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Chapter-1 deals with Introduction, Review of Literature and the concepts
of graph theory which are used in our research work likes Fuzzy Set,
Intuitionistic Fuzzy Set, Pythagorean Fuzzy Set, Fuzzy Graphs, Intuitionistic
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CHAPTER 1



CHAPTER-1
1.1 INTRODUCTION

Set theory is a basis of modern mathematics, and notions of sets are
used in all formal descriptions. All other notions of mathematics can be built up
based on the set theory.

Fuzzy sets were introduced by Zadeh (1965). The notion of fuzzy set
theory has caused great interest among both pure and applied mathematics. This
day’s fuzzy set hypothesis has arisen as a likely space of interdisciplinary
exploration. It has fruitful applications in different fields as a phenomenal
apparatus for addressing human information and discernment. Zadeh (1971)
introduced a similarity relation, which is a fuzzy relation which is reflexive,
symmetric, and transitive. He also introduced a fuzzy ordering, which is a fuzzy
relation which is transitive. In particular, a fuzzy partial ordering, is a fuzzy
ordering that is reflexive and antisymmetric.

Atanassov (1983) introduced the concept of Intuitionistic Fuzzy Set
as a generalisation of fuzzy sets. Intuitionistic fuzzy models provide more
precision, flexibility and compatibility to the system compared to the fuzzy
models and he also added new components that determine the degree of non-
membership in the definition of fuzzy set. The fuzzy sets give the degree of
membership, while intuitionistic fuzzy sets give both the degree of membership
and the degree of non-membership, which are more or less independent from
each other; the only requirement is that the sum of these two degrees is not
greater than one. Intuitionistic fuzzy sets have been applied in a wide variety of
fields, including computer science, engineering, mathematics, medicine,
chemistry, and economics.

Atanassov (1989) introduced new results on intuitionistic fuzzy sets
and also defined two new operations on intuitionistic fuzzy sets and their basic
properties. Young et al. (2005) using the notion intuitionistic fuzzy sets, the
concept of intuitionistic fuzzy semi-preopen sets and intuitionistic fuzzy semi
pre continuous mappings are introduced.

Yager et al. (2013) has proposed the Pythagorean Fuzzy Set (PFS) as
an effective tool for handling the uncertainty or vague information more

adequately in real-world situations. In PFSs, the sum of squares of the degrees



of membership and non-membership is less than or equal to 1. For example, if
a decision maker provides the membership degree 0.6 and non-membership
degree 0.7 in his evaluation, then this situation cannot handle by intuitionistic
fuzzy set theory because of 0.6 +0.7>1. However, it is easily observed that

(0.6)* +(0.7)* <1, that iis to say, the Pythagorean Fuzzy Set (PFS) is capable

to represent this evaluation information. In other words, the PFSs are more
powerful to handle problems in uncertain situations. Under PFS environment,
many researchers have started work in different directions and obtained various
significant results.

Yager (2014) introduces a class of nonstandard Pythagorean fuzzy
subsets with membership grades of pairs (a,b), satisfying the requirement
a’+b?*<1, as well as a number of aggregation operations for these
Pythagorean fuzzy subsets. Garg (2017) has proposed the improved score
function for the ranking order of Interval-Valued Pythagorean Fuzzy Sets
(IVPFSs). Based on it, a Pythagorean fuzzy Technique for Order of Preference
by Similarity to Ideal Solution (TOPSIS) method by taking the preferences of
the experts in the form of interval-valued intuitionistic Pythagorean fuzzy
decision matrices has been presented. Garg (2018) proposes an improved score
function for solving Multi-Criteria Decision-Making (MCDM) problems that
takes the form of interval valued Pythagorean fuzzy sets. Peng et al. (2019), they
developed two novel algorithms for decision-making problems in a Pythagorean
fuzzy environment.

In Mathematics, Graph theory is the investigation of graphs, which
are numerical designs used to display the relationship between two or more
objects or with set of vertices and edges. Mathematics plays an essential role in
our day to day life. The graph theory origin can be traced back to Euler’s work
on the Konigsberg bridges problem in 1735. Denes Konig (1936) wrote the first
book on graph theory. There is wide utilization of graph theory. The concepts
of graph theory have applications in many areas of computer science (such as
data mining, image segmentation, clustering, image capturing, networking,
etc.).

The Kaufmann (1973) gave first definition of fuzzy graph based on

Zadeh’s fuzzy relations. But it was Rosenfeld who laid the foundations for fuzzy



graph theory in 1975. Generalization of fundamental ideas of graph theory like
paths, cycles, trees, connectedness, and their properties to fuzzy graph theory
have been done by Rosenfeld. Fuzzy graph models can address the complex,
imprecise and uncertain problems where classical graph models may fail. Thus,
a fuzzy graph representation is more appropriate to reality than crisp graph
representation. Fuzzy graph theory has applications in the modern science and
technology especially in the fields of information theory, neural network, expert
systems, cluster analysis, medical diagnosis, control theory, etc. Bhattacharya
(1987) introduced the notions of eccentricity and centre on the fuzzy graph.
Myna (2015) proposed using a fuzzy graph model to represent the traffic
network of a city and discussed a method to find the different type of accidental
zones in traffic flows using edge colouring of a fuzzy graph. Radha et al. (2015)
studied on lexicographic products of two fuzzy graphs.

Atanassov et al. (2006) discussed a new generalization of the
intuitionistic fuzzy graphs, using as a basis the concepts of intuitionistic fuzzy
sets, intuitionistic fuzzy relations and index matrices. Parvathi et al. (2006) gave
a new definition for min-max intuitionistic fuzzy graph. Some properties of
intuitionistic fuzzy graphs are analyzed through suitable illustrations.
Karunambigai et al. (2007) studied shortest paths in networks by using
intuitionistic fuzzy graph method. Akram et al. (2012) define and investigate the
4 properties of strong intuitionistic fuzzy graphs, and discuss some propositions
of self-complementary and self-weak complementary strong intuitionistic fuzzy
graphs, and introduce the concept of intuitionistic fuzzy line graphs.

Recently, Naz et al. (2018) initially presented the idea of Pythagorean
Fuzzy Graph (PFG). Akram et al. (2018) introduced certain notions, including
intuitionistic fuzzy Graphs of 3-Type (IFGs3T), Intuitionistic Fuzzy Graphs of
4-Type (IFGs4T), and Intuitionistic Fuzzy Graphs of n-Type (IFGsnT), and
proved that every IFG (n-1)T is an IFGsnT, and also discussed the application
of Pythagorean fuzzy graphs in decision making. Akram et al. (2019) apply the
concept of Pythagorean fuzzy sets to graphs and then combine two Pythagorean
Fuzzy Graphs (PFGs) using two new graph products, namely, the maximal
product and the residue product, and also investigate the regularity of these

products and properties such as strongness, connectedness, and completeness.



Pythagorean fuzzy graph is more powerful and more practical tool having
the capability to deal with imprecise and incomplete information in 7 different
decision-making disciplines, such as engineering, mathematics, statistics,
artificial intelligence, medical and social sciences than fuzzy graphs. The
Pythagorean fuzzy graphs accurately represent the complex graphic problems.

In our research work, we studied the ideas of a PFGS and also

We extended our views Pythagorean fuzzy K;- cycles, Pythagorean fuzzy

K;-trees, complement and ¢ -complement of a PFGS. In addition to self-

complementary and strong self complementary, the complement of a PFGS are
deliberated.

Chapter-1 deals with Introduction, Review of Literature and the concepts
of graph theory which are used in our research work likes Fuzzy Set,
Intuitionistic Fuzzy Set, Pythagorean Fuzzy Set, Fuzzy Graphs, Intuitionistic
Fuzzy Graphs and Pythagorean Fuzzy Graphs.

Chapter-11 deals with extended concepts of Intuitionistic Fuzzy Graph
Structures and also discussed some examples for trees, cycles and complement.
Chapter-111 deals with the new ideas of Pythagorean Fuzzy Graph
Structures and also extended our concepts to some illustration for trees, cycles

and complement.



1.2 REVIEW OF LITERATUE

In 1965, Zadeh was introduced a fuzzy set is a class of objects with a
continuum of grades of membership. Such a set is characterised by a
membership (characteristic) function that assigns to each object a grade of
membership ranging between zero and one. The notions of inclusion, union,
intersection, complement, relation, convexity, etc., are extended to such sets,
and various properties of these notions in the context of fuzzy sets are
established.

In 1989, Atanassov defined new results on Intuitionistic fuzzy sets. Two
new operators on intuitionistic fuzzy sets are defined and their basic properties
are studied.

In 2013, Yager introduced a new class of non-standard fuzzy subsets
called Pythagorean fuzzy subsets and the related idea of Pythagorean
membership grades. They discussed the negation operation and its relationship
to the Pythagorean Theorem and compared Pythagorean fuzzy subsets with
intuitionistic fuzzy subsets.

In 2014, Yager introduced a class of nonstandard Pythagorean fuzzy
subsets whose membership grades are pairs (a,b) satisfying the requirement
a®+b% <1. They also introduce a variety of aggregation operations for these
Pythagorean fuzzy subsets. The issue of having to choose the best alternative in
multicriteria decision making leads us to consider the problem of comparing
Pythagorean membership grades.

In 2019, Xindong Peng et al. present an overview of the Pythagorean fuzzy
set with the aim of offering a clear perspective on the different concepts, tools,
and trends related to their extension. In particular, we provide two novel
algorithms for decision-making problems in a Pythagorean fuzzy environment.
It may serve as a foundation for developing more algorithms in decision-
making.

In 1971, Zadeh proposed the notion of "similarity" as defined in this
paper is essentially a generalisation of the notion of equivalence. In the same

vein, fuzzy ordering is a generalization of the concept of ordering. More



concretely, a similarity relation, S, is a fuzzy relation that is reflexive,
symmetric, and transitive. A fuzzy ordering is a fuzzy relation which is
transitive. In particular, a fuzzy partial ordering, P, is a fuzzy ordering which is
reflexive and antisymmetric.

In 1735, graph theory was first introduced by Swiss mathematician
Leonhard Euler by solving a Konigsberg bridge problem.

In 2010, Shirinivas et al. proposed an overview of graph theory
applications in heterogeneous fields, but primarily focused on computer science
applications that use graph theoretical concepts. An overview of various papers
based on graph theory has been studied related to scheduling concepts and
computer science applications, and an overview has been presented in this
article.

In 1973, Kaufmann gave first definition of fuzzy graph based on
Zadeh’s fuzzy relations. In 1975, Rosenfeld developed the theory of fuzzy
graphs and also defined generalization of fundamental ideas of graph theory like
paths, cycles, trees, connectedness, and their properties to fuzzy graph theory.

In 1987, Bhattacharya introduced the notions of eccentricity and centre
on the fuzzy graph. Myna (2015) proposed using a fuzzy graph model to
represent the traffic network of a city and discussed a method to find the
different type of accidental zones in traffic flows using edge colouring of a fuzzy
graph. Radha et al. (2015) studied on lexicographic products of two fuzzy
graphs.

In 2006 Atanassov et al. discussed a new generalization of the
intuitionistic fuzzy graphs, using as a basis the concepts of intuitionistic fuzzy
sets, intuitionistic fuzzy relations and index matrices. Parvathi et al. (2006) gave
a new definition for min-max intuitionistic fuzzy graph. Some properties of
intuitionistic fuzzy graphs are analyzed through suitable illustrations.
Karunambigai et al. (2007) studied shortest paths in networks by using
intuitionistic fuzzy graph method. Akram et al. (2012) define and investigate the
4 properties of strong intuitionistic fuzzy graphs, and discuss some propositions
of self-complementary and self-weak complementary strong intuitionistic fuzzy
graphs, and introduce the concept of intuitionistic fuzzy line graphs.

In (2017) Muhamad Akram and Rabia Akmal introduce the concept of

an intuitionistic fuzzy graph structure (IFGS). We discuss certain notions,



including intuitionistic fuzzy B, -cycles, intuitionistic fuzzy B;-trees and
¢ -complement of an intuitionistic fuzzy graph structure with several examples.
and also present ¢ -complement of an intuitionistic fuzzy graph structure along

with self-complementary and strong self-complementary intuitionistic fuzzy
graph structures.

In 2018 Muhammad Akram, Jawaria Mohsan Dar, Sumera Naz introduce
the concept of Pythagorean fuzzy sets to graphs and then combine two
Pythagorean fuzzy graphs (PFGs) using two new graph products namely,
maximal product and the residue product. This research paper investigates the
regularity for these products. Moreover, it discusses some eminent properties
such as strongness, connectedness and completeness. Further, it proposes some
necessary and sufficient conditions for G1 « G2 and G1 - G2 to be regular.
Finally, decision-making problems concerning evaluation of best company for

investment and alliance partner selection of a software company are solved to
better understand PFGs.
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1.3 PRELIMINARIES

Definition 1.3.1

A Fuzzy Set (FS) on a universe X is an object of the form,
3 ={{u, 11, () \ x e X)}

where 1, : X —>[01] represents the membership function of J.
Definition 1.3.2

An Intuitionistic Fuzzy Set (IFS) on an universe X is an object of the

form

3= {{%, 11,(0),vo())/ x e X}
where #,(X)€ ([0]) is called degree of membership of x € J, /8, (x) €([0.])
is called degree of non-membership of, X e J and @, , B, satisfy the following

condition forall xe X , a;(X)+/,(x) <1,

Definition 1.3.3
A Pythagorean Fuzzy Set (PFS) on a universe X is an object of the form

I={(n.a,(x).8,(9)\ne X}
where a; :X —>[0,1] and S, :X —>[0,1] represent the membership and non-

membership function of K and @, , f; satisfies the condition

0<a’(n7)+ (7)<l forall 7eX .
Definition 1.3.4
A fuzzy seton X xY issaid to be a Fuzzy Relation (FR) on Y, denoted by
J= {(xy, 1y (X)| Xy e XxY)}
where pg 1 X xY —>[0,1] represents the membership function of
Definition 1.3.5
An Intuitionistic Fuzzy Relation (IFR) R = (ug(X,y),ve (X, y)) in an

universe X xY (R(X —Y)) is an intuitionistic fuzzy set of the form

R={(% ), 22 (%, ¥) v (6 Y)) [ (X, ) € X xY |



where g i X xY —)[0,1] and Vg X xY —)[0,1]. The Intuitionistic fuzzy

relation R satisfies0 < u, (x, y) +vg (x,y) <1for all x,y € X .
Definition 1.3.6

A Pythagorean Fuzzy Set n on X xY is said to be a Pythagorean
Fuzzy Relation (PFR) on X, denoted by

m = {(xy. 11, (x9), v A (X)) [ Xy € X xY |
where, f, ' X —>[0,1] and v, 1 X —>[0,1] represents the membership and non-
membership  functions of n, and g,,v, satisfies the condition
0< 2 (X) +va(y)<1 forall xyeX xY .

Definition 1.3.7
A Classical Graph (CG) G (V, E) is a combination of a set of vertices

V =v,,v,,...,V, together with aset of edges E =¢€,,€,,...,6, such that each edge
& s a pair of vertices (v;,V;)and is denoted by V;,V;.
Definition 1.3.8
A Fuzzy Graph (FG) G=(V, o, u)is a triple consisting of a nonempty set
V together with a pair of functions o:v —[0,1] and x:E —[0,1]such that for all
X,y eV,
w(xy) <c(X)Ano(y).
Definition 1.3.9
An Intuitionistic Fuzzy Graph (IFG) on a non-empty set Y is a pair
g=(m,n) with m an IFSon Y and n an IFRon Y such that
HA(}Y)Z 3 () 12, (y) s va(xy)z va (X)v vi(y)
and 0< s, (xy)+va(xy)<1 for all ,,AeY, Where ug:XxY-[01] and

Ve i X xY —>[0,1] represents the membership and non -membership functions

of n, respectively.
Definition 1.3.10

A Pythagorean Fuzzy Graph (PFG) on a non-empty set Y is a pair
g =(m,n)with maPFSon Y and n aPFRon Y such that,

NA(XY)SﬂA(X)AﬂA(y) ' VA(XY)2 VA(X)V VA(Y) J

10



and 0<ai(n)+pB:(7)<1 for all xyeY , where, u,:XxY —[01] and
v, :X xY —[0,] represents the membership and non -membership functions
of n, respectively.

Definition 1.3.11

Let G" =(U,E,,E,,....E,) be a graph structure and v,py,..... pp be the
subsets U, E,,E,,......, E, respectively such that 0 < p; (xy) < v(x) av (y) for all X,
yeUand i=123,...,L.Then G=(v, 0, P,.....0,) is a fuzzy graph structure
of G”.
Definition 1.3.12

Let G=(,p,p,.....0) be a fuzzy graph structure of G". If

xy e sup p(p,), then Xy is said to be a p; -edge of G.

Definition 1.3.13

The strength of a p;-path X;X;...X, of a fuzzy graph structure G is
/\'j':1 pi(X;,Xx;)fori=123,..., k.

Definition 1.3.14

In any fuzzy graph structure G,
p(xy) = piop () =V{p (x2) A p, (29},
£ () =(p! "o p) W)=V {p! " (x2) A pi (2y)}
j=23,...,mfor any m>2. Also p;° (xy)=v{p! (xy), j=12,.......}..

Definition 1.3.15
G=0,p1,05P,)1sa p, cycle if (sup p(v),sup a1 N sup p(pp))is a

E; cycle and there exist no unique xy in the sup p(pj) such that,
P (9)=A{p, (V) |uvesup p(p,);
Definition 1.3.16
G=(,p1, 0y P,)is afuzzy p;- tree if it has a partial fuzzy
spanning sub graph structure , F, =(v,7,,7,,.....,7,) which is a 7; - tree where

forall d;-edgesnotin F p,(Xy) <z (xy).

11
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CHAPTER-2

Intuitionistic Fuzzy Graph Structure
Definition 2.1
Let {Ei i :1,2,...,n} be a set of irreflexive, symmetric and mutually disjoint
relations on a non-empty set U. An Intuitionistic Fuzzy Graph Structure
(IFGS) with underlying vertex set U is denoted by GS =(A/B,,B,,..,B,), where
A intuitionistic fuzzy set of U with x,:U —[01]andv,:U —»[01],
namely the degree of membership and the degree of non membership of x eU
respectively, such that
O<u,(X)+v,(x)<1, forallxeU.
Each B, isan intuitionistic fuzzy set of E; such that the functions x;, :E; —[0,1]
and v, :E; —[0J1] are defined by
g, (XY) < g1, (X) A 2, (Y) and v (xy) v (X)vv,(Y)
and
0< 5 (Xy)+vg (xy) <1, forall xyecUxU ,i=12,.n.
Equivalently an IFGS of a graph structure may be defined in the following way,
Let G =(AE,E,,.,E )be a graph structure and let
A,B,,B,....B,; and B, be intuitionistic fuzzy subsets of
U,E,E,...E,, and E, , respectively. Then G, = (A, B,,B,,....,B,) iscalled an
IFGS of G, if
e, (XY) < g () A s (Y) , Vg (Xy) SV (X) Vv, (Y)
Forall xyeE,,i=12,..,n, and
g (Xy)+vg (xy) <1 forall xyeU xU
Example 2.2
Let G =(U,E,,E,) be a graph structure such thatU = {a,,a,,a,,a, |,
E, ={aa, a,a,} andE, ={a,a,,aa,}. Let A B, and B,be intuitionistic fuzzy
subsets of U, E, and E, , respectively such that
A={(a,,0.5,0.2),(a,,0.7,0.3),(a,,0.4,0.3),(a,,0.7,0.3)}
B, = {(a,a,,0.5,0.3),(a,a,,0.4,0.3)},

12



B, = {(a,,,0.4,0.3),(a,2,,0.1,0.2)}.

Then Gs =(A,B,,B,) isan IFGS of G as shown in Fig 2.1.

B,(0.5,0.3)
a;(0.5,0.2) 2,(0.7,0.3)
]
s F
d 3
7 »
| "
a,(0.7,0.3) a3(0.4,0.3)
B,(0.4,0.3)

FIGURE 2.1 IFGS G, = (A, By, B,)

Definition 2.3
AnIFGS H, =(C,D,,D,,...,D,)is said to be an intuitionistic fuzzy sub

graph structure of an IFGS G, = (A, B,, B,,..,B,) with underlying vertex set U,
if C< Aand D, c C,forall i, that is

Ue (X) < u,(x) and v (X) 2 v, (x), forall xeU ,
and for i=12,..,n

o, (XY) < 15 (Xy) and v, (X) 2 vg (Xy), forall xyeU xU ,

D4(0.0,0.4) €1(0.3,0.4)
@,(0.4,0.4) a;(0.0,0.4) @;(0.5,0.2) a5(0.7,0.3)
C1(0.4,0.3)
D3(0.1,0.4 C5(0.1,0.3 1
2(0-104) D,(0.0,0.4) 2(0.1.0.3)

.7,0. a3(0.4,0.3
a4(0.6,0.4) a3(0.4,0.3) a4(0.7,0.3) a(l )
D5(0.3,0.4) C5(0.3,0.3)

Intuitionistic Fuzzy Subgraph Strtucture Intuitionistic Fuzzy Spanning
Hy,=(C,Dy,Dz) Subgraph Strtucture J, = (4,€4,C3)
F1(0.5,0.3)
,(0.5,0.2) a5(0.7,0.3)
C,(0.3,0.3) F1(0.4,0.3)
4(0.7,0.3) a3(0.4,0.3)

Intuitionistic Fuzzy Partial Spanning
Subgraph Strtucture K, = (4, F1,F3)

FIGURE 2.2. Intuitionistic Fuzzy Subgraph Structures



H. is called an intuitionistic fuzzy spanning sub graph structure of an

IFGS G,, if C=A.
H, is called an intuitionistic fuzzy partial spanning sub graph structure of

an IFGS G,, if it excludes some edges of G, .
Example 2.4
Consider an IFGSG, = (A, B,,B,), as shown in Fig 2.2.Let

C ={(a,,0.4,0.4),(a,,0.0,0.4),(a,,0.4,0.3),(a,,0.6,0.4)}

D, = {(&,a,,0,0.4),(a,a,,0,0.4)}

D, ={(a,a,,0.3,0.4),(a,a,,0.1,0.4)}

C, ={(a,a,,0.3,0.3),(a,a,,0.4,0.3)}

C, =1{(a;a,,0.3,0.3),(a,a,,0.1,0.3)}

F, ={(a,a,,0.5,0.3),(a,a,,0.4,0.3)}

and F, ={(a,a,,0.1,0.3)}.
By routine calculations, it is easy to see that H, = (C,D,,D,),J, = (A,C,,C,)
and K, =(A F,F,)are respectively the intuitionistic fuzzy subgraph structure
intuitionistic fuzzy spanning subgraph structure and intuitionistic fuzzy partial
spanning subgraph structure of GS .Their respective drawings are shown in

Fig 2.2.
Definition 2.5

Let G, =(A,B,,B,,..,.B ) be an IFGS with underlying vertex set U. Then
there is a B, —edge between two vertices Xand y of U, if one of the following
is true:

(1) g (xy)>0and vy (xy)>0
(i) w5 (xy)>0and vy (xy) =0
(iif) 45 (xy)=0and v; (xy) >0

for somei.

14



Definition 2.6
For an intuitionistic fuzzy graph structure GS =(AB,,B,,..,B,) with
vertex set U, support of B; is given by:
supp(B,) = {xy eUxU iy (xy) #00rvy 7:0}, i=12,..,n.
Definition 2.7
B, — path of an IFGS G, = (A, B,,B,,..,B,) with underlying vertex set
U, is a sequence of distinct vertices v,,v,,.....,v,, €U, such that v, v, is a
B, —edge forall j=23,....m.
Definition 2.8
In an IFGS G, =(A,B,,B,,..,B,)with underlying vertex set U, two
vertices xand y of U are said to be B, —connected, if they are joined by B, —
path, for some i€ {1,2,...,n}
Definition 2.9
An IFGS GS = (A, B,,B,,..,B,) with underlying vertex set U, is said to be
B, —strong, if for all B, —edges xy
1o, W) = 1, ()AL (Y), v 09 =V, (v v,(Y),
for some i€ {1,2,...,n}.
Example 2.10
Consider the IFGSG, =(A,B,,B,), as shown Fig 1. Then a,a,,a,a, are
B, —edges and a,a,,a,a, are B, —edges, a,a,a, and a,a,a, are B, —and
B, — Paths respectively, a,and a,are B, —connected vertices of U, G, is
B, —strong, since sup p(B,) = {a,a,,a,a, } and
1, (8,3,) = 0.5 = (14, (8) A 41,(,))
Ve (8,8,) =0.3=(v,(a) vva(a,)),
Mg (3,85) = 0.4 = (1,(8) A 1, (8;)),

Vg, (a,2;) =0.3=(vr(a,) vva(a))-

15
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Definition 2.11

An IFGS G, =(A,B,,B,,..,B,)is said to be strong, if it is B, — strong for
all ie {1,2,...,n}.
Definition 2.12

An IFGS G, =(A,B,,B,...B,) with underlying vertex set U, is called

complete or B,,B,,..,B, —complete if GS is a strong IFGS, sup p(B;) = ¢ forall
i €{1,2,...,n}, for each pair of vertices x,y eU,xyis a B, —edge for some i.
Example 2.13

Let G, = (A B,,B,) shown in Fig 3, be IFGS of the graph structure
G"=(U,E,E,)where,U ={a,,a,,a,,a,},E, = {a,a,,a,a,,a,a, jand
E, ={a,a,,a,a,,a,a,}.Then G,isa strong IFGS since it is both B, —strong and
B, —strong. Moreoversup p(B,) # ¢, supp(B,)=¢every pair of vertices

belonging to U, is either a B, —edge or an B, —edge so G, is acomplete or B,B,

-complete IFGS as well.

a,(0.2,0.3)

B3(0.2.0.3)

@4(0.4,0.6) o a3(0.6,0.4)

B4(0.4,0.6)

FIGURE 2.3 IFGS G, = (4, By, By)

Definition 2.14
Inan IFGS G, = (A, B,,B,,..,B,) with underlying vertex set U, g, - and
vg, -strengths of a B, —path “P; =wv,...»,,”, are denoted by 0.F, and AR,
respectively, such that
o.F = j/z\z[/ue, (Vj—lvj)] and APy = j\:/Z[VB, (Vj—lvj)]-

Then we write, strength of the path B, =(6.F; AR ).



Example 2.15
In G,=(AB,B,) shown in Fig.3, P,=aa.a,a Iis a B, —path and

P, =a,a,a, isa B, —path and
O.P, = 1tg (8,35) A g (358,) A 145 (8,8) =0.2/00.470.2=0.2,
AR =vg (a3;) vvg (8;3,) vvg (8,8)=04v0.6v0.6=0.6,
O.P, = 1g (333,) A 145 (2,8,) =0.3/0.3=0.3,
AP, =vg (8;3,) Vv (8,8,)=0.4v0.6=06.

Thus, strength of B, —path P, = (5.P,,A.R,)=(0.2,0.6), strength of B, —path

P, =(5.P,,A.P,)=(0.3,0.6).

Definition 2.16

Inan IFGS G, = (A,B,,B,,..,B,) with underlying vertex set U:

g -strength of connectedness between x andy , is defined by
445, 09) = e, (X9}, where: a3 (xy) = (s "0 425 )(xy) for j2and
ﬂéi (Xy) = (15,0 115 )(Xy) = V{ﬂsi (X2) A g (zy)} ,vg, -strength of connectedness

between X and vy, is defined by vg (xy) = v {v; (xy)}, where
1 le 1

vi (xy) = (va'ovg )(xy) for j>2and
VE (xy) = (V5,075 )O9) = AlYs, (2) v v, (29)}.

Example 2.17
Letés =(A/B,,B,), as shown in Fig 4. be IFGS of a graph structure

G"=(U,E,E,) such that U=1{a,a,,a,},E ={aa,,aa,} and E,={a,a,}
Since, g (8,8,)=0.3, 1y (8,8;) =0, therefore
Hg, (8,3,) = (44,0 115 )(@18,) = p1g, (2,85) A g (858,) =0.370.0=0,
Hg (8,85) = (145, 0 115 )(8,8,) = 115 (8,3,) A st (8,35) =0.3A0.3=0.3,
Hg, (8,85) = (15,0 115 )(@135) = 415 (A3, ) A 415, (8,85) =0.320.0=0,

18, (335) = (4.0 5 ) (@,a) = 422, (8y8,) A g (8,8) =0.0 A 0.0 =0,

17



,(0.3,0.7)

a3(0.7,0.3) a;(0.5,0.4)

B,(0.5,0.3)

FIGURE 24 IFGS G, = (4,B,,B,)

Thus we have,

1e (a,3,) =v{0.3,0.0,0.0{=0.3,

145 (3,3,) =v{0.0,0.30.0{=0.3,

# (3,3;,) =v{0.3,0.0,0.0§=0.3,
and
Since vy (a1,) =0.7, v (8,8;) = 0.3,v (8,8,) = 0, therefore
ve (8,3,) = (Vg ovg )(@a,) = vy (83;) v vg (2:3,) =0.3v0.0=023,
Ve (8,8,) = (V5 0v )(@,8,) = v (8,8,) v v (8,8,) =0.7v 0.3=07,
ve (a,8;) = (vg0vg )(@a,) = v (88,) v Vg (8,8,) =0.7v0.0=0.7,
v (8,3,) = (vg0vg )(a,a,) = v (8,a,) v vg (8,8,) =0.7v 0.0=0.7,
ve (8,85) = (v 0vy )(@,8;) = v (8,8) v vy (8,8,) =0.3v0.3=0.3,
ve (8,a,) = (vg 0vg )(a,a,) = vy (8,3,) A vy (8,8,) =0.3v 0.0=0.3,
and
ve (a3,) = (vs ove )(ad,) = vy (8,3,) v vg (8,3,) =0.3v0.0=0.3,
Ve (8,85) = (v 0vg )(@,8,) = vg (8,8,) v vy (8,35) = 0.7 v 0.3=07,

v (8,3;) = (v ovg )(@,a,) = vy (88,) A Vg (8,8,) =0.7v 0.0=0.7,
Thus we have,

va (a,3,)=v{0.7,0.30.7,0.3}=0.7,
va (3,3,) =v{0.0,0.7,0.30.7}=0.7,

Ve (a,3,) =v{0.30.7,0.30.7}=0.7,

18



By similar calculations, it can be easily checked that
te,(23,)=0,  pup(a,8,)=05, 14 (8,3,) =0,
ve, (3,3,) =03, vg (8,3,)=03, vy (a3,)=0.3.
Definition 2.18
An IFGS Gs =(AB,,B,,..,B,)of a graph structure
G =(,E,E,,..,E, )isa B, -cycle, if G isan E,-cycle.
Definition 2.19
An IFGS Gs = (A B,,B,,..,B,) of agraph structure G* = (U, E,,E,,...,.E,)
is an intuitionistic fuzzy B, -cycle for some i, if following conditions hold:
(i) G, isa B, -cycle
(i) There is no unique B, -edge uv in és, such that
Uy (uv) = min{,uBi (xy):xy e E, =sup p(Bi)}
vg (UV) = max{vBi (xy):xy € E, =sup p(Bi)}
Example 2.20
IFGS G, =(A,B,,B,) shown in Fig 3, is a B,-cycle as well as
intuitionistic fuzzy B, -cycle, since (sup p(A),sup p(B,),sup p(B,)) is an
E, -cycle and there are B, -edges with minimum degree of membership and two
B, -edges with maximum degree of non-membership of all B, -edges.
Definition 2.21
An IFGS G, =(AB,B,,...B,) of a graph structure
G =(,E,E,,...E )isa B,-tree, if (sup p(A),sup p(B,),.....sup p(B,)) is
an E,-tree. Inother words, G, isa B, -tree if the sub graph of G, induced by
sup p(B,) forms a tree.
Definition 2.22
An  IFGS Gs =(A/B,B,,..,B,)of a graph structure
G =(U,E,E,,..,E,)is an intuitionistic fuzzy B, -tree (intuitionistic fuzzy B,

-forest), if GS has an intuitionistic fuzzy partial spanning subgraph structure

19



H,=(AC,C,,..C,), such that H, is a C,-tree (C,-forest) and

S

g (Xy) < pe (Xy) and v (Xy) <v¢ (xy) forall B;-edges notin H..

Example 2.23

The IFGS, shown in Fig. 3, is a B, -tree but not an intuitionistic fuzzy
B,-tree. While IFGS G, = (A, B,,B,), shown in Fig 2. 5, is not a B, -tree but
an intuitionistic fuzzy B, -tree, since it has an intuitionistic fuzzy partial
spanning sub graph structure (A,B,,B,)as a B, -tree , which is obtained by

deleting B,-edge aa, from G,, with yBl(a1a4):0.3<0.4:y;(a1a4) and

s

vg (,3,)=05<0.6= Ve (a,a,).

B4(0.5,0.4)
a,(0.5,0.4) 2,(0.7,0.3)
o
o
P‘n
B,(0.3,0.5) @@ B;(0.3,0.6)
a4(0.4,0.6) a3(0.3,0.6)
B,(0.3,0.6)

FIGURE 2.5 IFGS G, = (4, By, B,)

Definition 2.24
AnIFGS G, =(A,B,,B,,....B,) ofaGS, G =(U,Ey,E,....E,)is

isomorphic to IFGS G, =(A,,B,,B,.....B,,)0fG, =(U,,E,, Ey,....E,) , if
there exist a bijection f :U, —U,and apermutation ¢ on the set{L,2,..,n}, such
that :

i (Uy) =, (F(U)), vy (U)=v, (f(u)) forall u, ey,
and for ¢(i) = j

He, (Uly) = g, (T(U;) T(U,)), ve, () =vg, (F(U)f(uy)),

forall uu, €E;, 1=123,...,n.

20
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Definition 2.25
An IFGS G, =(A,B,,B,....B,)of GS G/ =(U,E;,Ey.....E,,)is
identical to an IFGS G, = (A,, B, B,,.....B,))0f G, = (U,,E, Eyy..... Eyy) , if
there exist a bijection f :U —U , such that:
pa (U )=p, (F(U)), vy (U)=v,(f(u)) forallu eU
and
Mg, Ulp) = g, (F(Uy) £(U,)), v, (Uy) =vg, (T (uy) F(U,)),
forall uu, €E;, 1=123,...,n.
Example 2.26
Gs1 and GSZ as shown in Fig 2.6 and Fig 2.7 , are IFGSs of graph
structures G, =(U,E,,E,,E;,E,) and G, =(U,E,,E,,E;,E,) respectively,
where,
U,=1{a,a,,a,a,a}, E =1{aa, a,a;}
E, ={a,a,,a,a,}, E, ={aa, a,a;}
E U, ={b,,b,,b,,b,, by}
E

» = {oib, b, |

} =
} =

, « = {oibs, b,b, |

2;(0.7,0.3)

B,(0.5,0.5)
B»(0.5,0.5)

B3(0.5,0.5)

21(0.5,0.5) a3(0.5,0.5)

B (0.4.0.5)

B2(0.4,0.5) B4(0.4,0.5)

B4(0.4,0.5)

a5(0.40.5) g o405 a4(0.40.5)

FIGURE 2.6 IFGS ., = (K1, K2, K3, K4)

Then G, is isomorphic to G, under the mapping f :U, —U,,, given by



fa)=b, f(a)=b, f(a)=b, f(a)=b, f(a)=h,
and a permutation ¢ given by
dD=2 ¢2)=1 ¢(3)=3 ¢(4) =4
such that
Ha (@) = py, (F(@)), vy (@)=v, (f(&))
forall, a, eU,,and
e, (a3,) = 15, (F(a) F(2)), vs (@2))=vs, (f(@) (@),
forall, aa; eE,, k=1234.
also, G, is identical with G, under the mapping f :U, —U,, given by
fa)=b, f(@)=b, f@@)=b f(a)=b  f(a)=bh,
such that
Ha @) =p,, (F(&)),  vy@)=v, (f@&)),
forall a, €U, and
te, (@2)) = 1, (F@) £(@))), vy (32)) =v, (F(@) f(a),

forall a,a; €E,, k=1234.

b5(0.5,0.5) B5(0.5,0.5) b3(0.5,0.5)
’ b4(0.7,0.3 %)
6'?(05 a( ) '@.(O'Q.
‘Qg) B
B}(0.4,0.5) B,(0.4,0.5)
“.fa\ 45’,'(0
oM %
ﬁi& 3)
b4(0.4,0.5) B}(0.4,0.5) b4(0.4,0.5)

FIGURE 2.7IFGS §,, = (4,, B}, B}, By, B})

Remark 2.27
Identical IFGSs are always isomorphic but the converse is not

necessarily true. As IFGS shown in Fig. 3 is isomorphic to IFGS shown in Fig.

8 but they are not identical.



b1(0.2,0.3)

b,(0.3,0.3)

54(0.4,0.6) ¢ b3(0.6,0.4)

B}(0.4,0.6)
FIGURE 2.8 IFGS G, = (4, B}, B})

Definition 2.28
Let GS =(AB,,B,,..,B,) be an intuitionistic fuzzy graph
structureG™ = (U, E,,E,,...,.E,). Let ¢ denote a permutation on the set
{E,.E,.....E }and the corresponding permutation on {B,,B,,...B, },i.e,
#(B,) =B, iff ¢(E;)=E,foralli.
If xy e B, for some rand
Mg (XY) = 11, () A g2, (Y) = N He, (xy),
vB(,(xy):vA(x)va(y)—j\:iva (xy), 1=12,..,n,
Then, xyeB?; while m is chosen such that ,uBg;(xy)zyB?(xy) and
Vs (Xy) 2V, (xy) for all i. Then, IFGS (A B!,Bf,...,B)denoted byG/*, is

called the ¢-complement of IFGSG, .

Theorem 2.29
A ¢ -complement of an intuitionistic fuzzy graph structure is always a

strong IFGS. Moreover if ¢(i)=rfor r,ie{1,2,....,n}, then all B, -edges in
IFGS G, = (A,B,,B,,..,B,) become B’-edges in G/° =(A,B?,B?,....BY).
Proof.

First part is obvious from the definition of ¢4 -complement G¢°of IFGSG,,
Since for any B/-edgesxy, u§ (xy)and v§ (xy) respectively have the
maximum values of

[/JA(X)/\A!A(Y)]—j\;ﬂwj (xy) and [VA(X)AVA(y)]_J.\iiV¢Bj (xy) (1)

that is,
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Ho, (XY) = 12, () A 1 (Y), vE (xy) =va () vv,(y), )
for all edges xy in G?°, hence G?°is always a strong IFGS .
Now suppose on contrary that ¢(i) = r but xyis a B, -edge in és withs #r,
which implies that ¢B, = B, . Comparing expressions (1) and (2), we get
J_giu¢|3,~(xy) =0, jgiv¢Bj(Xy) =0,
Which is not possible because B, =¢B, for some j e{L2,...,i-Li+1,..,n}.
So our supposition is wrong and xy must be B, -edge. Hence we conclude that
if ¢(i)=rthen all B,-edges in IFGS és =(A B,,B,,..,B,) become B?-edges
in G/° =(AB?,B/,....BY) for r,iefl2,..n}.
Example 2.30
Consider IFGS G, = (A, B,,B,)shown in Fig. 4 and let ¢ be a permutation

on the set {B,,B, }such that¢(B,)=B, and ¢#(B,)=B,.

Now fora,a, € B,

ﬂﬁl (2,3,) = pa(a)) A pa(ay) - j\:l[/%Bj (3,2,)]=031A0.5- [/U¢ B,(a,a,)]
=0.3- Mg, (a,8,)=0.3-0.3=0

Vgl (2,3,) =va(a) vva(a,) - j\il[‘/¢ B, (3,a,)]=0.7v0.4- [V¢ B,(a,a,)]

=0.7-v, (3,2,)=0.7-0.7=0

,ugz (2,3,) = pa(a;) A a(a,) - j\:?_[ﬂ¢Bj (3,8,)]=031A0.5- [/u¢ B,(a,a,)]
=0.3- Mg, (a,a,)=03-0=0.3

@,(0.3,0.7)

L, v

az(0.7,0.3) BT(0.5.0.4) a;(0.5,0.4)

FIGURE 2.9 TFGS G’ = (4,B?, BY)
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V5, (8,3,) = v (@) v va (@) = vI,B(@:a,)] = 0.7v 04~ [v,B,(a,3,)]
=0.7-vg (8,3,)=0.7-0=0.7

Clearly,
uh (a8,)=0.3>0=uf (aa,) and v§ (aa,) =0.7>0=v{ (a,a,) ,50 a,a, € Bf
Similarly for a,a, € B,

Mo (@a,) =0,  vj(aa)=04 4 (aa,)=03  vj(a8)=07,
Clearly,
ug (2,3)=0,  vi(aa,)=04, uf (a,a,)=03  v{ (83,)=07
uh (2,3,)=03>0=uf (a,a,) and  v§ (a,a,)=0.7>0.4=v{ (aa;) ,s0 a,a, €BJ.
and for a,a, € B,

ph (a,8,) =05, vi(a,8,)=04, pf (a,8,)=0, v (a,a,)=0.1
that is,
g (8,8,) =0.5>0= uf (a,a,) and v (a,a,) =0.4>0=v{ (a,a;) ,50 a,a, € B/.
this implies that,
B! ={a,a,,0.5,0.4},Bf ={(a,a,,0.30.7),(a,3,,0.30.7)} and G¥ = (A, B/,B})
shown in  Fig 2.9 is the ¢-complement of G, .
Definition 2.31

Let G, = (A B,,B,,..,.B,) bean IFGS and ¢ be a permutation on the set

{L2,....,n}. Then
Q) GS is self-complementary , if it is isomorphic to G?°, the ¢ -complement

of G

5"

(i) G, is strong self-complementary , if it is identical to G¢°.
(i) és is totally self-complementary, if it is isomorphic to GS”“, the ¢-
complement of Gs for all permutation ¢ on the set {1,2,....,n}.

(iv) G, is totally strong self-complementary, if it is identical to G?°, the

¢ -complement of GS for all permutation ¢ on the set {1,2,....,n}.



Theorem 2.32
An IFGS GS is strong if and only if és is totally self-complementary.
Proof.

Let GS be a strong IFGS and ¢ be any permutation on the set{l1,2,....,n}.
If ¢'()=j, then by Theorem 3.1, all B, —edges in

G, =(AB,B,,..B,) become Bf —edges in G’ =(AB!/,B,...B?). Also
G?® is strong, so

He, (218,) = pp () A 14 (,) = pt, (A13,)

Ve, (a8,) =va(@) vva(a;) = vy, (aa,).
Then Gs is isomorphic to Gg‘° , under the identity mapping f :U —-U and a
permutation g[¢ (i) = j,i, j =1,2,....,n], such that

1a(@)=p,(F@),  va(@=v,(f(a),  forall acu
and

Hg, (aa,) = ,UB? (aa,) = ,UB? (f(a) f(a,)),
vg (8,,) = Vas (aa,) = va(f (a) f(a,)). for all aa, € E;.
this holds for all permutation on the set{l,2,....,n}. Hence GS is totally self-

complementary.

Conversely, let ¢ be any permutation on the set {1,2,..,n}and GS and

G?° be isomorphic. From the definition of ¢-complement and isomorphism of
IFGSs, we have

He, (838;) = g, (T(2) T(2,)) = 2 (T (@) A pa(T(2,)) = 14 (@) A 14 (2,),

Ve (@3,) = v, (1(a) T(8;)) =va(T () vva(T(a,)) =va(a) vva(@,),
forall aja, € E;, i=12,...,n.
Hence, G, is a strong IFGS.
Remark 2.33

Every self-complementary IFGS is necessarily totally self-complementary.
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Theorem 2.34

If graph structure G"=(U,E,E,,.,E,) is totally strong self-
complementary and A is an IFS of U with constant fuzzy mappings x«, and v,
then a strong IFGS G, =(AB,B,,..,B )of G" is totally strong self-

complementary.

Proof.
Consider a strong IFGS G, =(A,B,,B,,..,B,) of a graph structure
G =(U,E,E,,..,E,). Suppose that G™ is totally strong self-complementary
and that for some constants s,t €[0,1], A=(u,,v,) is an IFS of U such that
u,(u)=s,v,(u)=t, forall ueU . Then we have to prove that GS is totally
strong self-complementary.
Let ¢ be a permutation on the set {1,2,....,n}and ¢ *(j) =i. Since G is
totally strong self-complementary, so there exists a bijection f :U —U , such

that for every E, —edge aa, inG", f(a,)f(a,) (E;—edgein G") is an

E, —edge in (G")’ ™. Consequently, for every B, —edge aa, in G

f(a) f(a,)(@B; —edgein G,)isa BY-edge inG?*.
from the definition of A and the definition of strong IFGS G,

W =s=u,(f@), viu)=t=v,(f(a), foralla f(a)eU,

and
Ha(313,) = pa (@) A 12 (8,) = pa(F () A ua(F(a,)) = Hgy (f(a) f(a,)),
va(@ay) =va(a) vva(a,) =va(f(a)) vva(f(ay)) = Vs (f(a) f(a,)),
for all aja, € B;, i=12,..,n, which shows GS is strong self complementary .

Hence GS is totally strong self-complementary, since ¢ is arbitrary.

Remark 2.35

Converse of Theorem 2.34 is not necessary, since a totally strong self-
complementary and strong IFGS G, = (A, B,, B, B,) as shown in Fig. 11, has a

totally strong self-complementary underlying graph structure but «, and v,

are not constant fuzzy functions.



Example 2.36

The IFGS shown in Fig 8 is self-complementary, i.e., it is isomorphic
toits ¢-complement, where ¢ = (1,2). Also, it is self-complementary because
¢ is the only non-identity permutation on the set {1,2}.
Example 2.37

The IFGS GS =(AB,,B,,B;,B,) shown in Fig 10, is strong self —
complementary, i.e., it is identical to its ¢ -complement where the permutation

¢ 1s(1,2) (3,4) . Itis not totally strong self-complementary.

a(0.6,0.2) a,(0.7,0.2)

B1(0.6,0.2) B,(0.6,0.2)

a;,(0.7,0.2) as(0.6,0.2)

FIGURE 2.10 IFGS G, = (Ay, By, B3, B3, By)

Example 2.38
The IFGS és =(A,B,,B,,B;) , shown in Fig 2.11, is totally strong self-

complementary because it is identical to its ¢-complement for all the

permutation on the ¢ on the set {1,2,3}.

a3(0.3,0.3) B1(0.3,0.3) az(0.3,0.3)

B2(0.3,0.3)
B3(0.3,0.3)

B,(0.3,0.4)

@4(0.3,0.3)

FIGURE 2.11 IFGS G, = (A4, By, B,, B3)
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CHAPTER-3

PYTHAGOREN FUZZY GRAPH STRUCTURE
Definition 3.1

Let {M,:i=12,...,n}be a set of irreflexive, symmetric and mutually

disjoint relations on non empty set T. An Pythagorean Fuzzy Graph Structure

(IFGS) with underlying vertex set T is denoted by és =(J,K,K,,.....K,)
where,
()Jis an is an Pythagorean Fuzzy set of T with «,:T —>[0,1]and
BT —>[0,1], namely the degree of membership and the degree of non-
membership of x eU , respectively such that

0<a?(X)+p5(y) <1, forall xeT
(iEach K;is an fuzzy set of M, such that the functions o M —>[0,1]and

B M —[01]are defined by
o (Xy) <oy (X) Aay (), B (XY) < B, () v B ()

and
0< Q. (xy) +ﬁKi (xy) <1, forallxy ecT xT,i=12,...,n.
Equivalently, an PGFS of a graph structure and letJ, K, K,,......K,; and K,
be an Pythagorean fuzzy subsets of T,M;,M,,.....M, ;and M, respectively,
then,
ay, (Xy) < a; (X) n ey (Y), B, (Xy) < By (X) v B, (Y)
forall Xy e M.,i=123,..,nand
as(X)+B(y)<lforall xyeT xT.

Example 3.2

Let G*=(T,M,M,)be a graph structure such that
T={a,a,a,a, |, M,={aa, a,a,aaand M,=1{a,a,aa,a,a,} Let
J,K,and B, be a Pythagorean fuzzy subsets of T,M, and M, respectively

such that ,
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J ={(a,,0.7,0.6),(a,,0.5,0.6),(a;,0.8,0.2),(a,,0.9,0.4)}
K, ={(a,a,,0.5,0.6),(a,a,,0.5,0.6),(a,3,,0.7,0.6)}
K, ={(a,a,,0.8,0.4),(a,a,,0.7,0.6),(a,a,,0.5,0.6)}

Then G,=(J,K,,K,)is a PFGS of G *as shown in Fig 3.1.

K 4(0.5,0.6)

a4(0.7,0.6) a,(0.5,0.6)

a3(0.8,0.2)

FIGURE 3.1 PFGS G = (J,Ky,K3)

Definition 3.3
An IFGS HS =V ,W,,W,,.....,W,) is said to be Pythagorean fuzzy sub

graph structure of an IFGS GS =(J,K,, K,,....,K,) with underlying vertex set
T,if v cJand W; €V, for all i, that is

a, (X)<a, (X), A, (X)26,(X) , forall x T .

W,(0.1,0.5) V,(0.4,0.6)

@;(0.1,0.5) a;(0.6,0.3) a;(0.7,0.6) a,(0.5,0.6)

a;(0.8,0.5) a;(0.8,0.2)
Hy=(V.WyW2) L, =(AVyV3)

F,(0.5,0.6)

ay(0.7,0.6) a3(0.5,0.6)

a3(0.8,0.2)
Z,=(AFyF,)

FIGURE 3.2 Pythagorean Fuzzy Subgraph Structures
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and for i =1,2,3,...,n
ay, (X) <y (X), By ()= By (X), forall xye T xT .

H. is called an Pythagorean fuzzy spanning sub graph structure of an

PFGS G, ,if V=J.

H. is called an Pythagorean fuzzy partial spanning sub graph structure of

an PFGS G, if it excludes some edges of G,
Example 3.4
Consider a PFGS G, =(J, K, K,), as shown in Fig 3.1.Let,
-{(a,,0.10.5),(a,,0.6,0.3),(a,,0.8,0.5),(a,,0.9,0.1) |
W, ={(a,a,,0.1,0.5),(a,,,0.6,0.5), (a,a,,0.1,0.5)}
W, ={(a,a,,0.8,0.5),(a,a,,0.1,0.5),(a,a,,0.6,0.3)}
V, ={(a,3,,0.4,0.6),(a,a,,0.5,0.6),(a,a,,0.6,0.6)}
V, ={(a,a,,0.8,0.4),(a,a,,0.7,0.6),(a,a,,0.4,0.6)}
F, ={(a,a,,0.5,0.6),(a,a,,0.5,0.6),(a,a,,0.7,0.6)}
and F, ={(a,a,,0.7,0.6),(a,a,,0.5,0.6)}
By routine calculations, it is easy to see that I-v|S =V, W, W,),
L,=(J,V,,V,)and Z,=(J,F,,F,)are respectively the Pythagorean fuzzy sub

graph structure, Pythagorean fuzzy spanning sub graph structure and

Pythagorean fuzzy partial spanning sub graph structure of G, . Their respective

drawings are shown in Fig 3.2.
Definition 3.5

Let G, =(J,K,,K,,....K_) be a PFGS with underlying vertex set T.
Then there is a K, - edge between two vertices xand Yof V if one of the
following is true:
(i) o (xy)>0and By (Xy)>0,
(i) oy (Xy) > 0and Sy (Xy)=0,
(iii) o (xy) =0and B (xy)>0, forsomei.
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Definition 3.6
For a Pythagorean fuzzy graph structure Gs =(J,K, K,,.....K,) with
vertex set T, support of k. is given by,
sup p(K.) ={xyeT xT iy (xy)=00r B (xy) ;to}, i=12,...,n.
Definition 3.7
K, -edge of an PFGS G, =(J,K,,K,,....,K ) with underlying vertex
set T, is a sequence of distinct vertices S, 3,,........ B, €T (exceptthe choice
B, =B, suchthat B, B isa K;-edge forall j=23,....m.
Example 3.8
M, ={aa, 8,8, 8.8, f and M, = {a,2,,8,8,,2,3,
(i) aa,,8,3,,8,a; are K, -edges and a,a,,a,a,,,a,are K,-edges ;
(i) aa,a;and aad,a,are K,and K,-paths respectively;
(iii) a,and &, are connected by vertices of T,
(iv) G, isa K, -strong , since sup p(K,) = {alaz,azag,alag}and
o (a,3,) =0.5=(a, (&) rat, (3,)),
By, (aa,) =0.6=(5; () v £, (a,)),
ay, (8,8,) =0.5=(a, (8,) A, (23)),
By, (8,3;) =0.6=(5, (a,) v S, (a,)),

Ay, (aias) :0'7:(aJ (ai) N, (8.3)),
Example 3.9

Let G, =(J,K,,K,)shown in Fig 2, be IFGS of the graph structure
G, =(T,M,,M,) where T ={a,,a,,a,,8,} , M, ={a,a,,a,a,,a,a,} and
M, ={a,a,,a,a;,a,a,}. Then G, is a strong IFGS since it is both B, - strong
and B, -strong . Moreover sup p(K,) = ¢,sup p(K,) =¢ , every pair of

vertices belong to T, is either a K, -edge or a K, -edge ,s0 GS is a complete or

K, K, - complete PFGS as well.
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a,(0.3,0.6)

a,(0.7,0.4) a4(0.4,0.3)

(9'0'e0)*y

a3(0.8,0.5)
FIGURE 3.3PFGS G, = (J,K{,K3)

Definition 3.10
If an PFGS G, =(J,K,,K,,... K, ) with underlying vertex set T, ay and
By - strengths of a B, - path “ Ry = B, f,,...... B, ",are denoted by 0. R, and
V K, respectively such that,
0K, = AT e (BuB)] and VK, =VT,[B (B,.5)]

Then, we write the strength of the path, R, = (0.R, ,V.R ).
Example 3.11

In G,=(J,K,,K,)shown in Fig 3.3, R =aa,a,is a K,- path and
R, =a,a,a,is a K,-path and

OR =a, (8,3,) Aoy () Ay (3,33) =(0.2A0.470.3)=0.3
VR, = fy, (aa,) v By, (aa;) v B, (a,3;) =(0.6v0.5v0.6) =0.6

OR, = o (@) A ey (8,35) Ay (3,8,) =(0.3A0.7/0.4)=0.3

VR, = By, (@a,) v By, (a,33) v By, (8,2,) = (0.6 v0.5v 0.4) =0.6
The strength of K, -path R, =(0.R,,V.R,)=(0.306), The strength of
K,-path R, =(0.R, ,V.R )=(0.3,0.6).
Definition 3.12

If a PFGS és =(J,K,,K,,...K,) with underlying vertex set T:



(1) o —Strength of connectedness between x and y, is defied by
e (xy) =V, {ak (xy)}where o (xy) ={ard ' o oy )(xy) for j=2 for
ag (xy) ={e, o o )(xy) =V {a (Xy) Ay ()}

(i) ,b’Ki — Strength of connectedness between x and vy, is defied by
B () =V B (y)ywhere ¢ (xy) ={B¢" o B, )(xy) for j=2 for

B, ) ={By, © B )OXY) = A By, 0¥) A By, (2)}-
Example 3.13
és =(J,K,,K,)as shown in Fig 3.4, be IFGS of graph structure

G =(T,M,,M,)such that T={a,a,2,8a,},M,=1{aa,,a,a,,aa,}and
M, ={a,a,,a,a, .
Since o (a,3,) =0.1, & (8,8,) =0.2, & (8,8,) =0.1, therefore
e (a,3,) = (oo )(ad,) = (aa,) ray (8,8,)=0.120.2=0.1
g (3,8,) = (a0 ) (8,3,) =a (a3,) Ay (8,8,)=0.120.1=0.1
ag (a,a,) = (o, ooy ) (@) =ay (8,3,) ray (8,8,)=0.170.2=0.1
ag (a,d,) = (ag ooy )(ad,) =y (8,3,) Aery (8,8,)=0.1/10.1=0.1
ag (a,3,) = (g, ooy ) (@3,) =ag (a,,) Ay (3,3,)=0.1A0.1=0.1
ag (a,3,) = (ag o ey ) (aa,) =g (a,a,) ray (8,8,)=0.110.2=0.1
o (a,a,) = (ag ooy )(aa,) =y (aa,) ray (8,8,)=0.120.2=0.1
ay (3,3,) = (ag cay ) (a,3,) =ag (8,3,) Aoy (8,3,)=0.120.1=0.1

alil (a,a,) = (ail OaKl)(a1a4) :ail (a,a,) Ny, (a,8,)=0.1n0.2=0.1

34
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a,(0.1,0.7)

a3(0.6,0.3) a,(0.9,0.4)

FIGURE 3.4 PFGS G, = (J, K1, K3)
Thus we have,

ay (a,3,) =v {0.1,0.1,0.1,0.1}=0.1
ay (a,a,) =v {0.2,0.1,0.1,0.1}=0.2
ay (a,a,) =V {0.1,0.1,0.1,0.1}=0.2

Since f, (2,3,)=0.1, S (8,8,) =02, B, (aa,) =0.1 therefore
B2 (2,) = (B, ° B, (2id,) = i, (3,2, v i, (8,8,)=0.7 0.4 =0.7
B2 (2,2) = (B, © B) (32,) = (3,) v fiy, (8,2,)=0.7v 0.7 =07
B2 (8,2,) = (B, B, ) (82,) =, (8,2,) v fi, (8,8,)=0.7v 0.4 =07
B2 (2,2,) = (B2, o . ) (2.2,) = B2, (22,) v By, (2,2,) =07 0.4=07
B2 (82, = (B2, o ) @,2) =52, (82, v fy, (8,2,)=0.7v0.7=0.7
B2 (8,2,) = (B o b, ) (82,) = B2, (3,3, v fiy, (2,2,)=0.7v04=0.7
Bi (8,2,) = (B B, ) (8i2,) =52, (8i2,) v fiy, (2,2,)=0.7v0.4=0.7
Bi (82,) = (B2 o ) @,8,) =52, (23,) v e, (8,2,)=07v0.7=0.7

ﬂé (a8,) = (,Bks1 OIBKl) (a,a,) :ﬂksl (aa,) vﬂKl (a,3,)=0.7v0.4=0.7
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Thus we have,
B (aa,) =v {0.7,0.7,07,0.7}=0.7
B (a,3,)=v1{0.4,0.7,0.7,0.7}=0.7

B (aa,) =v{0.7,0.7,0.7,0.7}=0.7

By similar calculations, it can be easily checked that

alfz (a,3;)=0.1 ﬂfz (a,3;)=0.7

ay, (8;a,) =0.2 B, (a;a,) =0.7

alfz (aa,)=01 ﬁ;z (a,)=0.7
Example 3.14

A PFGS shown in Fig 3.3, is a B,-tree but not an Pythagorean fuzzy

B,-tree. WhileG, =(J,K,,K,)shown in Fig 3.5,is not a B,-tree but an

Pythagorean fuzzy B, -tree, since it has an Pythagorean fuzzy partial spanning
sub graph structure (J,K/,K})as a B,- tree ,which is obtained by deleting
B,-edge (a,3) from Gwith o (aa,)=02<04=qay(aa,) and

B, (4a,)=05<06= B, (a,33).-

0.5,0.4
50-"\ ax( )
o>
a,(0.7,0.3)
e
* °
& "@ Y
& £ °
s\ o
, N
*\A-; -
a3(0.4,0.6)
a4(0.9,0.1
(09,0 s

FIGURE 3.5PFGS &, = (J, K1,K>2)

Example 3.15

651 and Gsz as shown in Fig 3.6 and Fig 3.7 are PFGS of graph
structures G; =(T;,M;,M,,M;M,)and G_ =(T,,M;,M;,MM,) respectively,
Where,

le{ai’az’as’azuas’as} Mlz{a2a3,a3a5}
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Mz :{a3a4!a4a5} M3 :{aiaz’asae}
M4:{a2a5’aiae} Tz :{bl’bz’bybmbs’bs}
M1, :{b1b3’b1b2} Mé :{b3b4’b4b5}
Mé :{bsbei bzb3} Mz’l :{b3b5’ bzbe}
a,(0.6,0.6) K3(0.3,0.6) a,(0.3,0.6)
4 &
1(: o
0.6:‘ o ‘?o‘c/
S ' K3(0.6,0.6)
= -(0.6,0.6) @¢(0.3,0.6)
% QQ %
x $§?>‘ 2??
K»(0.3,0.6) &
a;(0.3,0.6) a;(0.6,0.6)

FIGURE 3.6 PFGS G,, = (J,K1,K2, K3, K4)
Then Gsl is isomorphic to Gsz under the mapping f :T, =T, is given by
f (a1) :b1’ f (az) :bz’ f (8.3) :b31 f (a4) :b4’ f(a5) :bs’ f (as) :bs
and a permutation ¢ is given by

D) =2, p(2) =1, p(3) =3, p(4) =4
Such that,

a, (@) =a, (f(&)), B, @)=45,(f(&))
Forall & €T,,and
o (aa)=ac, (@) @), A (aa)=Fc, (f@)f@)),
forall aa; eM;,P=1234.
Also, G, is identical with G, under the mapping f :T, —»T,, given by
f(a)=b, f(a,)=b,, f(a)=b, f(a,)=by f(a)=b, f (&) =h,,
such that
a, (@&)=a, (f(@)).B, (&)=p5,(f(y)), foral a €T,
and
o, (@a) =a, (T(&) f(a)), B, (@a) =5, (f(&) f(a))
for all aa, € E,,P=12,34.
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b,(0.3,0.6)
Q@ 47(0
. 25
\\0?‘" 0
'S 6)
b3(0.3,0.6) K3(0.3,0.6) b,(0.6,0.6)
’59.& 2 ©
b,(0.6,0.6) & > <
4 S g &
3 <, [=)
4;(0 5 e
"2 x ' =
-0.6) K5(0.3,0.6)
bs(0.3,0.6 bg(0.6,0.6)

FIGURE 3.7 PFGS &;, = (J, Ky, Ky, K3.Ky)
Remark 3.16
Identical PFGS are always isomorphic but the converse is not
necessarily true. As PFGS Shown in Fig 3.3 is isomorphic to PFGS shown in

Fig 3.8 but they are not identical.

a,(0.3,0.6)

a,(0.7,0.4) a,(0.4,0.3

N

[4
b

(9'0'¢'0)

a3(0.8,0.5)

FIGURE 3.8 PFGS G, = (J. K4, K>,)
Definition 3.17

Let GS:(J,Kl, K,,...K,) be an Pythagorean structure of a graph structure
G =(T,M,M,,M,,..M_).Let ¢ denote a permutation on the set
{M,,M,,..M }.and the corresponding permutation on{K,K,,...K }, i.e.,
#(K;) =K, iff (M) =M, foralli

If xy e K, for some r and



age (XY) =an(X) nap(Y) =V e, (XY),
B (XY) = Ba(X) A Ba(Y) —V. P, (xy),i=1,2,...,n,
Then xy € By, while m is chosen such that «_, (Xy) > &, (xy) and

B, (xy) = B, (xy) foralli.
Then PFGS (J,K?,KZ,.....K?) denoted byG®, is called the

¢ - complement of PFGS G_.
Theorem 3.18

A ¢ -complement of a Pythagorean fuzzy graph structure is always a
strong PFGS. Moreover if ¢(i)=r forr, ie{l2,....,n}, thenall B -edgesin
PFGS G,=(J,K,,K,....K,) become By -edges in G =(J,K{,K{,... KY).
Proof

First part is obvious from the definition of ¢ -complement GS“ of PFGS of

G, , since for any By -edge Xy, ag (xy) and Sy (Xy) respectively have the

maximum values of

a(X) ey (¥) =V e, (x9), and B0V Br(Y) =V e, (). (1)
that is,

ag (Xy) =as(X) ~ax(y), fe (Xy) = Ba(X) A Ba(Y), )

for all edges xy in G,hence G¥ is always a strong PFGS.
Now suppose on contrary that ¢(i) =r but Xy is K, -edge in GS with s#Tr,
which implies that @B, # B,.Comparing expressions (1) and (2), we get
V e, (XY), V Bye (Xy) =0
Which is not possible because ¢(K;) = K; forsome je{l,2,...i-1i+1..n}.
S0 our supposition is wrong and xy must be a K, -edge. Hence we can conclude
that if@(i)=r, then all K, - edges in PFGS G, =(J,K,,K,,......K_)become

K¢ -edges in G =(J,K{,K{,..,K?) forr, ie {1,2,...,n}.

39



Example 3.19

Consider PFGS és =(J,K,,K,)shown in Fig 3.4 and let @be a

permutation on the set {K,, K, }such that p(K,) =K,and p(K,) =K.

Now fora,a, eK,,
a}z (alaz) :aJ (ai) /\aJ (az) _}{¢1|-a‘ﬂKi (aiaz)JZO.l—o.].: 0
Bt (a2,) =By (&) v By (8,) =V B,k (812,)|=0.7-0.7 =0

o, (a3, =ay (@) ey (8,) —V [, (8,3,)[=0.1-0=0.1

B (ai3.) = (A1) v B (82) =V |3, (22,) |=0.7-0=0.7

a,(0.1,0.7)

a3(0.6,0.3) a,(0.9,0.4)

FIGURE 3.9 PFGS G?° = (J, K?,K3)

Clearly,
ay, (23,) =0.1>0=ay (aa,) and Sy (aa,)=0.7>0=p (aa,)
Similarly, fora,,a, e K,

o, (aa,) =a;(a,) e, (a,) _}ill_a(ij (828.4)]:0.2—0.2 =0

,32 (aa,) =5, (a,) v B (a,) _}illﬂij (a2a4)J:O-4_0-4 =0

af, (a,8,) =a, (3) Aa, (a) =V |, (@,8,)]=02-0=02

ﬂr(fz (aa,) =4,(a) v f;(a,) - j\izlﬁ‘/’Ki (a2a4)J:0-4_0 =04
Clearly,

ay (a,2,)=02>0=0a (a,8,) and B¢ (a,8,)=0.4>0= ¢ (a,3,)

for, a,,a, € B,

40
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af (aa,) =a, (@) na, @) -V e, (aa,)]=01-0.1=0
pi.(aa,) =, (@) v B (a) -V |8,k (aa)|=0.7-07=0
04?2 (a1a4) =, (al) N, (8.4) - leaij (aia4)J:O.1—0 =0.1

pL @) =B, @)V B (a) -V |8,k (@a)|=0.7-0=07
Clearly,

al(ﬁz (aa,)=0.1>0= ale (a,a,) and IB}Z (2,3,)=0.7>0= ﬁz (a,a,)
For a,a, € B,

af, (aa;) =a, (a) Aa, (8:) —V [y, (32)]=01-0=01
52 (@as) = B, (@) v By (8) —V | B, (@:23)]|=0.7-0=0.7
af, (@) =a; (@) Aa, (8:) -V fa, (a,2,)]=01-0.1=0

B, (@) =, (@) By (8) ~V |, (8,a;) |=0.7-0.7 =0
Clearly,

ay (8,8;) =0.1>0=ay (a,a;) and S (a,a,) =0.7>0=fy (a,a,)
For a,a, e K,,

af, (2a,) =a, (3) ety () =V [ar,i (,8,)|=0.2-0=0.2
ﬂr?l (asa4) =P, (as) v B, (a,) —}illﬂ(p,(j (3334)120.4—0 =04
af, (a:8,) =a, (@) nay (a,) —V |, (a:,)]=0.2-02=0

BL, (@2, =By @)V By (a) =V | B (2:2,)|=0.4-0.4=0
Clearly,

ay (8;8,) =0.2>0=0ay (a,3,) and ¢ (a;a,) =0.4>0= ¢ (a;a,)
This shows that, K¢ ={(a,a;,0.1,0.7),(a,a,,0.2,0.4)}

K¢ ={(a,a,,0.1,0.7),(a,a,,0.10.7),(a,a,,0.2,0.4)} and G* = (J, K, K?)

shown in Fig 3.9 is the ¢ —complement of G, .
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Theorem 3.20
A PFGS Gs is strong if and only if Gs is total self-complementary.

Proof:
Let G, be a strong PFGS and ¢ be any permutation on the set {1,2,...,n}.
If ¢ '(i)=j,Then by Theorem 3.18, all K,—edges in
G, =(J, K, K,,.....,K,)become K¢ —edges inGY =(J, K¢, KZ,...,.K?).
Also G is strong, so

Qy, (a3,) =, () ra,(a,) = OCK}” (2,3,)

ﬁKi (3,) =B, (@) A By (8,) = ﬂKqu (aa,)

Then G, is isomorphic to G

s !

under the identity mapping f :T — T and an
permutation @[¢ (i) = j,i, j =1,2,...,n] such that
a,(8)=a,(f(a)), p,(a)=/p,(f(a))forall acT

And oy, (aa,) = OCK? (a,) = aK}p (f(a) f(a,))
ﬂKi (a1a2) = ﬁK}o (alaZ) = ﬂK}D (f (al) f (az))

This holds for all permutations on the set{1,2,...,n}. Hence G,is totally self-
complementary.

Conversely, let ¢ be any permutation on the set {1,2,...,n}and G_and G**
be isomorphic .From the definition of ¢ - complement and isomorphism of

PFGSs, we have

a, (@a,) =a,, (T(a) 1(a,)) =, (T(@)r e, (1(a,)) = o, (@) r e, (&)
P, (@d,) = B, (T(2) 1(a,)) = £, (T(@))v £, (T(,)) = 5, (&) A 5, (a,)
forall a,a, e M,,i=12,...,n.

Hence, G.is a strong PFGS.

Remark 3.21
Every self-complementary PFGS is necessarily totally self-

complementary.



Theorem 3.22
If a graph structure G* =(T,M,,M,,....,M ) is totally strong self-

complementary and J is a PFS of T with constant mappings «, and g, then a
strong PFGS és =(J,K,K,,....K.) of G7is totally strong self-

complementary.

Proof:
Consider a strong PFGS G, =(J, K, K,,.....,K ) of agraph structure

G, =(T,M;,M,,...,M_).Suppose that G’is totally strong self-
complementary that for some constants s,te[01], A=(a,, 3, )is an PFS of T
such that a; (u) =s, g, (u) =t, forallu € T .Then we have for all u € T .Then
we have to prove that GS is totally strong self-complementary. Let ¢ be an

arbitrary permutation on the set {1,2,..,n} andg *(j) =i. Since G" is totally

strong self-complementary, so there exists a bijection f :T —T such that for
every M- edge aa, inG", f(a)f(a,) is an M,-edge in (G’ °.
Consequently, for every K, -edge aa, in GS, f(a) f(a,) isan K’ —edge in
G,

ax(@)=s=a,(f(a)).B.(a)=t=L,(f(a)) foralla, f(a)eT,
and

Ay, (aa) =a; (@) ra;(a,) =a(f(a)) Aa(f(a)) = Ao (f(a) f(a)),
Py, (@@,) = By (a)) v 5, (8,) = Ba(T (@) v Ba(f(a) = B, (T (&) T(a,)),
for all aa, € K;,i=12,..,n, which shows GS is strong self-complementary.

Hence GS is totally strong self-complementary, since ¢ is arbitrary.

Remark 3.23
Converse of Theorem 3.22 is not necessary, since a totally strong self-

complementary and strong PFGS Gs =(J,K,,K,,...,K,) as shown in Fig
3.11, has a totally strong self-complementary underlying graph structure but «,

and S, are not constant fuzzy functions.
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Example 3.24
The PFGS shown in Fig 3.8 is self-complementary, i.e., it is isomorphic to

its ¢ -complement, where &, . Also, it is totally self-complementary because ¢

is the only non-identity permutation on the set {1, 2}.

Example 3.25
The PFGS G, = (J,K,,K,,...,K,) shown in Fig 3.10, is strong self-
complementary, i.e., it is identical to its ¢ -complement where the permutation

@ is (1 2) (34). Itis not totally strong self-complementary.

a,(0.7,0.4) a,(0.5,0.6)
K3(0.5,0.6)
4—
PR 0
0 ?& ‘&)
S
~ -
R K3(0.6,0.5) 03 (0.9,0.1)
A 65(0.6,0.5) .
- &) )
£ o s 64%-\
@p‘ o oY
+ e \u.\
£
K3(0.1,0.8)
as(0.7,0.5) a4(0.1,0.8)

FIGURE 3.10 PFGS G, = (J, K1, K3, K3, K,)

Example 3.26

The PFGS G, = (J,K,,K,,...,K_) shown in Fig 3.11, is totally strong self-
complementary, it is identical to its ¢ -complement for all the permutations ¢
on the set {1, 2, and 3}.

K4(0.4,0.5)

a4(0.4,0.2) a,(0.4,0.5)
7 »
Y 3
o.u',o o
3
2 +
K1(0.3,0.4)
- g(0.3,0.1) a;(0.3,0.4)
L4 . X
© ] o ~
5! S ° s
=) " » %
s ¢ -
-
x . N
a5(0.4,0.5) ag(0.1,0.2)
K3(0.1,0.5)
o ﬁfo
W Lo
o
& Z
0.3,0.2)
a4(0.1,0.5 a3(03,
ol ) K3(0.1,0.5)

FIGURE 3.11 PFGS G, = (J, K1, K2, K3, K,)
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SUMMARY AND
CONCLUSION



SUMMARY AND CONCLUSION

In this thesis the idea of graph theoretical findings in intuitionistic fuzzy
structure is discussed. It also includes some graphical structures for trees, cycles,
sub graphs, self-complement, strong self-complement.

Further, we developed Pythagorean fuzzy graph structure when describing
the uncertainty in numerous combinatorial issues across various fields
Pythagorean fuzzy graphical models offer greater accuracy, adaptability and
compatibility. We also extended our views to Pythagorean fuzzy trees, cycles
and complement of a PFGS, including self complement and strong self-

complement of PFGSs.

In future, we would like to extend our work to
Q) Bipolar Environment
(i) Spherical Fuzzy Graph
(iti)  Neutrosophic Cubic Graph
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