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CHAPTER 3
CARTESIAN PRODUCT OF INTUITIONISTIC FUZZY

n-NORMED LINEAR SPACES

In this chapter the concepts of intuitionistic fuzzy n-normed linear space,
completeness of intuitionistic fuzzy n-normed linear space and generalized cartesian

product of the intuitionistic fuzzy n-normed linear spaces are discussed.

In section one of chapter 3, intuitionistic fuzzy n-normed linear space, Cauchy
sequence, convergent sequence and completeness in intuitionistic fuzzy n-normed

linear space corresponding to the fuzzy n-normed linear space are studied.

In section two of chapter 3, cartssian product of two intuitionistic fuzzy
n-normed linear spaces, its commutative property and its distributive property with

respect to union, intersections and difference are analyzed.

SECTION: 3.1
INTUITIONISTIC FUZZY n-NORMED LINEAR SPACE

Definition: 3.1.1

An intuitionistic fuzzy n-normed linear space (or) in short i-f-n-NLS is an object
of the form
A = {(X, N(21,%0, . « 3Ly 1), M{T1, By oo 5 Baa T} 3 By B3y« - - 5 T} € XBY
where X is a linear space over a field F, % is a continuous t-norm, ¢ is a continuous
t-co-norm and N, M are fuzzy sets on X" x (0, 00), N denotes the degree of
membership and M denotes the degree of non-membership of
Ty, T, ..., Tn,t) € X™ x (0, 00) satisfying the following conditions :

(
()N {2y, B, . o B d) 4 DE(E @ s B B) = 13
(N1, 2o, < 19 Byt) & 0

(

1i)N (21, xa, ..., 2y, t) = 1if and only if 2y, 29,..., 2, are linearly dependent;
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)N (xy, T, . -

v)N(xy, 2, . ..

)M (z1, 22, . -

i) M (z1, 22, . .

ZLZ'L)A’[(Tl, Za, ..

xiit) M (21, T2,

,T,,t) is invariant under any permutation of xy, 2, ..., Zy;

e, 1) = N(xl,xg,...,xn,]Z—'),ifc%O,ceF(ﬁeld);

ey T, 8) * N(T1, T, ..., 2o, t) < N(x1,22,...,Zn+ 2,8+ 1);
ey, t) 1 (0,00) — [0, 1] is continuous in t;

viuyilingd) = 0

.oy Ty t) = 0if and only if 2y, 2, ..., z, are linearly dependent;

, Tn, 1) is invariant under any permutation of xy, s, ..., Ty;

t
il B) = MUEi Boy. ooy By H), if ¢ £0,c € F(field);

s B B0 ML, 28, o oo s Bist) 2 MiRi, 25, <. ., Ti + B8 +-E);

ooy Ty t) 1 (0,00) — [0, 1] is continuous in ¢

Example: 3.1.2

Let (X, ||e,e,...,®|) be an n-normed space. Define a * b = min {a, b} and

aob=max/{a,b}, for all a,b € [0, 1],

t
t+ ||z, oy .oy 24|
||fl,‘1,1172, s ,In”
| N |

AR B e vty By L) ==

]\/[(Ztl, L2529 DBy t) =

Then A = {[X, N{L1, 885+« 5 Brs B M B15T25 + « « 1 Bayg ) 2 [#1,T0y o 0 Br) € X7} I8

an i-f-n-NLS.
Proof:

(i) Clearly N(zy,x3,...,Zn,t) + M(z1,22,...,2,,t) < 1

(ii) It is obvious that N(xy,x2,...,2n,t) >0

The results

(iii) N(xy, s, ..
(iv)N(zy, x2, . ..

(v) N(xy, 2o, ..

(vi) N(z, 22, -

., Xn, t) = 1, if and only if 2y, 22, ..., z, are linearly dependent.

o By B ) = N B35 B3, 5+ 5 Bsa Bisits )

t
vy ) B2 N(:El,l‘z,--',l‘mm)

s T+ o, 8+ 1) > min {N(z1, T3, . .,Zn, 8), N(Z1,Z2,. . ., ZTn, 1) }
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vii) N(x1, g, ..., Zns,t) is continuous in t.
are obtained in Chapter 2 of Example 2.1.7.
(viil) M1 050« sl k) = 0

(i) M (0, 85 1 5y e B) =10

llxlax%"'amn“ = fi
e
t+ ”1131,.’1,'2, o8 ® ,:L'n”
(i7)if and only if ||z1, 22, ..., 2| =0,

(2)if and only if

(#43)if and only if z, 29, ..., zsare linearly dependent.

i, 22y » o o iy D]
t+ ||£E1, M 1y P :En_l,mn”
21 Bas s o+ 5 By B ]|
t+ ||z1, 22, . . .y Ty Tre1l|

]\/1(.'1,‘1,.’132, oo o9 ln=1yLn, t)

= N[(a:lax?a vy Tn, xn—l)t)

(xi)

[ S |
t+ ||z1, 22, . . ., cxnl|
lelllz1, 22, - - -, Tal|
b4 lelllmay Ty v« 58]
| T

Miwi, 0, b, =

t
H+ |z1, o, - - ., Za|

t
= M{®1,89: 5> s B0y T )

el

(xii)Without loss of generality assume that

M (39, By o 5 o5 B 1)

M(CL‘l,ZL'z,...,.’En,S) y Ly
|2 B e 4 B

S+ ||1'1, Loy s 4 ,IL'n”

IN

”11:1,1152, e ,l’;”
t+||z1, X,y ..., 2L

IA

IA

= ”51'.171:2, R 7$n||(t £ ”1'1, Iy,... ’x'ln,”)

IN

= |y Wiy « 5 T s\\z1, z2, ..., 24|
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|z1, 225 - - -, 2n + 2| l|#1; %2 - - -5 Znll_

Now gk
‘s+t+ |]$1a$27"'amn+$:lll t+ “IL'l,fEQ,...,.’IJ’n”
& €1, Z2, - - s Tl + |21y 20,2l |2, 2l
T sttt llEna, Tl lzn e, anll E 2, 2l
= t”l‘1,$2,...,l’n” —$||ZII1,1,'2,...,.’17:1||
(S 5= ”331,1‘2, iged ,.’IInH -+ ”iL'l,LIIQ, o ,:1,‘;1||)(t+ ”121,.’1?2, Aie .,:I,‘;l”)
By (3.1),
s By » 05 8+ 2L || |7 T - |
s+it+ ||z, 22, zn+ 2L T t+ ||z, 22, ..., 2
Similary
”3;1,3:2,---,.'15“-}-:]):1” < ||1I)1,.’l?2,_..,,;],‘n||
s+t+ ||z, e, x| T s+ ||z, X, 20|

= M(z,%3,...,Tp + Tn,s+1t) <max{M(zy,2s,...,Zp, ), M(T1,Z2,...,Zn, 1)}

(vii) Clearly M(xy,za,...,2n,t) is continuous in t.

Thus A is an i-f-n-NLS.

Definition: 3.1.3

A sequence {x,} in an i-f-n-NLS A is said to converge to z if given r>0, t>0,
0<r<1, there exists an integer ng € N such that N(xy, 2o, ..., 2n_1,2, — x,t) >1-1

and M(zq,2s,...,%n_1,Tn,t) <r, for all n > no.

Proposition: 3.1.4

In an i-f-n-NLS A, a sequence {z,} converges to z if and only if

N(zi,29,...,Zp_1,Zn — T,t) = 1 and M(zy,2o,...,2Z, — Z,t) — 0 as n— oo.
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Proof:
Assume that {x,} converges to x.
Claim: N(z1,Z2,...,%n_1,Tn —Z,t) =1 M(z1,29,...,2, — 2,t) — 0 as n— 00.
Let t>0. since {z,} converges to z, for a given r, 0<r<1, there exists an
integer ng €N such that N(z1,x9,...,2,_1, 2, — 2,t) >1-r and
M(xy,xo,. .., T, — x,t) <r. Thus, 1-N(x1, 23, ..., Zn-1,Zn — Z,t) <r and
M(zy,xg, ..., Tp1, T, — x,t) <r, and hence N(zy, 23, ...,2y_1,2, — T, t) —1 and
M(zy,x9,...,%Zn_1,%Zn — T,t) — 0 as n— oo.
Conversly, assume that for each t>0, N(xy,x2,...,2n 1,2, — x,t) —1 and
M(xy,z9, ..., 2, —2,t) — 0 as n— 00,
Claim: {z,} converges to = in A.
For every r, 0<r<1, there exists an integer ny such that
1-N(z1,22, ..., Tn-1,Tn — T, t) <t and M(z1,Z2,...,Tn_1,Tn — T,t) <t for all n> ny.
Thus N(zy,22,...,Tn-1,Tn — x,t) >1-r and M(xy,29,...,Tn_1,Tn — T,t) <r for all

n > ng. Hence {x,} converges to x in A.

Definition: 3.1.5

A sequence {z,} in an i-f-n-NLS A, is said to be cauchy sequence if given ¢ >0,
with 0< € <1, t>0, there exists an integer ng € N such that
N(x1,Z2,...,Tn_1,Tn — Tg,t) >1-€ and M(xy, 29, ...,Tn_1,Tn — 2k, t) < € for all

n, k > no.

Proposition: 3.1.6

In an i-f-n-NLS A, every convergent sequence is a cauchy sequence.

Proof:

Assume that {x,} be a convergent sequence in A.
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Claim: {z,} be a cauchy sequence.
Suppose {z,} converges to z. Let t>0 and e €(0,1). Choose r€(0,1) such that
(1-r)x(1—=r)>1—candror<e.

Since {z,} converges to z, there is an integer no such that

t t
N B 55 « 5 Bvtts B ~ B, 5) 1 and M1, %5, - -« s Tn—is0n — L, 5) <T.
Now, N(z1,Z2, ..., Tn_1,Tn — Tk, t)
t t
= N(:z:l,a;2,...,xn_1,xn—x+x—mk,§+§)
t
> N(a:17$23"')$n—17$n_xa§) *
t
N($1,ﬂ)2,...,$n~1,$—$k,§)
> (1—r)*x(1—r), forall n,k > ny
> l—eforalln,k>ng
and M(x1,%3,...,%n_1,Tn — Tk, 1)
t t
= M(a:l,a:g,...,:z:n_l,a;n—:n+a:—rck,5+3)
t
= M('Tlva;?)"',xn—l’a;n_x)‘i) ©
t
M(xl,wz,---,xn_l,m—xk,i)

< rorforalln,k>ng

< eforalln, k> ng

Therefore {z,} is a cauchy sequence in A.

Definition: 3.1.7

A i-f-n-NLS A is said to be complete if every cauchy sequence in it is convergent.

The following example shows that there may exists cauchy sequence in an

i-f-n-NLS which is not convergent.
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Example: 3.1.8

Let (X, |le,®...,e|) be an n-normed linear space and let a * b = min {a, b} and
aob=max{a,b} for all a,be [0,1],t > 0.
t
t+ “xb:l"% s ,-En”

L1 L2y e s 55 5. T
M) =
ke By 2uw sy ny

N(ﬂ?l,fl'g,.--,f[)n,t) =

Then A is an i-f-n-NLS.

Let {x,} be a sequence in A, then

(a){x,} is a Cauchy sequence in (X,||e,e...,e||) if and only if {z,} is a Cauchy
sequence in A.

(b){x,} is a convergent sequence in (X ||e, ..., e||) if and only if {z,} is a convergent
sequence in A.

Proof:

Assume that {2, } is a Cauchy sequence in (X, ||e,e... o||)
Claim: {z,} is a Cauchy sequence in A.

(a){x,} is a Cauchy sequence in (X, ||e,e... o)

= lim ||(1:17$'23"'31:n~1)$n_‘Tk)” =

n,k—oo

& lim N(xy,22,...,Tn_1,%n — Tk, 1)

n,k—o0
t
= lim =]
k=00 t 4 ||T1, T2, - - - s Tn1, Tn — Ti|
and lim M(zy,Zo,...,%Tn_1,Tn — Tk, 1)
n,k—o0
— Um I|;171,{E2,...,;17n—113k” —~0
nk—oo ¢ + ||1,'1,$L'2, ey p — a:k”
= N(.’1}1,.’172,...,l'n_1,.’17n—.’I?k,t)—-*) 1
and M(zy,%a,...,%n-1,%n — 2k, t) — 0 asn,k — oo.
& N(z1,Z2,...,Zn-1,Tn — Tp, ) > 1—1,
and M(xy, %, ., Tn1,Tn — Tk, t) <7, 7 €(0,1) for all n, k > ny.
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< {x,} is a Cauchy sequence in A.
(b) Assume that {z,,} is a convergent sequence in (X, [[e,e..., e||)
Claim: {z,} is a convergent sequence in A.

{x,} is a convergent sequence in (X, ||e,e... o]

= T}LI%O II($17$27‘-'>$n—lyxn_x)” =0
= Ji_)I{.lON(l'l,ilfg,...,SCn_l,mn—l',t)
t

no00 t + ||y, Tay .. ., Tn — Z|

and lim M(xy,29,...,%n-1,Tn —Z,1)
n—oo
e Yitia ||.’1:1,332,...,.’13n—-1'” -0

"_'°°t+||$1,$2,...,$n-—.’l,‘”
& N(zy,2o,...,Tn_1,Zp —2,t) > 1
and M(zy,Z3,...,Tp-1,Tn—2,t) = 0 asn — oo.
& N5y, Bp...;8- 18— 2,8 > 1=0,
and M(xy,Zo,...,Tp_1,Zn —x,t) <7, 7 €(0,1) for all n > ny.

< {z,} is a convergent sequence in A.

Thus if there exists an n-normed linear space (X, ||e, ..., e||) which is not complete,
then the intuitionistic fuzzy n-normed induced by such a crisp n-norm ||e,e... || on
an incomplete n-normed linear space X is an incomplete intuitionistic fuzzy n-normed

linear space.

Proposition:3.1.9

Let A be an i-f-n-NLS, such that every Cauchy sequence in A has a convergent
subsequence. Then A is complete.

Proof:

Assume {z,,} be a Cauchy sequence in A and {z,,} be a subsequence of {a:n} that

converges to .
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Claim: {x,} converges to = and it is complete.

Let t>0 and € € (0,1) . Choose r € (0,1) such that (1 —7)*(1—7) > 1—¢

and r o < €. Since {z,} is a Cauchy sequence, there exists an integer ng € N such

that N(Bes By s« « 5 P15 B = Ly -;—) >1—rand M(xy,%s,...,%n-1,Tn — Tk, g) <7,
for all n,k > ng. Since {x,,} converges to x, there is a positive 7y > ng such that
N By, By e v 09 By By = :v,%) >1—rand M(z1,22,...,2Tn_1, i, —x,%) <7
Now,
N(z1,Z2,...,Zn-1,Tn — T, 1)
= N(a:l,:cg,...,fcn_l,x,;—xik + —-;g,%+ %)
> N($1,$2,...,$n_1,ﬂfn—Z'ik,%) *
N, 05509 Bty Ty, =85 %)
> (1—7)x(1—r)
> 1—e€
and
Mg, ®5,.- . Tp1, By = Dy1)
= M(z1,%3, . s Bnis B = By, + Ty — % + %)
< ]Vl(xl,xg,...,:cn_l,;tn—:cik,%) o
M1 86+ Dipin By, =B, %)
< POT
< €

Therefore {z,,} converges to z in A and hence it is complete.
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SECTION: 3.2
GENERALISED CARTESIAN PRODUCT OF INTUITIONISTIC FUZZY
n-NORMED LINEAR SPACES
Definition: 3.2.1

Let A and B be intuitionistic fuzzy sets in X and Y respectively. Then the
Generalized cartesian product
A Xy B={((x,y), pa(x) * up(y), va(x) ovp(y)) : v € X and y € Y}, * denotes
t-norm and o denotes the t-co-norm.

We now proceed to our new notion of generalised cartisean product of the

intuitionistic fuzzy n-normed linear spaces in the following theorem.

Proposition: 3.2.2

Let A, B be two intuitionistic fuzzy n-normed linear spaces. Then A x,, B is an
intuitionistic fuzzy n-normed linear space where * is a t-norm and o is a t-co-norm.
Proof:

Lot A4 = {06 Nil®, oy s s@ay b MLy, B8y« s g B)) = {0 09+ 1+ L} & A}
and B = {(Y, NQ(yla Y2y -5 Yn, t)* A’IQ(yla Y25 -5 Yn, t)) : (.Ul; Y2, yn) € Yn}

be two intuitionistic fuzzy n-normed linear spaces.

Claim:
Ax B = {(X % Y, N1, 835 <o o 5 8 B M2y 29550 55,85 8] & {81 8855058 € (X X Y P)}

is an i-f-n-NLS with

N 21255005 80s8) = NiUlB13Zgyov o 5Tnst) 2 N U1 Yoy s <5 Yris £)
and

Mz, 28,008t = MilB1; 05 s Bas t) e Malah1, 5+ <5 1 P )

where



Nl(;l"l:x?)"',wmt)+A/[1(Il75172:"'>$mt) S 1 and (32)

N1, B2y o200 Bs B) + Mal@1,205 5 0 5B 1) < 1, (3.3)
It follows that
My, %5, .. s %y t) £ 1= Ni{®1,%0, 5 5Ty )
and

Ma(y1,¥2, -, Unst) < 1= No(y1,¥2,- -1 Ynt)

By definition (2.2.8),

(1= Ni(z1,22,. .. &, t)) o (1 — No(Y1, Y2y - - -, Yy t))
> Mi(21,22,--,Tnyt) 0 Ma(Y1,Y2, - - - Yny t)

Then,

Ni(21, T3, - « - Tisy )0 Nolyn, Yy <+ s Uns )

ol ((1 e i, By oy ) {1 = Ng(yl,yg,...,yn,t))>

S L (Ml(ﬂ;l) Toy ...y Tp, t) % ]\/[2(:'/1, Y2y Yn, t)) (34)

where aob=1— ((1 —a)o(l— b)> is defined as the dual t-norm with respect to o.
So, if

Ni(Z1,Z2, - - -y T, ) * Na(U1, U2, - - - 1 Uno £) < N1(Z1, %2, - . ., Ty 8) © N2 (Y1, U2, - - -y Yns )
then by (3.4) we've

Ni(z1,22, ..., Tn, )*Na(U1, Y2, - - -y Yn, £) < 1=(My(21, T2, . . ., Tn, t)oMa(Y1, Y2, - - -, Yns )
= Ni(Z1,Z2, -, Tnst) * No(Y1, Y2« - s U B) +

My(x1, T2, - -, Tny t) © Ma(y1, 92, -, Yn, 1) S 1.

:>N(th?,'-'yzn»t)—l_M(zhz?""azn)t) = 1
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(ii)Clearly N(z1,29,...,2,,t) >0
(ili)we have to prove N(zi,2g,...,2,,t) = 1 if and only if 2y, 29, ..., 2, are linearly
dependent.
Assume that N(zy, 29,...,2,,t) =1
& Nil21, 28, o Bns £) 2 V{00, Upy o s, P ) =1
& Ni(zi, 23, ..., Tayt) =1 and No(g1, 955+ - sUns t) = 1
& 11, 2o, ..., T, are linearly dependent and i, y2, . . ., Y, are linearly dependent.
& (zi,y;) are linearly dependent. Vi =1,2,...,n.
& 2ls are linearly dependent.

(iv)we have to prove N(z1, 22, . . . , 2y, t) is invariant under any permutation of z1, 22, . . ., Zn.

We know Ni(z1, 2, . .., Ty, t) is invariant under any permutation of z1, o, .. ., Tn.

and Ny(y1, Y2, - - - » Yn, t) is invariant under any permutation of yy,ya, ..., Yn-

N(z1,29, ..., 2n-1yZnst) = Ni(®1,%2, ... Tn1,Zn,t) * Na(Y1, Y25+ -+ s Yn—1,Yn, T)
= Ni(1, @05+ s By Bra1s £) * Nallin, Y35+ -~ s Y Yt )

= N(Zl,ZQ, s 'vzrnzn—l)t)

Therefore, N (21, 22, . - ., Zn, t) is invariant under any permutation.
t
(v)We have to prove, N(z1,2g,...,C2%,t) = N(21,22,- -, Zn, H)

consider N(zy,2,...,C2n,t)

= Niy(z1,Z2,...,CLn,t) * No(y1,Y2,- -+, ClYn, 1)
t

t
= Nl(-'l:l):l:?r-'):vmm) *NQ(yby?:"')yTnH

)

]-Z-‘) ifc£0, ceF

= N(z17z27"':zna

(vi)we have to prove

N(z1,22,...,20,8) * N(21,22, - . -y Zn,t) S N(21, 22, . ., 20 + Zn, S + 1)
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N(z1,29, ..y 20 + 2, 8 + 1)
= Ni(z1,Z2,...,Tn+Tn, s+ 1) * Na(y1,¥2, - - -y Un + Yn, S + 1)
- (N1($1,.’I}2, cons By 8) % Ny (21,85, . -+ ,mn,t))
* (Ng(yl, Yy o ooy Yiia8) * No(U1, Y2y« + » y Yns t)>
= (Nl(a:l,:zrg, voo i 5 s B) % DG 21, 88 5458 t))
* (Ng(yl, Vs -+ 5.5 Uins B) NG00 U 5 o5 ,yn,s))
s Nildi, B, 0y T S} # (]Vl(.’[fl,flfz, -
* (NQ(yby?;"'aynat)) * Na(Y1, Y2, - -+ s Yns S)
= Nl 8o v s s Bns ) % D21 28, o 5 B B)
* No(y1, Y2, - -y Yny S)
= (Ni(z1,2Z2,...,%n, ) * Na(y1, Y2, - -, Un» S))
* N(z1,29,...,2n,t)

= N(Zl,zz,..-,Zn,S)*N(Zl,ZQ,---,Zn,t)

(vii)Clearly N(z1, 22, - - - , Zn, t) is continuous in t, since Ny (21, 2, - - ., Tn, t)*Na(Y1, Y2, - - - s Yns 1)

is continuous in t.

similarly we can prove the other axioms.

Proposition: 3.2.3

The generalized cartesian product of the intuitionistic fuzzy n-normed linear spaces
is commutative.

Proof:

Let A, B are two intuitionistic fuzzy n-normed linear spaces.

Claim: A=B = AX.,oB = BX,, A
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Assumne A = By (€1, 85, oo 580 By (P15Ya5 » 5 Uins T) € X
Then

Nl(xlax% .. ~a$n,t) % N2(ylay2a oy aynat) = N2($1,:I:23 oo 7$nat) *Nl(ylay2> 25 'ayn)t)

and

M1(.’L’1,CI:2, . .,(Un,t)o M2(y13y23 ot vynat) = M2(1171,.’172,. . )‘Tn’t)o Ml(ylay27 e 7yn’t)

Thus, A X, B = B X A.
However the converse is not true. For example, Let
) (X, Ny(21, B2y o v« sy Trsthy Mi(Z1, B2y« - s Tris T)) = N1, B350« s Ban B) = @,
{ M(z1,Za, ..., Zn,t) = b, (T1,Z9,...,2,) € X™ }

and

(}{, Ng(il,'l, Ly s v ,JIn,t), Mg(l'l,fl?g, A t)) i NQ(IIJl, To,...,Tn, t) =C,
B =
A/[Q((L‘h L35 5+ 5 Ly t) = il (IL'l,fL'Q, 67 ,:l?n) e X"

a,b,e,d €10,1]

Then
Nl(xla:U?,"')xn)t)*N2($1)$2)"')$n7t) = ax*x C
= C*x Q
= N2($17x27"',$n7t)*Nl(xl,x%""xn,t)
and
Mi(zy, T3, ..., Tn,t) © Ma(T1,29,...,Z5,t) = bo d

= do b

= M2($1)$2) <oy Tn, t) < Ml(xla Z2,...,Tn, t)

So we obtain A X,, B = B X,, A, but A# Bifa#c (or)b#d.
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Proposition: 3.2.4

The generalized cartesian product of the intuitionistic fuzzy n-normed linear spaces
is distributive with respect to union and intersections.

Proof:

Let
A = {(X,Ni(z1,Z2, .- -y Tns )y Mi(21, %2, . . -, Tn, B)) 2 (21,22 ...,%0) € X"}
and

{(Y’a NQ(yla Y2, - -3 Yny t)a ]\'12(1/1, Y2y -3 Yns t)) : (?/1, Yoy e vy yn) € Yn}

B =
C = {(Y'v N3(y1,y2, v )yn7t)7]\/[3(ylay27 R 7ynat)) : (ylvy%' . 7yn) € Yn}

are the intuitionistic fuzzy n-normed linear spaces.
Claim: A X, (BNC) = (A Xy B)N(A X40 C)
and A X, (BUC) =(AX,, B)U(A X,, C).
consider
A X, (BNC)
(X x Y, Ni(z1,22, ..., Zn, t) * min {No(y1, Y2, - - - Yns t)s N3(y1,¥2,- -+, Un, 1)},
= Mi(z1, T2, - - - T,y t) omax {Ma(y1, Y2, - -1 Yn> t), Ma(y1, Y2, - -, Un, £)})
(21,22, ..-,2n) € (X X Y)"
and

(A X400 BYN(A X400 C)

{ ()( X Y, Nl(ilfl,mg, T ,:L’n,t) * ]\rg(yl,yg, 0y Unis t),
M (

L1, %2, .-y Tnyt) © Ma(Yr, Y25+ -, Unst) : (21, 22,0, 22) E(X X Y)"
(‘Xr X Y,Nl(ilfl,;lfg, . ,In,t) * N3(y1,y2, — ,yn,t),

Mi(x1, %2, ..., Tn,t) 0 Ma(y1,¥2,- - - Yns ) 1 (21,22, ..., 20) E(X X Y)"
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(X xY, ‘
min{Nl(l'l,ll'Q, 4w )xn)t) * N2(yl:y27 e ’ynat)) N1($1,$2, s axn,t) * N3(y1,y2, § %% ,yn,t)}

max { M1(z1, X2, . .., Tn, 1) © Ma(Y1, Y2, - - -y Yn,y t), Mi(Z1, T2, . . ., Tny t) © Ma(Y1,Y2, - -+, Yny ) })

{ 1(21,22,...,ZH)G(XXY)n

So it is enough to prove that,

Ni(z1, %2, ..., Tn, t) * min {Na(y1, Y2, - -, Ynr 1), N3 (Y1, Y25 - - -, Ynn £) }
=min {N1(Z1, 22, ., Tn, t) * No(Y1,¥2, - - - Yns t), N1 (T1, T2y - ., Ty £) * Na(y1, 2, - - - Yns 1)} (3.5)

and

Mi(21,2a, ..., Tny t) o max {Ma(y1, Y2, - - -, Yns t)y Ma(Y1, Y25 -1 Yny t) }
= max {M1(Z1, T2, - - -, Tn, ) © Ma(Y1, Y2, - - -, Yns 1), Mi(T1, T2y . . ., Tny B) © Ma(y1, Y2, - - -, Yn, t)} (3.6)
Let
No(y1, Y2, -1 Ynst) < Na(Y1,925- - -5 Yny £) (3.7)
Then by definition (2.2.7),
Ni(Z1, %2,y - -y Ty t) * No(Y1,Y2, -« -y Yns )
£ Nlm, 30 s By B) % Nalllt, U5 2+ s Via T (3.8)
Therefore, by (3.7) and (3.8)
L.H.S of (3.5)
= Ny(@1,%2, ..., %n,t) *min {Na(y1, Y2, - -, Yn, 1), N3(Y1, Y2, - - - Y, 1)}
= Ny(z1,2Z2,. ., Tn, t) * No(Y1,Y2, - - -, Yny L)
= min{Ni(B1, 2, Tns L) * No(Uis Yas + o s P E)s N1 {81, 85 ¢ 2+ s Tos 1) # NalW1, Y25+« < s Ua 1)}

= R.H.S0f{3.h)

N2(y19y2a~"7ymt) > N3(y1ay2>"')ymt) (39)
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Then by definition (2.2.7),

Nl(xl)a:% g 7$n)t) * N2(’y1,92, e ’y'lnt)
> Nl B9 n o B ) % Nollis U0y s w5 Uns ) (3.10)

Therefore, by (3.9) and (3.10)
L.H.S of (3.5)
= Ni(z1,22,...,Tn, t) *min {No(y1, Y2, - -, Yn, t), N3(y1, y2, - . s ¥ns O}
= Ni(®1,3...,Zn,t) * N3(y1,92, - - -, Yny t)
= min{Ny (%1, T2, ..+ e, t) * No(U1; Yas - - o Poas )5 N1 L1 T2y« <+ 5 Ty B) * Na(91, Y25 < <, Uns 1)}
= R.H.Sof(3.5)

Thus equality holds in (3.5).

Let

MQ(yla Yay .- -, yn’t) S ]\’[3(?/17 Y2,y Yn, t) (311)
Then by definition (2.2.8),
M1($1>$27 i o >-’l:nat) < MZ(yla Y2, -+ -y Yny t)
S Ml(.flfl, X3y ...y Ty, t) <o ]\/Ig(yl, Y2y -y Yny t) (312)

Therefore by (3.11) and (3.12)
L.H.S of (3.6)

= Ml(xh'/x?? vy Ty t) omaX{M2(y17y2, vy yn>t), MS(yla Y2y -3 Un, t)}
— Ml(:El)a:?)"'7$n)t)01\/[3(y1’y27"')yn?t)
= max {M(1, T2, ..., T, t) O Ma(Y1,Y2,- -, Yns t), Mi(21, T2y - . ., Ty ) © Ma(Y1, Y2, - - -, Yny 1)}

—~ R.H.Sof(3.6)

Mg(yl, Y2,y .-y Yn, t) > Mg('yl, Y2,y Yn, t) (313)
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Then by definition (2.2.8),

]\/11(1131,1'2, o ity s t) <o ]V[Q(yl,yg, oy Uny t)
> A/[1(1131, T2y .-y Tpy t) o A/IS(yb Y2,y Un, t) (314)

Therefore by (3.13) and (3.14)
L.H.S of (3.6)

= Afl('l:l,tTQa ce oy Ty t) % Inax{]\IQ(yh Y2y -y Yn, t)7 A'IS(yl, Y2y -+ s Un, t)}

= Mi(B5, 5, 55 Bhas 1) © Ml s 135+ s B £)

= max {]\[1(.’131,.1‘2, = ,;i?n, t) O A'{Q(yl, Y2y -y Yn, t), ]\’11(:131, Ta,...,Tn, t) o A[g(yl, Yoys

= H.H.S6f(3.6)

Thus equality holds in (3.6).
Finally from (3.5) and (3.6) we have A X, (BNC) = (A X, B)N(A X4 C).
Similarly we can prove, A X, (BUC) = (A X, B)U(A x,, C).

Proposition: 3.2.5

The generalized cartesian product of the intuitionistic fuzzy n-normed linear spaces
is distributive with respect to difference.

Proof:

Let
A = {(X, Nl B+ w3 By 1) MilB1522, < 055 Ty B)) 1 {1, By 1 T} EXTF
and

B = {(Y’? NQ(yhy?a e '7ynat)’ ]\/[2(y17y27' # '5ymt)) : (yl’y%' .. >yn) = Yn}

C’ = {(Y7 N3(y1) Y2y -y Yn, t), MS(ZUI, Y2y Yn, t)) : (yl, Yay... ,yn) € Yn}
are the intuitionistic fuzzy n-normed linear spaces.

79

.+ Yns 1)}



Claim: A X, , (B\ C) C (A X,c B)\ (A X,,C).

IfB = {(Ya N2(y1’y27' . "ynat) = 17M2(y1’y27' i 7y‘mt) = 0) : (yl’y2) 7yn) = Yn},

¢ C A, * = min, ¢ = max then equality holds.
It is enough to prove,

Nl(-/l:hx?, cee ,:I:n,t) * min {N2(yl)y27 oo )ynvt)’ M3(y1,y2> v >yn>t)}
S min {Nl(l'l,x% cee ,.’L'n,t) * N2(y1ay2) <oy Yn, t)a All(xl’x% <oy Tp,y t) © M3(yl7y2) vy Yn, t)} (315)

and

My(z1, T2, - - -, T, t) o max { Ma(y1, Y2, - -, Un, 1), N3(Y1, Y2, - - -, Yns 1)}
> max {M;(x1, %2, ., Tn, t) © Ma(Y1,Y2, - - -, Yns £), N1(Z1, T2, - ., Tny t) * Na(y1, Y2, - - -, Yny t) } (3.16)
Case (i): Let
No(Y1, Y2, -1 Ynrt) < Ma(y1,%2,---,Yn,t) (3.17)
and using the fact
axb < min{a,b} < a < max{a,c} < aocc (3.18)

Then by definition (2.2.7) and (3.18)

Nl(.’lfl,wg, vre e >$n7t) * N2(y1)y2’ ik aynat)

< N1($1>$2»- e axmt) * ]V[3(yl’y2a . ')ymt)

< Ms(y1,¥2, - Ynrt)

< Niy(z1,Z2, -, Tn, t) 0 Ma(y1,92, - - -y Yns ) (3.19)

= N1($17$2,- .. ,xmt) * N2(y1,y2a .- 'aymt) < Nl(xhz"?,"'7xn’t)°M3(y17y27 . e "ymt)

Therefore by (3.17) and (3.19)
L.H.S of (3.15)

= Niy(x1,Z2, ..., T, t) *min {Na(y1, Y2, - -+ Yn, t), M3(y1, Y2, . . ., Yn, 1)}
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= Nl(xl):B?a'-"xn)t)*N2(y17y2a"')yn7t)
= min {N1(5E1,1'2, .. -;xn,t) * N2(y1)y2) .. 'aymt)7N1(x1’$2’ R axn’t)°M3(y17y2) g -ay‘n’t)}
= R.H.Sof(3.15)

Thus equality holds in (3.15).
Case(ii): Let

Nz(y1, Y2y -y Un, t) 2 M3(y17 Y2, -3 Yn,y t) (320)
By definition (2.2.7)
Nl(.'I?],iCz, vy T,y t) * N2(y1> Y2y -y Yn, t) Z N1(‘.L'1,.’1}2, «v oy In, t) * ]\/13(y1) Y2, -5 Yn, t) (321)

Therefore by (3.20) and (3.21)

N1($17$2> vy Iy, t) ¥ Inin{NZ(yly Y2, -3 Yn, t)v 1M3(y17 Y2, -+ -y Yn, t)}

= Nl(;l'l, Ly ,iL'n,t) * ]Wg,(yl, Y2,..-yYn, t) (322)

S Nl(xl,-x%---)xmt)*N2(y1,y2)""yn>t)
= Ni(T1,T2, ., Tn, t) *min {No(y1,Y2, - - -, Yn, t)s Ma(y1, Y2, - -, Yn, 1)}
S N1(1‘1,1172,--~,113n,t)*N2(yl,1/2,-~-aymt)

By (3.18) and (3.20)

Nl('lf},l'Q, e 7-z'nat) * min{NZ(yl)y2, .. ~ayn,t)a M3(y1,y2, i i 7yn7t)}

= Nl(xlax% cee )zn,t) * M3(y17 Y2, .04y yn)t) (323)

S M3(y17 Yo, - >yn7t)

< M1($E1,.T2, o sxn,t)o M3(ylay27 vy Yny t)

From (3.22) and (3.23) we have

N1($1,$2, cee ,xn)t) * min{NQ(ylayZ, .o ',yrut)y M3(y17y27 sis ,yn,t)}
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S min {N1($1, Loy .y T, t) * N2(y17y27 e >yn7t)a Ml(xla T2y ..., Tn, t) <o ]\’[3(y17y2a . no 7ymt)}
Thus we have proved (3.15) and (3.16) can be proved similarly. So,

A0 (B\C) C (A %00 B)\ (A %05 0)

Let B = {(K N2(y1ay2)' . "ynat) = 1)M2(y1’y2a .. 'aynat) = 0) : (yl)yQ,“ ayn) = Yn},

¢ C A, * = min, ¢ = max.

L.H.S of (3.15)

= Nl(xhx?, R 7-%'n)t) * min{N2(yl’y2a o ')ynat)a MS(yl,yZ, soe ’yn7t)}
= Ni(z1,Z2, ..., Tn, t) *min {1, Ms(y1,Y2, ..., Yn, 1)}
= Ni(x1,%2,. ., Tny 1) * Ma(Y1, Y2, - -1 Yn, t)

= min {Nl(lrla Z2,...,Tn, t) ¥ AJS(yla Y2y - -3 Yn, t)}
R.H.S of (3.15)

o min{Nl(:ljl,:Ijz,...,:I;n,t)*Ng(yl,yg,...,yn,t),jwl(:l,'l,llfz,...,(l}n,t)OA‘[g(yl,yg,...,yn,t)}
= min{min {Ni(z1,22, ..., Tn,t), 1}, max {Mi(z1, T3, ..., Tn,t) © Ma(y1, Y2, -, Yn, t)}}

= min {Nl(y17y2a ceey Yny t)a MS(yhy% Y ik ay‘mt)}

Thus equality holds in (3.15)

Similarly we can prove the equality in (3.16).
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