CHAPTER -VI

Vertex corona product of fan graph with some Classical graphs

In this Chapter, the exact value for the b-chromatic number of vertex corona
product of star graph with fan graph, wheel graph with fan graph, fan graph with
cycle graph, fan graph with path graph, path graph with fan graph and fan graph

with double fan graph are obtained.
6.1 Introduction
Star graph [Balakrishnan, R et al., 2012]

Star graph is a special type of graph in which n—1vertices have degree 1 and
a single vertex have degree n—1. This looks like n—1vertex is connected to a single

central vertex.
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Fig 6.1: Star graph

95



6.2 The b-chromatic number of b-coloring of vertex corona

product of Fan graph with some classical graphs.

Algorithm 6.2.1: The b-coloring of vertex corona product of star graph with fan
graph

Input: The number "n" of K, oF,
Output: Assigning b -coloring to the vertices of K, oF,,.

begin

fori=1ton+1

{
V,={s};
C(s)=1;
¥

If i=1
C(fji):n+2

else

C(f.‘):k, k= 1ton

J

}
V=V, W,;
end.
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Theorem 6.2.1: For a Star graph K, and a fan graph F,  the b-chromatic number

of the corona product K, , oF,,is givenby ¢[K, oF, ]=n+2 nx3.

Proof:
LetV(K,,) = {s:1<i<n+l}and V(F,) = {f:1<i<n+1}

By the definition of corona product each vertex of K, is adjacent to every

vertex of number of copies of F, .

i.e., Every vertex s, eV (Kl,n) is adjacent to every vertex from the set
{fi:1<i<n+1 1<j<n+1}.

Assign a proper coloring to V (KLn oF,, ) by using the above algorithm.

From this coloring procedure we have that, the b — chromatic number of

corona graph of star graph K, with fan graphF,,isn+2.

ie, ¢ K,0F, ] =n+2n23.
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Algorithm 6.2.2: The b-coloring of vertex corona product of wheel graph with fan
graph

Input: The number “n" of W, oF, .
Output: Assigning b coloring to the vertices of W, OF, |
begin

for i=1ton

else
fori=1ton-1j=1
C(f/)=n+2

}

{

fori=1to N1, j= 2to N, k=1to n+1
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end.

Theorem 6.2.2: For a wheel graph W_ and a fan graph F,, the b-chromatic number

of the corona graph W, oF, , is given by ¢ [Wn 0Fl,n:| =Nn+2, nx4.
Proof:
Let V(W,)={w :1<i Sn}andV(Flyn)z{fi 1<i<n+1}

By the definition of corona product each vertex of W, is adjacent to every

vertex of number of copies of F

i.e., Every vertex w, eV (W, ) is adjacent to every vertex from the set
{fi:1<i<n, 1<j<n+1}.
Assign a proper coloring toV (W, oF, , ) by using the above algorithm.

From this coloring procedure, we have that the b— chromatic number of

corona graph of Wheel graph W, with Fan graphF,,isn+2.

ie.p [W,0F,| =n+2 nx4,
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Fig 6.3 oW, oF,;|=7,n>4

Algorithm 6.2.3: The b-chromatic number of the corona product fan graph with

cycle graph

Input: The number "n"of F_ oC,.
Output: Assigning b coloring to the vertices of F_ oC,.

begin

for i=1ton
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Vo ={wij;
C(w)=i+%
¥

{

vV, ={u};
C(u)=i+1
¥

{

C(uj‘):k, k=1to i+l
}

V =V, UV, WV, WV,;

end.

Theorem 6.2.3: For a fan graph F,, and a cycle graphC, the b-chromatic number

of the corona product F,, oC, is given by,¢[ F,,oC | = n+1 nx1.
Proof:

Let the vertex set of the fan graphbe  V (F,,) = {w}U{u,:1<i<n}
and the vertex set of the cycle graph be vV (C,)={w, :1<i<n}

By the definition of corona graph, each vertex of F  is adjacent to every

vertex of number of copies of C, .
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i.e., Every vertex u, eV (Fl‘n) is adjacent to every vertex from the set

{u/:1<i<n, 1<j<n} and weV (F,,) is adjacent to every vertex from the set

{w :1<i<n}.

Then the vertex set v (F, , oP, )is

V(F,, oP, )= WY {u :1<i<n}Y{w :1<i<n}Y{':1<i<n, 1<j<n|
Assign a proper coloring to F, , oC, by using the above algorithm.

From this coloring procedure we have that the b- chromatic number of

corona graph of Fan graph F,  with cycle graph C, is greater thann+1.
ie, o[ F,0C,|>n+1
To prove: ¢| F,,0C, |<n+1

Let us assume that (p[ F., oCn] Is greater than n+1.

ie, ¢ F,0C,|=n+2.

There must be at least n+2 vertices of degree n+1in F  oC, all with

distinct colors and each adjacent to vertices all of the other colors. But there is
only n+1vertices with the maximum degree, this is the contradiction, b- coloring

with n+2 colors is impossible.

Thus, we have ¢ F,0C, [<n+1

Hence o[ F,,0C, |=n+1.
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Fig 6.4: o[ F,0C, |= 5 n>1.

Algorithm 6.2.4: The b-chromatic number of corona product of fan graph with
path graph

Input: The number "n"of F  oP,.

Output: Assigning b coloring to the vertices of F, oP,.
begin

fori=1ton

{

v, ={u};
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C(u)=i+1

C(u‘j):s, 1<s<i+l

ki
{

V; ={wj};

C(w)=1

VvV =V,W, UV, Uv,;
end.

Theorem 6.2.4: For a fan graph F, and path graph B,, the b-chromatic number of

the corona product F, , oP, is given by, ¢7[Fl'n oPn] =n+1 nx1.
Proof:

Let the vertex set of the fan graph be V (F,, )= {w}U{u;:1<i<n}and

the vertex set of the path graph bev (P, )={w; :1<i<n}.
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By the definition of corona product each vertex of F, is adjacent to every

vertex of number of copies of P,.

l.e., every vertex u, €V (Fl,n) is adjacent to every vertex from the set

{u'j:1<i<n, 1<j<n| and weV (F,,) is adjacent to every vertex from the set

{w, :1<i<n}.
Then the vertex set of the corona product F,, oP, is
V(F, 0P )=WwlU{u s1<i<niUlw :1<i<njul,:1<i<ni<j<n|
Assign the coloring to F,, oP, as per the algorithm.
By this coloring procedure, we get that
o[ F, 0P |2n+1
To prove the lower bound
ie,p[F,0R J<n+l

Let us assume that, the b-chromatic number of corona product of fan graph

F,, with path cycle graph P, is greater than n+1.
That is the b-chromatic number of F, oP, isequalto n+2.

There must be at least n+2 vertices of degree n+1 in F  oP,, all with

distinct colors, and each adjacent to vertices of all of the other colors. But there is

only n+1vertices with maximum degree which is the contradiction.

Therefore, assigning n-+2 colors is impossible.

Thus, we have .. o[ F,, 0P, |<n+1.

Hence ¢ F,, 0P, [=n+1.
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Fig6.5:¢ [F,0P, |=5 n=x1.

Theorem 6.2.5: For any positive number n, the b-chromatic number of the corona

n+2, n=2

product of path graph with fan graph is (0[Pn OFl,n]:{n +1 n>2

Proof:
Let v (P)={v,:1<i<n} and V(F,)={wjU{V' :1<i<n 1<j<n|

By the definition of corona graph, each vertex of P, is adjacent to every vertex of

number of copies of F, .

i.e., every vertex v, eV (P,) is adjacent to every vertex from the set

{u‘j 1<i<n, 1< sn} and weV (F,,) is adjacent to every vertex from the

{w :1<i<n}
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Let V (P, 0F, ,)={v:1<i<n}U{w :1<i<n}U{v/:1<i<n, 1< j<n}
Consider the following cases.

Case 1: For n=2

Assign the following n+2 colors as b-chromatic number for P, oF,,

For v, , assign the color ¢,

For v, , assign the color c,
For w, , assign the color c,
For w, , assign the color c,
For v*,, assign the color c,

For v*,, assign the color c,
For v? , assign the color c,

) :
For v?,, assign the color c,

The above shows that this coloring is a b- coloring.
Case 2: For n>3

Assign the following n+1colors as b-chromatic number for P, oF,

For v, :1<i<n ,assign the color c,
For w,:1<i<n ,assign the color c ,

For vij ,assign the colors ¢, :1<i<n+2, except the colors of vertices

w & v, 1<i<n.
It shows that this coloring is a b-coloring.

The b-coloring procedure depends the number of vertices having maximum

degree in the path graph P, which has degree n. so that, we can assign maximum

n+1 colors to get b- coloring.
Hence the proof.
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Fig 6.6: (P, 0F, ;) =4

Theorem 6.2.6: For any positive number n, the b-chromatic number of the corona
graph of path graph with double fan graph is,

n+3, n<3
(D[P" OI:2‘”]:{n+2 n>4

Proof:

Let V(P,)={p,:1<i<n} and V (F,,)={x Uy, Ux';:1<i<n, 1< j<n |

By the definition of corona graph, each vertex of P, is adjacent to every vertex of

number of copies of F, .
i.e., every vertex p, eV (P,)is adjacent to every vertex from the set
{X.y,X;:1<i<n, 1< j<n}eV(F,,)

Let
V(P,0F,,)={p 1<i<njU{x:1<i<n}U{y: 1<j<n}U{x :1<i<
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Consider the following cases.

Case 1: For n<3

Assign the following n -+ 3colors as b-chromatic number for (P, oF, ).
Now assign the following n+3colors to P, oF,

For p,:1<i<n, assign the color c,

For x,:1<i<n -1, assign the color c,,,
For X, assign the color c, _,

For y, :1<i<n, assign the color c,

Forx',:1<i<n, 1< j<n,assign the color ¢,, 1<k <n+3

It follows that ¢| P, oF,,, | 2n+3.To prove the lower bound, let us assume

that o[ P, oF,, | >n+3.

To assign n+4 colors, there should be n+4 vertices with n+ 3 distinct
colors which are adjacent to each other. But there is no such possibility in the

graph, which is the contradiction.

Thus ¢| B, 0F,, | < n+3 Hencew[P” oF,, | =n+3.

Case 2: Forn>4.

Assign the following n+ 2 colors as b-chromatic number for P, oF,

For p,:1<i<n, assign the color c,

For x :1<i<n -1, assign the color c_,,

For y,:1<i<n -1, assign the color c__,

For X, assign the color ¢,

For y, assign the color ¢,

Forx',:1<i<n-1, 1< j<n-1, assign the color c,, 1<k <n.

This shows that this coloring is a b- coloring.
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