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CHAPTER-2

REGULAR GENERALIZED STAR CLOSED SETS
IN BITOPOLOGICAL SPACES
In this chapter tj1,- regular generalized star closed sets,
T,T,- regular generalized star open sets in bitopological spaces and their

basic properties, characterization in bitopological spaces are studied.

SECTION: 2.1
PRELIMINARIES
Definition: 2.1.1
Let (X, 1), 12) be a bitopological space .The intersection of all

1;-semi closed sets containing A is called T;-semi closure of A, denoted

by Tti-scl(A).

Definition: 2.1.2
Let (X, 1), T2) be a bitopological space .The union of all t;-semi
open sets containing A is called T;-semi interior of A, denoted by

T;-sint(A).

Notation: 2.1.3
The closure and interior of B related to A with respect to topology

1; are written as t;-cl5(B) and t;-intg(A) respectively.

Notation: 2.1.4
For a subset A < X , t-rint(A) and t;-rcl(A) denote the regular
interior and regular closure of a set A with respect to topology T;

respectively. The regular closure and regular interior of B related to A



with respect to topology t; are written as Ti-rcla(B) and ti-rintg(A)

respectively

Definition: 2.1.5
A set A of a bitopological space (X, 14, 12) is called 1,1, - regular

closed if T, - cl[t,- int(A)] =A.

Defnition: 2.1.6
A set A of a bitopological space (X, Ty, 12) is called 7,1, - regular

open if T - int[t,- cl(A)] =A.

Defnition: 2.1.7
A set A of a bitopological space (X, 1, T2) is called 7,7, -regular
generalized closed (1,1, — rg closed) in X if T, - cl(A) < U whenever

A < U and U is 11,- regular open in X.

Defnition: 2.1.8
A set A of a bitopological space (X, 1, T2) is called 77~ regular
generalized open (1,7~ rg open) in X if F < 15- int(A) whenever F c A

and f is 1,1,- regular closed in X.

SECTION: 2.2
1,72- REGULAR GENERALIZED STAR CLOSED SETS

Defnition: 2.2.1
A subset A of a bitopological space (X, 1), T2))is called
7,7,- regular generalized star closed (t,7,— rg* closed) in X if and only

if 1, - rcl(A) < U whenever A ¢ U and U is 11,- regular open in X.
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Example: 2.2.2

LetX={a,b,c}, 11={¢,X, {a}}, . ={4, X {a}, {b,c}}. Then

all subsets in P(X) are 1;1,— rg* closed sets in (X, 1y, 12).

Theorem: 2.2.3

Let A be a subset of a bitopological space (X, 1), 12). If A is
77,- rg* closed then 1, - rcl (A) — A does not contain any non empty
T,T,- regular closed sets.

Proof:

Let A be 117~ rg* closed. Let F be a t,1,- regular closed set such
that F — 1, - rcl(A)~A.We shall show that F=¢. Since F < 1; -rcl(A)-A,
F < [t —rcl(A)] NA. Consequently F < Aand F c 1, - rcl(A). Since
Fc A Ac FC. Since F is 1,7o- regular closed set, F= 35 g0 regular
open. Since A is 1;1T,—rg* closed, 15- rcl(A) cFC, Thus, F ¢ [T~ rcl(A)]C
=X —[to—rcl(A)].Hence F < ¢.But ¢ c F.

Therefore, F = ¢

Theorem: 2.2.4

(a)  Suppose that a subset A is 11, — rg closed and it is 1,7,- semi
open. i.e) A c 1, - cl[t; - int(A)], then A is 1,1,- regular closed in X
if and only if 1, -cl[1;- int(A)] — A is T,T,- regular closed in X.

(b) Let asubset A be a 1;7,—rg* closed set. Then A is 1, - closed in X if
and only if 1, - cl(A) — A is 11T,- regular closed in X.

Proof:

(a) Let A be 1,1~ regular closed in X. Then A = 1, - cl[t) -int(A)].
Consequently 1,- ¢l [ty - int(A)]-FA = ¢ Therefore,

1,- cl[1)- int(A)]—-Ais 1,1,- regular closed in X.
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Conversely, let 1, - cl[t;- int(A)] — A be 1,1,- regular closed in X.
We shall show that A is t1,7)- regular closed in X. Obviously,
T -int (A) c A

Consequently 1, - cl[1; - int(A)] < 1,- cl(A).

Hence 1,- cl[t;- int(A)] — A < 1,- cl(A) — A. Since A is 77,— 1g
closed in X, we have 1, - cl(A) — A does not contain non empty
T)To- regular closed set. Hence t1,- cl [t- int(A)] — A = 4.
Therefore, 1,- ¢l [1;- int(A)] < A. Since A is 1)1, - semi open,
A c 1- cl[t;- int(A)]. Hence 1,- cl [1;- int(A)] = A.Therefore, A is

T,7;- regular closed.

(b) Let A be 11— rg* closed. Let A be 1, - closed. We shall show that
7, - ¢l (A)-A is 1,1- regular closed in X. Since A is 1, - closed,
1,- cl(A) = A. Consequently, t-cl(Ay-A = ¢. Therefore,
T, - cl(A) - A is 1y7,- regular closed in X.
Conversely, Let 1, - cl(A) — A be 1)1, - regular closed in X. We
shall show that A is 1, - closed. Since 1, - cl(A) < 1, - rcl(A),
T,-cl(A-A < 1, - rcl(A)-A for any subset A of X. Since A is
T T-1g* closed, 1, - cl(A) — A = 4. Hence 1, - cl(A) = A.

Consequently, A is T, - closed.

Remark: 2.2.5
The semi openess of A can not be removed from Theorem 2.2.4(a)

in general as can be seen from the following example.

Example: 2.2.6
Let X ={a, b, c}, 1= {4, X, {a}, {a, b}}, = { ¢,X, {b}, {b, c}}.

Then A = {a, ¢} is 1,1,- rg closed but not t,17,- semi open in X. Also



T, -cl[t;- int (A)] — A = ¢ is 1y1,- regular closed. But A is not

1,7, - regular closed set in X.

Theorem: 2.2.7

If A and B are 1,7,— rg* closed sets then A U B is 1;1,— rg*closed.
Proof:

Let A and B are t,1,— rg* closed sets. We shall show that A U B is
7,1 rg* closed. Let A U B < U and U is 1,1,- regular open. Since
A UuUBcU AcUandB c U. Since A c U and U is 11,- regular
open, T, - rcl(A) < U. {since A is 1,1,— rg* closed}. Since B ¢ U and U
is T,To- regular open, 1, - rcl(B) < U. {since B is 1y1— rg* closed}.
Therefore, {1, - rcl(A)} U {t; - rcl(B)} < U u U. Since [1; - rcl(A)] v
[1o- rcl(B)]=1- rcl(A U B), 1o- rcl(A UB) < U. Hence A u B is

T,T,— rg* closed.

Remark: 2.2.8
The intersection of two 11,— rg* closed sets need not be a t,t,— rg*

closed set in general as can be seen from the following example.

Example: 2.2.9
In Example 2.2.6, A = {a, b}, B = {a, c} are 1,1~ rg* closed sets,

but AnB = {a} is not 1;T,— rg* closed set in X.
Lemma: 2.2.10

Let A be a 1;- open set in (X, Ty, 7o) and let U be t,1,- regular open

in A. Then U= A n W for some t,1,- regular open set W in X.
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Proof:

Let A be a ;- open set in (X, 1, T;) and let U be 1,1,- regular open
in A. We shall show that U = A~ W for some t,1,- regular open set W in
X. Since U is 1,1,- regular open in A, we have

U =1, — ints[1— clA(U)]

=1—intA[A N 1, —cl(U)]

=A n{t—intfA n 1p—cl(U)]}

=A n {t—int(A) n [t;— int{t— cl(U)}]}

=A n {A n [1)—int{t, — cl(U)]}, since A is T; - open

=A nA n [t —int{t—cl(U)}]

= A n [1—int{t,—cl(U)}]

=AW,
where W = [1,— int{1,— cl(U)}]. Then U = A ~W for some t,1,- regular
open set W in X

Lemma: 2.2.11
X e Tp- rel (A) if and only if U n A= ¢ for every 1,1,- regular open

set U containing X

Proof:

Let x e T,- rcl (A).We shall show that U nA = ¢ for every
7,7, - regular open set U containing x. Suppose that there exists a
/1, - regular open set U containing x such that U n A = ¢.Then A ¢ U°
and U® is 11— regular closed set. Since A ¢ U, 1~ rel (A) <
17,- rel (US). Since x € 1, - rcl (A), x e Tp- rcl (UC). Since U° s
T,T, - regular closed set, x e U®. Hence x ¢ U, which isa contradiction
that x € U. Therefore, U n A =¢. Hence U n A = ¢ for every 1,7,-

regular open set U containing X.
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Conversely, suppose that U n A = ¢. for every 1,1,- regular open
set U containing x. We shall show that x € t,- rcl (A). Suppose that x ¢ r
- rcl (A). Then there exists a 1,1,- regular open set U containing x such

that Un A=¢. This is a contradiction to Un A= ¢. Hence x e 1,- rcl (A).

Lemma: 2.2.12

If A is 1,7,- open and U is 1/1,- regular open in X then U n A is

T,T,- regular open in A.

Proof:
Let A be 1,1,- open and U is 1,1,- regular open in X. We shall show
that U n A is 1,1,- regular open in A.
Now,
71— inta[to— cla(U nA)] = 11— int[t,— clA(U n A)] n A
> 1—int[to—cla(U n A) n Al n A
=1—intft—cl(U n A)] n A
o 17— int[t— cl(U) nA] n A
= 1,— int[1,— cl(U)] n tj—int(A) n A
=1—int[t,—cl(U)] n An A
=Un A
since U = 17— int[t,— cl(U)]. Hence U n A c T, - intA[1; - clA(U n A)].
Now,
U n A =1—int[t— cl(U)] n 1/— int(A)
= 1,— int[1— cl(U) n A)]
o1—int[t-cl(U n A) n A]lsinceU n A c A
= 1,— int[1— clo(U n A)]
S 11— int[to—cla(U n A)] nA
= 1;— int[To— cl(U n A)]



Hence 1;- ints[15- cla(U n A)] < U ~ A.
Therefore, 1;- intp[T,- cla(U nA)]=U n A.

Hence U n A is 1/1,- regular open in A.

Lemma: 2.2.13
If A is 111,- open in (X, T, T3) then 15- rcla(B) c An1p- rcl(B)
for any subset B of A.

Proof:

Let A be t11,- open in (X, 71, 1) We shall show that
T, - rcla(B) < An1y- rcl(B) for any subset B of A. Let B < A and
X € Tp - rcla(B). Since 1, -rclp(B) < A, x € A. Let U be a 1,1,- regular
open in X such that x ¢ U.Then by Lemma 3.12, A n U is 1,1,- regular
open in A such that x eU n A. Since x € 1, - rcla(B), (U nA) nB = ¢
{by Lemma 2.2.11}. Hence U n B #¢. {since B < A}. Therefore,
U n B # ¢ for every 1,7— regular open in U of X containing x. Hence
X e 1, - rcl(B). Therefore x € Ant, - rcl(B). Consequently,
To- rcla(B) € A n 15- rcl(B) for any subset B of A.

Lemma : 2.2.14
If A is 1)1,- open in (X, 1y, o) then An T, - rel(B) < 1,- rcla(B) for
any subset B of A.

Proof:

Let A be 1,1,- open in (X, 1, ;) We shall show that
An1- rcl(B) c1,- rcla(B) for any subset B of A. Let B ¢ A and
X € A n 1- rcl(B). Then x € A and x e 1- rcl(B). Let U be a
T,T,- regular open subset of A such that x eU.Then by Lemma 2.2.10,

there exists a 1,1,- regular open subset W of X such that U= A~W.
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Since x e U, x e AnW. Hence, x ¢ A and x € W.Since x € 1,-
rcl(B) and W is 1,1,- regular open subset in X, we have W nB = 4.
Now, U nB=(A nW) nB=W n (A nB) =W ~nB =4. {since
B < A}. Hence U nB # ¢ for any t,1,- regular open subset U of A such
that x e U. Therefore, X € 1,- rclo(B). Hence A n 15- rel(B) < 15- rclo(B)

for any subset B of A.

Theorem: 2.2.15
Let B ¢ A where A is 115~ regular open, T1,1;- regular open and
7,7, rg* closed. Then B is 11— rg* closed relative to A if and only if B

is T)T,— rg* closed in X.

Proof:

Let B <A where A is 1,1,- regular open, 1,7~ regular open and
T,1-rg*closed. Suppose that B is 17,— rg* closed relative to A. We shall
show that B is 1,1~ rg* closed in X. Let B ¢ U and U is 1,1,- regular
open in X. Since A is 1,1,- regular open and 1,7;- regular open in X, A is
7,7, - open in X. Since U is 1,1,- regular open in X, A n U is 1,1,- regular
open in A {by Lemma 2.2.12}. Since B cU and B < A, we have
B=B ~BcUnA.Hence Bc UnA and A n U is 1,1,- regular open
in A. Since B is 1;1,— rg* closed relative to A,

T,—1clA(B) c An U (1)
Since A c A and A is 1,1,- regular open in X,

T,—rcl(A) c A (2)

Since A is 1;1-rg* closed in X. Since B < A,1;- rcl(B) < 1»-
rcl(A). Hence 1,- rcl(B)c A {by (2)}.Therefore,

1—rcl(B) n A =1, —rcl(B). (3)



Since A is 1,T,- open in X,

To- 1cl (B) n A = 15- rela(B) {by Lemma 2.2.13, Lemma 2.2.14}.
Therefore, 1, - rcl(B) =1,- rcls(B).

Hence 1, - rcl(B) < A nU. Therefore, B is t1,— rg* closed in X.
Conversely, let B be 1,1~ rg* closed in X. We shall show that B is
7,7~ rg* closed relative to A. Let B ¢ U and U is 11,- regular open in A.
Since A is 1,1T,- regular open and 1,1;- regular open in X,A is 1,T,- open in
X. Since A is 1;- open in X and U is 71,1,- regular open in A,
U=A n W for some t1;7,- regular open set W in X {By Lemma
5.2.10}. Since A is 1;1,- open in X and W is 1/1,- regular open in X,
U= A nW is 1,1, regular open set in X {by Lemma 5.2.12}. Hence
B < U and U is 1,1,- regular open set in X. Since B is 1,1~ rg* closed in

X, - rcl(B) cU.

Therefore 1,- rcl(B) n A < A n U. Since U c A,

- rcl(B) nA c U. (4)
Since A is 1,1,- open in X,1,- rcl(B) n A = 15- rcla(B){ by Lemma 5.2.13,
Lemma 5.2.14}. Hence 1,- rcla(B) < U {by (4)}. Therefore B is 1;7,— rg*

closed relative to A.

Theorem: 2.2.16
Let A and B be subsets such that A <cB < 1,- rcl(A). If A is

1,1— rg* closed, then B is t;1,— rg* closed.
g g

Proof:
Let A and B be subsets such that A ¢ B < 1,- rcl(A). Suppose that
A is 1)1~ rg* closed. We shall show that B is 1,1,— rg* closed. Let B ¢ U

and U is 1,1,- regular open in X. Since A B and B cU; we have AcU.
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Hence A cU and U is 115~ regular open in X. Since A is 11— rg*
closed, we have

1,—rcl(A) < U. )
Since B < 1,- rcl(A); we have 1p- rcl(B) < 1- rel [1o- rel (A)]
= 1,—rcl (A) < U { by (5)}. Hence 15- rcl (B) cU. Therefore, B is

71T 1g* closed.

Notation : 2.2.17
The set of all 1,- regular closed sets in X is denoted by

Tp- RO (X, Ty, Tz).

The set of all 1) 1,- regular open sets in X is denoted by

T1Tr- R.O (X, T],Tz).

Theorem: 2.2.18
Suppose that 1;7,- R.O (X, 11, 12) < 1- R.C (X, 14, 12) Then every

subset of X is 711T,— rg* closed.

Proof:

Suppose that 7;1,- R.O (X, 11, T2) < T- R.C (X, 1), T2). Let A be a
subset of X. We shall show that A is 11— rg* closed. Let A < U and U is
T,T,- regular open in X. Since 1/1,- R.O (X, 1, T2) < 72- R.C (X, 14, T2),

U is 1,- regular closed in X. Then 1,- rcl (U) = U. Since A c U,
1,- rcl(A) < 1o- rcl (U) = U. Therefore, 1,- rcl (A) < U.

Hence A is 1;1,— rg* closed.
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SECTION: 2.3
7;T2- REGULAR GENERALIZED STAR OPEN SETS

Defnition: 2.3.1
A subset A of a bitopological space (X, T, 1) is called
T,T,- regular generalized star open (t,7,-rg* open) in X if and only if its

complement is t;7,- regular generalized star closed (1,7, rg* closed) in X

Example: 2.3.2
Let X = {a) ba C}a = {¢7 X ’ {a}}a = { ¢’X7 {a}, {b’ C}} Then all

subsets in P(X) are 1,1, rg* open sets in (X, 1}, T
g" op

Theorem: 2.3.3
A subset A of a bitopological space (X, 1;, T2) is T T,—1g* open if
and only if F ¢ 1,- rint (A) whenever F ¢ A and F is 1/1o- regular closed

in X.

Proof:

Suppose that A is 7,1~ rg* open. We shall show that F ¢ 1,- rint
(A) whenever F ¢ A and F is 1,7,- regular closed in X. Let A ¢ F and F
is 717, regular closed in X. Then A® < FC€ and F€ is 1,15- regular open in
X. Since A is 11— rg* open, we have A‘ is 1,7~ rg* closed. Hence
- rel (AY) cFC. Consequently, [t~ rint (A)]C c FC. Therefore
F < 1- rint (A). Conversely, suppose that F < 1,- rint (A) whenever
F < A and F is 1,1~ regular closed in X. We shall show that A is
TT,— rg* open. Let AY ¢ U and U is 1,1,- regular open in X. Then

U ¢ A and USis 1,1,- regular closed in X. By our assumption, we have
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U® < 1,- rint (A). Hence [15- rint (A)] ¢ U. Therefore 1,- rcl (A%) < U.

Consequently A is 17— rg* closed. Hence A is 1,7,— rg* open.

Theorem: 2.3.4
Let A and B be subsets such that t,- rint (A) ¢ Bc A. If A is

T,T,— rg* open, then B is 11— rg* open.

Proof:

Suppose that A and B are subsets such that 1,- rint (A) < B < A.
Let A be 1,1,—rg* open. We shall show that B is 1j1,—rg* open. Let F ¢ B
and F is t1;1,- regular closed in X. Since F < Band B ¢ A, F ¢ A.
Therefore,
F < 1,- rint (A) {Since A is 1,7 rg*open}. Since 1,- rint (A) < B,
= Tp- rint [1,- rint (A)] < 1,- rint (B)
=T,-rint (A) < 1»- rint(B).
=F < 1,- rint (B).

=B is 1)1, rg* open.

Theorem: 2.3.5
If a subset A is T 1,-rg* closed, then 1- rcl (A) — A is

T,T,— rg* open.

Proof:

Suppose that A is 1,1~ rg* closed. We shall show 1,- rcl (A)-A is
7,7~ rg* open. Let F < 15- rcl (A) — A and F is 1,1,- regular closed. Since
A is 11— rg* closed, we have 1,- rcl (A) — A does not contain nonempty
T)T»- regular closed {by Theorem 5.2.3}.

= F=¢
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=¢ cT-rcl(A)— A

= 1T,- rint (A) c Tp- rint [1,- rcl (A) — A]
= ¢ < Tp-rint [1,- rcl (A) — A]

=F < 1-rint [15- rcl (A) — A]

= T,-rcl (A) — A is 1y1— rg* open.
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