


CHAPTER 2 

FUZZY n-NORMED LINEAR SPACE A N D 

QUASI a-n-NORMED LINEAR SPACE 

This chapter is devoted to the study of fuzzy n-normed huear space, complete 

fuzzy n-normed hnear space, best approximation sets in a-n-normed space, quasi 

a-n-normed linear space. 

In section one of chapter 2, the concepts of 2-normed space, n-normed space, 

fuzzy normed linear space, fuzzy n-normed linear space and results on cv-n-norms on 

X corresponding to the fuzzy n-norm on X are studied. 

In section two of chapter 2, the notion of Cauchy sequence, convergent sequence 

and completeness in fuzzy n-normed linear space are analysed. 

In section three of chapter 2, examples of a-2-normed linear space and a-n-normed 

hnear space for the sets D^^^^^^^^^.-,,^{xo,G) and PG,X2,X3,...,X„{'J^) and some 

characterization for these are discussed. 

I n section four of chapter 2, ascending family of quasi a-n-norms corresponding 

to fuzzy quasi n-norm are studied. 

S E C T I O N : 2.1 

F U Z Z Y n - N O R M E D L I N E A R SPACE 

D e f i n i t i o n : 2.1.1 [20 

Let X be a real vector space of chmension greater than 1 and let ||», •!! be a 

real-valued function on A' x A' satisfying the following conditions : 

(1) y|| = 0 if and only if x and y are linearly dependent, 

(2) \\x,y\\ = \\y,x\\, 

(3) y|| = |a| \\x,y\\, where a is real, 
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(4) \\x,y + z\\ < \\x,y\\ + | | : r ,2 | | . 

||«, • l l is called a 2-norm on X and the pair {X, ||«, • | | ) is called a linear 2-normed space. 

D e f i n i t i o n : 2.1.2 [22 

Let n e N (natural numbers) and let X be a real vector space of dimension d > n. 

(Here we allow d to be infinite.) A real-valued function | | » , . . . , 'H on X x . . x A" 
n 

satisfying the following four properties : 

(1) ; r 2 , . . . , Xn\\ = 0 if and only if u;2 • • • , Xn are linearly dependent, 

(2) | | . T i , ; r 2 , . . . is invariant under any permutation, 

(3) \\xi, X2,. • . , QX„\\ =^ \a\ \\x\, X2,..., X'nII, for any a e 3i ( real), 

(4) | | X i , ; r 2 , • • • + 2 | | < \\XuX2, • • • ,Xn-l,y\\ + \\Xi,X2, • • • ,Xn-\,z\l 

is called a n-norm on X and the pair (A , | | » , . . . , • | | ) is called an n-normed space. 

D e f i n i t i o n : 2.1.3 [3 

Let X be a linear space over F (field of real or complex numbers). A fuzzy subset 

N of Xx3? (3?, set of real numbers) is called a fuzzy norm on X if and only if for all 

x,n G X and cG F, 

(Nl)For all t € !ft with t < 0, N(a;,t)=0, 

(N2)For ah t € 3? with t>0 , N(2; , t )=l if and only if x=0, 

(N3)For aU t e 3̂  with t>0, N(c:i-,t)=N(:r,t/ |c|), if 0, 

(N4)For all s,tG 3?, x,neX, N(a;+u,s+t)> min {N{x,s),N{u,t)}, 

(N5)N(a;,t)is a nondecreasing function of 3? and limt_ooN(.a;,t)=l. 

The pair (X,N) wil l be referred to as a fuzzy normed linear space. 

D e f i n i t i o n : 2.1.4 [3 

Let (X,N) be a fuzzy normed linear space. Assume further that 

(N6) N{x, t)>0 for a l H > 0 implies a: = 0. 
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Define = inf {t : N{x, t) > a} ,a E (0,1). Then \\x\\a is a norm on X and || • \\a 

is called a a-norms on X. 

Then {|| • ||a : a € (0,1)} is an ascending family of noims on X (or) a-norms on 

X corresponding to the fuzzy norm on X. 

D e f i n i t i o n : 2.1.5 

Let X be a linear space over a real field F. A fuzzy subset N of A' x . . . x X x U 
n 

set of real numbers) is called a fuzzy n-norm on X if and only if 

( N l ) For all t e 5? wi th t<0 , N(;r i , ; r 2 , . . . , Xn, 0 = 0 , 

(N2) For all tG 3? wi th t>0 , N(;r i , ^ 2 , . . . , t) = I if and only if Xi, X2, • • •, x„ are 

linearly dependent, 

(N3) N{xu X2,... , Xn,t) is invariant under any permutation of ; r i , ; r 2 , . . . , Xn, 

(N4) For all tG R wi th t>0 , N(a:i,;r2, • . . , ci:„, t) = N(:i:i, ; r 2 , . . . , x,,,, if c^^O, 
C G F (field), 

(N5) For all s,tG 3?, N(a:i, : i ; 2 , . . . , ; r „ + < , s + t ) > min {N{xuX2, x„,s), N { x i , X 2 , < , t)}, 

(N6) N(;r i , ;i'2, • • •, a;„,t) is a nondecreasing function of 9? and limt^oo N(.'Ci, 2:2,. - •, ; r „ , t )= l . 

Then (X,N) is called a fuzzy n-normed linear space or in short f-n-NLS. 

Remark : 2.1.6 

From (N3), if follows that in an f-n-NLS, 

(N4) For all tG R wi th t>0 , N{xuX2, cXi,Xn,t)=N{xi,X2., x„ j ^ ) , 

if c^O, 

(N5) For all s,tG M, 

N(a-i, a-2,. . . , Xi+x'i,a;„,s+t) > min {N{xuX2, ...,x„..., x,,, s),N{xi,X2,..., . . . , ;r„, /,)} 
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Example : 2.1.7 

Let ( X , | | » , . . . , • I I ) be an n-normed space. Let 

N{Xi,X2,...,Xn,t) = I 

t 
t+\\xuX2,...,Xr. 

l o , 

-, whent>0,te^, 

{Xi,X2,...,Xn) eX X ...,XX 
n 

when t<0 

then (X,N)is an f-n-NLS. 

Proof : 

(Nl)FYom the definition of N{xi,X2, ...,x„, t), we have for all t e wi th t < 0, 

N{Xi,X2,...,Xn,t) = 0 

(N2)For ah t G 3? wi th t>0 , 

N{XuX2,...,Xn,t) = 1 

(z)if and only if 
t 

= 1, 
t + Xi,X2, . . . ,Xn 

(n) i f and only if t = t+ \\xi,X2,... ,a;„||, 

( m ) i f and only if | | x i , X 2 , . . • ,a;„|| = 0, 

{iv)\f and only if Xi,X2, - •., a;„are linearly dependent. 

(N3)For ah t e ^ wi th t >0, 

N{Xi,X2,...,Xn-l,Xn,t) 
t 

t + | |a;i ,X2, . . .,Xn-l,Xn\ 
t 

t+\\Xi,X2, . . .,Xn,Xn-l\ 

= N{XuX2,...,Xn,Xn-ut) 

(N4)For ah t 6 ^ wi th t > 0 and cE F, 0, 

N{XuX2,...,Xn,^) = -J 

t_ 
\c\ 
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t 
i + | c | | | X i , X 2 , . . .,Xn\ 

t 

t+\\XuX2,...,CXn\\ 

= N{Xi,X2,...,CXn,t) 

(N5)We have to prove 

N{xi,X2, ...,Xn + x'^,s + t) >min {N{xuX2, • • •, 5 ) , N{xi,X2, t)} 

i f 

{a)s + t<0, 

(6)5 = ^ = 0, 

(c)s + t > 0; s > 0,t < 0; s < 0,t > 0,then the above relation is true. I f 

{d)s >0,t>0,s + t>0, then 

s + t 
N{XuX2,...,Xn + x'^,S + t) = 

> 

S + t+\\Xi,X2,...,Xn + X'^ 

S + t 

S + t+ \\Xi,X2, . . . , Xn\\ + \\XuX2, • • - , X'J 

I f 

> 

then 

S+ \\Xi,X2,...,Xn\\ t+\\Xi,X2,.. .,X'J\' 

s + \\xuX2,..., t + \\xi,X2, 

which imphes 

s{t + \\xi,X2,x'J) - t{s + \\xi,X2,..., > 0, 

which in turn implies 

s\\Xi,X2,..-,x'J\-t\\XuX2,...,Xn\\ > 0 (2.1) 
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so 

s_-\-t t 

S + t+\\Xi,X2,...,Xn\\ + \\Xl,X2,...,X'J i + | | . T i , .^2, • • • , < 

^ S\\X1,X2,...,X'J -t\\Xi,X2,...,Xn\\ 

" {s + t+\\XuX2,...,Xn\\ + \\XuX2,...,X'J){t+\\XuX2,...,X'J 

By (2.1), 

s + t t 

5 + ^ + | | . T i , ; r 2 , . . . , x „ | | + | | a ; i , r c 2 , . . . , a ; ' „ | | t + \\xi,X2,. •. ,x'^ 

which implies 

s + t ^ t S + t+ \\Xi,X2, Xn\\ + \\XuX2, <|| t + \\Xi, X2, • • • , .< 

Similarly, i f 

„ ' > 

t+\\XuX2,...,X'„ S+ Xi,X2,...,Xn\ 

then 

s + t > S + t+\\XuX2,...,Xn\\ + \\XuX2,...,X'^\\ ' S + \\xi, X2, . . . , Xn\ 

Thus, 

N{xuX2, ...,Xn + x'^,s + t)>mm {N{xu X2,..., x „ , 5 ) , N{xi,X2, < , t)} 

(N6) For all ^ 1 , ^ 2 ^ 3?, if ti < t2 <0, then 

N{Xi,X2,...,Xn,ti) = N{Xi,X2,...,Xn,t2) = 0 

Suppose t2> ti> 0, then 

t2 ti 
t2 + \\Xl,X2, • . .,Xn\\ ti + \\Xi,X2, - • • , X„ 

\\Xl,X2,...,Xr,\\{t2-ti) 

{t2 + \\Xl,X2, . . .,Xn\\){ti + \\Xi,X2, . . . , Xr, 
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For ah {xi, X2,..., x„) G A x . . . x X implies 

t2 > ^1 

t2 + \\Xl,X2, XnW ti + | | X i , X2, . . . , Xn\\ 

which in turn implies N{xi,X2, - - •, x„, t2) > N{xi , X2, • • • , Xn, 

Thus N{xi,X2,. •. ,Xn,t) is a non decreasing function. Also, 

hm N{xi,X2,..., Xn, t) = hm -̂ — 
i-oo t^'^t+\\Xx,X2,...,Xn 

t 
= l im 

t^''^t{l + {llt)\\XuX2,...,Xn\\) 

= 1 

Thus (X,N) is an f-n-NLS. 

P ropos i t i on : 2.1.8 

Let (X,N) be an f-n-NLS. Assume the condition that 

(N7) N ( . T i , ; r 2 , . . . , X n , t) >0 for ah t > 0 implies Xi,X2, • • • ,Xn are linearly dependent. 

Let \\xi,X2,.. .,Xn\\a = inf [t : A ( ; r i , ; r 2 , . . •,Xn,t) > a} ,af G(0,1) 

Then {||», •Ha : a G (0,1)} is an ascending family of n-norms on X. These 

n-norms are called a-n-norms on X corresponding to the fuzzy n-norm on X. 

Proof : 

Let N ( x i , .^2, • • •, Xn, t) >0 for ah t > 0 implies Xi, X2, • • •, ;r„ are linearly dependent. 

C l a i m : {||», . . . , : a G (0,1)} is an ascending family of a-n-norms on X 

corresponding to the fuzzy n-norm on X. 

(1) \\XuX2,...,Xn\\a=^- TWs 

(i) implies, inf {t: N{xi,X2, • • •,Xn,t)> a}=0, 

(ii) implies, for ah t e%t>0, N{xuX2, x„, t) >a > 0,a e {0,1), 

(i i i) implies, by (N7), Xi,X2,..., x„ are linearly dependent. 

Conversely assume that Xi,X2, • • • ,Xn are linearly dependent. This 
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(i) implies, by (N2), N(a;i,a;2,.. . = 1 for aU t > 0, 

(n) implies, for all a e ( 0 , 1 ) , inf {t: N{xx,X2, ...,Xn,t)>a) = 0 , 

(in) implies H x i , X 2 , . . . , a ; „ | | a = 0. 

(2) As N(a;i, X2, • • •, Xn, t)[s invariant under any permutation, i t follows that | | x i , X 2 , . . . , x-„||c 

is invariant under any permutation. 

(3) if 0,then 

\Xi,X2,...,CXn\\a = M {s : N{xi, X2, • • • , CXn, s) > a} 

mi\s: N{xi,X2,...,Xn,-^^ > a 

Let t = 7 ^ , then 

. T i , X2, . . . , C.T„||o. = mi{\c\t:N{xi,X2,-..,Xn,t)>a} 

= \c\M{t: N{xi,X2,...,Xn,t)>a} 

= | c | | | x - i , X 2 , . . . , 2 ; „ | | a 

if c = 0 then 

\\XuX2,..-,CXn\\a = l l x ' l , ^ 2 , . • . , 0| |a 

= 0 

= 011x1,0 :2 , . . . , a ; „ | | a 

= c | | | x i , a ; 2 , . . . , x „ | | a , V c e F 

(4)11X1, 2:2, • • • , Xn\\a + \\Xl,X2, • • • , X^,| |a 

= i n f { i : A ^ ( x i , X 2 , . . . , x „ , i ) > a } + 

inf {s : N{xi,X2,... ,x'^,s) > a} 

= mf{t + s: N{xuX2,...,Xn,t) > a,N{xi,X2, • • • ,x'^,s) > a} 

> M{t + s: N{xuX2, • •. ,Xn + x'„,t + s) > a} 

> inf {r : i V ( x i , X 2 , • • • ,Xn + x'^,r) > a} ,r = t + s 

= X l , X2, • • • , Xn + a 
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Therefore, ;r2, •••,Xn + < I U < ll^^^i,-^'2, • • • ,x^Wa + \\xi,X2, 

Thus {||«, ... ,»\\a • a e {0,1)} is an a — ? i-norm on X. 

Let 0 < a i < Q;2-Then 

\XuX2,...,Xn\\a, = mf {t: N{XuX2,...,Xn,t) > a i } 

\\XuX2,...,Xn\\a2 = inf : N{Xu X2, . • . , Xn,t) > Q2} 

As < a2, 

{t : N{XuX2,...,Xn,t) > 02} C {t : N{XuX2,...,Xn,t) > a j 

implies 

inf {t : N{xi,X2,Xn, t) > aa} > inf {t: N{xuX2, Xn, 0 > " i } 

which implies 

\\Xl, X2, • • • , X-nWao > \\Xl, X2, • • • , Xn\\ai 

Hence {||», "Ha : a e (0,1)} is an ascending family of cv-n-norms on X 

corresponding to the fuzzy n-norm on X . 

Remark : 2.1.9 

Every fuzzy n-norm induces an ascending family of a-n-norms. 

S E C T I O N : 2.2 

C O M P L E T E F U Z Z Y n - N O R M E D L I N E A R SPACE 

D e f i n i t i o n : 2.2.1[22 

A sequence {Xn} in an n-normed linear space (A , ||», • , . . . , •!!) is said to converge 

to an X G X ( in the n-norm) whenever l i m „ _ o o H^^i, a;2, • • •, Xn-u Xn - x\\ = 0. 
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D e f i n i t i o n : 2.2.2[22 

A sequence in an n-normed linear space ( A , ||», • , . . . , •!!) is called a Cauchy 

sequence i f lim„_»oo :r2, • • • ,Xn-\ ,Xn — Xk\\ = 0. 

D e f i n i t i o n : 2.2.3[22 

A n n-normed linear space is said to be complete i f every Cauchy sequence in i t is 

converrgent. 

D e f i n i t i o n : 2.2.4 

A sequence {Xn} in a f-n-NLS (X,N) is said to converge to X if given r>0, t>0 , 

0 < r < l , there exists an integer no G N such that N{x\,X2, • • •, ; r „ _ i , — x, t) > l - r 

for all n > no. 

p ropos i t i on : 2.2.5 

In a f-n-NLS (X,N) a sequence {x„} converges to x i f and only if 

N{Xi,X2, ••• , Xn-l,Xn - X, t) ^ I BS 71 ̂  OO. 

proof : 

Assume that {xn} converges to x. 

C l a i m : N{x\,X2, • • •, Xn-i, Xn — x,t) as n ^ oo. 

Fix t > 0. since {xn} converges to x, for a given r wi th 0 < r < 1, there exists an 

integer no G N such that N{xi,X2, • • •, Xn~i,Xn - x, t) > l - r for all n > no- Thus, 

l-N{xuX2,..., Xn-i,Xn - x,t) < T and hence N{xi,X2, • ••, Xn-\,Xn - x, t) I as 

n oo. 

Conversly, assume that for each t > 0, N{xi,X2, • • •, Xn-\,Xn—x, i ) —> 1 as n —> oo 

C l a i m : {Xn} converges to x. 

For every r, 0 < r < 1, there exists an integer JIQ such that 
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l-N{xi,X2, • • . , Xn-i,Xn - X, t) < T for all n > UQ. Thus 

N{xi, X2,..., Xn-i,Xn~x, t) > l-T foT all TI > Tio- Heuco {Xn} couvergos to X in (X,N) . 

D e f i n i t i o n : 2.2.6 

A sequence {xn} in a f-n-NLS (X,N) is said to be Cauchy sequence i f given e >0 

with 0< e < 1 , t > 0, there exists an integer no G N such that 

N{xi,X2,. • • ,Xn-i,Xn - Xk, t) > l -e for aU n,k> no. 

D e f i n i t i o n : 2.2.7 

A binary operation * : [0,1] x [0,1] [0,1] is called a continuous t-norm i f * 

satisfies the fohowing conchtions : 

(1) * is commutative and associative 

(2) * is continuous 

(3) a * l = a f o r all aG [0,1 

(4) a*b < c*d whenever a<c and b < d and a,b,c,d G [0,1 . 

D e f i n i t i o n : 2.2.8 

A binary operation o : [0,1] x [0,1] —> [0,1] is called a continuous t-conorm i f o 

satisfies the following conditions : 

(1) o is commutative and associative 

(2) o is continuous 

(3) ao0=a for all aG [0,1 

(4) aob < cod whenever a<c and b < d and a,b,c,d G [0,1 . 
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Propos i t i on : 2.2.9 

In a f-n-NLS (X,N) every convergent sequence is a Cauchy sequence. 

Proof : 

Assume that {x„} be a convergent sequence in (X,N) . 

C l a i m : {x„} be a Cauchy sequence. 

Suppose {x„} converges to x. Let t > 0 and e e (0 , l ) . Choose r € ( 0 , l ) such that 

(1 - r ) * ( 1 - r ) > 1 - e. 

Since {x„} converges to x, there is an integer no such that 

A ^ ( x i , X 2 , . . . , x „ _ i , x „ - X, | ) > 1 - r. 

Now, yV(Xi, X2, . . . , X „ _ i , X„ - Xfc, t) 

= N{XuX2, . . . , X „ _ i , X„ - X - I - X - Xk,t) 

= i V ( X i , X 2 , . . . , X „ _ i , . T „ - X, | ) * 

i V ( X i , X2, . . . , X „ _ i , X - Xk, | ) 

> 1 - r ) * (1 - r ) for all n , /c > UQ 

> 1 — e for ah n,k > 7io 

Therefore {x„} is a Cauchy sequence in (X,N) . 

D e f i n i t i o n : 2.2.10 

A f-n-NLS is said to be complete if every Cauchy sequence in i t is convergent. 

The following example shows that there may exists Cauchy sequence in a f-n-NLS 

which is not convergent. 
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Example : 2.2.11 

Let (A , ||», • . . . , •!!) be an n-normed linear space and let a * 6 = min {a, b} for all 

a,be [0,1] and 

N{XuX2,...,Xn,t) = 
t+\\Xi,X2,...,Xn\\ 

Then (X,N)is a f-n-NLS. 

Let {Xn} be a sequence in f-n-NLS,then 

{si){Xn} is a Cauchy sequence in ( A , ||», • . . . , •!!) i f and only if {xn} is a Cauchy 

sequence in (X,N) . 

(b){.r„} is a convergent seciuence in ( A , ||», • . . . , •!!) if and only if {.T„} is a convergent 

sequence in (X,N) . 

Proof : 

Assume that {xn} is a Cauchy sequence in (A', ||«, • . . . , • ! ! ) 

C l a i m : {a;„} is a Cauchy sequence in (A', A ) . 

{a){xn} is a Cauchy sequence in (A , ||«, • . . . , • ! ! ) 

<^ l im \\Xl,X2,...,Xn-l,Xn-Xk\\=0 
n,K—»oo 

o l im N{xi,X2,...,Xn-i,Xn-Xk,t) 
n,k—>oo 

hm 
n,k^oot+ \\XuX2,..-,Xn - Xk\\ 

<=> N{xi,X2,...,Xn-i,Xn-Xk,t)^ 1 as 71 OO. 

N{x\,X2, • • • ,Xn-i,Xn - Xk,t) > I - rjov all n,k> no-

<^ {xn} is a Cauchy sequence in (X,N) . 

(b) Assume that is a convergent sequence in (A", ||», • . . . , •!!) 

C l a i m : {xn} is a convergent sequence in ( A , A ) 

{xn} is a convergent sequence in (A , ||«, • . . . , • ! ! ) 

O l im (Xi,X2,---,Xn-uXn-x)\\ =0 
n^oo 
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o lim A f ( x i , X 2 , . . . , x „ _ i , x „ - x , t ) 
n—*-oo 
= l im - — n ' r = 1 

n^oc t + \\xi,X2, • . . ,Xn-UXn - x\ 

<^ A f ( x i , X 2 , . . . , x „ _ i , x „ - X , ^ ) —> 1 as 7 i o o . 

o yV(xi , X 2 , . . . , x „ _ i , Xn - x , t ) > 1 - r, for all n > UQ. 

<^ {xn} is a convergent seciuence in (X,N). 

Thus if there exists an n-normed hnear space {X, | | » , • . . . , • H ) which is not complete, 

then the fuzzy n-normed induced by such a crisp n-norm 11•,»..., • H on an incom­

plete n-norm linear space X is an incomplete fuzzy n-normed linear space. 

P ropos i t i on : 2.2.12 

A f-n-NLS (X,N) in which every Cauchy sequence has a convergent subseciuence 

is complete. 

Proof : 

Assume { x „ } be a Cauchy sequence in (X,N) and { x „ ^ } be a subseciuence of { x „ } 

that converges to x . 

C l a i m : { x „ } converges to x and i t is complete. 

Let t > 0 and e G (0,1). Choose r G (0,1) such that (1 - r ) * (1 - r ) > 1 - e. Since 

{ x „ } is a Cauchy sequence, there exists an integer no G N such that 

y V ( x i , X 2 , . . . , x „ _ i , x „ - Xk, | ) > 1 - r for all n, k > UQ. Since { x , j j converges to x , 

there is a positive integer ik > tio such that i V ( x i , X 2 , . . . , x „ _ i , x^^ - x , ^ ) > 1 - r 

Now, 

/ V ( X i , X 2 , . . . , X „ _ i , X „ - X , ^ ) 

= A ^ ( X i , X2, . . . , X , , _ i , X„ - X i , + X i ^ - X , I + | ) 

> / V ( X i , X2, . . . , X „ _ i , X„ - X i , , ̂ ) * 

A f ( X i , X 2 , . . . , X „ _ i , X i , - x , | ) 

> (1 — r ) * (1 — r ) 
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> 1 - e 

Therefore {a:„} converges to x in (X,N) and hence i t is complete. 

SECTION:2.3 

BEST A P P R O X I M A T I O N SETS I N a - n - N O R M E D SPACE 

Using a-n-norm on X, the author have introduced the notion of two subsets of X, 

namely D^2,x3 , . . . , x„ ( ; ro , G ) and PG,X-2,X3,...,X„0C)-

D e f i n i t i o n : 2.3.1 

Let (A", | |»,»| |) be a linear 2-normed space and let G be an arbitary nonempty 

subset of X and a'o G X. Then, for every x G X and for every z G A' \ G which is 

independent of x and XQ, 

dz (x, G) < I .X' — Xo, z + dz (.To, G), where d^ (x, G) = inf \\x — g, z\\. 
g€G 

For each G C A'and XQ G A, le t 

Dz{xo, G) = {x G X : dz(x, G) = - XQ, Z\\ + dz{xo, G)} for any zG A' \ G which is 

independent of x and XQ. 

Also 

PG,Z{'X) = {50 G G ; \\x - go, z\\ = d . i x , G ) } and 

PG!ZM = {x G A : \\x - .To, z\\ = 4 ( T , G ) } , where To G G . 

D e f i n i t i o n : 2.3.2 

Let (A , ||«, •||a) be an a-n-normed space corresponchng to the fuzzy n-norm 

N on X. Let G be an arbitray nonempty subset of X and To G X. Then for every 

T G A and for every T2, T 3 , . . . , T „ G A \ G which is independent of x and To-

dx2,x,,...,Xn{x,G) < \\X - Xo,X2,X3, • • .,Xn\\o + ^ a . x a x„.{Xo,G) (2.2) 
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where 

42,x3,...,x„(a;,G) = M \ \ x - g,X2,X3,...,Xn\ (2.3) 

For each G C X and xo e X, we define 

,X3,...,X„ 

= {xeX : 42,X3,...,Xn(^,G) = \ \ X - Xo,X2,X3, . . . ,Xn\\a + d^2,X3 Xn{XO,G)} (2.4) 

for any X2, xs,. • •, x„ G X \ G which is independent of x and XQ. 

We denote 

PG,X2,x3,...,Xn{x) = {goeG : \\X-go,X2,X3, • • •,Xn\\a = 42,X3,...,X„(A-, G)} (2.5) 

^ G , l 2 „ r 3 , . . . , i „ ( - ^ 0 ) = [ X e X : \\X - Xo,X2,X3, . . .,Xn\\a = d^2,X3,...,x„{x, G)} (2.6) 

where .xo G G. 

Example: 2.3.3 [Dx^ixoyG) and P G , X 2 { X ) sets in the Q:-2-normed hnear spaces 

Let X=§R^ be a hnear space over $R. 

Let | | . , . | | -.XxX^Uhy 

| a ; i ,X2 | | i = max{ |ai62 - 02^1!, \b1C2 - b2Ci\, \a1C2 - a 2 C i | } 

| |3 ; i ,X2 | |2 = ^ {max{|aife2 - 0261!, \biC2 - 62C1I, \a1C2 - a2Ci\}} 

where Xi = {ai,bi,Ci) E 3̂ ^̂ ,̂  = 1,2. Then {X, ||«,»||i) and {X, | | » , » | | 2 ) are 2-normed 

linear spaces. 

Let N : X X X x^-^[0, I j by 

' 1 , if i > ||a.'i,X2||i 

0.5, if||xi,;?,'2||2 < t < | | 2 : i , X 2 | | i , 

[ 0 , l(t<\\XuX2\\2. 

Then (X,N) is a fuzzy 2-normed hnear space. 

N{XuX2,t) = { 

Let ||3;i,a;2||Q = inf {t: N{xi,X2,t) >a}, a e {0,1). 
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The a-2-norms are given by 

||a:i,X2|U = ||a;i,a;2||i, when 1 > a > 0.5, 

= |^i)3;2||2, whenO < a < 0.5. 

Let G = {{a, 0,0) : a € be a subset of X. Choose Xo = (0,1,1) and 

X2e K =^ {{0,0,k) : fcee?\{0}} 

Then 

D^,{xo, G) = {x = (0, b,0),beU+\0: d^^{x, G) = \\x - xo, 2:2 |U + ^^(xo, G)} , 

P G , . , { X ) = { g o = (a, 0,0) : - 1 < a < 1}. 

Example: 2.3.4 [-Dx2,x3,...,x„(2;o, G) and PG,x2,x3,...,xn{x) sets in the a-n-normed hnear 

spaces 

Let X=5i"+^ be a linear space over Let ||», • , . . . , •!! : X x X... x X -> 3fi by 
n 

\\xuX2,...,Xn\\i = max{Ai , A 2 , . . . , A „ . } 

|a;i,,T2...,a;„||2 = ^ { m a x { A i , A 2 , . . . , A„}} 

where 

A i 
ai2 0-13 • • • a i (n+l) 

Ao = 
fln3 • • • 0.n{n+l) O-nl 

An = 
a n a i2 • • • Oin 

Onl On2 ••• 
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and Xi = {aii,ai2, ai(„+i)) € z = 1, 2 , . . . , n. 

N{Xi,X2...,Xn,t) = I 

Then {X, ||«, • | | i ) and {X, ||», • l y are n-normed linear spaces. 

Let N : X X X X ... X X X ^ ^ [0,1] by 

1, iit>\\XuX2,...,Xn\\l 

0.5, \i\\XuX2,...,X„\\2 < t < \\Xi,X2...,Xn\\u 

0, \ft< ||a;i,2;2,...,a;n||2-

Then (X,N) is a fuzzy n-normed hnear space. Let 

\\xi,X2,...,Xn\\a = inf : N{xi,X2,.. • ,Xn,t) >a}, ae (0,1). 

The a-n-norms are given by 

||a;i,;r2,... = \\xuX2, • • • ,Xn\\u when 1 > a > 0.5, 

= \\x\,X2,. • • ,Xn\\2, when 0 < a < 0.5 

Let G = {{a, 0,0,... n times 0) : o € 3J} be a subset of X. 

Choose xo = (0 ,1 ,1 , . . . , n times 1) and 

X2,...,Xr,eK= {(0,0, ki'\ . . . , /cSi) : k^3\ . . . , /cSi e 3? \ {0})} 

That is, 

X2 = (0,0,/cf 

X, = (0,0,/cf , . . . , / cS i ) 

— (0, 0 , / c ^ + l ) 

Then 

x = {0,b,0,...,{n- l)times 0),6 G Ji+ \ {0} : 

dx2,X3,...,Xn{x,G) = \\X - Xo, X2, • • • , XnWa + d:,^,x,,x^{Xo,G) J 

44 



where 4.,x3 .„(^.G) = max {|6|A, |a|A} 

1.(2) 1.(2) 

i,(3) r.(3) 

i.(n) 
K3 K4 

1.(2) 

1.(3) 

l.(") 

\\x-Xo,X2,...,Xn\\a = | ^ - l | A , 

d^2,xs,...,x„{xo,G) = m a x { A , | a | A } . 

and also, PG,X2,X3 x„{x) = = (a, 0,..., n times 0) : -1 < a < 1} . 

Theorem: 2.3.5 

For X e -Dx2,x3,...,x„(3;o,G) and y e I'i2,x3,...,xn(a:, (3) 

{i)\\y - x o , X 2 , X 3 , . . . , X „ | | Q = \\y - x , X 2 , X 3 , . . . ,a;„||a + \\x - XQ,X2,X3, . . . , . T „ | | Q 

{ii)y - a; + xo e Dx^.x, x„(xo, G). 

Proof: 

(i)Let X e £>x2,x3,...,x„(a;o,G) and y 6 Dx̂ .xa x„{^,G). 

Claim: \\y - Xo,X2,X3, . . .,Xn\\a = \\y-X,X2,X3, . . .,Xn\\a + \ \ x - X o , X 2 , X 3 , . . .,Xn\\a 

By (2.4) we have, 

42,X3,...,X„(X, G) = \\x-Xo,X2,X3,...,Xn\\a + 42,X3,...,x„(Xo, G), 

dx2,X3 xn{y, G) = \\y - X, X2, X 3 , . . . , XnWa + 42,X3,...,x„(x, G) 

Consider 

\y - Xo,X2,X3, . . .,Xn\\a 

= \y-Xo-X + X,X2,X3,.--,Xn\\a 

= \{y-x) + {x-Xo),X2,X3,.-.,Xn\U 
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< \\y -X,X2,X3,...,Xn\\a + 

X — Xo, X2, X3, . . . ,Xn a 

= {dx2,X,,...,xSy, G) - dx2,X3 Xn{X, G)) + 

G ) - 4 . ,X3,...,Xn 

= dx2,X3,...,Xn{y,G) - 42,X3,...,X„(.'rO,G) 

< y — Xo,X2,X3, . . . ,Xn a 

Therefore, 

\\y - Xo, X2, X 3 , X n \ \ a = \\y - x, X2, x ^ , X n \ \ a + \\x - Xo, X2, X3, - - • , ;C„ | |Q 

(n)Let X e I?x2,x3,...,x„(:ro,G) and y e £'x2,x3,...,x„(2:, G). 

Claim: y - x + xo e -Di2„,3,...,i„(xo, G) 

By (2.3) we have, 

dx2,x3,...,xn(y - x + Xo,G) 

> 4 2 , x 3 , . . . , x „ ( 2 / , G) - ||y - { y - X + Xo), X2, Xs, XnW^ 

= dx2,X3,...,x„{y, G) — \\X — Xo,X2, X3, . . . , Xn\\a 

= {\\y - X,X2,X3, . . . ,Xn\\a + d.:,^,^,,...,xAx,G)) -

\\X - Xo,X2,X3, . . . ,Xn\\a 

= \y - X, X2, X3, Xn\\a + {\\X - Xo,X2, X3, Xn\\a + 42,^3, . . . ,x„ (3;o, G)) -

\\x — Xo, X2, X^, • • • ,X„\\a 

= \y - X,X2, X3, . . . ,Xn\\a + dx2,x3,...,x„{Xo, G) 

= \\{y-X + Xo) - Xo, X2, X3, Xn\\a + 42,X3 Xn{XO, G) 

Again by (2.3), it follows that 

dx2,x3,...,xniy - x + Xo, G) = \\{y- X + Xo) - xo, X2, x s , X n \ \ a + 42,x3, . . . ,x„ (a;o, G) 

which implies y - x + xo e £'x2,x3,..,x„(a;o, G) 
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Theorem: 2.3.6 

Let X e I>x2,x3,...,x„(a^o,G). Then 

{i) [xo, x] = {Xxo + (1 - A)x : 0 < A < 1} C Z? {xo,G), 

{ii}Dx2,X3,...,Xni.-^> C Dx2,X3 X„ 
(^o,G) 

Proof: 

Let y = Axo + (1 - X)x such that 0 < A < L 

Claim: [xo,x] = {XXQ + (1 - A ) . ^ : 0 < A < 1} C Dx2,x3,...,xn{^o,G) 

dx2,X3,...,Xn{y,G) 

> dx2,X3,...,x„{x,G) — \\X — y,X2,X3, . . . ,Xn a 

= \\X - Xo, X2, Xa, • • • , XnWcc + dx2,x3,...,xAX0, G) - \\X - y, X2, Xs , . . . , Xn\\a 

= \y - Xo,X2,Xs, . . . ,Xn\\a + dx2,X3,...,Xn{Xo, G) 

By (2.3) we have, 

dx2,x3,...,xn{y, G) = \\y - Xo, X2, xz,..., ; r„ | | a + 42,x3,...,xn(^'o, G) 

which implies y € Dx2,x3,...,xn{xo,G) 

(n) Let y G Dx2,x3,...,xAx,G). 

Claim: /5x2,x3,...,x„(3:, G) C £'x2,x3,...,x„(a;o, G) 

Then by (2.4) and theorem (2.3.5(i)) 

dx2,X3,...,Xn{y,G) 

= \\y - X, X2, X3, .••,Xn\\a + dx2,X3,...,x„{x, G) 

= \y -X, X2,X3, • • • , XnWa + (1^ - XQ, X2, X3, . . . , Xn\\a + dx2,x3,...,Xn{X0, G)) 

= l̂y -XQ,X2,X3,...,Xn\\a + dx2,x3,...,Xn{X0>G) 

which implies y G £'x2,x3,...,xn(^o, G) 

Therefore,i:ix2,x3,...,xn(3;,G) C Dx2,x3,...,x,,{xo,G) 
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Theorem: 2.3.7 

Let xo, yo e X and A / 0. Then 

{i)Dx2,x3,...,xA^o, G) + yo = £ 'x2 ,x3 xn(^o + yo,G + yo), 

(xo,AG) = ADx2,x3 xn{xo/\G). 

Proof: 

(i) Let .x€ Z?x2,x3,...,x„(xo,G). 

Claim: i5x2,x3,...,x„(xo, G) + yo = I'x2,x3,...,x„{xo + yo,G + yo) 

,X3, . - - .Xn 

{x + yo,G + yo) 

= dx2,x3,...,x„{x,G) 

= \X - XQ, X2, X3, Xn\\a + 4 2 , X 3 , . . . , x „ ( ^ 0 , G ) 

= + yo- {xo + yo),X2, X3, Xn\\a + 4 2 , X 3 , . . . , x „ ( ^ O , G) 
Therefore, x -\- yo & Dx2,x3,...,x„ ixo + yo,G + yo) 

Conversely, let y e Dx2,x3,...,.v„{xo + yo,G + yo). Then 

dx2,x3,...,xn{y - 2 /0 , G) 

= dx2,x3,...,xn{y,G + yo) 

= l|y - 2/0 - XQ, X2, X3,..., Xn\\a + 4 2 , X 3 , . . . , x „ (XQ + yo,G + yo) 

= \iy - yo) - X0,X2,X3, • . . ,Xn\\a |- 4 2 , X 3 , . . , x „ ( ^ O , G) 

Therefore, y - yo E Z?x2,x3,...,x„(xo, G), and so 

{xo, G) + yQ = Dx2,x3,...,xr,{xo + yo,G + yo) 

(ii) Let x e L'x2,x3,...,x„(xo,AG). 

Claim: £)x2,x3,...,xn(3'-o, AG) = A£)x2,x3,...,x„(xo/A, G) 
X 

A' 

= ^ 4 2 , x 3 , . . . , x „ ( x , AG) 

X 
G,G) 

I ( X XQ,X2,X3, . . . ,Xn\\a ~^ dx2,x3,...,xn 
(xo,AG)) 

| ( ^ ^ ) ) ^ 2 , X3, . . . , Xn\\a + C ? X 2 , X 3 , . . . , X n ( ^ , 
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Therefore, ^ € D^^,^^,...,^„{XQ/X,G) 

Conversly, let x G I'x2,x3,...,x„(a;o/A, G). Then 

42,X3 X n i ^ X , AG) 

= A|42,x3,...,x„(a;,G) 

X - y,X2,a;3,. . . ,x„||a 4- 42,i3,...,x„(y, G)) 

= \\X - Xo, X2, X3, . . . , X„||a 4" dx2,x3,...,x„(a;o, AG) 

Therefore, Ax G -Dx2,x3,...,x„(a;o, AG) 

Thus, Z},,,,3,...,,„(xo,AG) = AZ3 
X2,X3 X„ 

(:ro/A,G) 

Theorem: 2.3.8 

Let Gc Gi and xo G X , where Giis a subset of X such that 

4 2 ,X3,...,X„ 
(xo,G) = d X2 ,X3 , . . . ,X„ (xo,Gi) (2.7) 

Then £'x2,x3,...,x„(;Co, Gi) C £'x2,x3,...,x„(a;o, G) 

Proof: 

Let X G £'x2,x3,...,x„(3:o,Gi). 

Claim: î x2,x3,...,x„ (xo,Gi) c £>X2,X3 x„(a;o,G) 

Then by (2.7) we have 

42,x3,...,x„(a;,G) > 42,x3,...,x„(.'c,Gi) 

= |X — Xo, X 2 , X 3 , . . . , X „ | | Q 4- 4 2 , X 3 , - , x n ( ^ 0 , Gi) 

= ||X - X o , X 2 , X 3 , . . . ,X„||a 4" 42,X3,.-,Xn(^^O, G) 

By (2.3), it following that 

42,X3,...,x„(3;, G) = 1|X - Xo, X 2 , X 3 , . . . , X„||a 4" 42,X3,...,x„(3;o, G) 

which implies x G Î x2,x3,...,x„(a:̂ o, G). 

Hence £'x2,x3,...,x„(a;o, Gi) C r'x2,x3,...,xn(^o,G) 
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Theorem: 2.3.9 

(i)PG,x2,x3 xr.{xo) C PG,X2,X3 x„{x) for every x G r',,,,3,...,x„(xo, G), 

[n)Dx2,x3 x„ (xo, G) = PG,X2,X3 x„(^o) for every xo G G. 

Proof: 

(i) Let X G Dxa.xa xAxo, G) and g G P3,X2,X3,...,X„ 

Claim: PG,x2,x3,...,x„(a:o) C PG,x2,x3,...,x„(a;). 

42,X3,...,x„(a::, G) = ||X - Xo, X 2 , X 3 , . . . , X„||a 4" 42,X3,...,x„(a:o, G) 

= |X - Xo, X 2 , X 3 , . . . , X„||a 4" ||Xo - go, X 2 , X 3 , . . . , X„||a 

By thm(2.3.5(i)) we have 

42,X3,...,x„(a:,G) = \\X- go,X2,X3,.--,Xn\\a 

which imphes go G PG,X2,X3 x„(a;),which in turn implies 

PG,x2,x3,...,x„(a;o) C PG,x2,x3,...,x„(;r)-

(ii) Let Xo G G and x G r'x2,x3,...,x„(a;o, G). 

Claim: -Dx2,x3,...,x„(;Co, G) = PG!X2,X3 XJ^TQ). 

42,X3 x„(:^;,G) = | | x - X o , X 2 , X 3 , . . . , X „ | | a + 42,X3 x„(a;o, G) 

= |x - Xo, X 2 , xs , . . . , Xn\\a, wherc xo G G. 

which implies x G PG!X2,X3 x„(^o)- So 

^ X 2 ,X3,...,X„ 
(xo,G) C PG,X2,X3,...,X„(^O) ( 2 . 8 ) 

. conversly, let x G P5!x2,x3,...,x„{xo). 

Then xo G PG,x2,x3,...,x„(a;)-

Since xo G G,dx2,x3,...,x„ (xo,G) = 0 

Hence we have 

42,X3,...,x„(a:, G) = ||X - XQ, X 2 , X 3 , . . . ,X„||a 4" 42,X3,...,Xn(a;0, G). 
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which implies x G £'x2,x3,...,x„(xo, G), which in turn implies 

PGLX3,...,X„M C Dx2,x3 x„(xo,G) (2.9) 

FYom (2.8) and (2.9) we have 

Dx2,X3,...,xA^0,G) = PGIX2,X3,...,XM) 

SECTION: 2.4 

QUASI Q-n-NORMED L I N E A R SPACE 

Definition: 2.4.1 

In the definition (2.1.2) if we replace (3) by (3') ||;ri,;C2, • • •, aXn\\ = |a|^||;Ci,;C2..., ;r„| 

for any aG K (real) and 0 < p < 1, then (A', ||», •!!) is called a quasi n-noiined 

linear space. 

Definition: 2.4.2 

In the definition (2.1.5), if we replace (N4) by (N4') for all tG K with t>0 

N(xi,X2, cxn, t) = N(xi, X 2 , c X n , 7 ^ ) if CT^O, C G F (field), 0 < p < 1. Then 
\c\P 

(X,N) is called a fuzzy quasi n-normed Hnear space or in shoH f-q-n-NLS. 

Theorem: 2.4.3 

Let (X,N) be a f-q-n-NLS. Assume the condition that 

(N7) N{xi,X2,.. .,Xn,t) > 0 for aU t>0 implies xi,X2, • • • , ;Cn are linearly dependent. 

Let ||a;i,a;2,. • •,Xn\\a = inf {t: N{xi,X2,... ,Xr^,t) > a} ,a e (0,1). 

Then ' H a : a G (0,1)} , is an ascending family of quasi n-norms on X. We 

call these quasi n-norms as quasi a-n-norms on X corresponding to the fuzzy quasi 

n-norm on X. 
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Proof: 

Assume the condition that (N7) N{xi,X2, Xn, t) > 0 for all t>0 implies xi,X2, • • .,Xn 

are linearly dependent. Let | | . T I , : r 2 , . . . , Xn\\a = inf {t : N{xi,X2, x„, t) > a} , 

a G ( 0 , l ) . 

Claim: {||«, • | | Q : a G (0,1)} , is an ascending family of quasi a-n-norms on X 

corresponding to the fuzzy quasi n-norm on X. 

(1) 

| |a;i , ;r2,. . . ,;c„||a = 0 

=^ mi {t : N{xi,X2, • • • ,Xn,t) > a} = 0 

=> For all t€ 5?, t>0, N{xi,X2,... ,Xn,t) > a > 0, ae (0,1). 

By (N7) Xi,X2, • • • ,Xn are hnearly dependent. 

Conversly assume that xi, X2, • • •, Xn are linearly dependent. 

^ By (N2) N{xi,X2, ...,Xn,t) = l for all t>0. 

^ For all a e (0,1), inf {t : N{xi,X2,... ,Xn,t) > a} ^ 0. 

^ \\Xi,X2,...,Xn\\a = 0 . 

(2) As N{xi,X2,... ,Xn,t) is invariant under any permutation it follows that || Xi, X2, • • • , Xn\\a 

is invariant under any permutation. 

(3')For all ceF, 0 < p < 1, then, 

\\xi,X2, • •. ,cxn\\a = mf {s : N{xi, X2, • • •, cXn, s) > a} 

= inf \ s : N { x i , X 2 , x „ , - ^ ) > a 
[ CP 

Let t = T-r then, 
\c\p 

\\Xl,X2,---,CXn\\a = Milcl" : N{Xi,X2,...,Xn,t)>a} 

= |c|^inf : N{xi,X2, • • • ,Xn,t) > a} 

= C ^\X\, X2, • • • , Xfi a-
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(4)11X1, ^ 2 , •••,Xn\\a + \\Xl,X2, •••,x'J\a 

= inf {t: N{xi,X2, ...,Xr^,t)>a}+ inf {s : N{xi,X2, x'„, s) > a} 

= M{t + s: N{xuX2,---,Xn,t)>a, N{xi,X2, • • • ,x'n,s) > a} 

> mf{t + s: N{xi,X2, • •. ,x„ +x'^,t +s) > a} 

> in f{ r : iV(x i , .X2 , - - - ,x„ + x^,r) > a } , r = t + s 

= Xi, X2) • • • , Xn 4" X^ a 

Therefore, | |x i , X 2 , . . . , x„ + x̂ ^Ha < | |x i , X 2 , . •. , x„| |a + | | x i , X 2 , . . . , x'„||a. 

Thus {||«, • | | Q : a € (0,1)} , is a quasi a-n-norms on X. 

Let 0 < tti < Q!2. Then 

| | ; r i , X 2 , . . . , x „ | | a i = inf : Af(xi ,X2, • • • , x „ , 0 > «i} 

| |x i , . X 2 , . . . , x„||„2 = , inf {t • N{xuX2,..., :r„, t) > 02} 

As a i < Qf2 

{t : iV(xi , X2, • • • , X-n, t) > a2} C {t: N{xi,X2,...,Xn,t) > 

^ inf {t : N{xi,X2, • • •,Xn,t) > 02} > inf {t : N{xi,X2, • • •,Xn,t) > a j 

, X2, • • • , Xr |̂|a2 

Hence {||», "Ha • oc e (0,1)} , is an ascending family of quasi a-n-norms on X 

corresponchng to the fuzzy quasi n-norm on X. 

Remark: 2.4.4 

Every fuzzy quasi n-norm induces an ascending family of quasi a-n-norms. 

Theorem: 2.4.5 

Let {||«, •Wa : a; e (0,1)} be an ascending family of quasi n-norms 

corresponding to (X,N). Let iV' : X " x K ̂  [0,1] be defined as, 
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sup {a G (0,1) : | | x i , X 2 , • •. ,x„||<:, < t} , when 

N'{xi, X2,. •. ,Xn,t) = I x i , X 2 , . . . , x„ are hnearly independent, t^O. 

0, otherwise. 
Then (X,N') is a f-q-n-NLS. 

Proof: 

Let {||«, " I l a : a G (0,1)} be an ascending family of quasi n-norms 

corresponding to (X,N). 

Claim: (X,N') is a f-q-n-NLS. 

(Nl)For ah tG with t<0 

iV'(xi , X 2 , . . . ,x„,^) = 0, for an(x i ,X2 , . . . ,x„) G X " , as 

{a : | |x i , X 2 , . . . , x „ | | a <t} = ( f ) whent < 0. 

For t=0 and Xj, X 2 , . • •,x„ are hnearly independent, 

{a : | | X i , X 2 , . . . , X „ | | a <t} = (f). 

^ N'{XuX2,...,Xn,t) - 0 

When Xi, X2, • • •, x„ are linearly dependent and t=0 then 

A^ ' (x i ,X2 , . . . ,x„,i) = 0. 

Thus for ah tG 3? with t<0, A^'(xi, X 2 , . . . , x„, i ) = 0. 

(N2) Let N'{xi,X2,...,Xn,t) = L 

(i.e.,) for t>0, iV'(xi , X 2 , . . . , x„, t) = I. 

Choose any e G (0,1). Then for t>0, there exists at G (e, 1] such that 

| |x i , X2, • • . , X„| |at < t 

and hence | |x i , X 2 , . • . , x„| |e < t. 

Since t>0 is arbitary, this implies that 

|Xi ,X2, . . . ,X„||e = 0. 
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=> Xi,X2, • • • , Xn are linearly dependent. 

Conversly, li xi,X2, • • • ,Xn are linearly dependent, then for t>0, 

N'{xuX2,---,Xri,t) = sup{a : | |a;i,3;2,...,x„||a < 0 

= sup {a : a G (0,1)} 

= 1. 

Thus for ah t>0, N'{xi,X2, • • • ,Xn,t) = 1 if and only if Xx,X2, • • • ,Xn are hnearly 

dependent. 

(N3)As ||.ri,a;2, • • • ,a;„||a is invariant under any permutation of .Ti,a;2,. • • ,a:„ we have 

N'{xi,X2,..., Xn, t) is invariant under any permutation of X2,.. . , .Tn-

(N4)' For aU tG ^ with t>0 , C G F , 0 < p < 1, 

N'{xi,X2,..., CXn, t) = sup {a : | | ;ri , x-2, •. •, cXn\\a < t} 
t 

. irp^a : | |xi , ;r2, . . . ,a;„ | |a < ^ .̂^ 

- N'{xuX2,.. . , X n , - ^ ) . 

(N5)We have to prove that for all s,tG 3?, 

N'{xi,X2,..., a;„ + < , 5 + i) > min {N'{xi, X2,..., Xn, s), N ' { x i , X 2 , t ) } . 

if (a) s+t<0 

(b) s=t=0 

(c) s+t>0; s>0,t<0; s<0,t>0, 

then in these cases the relation is obvious, if 

(d) s>0,t>0, let p= N'{xi,X2, Xn, s), q=N'{xi,X2, ...,Xn,t) and p<q. 

If p=0 and q=0 then obviously (N5) holds. 

Let 0 < r < p < g. Then there exists a > r such that ||a;i, X2, . . . , Xn\\a < s and 

there exists P > r such that ||a;i, X2, . . . , a; |̂|a < t. Let 7 min {a, P) > r. Thus 

X1, X2 J • • • ) ^^n 
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and 

\XuX2,...,x'J^ < | | X i , X 2 , - - - , < I U < ^• 

Now, 

| X i , . T 2 , - - - , X „ + X ^ | l ^ < | | X i , X 2 , . . . , X „ | | „ + | | X i , X 2 , . . . , x | , | | c < 5 + i 

Therefore, 

A f ' ( ; r i , X 2 , . . . , x „ + x ' „ , 5 + i ) > 7 > r 

Since 0 < r < 7 is arbitary, 

7V'(x i , X 2 , . . . , x „ + 5 + i) > p = min {A^'(.Xi, X 2 , . . . , x „ , 5 ) , i V ' ( x i , -^'2, • • • , Xn, t)} . 

Similarly if p > g, then also the relation holds. Thus, 

N'{xi, X2,..., x „ + s + t)> min { i V ' ( x i , X 2 , . . . , x „ , s),N'{xi,X2, • . • , x „ , t)} . 

(N6)Let ( x i ,X2 , . . . , X n ) e A '" and a e (0,1). Now t > \\xi,X2,. •. 

=> N'{Xi, X2, ...,Xn,t) = sup {P : \\Xi, X2, . . . , Xn\\f3 < t} > a. 

So, l im(_,oo N'{Xi,X2, . . . ,Xn,t) ^ 1. 

U t i < t 2 < 0 then 

N'{xi,X2,...,Xn,ti) = N'{xuX2,...,Xn,t2) = 0 for all ( . T I , X 2 , . . . , x „ ) e A " . 

If f2 > ^1 > 0 then 

{a : | | X i , X 2 , . . . ,Xn\\a < t l } C { « : | | X i , X 2 , • • • , X „ | | Q < t2} 

= ^ S U P { Q ; : | | x i , X 2 , . . . , X „ | | Q < i i } < sup {a : | | x i , X 2 , . . . , x „ | | a < i 2 } 

A ' ( X i , X 2 , . . . , X „ , t i ) < N'{Xi,X2,...,Xn,t2). 

Thus N'{xi,X2, • • • ,Xn,t) is a non-decreasing function of i G 3?. Hence (X,N') is a 

f-q-n-NLS. 
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Remark: 2.4.6 

Assume further that for Xi,X2, •• • ,Xn are linearly independent, 

(N8)iV(;?:i, . r 2 , . . . ,Xn,t) is a continuous function of t€ $R (set of real numbers) and 

strictly increasing in the subset {t : 0 < N{xi,X2, • • •, : r „ , t) < 1} of 3?. 

Theorem: 2.4.7 

Let (X,N) be a f-q-n-NLS satisfying the conditions (N7) and (N8) and 

{ | | » , - I l o : a G (0,1)} be an ascending family of quasi n-norms corresponding 

to (X,N). Then for (?/i, 7/2, • • •, 2/n) S A'" with 7/2, • • •, 2/n are linearly independent, 

N{yi,y2, • • • ,yn,\\yi,y2, • • • ,yn\\a) >Q,ae (0,1). 

Proof: 

Let (X,N) be a f-q-n-NLS satisfying the conditions (N7) and (N8) and 

{ | | » , " I l a : « € (0,1)} be an ascending family of quasi n-norms corresponding to 

(X,N). 

Claim: iV(yi ,2/2, • • • , i /n, 2/2, • • • , J / n l U ) >a,ae (0,1). 

Let \\yuy2, •••,yn\\a = T, then T>0. 

Also ther exists a sequence such that N{yi,y2,... ,yn, tn) > a and 

l i m „ _ o o tn = T. 

so, l i m „ ^ . 3 o N { y i , y 2 , • • • ,yn,tn) > 01 

By (N8) N{yi ,y2,...,yn, h m „ ^ o o tn) > a. 

=> N{yi,y2, ...,?/„, \\yuy2,-- • ,2/n||a) >a,ae (0,1). 

Theorem: 2.4.8 

Let (X,N) be a f-q-n-NLS satisfying the conchtions (N7) and (N8) and 

{||«, : a e (0,1)} be an ascending family of quasi n-norms corresponchng 

to (X,N). Then for 2/1,2/2, • • • , 2/n € A " with y i , 2/2, • • • , 2/n are linearly independent, 

a e (0,1) andi '(> 0) G % i l 2 / i , 2/2, • • • , 2/n||a = if and only if yV(2/i, 2/2, • • • , 2/n, ^') = «• 
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Proof: 

Let {X,N) be a f-q-n-NLS satisfying the conditions (N7) and (N8) and 

{| |«, " I l a : a e (0,1)} be an ascending family of quasi n-norms corresponding to 

(X,N). 

Claim: \\yi,y2, • • •,2/n||a = t' if and only if N{yi,y2,.. •,yn,t') = a. 

Let a 6 (0,1), tyi, 2/2, • • •, 2/n are linearly independent and 

t' = 112/1,2/2, • • •,yn\\c, = inf {s : N{yi,y2,... ,yn, s) > a} . Since N{y\,y2, • • • ,yn,t) is 

continuous (by (N8)), we have by theorem(2.4.7) 

N{yuy2,...,yn,t')>a (2.10) 

A\so,N{yi,y2,...,yn,t') < N{yi,y2, •.. ,yn, s) i( N{yi,y2,... ,yn, s) > a. 

I f possible, let N{yi,y2,..., 2 / „ , t') > a, then again by (N8), there exists t" < t' such 

that N{yi,y2, •••,?/„, t") > a which is impossible, since t' = inf { 5 : N{yi,y2, • • ,yn,s) > a} 

Thus 

N{yi,y2,...,yn,t') <a (2.11) 

By (2.10) and (2.11) we get N{yuy2, • • •,yn,t') = a. Thus 

t' = \\yi,y2,---,yn\\a A f ( 2 / i , 2 / 2 , • • • , y r , , , 0 = « ( 2 . 1 2 ) 

Next if N{yi,y2,..., yn, t') = a, then from the definition 

\\yuy2, • • • ,yn\\a = inf{t: N{yuy2, •. • ,yn,t) > a} =^ t' (2.13) 

(Since N{xi,X2, • • •, ;r„, t) is strictly increasing in : 0 < N{xi, X2,. - •, Xn, t) < 1} .) 

FYom (2.12) and (2.13) we have, for yi ,2 /2 , • • •, 2/n are hnearly independent, a e (0,1) 

and t'{> 0) e | |? / i ,2/2,- - • , 2 / „ | | a =t' i f and only if iV(?/i, 2/2, • • •, 2 / „ , i ' ) = a-
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Theorem: 2.4.9 

Let (X,N) be a f-q-n-NLS satisfying the conditions (N7) and (N8). Let 

| x i , X 2 , . . .,Xn\\a = inf {t : N{xi,X2,... ,Xn, t ) > a} ,a e (0,1) and 

iV' : X " X SR ̂  [0,1] is defined by, 

N'{XuX2,...,Xn,t) = { 

Then (a ){ | | . , 

f s u p { a e ( 0 , 1 ) : \\xi ,X2,-.. , . T „ | | a < t} , when 

Xi, X2,-.., Xn are hnearly independent, t ^Q. 

0, otherwise. 

a : a e (0,1)} is an ascending family of cinasi a-n-norms 

corresponding to (X,N) . 

(b) (X,N') is a f-q-n-NLS. 

(c) iV' = TV. 

Proof: 

(a) and (b) follows from Theorem(2.4.3) and Theorem(2.4.5) 

Claim: N' = N. 

(c) Let (y i , 2/2, • • • , 2 / „ , h) G X" x 3 ? and N{yi,y2, •••,yn,t) = OQ. 

Case(i): 

I f 2/1) 2/2, • • •, 2 / n are linearly dependent and to < 0, then 

N{yi,y2,---,yn,to) = N'{yi,y2,...,yn,to) = 0. 

Case(ii): 

If 2 /1 ,2 /2 , • • • , 2 / n are linearly dependent and > 0, then 

N{yi,y2, • • • , 2 / n , ^o) = N ' ( 2 / i , 2/2, • • •, 2 / n , ^o) = 1-

Case(iii): 

I f 2 /1 ,2 /2 , • • , 2 / n are linearly independent and to < 0, then 

N{yi,y2,-..,yn,to) = A^' (2 / i , 2 / 2 , • • • , 2 / n , ^ o ) = 0. 
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Case(iv): 

Suppose 2/1, y2, • • •, 2/n are linearly independent and i o ( > 0) G 3fi such that 

N{yi,y2, • • • io) = 0. For a e (0,1), inf { t : iV(?/i, 2/2, • • •, 2/n) *o) > a} 

By theorem (2.4.7), 

5 2/2, • • •, 2 / " I I Q ) > Q;, Q; € (0,1). Since iV(2 / i , 2/2, • • •, 2/n, ^o) = 0 < a 

i t follows that to < \\yi, 2/2, • • •, 2/n||a> for all a > 0. So, 

N'{yi,y2,..-,yn,to) = S U p { a : | |2/l ,2/2, • • • ,2/n||a < ^o} 

= sup{< / )} 

- 0. 

Therefore iV(2 / i , 2/2, • • • , 2 / n , ^o) = A^'(2/i. 2/2, • • •, 2/n> ô)̂  

Case(v): 

I f 2/1,2/2, • • •, 2/n are hnearly independent and to{> 0) such that 

0 < N{yi,y2,...,yn,to) < 1- Let A^(yi, 2/2, • • •, 2/n, ^o) = ao- Then 0 < ao < 1-

Now N'{xi,X2,. • . , -Tn, t ) = sup {a : \\xi,X2, • • •, : r „ | | Q < t} , when Xi,X2,..., x„ are 

linearly independent, 

i y ^ O (2.14) 

and 

\Xl,X2,...,Xn\\a = m i { t : N{Xl,X2,...,Xn,t) > « } , Ql 6 (0,1). (2.15) 

Since iV(2 / i , 2/2, • • • , 2 / n ! ^o) = ao, we have from (2.15), 

| |2 / i ,2 /2 ,^-- ,2 /n |Uo < ^0- (2.16) 

Using (2.16) we get from (2.14) 

N'{yuy2,---,yu,k) > ao ^ N'{yi,y2, • • • ,yn,k) > i V ( y i , y 2 , • • • ,2/n,^o)^ (2.17) 
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Now from theorem (2.4.8), 

N{yuy2,-..,yn,to) = ao 

^\\yuy2,---,yn\\ao = to. 

Now for 1 > a > ao, let 2/2, • • •, yn\\a = then t' > to. Then by theorem (2.4.8), 

N{yuy2,---,yn,t') = a. So, N{yuy2, • • • ,yn,t') = a > ao ^ A^(t/i, 2/2, • • •, 2/n, io)-

Since iV(?/i, 2/2, • • •, 2/n, 0 is strictly increasing and N{yi,y2,. • . , 2/n, t') > Niyi,y2,.. •, y „ , k), 

i t follows that t' > to- So for 1 > a > Q-Q, I I2 /1 ,2 /2 , • • •, 2/n||a = > ô- Hence 

N'{yi,y2,---,yn,to) < ao = ^ ( 2 / 1 , 2 / 2 , ••• , 2 / n , ^o)- (2.18) 

By (2.17) and (2.18) we have Af ' (y i , 2/2, • • •, 2/n, ^o) = i V ( 2 / i , 2/2, • • •, 2/n, ^o)-

Case(vi): 

I f 2/i> 2/2, • • •, 2/n are hnearly independent and io(> 0) G 3?, such that 

i V ( 2 / i , 2/2, • • •, 2/n, io) = 1- Then by (2.14) and (2.15) i t follows that 

| 2 / l , 3 /2 , - - - , 2 /n | | a < ^0 =^ N'{yuy2,---,yn,to) = 1-

Thus A ^ ( y i , 2 / 2 , - - , 2 / n , i o ) = A^ ' (2 / i , 2 /2 , • • • ,2/n,^o) = 1- Hence 

Af(a;i,a;2,.. . , . ^ • „ , ^ ) = N'{xi,X2, •. • ,Xn,t) for aU (2:1, a;2,.. •, x„) € X " x 3i. 
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