


C H A P T E R 3 

C A R T E S I A N P R O D U C T O F I N T U I T I O N I S T I C F U Z Z Y 

n - N O R M E D L I N E A R S P A C E S 

In this chapter the concepts of intuitionistic fuzzy n-normed hnear space, 

completeness of intuitionistic fuzzy n-normed Hnear space and generahzed cartesian 

product of the intuitionistic fuzzy n-normed Unear spaces are discussed. 

In section one of chapter 3, intuitionistic fuzzy n-normed linear space, Cauchy 

sequence, convergent sequence and completeness in intuitionistic fuzzy n-normed 

linear space corresponding to the fuzzy n-normed linear space are studied. 

In section two of chapter 3, cartssian product of two intuitionistic fuzzy 

n-normed linear spaces, its commutative property and its distributive property wi th 

respect to imion, intersections and difference are analyzed. 

S E C T I O N : 3.1 

I N T U I T I O N I S T I C F U Z Z Y n - N O R M E D L I N E A R S P A C E 

Definition: 3.1.1 

An intuitionistic fuzzy n-normed Hnear space (or) in short i-f-n-NLS is an object 

of the form 

A = { ( X N{xi,X2,.. .,Xn,t), M{xuX2, • • •,Xn,t)) : {xi,X2, • . . ,:r„) G X " } 

where X is a linear space over a field F, * is a continuous t-norm, o is a continuous 

t-co-norm and A ,̂ M are fuzzy sets on A'" x (0, oo), N denotes the degree of 

membership and M denotes the degree of non-membership of 

( x i , ; r 2 , . . . , Xn, t) e A '" X (0, oo) satisfying the following conditions : 

{i)N{xi,X2, Xn, t) + MixuX2,..., /•) < 1; 

{ii)N{xi,X2,...,Xn,t) > 0; 

{iii)N{xi,X2,. • •, Xn, i ) = 1 if and only if Xi, X2, • • •, x„ are linearly dependent; 



{iv)N{xi,X2, • • •, x„, t) is invariant nnder any permutation of Xi,X2, - • •, a'„; 

{v)N{xuX2,..., cxn, t) = N{xi,X2,..., Xn, |^), i f c ^ 0, c G F(field); 

{vi)N{xu X2,..., Xn, s) * N{xu •.V2, • • •, t) < N{xi ,X2,..., x„ + < , s + t); 

{vn)N{xi,X2,. • •, ;r„, : (0, 00) [0,1] is continuous in i ; 

{viii)M{xi,X2,. • • ,Xn,t) > 0; 

( i r ) M ( ; i - i , ; r 2 , . . . , x„, - 0 if and only if Xi,X2, • • •, Xn are linearly dependent; 

{x)M{xi, X2, • • •, Xn, t) is invariant under any permutation of Xi,X2, • • •, Xn, 

ixi)M{xuX2,...,cXn,t) = M{xi,X2,...,Xn,^), i f c ^ 0, c € /^(f ie ld) ; 

{xii)M{Xi,X2, . . •,Xn,s) O M{Xi,X2, • • •,Xn, t) > M{Xi,X2, . . .,Xn + Xn, S + t): 

{xiii)M{xi,X2, • • •, Xn, t) : (0, oo) —> [0,1] is continuous in t 

Example: 3.1.2 

Let (A', ||«, •II) be an n-normed space. Define a*b = mm {a, b} and 

aob = max {a, 6}, for all a,b e [0,1], 

/ 
N{Xi,X2, • • • , Xn,, t) — 

M{Xi,X2,...,Xn,t) = 

t+\\Xi,X2,...,Xn\y 
\\XuX2,...,Xn 

t + \\Xi,X2, . • •,Xn\\ 

Then A = {(X, N{xi,X2, Xn, t), M{xuX2,Xn, t)) : {xuX2, ••.,Xn)e A ' " } is 

an i-f-n-NLS. 

Proof: 

{[) C\e-Ar\y N{Xi,X2,...,Xn,t) + M{XuX2,...,Xn,t) < 1 

( i i ) I t is obvious that N{xi, X2, • • •, Xn, t) > 0 

The results 

(iii) N{xi,X2, • • •, Xn, t) = 1, i f and only if Xx, X2, • • •, ;r„ are linearly dependent. 

(iv) yV(a:i, ;i:2, • • • , Xn-\,Xn, t) = N{Xi,X2, Xn, Xn-l,t) 

(v) N{Xi,X2, • • •,CXn) = N{XuX2, • • • , Xn, ) 

(v i ) N{XuX2, Xn + X'n, S + t) > Ul iu { A^(;ri, ;r2, . . . , Xn, S), N{XuX2, Xn, t)} 



vii) N{xi,X2,... ,Xn,t) is continuous in t. 

are obtained in Chapter 2 of Example 2.1.7. 

(vii i) M{xi,X2,..-,Xn,t) > 0 

(ix) M{Xi,X2,...,Xn,t) = 0 

(i)if and only if " " l , ^ ' • ' " = 0, 
t+\\Xl,X2,...,Xn 

(M)if and only if | |x i ,a ;2 , . . . = 0 , 

{in)ii and only if x i , x a , . . . , a;„are linearly dependent. 

(^) 

M(a;i,a;2,. . .,Xn-uXn,t) 
\Xi,X2,...,Xn-l,Xn\\ 

t+\\XuX2,...,Xn-UXn\\ 
\\XuX2, • ..,Xn,Xn-l\ 

t+\\Xi , X2, • • • ) Xn, Xfi—i II 

M{Xi, X2, . . .,Xn,Xn-ut) 

(Xi) 

M{Xi,X2,...,CXn,t) 
\\Xi,X2, • • • ,C3:n| | 

t + l l ^ i , X2, . . . , CXn\ 

C 3/'2, • • • ) Xn 

t+ |c|||a;i,a;2, • • • 

^1) ^2) • • • ) Xn 

— + Xi,X2, • • . ,Xn 
c\ 

M{Xi,X2,...,Xn,—) 
C 

(xi i )Wit l iout loss of generality assume that 

M{Xi,X2,...,Xn,s) < M{xi,X2,...,x'^,t) 

| x i ,a ;2 , . . . , a ;„ | | ^ \\xi,X2, •. • ,x'J 

S + \\Xi, X2,..., Xn\\ t + \\Xi,X2, • • • , <| 

\Xi,X2, • • .,Xn\\{t+ \\Xi,X2, • • • , x'^W) < \\XuX2, • • . , x'^W^S + \\Xi, X2, • • • , Xn\\) 

^t\\XuX2,..-,Xn\\ < 511X1 ,3:2 , . . . , < | | (3.1) 
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Now, 
s + t+ \\xuX2, •••,Xn + x'J\ t + ^ 2 , . . . , 

||a;i,a;2,---,x-„|| + ||:Ci,;z:2, • • • \\xi,x-2, • • • ,< 
< S + t+ \\XuX2, Xn\\ + \\XuX2, • • • , x'„\\ t + \\XuX2, X'J 

^||:ri,3;2, • • • , Xn\\ - s\\xi, X2, • • • , < l l 

{s + t+ \\Xi,X2, • • .,Xn\\ + \\Xi,X2, • • •,X'J){t + \\Xi,X2, X'J 

By (3.1), 

| | i : i , i - 2 , . . . , : r „ + . < | | ^ | | . c i , ; r 2 , . . . , < | | 

S + t+ \\Xi,X2, ...,Xn+ X'J t f | | : r i , .T2, . . . , x'J 

Similary 

\Xi,X2, ...,Xn + x'J ^ .T2,,. . . , Xn\\ 

S + t+ \\Xi,X2, ...,Xn + X'J\ S + , X2, Xn\\ 

=> M {Xi ,X2,...,Xn+ Xn, S + t ) < maX {M {X^ ,X2,..., Xn, S), M{Xi,X2, . . . , Xn, t ) } 

(vii) Clearly M{xi,X2, • • • ,Xn, t) is continuous in t. 

Thus A is an i-f-n-NLS. 

Definition: 3.1.3 

A sequence {xn} in an i-f-n-NLS A is said to converge to x if given r>0, t>0 , 

0 < r < l , there exists an integer no e N such that A ' ' ( ; r i , ;C2, . . . , ;r„_i , .x -„ - x,t) > l - r 

and M { x i , X2, • • •, Xn-i, Xn, t) <r, for all n > no-

Proposition: 3.1.4 

hi an i-f-n-NLS A, a sequence {.T„} converges to x i f and only if 

N{xi,X2,. • . , X n ^ u X n - x , t ) 1 and M{xi,X2,... ,Xn - x , t ) 0 ?is n ^ oo. 



Proof: 

Assume that {Xn} converges to x. 

Claim: JV(;I:I, ;C2, • • • , Xn-i,Xn - x, t) - ^1 M{xi,X2, • • •, Xn - X, i ) -> 0 as n - ^ oo. 

Let t>0 . since converges to x, for a given r, 0 < r < l , there exists an 

integer no G N such that N{xi,X2, • •., Xn^i,Xn - x, t) > 1-r and 

M{xi,X2,.. .,Xn- x,t) <r . Thus, 1-A''(;ri,;j;2,.-.. , ;r„_i,:r„ - x,t) < r and 

M{xi,X2,Xn-uXn " X, t) <v, aud hence jV(;r i , ^ 2 , . . . , Xn^i,Xn - x, t) ^ 1 and 

M{Xi,X2, Xn-\,Xn - X, t) ^ 0 clS U - ^ OO. 

Conversly, assume that for each t>0, N{xi, X2,..., Xn-u X-n - x, t) —>1 and 

M{xi,X2, . . . , X n - X, 0 - ^ 0 as n ^ oo, 

Claim: {xn} converges to x in A. 

For every r, 0 < r < l , there exists an integer UQ such that 

l- jV(: i : i , ; r 2 , . . . , Xn-i,Xn - X, t) < r and A/( ; r i , ; r 2 , . . . , Xn-i,Xn - x, t) < r for all n > IIQ. 

Thus N{xi,X2, • • • , Xn-i, Xn - x,t) >l-v and M{xi,X2, • • • , Xn^i,Xn - x, t) < r for all 

n > rio- Hence {Xn} converges to x in A. 

Definition: 3.1.5 

A sequence {.T„} in an i-f-n-NLS A, is said to be cauchy sequence if given e >0, 

with 0< e < 1 , t>0 , there exists an integer no G N such that 

N{xi,X2,...,Xn-i,Xn - X k , t ) >!-€ aud M{xi,X2,...,Xn-i,Xn - X k , t ) < t for all 

77,, k > n.Q. 

Proposition: 3.1.6 

In an i-f-n-NLS A, every convergent sequence is a cauchy sequence. 

Proof: 

Assume that {;r„} be a convergent sequence in A. 

(id 



Claim: {xn} be a cauchy sequence. 

Suppose {xn} converges to x. Let t > 0 and e G(0,1). Choose r€ (0 , l ) such that 

(1 — r ) * ( l — r ) > l — e and r o r < e. 

Since {Xn} converges to x, there is an integer no such that 

N{XuX2, • • • ,Xn-l,Xn - X , ^ ) >l-T and M { X i , X 2 , - . - , X n - l , X n - X , ^ ) <!. 

Now, N{XuX2, • • .,Xn-l,Xn - Xk,t) 

t ^ 
= N{XuX2, Xn-l, X n - X + X - X k , - + - ) 

> N { X u X 2 , . . . , X n ^ l , X n - X , ^ ) * 

N { X i , X 2 , . . . , X n ^ U X - X k , ^ ) 

> (1 — r ) * (1 — r), for all n,k>no 

> 1 — e for all n,k >no 

and M{xi,X2, x^^ux^ - Xk, t) 

= M { X l , X2, . . . , Xn-\,Xn - X + X - Xk, I + | ) 

< M { X i , X 2 , . . . , X n - u X n - X , ^ ) O 

M{XuX2, . . . , X n - l , X - X k , ^ ) 

< r o r for all n,k>no 

< e for all n . A; > no 

Therefore {Xn} is a cauchy sequence in A. 

Definition: 3.1.7 

A i-f-n-NLS A is said to be complete i f every cauchy sequence in i t is convergent. 

The following example shows that there may exists cauchy sequence in an 

i-f-n-NLS which is not convergent. 
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Example: 3.1.8 

Let (A", ||«, •...,•11) be an n-normed hnear space and let a * b = mm {a, b} and 

aob = max {a, b} for all a,be [0, l],t > 0. 

t 
N{XuX2,...,Xn,t) 

M{Xi,X2,...,Xn,t) = 

t+\\Xi,X2,...,Xn\ 

||a;i,X2, . . . , a ; „ | | 
t + | | x i , .x'2,... , a;„| 

Then A is an i-f-n-NLS. 

Let {Xn} be a sequence in A, then 

{a,){xn} is a Cauchy sequence in (A', ||^, • . . . , •]!) i f and only if {.T„} is a Cauchy 

sequence in A. 

(b){:r„} is a convergent sequence in (A', ||^, • . . . , •H) if and only if {x„} is a convergent 

sequence in A. 

Proof: 

Assume that {.r„} is a Cauchy seciuence in ( A , ||^, • . . . , •!!) 

Claim: {Xn} is a Cauchy seciuence in A. 

(a){x„} is a Cauchy sequence in (A', ||^, • . . . , • ! ! ) 

o hm X 2 , . . . , Xn-i,Xn - Xk)\\ = 0 
71,K—»00 

<^ hm N{Xi,X2,...,Xn-l,Xn-Xk,t) 
n,k—^oo 

/ 
= hm 

n.i^'oo t + IIXl, a;2, . . . , Xn-l,Xn - Xk 

and l im M{xi, X2, • • •, Xn-\, Xn - Xk, t) 

,. | | : r i , : r 2 , . . . , : r n - X ; f c | | „ 
= — ^ 1 rr = 0 

n,k^oot+ \\Xl,X2, •• •,Xn- Xk\\ 

<^ N{Xi,X2,---,Xn-l,Xn-Xk,t)-^ 1 

and A'/(;z:i, ;r2,. . •, Xn-i, Xn - Xk, t) ^ 0 as n, k oo. 

o N{xuX2,. • •,Xn^i,Xn-Xk,t) > 1 - r , 

and A4ixi,X2,--.,Xn-i,Xn-Xk,t) <r, r G (0,1) for ah n,/c > ?io-
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{Xn} is a Cauchy sequence in A. 

(b) Assume that is a convergent sequence in {X, 

Claim: {x„} is a convergent sequence in A. 

{Xn} is a convergent sequence in {X, ||», • . . . , " l l ) 

<^ l]m^\\{Xi,X2, . . . ,Xn-l,Xn - X)\\ = 0 

O Urn N { X i , X 2 , . . . , X r , - l , X n - x , t ) 
n—>oo 

t hm 
^ ^ o c t + \ \ X i , X 2 , . . . , X n - X \ 

and l im M ( x i , X 2 , . . . , Xn-i,Xn — x , t ) 

= l im l l ^ i > ^ 2 , . . . , x - n - a - | | 

A' '(a,-i ,X2,.. . jXji—i,Xn X , t ) > 1 

and M ( x i , a : 2 , . . . , Xn-l,Xn — X , t ) ^ 0 as 71 —> OO. 

<=> N{Xi,X2, •. • 5 Xn—i) x^ri X, ^ 1 r , 

and M{Xi,X2, • • . , .T„_i, a:„ — X, t) < r, re (0,1) for all n > no 

o {xn} is a convergent seciuence in A. 

Thus if there exists an n-normed hnear space ( X , | | • | | ) which is not complete, 

then the intuitionistic fuzzy n-normed induced by such a crisp n-norm ||«, • . . . , •!! on 

an incomplete n-normed linear space X is an incomplete intuitionistic fuzzy n-normed 

linear space. 

Proposition: 3.1.9 

Let A be an i-f-n-NLS, such that every Cauchy sequence in A has a convergent 

subsequence. Then A is complete. 

Proof: 

Assume {Xn} be a Cauchy sequence in A and {Xnt,} be a subsequence of {a;„} that 

converges to x. 
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Claim: {Xn} converges to x and i t is complete. 

Let t > 0 and e G (0,1) . Choose r G (0,1) such that (1 - r ) * (1 - r ) > 1 - e 

and r o r < e. Since {xn} is a Cauchy sequence, there exists an integer no & N such 

that N { x u X 2 , . - . , X n - \ , X n - X k , ^ ) > 1 - r and M{xi,X2, • • • ,Xn-uXn - Xk,^) < r, 

for aU n,k > no. Since converges to x, there is a positive u > no such that 

iV(a;i,.X2,- • •,Xn-uXi^ - a;, > 1 - r and M{xuX2,.. .,Xn-i,Xi^ - x , | ) < r. 

Now, 

N{Xl , X 2 , . - . , X n - l , X n - X , t ) 

= N { X i , X'2, . . . , Xn-l,Xn — S-ifc + Xi^, — X, " + 7:) 

> N { X u X 2 , . - - , X n - l , X n - X i „ - ) * 

N { X l , X 2 , . . . , X n - l , X i , - X , - ) 

> ( 1 - r ) * ( 1 - r ) 

> 1 - e 

9. 1' 
i 

t. 

and 

M(a:i,a;2,. • • ,Xn-i,Xn - x,t) 
t , t. 

= M { X i , X2, . . • , Xn-U Xn - Xi, + X i , - X , - + - ) 

< M { X i , X 2 , . . - , X n - l , X n - X i ^ , - ) O 

M{XuX2, • • • , Xn-l,Xi^ - X, - ) 

< ror 

< e 

Therefore {xn} converges to x in A and hence i t is complete. 
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S E C T I O N : 3.2 

G E N E R A L I S E D C A R T E S I A N P R O D U C T O F I N T U I T I O N I S T I C F U Z Z Y 

n - N O R M E D L I N E A R S P A C E S 

Definition: 3.2.1 

Let A and B be intuitionistic fuzzy sets in X and Y respectively. Then the 

Generalized cartesian product 

A x,,o B = {{{x, y), i^iAix) * i-iBiy). Kiix) o UB{y)) • x e X and y € Y}, * denotes 

t-norm and o denotes the t-co-norm. 

We now proceed to our new notion of generalised cartisean product of the 

intuitionistic fuzzy n-normed linear spaces in the following theorem. 

Proposition: 3.2.2 

Let A,B be two intuitionistic fuzzy n-normed linear spaces. Then A x » o B is an 

intuitionistic fuzzy n-normed linear space whe^e * is a t-norm and o is a t-co-norm. 

Proof : 

Let A = {{X, Ni{xi,X2, x,,,, t), Mi{xuX2,..., :?:„, t)) : {xi,X2,..., x„) e A ' "} 

and B : {(V, ^2(2/1,2/2, • • • , 2/n, i ) , A/2(yi, 2/2, • • • , 0 ) : (2/1,2/2, • • •, 2/n) G Y"} 

be two intuitionistic fuzzy n-normed linear spaces. 

Claim: 

/ l X , , o / i = {(A' X YNiZuZ2,----Zn.t),M{zi,Z2,...,Zn,t)) : {zt,Z2,....z,,e ( A X Y)")} 

is an i-l'-n-NLS with 

A^(2l ,22 , • • -^ZnJ) = XiiXi,X2, • • •,Xn,t) * ^ 2 ( 2 / 1 , 2/2, • • • , 2/«, ^) 

and 

M{ZuZ2. • • • , Zn, t) = Mi{Xi,X2, Xn, t) O A/2 (:(/l, 2/2, • • • , 2/n, 0 

where 

Zi = {x^,y^), i-=l,2,...,n. 
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(i)As 

Ni{xuX2,... ,Xn,t) + Mi{xuX2, • • • ,Xn,t) < 1 aud (3.2) 

N2{XuX2, . . . ,Xn,t) + M2{Xi,X2, . . . ,Xn,t) < 1, (3.3) 

I t follows that 

Ml { X l , X2,...,Xn,t) < 1 - A i {Xi, X2,..., Xn, t ) 

and 

M-iiyuV'i, • • • , y n , t ) < N2{yi,y2,.--,yn,t) 

By definition (2.2.8), 

(1 - A , {xuX2, Xn, t ) ) o { [ - N2{yi ,y2,...,y„,t)) 

> Mi{xi,x2, Xn, t) o M2{yi,y2, yn, t) 

Then, 

A i ( a : i , ; i : 2 , . . . , Xn, t) o N2{yi,y2, yn,i) 

= 1 - [{I - Ni{XuX2,...,Xn,t))o{y- N2{y\,y2,---,yn,t))) 

< I - {Mi{xi,X2,.. • ,Xn,t) o M2{yi,y2, • • • , y n , t ) ) (3.4) 

where a o 6 = 1 - ( (1 - a) o (1 - 6) is defined as the dual t-norm wi th respect to o . 

So, if 

Ni{xi,X2, Xn, t) * N2iyi,y2, • • •, 2/n, 0 < Niixx,X2,Xn, t) o A 2 ( y i , 2/2, • • •, yn, t) 

then b y (3.4) we've 

A i ( ; r i , ; r 2 , . . . , Xn, t)*N2{yi,y2, • • • , y n , t ) < l-[M\{xi,X2, Xn, t)oM2{yi,y2, • • • , y n , t ) ) 

=> Ni{xuX2, • • •,Xn,t) * N2iyi,y2, • • • , y n , t ) + 

lVh{Xi, X2, Xn, t) O M 2 ( y i , 2/2, •••,yn,t)<l. 

^ N{ZuZ2,...,Zn,t) + M{ZY,Z2,..-,Zn,t) < 1 
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(ii) Clearly N{zi, Z2, • • •, Zn,t) > 0 

(iii) we have to prove N{zi, 22, • • • , 2 „ , = 1 if and only if zi, Z2,...,Zn are linearly 

dependent. 

Assume that N{zi,Z2,... ,Zn,t) = 1 

<^ Ni{Xi,X2,...,Xn,t) *N2{yuy2,---,yn,t) = 1 

^ N i { x i , X 2 , X n , t ) = 1 and N2{y\,y2, . • . , y n , t ) = l 

<^ xi,X2, • • • ,Xn are linearly dependent and yi,y2, • • • ,yn are hnearly dependent. 

<=>• {xi, yi) are linearly dependent. Vi = 1,2,..., 7̂ . 

<^ x'^ are linearly dependent. 

(iv) wehave to prove N{z\, Z2, • • •, 2 „ , t) is invariant under any permutation of 21, 22, • • •, -Zn-

We know Ni{xi, X2,..., a:,,,, t) is invariant under any permutation of a:i, :C2, • • •, Xn-

and N2{yi,y2, • • •, ?/n, 0 is invariant under any permutation of y i , 7/2, • • •, 2/u-

N{Zi, 22, • • • , 2 n - l , Zn, 0 = A ^ l 1 , ^^2, • • • , Xn-U Xn, t ) * ^ 2 ( ^ 1 , 7/2, • • • , 2 / r , - l , ^/n, 

= A ^ i ( ; 7 ; i , : C 2 , . . . , :7;„, .T„ - i , i ) * N2{yi,y2, • • . , y n , y n - i , t ) 

= N{Zi,Z2,---,Zn,Zn-ut) 

Therefore, N{zi, 22, • • •, Zn, t) is invariant under any permutation. 

(v) We have to prove, i V ( 2 i , 22, • • • , C 2 „ , i ) = A ^ ( 2 i , 2 2 , . . • , 2 „ , t ^ ) . 
c 

consider A ( 2 i , 2 2 , . . . , C 2 „ , t) 

= A^i(;ri, : r 2 , . . . , c;r„, t) * N2{yi,y2, c7/„, 

= X 2 , . . . , .T„, * N2{yi,y2, yn, J-) 
c\ |c 

= i V ( 2 i , 2 2 , . . . , 2 „ , i f c ^ O , C € F 

(vi)we have to prove 

N{Zu 22, . . . , 2 „ , 5 ) * i V ( 2 i , 22, . . . , 2 „ , 0 < i V ( 2 i , 22, . . . , 2 „ + 2 „ , 5 + 0 
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N{Zi,Z2,...,Zn + Zn,S + t ) 

= Ni{Xi,X2, . . . , .T„ + Xn, S + t ) * N2{yi, 2/2, • • • , Vn + yn,S + t ) 

> (^Ni{XuX2, . . . , Xn, S) * Ni{Xi,X2, Xn, t)^ 

* (^N2{yi, y2, ••.,yn,s)* N2{yx,y2, • • • , 2/n, t ) ^ 

= [NI{;XUX2, Xn, s) * M ( : r i , ;C2, . . . , Xn, t)^ 

* {j^2{yi,y2, • • • , y n , t ) * N 2 i y i , y 2 , • ••,yn,s)^ 

= A f i ( j ; i , ;C2, . . . , Xn, S) * {NI{XU X2, . . . , Xn, t ) 

* {N2{y\,y2, - • • ,yn,tij * N2{yi,y2, - • • ,yn,s) 

= Ni{XuX2,...,Xn,s) * N{ZuZ2,...,Zn,t) 

* N2{y\,y2, • • •,yn,s) 

= {Ni{xi,X2,.. •,Xn,s) * N2{yi,y2, • • •,yn,s)) 

* N{Zx,Z2,. • • ,Zn,t) 

= N{Zi, Z2,..., Zn, S) * N{Zi,Z2, Zn, t ) 

(vii)Clearly N{zi,Z2, z„, t ) is continuous in t, since Ni{xuX2, Xn, t)*N2iyi, y2, • • •, 2/n, t ) 

is continuous in t. 

similarly we can prove the other axioms. 

Proposition: 3.2.3 

The generalized cartesian product of the intuitionistic fuzzy n-normed linear spaces 

is commutative. 

Proof: 

Let A, B are two intuitionistic fuzzy n-normed linear spaces. 

Cla im: / I = 5 Ax^^^B = B x^^^ A 
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Assume A = B; {xi,X2,. • • , X n , t), {yi,y2,..., 2/n, 0 e A " 

Then 

i V i ( X i , X2, ...,Xn,t)* A^2(2/l, 2/2, • • • , 2/n, 0 = N2{XuX2, ...,Xn,t)* A^l(2/l, 2/2, • • • , 2/n, 0 

and 

Mi{Xi,X2, Xn, t ) O M2(2/l, 2/2, • • • , 2/n) 0 = ^2 (0 :1 , .^2, • • • , X n , <> Mi(?/i , y2, • • • , 2/n, 0 

T h u s , / l x * , o 5 = 5x* ,o> i -

However the converse is not true. For example. Let 

(A , Ni{xuX2, Xn, t), Mi{xi,X2, • • • , x„, t)) : N i { x i , X 2 , X n , t ) = a, \ 

Mi{xi,X2, ...,Xn,t) = b, {xi,X2, ...,Xn)e A " 

and 

(A , i V 2 ( X i , .X2, . . . , Xn, t ) , M2{XuX2, • • • , Xn, t)) : A 2 ( . T i , X2, • • • , Xn, t ) = C, 

M2{Xl,X2, . . . , Xn, t ) = d, iXi,X2, Xn) G A " 

a,b,c,d € [0,1 

Then 

B 

Ni{XuX2,...,Xn,t)* N2{XuX2,.-.,Xn,t) = a* c 

= c* a 

, X2, • • • , Xn, t)*Ni{Xl,X2,...,Xn,t) 

and 

Mi{xi,X2,...,Xn,t)oM2ixi,X2,...,Xn,t) = bod 

= do b 

, X2, • • • , X n , i ) o M i ( x i , X 2 , . . . , x „ , ^ ) 

So we obtain Ax^^B = B x .^ A, hnt A B if a ^ c (or) b ^ d. 
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Proposition: 3.2.4 

The generalized cartesian product of the intuitionistic fuzzy n-normed linear spaces 

is distributive wi th respect to union and intersections. 

Proof: 

Let 

A = { ( A , A i ( : r i , : r 2 , . . . , Xn, t), Ahixi,X2, Xn, t)) : {xi,X2, Xn) G A " } 

and 

B = {{Y, N2{yi, 2/2, • • • , yn, t), M2{yi,y2, • • • , 2/n, t ) ) : {yi,y2, • • •, yn) G K " } 

C = {{Y, N3iyi,y2, • • •, Z/n, t), Ah{yuy2, • • •, yn, t)) : (1 /1 ,2/2 , . . . , 2/n) G V ' " } 

are the intuitionistic fuzzy n-normed linear spaces. 

Claim: A x,,^ (BnC) = {A x,,^ B)niA x,,o C) 

and A x , ,o {B[jC) = (A x . , , B)\J{A x . , «6 ' ) . 

consider 

/ l x , , , ( i ? n C ) 

f ( A X Y,Ni{xi,X2,...,Xn,t)*mm{N2iyi,y2,---,yn,t),N3{yi,y2,---,yn,t)}, ] 

Mi{xi,X2, ...,Xn,t)o max {^2(2/1,2/2, • • • , 2/n, 0. M3{yi,y2, . • . , y n , t ) ] ) : 

(Zu Z2, • • • , Zn) G ( A X y ) " 

and 

( / \ x , , , i : ? ) n ( / i x , , , c ) 

( A X y , A i ( X i , .T2, • • • , J'n, t) * A2(2/l, 2/2, • • • , y n , 0, 

3*2, • • • , a^n, o ^2 (2 /1 ,2 /2 , • • • , 2/n, 0 : ( z i , 22, • • • , 2 n ) G ( A X y ) " 

( A X y , A i ( : r i , ;r2, • • • ,Xn, t) * ^3(^1,2/2, • • •, 2/n, 0, 

^ Mi( ;c i , ; C 2 , . . . , Xn, t ) o M3(2/i, 2/2, • • • , 2/n, i ) : {zi,Z2,..., Zn) G ( A X y ) " 
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{X X Y, 

min{iVi ( : r i , ; r2 , ...,Xn,t)* N2{y\,y2, • • • ,yn,t), Ni{xi,X2, • • •,Xn,t) * Ns{yi,y2,.. •,yn,t)} 

max {A4i{xi,X2, • . • , Xn, t ) o A'hiyi, y2,---, t), M i { x u X 2 , x „ , t ) o A'h{yi,y2, • • • , yn, t ) } ) 

• . { z u Z 2 , . . . , Z r , ) e { X x Y r 

So it is enough to prove that, 

Ni{xi,X2, ...,Xn,t)* mi l l { A ^ 2 ( 2 / i , 2/2, • • • , Vn, t), A^3(2/ i , 2/2, • • • , 2/n, t ) } 

= min{ jVi ( ; r i t ) * N2{yu 2/2, • • • , yn, t), Ni{XuX2, Xn, t ) * A ' 3 ( y i , 2/2, . . . , y n , 0} (3-5) 

and 

Mi{xi,X2,..., Xn, t ) o max { A/2(2/i, 2/2, • • • , 2/n, 0) ^'^3(2/1,2/2, • • • , 2/n, 0} 

= m a x { M i ( ; r i t ) o M2 (2 / i ,2 /2 , • • • , yn,t), Mx{x\,X2, • • • ,x„ , t ) o Ah{yi, 2/2, •• • ,yn,t)} (3.6) 

Let 

N2{y\,y2, • • • ,yn,t) < A^3(2 / l ,2 /2 , - - - ,2 /n ,0 (3-7) 

Then by definition (2.2.7), 

Ni{xuX2,..., £) * yV2(2/i, 2/2, • • • ,yn,t) 

< Ni{xi,X2,...,Xn,t)*N3{yi,y2,...,yn,t) (3.8) 

Therefore, by (3.7) and (3.8) 

L.H.S of (3.5) 

= i V i ( . X i , ;C2, • • • , Xn, t ) * min {N2{yi, 2/2, • • •, 2/n, i ) , A^3(2/ i , 2/2, • • • , 2/.-, ̂ ) } 

= A^i (a ; i ,X2, . . •,Xn,t) * iV2(2/l ,2/2, •••,yn,t) 

= min {/Vi(a;i ,0:2, . . . , i;„, ̂ ) * iV2(2 / i , 2/2, • • • , yn, 0, ^^l(3:l,2:2, • • • , -Tn, i ) * A^3(yi, y2, • • • , 2yn, 0} 

= R.H.SofiS.B) 

Let 

N2{yi,y2,---,yn,t) > Ns{yi,y2, • • • ,yn,t) (3.9) 

77 



Then by definition (2.2.7), 

Ni{Xi,X2, ...,Xn,t)* iV2(yi ,2 /2,- • • , 2 /n , 0 

> Ni{xi,X2,...,Xn,t)* Ns{yuy2,...,yn,t) (3.10) 

Therefore, by (3.9) and (3.10) 

L.H.S of (3.5) 

= Ni{xi,X2,..., Xn, t ) * min {N2{yuy2, • • • , 2/n, t), Ns{yi,y2, •••,yn, t)} 

= Ni{XuX2, • • • ,Xn,t) * N3{yi,y2,... ,yn,t) 

= min {Ni{Xi,X2, Xn, t ) * A^2(yi, ^2, • • • , Vn, t), Ni{Xi,X2, Xn, t ) * JV3(?/I, t/2, • • • , ^ n , t ) } 

= R.H.Sof{3.5) 

Thus equality holds in (3.5). 

Let 

M2{yi,y2,---,yn,t) < i\h{yuy2,...,yn,t) (3.11) 

Then by definition (2.2.8), 

, X2, • • • , Xn, t ) o M2{yi,y2, - • • ,yn,t) 

< Mi{xi,X2,...,Xn,t)ohh{yi,y2,...,yn,t) (3.12) 

Therefore by (3.11) and (3.12) 

L.H.S of (3.6) 

M i ( . X i , x-2, ...,Xn,t)o max {M2(?/i , 2/2, • • •, Vn, t), M3{yi,y2, • • - , 2 / „ , 0} 

= Mi(a; i ,a ;2 , . . . ,Xn,t)o Mi{yi,y2, •••,yn,t) 

= max { M i ( a ; i , a;2, ...,Xn,t)o AMyuy2, yn, t), Mi{xu X2, ...,Xn,t)o lvh{yi,y2, yn, t)} 

= R.H.Sof{3.6) 

Let 

M2{yi,y2,---,yn,t) > M3{yuy2,-• • ,yn,t) (3.13) 
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Then by definition (2.2.8), 

Mi{Xi, X2, . . . , Xn, t) O M 2 ( 2 / i , 2/2, • • • , yn, 0 

> Mi{xuX2,...,Xn,t)o M3{yi,y2,...,yn,t) (3.14) 

Therefore by (3.13) and (3.14) 

L.H.S of (3.6) 

= Mi{xuX2,..., Xn, t) o max {M2(?/ i , y2, • • •, Vn, t), hh{yi,ih, •••,yn, t)} 

= Mi{xi,X2,..., Xn, t) o M2{yi,y2, •••,yn, t) 

= max { M i ( ; r i , ;r2, ...,x„,t)o M2{yi,y2, • • • ,yn, t), M i ( t) o Msiyi,y2, • • •, yn,t)} 

= R.H.Sof{3.6) 

Thus equality holds in (3.6). 

Finally from (3.5) and (3.6) we have A x,,^ (BnC) = (A x,,o B) n{A x,,., C). 

Similarly we can prove, A x^,o (^UC") = (.4 x , ,o B) x^,o C). 

Proposition: 3.2.5 

The generalized cartesian product of the intuitionistic fuzzy n-normed linear spaces 

is distributive with respect to difference. 

Proof: 

Let 

A = {{X, Ni{xi,X2,..., Xn, t), Ah{xi,X2, Xn, t)) : {xi,X2, Xn) e X"} 

and 

B = {{Y,N2{y, t),M2{yx,y2,---,yn,t)): {yi,y2, • • • ,yn) e Y"} 

C = {{Y, N3iyi,y2, • • • ,yn,t), M3{yuy2, • • • ,yn,t)) : iyi,y2, • • • ,yn) e Y"} 

are the intuitionistic fuzzy n-normed linear spaces. 
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Claim: A x,,^ {B\C) Q {A x,,^ B) \ {A x,,^ C). 

I f 5 = {{Y, N2{yuy2, ...,yn,t) = l , MsCyi, 2/2, • • • , 2/n, = 0) : (2/1,2/2, • • • , Vn) e V " } , 

c C A, * = min, o = max then equality holds. 

I t is enough to prove, 

Ni{xuX2, ...,Xn,t)* min {7V2(2/i, 2/2, • • • , 2/n, i ) , M3 (y i , 2/2, • • • , yn, ^)} 

< min {Ni{xi,X2, x„, i ) * Af2(2/i , 2/2, • • •, 2/n, 0, o M3(2/ i , 2/2, 2/n> 0} (3-15) 

and 

Mi(a; i , :C2, • • •, 0 o max { M 2 ( 2 / i , 2/2, • • •, 2/n, 0> NsiVuVi, • • •, 2/n, ^)} 

> max { M i ( a : i , .T2, • • • , Xn, t) o hhivu y2, • • • , 2/u, 0, A^l( iCl , X2, . . . , :Cn, t) * A^3(2 / i , y2, - - • , t/n, 0} (3-16) 

Case (i) : Let 

N2iyi,y2,---,yn,t) < A'h{yi,y2,--.,yn,t) (3.17) 

and using the fact 

a*6 < min {a , 6} < a < max{a , c} < aoc (3.18) 

Then by definition (2.2.7) and (3.18) 

Ni{XuX2, • • .,Xn,t) * iV2(2/l ,2/2, • • • ,2/n ,0 

< A ^ i ( X i , .T2, • • • , Xn, t ) * M 3 ( 2 / l , 2/2, • • • , 2/n, *) 

< M3(2 / l ,2 /2, • • • ,2/n ,0 

t)oMs{yuy2,--.,yn,t) (3.19) 

iVl(.^'l,a;2,•••,a;„,^) * A ^ 2 ( 2 / i , J / 2 , - - - , 2 / n , i ) < iVi (3:1, ^ 2 , . . . f ) o-^3(2/1,2 /2, 2/n, 0 

Therefore by (3.17) and (3.19) 

L.H.Soi (3.15) 

= M(xi, 0:2, . . . , Xn, 0 * min {Af2(2/1,2/2, • • • , J/n, i ) , ^3(2 /1 ,2 /2 , • • • , 2/n, * ) } 
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= Ni{Xi,X2, ...,Xn,t)* N2{y\, 2/2, • • • , Vn, t ) 

= min { y V i ( a - i , X2, ...,Xn,t)* A^2 (2 / i , 2/2, • • • , 2/n, 0, 
Xi, X2, • • • , Xn, t)oM3{yi,y2, • • •,yn,t)} 

= R.H.Sof{3.lb) 

Thus equality holds in (3.15). 

Case(u): Let 

^2(2 /1 ,2 /2 , 2 /n,0 > Ms{yi,y2,---,yn,t) (3.20) 

By definition (2.2.7) 

Xl, X2, . • • , Xn, t ) * N2{yi, y2, • • • , 2/n, t ) > Ni{xi,X2, ...,Xn,t)* A'h{yi,y2, • • •, 2 /n , 0 (3.21) 

Therefore by (3.20) and (3.21) 

Ni{xi, X 2 , X n , t ) * min { A ^ 2 ( 2 / i , 2/2, • • • , 2/n, t), Mz{y\,y2, • • • , 2/n, t)} 

= Ni{xi,X2,...,Xn,t)* M3{yi,y2,--.,yn,t) (3.22) 

< Ni{xuX2,...,Xn,t) * N2{yx,y2, • • • ,yn,t) 

Ni{xuX2, ...,Xn,t)* min { A^2 (2 / i , 2/2, • • • , y n , 0, ^'^3(^1,2/2, • • • , y n , 0} 

< Ni{xuX2, Xn, t ) * N2{yi,y2, •••,yn,t) 

By (3.18) and (3.20) 

Ni{xi,X2, ...,Xn,t)* min { i V 2 ( y i , y2, • • • , y n , t), Mi{yi,y2, •. • ,yn, t ) ) 

= NAxuX2,.-.,Xn,t)* Mz{yi,y2,---,yn,t) (3.23) 

< Ms{yuy2,...,yn,t) 

< Mi{xi,X2,... ,Xn,t) o lvh{yuy2,... ,yn,t) 

Prom (3.22) and (3.23) we have 

Ni{xi,X2, ...,Xn,t)* min {N2{y\,y2, • • • , y n , i ) , M3{yi,y2,. • • , y n , 0} 
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< min {A^i(a;i, 2 :2, . . . , x„, 0 * A^2(2 / i , 2/2, • • •, 2 /n , t), Mi{xi, ^ 2 , . . . , x^, t) o M3(2 / i , 2/2, • • •, 2/n, 0} 

Thus we have proved (3.15) and (3.16) can be proved similarly. So, 

A X . , , {B\C)C {A X , , , B) \ {A x , , , C) 

Let 5 = {{Y, N2{yi,y2, •••,yn,t) = l , M 2 ( y i , 2 / 2 , . . . ,yn,t) = 0) : (2/1,2/2, • • • , 2 /n ) e r " } , 

c C yl, * = min, o = max . 

L.H.S of (3.15) 

= A^i(a;i, 0:2, ...,Xn,t)* min { iV2 (2 / i , 1/2, • • • , 2 /n , 0, ^3 (^1 ,2 /2 , • • • , y ^ , ^ ) } 

= i V i ( a ; i , .-̂ 2, • • • , a;„, t ) * min { 1 , M3 (2/ i , 2/2, • • • , 2/n, i ) } 

0 * M 3 ( y i , 2 / 2 , • • • , 2 / n , 0 

= min { i V i ( : C i , .T2, • • • , Xn, t ) * Mi{yx,y2, • • • , 2 /n , 0} 

R.H.S of (3.15) 

= m i n { A ' ' i ( a ; i , . T 2 , . . . ,x„,^) * iV2(2/i ,2 /2, • • • , 2 / n , 0 , ^ ^ i ( ^ ' i 0 o ^ ^ 3 ( y i , y 2 , - - , y n , 0 } 

= min { m i n {M(xi, . r 2 , . . . , x„, i ) , 1} , max {A'/i(xi, ; r 2 , . . . , a;„, i ) o Mz{yx,y2, • • • , y n , i ) } } 

= min { 7 V i ( y i , y2, • • • , y ™ , 0, ^ ^ 3 ( y i , y2, • • • , y n , ^ ) } 

Thus equahty holds in (3.15) 

Similarly we can prove the equality in (3.16). 
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