8)
b

(0.2,0.5, 0.9)

(0.4,0.5,0.7}¢ e (0.5,0.6,0.9)

c
(0.3, 0.5, 0.9}

(0.4,0.5, 0.9)

Figure 3.5

Remark 3.1.11

If two spherical fuzzy graphs are complete, their maximal product may not be a
complete SFG, as it can be seen in the following example. Consider two SFGs

9, =(m;,n,) and g, =(m,,n,) on \/1={n1,nz}andgz={7v1,7vz}, respectively.
Their maximal product g, *g, is

(0.2,0.5, 0.7} (0.3, 0.6, 0.8)
N1 Ay

{0.3,0.5, 0.9)

{0.2,0.5, 0.9)

Az
(0.4,0.5, 0.9)
{0.4, 0.7, 0.9) N2

Figure 3.5

(0.2,0.4, 0.7)

(e}

(0.3,0.4, 0.6) (neAs)

(0.2,0.5, 0.7)

(0.3,0.4,0.8) (0.2,0.5,0.7)
(N2 M) (N2 A2}
{0.4,0.6,0.8) (0.3,0.5, 0.7)

(0.3,0.5, 0.8)

Figure 3.6



By routine calculation, that g,and g, are complete SFGs. While notice that

g, *g,is not a complete SFG, as the case n,n, €E, and A, A, €E,is not
included in the definition of the maximal product. Further, one can notice that the
maximal product of two complete SFGs is a strong SFG.

(0.2,0.5,0.7)

Ne
{0.2,0.5, 0.8)

Figure 3.7

3.2 Residue Product in Spherical Fuzzy Graph

Definition 3.2.1

Let g, =(m,,n,) and g, =(m,,n,) be two Spherical Fuzzy Graph G,= (V, , E,)
and G,=(V, , E,), respectively .The Residue Product of g, and g, is denoted
by 9,9, =(m,-m,,n,-n,) and defined as:

(0t -0t )i ) = 0ty () v 1 ()
(Bml Bmz)(m,nz) ( VB, ()
(m1 Ty )(Th'ﬂz) ( )/\Tmz(nz)

forall (n,m,)eV,xV,,

(Otn1 "Wy, )(m,nz)(hkz): %(Th 7‘1)
(Bm 'an )(1'11' le)(kl’ 7“2): Bn1 (1'11 7‘1)
(17n1 T, )(111’ nz)(% 7‘2): Ao, (Tll 7‘1)

forall nA, €E,, a, #A,.
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Remark 3.2.2

In general, the residue product of two Strong SFGs may not be Strong SFG as it is
explained in the example. Consider two Spherical Fuzzy Graphs g, =(m,,n,) and

g, =(m,,n,) as shown in fig

Here

oty (M) =0ty (M)A, (0,), B0, (11 M2 ) =B, (1) A B, ()
Tnl(m nz)zfmn(nl)\/fml(nz) forall n,n,e E,

And

0ty (1,2 ) =t (
nz(%kz) m, (s

A ) U, ( )!anz(%‘l'XZ):amz(}\’l)/\a’mz(%ﬂ)
vt

v 1, (%) foralla, i, eE,

Theorem 3.2.3

The residue product of a strong SFG g, =(m,,n, )with any PFG g, =(m,,n, )is a
strong SFG ifa,, 2o, B, 2By Tn <Tp,

Proof

Let g, =(m,,n,) be a strong SFG and g, =(m,,n,) be any SFG with
Oy 20 B 2By T, Ty, - Then

0(’nl (Th T]2)2 O(‘ml (Th)/\ a‘mz (T]Z)'
Bnl(nl le)= Bm1 (111)/\ Bmz (le)'
T, (nl nz): T, (m)v T, (le)

forall n,m, €E,
By the definition of Residue product, we have

If n,n, €E, and A, #2,, then



( n2) Ny, A )(nz )) Otnl(nmz)

= {aml 1']1 Vo, }/\ {aml 112) ( )}

(ot - )2, -t

Bnl an )(( )(nz 8 )) Bnl(nmz)
:Bml( 1)/\Bml(n2)

B, 1)V B, (1)} By () v By, ()]
(B, B, 0102 ) A (B, B, )22,

Tnz)((m 1)(112 )) Tnl(nlnz)
T, (M) V T, (1)
{tm (1) Mmz v e, ) AT, (1))

(‘le ) (Tml “Tm, )(nz,kz)

Hence, g, - g, is a Strong SFG.

—

T

ny

Theorem 3.2.4
The Residue product g, - g,0f two connected SFGs is always a connected SFG.
Proof

Let g, =(m,,n,) and g, =(m,,n,) be two connected Spherical Fuzzy Graphs
with underlying crisp graph G,= (V,, E,) and G,= (V,, E,), respectively.
Let V,={ My, and  V, =P 0y ). Thenaf(nm,)>0,
B7(nm,)>0, t(nm,)>0 for all mm;eV, and oz(x2,)>0,B2(x2,)>0,
rj(ki kj)>0forall Aihje V,.

The residue product of g,=(m,n,) and g,=(m,,n,) can be taken as
g=(m,n). Consider the k sub graphs of g=(m,n) with the vertex set
V2={ A M Ay, nikq} for i =1,2,.....p. Each of these sub graphs of

g =(m,n) is connected asn, ’s are same.
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Since g, =(m,,n,) and g, =(m,,n,) are connected, each », and A are adjacent

to at least one of the vertices in V, and V,. Therefore, there exists at least one
edge between any pair of the above k sub graphs

Thus, we have

o ()0 2,)>0
B~ ((n 2 )i 2

)>O,
= ((n,2,)Me.2,))> 0 Forall (m;,2;)(n,. A, )€E

Hence, g=(m,n) is a connected SFG.

(Mae Az)
(0.2, 0.5, 0.9)

(0.2, 0.5, 0.7) (N AL

(0.2, 0.5, 0.9)
(0.2, 0.5,0.9)

(0.3, 0.6,0.9) (M. M) (M2 Az} (0.3, 0.5, 0.8)

(0.2, 0.5, 0.9) (0.3, 0.5, 0.8)

(0.2, 0.5, 0.9) (Nz, Az} (M2 Ay} (0.3, 0.5, 0.7}

Figure 3.8
Remark 3.2.5

The Residue product of two complete SFG is not a complete SFG. We explain
with an example. Consider two SFGs ¢, =(m;,n;) and g, =(m,,n,) on

V, ={a,b,c} and V, = {d, e}, respectively. Their residue product g, - g,is

(0.2, 2.5, 0.7)
(0.2, 0.5, 0.9) (0.4, 0.6, 0.9)
a C

(0.2, 0.5, 0.9)

(0.2,0.4, 0.8)

(0.3,0.4, 0.7)

d
(0.3,0.4,0.8)

Figure 3.9
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(0.2,0.4, 0.6) (0.3,0.5, 0.8) (0.4, 0.5, 0.8)
(a,d) {c,d} (b,d}

(0.2,0.3,0.7)
(0.2,0.5 0.8)

(b,e) (c.e} (a,e)
(0.2,0.3,0.7) (0.3,0.5, 0.7} (0.2, 0.5, 0.8)
Figure 3.10

By routine calculations, that g,and g,are complete SFGs. While notice that
g,-9,is not complete SFG as the only casen,n, €E,, is included in the
definition of the residue product.
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SUMMARY AND
CONCLUSION



SUMMARY AND CONCLUSION

In this research work, the concept of Pythagorean fuzzy environment is extended
to spherical fuzzy environment. We have mentioned two graph product
specifically Maximal product and Residue product using these products; we have
combined two Spherical fuzzy graphs and studied their properties. And also
defined some of the operations like connectedness, completeness and strongness.

In future, we plan to elaborate our research work to more graphs which is used in
decision making.
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