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CHAPTER IV

LINEAR OPERATORS PRESERVING TERM RANK AND
ZERO TERM RANK OF MATRICES OVER SEMIRINGS

Notation : 4.1

The arithmetic properties of term rank and zero-term rank which are
already defined in chapter II are restricted by the following list of inequalities:

(1) t(A+B) < t(A)+t(B) ;

(2) t(A+B) > max{t(A),t(B)} ;

(3) t(AB) < min{c(A),r(B)} ;

(4) t(AB) > t(A)+t(B)-n;

(5) if S is a subsemiring of the semiring of nonnegative reals, R, , then

p(AB) + p(BC) < t(ABC) + ¢(B) ;

(6) z(A+B) > 0;

(7) z(A+B) < min{z(A),z(B) ;

(8) z(AB) > 0;

(9) z(AB) < z(A)+z(B) .

In order to denote the sets of matrices that arise as extremal cases in the

inequalities listed above, the following notations are used :

Ti(S)={(X,Y) € Myun(8)” | t(X+Y)=t(X)+(Y)};

To(S)={(X,Y) € Mpa(8)’ | t(X+Y)=max(t(X).t(Y))} };

T3(S)={(X,Y)€ Mno(S) [t(XY)=min{r(X),c(Y)}};

T4(S)={(X.Y)e My(S)" [t(XY)=t(X)+t(Y)-n};

T5(S)={(X,Y,Z) € Mn(S)’ | XY Z)+1(Y)=p(XY)+ p(YZ)};

Zi(S)={(X.Y) € Mpn(8)* | «(X+Y)=min{z(X),z(Y)}};
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Zy(S)={(X,Y) e M,,x(S)* | z(X+Y)=0};
Zy(S)={(X,Y) € Mu(S)* | 2(XY)=0};
Zy(S)={(X,Y) e Muu(S)* 1 2(XY)=2(X)+2(Y)}.

Linear operators of special types that preserve T,

Theorem :4.2

Let S be an antinegative semiring without zero divisors and
T : Mpn(S) > M, ,(S) be a surjective linear map. Then T preserves the set T (S)
if and only if T is a (P,Q,B)-operator, where P and Q are permutation matrices of
appropriate sizes and elements b; ;e Z(S) are all units.

Proof :

It is straight forward to see that all (P,Q,B)-operators preserve the term renk.
Thus they preserve the set T(S).

By Theorem 3.9 we have T(E;;)=b;;E; for all i,j, ] <i<m, 1<j<n, where
bije Z(S) are all units and ¢ is a permutation on the set of pairs (i,j).

Let us show that T maps lines to lines. Suppose that the images of two cells
are in the same line, but the cells are not, say E;; and Ey are the cells such that
t(Ei;t Ew)=2 and (T(Ej;+ Ey))=1l. Then (Ejj+ Eyx)e Ti(S) but
(T(Ei),T(Ex,1)) 2 T1(S), which is a contradiction. Thus T maps lines to lines. Thus,
by Theorem 3.12, T is a (P,Q,B)-operator, where P and Q are permutation matrices

of appropriate sizes and elements b;je Z(S) are all units.

Theorem : 4.3

Let S be a finite antinegative semiring or a chain semiring. A linear operator
T : Mpa(S)—> Mpa(S) strongly preserves the set T(S) if and only if T is a
(P,Q,B)-operator, where P and Q are permutation matrices of appropriate sizes and

elements b; ;e Z(S) are not zero divisors for all ij.
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Proof :

If b;; are not zero divisors, then all (P,Q,B)-operators preserve the term rank
and thus they strongly preserve the set T{(S).

Suppose that T strongly preserves T (S) and S is a finite antinegative
semiring with identity 1g_or a chain semiring. Then it is straight forward to see
that there are positive integers a.lg = B.1s . It is proved in [4] that for any finite
semiring there is a power of T such that this power is idempotent. The same holds
for chain semirings. Indeed, from the multiplication and addition rules in chain
semirings it follows that entries of each power of a given matrix A are contained
in the set of entries of A, where A is the matrix representation of T. Thus only a
finite set of different matrices can be obtained by considering the powers of the
matrix A. Hence, there are integers m and n such that A™ =A™" . Thus A™ =A™
Hence a power of any linear operator on a chain semiring is idempotent. In both
cases we denote L=T® and L?=L. One can easily check that L strongly preserves
T (S).

Note that if Xe M, 4(S) and (X,X)e T,(S), then necessarily X=0O. Thus, if
X# 0O, then L(X) # O since L strongly preserves T (S).

Suppose that there exists i, 1 <i<m, such that L(R;) is not dominated by R;.
Then there is a pair of indices (r,s) such that E,s is not dominated by R; and
L(Rj)2E,;. Then (R,E;s)e T;(S) and L(R;)=aE, ;+X; here x, 0.

Now,

L(BRi+(a-B)aErs) = L(BR)FL((a-B)oErs)
= L’(BR)+L((¢-B)aExs)
= L(PLR))*+L((a-B)aErs)
= L(P(aErs+PX))+L((a-P)aE)
= L(BaE.s+BX)+L((a-B)aEs)
= L(BX)+L(PaE,s)+L((a-B)aE,y)
= L(BX)+L(BaE,s+(a-P)aE,;)
= L(BX)+L(aaE,y)
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= L(aX)+L(aaE,y)
= L(u(X+aE,y))
= L(aL(Ry)
= L’(oRy)
= L(aRy
= L(BRy.
Now,
(BRi,(0-B)aEr,) e Ty(S),
but
L(BR)+L((0o-B)aErs)= L(BRi+(a-P)aE.s)=L(BR;)
and hence
(L(BRy),L((a-B)aE,s)) & T (S), which is a contradiction.
We have established that L(R;)<R; for all i. Similarly, L(C;)<C; for all j. By
considering the matrix E;j, which is dominated by both R; and C;, we have

L(Ei;)<E;;. Since S is antinegative, we that T also maps a cell to a multiple of a

cell, or 'T(E,’ ; )l =1 for all i,j, and T(J) has all nonzero entries.

Thus, T induces a permutation o on the set of subscripts
51 i ) Ry 152 ) B S— .n}, i.e., T(E;;j)=bi;EqGj) for some scalars b;;.
By repeating the arguments used in the proof of Theorem 4.2, one can

obtains that T is a (P,Q,B)-operator.
Linear operators of special types that preserve T,

Theorem : 4.4

Let S be an antinegative semiring without zero divisors and
T : Mpa(S) > M, 4(S) be a linear surjective map. Then T preserves the set Tx(S)
if and only if T is a (P,Q,B)-operator, where P and Q are permutation matrices of

appropriate sizes and elements b;je Z(S) are all units.
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Proof :

By Theorem 3.9 we have that T is bijective and T(E; 5) = bijEqq; for all ij,
1 <i<m, 1<j<n, where b;;eZ(S) are all units and c is a permutation on the set
of pairs (i,).

Suppose that the images of two cells are not in the same line, but the cells
are in the same line, say E;jand E; are the cells such that T(E; i)» T(E;)) are not in
the same line, ie., t (T(Ej; + E;jj))) = 2. Then (E;; . Ei)) ¢ Ta(S), which is a
contradiction. Thus T™' maps lines to lines, By Theorem 3.12, it follows that T is
a (P,Q,B)-operator, where P and Q are permutation matrices of appropriate sizes
and elements b; ;e Z(S) are all units. Hence, T is also of this type.

All (P,Q,B)-operators preserve the term rank. Thus they preserve the set
Ty(S).

Linear operators of special types that preserve T;

Theorem : 4.5

Let S be an antinegative semiring without zero divisors and
T : Mn(S) > M,(S) be a linear surjective map. Then T preserves the set T3(S) if
and only if T is a nontransposing (P,P',B)-operator, where P is a permutation
matrix, B = (b;;), and b;;e Z(S) are all units.
Proof :

It is easy to see that all nontransposing (P,P',B)-operators preserve
t(A),c(A) and r(A), and therefore, since S is antinegative, preserve the set T5(S).

By Theorem 3.9 one has T(E;;)=b;E in this case.

Let us show that T transforms lines to lines. For all k one has
(Eij.Ejx) e Ts(S), since

t(Ei;E; 1 )=t(Ei )=1=min{r(E;j),c(E;x)} .

Thus t(T(E;;))T(E;x))=min{ r(T(E;;)),c(T(Ejx))}=1, since T transforms cells to

cells.
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But T(E; ;) T(E;1)=bi bjxEs(j)Es(k)» SO that Egy is in the same row as Eq )
for every k, i.e., T maps rows to rows. Similarly T maps columns to columns, i.e.,
T(X)= P(X-B)Q for some permutation matrices P and Q.

Therefore, T(E;;)=b;;Eq.), Where o is the permutation corresponding to
P and t is the permutation corresponding to Q' . But (E1Ei1)e Ts(S). Thus
(Es()Esq)zay) € T3(S), and hence 6=1, i.e., Q=P'.

Linear operators of special types that preserve T,

Lemma : 4.6
Let S be an arbitrary semiring and the linear transformation
T : My(S) > M, (S) preserve the set T4(S). Then T preserves the set of matrices

with term rank n.

Lemma : 4.7

Let S be an antinegative semiring without zero divisors and
T : Mina(S) > M a(S) be a surjective linear transformation. Then T preserves the
set of matrices with term rank n if and only if T is a (P,Q,B)-operator, where P and
Q are permutation matrices of appropriate sizes and elements b;;e Z(S) are all

units.

Theorem : 4.8

Let S be an antinegative semiring without zero divisors and
T : My(S)—> M,(S) be a surjective linear operator. Then T preserves the set T,(S)
if and only if T is a nontransposing (P,P',B)-operator, where P is a permutation
matrix, B=(b;;), and b; je Z(S) are all units.
Proof :

Let us prove that transformations of the required type preserve the set

T4(S). It is easy to see that all (P,Q,B)-operators preserve the term rank. Thus the
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right-hand side of the equality determining T4(S) does not change by applying T
and it remains to check that t(XY)=t(P(XB)P'P(Y-B)P").

But t(P(XoB)P' P(YB)P' )= t((XB)(Y+B))=t(XY), since S is an antinegative
semiring and all elements of B are units.

In order to prove that linear preservers of the set Ty((S) are (P,Q,B)-
operators, we remark that by Lemma 4.6 T preserves the set of term-rank n
matrices. Thus by applying Lemma 4.7 we obtain that T is a (P,Q,B)-operator,
bije Z(S) are all units.

Let us show that the transformation T(X)= P(XoB)' Q does not preserve
the set T4(S). Indeed, since similarity preserves T4(S), we may consider the
transformation Ty (X)= P' P(XoB)' QP=(XoB)'D, where D=QP is a permutation
matrix. Let C=(cj;) and c¢;;=(b; J'l) for all i,j. Then for i#j we have
(U=((D')'E; $°C, V=I\ E;;)e T«(S), since t(E;;((I\ E;;) o BYD)=t(E;;)=1#0.

It remains to prove that PQ=I. Let us assume that a (P,Q,B)-operator
preserves the set T4(S). Then t(XY)=t(X-B)QP(Y o B)) for all pairs (X,Y)e T4(S).
The matrix QP is a permutation matrix as a product of two permutation matrices.

Assume that QP permutes the ith and jth columns of X. Let X=E;; and Y=ZE e

i
Then t(X)=1, t(Y)=n-1, and t(XY)=t(0)=0=t(X)+t(Y)-n, i.e., (X,Y) e T4(S). On the
other hand, (X oB)QP=b; ;E;;. Thus, (X°B)QP(Y - B)=b;;b;;E;;# O.

Hence, (P(X.B)Q,P(Y-B)Q)g¢ T4(S). This contradiction concludes the
proof.

Linear operators of special types that preserve T;
Lemma :4.9
Let S be a subsemiring of R, and T : M(S) > M,(S) be a linear surjective

map. If T preserves the set Ts(S), then T has the form T(X)=PDXEP", where P is a

permutation matrix and D and E are invertible diagonal matrices in M(S).
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Lemma : 4.10
If S is any antinegative semiring, A,B are conformal matrices over S, and

D is a diagonal matrix whose diagonal has no zero divisors, then t(ADB)=t(AB).

Theorem : 4.11

Let S be a subsemiring of R, ,n>4, and T : M (S)—> M,(S) be a linear
surjective map. If T preserves the set Ts(S) if and only if T has the form
T(X)=PDXEP', where P is a permutation matrix and D and E are invertible
diagonal matrices in M,(S) such that ED=KI for some nonzero ke S.
Proof :

Suppose that T is a surjective linear operator that preserves Ts(S).
By Lemma 4.9, T(X)=PDXEP', where P is a permutation matrix and D and E are
invertible diagonal matrices in M,(S). We only need to show that ED=kI. We
denote DE=diag{fi.f,,......... f2}. Suppose that ED#kI for any keS, so that
f;# f;;; for some i. By permuting the ith row / column to the first and the (i+1)™ to
the second, we may assume without loss of generality that

ED=diag{d,,d,......... ,dn} and d, #d,.

Let
11 1 M
— =
1 0 1
d d d
OZ,n-3 d_l d—l d_] O4,n 3
X = 0 1 1 and Y = 2 2 2
0 0 1
Oy Ouiin

L o 2 On-4.3 On-4.n-3
N _
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Now,

2 4 4 0,3
xy=xvi=| %1 43 43

d, d, d,

0;1—2,3 0n—2,n—3

so that t(XYD) = 2, «(Y) = 3, pXY) = 2, and pXYI) = 3,
whence t(XYI) + t(Y) = p(XY) + p(YI). Thus, (X,Y,I)e T5(S). We see that
t(T(X)T(Y)T()) + ((T(Y)) = t(PD(XEDY)EDEP") + t(PDYEP")
=t(XEDY) + t(Y) = t(XY) + t(Y)
= 2+3 = 5 in view of lemma 4.10 and the fact
that multiplication with permutation and invertible diagonal matrices on both sides

does not change the term rank. Now,

[ d d d, 1
d d d 0,
EDY=|d, 3d, 3d,
0 0 d,
_On—4,3 O, 403 y

d+d, d+3d, d+3d, O,,,
and XEDY=|\d,+d, d +3d, d,+3d,
O 2.3 On—4,n—3

n-2,

Then p(T(X)T(Y)) + p(T(Y)T(D)

= p(PD(XEDY)EP") + p(PDYEDEP")

= p(XEDY) + p(YED)

= p(XEDY) + p(Y)

=1 + 3 = 4, since if p(Y) = n, then p(XY) = p(YX) = p(X).
This implies that t(TX)TYTO)+H(T(Y)) = p(TX)TY)+p(T(Y)T(I)).
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That is, (T(X),T(Y),T(I))¢ Ts(S), which is a contradiction. Thus, ED=kI for some
nonzero ke S.

It is easily checked that if T(X) = PDXEP', where P is a permutation matrix
and D and E are invertible diagonal matrices in M,(S) such that ED = kI for some

nonzero ke S, then T preserves Ts(S).
Linear operators of special types that preserve Z,

Theorem : 4.12

Let S be an antinegative semiring without zero divisors and
T : Mpn(S)—> M, (S) be a linear surjective map. Then T preserves the set Z;(S)
if and only if T is a (P,Q,B)-operator, where P is a permutation matrix,
B = (bi;), and b; je Z,(S) are invertible for all i and j.

Proof :

By Theorem 3.9 we have T(E;;) = b;; for all i,j, 1<j<m,1<;<n, where
bije Zy(S) are all units and o is a permutation on the set of pairs (i,j).

Let us show that T maps lines to lines. Suppose that the images of two cells
are not in the same line, but the cells are in the same line, say E;; and E; are the
cells such that T(E;;) and T(E;j) are not in the same line.

Then one has z((J\E,.J \E,, )+E,.,k)=1:z(J\E,.J \E,.,,{),
ie, (J\E, \E,.E, JeZ/(S),
while z(T(J\E \E, J+T(E,,))=1<2 =min {(T(J\E, \E,, )).2(T(E,, )},
1€ T(J\E,’j L ),T(E,,k )g Z,(S), which is a contradiction. Thus T maps lines to

lines.
By Theorem 3.12, it follows that T is a (P,Q,B)-operator where P and Q
are permutation matrices of appropriate sizes and elements b; ;e Z;(S) are all units.
It is straightforward to check that all (P,Q,B)-operators preserve zero-term

rank. Thus they preserve the set Z,(S).
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Linear operators of special types that preserve Z,

Theorem : 4.13

Let S be an antinegative semiring without zero divisors and
T : Mua(S)—> Mi,n(S) be a linear surjective map. Then T preserves the set Z,(S)
if and only if T(E;;) = bijEq; for all i,j, 1<i<m,1<j<n, where b;je Zy(S) are all
units and o is a permutation on the set of pairs (i.j).

Proof :

By Theorem 3.9 we have T(E;;) = bijEq; for all i,j, 1<i<m,1<j<n, where
bjjeZy(S) are all units and o is a permutation on the set of pairs
{(./)1<ism1<j<n},

From antinegativity it follows that if (X + Y) has no zero elements, then the
sets of zero cells in X and Y are disjoint. Thus the same holds for T(X) and T(Y)
since o is a permutation. Hence in (T(X)+T(Y)) there are no zero elements. Thus

all such transformations preserve the set Z,(S).

Linear operators of special types that preserve Z;

Theorem : 4.14

Let S be an antinegative semiring without zero divisors and
T : M(S)—> M,(S) be a linear surjective map. Then T preserves the set Z5(S) if
and only if T is a nontranspoasing (P,P',B)-operator, where P is a permutation

matrix, B = (b;;), and b;je Z(8S) are invertible for all i and J-
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Proof :

It is straightforward to check that nontransposing (P,P',B)-operators
preserve the set Zs(S).

By Theorem 3.9 we have that T is bijective and T(E;;) = b;;Eq;) for all i,j,
1<i,j<n, where b;;e Z(S) are all units and ¢ is a permutation on the set of
pairs (i,).

Let us show that T maps lines to lines. Suppose that the images of two cells
are in the same line, but the cells are not in the same line, say E;; and E;j are the
cells such that T'(E; j) and T'I(Ei,k) all not in the same line. Let us consider
A =T!(J\ R). Then there are no zero rows of A, since T is bijective on the set of
cells and not all elements of the preimage of the i row lie in one row by the
choice of i. Hence AJ does not have zero elements by the antinegativity and
z(A))=0. Thus (A,J)e Z5(S), while (T(A),T(J)) = (J \ R; , T(J)) & Z5(S), which is a
contradiction. Thus T~ maps lines to lines. Hence T maps lines to lines.

By Theorem 3.12, it follows that T is a (P,Q,B)-operator where P and Q are
permutation matrices of appropriate sizes and elements b;; Z(S) are all units.

In order to prove that the operator T(X) = (XoB)D, where D is a

permutation matrix, does not preserve Z3(S), it suffices to take the
pair of matrices A =((D“y (# )oC, where C = (c,,j ), &y =b,.,j'I , and B=R,. Then
z(ﬁ§)=z((CloC)~Rl)=0, since D is a permutation matrix. On the other hand,

1(4)=((o) ¢, }-c}B) D=k D' D=, T(B)=(R - By D=(C\o B')D.  Since

R, (C, oB' ):Zbl’, E,, has zero-term rank n, it follows that T does not preserve

i=1
Zy(S). Hence, T(X)=P(XoB) Q does not preserve Zs(S), since similarity
preserves Zs(S).

Let us now show that Q = P'. Suppose that, on the contrary, PQ=1. Then

there exist indices i and j such that PQ transforms the i column

into the j™ ~column. In this case we take the matrices
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)+ E,, and B=J\E,,. Then A B has no zero elements,
ie., z(~§)=0. However, the (1,1)™ element of T(Z)T(E) is zero, ie.,

z(T(N)T(N));t 0. This contradiction concludes the proof.

Linear operators of special types that preserve Z,

Theorem : 4.15

Let S be an antinegative semiring without zero divisors and
T : M(S)—> M,(S) be a linear surjective map. If T preserves the set Z4(S), then T
is a non transposing (P,P',B)-operator, where P is a permutation matrix, B = (b;;),
and b; ;e Z(S) are invertible for all i and ]-

Proof:

It is straightforward to check that nontransposing (P,P',B)-operators
preserve the set Zy(S).

By Theorem 3.9 we have T(E;;) = bjjEq for all i, j, 1<i,j <n, where b
are all units and o is a permutation on the set of pairs (i,)).

Let us show that T maps lines to lines. Suppose that the images of two cells
are not in the same line, but the cells are in the same line, E;; and E;y are the cells
such that T(E;;) and T(Ejx) are not in the same line. Note that
A\RW)=2(J\R)=1=1+0=2z(J\R)+z(J). Thus (J\R,,J)e Zy(S). On the
other hand, (T(J\R)T(J))eZs(S) by the arguments used in the proof of
Theorem 4.14. This contradiction shows that T maps lines to lines.

By Theorem 3.12, it follows that T is a (P,Q,B)-operator, where P and Q
are permutation matrices of appropriate sizes and elements b;je S are all units.

In order to prove that the operator 7(X)=(XoB) D, where D is a

permutation matrix, does not preserve Z4(S), it suffices to consider the pair of
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matrices 4 = ((D“)(J\R1 ))oC , where C=(c,, ), ¢, =b,",and B=J\C, Then

T(X)=P(X+B) O does not preserve Z(S), since similarity preserves Z4(S).
Suppose that Q=P'; then C,QP=C, for some j=#i. But then

2(J\C,)R)=2(0)=n=2(J\C,)+2(R,), so that (J\C,)R,)eZy(S), while

A \C)oPR)=2(J\C,)R,)=2(J)=0, so that ((J\C,)OP,R)eZ4(S). This

contradiction completes the proof.
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