Chapter 4

J-Separation Axioms in Topological Spaces

§ 4.1. Introduction

Topological spaces are classified according to which such conditions, called
separation axioms. Separation axioms are one among the most common, important and
interesting concepts in Topology. They can be used to define more restricted classes of
topological spaces. The separation axioms of topological spaces are usually denoted with
the letter “T” after the German “Trennung” which means separation.In this Chapter, we
have introduced some exciting new spaces like JTo-space, JTC-space, JTog-space and
JTg-space, JTog*-space, gdTJ-space and the dependence as well as independence of new
spaces with other existing separation axioms are analysed. Also interrelations of these

new six spaces are investigated.

8 4.2. J-Separation Axioms

As an outcome of J-closed sets, six new spaces are introduced and interrelations of

these new six spaces are investigated.

Definition 4.2.1. A topological space (Y,{) is known as JTé-space when each J-closed

set is a 8-closed set in (Y,0).

Example 4.2.2. Consider

Y={p,a,r,;s},¢={o,Y.{p}.{a}.{r}.{p.a}.{a,r}.{p.r}.{p.a,r}.{p,qa,s}}.Here J-closed sets
coincide with 8-closed sets.

Definition 4.2.3. A topological space (Y,{) is known as JTg- space when each J-closed

set is a g-closed set in (Y,9).

Example 4.2.4. Consider Y={p,q,r,s},(={¢,Y ,{p}}.Here J-closed sets coincide with

g-closed sets.

Definition 4.2.5 A topological space (Y,{) is known as JTC-space when each J-closed

set is a closed set in (Y,0).
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Example 4.2.6. Consider Y={p,q,r},¢={¢,Y . {p}.{p.a}.{q}}.Here J-closed sets coincide

with closed sets.

Definition 4.2.7. A topological space (Y,() is known as JTég*-space when each

J-closed set is a dg*-closed set in (Y,0).

Example 4.2.8. Consider Y={p,q,r,s},¢={¢,Y.{p.q}.{r}.{p.q.r}}.Here J-closed sets

coincide with dg*-closed sets.

Definition 4.2.9. A topological space (Y,0) is known as JTég-space when each
J-closed set is a dg-closed set in (Y,0).

Example 4.2.10. Consider Y={p,q,r},;={d,Y.{p}.{q.,r}}.Here J-closed sets coincide

with dg-closed sets.

Definition 4.2.11. A topological space (Y,{) is known as gdTJ- space when each

gd-closed set is a J-closed set in (Y,0).
Example 4.2.12. Consider Y={p,q,r,s},{={d,Y,{p,q,r}}.Here J-closed sets coincide with

go-closed sets.

8§ 4.3. JTo-space

A JTo-space is a very strong tool to characterise the following Propositions.

Proposition 4.3.1. If (Y,0) is a JTd-space, then it becomes a JTC-space, a JTog*-
space, a JTdg -space and a JTg-space.
Proof By Note 2.2.21. and Remark 2.3.20. closed

l

5-closed — 5g”-closed — g-closed—» g-closed —» J-closed and from the Definition
4.2.1.,4.2.5.,4.2.7,4.2.9. and 4.2.3.,the Proposition 4.3.1. follows immediately.

Result 4.3.2. The converse of the above Proposition 4.3.1. does not hold good. It can

be shown by the following Counter Examples.

Counter Example 4.3.3. Consider Y={u,v,w,x},C ={¢, Y, {u,v}.{w}{u,v,w}}.Here
(Y,0) represents JTdg*-space but it is not JTS -space. Because {u,x} is J-closed but it is

not 8-closed.
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Counter Example 4.3.4. Consider Y={u,v,w},¢ ={¢, Y, {u},{v,w}}.Here (Y,0)
represents JTog-space and JTg-space but it is not JTd-space. Because {w} is J-closed but

it is not d-closed.

Note 4.3.5. A JTo-space is also a JTC-space, a JTég - space, a JTg -space and a
JTdg* - space.

Remark 4.3.6.(i) Since d-closed —» closed — J-closed(by Note 2.2.21. and Remark
2.3.20.). In a JTo-space, the collection of all 6-closed sets, all closed sets and all

J-closed sets coincide.

(ii) Since 6-closed — closed — g-closed —»J-closed (by Note 2.2.21. and Remark
2.3.20.). In a JTo-space, the collection of all 8-closed sets, all closed sets, all g-closed

sets and all J-closed sets coincide.

(iii) Since 8-closed — &g - closed — dg-closed — g -closed — J -closed (by
Note 2.2.21. and Remark 2.3.20.). In a JTd-space, the collection of all 5-closed sets,
all dg*-closed sets, all dg-closed sets and all g-closed sets, all J-closed sets coincide.

Proposition 4.3.7. If (Y,{) is a JTé-space, then it becomes a g6 TJ-space.

Proof In a JTé-space, every J-open set is 6-open. By Remark 4.3.6.(i), in a JTd-space,
d30(Y,0) = ¢ = JO(Y,Q) ----- (1).Consider a go-closed set D in (Y,0).By definition of
go-closed set,CI(D)S M whenever DEM where M is 6-open which is open by (1).
Hence D is a g-closed set. By Proposition 2.3.10.,D is J-closed. Therefore (Y,{) is a
goTJ- space.

The converse of the above Proposition 4.3.7. is not true. It can be shown by the

following Counter Example.

Counter Example 4.3.8. Consider Y={u,v,w,x},¢ ={¢, Y, {u,v},{w},{u,v,w}}.Here
(Y,0) represents goTJ-space but it is not a JTd -space. Because {v,x} is J-closed but it is

not &-closed.
Now to analyse a JTd-space with existing spaces.

Proposition 4.3.9. If (Y,{) is a JTé -space, then it becomes Tz -space.
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Proof Let (Y,0) be a JT3-space. Consider a dg-closed subset H of Y. By Proposition
2.3.8., we get H is a J-closed set. In a JTo-space, H is d-closed. Therefore H is a

Tais-space.
Remark 4.3.10. Every Taus-space is a digital line ((Khalimsky,1990),(Kong,1991)).
Corollary 4.3.11. JTé-space is a digital line.

Note 4.3.12. The converse of above Proposition 4.3.9. does not hold good. The
following Counter Example explains it.

Counter Example 4.3.13. Consider Y={u,v,w,x},¢ ={¢, Y, {u},{v}.{uVv}, {uv,w},
{u,v,x}}.Here (Y,0) represents Taus-space (since 6g-closed sets coincide with 6-closed sets

in this topology) but it is not a JT -space. Because {v,w} is J-closed not 5-closed.

Proposition 4.3.14. If (Y,{) is a Tss and a JTdg-space, then it becomes a
JTé-space.

Proof Consider a J-closed subset H of Y. In JTdg-space, H is dg-closed. In a T34 -Space,
H is 8-closed. Therefore (V) is a JT3-space.

Proposition 4.3.15. If (Y,Q) is a JTé-space, then it becomes Ty - space.

Proof Given (Y,0) is a JT5-space. Consider a g-closed subset H of Y. By Proposition
2.3.10.,H is J-closed. In JTé-space, H is -closed. Always 6-closed is closed. From the
above discussion, we get g-closed sets coincide with closed sets. Therefore H is a

T12-space.

Corollary 4.3.16. Each JTé-space is a Kolmogorov-space or To-space by Theorem
5.2(Levine,1970).

Note 4.3.17. The converse of above Proposition 4.3.15. does not hold. From the

following Counter Example, we get the clear idea.

Counter Example 4.3.18. Consider Y={u,v,w},¢ ={¢, Y {u},{v},{u,v}{u,w}}.Here
(Y,0) represents T12-space(since g-closed sets coincide with closed sets in this topology)

but it is not a JTS-space. Because {w} is J-closed not d-closed.

Result 4.3.19. Each JT$é -space is a semi-T1-space.
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Proof By Proposition 4.3.9.,every JTo-space is a Taus-space.Now by Theorem 4.9 of
(Dontchev,1996),every  Taas-space is a semi-Ti-space.Hence JTo-space is a

semi-Tz-space.

Result 4.3.20. Each JTé -space is a semi-pre-Ty,-space.

Proof By Proposition 4.3.9.,every JTd-space is a Taus-space.Now by Theorem 4.15 of
(Dontchev,1996),every Tau -space is a semi-pre-Tip-space. Hence JTd-space is a

semi-pre-Ty2-Space.

Note 4.3.21. The converse of above Results 4.3.19. and 4.3.20. do not hold. From the
following Counter Examples, we get clear idea.

Counter Example 4.3.22. Consider Y={u,v,w},¢ ={¢, Y, {u}}.Here (Y,0) represents
semi-Ti-space (since semi-generalized closed sets coincide with semi-closed sets in this

topology)but it is not a JTé-space. Because {u,v} is J-closed but it is not -closed.

Counter Example 4.3.23.  Consider Y={u,v,w}Z ={¢, Y, {u},{v,w}}.Here (Y,0
represents semi-pre-T1-space (since gsp- closed sets coincide with semi-pre closed sets

in this topology)but it is not a JTé-space. Because {w} is J-closed but it is not 6-closed.
Proposition 4.3.24. If (Y,Q) is a Ts-space, then it becomes JT-space.

Proof Given (Y,() is a Ts-space. Consider a J-closed subset H of Y. By Proposition
2.3.12..H is go-closed. In Ts -space, we get H is a 6-closed set. Therefore H is a
JTo-space.

Proposition 4.3.25. If (Y,0) is a JTd-space, then it becomes a *T1/,>-space.

Proof Consider a g-closed subset H of Y. By Proposition 2.3.10.,H is J-closed. In a
JTd -space, we get H is a d-closed set. By Proposition 2.2.9 (Sudha,2014),H is g*-closed

Therefore H is a *T1/2-space.

Note 4.3.26. The converse of above Proposition 4.3.25. does not hold good. The

following Counter Example explains it.

Counter Example 4.3.27. Consider Y={p,q,r},¢={¢,Y .{p}.{p.a}.{p.r}.{a}}.Here (Y,0)
represents a *T12-space(since g-closed sets coincide with g*-closed sets) ,but it is not a

JTo-space. Because {p,q} is J-closed not 5-closed.
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Proposition 4.3.28. If (Y,0) is a JTo-space, then it becomes a T1*-space.
Proof Consider a g*-closed subset H of Y. By Proposition 2.3.14.,H is J-closed. In a
JTd -space, we get H is a d-closed set. By Note 2.2.21.,H is closed. Therefore H is a

Ti*-space.

Note 4.3.29. The converse of above Proposition 4.3.28. does not hold good. The
following Counter Example explains it.

Counter Example 4.3.30. Consider Y={p,q,r},¢={¢,Y .{p}.{p.a}.{p.r}.{a}}.Here (Y,0
represents a Tip*-space (since g*-closed sets coincide with closed sets),but it is not a

JTd-space. Because {p,q} is J-closed not 5-closed.
Proposition 4.3.31. If (Y,0) is a JTd-space, then it becomes a 54+ Ts-Space.

Proof Consider a 6g*-closed subset H of Y. By Proposition 2.3.6., H is J-closed. In a
JTd -space, we get H is a 8-closed set. Therefore H is a s¢+Ts-Space.

Note 4.3.32. The converse of above Proposition 4.3.31. does not hold good.The

following Counter Example explains it.

Counter Example 4.3.33. Consider Y={p,q,r},¢={¢,Y . {p}.{a.r}}.Here (Y,0) represents
a s¢* T 5-Space (since 6g*-closed sets coincide with 3-closed sets),but it is not a JT3-space.

Because {p,r} is J-closed not -closed.
Proposition 4.3.34. If (Y,0) is a JTé-space, then it becomes a 54 T 5g+-Space.

Proof Consider a 6g-closed subset H of Y. By Proposition 2.3.8., H is J-closed. In a JTd
-space, we get H is a &-closed set,by Proposition 2.2.2. (Sudha,2014).Therefore H is a

5g | sg*-Space.

Note 4.3.35. The converse of above Proposition 4.3.34. does not hold good. The

following Counter Example explains it.

Counter Example 4.3.36. Consider Y={p,q,r},¢={®,Y.{p}.{p.q}}.Here (Y,0) represents
a 3¢ Tsg=-Space (since dg-closed sets coincide with dg*-closed sets),but it is not a JT6-

space. Because {q,r} is J-closed not &-closed.

Proposition 4.3.37. If (Y,0) is a JTé-space, then it becomes a Tsg+-Space.
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Proof Consider a g-closed subset H of Y. By Proposition 2.3.10., H is J-closed. In a
JTS -space, we get H is a d-closed set, by Proposition 2.2.2. (Sudha,2014). Therefore H is

a g Tse=-Space.

Note 4.3.38. The converse of above Proposition 4.3.37. does not hold good.The

following Counter Example explains it.

Counter Example 4.3.39. Consider Y={p,q,r},(={¢,Y,{p,q}}.Here (Y,0) represents a
g1 sg=-space (since g-closed sets coincide with dg*-closed sets),but it is not a JTé-space.

Because {p,q} is J-closed not 5-closed.
Proposition 4.3.40. If (Y,0) is a JTé-space, then it becomes a 4= Tsg+-Space.

Proof Consider a g*-closed subset H of Y. By Proposition 2.3.14., H is J-closed. In a
JTS -space, we get H is a 6-closed set by Proposition 2.2.2. (Sudha,2014). Therefore H is

a g~ Tse+-Space.

Note 4.3.41. The converse of above Proposition 4.3.40. does not hold good.The

following Counter Example explains it.

Counter Example 4.3.42. Consider Y={p,q,r},;={¢,Y .{p.q}}.Here (Y,0) represents a

g+ T sg*-space,but it is not a JTS-space. Because {p,q} is J-closed not 3-closed.

Remark 4.3.43. Ty and Tgq -Spaces are independent with JTd-space. This can be

seen from the following Counter Examples.

Counter Example 4.3.44. Consider Y={p,q,r},¢c={,Y . {p}.{p.a}.{q}}.Here (Y,0
represents JTd-space,but not Ty-space(since gs-closed sets coincide with closed sets) and
Tg-space(since gs-closed sets coincide with g-closed sets). Because {p} is gs-closed not

closed and {qg} is gs-closed but not g-closed respectively.

Counter Example 4.3.45. Consider Y={u,v,w},¢ ={¢, Y {u},{v}.{u,v}{u,w}}.Here
(Y,0) represents both Ty-space (since gs-closed sets coincide with closed sets) and
Tg-space (since gs-closed sets coincide with g-closed sets) but it is not JTd-space.

Because {w} is J-closed not 4-closed.

Note 4.3.46. T and gT s¢+ Spaces are independent with JT§-space.lIt can be seen

from the following Counter Examples.
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Counter Example 4.3.47. Consider Y={p,q,r},¢={,Y.{p}.{p.a}.{q}}.Here (Y,0
represents JTo-space,but not Tc-space,because {p} is gs-closed not g*-closed and

gs T sg=-Space as {q} is gs-closed but not 6g*-closed respectively.

Counter Example 4.3.48. Consider Y={u,v,w},¢ ={¢, Y,{u,v}}.Here (Y,0) represents

Tcand ¢sTsg* -space but it is not JTS-space. Because {u} is J-closed not 3-closed.

Note 4.3.49. The following picture gives the relations of JTd-space with other

spaces.

2

1.Ts-space 2.JTC-space 3. JTog-space
XX T 5 4. JTg-space 5. JTog*-space 6. go'TJ-space
T ___»10 7. T1p-space 8.To-space 9.Tau-space

10.*Ty-space 11. semi-Ti-space 12.semi-pre-Tip-Space

13.Tip*-space  14. 55T 5g+-Space 15. 55+ T5-Space
16.¢4Tsg+-Space  17.T.-space 18.4s Tsg+-Space

50 1314 15 16 21 19. Tp-space 20.Tgy-space 21. ¢+ Tsg+-Space

8 4.4. JTg-space

This chapter is devoted to analyse the comparison to analyse of a JTg-space with

newly defined spaces and existing spaces.
Proposition 4.4.1. If (Y,{) is a Tas and a JTag-space, then it becomes a JTg-space.

Proof By Proposition 4.3.14., (Y,{) is a JT3-space which inturn becomes JTg-space by
Note 4.3.5.

Proposition 4.4.2. 1f (Y,{) is a Ts-space, then it becomes JTg-space.

Proof By Proposition 4.3.24., a Ts-space is a JTd-space.Then by Note 4.3.5.,it is a

JTg-space also.

Note 4.4.3. The converse of above Proposition 4.4.2. does not hold good.The

following Counter Example explains the concept.

Counter Example 4.4.4. Consider Y={u,v,w}{={¢,Y,{u}}.Here (Y,0) represents a

JTg-space but it is not T; -space. Because {u} is a go -closed set not a 5-closed set.
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Proposition 4.4.5. If (Y,{) is both a JTg-space and a Ti,-space, then it becomes a
JTC-space.

Proof Consider a J-closed subset H of Y. In a JTg-space,H becomes a g-closed set.In a
T1-space,g-closed sets coincide with closed sets which in turn gives that H is closed.
Therefore (Y,¢) is a JTC-space.

Proposition 4.4.6. If (Y,{) is both a Tg¢-space and a JTg-space, then the following

closed sets are equivalent:

Q) A gs-closed set
(i) A J-closed set.

Proof (i) = (ii) In a T¢-space, gs-closed sets coincide with g-closed sets.By Proposition

2.3.10.,g-closed sets is a J-closed set.

(it) = (i) In a JTg-space,J-closed sets coincide with g-closed sets.In T4-space, gs-closed

sets coincide with J-closed sets.

Proposition 4.4.7. If (Y,{) is both a Ty-space and a JTg-space, then the following

closed sets are equivalent:

0] A gs-closed set
(i) A J-closed set.

Proof The proof follows Proposition 4.4.6.,since every Tp-space is Tg-space.

Proposition 4.4.8. A topological space (Y,{) is a semi-regular space, then (Y,J)

becomes a JTg -space.

Proof Given (Y,0) is a semi-regular space. Consider a J-closed subset H of Y. By
Proposition 2.3.12.,H is gd-closed. In a semi-regular space, H is g-closed by Theorem
5.8 (Dontchev,1996).Hence (Y,0) becomes a JTg-space.

The converse of above Proposition 4.4.8. does not hold good.

Counter Example 4.4.9. Consider Y={u,v,w},{={d,Y,{u}}.Here (Y,0) represents a

JTg-space but it is not a semi-regular space because {v,w} is closed not 5-closed.
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Proposition 4.4.10. If (Y,Q) is both a JTg-space and a Ti»-space, then it becomes a
T1*-space.

Proof Consider a g*-closed subset H of Y. By Proposition 2.3.14.,H is a J-closed set. In
a JTg-space,H becomes a g-closed set.In a Ty2-space,g-closed sets coincide with closed
sets which in turn gives that H is closed.Therefore (Y,() is a Ti2*-space.

The converse of the above Proposition 4.4.10. is not true. It can be seen from the
following Counter Example.

Counter Example 4.4.11. Consider Y={u,v,w},;={d,Y,{u}}.Here (Y,0) represents a
Tup*-space(since g*-closed sets coincide with closed sets), a JTg-space but it is not a

T12-space.Since {q} is a g-closed set but not a closed set.

Remark 4.4.12. A JTg -space is independent with a aTp-space. This can be seen

from the following Counter Example.

Counter Example 4.4.13. Consider Y={u,v,w},.={d,Y,{u}}.Here (Y,0) represents a
JTg-space but it is not a oTp -space(since ag-closed sets coincide with closed sets)

because {v} is ag-closed not closed.

Counter Example 4.4.14. Consider Y={u,v,w},={¢,Y ,{u},{v}.{u,v},{u,w}}.Here
(Y,0) represents a o Th -space(since ag-closed sets coincide with closed sets), but it is not

a JTg-space. Because {u} is J-closed not g-closed.

Note 4.4.15. From the above discussions JTg-space is dependent with different
existing separation axioms in the following manner. The following figure depicts the

isolation of JTg-space with aTp-space.

semi-regular oTh Ts
/

8 4.5. JTC-space

A JTC-space is an interesting application of J-closed sets. In this section we analyse

this space with some spaces in literature.

Analysis of Some Generalized Closed Sets Using n*-Closure Operator 131



Chapter 4

Proposition 4.5.1. If (Y,{) is a JTC-space, then it becomes JTg-space.
Proof Given (Y,() is a JTC-space. Consider a J-closed subset H of Y. In a JTC-space, H

is closed. In general every closed set is g-closed. Hence the result follows.

Result 4.5.2. The converse of the above Proposition 4.5.1. is not true. It can be
shown by the following Counter Example.

Counter Example 4.5.3. Consider Y={u,v,w}{ ={¢, Y, {u}.{v,w}}.Here (Y,0)
represents JTg-space but it is not a JTC-space. Because {v} is J-closed but it is not

closed.
Proposition 4.5.4. If (Y,0) is a JTC-space, then it becomes Ty, -space.

Proof Given (Y,0) is a JTC-space. Consider a g-closed subset Hof Y. By Proposition
2.3.10.,Then H is J-closed. In JTC-space, H is closed. Therefore H is a T1-space.

Corollary 4.5.5. Each JTC-space is a To-space.

Note 4.5.6. The converse of above Proposition 4.5.4. does not hold. From the

Counter Example, we get clear idea.

Counter Example 4.5.7. Consider Y={u,v,w}¢ ={¢, Y,{u},{v}.{u,v},{u,w}}.Here
(Y,0) represents a Tip-space(since g-closed sets coincide with closed sets in this

topology) but it is not a JTC-space. Because {u,v} is J-closed but not closed.

Proposition 4.5.8. If a given space (Y,0) is a Tp-space and a JTC-space, then gs-

closed sets coincide with J-closed sets.
Proof The proof follows from the definitions of Ty, -space and JTC-space.
Proposition 4.5.9. If (Y,{) is a JTC-space, then it becomes *T1/ -space.

Proof Given (Y,0) is a JTC-space. Consider a g-closed subset H of Y. By Proposition
2.3.10.,H is J-closed.In JTC-space, H is closed. Since closed set is a g*-closed set

(Veerakumar, 2000).Therefore H is a *T12-space.

Note 4.5.10. The converse of above Proposition 4.5.9. does not hold. From the

following Counter Example, we get clear idea.
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Counter Example 4.5.11. Consider Y={u,v,w},{ ={d, Y,{u}{u,v}}.Here (Y,0
represents *Ty,-space(since g-closed sets coincide with g*-closed sets in ) but it is not a

JTC-space because {u,v} is J-closed not closed.

Proposition 4.5.12. If (Y,{) is a JTC - space, then it becomes T1,*-space.

Proof Given (Y,0) is a JTC-space. Consider a g*-closed subset H of Y. By Proposition

2.3.14., His J-closed. In JTC-space, H is closed. Therefore H is a T12*-space.

Note 4.5.13. The converse of above Proposition 4.5.12. does not hold. From the

following Counter Example, we get clear idea.

Counter Example 4.5.14. Consider Y={u,v,w},¢ ={¢, Y,{u}}.Here (Y,0) represents
T1*-space(since g*-closed sets coincide with closed sets in ¢) but it is not a JTC-space.

Because {v} is J-closed not closed.
Proposition 4.5.15. If (Y,{) is a Ts-space, then it becomes JTC-space.

Proof Consider a J-closed subset H of Y. By Proposition 2.3.12.,H is gé-closed. In a
Ts-space, H is 6-closed. Since each 6-closed set is a closed set. Therefore H is a

JTC-space.

Proposition 4.5.16. If (Y,{) is an almost weakly Hausdorff space, then it becomes

JTC - space.

Proof Consider a J-closed subset H of Y. By Proposition 2.3.12.,H is gé-closed. In an
almost weakly Hausdorff space, each goé-closed set is a closed set (Theorem
5.1(Dontchev,2000)) which gives H is closed. Therefore H is a JTC-space.

Corollary 4.5.17. In an almost weakly Hausdorff space (Y,{), the following
statements are equivalent. (i) (Y,) is JTC-space. (ii) (Y,{) is gdTJ-space.

Proposition 4.5.18. In a gsTsg+-Space, every gs-closed set is a J-closed set.

Proof In a ¢sTse*-Space, gs-closed sets coincide with dg*-closed sets (Sudha,2014).By
Proposition 2.3.6.,every dg*-closed set is a J-closed set. Hence every gs-closed set is a

J-closed set.
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Counter Example 4.5.19. Consider Y={u,v,w},¢ ={¢, Y,{u,v}}.Here (Y,0) is a
gs I sgr-space. But JC(Y,0) = P(Y) and gsC(Y,0) = ={¢, Y ,{u,w} {w} {v,w}}.

Remark 4.5.20. Tg-space is independent with JTC-space. This can be seen from

the following Counter Examples.

Counter Example 4.5.21. Consider Y={u,v,w},¢ ={¢, Y ,{u},{v}.{u,v}}.Here (Y,0
represents a JTC-space, but not a Tq -space (since gs-closed sets coincide with g-closed

sets in this topology). But {u} is a gs-closed set but not a g-closed set.

Counter Example 4.5.22. Consider Y={u,v,w},¢ ={¢, Y {u},{v}.{uv}.{uw}}.Here
(Y,0) represents a Tg-space(since gs-closed sets coincide with g-closed sets in this

topology) but it is not a JTC-space. Because {u} is J-closed not closed.

Remark 4.5.23. Tp-space is independent with JTC-space. This can be seen from

the following Counter Examples.

Counter Example 4.5.24. Consider Y={u,v,w},¢ ={¢, Y,{u},{u,v}{uw}}.Here (Y,0
represents a Tp -space (since gs-closed sets coincide with closed sets in this topology), but

not a JTC-space. But {u} is a J-closed set but not a closed set.

Counter Example 4.5.25. Consider Y={u,v,w},¢ ={¢, Y ,{u},{v},{u,v}}.Here (Y,0)
represents a JTC-space but it is not a Ty, -space(since gs-closed sets coincide with closed

sets in this topology). Because {v} is gs-closed not closed.

Theorem 4.5.26. Let (Y,{) be a topological space. Then the following conditions are

equivalent.

(@) (Y,Q) isa JTC-space.

b) Every singleton set is either open or n*-closed in (Y,J).
y sing

Proof (a) = (b) By Theorem 2.3.90.,every singleton set is either n*-closed or J-open in
(Y,0).1f {x} is n*-closed, then (b) holds. If not, {x} is J-open. In a JTC-space is open i.e.

{x} is open.

(b) = (a) Let D Y be J-closed. Let yeCI(D). We consider the following two cases:
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Case (i) Let {y} be an open set. Since yeCI(D), then {y}nD # o, since {y} is a
neighbourhood of y as {y} is open. This gives that yeD, CI(D)cD, D = CI(D). Hence D

is closed.

Case (ii) Let {y} be n*-closed. Suppose y¢D, ye CI(D) — D. By Theorem 2.3.55,,
CI(D) — D does not contain a non-empty n*-closed set. Therefore it is a contradiction.
Hence yeD. Hence D = CI(D) which implies every J-closed set is closed. Hence (Y,Q) is

JTC-space.

Note 4.5.27. The following picture gives the relations of JTC-space with other

spaces.
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8 4.6. JTdg*-space

This is an important tool to examine the properties, dependence and independence

of JTdg*-space with other new defined spaces and existing spaces.

Proposition 4.6.1. If (Y,{) is a JTég*-space, then it becomes a JTdg-space and a
JTg-space respectively.

Proof Consider a J-closed subset H of Y. In a JTég*-space, H is dg*-closed.By
Proposition 2.2.4. and Proposition 2.2.6 (Sudha,2014),H is dg-closed and g-closed
respectively.We get the proof.

The converse of the above Proposition 4.6.1. does not hold good.
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Counter Example 4.6.2. Consider Y={u,v,w},¢ ={¢,Y,{u}}.Here (Y,0) represents a
JTdg-space and a JTg-space but not a JTog*-space.Since {u,v} is a J-closed set but not a

dg*-closed set.
Proposition 4.6.3. When a space is JTog* and s¢+Ts,then it is a Tz -space.

Proof In a JTdg*-space,J-closed sets coincide with dg*-closed sets. In a sg+Ts-Space,
dg*-closed sets coincide with &-closed sets.Hence (Y,0) is JT4.By Proposition 4.3.9.,
(Y,0) is a Tz -space.

Counter Example 4.6.4. Consider Y={u,v,w,x},¢ ={¢,Y,{u}.{v}, {uv}{u,v,w},
{u,v,x}}.Here (Y,0) represents a Tz -space(since dg-closed sets coincide with 6-closed

sets) but not JTdg* and 5.+ Ts (Since dg*-closed sets coincide with 6-closed sets).
Proposition 4.6.5. If (Y,{) is a JTég*-space, then it becomes a *T1.-space.

Proof Consider a g-closed subset H of Y. By Proposition 2.3.10.,H is J-closed.In a
JTdg*-space, H is dg*-closed. By Proposition 2.2.9. (Sudha,2014),H is g*-closed.Hence

we get the proof.

Counter Example 4.6.6. Consider Y={u,v,w},={¢,Y .{u}.{u,v}}.Here (Y,0) represents
a *T1p-space(since g-closed sets coincide with g*-closed sets in this topology), but not a

JTdg*-space. Since {v} is a J-closed set but not a dg*-closed set.

Proposition 4.6.7. If (Y,Q) is both a Tg-space and a JTég*-space, then the following

closed sets are equivalent:

0] A gs-closed set
(i) A J-closed set
@iii)) A d8g*-closed set.

Proof (i) = (ii) In a Tqg-space,gs-closed sets coincide with g-closed sets.By Proposition
2.3.10.,g-closed sets is a J-closed set. (ii) = (iii) In a JTég*-space,J-closed set is a
dg*-closed set.Hence (ii) = (iii). (iii) = (i) By Proposition 2.2.11 (Sudha,2014).

Proposition 4.6.8. If (Y,Q) is both a Tp-space and a JTég*-space, then the following

closed sets are equivalent:
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0] A gs-closed set
(i) A J-closed set
(i) A dg*-closed set.

Proof Same as the above Proof from the fact that every closed is J-closed (by
Proposition 2.3.2.) and by Proposition 2.2.11(Sudha,2014).

Proposition 4.6.9. If (Y,{) is both a Tc-space and a JTag*-space, then the following

closed sets are equivalent:

Q) A gs-closed set
(i) A J-closed set
(i) A dg*-closed set.

Proof Same as the proof of Proposition 4.6.7. from the fact that every g*-closed is
J-closed (by Proposition 2.3.14.) and from Proposition 2.2.11(Sudha,2014).

Another way of characterization of a JTag*-space is given below:
Remark 4.6.10. From the above Propositions 4.6.7. to 4.6.9.,

0] If a space (V,{) is both a Tg-space and a JTég*-space,then (Y,Q) is a
gs | 5g* -SPAace.

(i) If a space (V,{) is both a Tp-space and a JTég*-space,then (Y,Q) is a
gs | 5g* -SPAace.

(i) If a space (Y,0) is both a T¢-space and a JTég*-space,then (Y,Q) is a

gs | 5g* -SPAace.
Proposition 4.6.11. If (Y,Q) is a Ts-space, then it becomes a JTdg*-space.

Proof Consider a J-closed subset Hof Y. By Proposition 2.3.12.,H is a gd-closed set. In a
Ts-space,H is 6-closed.By Proposition 2.2.2 (Sudha,2014), H is a 6g*-closed set.

The converse of the above Proposition 4.6.11. is not hold good.

Counter Example 4.6.12. Consider Y={u,v,w,x},¢ ={¢,Y ,{u,v},{w},{u,v,w}}.Here
(Y,0) represents a JTog*-space, but not a Ts -space (since gd-closed sets coincide with

d-closed sets in this topology). But {u,x} is a gd-closed set but not a 5-closed set.
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Remark 4.6.13. A JTég*-space is independent with a Ti-space. This can be seen

from the following Counter Examples.

Counter Example 4.6.14. Consider Y={u,v,w},¢ ={¢, Y,{u},{u,v}{uw}}.Here (Y,0)
represents a Tip-space(since g-closed sets coincide with closed sets), but not a

JTdg*-space,because {u,v} is a J-closed set but not a dg*-closed set.

Counter Example 4.6.15. Consider Y={u,v,w,x},¢ ={¢, Y ,{w}{u,v}{u,v,w}}.Here
(Y,0) represents a JTog*-space but it is not a T12-space(since g-closed sets coincide with

closed sets),because {u,x} is g-closed not closed.

Remark 4.6.16. A JTag*-space is independent with a Tss-space. This can be seen

from the following Counter Examples.

Counter Example 4.6.17. Consider Y={u,v,w,x},¢ ={¢, Y {u}{v}.{uv}{uv,w},
{u,v,x}}.Here (Y,0) represents a Taus-space(since dg-closed sets coincide with &-closed

sets), but not a JTog*-space, because {u,v,x} is a J-closed set but not a dg*-closed set.

Counter Example 4.6.18. Consider Y={u,v,w,x},{ ={¢, Y {w}{u,v},{u,v,w}}.Here
(Y,0) represents a JTog*-space but it is not a Tzs-space(since 6g-closed sets coincide with

d-closed sets),because {v,w,x} is 6g-closed not 6-closed.

Note 4.6.19. The following picture gives the relations of JTég*-space with other

spaces.
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8 4.7. JTog-space

Proposition 4.7.1. If (Y,{) is a JTdg-space, then it becomes JTg-space.
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Proof Let (Y,0) be a JTdg-space. Let D be a J-closed set. In a JTg-space, every J-closed
set is a dg-closed set. Then D is a 6g-closed set and hence by Theorem 3.1(iii)
(Dontchev,1996),Dis a g-closed set. Thus (Y,0) is a JTg-space.

Proposition 4.7.2. 1f (Y,Q) is a Ts-space, then it becomes JTdg-space.

Proof Let (Y,0) be a Ts-space. Let D be a J-closed set. In a Ts-space, every go-closed
set is a o-closed set. By Proposition 2.3.12.,.D is a goé-closed set.Hence d-closed.By
Theorem 3.1(i) (Dontchev,1996),D is 6g-closed.Thus (Y,0) is a JTog-space.

Note 4.7.3. The converse of above Proposition 4.7.2. is not true. It can be seen from

the following.

Counter Example 4.7.4. Consider Y={u,v,w},¢ ={¢, Y,{u}}.Here (Y,0) is a JTdg-space
but not a Ts-space(since go-closed sets coincide with §-closed sets).Since gdC(Y,{) =
P(Y) # 8C(Y,Q) is a trivial topology.

Proposition 4.7.5. If (Y,{) is a JTég and a Tp-space, then it becomes a JTC-space.
Proof Consider a J-closed subset H in (Y,{).In a JTdg-space,J-closed sets coincide with
dg-closed sets which implies H is dg-closed.By Theorem 3.1(iii) (Dontchev,1996), a

dg-closed set is a gs-closed set. Therefore H is gs-closed. In a Ty-space, every gs-closed

set is closed which gives H is closed. Hence (Y,) is a JTC-space.
The converse of the above Proposition 4.7.5. is not true.

Counter Example 4.7.6. Consider Y={u,v,w},¢ ={¢, Y ,{u},{v}.{u,v}}.Here (Y,0)
represents a JTC-space and a JTdg-space but it is not a Tp-space(Since every gs-closed

set is closed),because {p} is gs-closed not closed in (Y,0).
Another way of characterization of JTC-space is given below.
Proposition 4.7.7. If (Y,0) is a JTég and a Ti-space, then it becomes a JTC-space.

Proof Consider a J-closed subset H in (Y,0).In a JTdg-space,J-closed sets coincide with
dg-closed sets which implies H is dg-closed.By Theorem 3.1(ii) (Dontchev,1996), a
dg-closed set is a g-closed set. Therefore H is g-closed. In a Ti-space, every g-closed set

is closed which gives H is closed. Hence (Y,0) is a JTC-space.
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Proposition 4.7.8. If (Y,{) is JTog and Tq4-space, then it becomes JTg-space.

Proof Consider a J-closed set in (Y,0).In a JTdg-space,J-closed sets coincide with
dg-closed sets. In general a dg-closed set is a gs-closed set. In a Tq-space, every gs-closed

set is g-closed. Hence (,Q) is a JTg-space.

Proposition 4.7.9. If (Y,0) is a JTog-space and a Ts-space, then it becomes a
g6 TJ-space.

Proof Consider a go-closed set H in (Y,0).In a Ts-space, gé-closed set H is a d-closed
set.By Proposition 2.3.4., 6-closed set H is a J-closed set.In a JTdg-space,J-closed sets H
coincide with og-closed sets.By Proposition 2.3.8.,H is J-closed.Hence (Y,0) is a

gdTJ-space.
The converse of above Proposition 4.7.9. is not true.

Counter Example 4.7.10. Consider Y={u,v,w,x},¢={¢,Y ,{u},{v}.{uv}, {uv,w},
{u,v,x}}.Here (Y,0) represents a goTJ-space but it is not a JTog-space and a Ts-Space
(since goé-closed sets coincide with &-closed sets) because {u,v,w} is J-closed not

dg-closed and go-closed but not d-closed.

Proposition 4.7.11. If (Y,Q) is both a Tg-space and a JT&g-space, then the following

closed sets are equivalent:

0] A gs-closed set
(i) A J-closed set
(i) A dg-closed set.

Proof (i) = (ii) In a Tqg-space,gs-closed sets coincide with g-closed sets.By Proposition
2.3.10.,g-closed sets is a J-closed set. (ii) = (iii) In a JTdg-space,J-closed set is a
dg-closed set. (iii) = (i) By Theorem 3.1(iii) (Sudha,2014).

Proposition 4.7.12. If (Y,{) is both a Tp-space and a JTdg-space, then the following

closed sets are equivalent:

0] A gs-closed set
(i) A J-closed set
(iii)) A dg-closed set.
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Proof Same as the above Proof from the fact that every closed is J-closed (by

Proposition 2.3.2.).

Proposition 4.7.13. If (Y,0) is a Tc and JTag-space, then the following implications

are equivalent.

() A gs-closed set
(i) A J-closed set
(i) A dg-closed set.

Proof (i) =(ii) In a general a Tc-space,every gs-closed set is a g*-closed set.By
Proposition 2.3.14.,every g*-closed sets is a J-closed set. (ii) =(iii) Now in a
JTdg-space, J-closed set is a og-closed set.Hence the result. (iii) = (i) By Theorem
3.1(iii) (Sudha,2014).

Result 4.7.14. JTég-space is independent with Ti, and Taus-space.Next Counter
Example shows it.

Counter Example 4.7.15. Consider Y={u,v,w},¢ ={¢, Y,{u}}.Here (Y,0) represents
JTdg-space but it is not a Ti-Space(since g-closed sets coincide with closed sets) and
Tas-space(since dg-closed sets coincide with d-closed sets). Because {v} is g-closed not

closed and dg-closed but not 6-closed also.

Counter Example 4.7.16. Consider Y={u,v,w},¢ ={¢, Y ,{u},{u,v}.{uw}}.Here (Y,0)
represents a Ti2- space(since g-closed sets coincide with closed sets) but it is not a

JTdg -space. Because {v} is J-closed not 6g-closed.

Counter Example 4.7.17. Consider Y={u,v,w,x},2 ={¢, Y. {u},{v}.{u,v}.{u,v,w},
{u,v,x}}.Here (Y,0) represents a Taus-space(since dg-closed sets coincide with &-closed

sets) but it is not a JTog- space. Because {u,v,w} is J-closed but not 6g-closed.

Remark 4.7.18. JTég-space is independent with *Ty.-space from the following
Counter Examples.

Counter Example 4.7.19. Consider Y={u,v,w},{ ={¢, Y,{u},{u,v}}.Here (Y.,0)
represents *Typ-space in which g-closed sets coincide with g*-closed sets but it is not

JTdg. Because {Vv} is J-closed not dg-closed.
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Counter Example 4.7.20. Consider Y={u,v,w}( ={¢, Y,{u}.{v.w}}.Here (Y,0)
represents JTog-space but it is not *Ti,- space (since g-closed sets coincide with
g*-closed sets). Because {w} is g-closed not g*-closed.

Remark 4.7.21. JTég-space is independent with Tio*-space from the following
Counter Examples.

Counter Example 4.7.22. Consider Y={u,v,w},C ={¢, Y, {u},{v}.{u,v}{uw}}.Here
(Y,0) represents T1*-space (since g*-closed sets coincide with closed sets) but it is not a

JTdg -space. Because {u} is J-closed not 6g-closed.

Counter Example 4.7.23. Consider Y={u,v,w,x},{ ={¢, Y,{u,v}}.Here (Y,0) represents
a JTog-space but it is not a Ti*-space(since g*-closed sets coincide with closed sets).

Because {u,w,x} is g*-closed not closed.

Remark 4.7.24. JTog-space is independent with gdTJ-space from the following
Counter Examples.

Counter Example 4.7.25. Consider Y={u,v,w}C ={¢, Y,{u}}.Here (Y,0) represents a
JTdg-space but it is not a gdTJ-space. Because {u} is gé-closed not J-closed.

Counter Example 4.7.26. Consider Y={u,v,w},. ={¢, Y ,{u,v}}.Here (Y,0) represents a
goTJ-space but it is not a JTog-space. Because {u,w,x} is J-closed not g-closed.

Note 4.7.27. The following picture gives the relations of JTég-space with other

spaces.
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4.8. goTJ-space

Proposition 4.8.1. A topological space (Y,{) is a goTJ-space and a JTC-space, then

(Y,Q) becomes a T12 - space.
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Proof Given (Y,{) is goTJ and JTC-space. Consider a g-closed subset H of Y. By
Theorem 3.2 (Dontchev,2000),H is goé-closed. Hence in a géTJ-space, H is J-closed. Also

it is JTC-space and therefore H is closed. Hence (Y,{) becomes a T12-Space.
The converse of above Proposition 4.8.1. does not hold good.

Counter Example 4.8.2. Consider Y={u,v,w},={¢,Y ,{u},{v}.{u,v},{u,w}}.Here (Y,0)
represents a Tip-space and a géTJ-space but it is not a JTC-space because {u,v} is

J-closed not closed.

Proposition 4.8.3. A topological space (Y,{) is a JTd-space and a gdTJ-space, then

(Y,¢) becomes a Tz - space.

Proof Given (Y,0) is g6TJ and JTé-space. Consider a dg-closed subset H of Y. By
Corollary 3.3 of (Dontchev,2000),H is goé-closed. Hence in a goTJ-space, H is
J-closed. Also it is JTo-space and therefore H is 4-closed. Hence (Y,0) becomes a

T2 - space.
The converse of above Proposition 4.8.3. does not hold good.

Counter Example 4.8.4. Consider Y={u,v,w,x},.={¢,Y . {u},{v}.{u,v}, {u,v,w},
{u,v,x}}.Here (Y,0) represents a Tzus-space(since dg-closed sets coincide with &-closed

sets) and a gdTJ-space but it is not a JTé-space because {u,v,w} is J-closed not &-closed.
Proposition 4.8.5. If (Y,Q) is a semi-regular space, then it becomes a géTJ-space.

Proof Consider a gd-closed subset H in (Y,0).In a semi-regular space,each go-closed set
is g-closed by Theorem 5.8 of (Dontchev,2000).By Proposition 2.3.10.,H is J-closed.
Hence (Y,{) is a gdTJ-space.

The converse of above Proposition 4.8.5. does not hold good.

Counter Example 4.8.6. Consider Y={u,v,w},¢={¢,Y,{u,v}}.Here (Y,0) represents a
gdTJ-space but it is not a semi-regular space (since closed sets coincide with &-closed

sets)because {w} is closed but not 5-closed.

Proposition 4.8.7. If (Y,{) is a Ts-space, then it becomes a géTJ-space.
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Proof Consider a go-closed subset H in (Y,0).In a Ts-space, go-closed sets coincide with
d-closed sets which implies H is 8-closed. By Proposition 2.3.4.,H is J-closed. Hence
(Y,0) is a goTJ-space.

The converse of above Proposition 4.8.7. is not true.
Counter Example 4.8.8. Consider Y={u,v,w},¢={¢,Y,{u,v}}.Here (Y,0) represents a
goTJ-space but it is not a Ts-space(since goé-closed sets coincide with o-closed sets)

because {u,w} is go-closed not 3-closed.
Proposition 4.8.9. If (Y,Q) is a g5 T'5¢+- SpPace, then it becomes a géTJ-space.

Proof Consider a gd-closed subset H of Y. In a g5Tsex-Space,H is a 6g*-closed set.By

Proposition 2.3.6.,H is J-closed. Hence (Y,() isa goTJ-space.

Note 4.8.10. The converse of above Proposition 4.8.9. is not true. From the counter

example, we get clear idea.

Counter Example 4.8.11. Consider Y={u,v,w},¢ ={¢, Y,{u,v}}.It is a gdTJ-space but
not a g Tse*- Space(since go-closed sets coincide with dg*-closed sets),because {v} is

go-closed not 6g*-closed.

Remark 4.8.12. gdTJ-space is independent with semi-T1-space from the following

Counter Example.

Counter Example 4.8.13. Consider Y={u,v,w},2 ={¢, Y,{u,v}}.Here sgC(Y,))={¢,
Y. {w}{uw}{vw}}. and sC(Y,0) = {¢,Y {w}}. It is a gdTJ-space, but it is not a
semi-Ty-space (Since every sg-closed sets coincide with semi-closed sets).Since {u,w}

is sg-closed but not semi-closed.

Counter Example 4.8.14. Consider Y={u,v,w},¢ ={¢, Y,{u},{u,v}}. Here (Y.,0)
represents semi-T1-space (Since every sg-closed sets coincide with semi-closed sets) but

itisnota goTJ-space. Because {u} is go-closed not J-closed.

Remark 4.8.15. gdTJ-space is independent with Tg-space from the following

Counter Example.
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Counter Example 4.8.16. Consider Y={u,v,w},¢ ={d, Y,{u}}.Here goC(Y,0)=P(Y) and
JC(Y,0) = gsC(Y,0) = gC(Y,0) = P(Y)—{u}. Itis a Tq-space(since gs-closed sets coincide
with g-closed sets), but it is not a goTJ-space. Since {u} is go-closed but not J-closed.

Counter Example  4.8.17. Consider Y={u,v,w}¢ ={¢,Y,{u},{v}.{u,v}}.Here

gdC(Y,0)=JC(Y, ) ={¢,Y {w}.{uw},{v.w}} = gC(Y,0) and gsC(Y,3) = P(Y)—{u,v}.Itis
a gdTJ-space, but it is not a Tq -space(since gs-closed sets coincide with g-closed sets).

Since {v} is gs-closed but not g-closed.

Note 4.8.18. The following picture gives the relations of géTJ-space with other

spaces.
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