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CHAPTER 2
FUZZY n-NORMED LINEAR SPACE AND

QUASI a-n-NORMED LINEAR SPACE

This chapter is devoted to the study of fuzzy n-normed linear space, complete
fuzzy n-normed linear space, best approximation sets in a-n-normed space, quasi

a-n-normed linear space.

In section one of chapter 2, the concepts of 2-normed space, n-normed space,
fuzzy normed linear space, fuzzy n-normed linear space and results on a-n-norms on

X corresponding to the fuzzy n-norm on X are studied.

In section two of chapter 2, the notion of Cauchy sequence, convergent sequence

and completeness in fuzzy n-normed linear space are analysed.

In section three of chapter 2, examples of a-2-normed linear space and a-n-normed
linear space for the sets Dy, 4, 2. (%0, G) and Pg 4, 44,2, (%) and some
characterization for these are discussed.

In section four of chapter 2, ascending family of quasi a-n-norms corresponding

to fuzzy quasi n-norm are studied.

SECTION: 2.1
FUZZY n-NORMED LINEAR SPACE
Definition: 2.1.1 [20]
Let X be a real vector space of dimension greater than 1 and let ||e, ¢|| be a
real-valued function on X x X satisfying the following conditions :
(1) ||z, y|| = 0 if and only if z and y are linearly dependent,
(2) Nz, yll = [y, «l|,

(3) llaz, yll = |a| ||z, yll, where a is real,



(4 lle,y + 21 < [l yll + |2, 2]

||e, ®|| is called a 2-norm on X and the pair (X, ||e, o||) is called a linear 2-normed space.

Definition: 2.1.2 [22]

Let n € N (natural numbers) and let X be a real vector space of dimension d > n.
(Here we allow d to be infinite.) A real-valued function |le,... e on X x ... x X
satisfying the following four properties : !

1) ||z1, @2, . .., 2x|| = 0 if and only if 21,25 ..., 2, are linearly dependent,

3) |x1, g, . .., axy|| = |al||T1, T2, - . ., 24|, for any a € R ( real),

(

(2) ||x1, o, . .., x,|| is invariant under any permutation,

(3)

(4) “Il: Z2,...,Tp-1,Y -+ Z” S ||;L'1,i732, vy Tn—1, y“ + ”1171, £, ..., Tn-1, Z“,

is called a n-norm on X and the pair (X ||e,...,e]||) is called an n-normed space.

Definition: 2.1.3 [3]

Let X be a linear space over F (field of real or complex numbers). A fuzzy subset
N of Xx R (R, set of real numbers) is called a fuzzy norm on X if and only if for all
z,u € X and c€ F,
N1)For all t € ® with t< 0, N(z,t)=0,
N2)For all t € ® with t>0, N(z,t)=1 if and only if 2=0,
For all t € R with t>0, N(cz,t)=N(z,t/|c|), if ¢ 0,

(
(
(N3
(N4)For all ste R, z,ueX, N(z+u,s+t)> min {N(z,s), N(u,t)},
(

)
)
)
N5)N(z,t)is a nondecreasing function of ® and lim;_,, N(z,t)=1.

The pair (X,N) will be referred to as a fuzzy normed linear space.

Definition: 2.1.4 [3]
Let (X,N) be a fuzzy normed linear space. Assume further that

(N6) N(z,t) > 0 for all ¢ > 0 implies x = 0.
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Define ||z||, = inf {t : N(z,t) > a},a € (0,1). Then ||z||, is a norm on X and || e ||,
is called a a-norms on X.
Then {|| ® || : @ € (0,1)} is an ascending family of norms on X (or) c-norms on

X corresponding to the fuzzy norm on X.

Definition: 2.1.5

Let X be a linear space over a real field F. A fuzzy subset N of X x ... x X xR
| —

n

(R, set of real numbers) is called a fuzzy n-norm on X if and only if

(N1) For all te £ with t<0, N(x1, 22, ..., Zn, t)=0,

(N2) For all te ® with t>0, N(zy,xs,...,2,,t) = 1 if and only if zy,2,, ..., x, are
linearly dependent,

(N3) N(xy, 2z, . .., Zn, t) is invariant under any permutation of xy,x, ..., Ty,

(N4) For all te B with t>0, N(®y, 25« « + 588s: 1) = N2y, Bo, -+« 5 &5 |t7|)7 if 40,

ceF (field),

(N5) For all s,;te€ R, N(z1, 22, . . ., Tpt2!,,s+t)> min {N(x1, 22, . . ., Tn, ), N(T1, 22, . . .

J"E:’LS t)}?

(N6) N(x1, g, . . ., x,,t) is a nondecreasing function of R and lim;_, ., N(xy, o, ..., z,,t)=1.

Then (X,N) is called a fuzzy n-normed linear space or in short f-n-NLS.

Remark: 2.1.6

From (N3), if follows that in an f-n-NLS,

t
(N4) For all t€ R with t>0, N(z1,Za,...,C%;, - . - , Zn,b)=N(Z1, %2, . . ., T4y - . < s Tiay T(Tl),

if ¢#£0,
(N5) For all s,te R,

~ n 3 P Y a P Py ey
N2y, gy« o - By + 5 05 B85} > I N(R1, 855 .+ 55 %k5s 5 53 Bs 8)5 N By By« 5 5 5 By

o B B T



Example: 2.1.7

Let (X, |e,...,e||) be an n-normed space. Let

( t

, whent>0,teR,
t+ ”Zl,Il?g,...,:L‘n“

(B 5505 5F) E X K wvg XX
N e’

n

N(.’,Cl,:tg,...,xn,t) =9

L 0, when t <0

then (X,N)is an f-n-NLS.
Proof:
(N1)From the definition of N(z1,22,...,Zs,t), we have for all t€ ® with t< 0,

N($1,$2,...,$n,t) =0
(N2)For all t € ® with t>0,

N(Z1,825 o0« Zust) =1

t
t+ ||lz1, 22, .o Tal|
(i7)if and only if t =t + ||z1, 22, . .., Tl

(2)if and only if

(#42)if and only if ||z1, 22, ..., Zx|| =0,
(2v)if and only if zy,xs,...,z,are linearly dependent.

(N3)For all te ® with t >0,

t

t+ ”51717-7/'2, Giww 71"n—1)xn”
t

-1 [[21, 29, - - - s By Bt ]|

N(xla Toy ... ,zn—laxmt) =

= N T By ve 5By Lty B

(N4)For all t€ ® with t>0 and ce F, c# 0,

t ; c
N(xl,xz,...,xn,m-) = | l

t
P

el
30



t

t+ le|||x, z2, - - -y 20|
t

t+||z1, 22, ..., CTnl|

= W@, B8, -« o B0, 1)

(N5)We have to prove

N(z1,%a,...,Tn+ Th, s +t) > min {N(z1, 23, ..,Zn, 8), N(T1, 22, ..., 27, 1)}
if

(a)s+t <0,

(big=t=1,

(c)s+t>0;s5> O,i < 0;s < 0,t > 0,then the above relation is true. If

(d)s > 0,t > 0,s+t >0, then

s+t
Ny, x9,....,Zn+ L, 8+ 1) =
(17 2 ) n+ n? +) 8+t+|l$1,$2,...,$n+1}:}”
s s+t
_S+t+”II:l,.’L'Q,...,.’IIn“—I-||:131,$2,...,$:l”
If
S > t ,
S+ ||z, T2y -y all Tt ||T1, X2y -, 2|
then
S t
_— 7 207
S+ ||z, T2, -y Tall tH||T1, 22, -, 2]

which implies
s(t+ ||z1, 22, ..., 2L)]) — (s + |21, Z2, . .-, Zall) 2 O,
which in turn implies

s||x1,a:2,...,x;||—t||a:1,x2,...,xn|| >0 (21)
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SO

s+t t
R N TR | I [ S | B o |- T D 4 |

_ 8||m1, By -~ « s T )| — B} Doy« o < o B
(5 +1 ”1‘1,1172, 1% 8 >zn” £ ”$17$27 §4a B ’x”')(t T ||l'1,$2, e ,IE;”)

By (2.1),

s+t t
AT / 20’
84 Lt ”.’131,1'2,...,1En|| ot ”1171,.’1,‘2,...,1‘”” t+ ||;171,.Z‘2,...,3,‘n||

which implies

s+t . t
84 bt ||Be, s« oo 0 Bal] + [0 B2y oo L] T B |Ba, oy o s 2L ]

Similarly, if

t - S ’
t_l_”xlvﬂ;%"'vxn” S_*_”:Blax?)"'axn”

then

s+t - S
S+t+ ||z, T2y .oy Tul| + |21, 22, -2 T oS+ |21, X0, T

Thus,
N(z1,T2, .y Tn+ 2o, 8 + 1) > min {N(z1,Z2, ..., Zn,8), N(21,22, ..., 2, 1)}

(N6) For all t1,t; € R, if t; <t <0, then
N($1,$2,...,.’L‘mt1) :N(CITl,ZIIQ,...,.’l?n,tQ) =0

Suppose t3 > t; > 0, then

t2 - tl
to+ |21, 22, .-y Zul| T+ |21, 22 -, Tal]

- “:L'l’x?)"')xn”(tQ—'tl) >0
(tz + |71, 22, - -, Tall) (1 + |21, 32, -y 2al]) T
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For all (z1,2,...,Z,) € X X ... x X implies
e

tz > tl
t2 + H.’I?l, LDiyris.ms ,.’En“ 1+ ||Z'1, L5 54 ,il,‘n”,
which in turn implies N(z1, 22, ..., Zn,t2) > N(21,22,. .., Tn, t1)
Thus N(z1,22,...,%ns,t) is a non decreasing function. Also,
. ’ t
lipey N {1, @ay o Bas B = lim
t—00 t—oo t + ||y, oy .. ., T
lim .
t=oo t(1 4+ (1/t)||21, T2, - - -, Tal)
=
Thus (X,N) is an f-n-NLS.
Proposition: 2.1.8
Let (X,N) be an f-n-NLS. Assume the condition that
(N7) N(zy,xg,...,Zn, t) >0 for all t>0 implies x1, zy, ..., x, are linearly dependent.

L& |y Bas « + + o Enllee = I0f {3 ¢ N2, 20,02, Bra t) 2 @}, 00 €(0,1)
Then {||e,e,...,¢|,: @€ (0,1)} is an ascending family of n-norms on X. These

n-norms are called a-n-norms on X corresponding to the fuzzy n-norm on X.

Proof:
Let N(z1,xg, . .., Tn, t) >0 for all t>0 implies 1, z3, .. ., z,, are linearly dependent.
Claim: {||e,e,... ||, :a € (0,1)} is an ascending family of a-n-norms on X

corresponding to the fuzzy n-norm on X.

(1] 1|5, B o o3 Bl lo=0 This
(i) implies, inf {t : N(z1,2g,...,2n,t) > a}=0,
(i) implies, for all t € R, ¢t > 0, N(z1,22,...,Z,,t) > a > 0,a € (0,1),
(iii) implies, by (N7), 1, %2, ..., 2, are linearly dependent.

Conversely assume that x, Xy, . .., Z, are linearly dependent. This
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(i) implies, by (N2), N(zy,22,...,2,t) = 1 for all t > 0,
(i) implies, for all @ € (0, 1),inf {t : N(z1,22,...,Zn,t) > a} =0,
(iii) implies ||z, Z2, ..., Znlla = 0.
(2) As N(zy, X, . . ., Tn, t)is invariant under any permutation, it follows that ||z1, 2, . . ., Zn||a

is invariant under any permutation.
(3)if ¢# 0,then
”xla T2y -- oy cxn”a = inf {S : N(.’Ifl,l'g, <0y CTp, S) 2 a}

= inf {s : N(ml,xg,...,:vn,i) > a}

lc]
Let t-——i, then
lc]
N1 22y yeZulla = nf{lelt : Nz, 2a;+ - « o8y ) 2 0}
= |e|inf {f s N{®1, 885« s i) = @}
= el s 5. 58] s
if c=0 then
By o=l = |1 805 <5 Vla
= 0
= Olley,; 285+ s Bulla
= |e||z1,z2, - -, Znlla, Ve € F
(D) |1, @3, « -« 5 Balle + 121, T8+ o Balls

= inf{t: N(z1,22,...,%n,t) >a} +
it {5 1 N{Bys By o 045 258) 2 G}
= inf{t 49 N(xi, Bg, . s By t) > 0, N{E1, 08 o 8 8) > &}
> inf{t+s: N,z ...,2, +2,,t+35) > a}
> inf{r: N(zy,z3,...,Zn+2,,7r) >a},r=1t+s

= ”xl,x% cooy I + x:z”a
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Therefore, ||z1, %2, ..., Zn + Th|la < |21, Z2, - - - s Zalla + |21, 22, - - -, +20 |-
Thus {||e,e,...,e|s: @€ (0,1)} is an & — n—norm on X.

Let 0 < oy < ap.Then

|1, @5y < s Bulley = I0f {8 N2, B8, - o 580y B >0 }

B B e 5Bl =0 4T | Ny By 0.8 ) g}
As ap < ay,
{12 N @1, 80550003 8) > g} © {81 N(By B0, - s Ty £) > 04}
implies
mf{t 2 N(®y, %5, o0 s 80y ) > 0} > I0f {62 N2y, 295« Bns B) > @1 }
which implies
b, s < < oo Ballovg 22 5 %8 - s a ]l
Hence {||e,e,..., ||, : @ € (0,1)} is an ascending family of a-n-norms on X

corresponding to the fuzzy n-norm on X.

Remark: 2.1.9

Every fuzzy n-norm induces an ascending family of a-n-norms.

SECTION: 2.2
COMPLETE FUZZY n-NORMED LINEAR SPACE
Definition: 2.2.1[22]
A sequence {z,} in an n-normed linear space (X, ||e, e, ..., ®||) is said to converge

to an € X (in the n-norm) whenever lim,_, ||21,Z2, ..., ZTn_1,%, — || = 0.
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Definition: 2.2.2[22]

A sequence {z,} in an n-normed linear space (X, ||e,e,...,o||) is called a Cauchy

sequence if 1im,, oo ||Z1, X2, - - ., Tn_1, Tn — k|| = 0.

Definition: 2.2.3[22]

An n-normed linear space is said to be complete if every Cauchy sequence in it is

converrgent.

Definition: 2.2.4

A sequence {z,} in a f-n-NLS (X,N) is said to converge to X if given r>0, t>0,
0<r<1, there exists an integer ng € N such that N(xy,2s,...,Tn 1,2, — x,t) >1-1

for all n > ny.

proposition: 2.2.5

In a f-n-NLS (X,N) a sequence {z,} converges to z if and only if
N(z1,x9,...,Tn-1,Tn — T,t) > 1 as n — o0.
proof:

Assume that {z,} converges to z.
Claim: N(zy,23,...,ZTn_1,Tn — Z,t) =1 asn — oo.

Fix t > 0. since {z,} converges to z, for a given r with 0 < r < 1, there exists an

integer ng € N such that N(zy,x9,...,2y_1,Z, —2,t) > 1-r for all n > ny. Thus,
1-N(z1, %2, . .., Tn-1,Zn — Z,t) < r and hence N(z1,23,...,Tn-1,Tn — Z,1) = 1 28
n — oQ.

Conversly, assume that for each t > 0, N(z1,22,...,2Zn_1,Zn—2,t) = lasn — oo

Claim: {z,} converges to z.

For every r, 0 < r < 1, there exists an integer ng such that
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1-N(z1, 23, - -, Tn_1,Zp — Z,t) < T for all n > ng. Thus

N(zy,22,...,Tn_1,Tn—2,t) > l-r for alln > ng. Hence {z,} converges to z in (X,N).

Definition: 2.2.6

A sequence {z,} in a f-n-NLS (X,N) is said to be Cauchy sequence if given ¢ >0
with 0< € <1, t > 0, there exists an integer ny € N such that

N(z1,22, ..., Tn_1,Tn — Tk, t) >1-¢ for all n,k > ny.

Definition: 2.2.7

A binary operation * : [0,1] x [0,1] — [0, 1] is called a continuous t-norm if *
satisfies the following conditions :

(1)* is commutative and associative

(2)# is continuous

(3)axl=a for all a€ [0, 1]

(4)axb < cxd whenever a<c and b<d and a,b,c,d € [0, 1].

Definition: 2.2.8

A binary operation o : [0, 1] x [0,1] — [0, 1] is called a continuous t-conorm if o

satisfies the following conditions :
(1)o is commutative and associative
(2)o is continuous
(3)ac0=a for all a€ [0, 1]

(4)aob < cod whenever a<c and b<d and a,b,c,d € [0, 1].
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Proposition: 2.2.9

In a f-n-NLS (X,N) every convergent sequence is a Cauchy sequence.

Proof:

Assume that {z,} be a convergent sequence in (X,N).

Claim: {z,} be a Cauchy sequence.

Suppose {z,} converges to . Let t>0 and e €(0,1). Choose re(0,1) such that
(1-7r)*x(l=7r)>1—¢.

Since {z,} converges to z, there is an integer ng such that

t
N, By, o +i Bt B —.7;,;)—) >1-—r.
NOW) N(zlaa;?) sy Tp—1, T _mk’t)
= N(x1,Z2,...,Tn_1,Tn — T+ T — Ty, t)
~ ~ t
T N(xlyq/'?a‘-')a/n—lvln“l‘,s) *
N(:L.l,x?)"'vxn—l,x—-xk);)

Vv

l1—r)*(l—r)foralln,k>ng

> 1—¢€ foralln,k >ng

Therefore {z,} is a Cauchy sequence in (X,N).

Definition: 2.2.10

A f-n-NLS is said to be complete if every Cauchy sequence in it is convergent.

The following example shows that there may exists Cauchy sequence in a f-n-NLS

which is not convergent.
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Example: 2.2.11
Let (X, ||e,®...,®||) be an n-normed linear space and let a xb = min {a, b} for all
a,be [0, 1] and

t
t+ ||z, 22, .. Z0|

N(xl)a:%-'-:l'n)t) =

Then (X,N)is a f-n-NLS.
Let {z,} be a sequence in f-n-NLS,then
(a){z,} is a Cauchy sequence in (X, ||e,e...,e|) if and only if {z,} is a Cauchy
sequence in (X,N).
(b){z,} is a convergent sequence in (X, ||, ..., e||) if and only if {x,} is a convergent
sequence in (X,N).
Proof:
Assume that {z,} is a Cauchy sequence in (X, ||e,e... e])
Claim: {z,} is a Cauchy sequence in (X, N).

(a){z,} is a Cauchy sequence in (X, ||e,e...,e||)

& Im ||, 22y s Bn-1,Tn — Zx]| =0
n,k—oo
& L N(%i1:988; 0 6001500 = G 1)
n,k—o00
] /5
= lim =1
"’k_’°°t+”-'Zlax%"-)xn_a:k”
& N(zy,%2,...,%Tn—1,Tn — Tk, t) = 1 asn — oo.
& N(x1,Z2,...,Tn_1,Tn — Tk, t) > 1 —r for all n, k > ny.

< {z,} is a Cauchy sequence in (X,N).
(b) Assume that {z,} is a convergent sequence in (X, |le,e..., e]|)
Claim: {x,} is a convergent sequence in (X, N)

{x,} is a convergent sequence in (X, ||e,e..., o||)
- JI_I,IOIO ”(331,.%2, ce oy Tn—1,Tn — 33)” =0
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=4

=

~

lim N(2g, %9, -« 3 Bn-isBn— 2, L)
n—oo
. t
= lim =1
n=+00 t < |1, gy o +5 Bru—15 Ty — T|
N(zy, %2, ..., Tn-1,Zn —Z,t) = 1 asn — oo.
N(zy,Z2, ...y Tn_1,Tn — Z,t) > 1 — 1 for all n > ny.

& {x,} is a convergent sequence in (X,N).

Thus if there exists an n-normed linear space (X, ||, e ..., e||) which is not complete,

then the fuzzy n-normed induced by such a crisp n-norm ||le,e... e| on an incom-

plete n-norm linear space X is an incomplete fuzzy n-normed linear space.

Proposition: 2.2.12

A f-n-NLS (X,N) in which every Cauchy sequence has a convergent subsequence

is complete.

Proof:

Assume {z,} be a Cauchy sequence in (X,N) and {z,,} be a subsequence of {z,}

that converges to z.

Claim: {z,} converges to = and it is complete.

Let t>0 and € € (0,1). Choose r € (0, 1) such that (1—7)*(1—7) > 1 —¢. Since

{x,} is a Cauchy sequence, there exists an integer no € N such that

t ,

N2y, 35, < .+ 5. Bz Tz = s 5) > 1 —r for all n,k > ny. Since {z,, } converges to z,
. P . t ]
there is a positive integer i > ng such that N(xy, 2o, ..., 2n-1, %, — <, 5) >1—r

Now,
t
N(wlax% ooy 1, Ty — T, 5)
£ t
= N{(Z1,83,.. . Tn-1,Tn — Tiy + Ls,, — T, > + E)
t
Z N(xl):l:?a ooy 1, T — xiu 5) %
t
N(l‘lax?) vy Tn—1, Ty, — T, 5)

> (1=r)x(1—r)
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> 1—e€

Therefore {z,} converges to x in (X,N) and hence it is complete.

SECTION:2.3

BEST APPROXIMATION SETS IN a-n-NORMED SPACE

Using a-n-norm on X, the author have introduced the notion of two subsets of X,

namely Dy, z,....z.(Z0, G) and Pg g, zs,....z0 (Z)-

Definition: 2.3.1

Let (X, ||, ¢||) be a linear 2-normed space and let G be an arbitary nonempty
subset of X and xy € X. Then, for every x € X and for every z € X \ G which is

independent of x and xz,
d,(z,G) < ||z — 20, 2| + d:(20,G),whered, (z,G) = lIelg |z — g, z]|.
g9

For each G C Xand zy € X let
D.(20,G) = {z € X : d.(2,G) = ||x — @0, 2|| + d.(20,G)} for any z€ X \ G which is

independent of x and z,.
Also
P (z) = {90 € G : ||z — g0, 2|| = d.(2,G)} and

Pi(zo) ={z € X : ||z — 20, 2| = d.(z,G)} , where 25 € G.

Definition: 2.3.2

Let (X, ||e,e,...,®|a) be an a-n-normed space corresponding to the fuzzy n-norm
N on X. Let G be an arbitray nonempty subset of X and zy € X. Then for every

x € X and for every x,23,...,%, € X \ G which is independent of 2 and z.
dl‘g,zg,...,zn(x7 G) < ”.T — o, L2, T3, . .. >$n”0 + dzz,za,,..,z‘n(IO) G) (22)
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where
dzg,zg,...,xn(x7 G) = inf ”1" —0,%2,73,. .. )xn”a- (23)
geG

For each G C X and zy € X, we define

Dmg,xs,...,mn(me)
= {:C P dzg,ms,...,zn(xa G) = “'7: — 20, 22,13, - - - >:L'n||a + dmmzs,n-,%(zoi G)} (2'4)

for any x9,x3,...,2, € X \ G which is independent of 2 and .

We denote

PG,JJQ,Ig,...,In(a:) = {!]0 el ||.’L' — g0, T2, T3, ... ,xn”a = dzg,zs,...,mn(wa G)} (25)

PG_‘;:?,xs,...,zn(mO) = {'L €X: ||:IZ — T, T2, T3, - - - 7‘7"71”0 = dzz,zs,---,zn(x’ G)} (2.6)

where g € G.

Example: 2.3.3 [D,,(x0,G) and Pg 4,(x) sets in the a-2-normed linear spaces]
Let X=R%2 be a linear space over R.

Let ||e, o] : X X X — R by
|21, Z2||1 = max {|aibz — agb:], [bica — bacil, larca — azci|}

1
|lz1, z2|2 = 3 {max {laibz — azby], |bica — bacil, |arca — azer|}}
where z; = (a;, bi,c;) € R3,1 = 1,2. Then (X, ||e,||;) and (X, ||e, ¢||2) are 2-normed
linear spaces.

Let N: X x X xR —[0,1] by

1, if t > ||11)1,.’172“1
N(zy,22,t) = q 0.5, if|[z1, x2|l2 < t < ||z, 221,
0, if t < ||y, 22]|2-

Then (X,N) is a fuzzy 2-normed linear space.
Let ||z1, 23|l = inf {t : N(z1,22,8) > a}, a€(0,1).
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The a-2-norms are given by

|lz1,z2)le = ||z1,22|l1, when1>a>0.5,

|1, z2||2, whenO < a < 0.5.

Let G = {(a,0,0) : a € R} be a subset of X. Choose zo = (0,1, 1) and

o € K ={(0,0,k): k e R\ {0}}

Then

D, (%0,G) = {z = (0,b,0),b € R"\ 0: dy, (2, G) = ||z — 20, T2|la + dzy (0, G)},
Pogy(2) = {90 = (,0,0) : ~1<a<1}.

Example: 2.3.4 [Dy, 4, 2. (%0, G) and Pg 4, a4,....2, (%) sets in the a-n-normed linear

.....

spaces|

Let X=R"*! be a linear space over R. Let ||e,e,... 0| : X x X... X X — R by
———

n

|z1, 22, ..., Znlli = max{A;, Ag,..., A}

1
||$E1, T2 73771”2 = -2- {max {A1, AQ, 0 An}}

where
a12 13 ... G1(n+1)
Al = .
An2 An3 - .- An(n+1)
a13 ... Ain+1) 11
AQ = .
An3 ... Qn(n+1) Gni
aiy 412 ... Qin
VAT — :
Ant An2 - -- Apn

43



o S
and T, = (a,-l,aig,. - ,ai(n+1)) e R y &= 1, 2, o v s T

Then (X, ||e,e,...,¢|;) and (X, ||e,e,...,e|2) are n-normed linear spaces.

Let N: X x X x...x X xR —[0,1] by

1, if t > ||£131,.Z‘2,...,l'n“1
N(Il,ﬂ?g...,(l?n,t)——‘ 0.5, if“.’l}l,.’lfg,...,.'lfnng <t< ”.’1,'1,.’132...,51,',1”1,
0, 1= |80 2nlloe

Then (X,N) is a fuzzy n-normed linear space. Let
“.‘1}1,.’1,'2, Jeo e ;xn”a = inf {t : N(SL'I,I,'Q, - ,iL'n,t) _>_ a} y QE (0, ].)
The a-n-norms are given by

lz1, 22, ..y Zalla = |21, 22,...,2a]l1, when 1> a > 0.5,

= ||%1, %5, - 5 8ulls, when 0< o <05

Let G = {(a,0,0,... n times 0) : a € R} be a subset of X.
Choose xp = (0,1,1,...,n times 1) and
Ty .., Tpn € K= {(O,O>k§i))"', 1(3—1) : kf(il)’akSil = §R\{O})}
That is,

Ty = (Oa 0) k§2)a * b by k7(12—§)-1)

zs = (0,0,k2,..., k%))

. = (0,0,k", ..., k™)

Then
ng,zg,...,zn (.’L'(), G)
z=(0,b,0,...,(n— 1)times 0),b € R*\ {0} :
dzg,ma,...,xn(za G) == ”.’E — X, T2y - - - axn”a =} dzz,ma,zn(zO; G)
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where dy, zg,....00 (2, G) = max {|b|A, |a]A}

2 2 2
KD KD LK,

A, = |k KPS

KD kD kD,

||1II—IIIQ,III2,...,IE””,, = lb—llA,

dzg,za,...,zn (SC(), G) = max {Ai |a‘lA} Z

and also, Pg zp.es,..20 (%) = {9’ = (4,0,...,n times 0) : —-1 < a < 1}.

Theorem: 2.3.5
For z € Dy, z,...,2.(Z0, G) and Y € Doyt G)
(i)||y — Zo, T2, T3, - - - s Znlla = ly — z, %2, 23, - - - s Zulla + |2 — Zo, 22,23, . - - y Balla
(i5)y —  + To € Dayyzs,....za(T0, G)-
Proof:
(i)Let & € Dy gs,....on (@0, G) a0 Y € Dy z,...0, (T, G)-
Claim: ||y — %o, T2, L3, - - -, Tnlla = ||y — T, 22,23, - .- , Tolla + | — To, T2, T3, - -, Tnla
By (2.4) we have,
oy 25,20 (T, G) = ||T — To, T2, T3, - -, Tulla + Bspssnitn (05 T
Ay zanen (¥ G) = [y — 2,2, T3, -+, Talla + dag 25,20 (2, G)

Consider

“y — 2o, L2, T3, - - - ,xn“a
= |ly—=o —z4+2,T2,Z3y- -y Tnlla

= ”(y = l') =} (1: =i xO)ax2a$3’ v 7xn”a
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< |lyv—x,22,23,...,Tu]la +
|z — zo, 22,23, . . ., Znl|a
= (dag,z8,20 (U5 G) = doazs,..2n (5 G)) +
(da3,28,0020 (T3 G) = iy 35,0020 (T0, G))
= oy zg,020 (Y G) — dosya,...00 (T0, G)

< ”y — Tpy T2, T3y - - -y xn”a

Therefore,

ly — zo, T2, Z3, - - -, Tulle = |y — 2, 22,23, . . ., Tulla + ||Z — 20, T2, 23, - . -, T
(ii)Let & € Day zs,....00 (%0, G) a0d Y € Dy g,....20 (2, G).

Claim: y — 2+ %9 € Dy, zs,... 2. (0, G)

By (2.3) we have,

dzg,a:a,...,rn(y = T, G)

> dags,an (¥, G) = Y — (y — 2+ 20), 22, 23, -, Tl

= lyy,z520(U @) — ||T — T0, 22, T3, - - - , T

= (lly — =, 22,73, -, ZTulla + dus 25,002 (2: G)) —
|2 — 29, %n; Ba - - - 5 Bl

= |ly—2,22,%3, ..., Tnlla + (||T — 0, T2, T3, - . ., Tulla + dapyzg,.on (T0, G)) —
||& = @i s By 555 Big )|

= |ly—2 28, %55 Bulle T g 0,000 (20 F)

= [|(g =%+ Ea) ~ By Do, T8s «+ » s Znlla + Broprayaant B0y F)

Again by (2.3), it follows that
Ay zs,zn(Y — T+ Z0, G) = ||(y — T + Zo) — T0, T2, T3, - - ., Tnla + Aoy 0s,..20 (T0, G)

which implies y — 2 + 2o € Dy, 1s,....20 (T0, G)
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Theorem: 2.3.6

Let € € Dy, ga,....(%0: G): Then
(@) [z0, 2] = {Mzo + (1 = N2 : 0 < A £ 1} C Dyy 04,0 (%0, G),
(1) Dz 23,20 (T, G) C Dag g, o0 (0, G)
Proof:

Let y = Axo+ (1 — M)z such that 0 < A< 1.

Claim: [zg,z] = {Axo+ (1 = A)2x : 0 < A < 1} C Dy, g, .00 (%0, G)

dZQ,Zg,...,ilin (y7 G)

v

d121z31"')zn($7 G) - ”.’I) —Y,T2,13,... 7$n”a
== H.’E — o, T2, T3, . .. )xn”a + dzg,xa,...,zn(Q:O) G) - ”-/1: — Y, T2, T3, ... >$n”a

= lly_$0,$2ax37-'-aarn”a‘}'dzz,zs ..... a:,.(-TO,G)

By (2.3) we have,

Beazs,.on(¥y G) = ||y — To, T2, T3, - - - » Tnla + Dgyzs, 20 (T0, G)
which implies y € Dy, 4.2, (%0, G)

(ii) Let y € Dayag,...0n(@, G).

Clainng D gs,.cimn (B &) € Diss msngen iy &)

Then by (2.4) and theorem (2.3.5(i))

N )

= “y i '/I’-3 1"27 '/‘E37 L 7'7’.”“(1 + dr21z31'°’,zﬂ(x7 G)
= Hy —,T2,T3,. .- axn”a <t (”"L. — Zo, L2,T3, - .- 7xn||a + dzg,za,...,zn(xoyG))

= l]y — L0, L2, T3y - - - axn”a 4 dm,zg,...,zn(xOy G)

which implies y € Dy, 44,....2. (Z0, G)
Therefore, Dy, 4s.... 00 (2, G) C Dig s,...00(Z0, G)
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Theorem: 2.3.7

Let zg,y0 € X and A # 0. Then
(i) Das 25,2 (%0, G) + Y0 = Dagyzg,...zn (%0 + 40, G + 10),
(%) Das,s,....20(Z0s AG) = ADgy g5, (To/ A, G).-
Proof:
(i) Let £ € Dyyuy,..,za(20, G)-
Claim: D,, s,.....2.{%0, G) + Y0 = Dy zg,....0n (To + Y0, G + Yo)
—— R RS T

= G, st (35 C)
= ||x — zo, 22,23, .. ., Tnlla + doy zs,....2 (T, G‘)
= |l +yo — (®o+ Yo), T2, %3, - - ., Tulla + dzg,zs,...2. (X0, G)
Therefore, © 4+ yo € Dy, aa,....zn (Zo + Yo, G + Yo)
Conversely, let y € Dy, 44,... 2. (Z0 + Y0, G + ¥0). Then
daa,z9,2n (Y — Y0, G)
= duyrap2n (Y, G+ %0)
= |ly — yo — Zo, T2, 3, - . - , Tnla + Dz, 2s,....20 (T0 + ¥0, G + W0)
= |y — yo) — Zo, T2, T3, - - - s Tn|la + Dzy za,....00 (T0s G)

Therefore, y — Yo € Dy, 4,...,z. (T0, G), and so

.....

Dzz,xs,...,xn (-/1:07 G) on Yo = sz,za,...,x,,(flfo + Yo, G 2l yO)

(11)LeL NS ng,zg,‘..,zn(x(), /\G)

Claim: Dy, 4,....5.(%0; AG) = AD g, 2.5 (20 A G)
T

dzg,zg,...,z,;(X) G)

1

= _dzz,zs,...,zn .’I), AG
i ( )
1
= m(||x i -TO) :U2, :L.3’ o o8 7:1:11,”(1 + d12,23’.“’mn(wo’ )\G))
T X T
= G = 5222, -1 Talla + dugagan S G-
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Therefore, = € Dajzs,....50(T0/A, G)

Conversly, let & € Dy, 4s,....2,(0/A, G). Then
dzg,ms,...,zn(Axa )‘G)

= |’\|d12,13,---,zn (-7:’ G)

X I
= |A|(|z - 70, sy By s bnlla + dmz,zs,---,xn(')TO, G))

= ||z — z0, T2, T3, - - « y Zn|la + Bzg,23,..20 (0 AG)

Therefore, Az € Dy, 4a,... 00 (T0, AG)

.....

Theorem: 2.3.8

Let GC G4 and zp € X, where Giis a subset of X such that

Proof:

Let & € Dy, gg,....20 (%0, G1)-
Claim: Dzz,za,...,zn(ﬂfo, Gl) C Dz2,za,---,zn($0’G)
Then by (2.7) we have

dz‘g,:cs,...,zn ('/1:) G) > dzg,zs,...,mn(m, Gl)
= “.’13 — T, T2, T3, -- -, -Tn”a + dzg,zs,...,zn(mo, Gl)

= ”IE — o, T2, T3, - - - ,xn”a + dxg,xs,...,zn(xo, G)

By (2.3), it following that
dzg,zs,...,zn(xa G) = H.’E — T, T2, T3, - - - axn“a . 5 dzg,zs,...,l‘n(l‘ﬂa G)
which implies € Dy, 4s,....2. (%0, G).

Hence Dy, zg,..z0 (%0, G1) C Diy zs,....20 (Z0, G)
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Theorem: 2.3.9

(1)Pa,z,23,.2n(%0) € P6,z3,23,...,20(T) for every @ € Dg, gq,...0 (Z0, G),
(i1) Dzy 2,000 (20, G) = P35y zs....2n (o) for every zo € G.

Proof:

(i) Let € Dyy 4g.....20 (%0, G) and g € Pg 4, 2,00 (T0)-

Claim: Pg 4, 25.....2.(20) C PG 2s,08,....20(T)-

dzg,xg,...,zn (:L.) G) = “l. — X, L2, T3y ..., xn”a + dzz,xs,...,xn (.’170, G)

= ||~ Bgs s a5 5 o« 58wl F || B0 = Gos By By s <55 Ballie

By thm(2.3.5(i)) we have
dzg,mg,...,z"(x, G) = ||.13 — 00, 22,23, ... ,:Ijn”a

which implies gy € Pg z5.2,...z.(Z),Which in turn implies

PG,xz,zs,...,zn(xO) C PG,a:z,a:s,...,z:n (/I:)
(ii)Let z0 € G and & € Dy, 44,... 2, (%0, G).

Claim: Dz2:733y---71n($03 G) = PE,;z,zs,...,z‘n(‘TO)'

d22,23,--.,$n(x’ G) = ”-T — Zo, X2, X3, - - - axn”a o dzg,za,...,zn(fﬂo, G)

= ||z — 0,22, %3, - - -, Zn||la, Where o € G.
which implies @ € PgL, .. .. (%0). So
Dm2yz3,---,2n(x0’ G) = Pé-,ll‘g,xs,...,fbn(xo) (28)

conversly, let @ € Pgy, 4, 4. (Z0)-
Then zg € Pg z,2,....2, (T)-
Since zg € G, duy z3,....20 (%0, G) = 0
Hence we have

dz?ﬂ.’i:---’xn(x) G) = “'r — Lo, T2, X3, - - - )xn”a + dzg,za,...,zn(:po, G)
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which implies € Dy, 44..... 2. (%o, G), which in turn implies
PG—,;Q,zg ..... zn(xﬂ) & DIQ,zs,...,zn(l'Oy G) (29)

From (2.8) and (2.9) we have

DzZyISym,In (:I;(), G) = PC;,LQ,:cs,...,x,. (‘II’.O)

SECTION: 2.4
QUASI a-n-NORMED LINEAR SPACE
Definition: 2.4.1
In the definition (2.1.2) if we replace (3) by (3’) ||21, Z2, . . ., azn|| = |a|P||lz1, 22 . . ., 20l
for any a€ R (real) and 0 < p < 1, then (X ||e,e,..., |) is called a quasi n-normed

linear space.

Definition: 2.4.2

In the definition (2.1.5), if we replace (N4) by (N4’) for all te€ R with t>0

NP1, By oo 0 B B = N B0, 402 5 BBz if ¢c£0, ceF (field), 0 < p < 1. Then

t
CR
(X,N) is called a fuzzy quasi n-normed linear space or in short f-g-n-NLS.

Theorem: 2.4.3

Let (X,N) be a f-g-n-NLS. Assume the condition that
(N7) N(z1,22,...,ZTn,t) > 0 for all t>0 implies 1, 2, ..., z, are linearly dependent.
Let ||y, &ay » os s Bulle = IE{E : N{@1, 895+ s Tnnt) 2 @} 0 € (0,1).
Then {||e,e,...,e|l»:a € (0,1)}, is an ascending family of quasi n-norms on X. We
call these quasi n-norms as quasi a-n-norms on X corresponding to the fuzzy quasi

n-norm on X.
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Proof:

Assume the condition that (N7) N(x1, za, ..., s, t) > 0for all t>0 implies z1, za, ..., Tp
are linearly dependent. Let ||z1,Z2, .. ., Znlla = inf {t : N(z1,22,...,20,1) > a},
a€(0,1).

Claim: {||e,e,...,¢|,:a € (0,1)}, is an ascending family of quasi a-n-norms on X

corresponding to the fuzzy quasi n-norm on X.

(D)

lgies o ns Sl = U

= inf {6 : N2, 85, st} =2 @f = 0

=5 For all t€ 8, 10, Nlgy, 25538t 2 & >0, o€ {0,1).
= By (N7) x1, 9, ..., 2, are linearly dependent.
Conversly assume that zi, xo, . . ., z, are linearly dependent.
= By (N2) N(zy,xs,...,%,,t) = 1 for all t>0.
= For all @ € (0,1),inf {¢t : N(z1,22,...,Zn,t) > a} =0.
=t Mo o o v v Wl =
(2) As N(z1, 2, . . ., Tn, t) is invariant under any permutation it follows that ||z, 22,
is invariant under any permutation.

(3)For all ceF, 0 < p < 1, then,
g By oo o 8ellee = B0 5 By By oy B 8) 2 0}
s
= infes: N(xy,22,...,Zpn,—) >
o Monon i 2 o}

S

Let t =
|cf?

then,

N s - s s Bl = I0f Lol ¢ Vi Bey oo B £) 2 01
= |e|?inf {T : N(2, 80y 55 00: 1) = @}

= |elf|le1 Bay ¢ « 5| e
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(D||z1, z2y - - -, Znlla + 1T1, 22, - - -, T ||

= inf{t: N(zy, 23, ..., %n,t) > a} +inf {s: N(zy,29,...,2,,,5) > a}
= InF {451 N(BisBne e Bul) 2 0 NBrl .o iliey &) 2 8}
> inf{t+s: N@1, T2, ..., 0 +2,,t+ ) > a}

> inf{r: N(z1,22,...,Tn+2,,7) >}, r=t+s

== Hxlax?) vy Tp -+ x',n”a
Therefors, ||[©1,22;:«» s Tn+ &lle £ [|81: 225« s Bulla+ |21, B2, + - s 25 ]l 5-
Thus {||e,e,...,e|ls:a € (0,1)}, is a quasi e-n-norms on X.

Let 0 < oy < ag. Then

NEruBms o e esBnlleg = IE{E: N{B1, B0y0eosTnsl) Z 0}

s s = s pllilline = . TOELE & N, Bog oy B B) = i}

Asap < g

= {8 1 N, Fa, o+ B0, ) 200} C {02 NBu@ o0, B, 8) = @1}

=5 inf {# : N{2g, 29, ;B ) 2 0} 2 Wf {8 : N(01,205 000 80: 1) 2 01 }
”a"h T2, ... ,anag oy ”‘7713 Zo,. .. a-Tn”ar
Hence {||e,e,...,®||,:a € (0,1)}, is an ascending family of quasi @-n-norms on X

corresponding to the fuzzy quasi n-norm on X.

Remark: 2.4.4

Every fuzzy quasi n-norm induces an ascending family of quasi a—n-norms.

Theorem: 2.4.5

Let {||e,e,...,®|,:a € (0,1)} be an ascending family of quasi n-norms

corresponding to (X,N). Let N’ : X™ x R® — [0, 1] be defined as,
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sup{a € (0,1) : ||z1,Z2, ..., Tnlla < t}, when
N, 5, o0 s B) = Z1,%y,...,T, are linearly independent, ¢ # 0.

0, otherwise.
Then (X,N’) is a f-q-n-NLS.

Proof:
Let {||e,e,...,¢|la : @ € (0,1)} be an ascending family of quasi n-norms
corresponding to (X,N).
Claim: (X,N’) is a f-q-n-NLS.
(N1)For all te ® with t<0

N'(z1, Tay - oo &ayt) = 0, for dl(zi, zs,...,2,) € X, a8
{a: |By@s s 8alle €1 = ¢whent <.
For t=0 and zi,xy, ..., ¥, are linearly independent,
{eu: |loi,25,....26lla 28} = ¢
= N By By v 104 Bigs L) 0
When 24, 29, ..., 2, are linearly dependent and t=0 then

N'(21,23,...,Tnyt) = 0.

Thus for all t€ ® with t<0, N'(x1, xg,...,Tn,t) = 0.
(N2) Let N'(zq,22,...,%n,t) = L.
(i.8,,) for 6220, N'(z1, %3, - - . s t) = L.

Choose any ¢ € (0,1). Then for t>0, there exists a; € (¢, 1] such that

”1:171'2,---a$n||at <t
and hence ||z1,xg, ..., Za]le < t.
Since t>0 is arbitary, this implies that
it s woviille = B
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= 1y,2g,...,2, are linearly dependent.

Conversly, if z1, 2, . .., x, are linearly dependent, then for t>0,

Nl(mly‘T?)"‘,l‘nat) = sup{a:||a:1,:1:2,...,:vn||c,,§t}

= sup{a:a€(0,1)}

= L
Thus for all t>0, N'(z1,2z2,...,2Zn,t) = 1 if and only if z,zs,...,z, are linearly
dependent.
(N3)As ||z1, 22, - . ., Tu|a is invariant under any permutation of zy, z3, ..., , we have
N'(xy, 29, ...,Ts,t) is invariant under any permutation of xy, s, ..., %y.

(N4)’ For all te ® with t>0,ceF,0<p< 1,

N'(z1,%3,...,62n,t) = sup{a: |[@1,29;...,Zu]ls < 1}
t
— SUD{CYZ ||£E1,1L'2,...,(L‘n||aSW}

t).

= N Ba 05 ,xn,w
(N5)We have to prove that for all s,te R,

N By, B s s 058 FE. 84 1) = I {N (21,80, 5 » s Bss 8)s N{B1L B 50 5 By DI } -
if (a) s+t<0

(b) g=t=0

(c) s+t>0; s>0,t<0; s<0,t>0,

then in these cases the relation is obvious. if

(d) s>0,t>0, let p= N'(z1,22,...,Zn,S), a=N'(21, 22, ..., Zn,t) and p<q.

If p=0 and q=0 then obviously (N5) holds.

Let 0 < 7 < p < q. Then there exists a > r such that ||z1,2s,..., 2] < s and

there exists 8 > r such that ||z1,2s,...,2}||o <t. Let v = min{e, 8} >r. Thus

letis Bay s osBulls £ 0885540 T0lle = 8
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and
sy ove ihlly B |05 Baps - T lls S 5
Now,
1, 22y -y T+ Zhlly < 21,22 Zalla + |21, 22, .. 20l S S+
Therefore,
N'(z1,22,...,Tn+Th,8+1t) = y>7r
Since 0 < r < 7 is arbitary,

Nl($17$2a-‘-:$n+x:ws+t) 2y = min{Nl(ilfl,iEz,...,In,S),N,(ZL'l,:IIQ,...,.flfn,t)}-

Similarly if p > ¢, then also the relation holds. Thus,
NP, By o o 380 B Bl ) 2 vodn { V(B B 00 5 BnseB 5 I (81 Dy 5 s By L) §

(N6)Let (z1,Z2,-..,2,) € X™ and a € (0,1). Now ¢t > ||z, 22, . . ., Tnl|a
= N'(Z1,T2,...,Zn,t) =sup{B: ||z1,Z2,...,Znllsg < t} > .

S0, 0 V{0 By v ey B ) = L

If t; < ta <0 then

MU Ty, B0, ooy Bngtr) = N B1, 85, - « o By B3] = 0 for all {B, By, «8) € X™,
If to > t; > 0 then

{@: |EnZay oo s Zalle €11} € fors |24, 295 o snlla < t2}

= gup{e : || 21, B2 - s Balla L8} £ sup{a: ||21,22,. s Znfle £ to}

= N,(xlvx% » i )mnatl) < N,($17:L'27 cooy Ty t2)

Thus N'(21, %3, .- .,Zn,t) is a non-decreasing function of ¢ € R. Hence (X,N’) is a

f-g-n-NLS.
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Remark: 2.4.6
Assume further that for x, 2o, ..., x, are linearly independent,
(N8)N(x1,xa, ..., %n,t) is a continuous function of t€ RN (set of real numbers) and

strictly increasing in the subset {t: 0 < N(xy,Z,...,2,,t) < 1} of R.

Theorem: 2.4.7
Let (X,N) be a f-g-n-NLS satisfying the conditions (N7) and (N8) and
{l|e, e ... ,0|la: @€ (0,1)} be an ascending family of quasi n-norms corresponding
to (X,N). Then for (y1,y2,...,¥n) € X™ with y1,¥s,...,yn are linearly independent,
N(Y1, U8, < o 500 V1 Y85 ¢ s Unlla) = 0,0 € {0, 1).
Proof:
Let (X,N) be a f-g-n-NLS satisfying the conditions (N7) and (N8) and
{||e,®,... ,0|a: € (0,1)} be an ascending family of quasi n-norms corresponding to
(X,N).
Claim: N(y1,Y2, - -, Yn; Y1, 92, - - - Ynlla) = @, @ € (0, 1).
Let ||y1,y2y - - - Unlla = T, then T>0.
Also ther exists a sequence {t,},—_, such that N(y1,y2,...,Yn, tn) > « and
lim,, oot =T
50, limy, oo N(Y1, Y2, -+ s Uny tn) = @
= By (N8) N(0isbay s Unp linson Tn) = @

= N(yl’y%' s Yn, “yl’y% L 7yn“a) > a, a e (0: 1)

Theorem: 2.4.8

Let (X,N) be a f-g-n-NLS satisfying the conditions (N7) and (N8) and
{||e,®,...,®||o: @€ (0,1)} be an ascending family of quasi n-norms corresponding
to (X,N). Then for yi,vs,...,y, € X™ with y1,¥s,...,y, are linearly independent,

a € (0,1)and t'(>0) € R, ||ly1,¥2,-- -, Unlla = t'ifand only if N(y1,y2, ..., ¥, ') = .
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Proof:

Let (X,N) be a f-q-n-NLS satisfying the conditions (N7) and (N8) and
{||e,e,...,®||,: € (0,1)} be an ascending family of quasi n-norms corresponding to
(X,N).

Claim: ||ly1,¥2, - -, Unlle =t if and only if N(y1,y2,...,yn, t') = .

Let a € (0,1),v1, %2, .., Yn are linearly independent and

' =y, y2, -, Unlla = Inf {s: N(y1,92,-.,Un,S) > a}. Since N(y1,¥a2,---,Yn,t) is
continuous (by (N8)), we have by theorem(2.4.7)

N(yl,y%"'aymt/) Za (210)

Also,N(y1,Y2, -y Yn, t') < N(y1, Y25 - - - Yny 8) if N(y1,92, -, Un, S) > .
If possible, let N(y1, 92, ..., Yn, t') > a, then again by (N8), there exists ¢ < ¢’ such

that N(y1,y2, ..., Yn, t”) > a which is impossible, since t’ = inf {s : N(y1,92,...,Un,s) > a}.

Thus
N(y1,¥2,- - Ynit) < @ (2.11)
By (2.10) and (2.11) we get N(y1,¥y2,- .., Yn,t') = . Thus
£ = |10y sa Walle = N0, o5y Pt ) =10 (2.12)
Next if N(y1,v2,--.,Un,t’) = @, then from the definition
ly1, 92, - - - Unlla = inf{t: Ny, 92, ..., Yn,t) 2 @} =¥ (2.13)

(Since N(z1,xa,...,Tn,t) is strictly increasing in {¢: 0 < N(z1, 29, ...,Zn,t) < 1}.)
From (2.12) and (2.13) we have, for yi, o, ..., yn are linearly independent, « € (0, 1)

and t'(>0) € R, ||ly1, ¥2, - - -, Unlle =t if and only if N(yy,ys,...,¥n,t') = c.
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Theorem: 2.4.9
Let (X,N) be a f-g-n-NLS satisfying the conditions (N7) and (N8). Let
lz1, 2, ..., Tn|la = inf {t : N(x1,22,...,2Tn,t) > a},a €(0,1) and

N’ X" x R — [0, 1] is defined by,

sup{a € (0,1) : ||x1, @2, ..., ZTnl|la < t}, when
N By T, o syl B) = X1, Tg,. .., T, are linearly independent, t # 0.
0, otherwise.
Then (a){||e,e,...,e|lo : @ € (0,1)} is an ascending family of quasi a-n-norms
corresponding to (X,N).
(b)(X,N’) is a f-g-n-NLS.
(c)N' = N.
Proof:
(a) and (b) follows from Theorem(2.4.3) and Theorem(2.4.5)
Claim: N' = N.
(c) Let (y1,y2, -, Un,to) € X™ X R and N(yl,y%--_- yUn, ) = ap.
Case(i):
If y1,v2,...,ys are linearly dependent and ¢, < 0, then
Ny, oy o 5 Uns B0} = Ny1, 95, - - Yy To) = 0.
Case(ii):
If y1,9s,...,yn are linearly dependent and ¢, > 0, then
N(y1,y2,- - Yn o) = N'(y1, 42, - -, Yy t0) = 1.
Case(iii):
If y1, 92, ...,y are linearly independent and ¢, < 0, then

N(yl,yQ,---,yn,tO) = Nl(yl)yZa'”vynatO) =0.
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Case(iv):

Suppose yi, Y2, - - -, Yn are linearly independent and to(> 0) € R such that

Ny, y2,. -1 Y to) =0.Fora € (0,1), ||y, ¥2, - - -y Ynlle = Inf {£: N(y1,92,...,¥n, to) > a}

By theorem (2.4.7),

Ny, Y2, YUns ||1Y1, Y2, - - s Unlla) = @, @ € (0,1). Since N(y1,¥2,--,Un,t0) =0 <
it follows that to < ||y1, ¥2, - - -, YUnllas for all & > 0. So,

N'(y1,92, -y Ynrt0) = sup{e: ||y, ¥2,-- -, Ynlla < to}

= sup{¢}
= 0.

Therefore N(y1,v2,- -, Ynsto) = N' (Y1, Y25 - - - s Uns to)-
Case(v):
If y1,v2, . .., yn are linearly independent and t5(> 0) € R such that
0< N(y1,Y2,---Un>to) < 1. Let N(y1,Y2,.--,Yn o) = @. Then 0 < ag < 1.
Now N1, %8, <« « B t) = Sup{er : |#815%0; - 5+ s Tulle < 1} ; wWhen 2, 9, . .. Ty, arE

linearly independent,
t#0 (2.14)
and
|lz1, Z2, . ., Tnlle = inf {t : N(z1,29,...,24,t) > a}, a €(0,1). (2.15)
Since N(y1,¥2, - - -, Yn, to) = @, we have from (2.15),
1, 92: - - - Ynllao < to- (2.16)
Using (2.16) we get from (2.14)

N'(y1,¥2y- s Unsto) = @0 = N'(Y1,¥2,- -, Unr t0) = N(¥1, Y2, -, Uny o). (2.17)
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Now from theorem (2.4.8),

N(yl’yQ) . ':ymtO) =

< ”yl’ Y2, .-, yn“cxo = {p.

Now for 1 > a > ap, let ||y1,¥2,- -, Ynlla =1, then t’ > t;. Then by theorem (2.4.8),
N(y1,v2, -, Ynst') = . S0, N(y1,¥2, -, Ynst’) = @ > a0 = N(y1,¥2,---,YUn, o)
Since N(y1,2, - - -, Yn, t) is strictly increasing and N (y1, y2, - - -, Yns t') > N(Y1,Y2, - - -, Un, to),

it follows that ¢ > t5. So for 1 > a > aq, ||y1, Y2, - - -, Ynlla = t' > to. Hence

Nl(y17y2, ¢ o ,yn,to) S Qo = N(yl,yg, - .,yn,to). (2.18)

By (2.17) and (2.18) we have N'(y1,y2,- .-, Yn,t0) = N(¥1,Y2,- -, Yn, 0)-
Case(vi):

If 1,92, ..., Yn are linearly independent and (> 0) € R, such that
N(Y1,¥2, - - -,Un, to) = 1. Then by (2.14) and (2.15) it follows that

||?J1:.7,12, . 'vyn”a S tO = Nl(yhy?, TR ,yn,tO) == 1.
Thus N(y1,¥2,- - -, Un, to) = N'(Y1,Y2,- - -, Yn, o) = 1. Hence

N(z1,Z2,---,Zn,t) = N'(21,23,. .., Zn,t) for all (x1,2,...,2,) € X" X R.
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