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CHAPTER IV 

FUZZY COMPLETELY IRRESOLUTE AND FUZZY WEAKLY 

COMPLETELY IRRESOLUTE FUNCTIONS 

Defrnition: 4.1 

Let f: (X,t) -* (X,r1) be a function between two fuzzy topological spaces. Then f 

is called 

fuzzy almost open if the image of every fuzzy regular open subset of X is fuzzy 

open in Y. 

a fuzzy R-map iff f 1(a) is a fuzzy regular open subset of X for each fuzzy 

regular open subset a of Y. 

fuzzy completely continuous iff f 1  (a) is a fuzzy regular open subset of X for 

each open subset a of Y. 

a fuzzy strongly continuous function iff f 1(a) is a fuzzy clopen in X for 

every fuzzy subset a of Y. 

Definition: 4.2 

Two non-empty fuzzy subsets a and 13  are fuzzy semi-separated iff there exists 

two fuzzy semi-open subsets t and y such that a 13 c y , a 'y  and  13 q V. A 

fuzzy subset which cannot be expressed as the union of two fuzzy semi-separated subsets 

is said to be a fuzzy semi-connected set. 

45 



Definition: 4.3 

A fuzzy point Xa  is said to be a fuzzy 6 - cluster point of a fuzzy set A iff every 

fuzzy regularly open q-nbd U of X is q-coincident with A. The set of all fuzzy 6 - cluster 

point of A is called the fuzzy 6 - closure of A and is denoted by [A]6 . 

A fuzzy set A is fuzzy 6-closed iff A = [A]6  and the complement of a fuzzy 6-

closed set is called fuzzy 6-open. 

Definition: 4.4 

A function f: X—*Y from a fuzzy topological space (X,r) to another fuzzy 

topological space (Y,r1) is said to be fuzzy completely irresolute function iff f 1(a) 

is a fuzzy regular open subset of X for every semi-open subset a in Y. 

Equivalently we may say that f is a fuzzy completely irresolute function iff 

f 1(f3) is a fuzzy regular closed subset of X for every semi-closed subset 13  in Y. 

Example: 4.5 

Let P1 , P2 and  P3  be fuzzy subsets of I = [0, 1] defined as follows: 

= 0 , O<x<!, 

2x-1 , 

= 1 , 0 x<, 

J -4x+2 , 
4 2 

0 , 
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13(x) 
= r 0 

, 0<x, 

!4x _) ,<—x<1. 

Then r = {O, U I) and r= { 0, 112  ,11 are fuzzy topologies on I. 

Let us consider the function f (I, r) - (I, r) ,defined by f (x) = x V x € I. 

Now f 1(0) = 0, f 1(1) = 1, f 1(12) = P2- Since every fuzzy open subset is fuzzy 

semi-open, l2  is fuzzy semi-open in (I, Ti).  And both t1and ji2  are fuzzy regular open 

subsets of (I, r). 

Thus f is a fuzzy completely irresolute function. 

Remark: 4.6 

Since every fuzzy open subset is fuzzy semi-open, it can be seen that every fuzzy 

completely irresolute function is fuzzy completely continuous. But the converse is not 

true which is shown by the following example. 

Example: 4.7 

Taking fuzzy topology 'r from example 4.5 and 'as 

10, t'  , t1 A 4 , i1  V 4 , l} on I. Let us consider a function f: (I, t') -* (I, r) 

defined by f(x) = 1  x V x € I. 

Now both t1 , are fuzzy regular open in (I, r'), since cl i1 = mt = and 

cl 4 = mt t4 = . But both 4 and  4 are fuzzy semi-open subsets of (I,T) (Since 

ci 92=  '1 and cl = ). Also t3 is fuzzy semi-open in (I, r), since < < Cl 111- 

Now f'(0) = 0,f 1(1) = 1, f 1(i1) = 0, '(R2) = f 1(R U '2)= since 4 is 

fuzzy regular open in (I, -r') f is fuzzy completely continuous. 
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Again f-1() =1, f-1() = 

But f 1(t)(x) = 0 , 0< x< 2  

1 (2x-1) , ! <x:5l, XE!. 

Which is not fuzzy open in (I, -r'). So f () is not fuzzy regular open in (I, -r'). Hence f 

is not fuzzy completely irresolute. 

Remark: 4.8 

From the definitions, it follows that every fuzzy completely irresolute function 

is fuzzy irresolute but the converse may fail to hold, which is shown by the example. 

Example: 4.9 

Taking the topology -r from example 4.5, let us consider a function 

f: (I , r)-( I, -ri) defined by f(x)=x V x E 1. Now f(0) =0, f(l) =1, f(Ri) = 

f () = and f(i1  U 1.i2) = it U it since ci p = 4, Cl  t2=  4, and 

t- 13 < ci Itl, 92 and 1.13 are fuzzy semi-open subsets of (I , -r). 

Also f(14) = , fQ4)= and f(t3)= 1.13.  Thus f is fuzzy irresolute but not 

fuzzy completely irresolute. 

Theorem: 4.10 

Let f : (X ,r)-*(  Y, i)  be a function from a fuzzy topological space (X , r) to 

another fuzzy topological space (Y, r1). Consider the following statements: 

a. f is fuzzy completely irresolute function. 



For each fuzzy point x, E X and each fuzzy semi-open subset a of Y containing 

f(x) there exists a fuzzy regular open subset fi of X containing x such that 

f(13) 9 a. 

For each fuzzy point x, E X and each fuzzy semi-open subset a of Y containing 

f(x) there exists a fuzzy 8- open subset fl of X containing x such that f(13)  a. 

The inverse image of every fuzzy semi-open subset of Y is a fuzzy 8- open subset 

in X. 

The inverse image of every fuzzy semi-closed subset of Y is a fuzzy 8- closed 

subset in X. 

f ( cl(y)) c scl f (y) for each subset y of X. 

c16(f 1(3)) c f'( scl(t3 )) for each fuzzy subset 13  of Y. 

Then the following implications hold true: 

a b 

dZgif 
Proof: 

(a)='(b): 

Let f be a fuzzy completely irresolute function, x, a fuzzy point in X and a a 

fuzzy semi-open subset in Y such that f(x)E a. 
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Then xE f -1(f (xe)) 9 f 1(a). 

Let f3 = f'(a) which is fuzzy regular open in X (since f is fuzzy completely 

irresolute) containing x. .Now f (8) = ff'(a) 9 a. 

Hence condition (b) is satisfied. 

(b)=(c): 

Since every fuzzy regular open subset is fuzzy 6-open the result follows 

immediately. 

(a)=(d): 

By the same argument as in (b). 

(d)=(e): 

This is obvious, being a complement of each other. 

(e)=(c): 

Let a be a fuzzy semi-open subset of Y containing f (x).Then by (e), 

f 1(1—a) = 1—f 1(a) is fuzzy 6-closed in X. Therefore f 1(a) is fuzzy 8-open 

in X. 

A1sox Ef 1(a)=/3 (say). 

Thus f()= ff 1(a) a. 

(e)=(f): 

Let f(y) be a fuzzy semi-closed subset of Y for any fuzzy subset y of X. Then 

f(y) = sd f (j'). 

By (e), f (scl(f (y))) is fuzzy 6 - closed in X. 
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Let xPIZ f 1(scl(f(y))). 

Then for some fuzzy open q-nbd, ij of x, mt ci ij 4f-1(scl(f(y))) and hence 

mt ci ij 4 y. Thus x c15(y). 

It follows that c15(y) C f 1(scl (f (y))) 

That is, f (c18(y)) c scl(f(y)). 

(f)=(g): 

Let fl be a fuzzy subset of Y. By (f), we have 

f(c16  (f 1(/?))) C sd (fi) and hence cl(f 1(f3)) c f 1(scl(/3)). 

(g)=(d): 

Let x. E X and /3 be any fuzzy semi-open subset containing f(x). 

Then y = 1 — fl is fuzzy semi — closed in Y. 

By (g), c16  (f'(y))c f1(sc1(y)) = f 1(y) which implies that 

c18  (f 1(y)) = f(y) is fuzzy S - closed subset of X containing x. 

This satisfies condition (e) but (e) (d). 

Hence the result. 

The composition of fuzzy completely irresolute functions with other fuzzy 

functions are given in the following theorem. 

Theorem: 4.11 

1. If f; X —* Y is fuzzy completely irresolute and g : Y —f Z is fuzzy irresolute, 

then g o f: X —* Z is a fuzzy completely irresolute function. 
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If f: X —* Y is fuzzy strongly continuous and g : Y —* Z is fuzzy completely 

irresolute, then g a f: X —* Z is a fuzzy completely irresolute function. 

If f: X —* Y is fuzzy completely continuous and g : Y —* Z is fuzzy 

completely irresolute, then g o f: X —f Z is a fuzzy completely irresolute. 

If f: X —* Y is fuzzy R - map and g: Y —+ Z is fuzzy completely irresolute, 

then g a f: X — Z is a fuzzy completely irresolute. 

1ff: X —* Y is fuzzy almost open surjection and g: Y — Z is fuzzy function 

such that g o f: X —* Z is a fuzzy completely irresolute then g is fuzzy irresolute. 

Definition: 4.12 

A function f: X —* Y from a fuzzy topological space (X, r) to another fuzzy 

topological space (Y, r1) is said to be fuzzy weakly completely irresolute iff f 1(a) is 

a fuzzy regular open subset of X for each fuzzy semi 0 - open subset a in Y or ifff 1(fl) 

is a fuzzy regular closed subset of X for each fuzzy semi 0 - closed subset fl in Y. 

Remark: 4.13 

Every fuzzy completely irresolute function is fuzzy weakly completely irresolute, 

since every fuzzy semi-9-open subset is fuzzy semi-open. But the converse is not true, as 

shown in the following example. 

Example: 4.14 

In example 4.5 and 4.7 we have shown that f : (I, t) — (I, r) is not a fuzzy 

completely irresolute function. Now we will show that f is a fuzzy weakly completely 

irresolute function. 

52 



Taking x = 3/4  and p = 4/5, we have (x) = ½ and p+jii'  (x) >1. 

Thus x, is a fuzzy point which is quasi-coincident with a fuzzy semi-open 

subset '. It is obvious that scl p1 ' < 1. Thus by definition, 1 is the only fuzzy 

semi-U-open subset in (I,t). Sincef 1(1) =1, which is fuzzy regular open in (I,t), 

f is fuzzy weakly completely irresolute. 

Theorem: 4.15 

For any function f: (X,r) -* (Y, -ri). Consider the following statements: 

f is fuzzy weakly completely irresolute. 

For each fuzzy point x, EX and each fuzzy semi-U-open subset a in Y 

containing f (xe), there exists a fuzzy regular open subset /3 of X containing Xp  

such that f(fl)c a. 

For each fuzzy point x EX and each fuzzy semi-U-open subset a in Y 

containing f (xe), there exists a fuzzy 8 - open subset /3 of X containing x, such 

that f(J3) c a. 

The inverse image of every fuzzy semi-U-open subset of Y in fuzzy 

8-open subset in X. 

The inverse image of every fuzzy semi-U-closed subset of Y in fuzzy 

8-closed subset in X. 

f(c16(a)) c  c15_ 9  f(a) for each subset a of X. 

c18(f 1(fl)) c f (c15_ 9(8)) for each fuzzy subset /3 of Y. 

Then the following implications hold true. 
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I 
b 

1 

Proof: 

It is similar to the proof of theorem 4.10. 

The composition of fuzzy weakly completely irresolute functions with other 

fuzzy functions are given in the following theorem. 

Theorem: 4.16 

If f : X —* Y is fuzzy completely irresolute and g : Y —* Z is fuzzy weakly 

completely irresolute, then g o f: X —* Z is a fuzzy weakly completely irresolute. 

If f : X —* Y is fuzzy completely continuous and g : Y —* Z is fuzzy weakly 

completely irresolute, then g o f: X — Z is a fuzzy weakly completely irresolute. 

If f : X —* Y is fuzzy R - map and g : Y — Z is fuzzy weakly completely 

irresolute, then g o f; X —* Z is a fuzzy weakly completely irresolute. 

If f : X —* Y is fuzzy completely irresolute and g : Y —* Z is fuzzy 

semi - irresolute, then g o f: X —* Z is a fuzzy weakly completely irresolute. 

1ff: X — Y is fuzzy almost open surjection and g : Y —* Z is fuzzy function 

such that g o f: X —* Z is a fuzzy weakly completely irresolute, then g is fuzzy 

semi - irresolute. 
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6. If f : X - Y is fuzzy weakly completely irresolute and g : Y — Z is fuzzy 

strongly irresolute, then g o f: X —' Z is a fuzzy completely irresolute. 
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