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Introduction



INTRODUCTION

In 1966, Ima and Iseki [9, 10] introduced two classes of logical algebras: BCK and
BCI algebras. It is known that the class of BCK —algebrasis a proper subclass of the class of
BCIl —algebras. In 2002, Neggers and Kim[19] introduced the notion of B-algebraswhich is
related to several classes of agebras such as BCI/BCK-algebras. The main aim of thisthesis

isto discuss few interesting articles on B-algebras.

The following articles are chosen for our discussion:

1) “On B-algebras”, (2002), by J.Neggers and H.S.Kim.,[19].

2) “On 0-commutative B-algebras”, (2005),by H.S.Kim and H.G.Park.,[16].

3) “On Quadratic B-algebras”, (2001), by H.K.Park and H.S.Kim.,[21].

4) “A Note on Normal Subalgebras in B-algebras”, (2005),by
A.Waendziak.,[27].

5) “On Hom (-,-) as B-algebras”, (2010), by N.O.Al-Shehrie.,[3].

6) “The Second Isomorphism Theorem for B-algebras”, (2014), by C.Endam
Joemar and P.Vilela Jocelyn.,[6].

7) “Derivations of B-algebras”, (2010), by N.O.Al-Shehrie.,[2].

8)“A Note on t-Derivations of B-algebras”, (2014), by R.Soleimani and
S.Jahangiri.,[26].

9) “On (f,g)-Derivations of B-algebras”,(2014),by L.K.Ardekani and

B.Davvaz.,[4].



Thisthesisis split into four chapters:

In chapter 1, preliminaries on B-algebras due to J. Neggers ,H.S. Kim are presented
[19]. Also results on  O-commutative B-algebras dueto H.S. Kim ,H.G. park [16], quadratic
B - agebras dueto H.K.Park, H.S.Kim [21]are discussed.

The interesting results discussed in this chapter are given as follows:

1) If (X; *, 0) isa0-commutative B- agebra, then
x*xa)*x(y*xb)=(b*xa) x(y*x) foranyx,y,a beX

2) Every p- semisimple BCI - adgebraisa0 - commutative B - algebra.

3) Let X beafield with | X | = 3. Then every quadratic B - algebra (X; * ,e),ee X, has

theformx xy=x -y + e where X, y € X.

Chapter 2 deals with the study of “B - homomorphisms of B - algebras”.

In this chapter, Some properties of B-homomorphisms ,the second Isomorphism theorem
for B-agebras due to C. Endam Joemar and P.Vilela Jocelyn [6] and some properties of
Hom (X,Y) as B-algebras due to N.O.Al-Shehrie [3] are investigated.

The following interesting results are discussed:

1) If X isaB-adgebraand Y is a O-commutative B-algebra, then Hom (X,Y) is a O-
commutative B-algebra.
2) Letf: XY beaB-homomorphismfrom X intoY.
i. If Nisa subalgebraof X,then f(N) isasubalgebraof Y. Moreover, if N is
commutative, then f(N) is commutative.
ii. If Kisasubagebraof Y, then f -1(K) is a subalgebra of X containing Ker
f.
iii. If N is a norma subagebra of X and f is onto, then f(N) is a
normal subalgebraof Y.



iv. If Kisanormal subalgebraof Y, then f "1(K) isanormal subalgebra of X.
3) If N and K are subalgebras of X with K normal in X, then N / (NnK) = NK/K.

4) Let H and K be subalgebras of X. Then HK isasubagebraof X if and only if HK =
KH.

Chapter 3 deals with the study of “Derivations and t-Derivations of B- algebras”.

In this chapter, some properties of |eft-right derivations and 0-commutative B-algebras due
to N.O.Al-Shehrie [2] and t-derivations of B-algebras due to R.Soleimani and S.Jahangiri
[26] are investigated.

The following interesting results are discussed:

1) Let the self map d be a(#,r)-derivation of B-algebra X. Then

i. d(0)=d(x) = x for al x € X.

ii. disl-1

iii.  If disregular, thenit isthe identity map.

iv. If thereisan element x € X such that d(x) = x, then d isthe
identity map.

v. If thereis an element x € X such that d(y) * x =0 or X *
dly) =0fordl ye X, thend(y) =xforadlyeX,i.edis

constant.

2) Let X be a 0-commutative B-algebra and d;, d, be derivations of X. Then
d]_ odzz dz odl.

3) Let d;be a self map of an associative O-commutative B-algebra X. Then

d; is at- derivation of X.

10



Chapter 4 deals with the study of “(f, g)-Derivations of B-algebras”.

In this chapter, some properties of f-derivations and (f, g)-derivations of B-algebras due to
L.K.Ardekani and B.Davvaz [4] areinvestigated

The following interesting results are discussed:
1) Letdbean(r,|)-f- derivation of B-algebra X. Then, d(0) = f(x) * d(x) and

d(x) = d(x) A f(x), for al x € X.

2) Let X be acommutative B-algebra and f, g be endomorphisms. Let d be a self map of
X.1fd=f,thendisan (f, g)-derivation.

3) If X is acommutative B-algebra , then (Der(X), A) is a semi-group where Der(X)
denotes the set of all (f, g)-derivations on X.

11
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REVIEW OF LITERATURE

In 1966, Imai and Iseki [9,10] introduced two classes of logical algebras:
BCK and BCI algebras. It is known that the class of BCK-algebras is a proper subclass
of the class of BCI-algebras.In1983,Hu and Li[7,8] introduced a wide class of abstract
algebras:BCH-algebras. They have shown that the class of BCl —algebrasis a proper
subclass of theclass of BCH agebras. Jun et al.[12] introduced a new notion, called
BH —algebras, which is a generalization of BCH/ BCI/BCK-algebras. They also
defined the notion of ideals in BH-algebras. In 2005, J.Neggers and H.S.kim [18]
introduced the notion of d-algebras, which is another useful generalization of BCK-
algebras and then they investigated several relations between d-agebras and BCK-
algebras as well as some other interesting rel ations betweend-al gebras and oriented
diagraphs.

In 2002, Neggers and Kim[19] introduced the notion of B-algebra, and then
Cho and Kim[5] studied some of its properties. Abujabal and Al-Shehrie [1] defined
and studied the notion of left derivation of BCl-algebras. Further ,Al- Shehrig[2] has
applied the notion of left right derivation in BCl-algebrato B-algebra and obtained
some of its properties.

Several other authors have also contributed to the study of the concepts
mentioned above. we give here a brief survey of some of the articles published

13



on B-algebras and fuzzy B-algebras.
1 .ON B-ALGEBRASAND QUASIGROUPS:
J. R.Choand H.S. Kim (2001) [9]
In this article, the relations between B-algebras and other topics, especialy

guasigroups are discussed.

2. THE CLASSOF B-ALGEBRAS COINCIDESWITH THE CLASS OF GROUPS:
M. Kondo and Y.B. Jun (2002) [17]

In this article, the authors showed that the class of B-algebras coincides with the

class of Groups.

3.ON FUZZY B-ALGEBRAS:
Y.B Jun, E.H. Roh, and H.S. Kim (2002) [13]
In this article, the fuzzification of (normal) B-subalgebrasis considered and
some related properties are investigated. A characterization of afuzzy B-algebra

isgiven.

4. B-ALGEBRASAND GROUPS:
J.Neggers,H.S. Kim (2003) [20]
In this article, the authors gave another proof of the close relationship of

B-algebras with groups using the observation that the zero adjoint mapping is

14



surjective. Moreover, the authors find a condition for an algebra defined on the real
numbers to be a B-algebra using the anal ytic method. In addition they note certain

other facts about commutative B-algebras.

5. INTUITIONISTIC FUZZY STRUCTURE OF B-ALGEBRAS:
Y.H.Kim and T.E.Jeong (2006) [15]

After the introduction of the concept of fuzzy sets by Zadeh, several
researches were conducted on the generalization of the notion of fuzzy sets. The
idea of “intuitionistic fuzzy set” was first published by Atanassov, as a

generalization of the notion of fuzzy set. In this article, using the Atanassov’s idea,
the authors establish the intuitionistic fuzzification of the concept of subalgebras

in B-algebras, and investigate some of their properties. The authors introduced the
notion of equivalence relations on the family of all intuitionistic fuzzy subalgebras

of B-algebras and investigated some related properties.

6. INTERVAL VALUED FUZZY B-ALGEBRAS:
A.saeid Borumand (2006) [22]
In this article, the notion of interval-valued fuzzy B-algebras (briefly, i-v
fuzzy B-algebras), the level and strong level B-subalgebraisintroduced. Some
theorems which determine the relationship between these notions and B-

subal gebras are studied. The images and inverse images of i-v fuzzy B-subalgebras

15



are defined and how the homomorphic images and inverse images of i-v fuzzy B-

subal gebra becomes i-v fuzzy B-algebras are studied.

7.FUZZY CLOSED IDEALSOF B-ALGEBRASWITH INTERVAL VALUED-
MEMBERSHIP FUNCTION:
T. Senapati, M. Bhowmik, M. Pal (2011) [24]
In this article, the notion of afuzzy closed ideal of a B-algebrais
introduced and some related properties are investigated. Also the product of fuzzy

B-algebraisinvestigated.

8. FUZZY B-SUBALGEBRASOF B-ALGEBRA WITH RESPECT TO T- NORM:
T. Senapati, M.Bhowmik, M. Pal (2012) [23]
In this article, the authors apply the concept of t-norm T to fuzzy
structure of B-algebras. The notion of afuzzy B- subalgebra of B-algebras with

respect to t-norm is introduced and severa related properties are investigated.

9. FUZZY B-IDEALSON B-ALGEBRAS:
C. Yamini and S.Kailasavalli (2014) [28]
In this article, the authors introduced the fuzzy B-ideals and

investigated how to deal with the homomorphism, Cartesian product of B-ideals

16



and strongest fuzzy relation.
10. FUZZY DOT SUBALGEBRASAND FUZZY DOT IDEALSOF B-ALGEBRAS:
T. Senapati, M. Bhowmik, M. Pal (2014) [25]
In this article, the notions of fuzzy dot subal gebras, fuzzy normal dot

subalgebras and fuzzy dot ideals of B-algebras are introduced and investigated

some of their properties. The homomorphic image and inverseimage of fuzzy dot
subalgebras and fuzzy dot ideals are studied. Also, the notion of fuzzy relations on
the family of fuzzy dot subal gebras and fuzzy dot ideals of B-algebras are

introduced and investigated some related properties.

11. ON MEDIAL B-ALGEBRAS:
Y.H.Kim (2014) [14]
In this article, the author introduced the notion of medial B-algebras and

obtained afundamental theorem of B-homomorphism for B-algebras.
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CHAPTER-1
B-ALGEBRASAND 0-COMMUTATIVE B-ALGEBRAS

SECTION: 1.1
PRELIMINARIES ON B-ALGEBRAS
Definition : 1.1.1
A BCI- algebraisanon empty set X with a constant 0 and abinary operation
* denoted by (X; *, 0) satisfying the following axioms:
(BCI'L) (xxy)x(x*2)*(z+y) =0,
(BCI2) (x*(x*V)) *y=0,
(BCI3) xxx=0,
(BCl4) xxy=0,y*x=0=x=Yy.
Definition : 1.1.2
A BCl —algebra X issaid to beaBCK —algebraif 0 x x = 0, for all x € X.
Definition : 1.1.3
For any BCI — algebra X, the set X, ={x e X /0% x =0} iscalled aBCK- part
of X.
A BCI- algebra X is said to be p- semismpleif X, ={0}.
Theorem: 1.1.4
Let (X; *, 0) beaBCI agebra. Then the following are equivalent.
1) Xisp-semismple
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2) 0 *x=0impliesx =0,
3) x*(x*y)=y,
4) x*(y *2) =z +(y * ),
5 (x*y)*(zxu)=(x*2z)*(y=*u),
6) (x*(0x2)=2zx*(0x*Xx),
forany x,y, z, ue X.
Proof:
Obvious.
Definition : 1.1.5

A B-algebra is a non-empty set X with constant O and binary operation * satisfying the

following axioms:
(Bl) x*x=0
(B2) x*0=x
(B3) (x*y) xz=x*(z+(0*y)),
forany x,y, z e X.
It is denoted by (X; *, 0) or smply by X.
Note:
In BCl / BCK / B- algebras, abinary relation “<” can be defined by, x <y if
x*xy=0,forx,yeX.
Example: 1.1.6

Let X be the set of all real numbers except for a negative integer —n. Define a binary
operation * on X by,
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_ n@x=y)
n+y

X *Y
Then (X; *, 0) isaB-agebra.
Example: 1.1.7

Let X ={0, 1, 2, 3, 4, 5} be aset with thefollowing table:

gl b~ W N| | O

g | W N| k| O O
W O b~ | O N|
AW O O N N
N | O O] | W W
R Ol N W O &~ &~
O N| | | W O] O1

Then (X; *, 0) isaB-agebra.
Definition : 1.1.8

Let (X; *, 0) be aB-algebra. A non empty subset N of X iscalled aB — subalgebra of X (or
asubalgebraof X), if x *xy e N, for any X, y € N.

Note:

In example 2.1.7, N; ={ 0,3} isasubagebraof X, whileN,={0,1}isnot a
subalgebra of X, since0 * 1 = 2 € N,. Any subalgebra of aB-algebraisaso aB-
algebra.

Theorem: 1.1.9
Let (X; *, 0) be aB-algebra.

i) If @ # N < X, then the following are equivaent.
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(&) N isasubalgebra of X.
(b) x *x(0*y),0%yeN.
ii) Let N be asubalgebra of aB-algebraX and let x, y € X. If X * y € N then
y*XeN
Proof :
Obvious.
Lemma: 1.1.10
If (X; %, 0) isaB-algebra, then
(BP1)y+xz=y=*(0x*(0=x2)foranyy, zeX
Proof :
Let (X; *, 0) beaB-algebra. Thenfor any y, z € X,
yxz=(y*2)*0 by (B2)
=y* (0= (0% 2) by (B3)
Lemma: 1.1.11
If (X; *, 0) isaB-algebra, then
(BP2) (x xy) * (0% y)=xforany X,y e X
Proof :
Let (X; *, 0) be aB-algebra. From axiom (B3), withz=0 = y, we get for any
X,V eX, (X *y) * (0xy)=x*((0xy)*(0*y)).
Hence axiom (B1) yields,

(x*y)*(0xy)=x+0
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So that from axiom (B2), it follows that,
(x*y)* (0*xy)=x.
Lemma: 1.1.12
If (X; *, 0) isaB-algebra, then
(BP3)xxz=y*xz=x=yforanyX,y, ze X.
Proof:
Let (X; %, 0) beaB-algebra. If x * z=y * z, then
(x *2) * (0% 2) = (y * 2) * (0 * z) and thus by the above lemma, it follows that x =y.
Proposition : 1.1.13
If (X; *, 0) isaB-algebra, then
(BP4) x x(y*2z)=(x*(0x2)xy,forany x,y,zeX
Proof:
Let (X; *, 0) be aB-algebra
Using lemma1.1.10 and (B2),
(x*(0*2)xy=xx(y*(0*(0x2))by (B2
=X x (Y * 2) by (lemmal.1.10)
Lemma: 1.1.14
Let (X; %, 0) beaB-algebra. Then for any x, y € X
(BP5) x*xy=0=x=y
(BP6) O0xx=0xy=Xx=Yy

(BP7) 0x(0x*x)=x
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Proof:

Let (X; %, 0) beaB-algebra. Let x,y € X
Toprove: (BP5)
sncex *y=0=xX*xy=yx*y
By lemmal1.1.12, it followsthat x = .
To prove: (BP6)
If 0 x=0=xYy,then

0=xxX

= (x*X)

=X+ (0% (0% X))

=X * (0% (0xYy))

=(x*y)*0

=X*Y.
Thusby (BP5), wegetx =y
Toprove: (BP7)
For any x € X, weobtain 0 = x = (0 * x) * 0

=0« (0 (0 * X)) by (B2, B3)
By (BP6), it follows that,
X =0x* (0 * x).

Proposition : 1.1.15

Let (X; *, 0) be aB-agebra. Then,
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(BP8) x xy =0 (y *X)
(BP9) (x*2z)*(y*x2z)=xxy,foralx,yeX.
Proof:
Obvious.
Theorem: 1.1.16
(X; *, 0) isaB-agebraif and only if it satisfies the following axioms:

X * X =0,
0= (0= Xx)=x,
(x*2)*(yx2z)=x=xy,foranyx,y, ze X.

Ox(x*xy)=y=*x,foranyx,y,zeX.

Pr oof:

Obvious.

Definition : 1.1.17

Let (X; *, 0) beaB-algebraand let g € X. Defineg" = g™ * (0 * g) (n=1) and

g=g’+ (0% g) =0+ (0 g) = gby (lemmal.1.14)
Lemma: 1.1.18
Let (X; *, 0) beaB-agebraand let ge X. Theng"+« g"=g"™ wheren>m.

Pr oof:
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If X isaB-algebra, then by lemma1.1.14,
g*+g=(g*(0%Q)*g
=(9*(0=*9g)*g
=gx*(g* (0 (0xQ))
=g*(9*0)
=g*0
=9
Assumethat, g™+ g= ¢" (n=1)
Then, g™2+g = (g™ * (0 g)) * ¢
=g"x(g* (0 (0+g)) by (B3)
= g”+1* 0
— gn+l
Assumeg"* g"=g"", where n-m=1
Then, g"+ g™ =(g"+ (g"* (0+g))
=(9"+9) *d" by (B3)
=g"txg"
= g™ ™ (since n-m-1=0)
Hence the proof.
Lemma: 1.1.19
Let (X; x,0) beaB-agebraandletge X. Theng™xg"=0x*g"™, where

n=m.
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Proof:
If X isaB-algebra, then by applying (B3), (B1) and lemma (1.1.14), we have,
g*g° =g+ (g *(0*Q))
=(9*9)*¢g
=0+*g
Assumethat g * g" = ¢"* where (n = 1)
Then, g g™ =g (g"+ (0 * g))
=(9*9) «d" by(B3

=0xg" by (B1)

Assumethat g+ g"=g """ wheren-m=>1
Then, g™+ g" = (g™ (0+ g)) * ¢
=g+ (9"* 9)
=g"x g™
=0« g™
Hence the lemma.
Theorem: 1.1.20

Let (X; %, 0) beaB-algebraand let g € X. Then

m, n— )Y
* =
99 {0 g™ otherwise

m-n

if m>n

Pr oof:
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The proof follows by above two lemmas.
Proposition : 1.1.21

If (X; *, 0) isaB-algebra. Then (a* b) * b=ax b?forany a, b e X.
Proof:

It follows from (B3) that,

(@axb)*xb=ax(bx (0=*h))

—ax*b’

Proposition : 1.1.22

If (X; *, 0) isaB-agebra, then (0 = b) *x (a* b) =0 aforany a, beX.

Proof:
It follows from (B4) and (B1),
(0+b)*(@axb)=((0+b)+(0xb))*a
=0x*a
Note:

The converse of the above theorem is aso true.

Proposition : 1.1.23
If (X; *, 0) isa0 commutative B-algebra, then (0 * @) * (a* b) = b * & for any
abeX.
Proof:

If X isa0-commutative B-a gebra, then

28



(Oxa) x(axb)=((0+2a) *(0xb))*a
=(bxa)*a
=bx &

Hence the proof.
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SECTION : 1.2
O-COMMUTATIVE B-ALGEBRAS
Definition : 1.2.1
A B-dgebra(X; *, 0) is said to be 0O-commutative ((or) simply commutative),
if x* (0xy)=y=*(0=xx)foranyx,yeX.
Proposition : 1.2.2
If (X; *, 0) isa0-commutative B-algebra, then (0 * x) * (0 x y) =y * X, for any
X,y eX.
Proof:
Since, X isa0-commutative B-algebra, for any x, y € X, by (BP1),
(0*x)*(0xy)=y=*(0*(0x*x))
=y * X.
Theorem: 1.2.3

If (X; *, 0) isa0-commutative B-algebra, thenax* (a* b) =bforanya be X

Proof:
If X isacommutative, then by (B4),
ax(axb)=(ax(0xh))+a
=(bx(0xa)+a
=bx (ax* a)
=h.
Note:
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The converse of the above theorem isaso true.
Corollary : 1.2.4
If (X; *, 0) isa0-commutative B-algebra, then the left cancellation laws holds.
Thatis,axb=a*b'=b=D.
Proof:
Let (X; %, 0) isa0-commutative B-algebra, by the above theorem,
b=ax* (axb)
=ax* (a*b)
=b"
Proposition : 1.2.5
If (X; *, 0) isa0-commutative B- algebra, then (0 * &) * (a* b) =b * & forany a, be X.
Proof:
0+ *(axb)=((0+a) «(axh) + a
=(bxa) +a
=bxa
Hencethe proof.
Theorem :1.2.6

If (X; *, 0) is a 0-commutative B-algebra, then (x * a) * (y * b) = (b = @) * (y*x) for any
X, ¥,a beX.

Pr oof:

Let (X; %, 0) isa0-commutative B-algebra, then for any x, y, a b € X,
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(x * @) * (y x b) =x* [(y x b) * (0 * &)]
=x*[y*{(0*a) * (0 b)}]
=X (y* (b*a)
=[x *(0*(b*a)] *y
=[(b*a) * (0*x)] *y
=(bxa)*[y*(0x (0% x)]
=(bxa)*(y*x)
Corollary : 1.2.7
If (X; *, 0) is a 0-commutative B-algebra, then (x * 2) * (y * 2) = x * y, for any
X,Y,ZeX.
Pr 0of:
Since, (X; *, 0) is a0-commutative B-algebra, for any X, y, ac X,
(x * @) * (y*b) = (b*a) *(y *x) 1)
Put x = ain (1)
Then,
(axa) x(y+b)=(bxa)*(yx*a)
= 0x(yxb)=(bxa) *(y=a)
=bxy =(bxa)*(yxa
Corollary : 1.2.8

If (X; *, 0) isa0-commutative B-algebra, then (x x y) * (z* X) =x x y, forany x, y, z
€ X.
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Proof:
By theorem 1.2.6, X * y = (X * y) * (2 * 2)

=(zx*xy)x(zxx)forany x,y, ze X.

Corollary : 1.2.9

If (X; *, 0) isa0-commutative B-algebra, then (x * @) xy = (0 = a) = (y * X), for any
X,y,aeX.

Proof:

Since (X; *, 0) isa0-commutative B-algebra, then
(xxa)*(yx0)=(0xa)*(y=*x) D
putb=0in (1),

(xxa)*(y+0)=(0xa)*(y*x)
= (x*a)xy=(0xa)*(y*x)
Corollary : 1.2.10
If (X; *, 0) isa0-commutative B-algebra, then x = (y * b) = b * (y * x), for any
X, Y, beX.
Pr oof:
Puta=0in(x+a) x(y*b)=(bxa) * (y*X)
X * (y*b) =(x*0)=* (y=xb)
= (b= 0) * (y * x)

=bx(y*Xx)
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Theorem :1.2.11
If (X; *, 0) isa0-commutative B-algebra, then (x * y) x z= (X * 2) x y, for any
X,V,ZeX.
Proof:
(x*y) xz=xx*[z*(0*Y))]
=X x [y * (0 x 2))]
=(x*x2Z)*y.
Proposition : 1.2.12

Let (X; *, 0) is a O-commutative B-algebra. Then (X: <) is a partially ordered set,

wherex <y ifandonly if x « y =0.
Proof:
Obvious.
Theorem: 1.2.13
If (X; *, 0) isa0-commutative B-algebra, then
[(x*y)*(x*2)]*(zxy)=0,foranyx,y, zeX.
Proof:
By applying theorem 1.2.6,
[(x*xy)* (x* 2] * (z*y) =[(Z*y) * (X*X)] *(Z*Y)
=[z*y)*0] *(z*y)

=(zxy)x(z*y)
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Hence the proof.
Theorem: 1.2.14
If (X; *, 0) isa0-commutative B-algebra, then[x = (x * y)] * y =0, for any
X, ¥,ZeX.

Proof:

By applying theorem 1.2.11,

[X* (xxy)] xy=(x*y) *(x*y)

=0.
Theorem: 1.2.15
Every O-commutative B-algebrais a BCl —algebra.
Proof:
It follows from proposition 1.2.12 and theorems 1.2.13 and 1.2.14.
Note:
The converse of above theorem need not be true in general.

Example: 1.2.16

Let X ={0, 1, 2, 3} beaset with the following table:

*

w| N| k| Ol O
Wl W o o
Ol O] Wl W N
O | N W w

w|l N| —| O
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Then it isaBCI —algebra, but not a 0-commutative B-algebra, since
3x(0%2)=0
22 x (0 3).
Theorem :1.2.17
Every O-commutative B-algebrais ap- semisimple BCl —algebra.
Proof:
It follows from theorem 1.1.4 &1.2.15.
Theorem: 1.2.18
Every p- semisimple BCI —agebrais a 0-commutative B-algebra.
Pr oof:
It is enough to show, (B3)
For any x, y, ze X, by theorem 1.1.14,
X* (2% (0xy)=KX=*0)*(z=*(0xy))
=(x*2) (0 (0x*y))
=(xx2Z)*y.

Hence the proof.
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SECTION: 1.3

QUADRATIC B - ALGEBRAS

Definition : 1.3.1

Let X beafieldwith [X | > 3. An algebra(X; ) issaid to be quadraticif x x yis
defined by X * y = @x? + aXy + agy” + asX + &y + & , ;Where ay,...,as € X arefixed.

Definition : 1.3.2

A quadratic algebra (X; *) is said to be a quadratic B — algebra, if for some
fixed e € X it satisfies the following conditions :

(QB) xxx=e

(QB2) x xe=x

(QB3) (x *y)*z=x*(z* (exy)), forany x,y, ze X.
Theorem: 1.3.3

Let X be afield with [X| = 3. Then every quadratic B- algebra (X; *,6), e € X,

hastheformx xy=x -y + e, where x, y € X.
Proof:

Let x * y = AX*+ Bxy +cy?+ Dx + Ey +F (1)
for somefixed A,B,C,D,E,F € X. Then,
e=x*x=(A+B+C)x*+(D+E)x+F 2)
Letx=0in(2),thenF=¢e
hence, x * y = Ax?+ Bxy + cy’+ Dx + Ey + e (3)
if y=xin(3),then
e=x * X = (A+B+C)x* +(D+E)x + e, for any x € X and hence A+B+C = 0= D+E
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thatis, E=-DandB=-A-C

Hence (3)becomes,

X*y=(xy)(Ax-(y+D)) +e (4)

Lety = ein (4).then by (QB2),

x=x*e=(x-e)(Ax-(e+D-1)(x-¢)=0

Since, X isafield either x -e=0or Ax—-ce+ D - 1=0

Since |X|=3, we have AX - Ce + D -1=0, forany x € X.

Thismeansthat A=0,1-D + Ce=0.

Hence (4) becomes

Xxy=(x-y)+Cx-y)e-y)+e ()

If we replace e by x, and x by y respectively in (5), then

exx=(e-x)+C(e-x)(e—-x)+e.

It follows that

ex(exx)=ex[(e-x)+Ce-x)*+¢|
=x—-C(e-x)*+C(e- x){1+ C(e - x)}*
=x+C3*(e-x)*+2CHe-x)*.

Sincex = e * (e * x), weobtain

C’(e-x)*{-Cx+2+Ce}=0.

Since X isafield with |X|= 3, we obtain C =0

Thus, every quadratic B-algebra (X; , €) hastheform x * y = x —y + e, where

X,y € X.
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Example: 1.34

Let R be the set of all real numbers. Definex * y =x —y + v/ 2. Then
(R;*,V 2) isaquadratic B-algebra.
Example: 1.3.5

Let K = GF(p") be aGaloisfield. Definex xy=x -y + e, e € K. Then (K; *, €
isaquadratic B-algebra.

Proposition : 1.3.6
Let X beafield with [X|= 3. If (X; =, €) isaquadratic B-algebra, then

(x*xy)x(xxz)=zxyforanyx,y, z€ X.

Proof:
Obvious.
Theorem: 1.3.7
Let X beafield with |X|= 3. Then every quadratic B-algebraon X isa

BCl-agebra.

Proof:

Obvious.
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CHAPTER -2
B-HOMOMORPHISM S OF B - ALGEBRAS

SECTION: 2.1
NORMAL B-ALGEBRASAND HOM (-,-) ASB - ALGEBRAS

Definition : 2.1.1
A B-agebra X issaid to be associative, if (x * y) * z=x *(y * z), for al
X, ¥,ZeX.
Definition : 2.1.2

A nonempty subset N of A issaid to be normal (or anormal subalgebra) of A, if (x * a) *

(y*b)eNforanyx xy,axbeN.
Theorem : 2.1.3[27]

Let N be a subalgebra of a B-algebra X. Then the following statements are
equivalent:

(i) Nisanormal subagebra

(i) IfxeXandyeN,thenx = (x *y) EN.
Proof:
Toprove: (i) = (ii)
LeexeXandy€eN. Thenx *x=0€Nand0+*yeN.
Since N isnormal,
(x*0)* (Xx*xy) € N.Thusx * (x *y) € N.
Toprove: (ii) = (i)

Let x xy, a* b e N. By theorem 1.1.9 (ii), b x a€ N.
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By (BP9), we have
(0+a) * (0+b)=(0*a) + [(0*a) * (b a)] and using (ii) we get,
(0+a)  (0+b) EN.
Applying (B3) twice we obtain
X % (X % [(0* @) * (0 b)]) =X % [(x * b) * (0 * &)]
= (x * @) * (x * b).
From this, combining (ii) with (1) we get
(x * @) * (x * b) € N.
We have [(x * @) * (x * b)] * (y * X) € N, because N is a subalgebra.
Using (B3) and (BP9) we get,
[(x @) % (X % b)] * (y * X) = (x * &) * [(y % X) * (0% (X * b))]
= (x * @) * [(y * X) * (b *X)]
= (x * @) * (y * b).
Therefore (x * &) * (y * b) € N. consequently, N is normal.
Corollary : 2.1.4

In O-commutative B-algebras,the concepts of subalgebras and normal sub-algebras
coincide.

Pr oof:

Obvious.

Lemma: 2.1.5

Let X be aB-agebra,
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(1) If {Na : a € A} is any nonempty collection of subalgebras of X, then 1 Nais a

aeA

subal gebras of X.

(i) If {Na : a € A} isany non-empty collection of subalgebras of X,then (] Na is a normal

aeA

subalgebras of X.
Pr oof:
Let X be aB-agebra

0 Follows from the fact that a non —empty intersection of a system of subalgebras is a
subal gebra.
(i) Let {Na: o € A}beany non-empty collection of normal subalgebras of X.

By (i), Na is a subalgebra of X. Suppose ,x *y,a*xbe () Na .

aeA
Thenx =y, a* b e Na foralla e A.
Since each Na is normal, (x * @) * (y *x b) € Na foralla € A.

Therefore, (x *a) * (y * b) € () Na andso, () Na isanorma subalgebraof X.

aeA aeA

Definition : 2.1.6

A mapping f : XY between B-algebras X and Y is caled a B-homomorphism if
f(x * y) =f(x) = f(y),for al x, y € X.

Example: 2.1.7

Let X ={0, 1, 2, 3} be aset with the following table:

*

w|l N| —| O

Wl N k| O O
R W O N -
Nl O] Wl k| N
O | N W w
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Then (X; *, 0) is aB-algebra. If we definef(0) =0, f(1) =3, f(2) = 3and f(3) = 0, then

f: X 5 Y is a B-homomorphism.

Definition : 2.1.8
(i) A B-homomorphism f: X - X is called a B- monomor phism , B- epimorphism or B-
isomor phism if f is one-one ,onto or a bijection respectively.

(if) A B-isomorphismf: X — X s called a B- automor phism.

(iif) A mapping f of aB-algebra X into itself is called a B-endomorphism of X if
f (x *y) =1f(x) = f(y) for dl x, y e X and f(0) = 0.

(iv) Thetrivia B-homomorphism “0” is defined as 0(x) = 0 for x € X.

(V) Thesubset {x e X / f(x) =0inY iscalled the ker nél of the B-homomorphism

f:X > Y and it is denoted by Ker f.
Note:
Any kernel of a B-homomorphismf : X - Y is a subalgebra of X.
Notation:

The set of al B-homomorphisms of a B-algebra X into a B-algebra Y is denoted by
Hom(X,Y).

The following example shows that (Hom (X,Y); *,0) may not be a B-algebra in general, where *

is defined as follows:
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(f x g) x =f(x) * g(x) for f, g e Hom(X,Y),for x € X.
Example: 2.1.9

Let X={0,1,2,3,4,5} be aB-algebrawith cayley table asfollows:

*

gl | W N| | O

g | W N | O] O
Wl O | O N
Al W O O N | N
Nl | O O] hf W W
R O N W O b
O N| | bl W O O

Defineamap f : X - X by f(x) = O,for all x € X, and amap g: X - X by g(x) = O,for all X € X.
Thenf, g e Hom(X,Y) but f « g & Hom(X,Y), for
(F 93+ 1) = (f * 9)(4)
= 1(4) * g(4)
=4 and
(f* 9)(3) * (f x 9)(1) = (F(3) * 9(3)) * (f(1) * 9(1))
=3%2
3
Therefore, ((f = g)(3+1)) # (f x g)(3) = (f  g)(2).
Hence Hom(X,Y) is not a B-algebra.
Theorem : 2.1.10

If X is a B-algebra and Y is an associative B-agebra, then Hom(X ,Y) is an
associative B-algebra.

45




Pr oof:
Let f, ge Hom(X,Y) and x € X. Then,
(f+g)(x xy) =f(x xy) * g(x *y)
= (F(x) = £(y)) * (9(x) *a(y))
= (F() = (F(y) * (9(x)) *a(y))
= (F(x) = (0= g(y))) * (F(y) * 9(x) by (BP4)
= ((F(x) = 0) = g(y)) * (f(y) * 9(x))
= (f(x) *a(y)) * (f(y) *9(x)) by (B2)
= (F(<) * (9(y) * f(y))) * 9(x)
=1(x) * (9(x) * (0« (a(y) * f(y)))) by (B3)
=f(x) * g(x) * (f(y) *a(y))) by (BPS)
=f(x) *a(x)) * (F(y) * a(y))
= (Fxg(x) * (F+9)(y)
Then f xg e Hom (X, Y), for all f, g e Hom(X,Y).
Since Y isaB-algebra, Hom(X,Y) isaB-algebrafor all f, g, h e Hom(X,Y) .
Now let f, g, h e Hom(X,Y) and x e X. Then
(f * g) *h) (x) = (f(x) * 9(x) * h(x)
=f(x) * (9(x) * h(x))
= (f * (g + h)) (X) because Y is an associative B-algebra.

Hence Hom(X,Y) is an associative B-algebra.
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Theorem : 2.1.11

If XisaB-agebraandY isa0-commutative B-algebra, then Hom(X,Y) isa0-
commutative B-algebra.

Pr oof:
Let f, g e Hom(X,Y) and X e X. Then
(fxg)x xy)=f(xxy) xg(x*y)
= (F(x) = (F(y) * (9(x) *a(y))
= (g(y) * f(y)) * (g(x) * f(x)) by theorem 1.2.6.
= (0= (f(y) * 9(y))) * (0 * (f(x) * 9(x)))
= (F(x) * 9(x)) * (f(y) * 9(y))
= (f+ ) (x) * (F * O)(Y)
Therefore, f + g e Hom(X, Y) for all f, g e (Hom X, Y) .
Since Y isaB-algebra, Hom(X,Y) is aB-algebrafor all f, g, h e Hom(X,Y).
Now let f, ge Hom(X,Y) and X e X. Then
((f x 0) xg)(x) = (f(x) * 0) * g(x)
=g(x) * (0 * f(x))
= ((g * 0) * f) (x) because Y isa0-commutative B-algebra
Hence the proof.
Definition : 2.1.12

Let M and O be subsets of X and Hom (X,Y) respectively. We define orthogonal
subsets ML and 0L of M and 0, respectively, by

ML= {f e Hom(X,Y) /f(x) = O,for al x, y € X} and
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OL={xe X/f(x) =0, for al f e Hom(X,Y)}.
Theorem: 2.1.13
Let X beaB-agebra, Y be an associative B-algebra, M € X and
0 € Hom(X,Y). Then M+ and ®©+ are normal subalgebras of Hom(X,Y) and X, respectively.
Proof:

Letf g, h+keML Then (f xg) (x) =0, for all x e M and (h = k) (x) =0, for al x
€ M. By theorem 2.1.10, we have that Hom(X,Y) isan associative B-algebra. Thus

((f + h) * (g * K)) (x) = (((f = h) * g) x k) (x)
= ((f* (g (0 h)) * k) (x) by (B3)
= ((F+((g* (0xh) *k) (x)
=((fxg) = (h+K) (x)
=(f * g)(x) x (h = k) (x) =0for al x e M.
Thus, (f* h) * (g * k) e M+ and so Mt isanormal subalgebraof Hom(X,Y).
Now, let x xy, a*x b e @1, hencef(x xy) =0andf(ax* b) =0, for al f e Hom(X,Y).
Since, Y isan associative B-algebra, in asimilar way we can prove that
f((x * @) = (y * b)) = O,for al f e Hom(X,Y) and then (x * @) = (y = b) € ©+, for all
f e Hom(X,Y).
Therefore, O1 isanormal subalgebraof X.
Theorem: 2.1.14
Let X beaB-agebra, Y be a0-commutative B-algebra, M € X and

© € Hom(X,Y). Then M+ and ©+ are normal subalgebras of Hom(X,Y) and X, respectively.
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Proof:
Letf+g, h+keM-L
Then (f xg) (x) =0, for al x e M and (h * k) (X) =0, for all x e M.
From theorem 2.1.11, we know that Hom(X,Y) is a 0-commutative B-algebra.
Hence
((f + h) (g * K))(x) = ((k  h) * (g * F)(x)
=((0* (h*K) = (0= (f x9))(x)
= (0(x) * (h* k) (x)) * (O(x) = (f * g)(x) =0 for dl x e M.
Thus (f * h) = (g * k) e ML isanormal subalgebra of Hom(X,Y).
Now, let x xy,a*be ®L. Thenf(x * y) =0andf(axb) =0for dl f € Hom(X,Y)
SinceY isa0-commutative B-algebra, in similar way we can prove that
f(x*a) * (y*b))=0,foral fe Hom(X,Y) and then (x * a) * (y * b) € ©+ for all

f e Hom(X,Y). Therefore, ©1 is normal subalgebraof X.

49



SECTION: 2.2

THE SECOND ISOMORPHISM THEOREM FOR B-ALGEBRAS
Definition : 2.2.1
Let H, K be suba gebras of X. Define the subset HK of X to be the set
HK ={x e X /x=hx(0*k)forsomeheH, k € K}.
Example: 2.2.2

Let X ={0, 1, 2, 3, 4, 5} be aset with the following table:

*

gl b~ W N | O

gl | W N k| O O
wl g b~ | O N
Al W O O N PN
N k| O O | W W
R O N W g b~ b
O N| | H~ W g O

Then (X; *, 0) isaB-agebra.
Let H={0, 3} and K = {0, 4}.
Clearly, H and K are subalgebras of X.
However, HK ={0, 2, 3, 4} isnot asubalgebraof X since, 4«+3=1 ¢ HK.
Note:
In general, HK need not be a subalgebra. In the succeeding results, a
necessary and sufficient condition for HK to be a subalgebrawill be proved.

Lemma: 2.2.3
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Let H and K be subalgebras of X. Then

i) H<E HK, KH and K € HK, KH,
i) HH =H,
iiil) H € KimpliesHK = KH =K.
Proof :

Let H and K be subalgebras of X.
IfheH, thenh=h+0=h=« (0= 0) € HK by (B1) and (B2).
Also, h=0x (0 * h) € KH by (BP1). Thus, H € HK, KH.
Similarly, K € HK, KH.
(ii) and (iii) can be proved easily.
The following theorem gives the necessary and sufficient condition for HK to be a subalgebra.
Theorem: 2.2.4

Let H and K be subalgebras of X. Then HK isasubalgebraof X if and only if
HK = KH.
Proof :

Suppose HK isasubalgebra of X. Let x € KH. Then x = k * (0 * h) for some
ke K,heH.By Lemma2.2.3(i), k, h € HK.
Since HK isasubalgebra, 0 * h € HK by Theorem 1.1.9and so x = k * (0 * h) € HK.
Thus, KH < HK. (1)
On the other hand, let x € HK.

Then 0 x x € HK.
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Hence, 0« x = h = (0 = k) for someh € H, k € K.
SinceH and K are subalgebras, 0 * he Hand 0 =« k € K.
Thus, by (BP7) and (BP8), we have,
X=0x(0x*Xx)
=0 (h * (0 * k)
=(0xk)*h
= (0 %K) = (0 (0 * h)) € KH.
Hence, HK € KH . )
Therefore, by (1) and (2) HK = KH.
Conversely, suppose that HK = KH and let x, y € HK. Then
x = hy * (0% Ky), y = hy = (0 * ky) for some hy, h, € H, Ky, ks € K.
Now, since (0 * k) * h2 = (0 * kp) = (0 = (0 * hy)) € KH = HK,
(0 x k) * hy = hg* (0 * k3) for some hz € H, ks € K.
Similarly, k; * (0 * hg) = hy* (0 * ks) for someh, € H, k4 € K.
Thus, by (BP7), (BP8), and (B3), we have
Xy = (hy *(0xkq))*(hz *(0xky))
= (hy % (0 % kq)) * [0 % (0 * ko) * hy)]
= (hy * (0 % ky)) * [0 % (hs * (0 * ka))]
= (hy * (0 * ky)) * ((O = k3) * hg)
= hy * [((0 * kg) * hg) * (0 * (0 * ky))]
= hy * [((0 * ks) * hg) * kq]
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= hy * [(0 * ka) * (k1 * (O * hg))]
= hy * [(0 * k) * (g * (0 * ka))]
= hy * [((0 * ks) * Ka) * hy]
=hy * [((0 * kg) * kg) * (0 * (0 * hy))]
= (hy * (0 * hg)) * ((0 * k3) * kg)
= (hy * (0 * hy)) * [0 * (Ka * (O * ks))] € HK.
Therefore, HK is a subalgebraof X.
Corollary : 2.2.5
If H and K are subal gebras of acommutative B-algebra X, then HK isa
subal gebra of X.
Proof :
Since X is commutative, HK = KH.
By Theorem 2.2.4, HK is a subalgebra of X.
Lemma: 2.2.6
If N and K are subagebras of X with K normal in X, then N nK is a normal
subalgebra of N.
Proof :
SinceN nK € N, N nKis a subalgebra of N by Lemma 2.1.5 (i).
LetxeNandy € N n K. SinceK isnormal of X,y € K, xe N € X, we have
X * (X *y) € K by Theorem 2.1.3.

Since N isasubalgebraand x, y € N, we have x * (X xy) € N.
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Thus, x * (x *y) € N n K.
By Theorem 2.1.3, N n K isnormal of N.
Lemma: 2.2.7
If N and K are subagebras of X with K normal in X, then NK is a subalgebra of X.
Proof :
Letx,y € NK. Thenx =n; = (0 * ky) and y = n, = (0 * ky) for someng, n, €
N and k1, ky € K. Since N and K are subalgebras of X, n; *n, € N and k; = k, € K.
By Theorem2.4, n, * (ny * (k1 * kp)) € K. Therefore, by (B1), (B2), (B3), and (BP7), we have
X xy = (ny* (0 ky)) * (N2 * (0 * k)

=Ny [(N2 * (0 * kg)) * (0 % (0 * ky))]

=Ny * [(n2 % (0 * kp)) * kq]

= [ * ((0 * n2) % (0 n2))] * [(n2 * (0 * ka)) * ki

= ((n % n2) * (0 % n2)) * [(nz * (0 % Kk2)) * k]

= (ng * ng) * {[(nz * (0 x ko)) * kq] * (0 = (O * np))}

= (ng * n2) * {[(n2 *(0 * k2)) * ka] * g}

= (Ng *ng) * { [N * (Kq * (0 * (0 * ky)))] * N2}

= (Nx np) * [(n2 *(Ky * k2)) * ng]

= (g #M2) * {0 * [Nz * (2 * (ky * k2))]} € NK.
Therefore, NK is a subalgebra of X.
Lemma: 2.2.8

If N and K are normal subalgebras of X, then NK = KN isanormal subalgebra of X.
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Pr oof :

By Lemma2.2.7 and Theorem 2.2.4, NK = KN isasubalgebraof X.Let x € X and
y € NK. Theny =n = (0 = k) for some n € N and k € K. Therefore, by (B1), (B2), (B3),
(BP7), (BPS8), and (BP4), we have

X % (X * ) =X % [X * (N * (0 * K))]

=X+ (X * k) * )
=x % [((0 * (0% X)) * k) * (0% (0 )]
=x*[(0 (k * X)) * (0% (0 )]
= (x * (0% n)) * (0 * (K * X))
= [(X % (0 ) * ((0 % X) * (0 X))] * (0 (K * X))
= [((X * (0% ) % X) (0% X)] * (0 # (K * X))
= [(x* (0 ) * x] * [(0* (k * X)) (0 * (0 X))]
= [(x * (0 * ) * X] * [(0 % (K * X)) * X]
=[x * (X % (0 % (0% )] * [0 % (x % (0 * (k *X)))]
= (X * (X * M) % [0 * (X * (x * K))] € NK.

By Theorem 2.1.3, NK is normal in X.

Lemma: 2.2.9

If f:X - Yandg:Y - Zare B-homomorphisms, thenfo g: X — Zisalsoa B-

homomorphism.
Proof:
Obvious.

Corollary : 2.2.10
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The composition of B-monomorphismsis a B-monomorphism, the
composition of B-epimorphismsis a B-epimorphism, the composition of B-
isomorphisms is a B-isomorphism, and the composition of B-automorphismsisa

B-automorphism.

Proof:
Obvious.
Note:
(i) The identity mapping idx : X — X of a B-algebra X is an automorphism of X.
(i) If f: X - Y is a B-homomorphism from X into Y, then f(Ox)=0y and
f(Ox * x) = Oy = f(x) for al x € X.
Lemma: 2.2.11

Let f: X - Y be a B-homomorphism from X into Y.

() If N isasubalgebra of X, then f(N) isasubagebraof Y . Moreover, if N is commutative,

then f (N) is commutative.
(i) If K isasubalgebraof Y, then f *(K) is a subalgebraof X containing Ker f.
(iii) If N isanormal subalgebraof X and f is onto, then f(N) isanormal subalgebra of Y
(iv) If K isanormal subalgebraof Y, then f}(K) isanormal subalgebraof X.
Proof :
Let f: X - Y be a B-homomorphism.
(i) Suppose N iscommuitative. If X, y € f(N), then there exist a, b € N such that f(a) = x

and f(b) = y. Since N is commutative,
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X * (Oy *y) =1(a) * (f(Ox) * f(D))
=f(ax (Ox * b))

=f(b * (Ox * @)

=f(b) * (F(Ox) * f(a))

=y * (Oy *X).
Therefore, f(N) is commutative.

(if) The proof is obvious.
(iii)Let N be anormal subalgebraof X. By (i), f(N) isasubalgebraof Y .Letx e Y and y €
f(N). Theny = f(n) for somen € N. Sincef isonto, there existsa € X such that f(a) = x.
SinceN isnormal in X, ax* (a*n) € N.
Thus, x * (x * y) = f(a) * (f(a) * f(n))

=f(ax (a*n)) € f(N).

Therefore, f(N) isnormal iny.

(iv)Let K be anormal subalgebraof Y. By (ii), f (K) is a subalgebra of X.

Letx € X and y € f(K). Then f(x) € Y and f(y) € K.

Since K isnormal subalgebraof Y,

f(x * (X * y)) = f(x) * (F(x) * f(y)) € K.

Thus, x * (x * y) € f}(K) and so f }(K) isnormal in X.
Definition : 2.2.12

If N isanormal subalgebraof X, then (X/N; =, [O]n) is a B-algebra, where

XIN ={[x]n : X € X} and = isdefined by [X]n * [y]n =[ X * y]n. For x € X, [X]n isthe
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equivalence class containing x, that is, [X]n ={y € X : x ~N y}, wherex ~N y if and
only if x *y € N for any X, y € X. Theagebra X/N is caled the quotient B-algebra
of X by N.
Theorem : 2.2.13 (first | somor phism theorem for B-algebras)

Let f: X - Y be aB-homomorphism from X into Y. Then X/Ker f = Imf. In
particular, if f issurjective, then X/ Kerf =Y .
Proof:

Obvious
Theorem : 2.2.14 (Third I somor phism theorem for B-algebras)

Let N and K be subalgebras of X and let K € N. Then X/N = (X/K) / (N/K)
Proof:

Obvious.
Lemma: 2.2.15

If K and N are Normal subalgebras of X suchthat K € N, then N/K isanormal
subalgebra of X/K.
Proof:

Since K and N are normal subalgebrasof X 3 K € N, N/K iswell defined.
Also X/K and N/K are B-algebras. since K €N, N/K € X/K and so N/K is a subalgebra
of X/K. Let [X]k*[Y]k ,[ak * [b]k € N/K. Since[X *y]k =[X]k *[Y]x € N/K,x *y €
N. Similarly, a* b € N.

Since N isnormal, (x * a) * (y * b) € N and so
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(IXJk * [&lk) * ([ylk * [blk) =[x * &k * [y * b]«
=[(x = a) = (y * b)]x € N/K.
Therefore, N/K isanormal subalgebra of X/K.
Note:

Thismeansthat (X / K) / (N / K) in theorem 2.2.14 indeed is well defined.

Theorem : 2.2.16 (Second | somor phism theorem for B-algebras)

If N and K are subalgebras of X with K normal in X, then
NK
N/(NNK) = —.
K

Proof:
Let N and K be subalgebras of X with K normal in X.
By lemma2.2.6, N n K is a normal subalgebraof N. Thus, N n K iswell defined.
By lemma 2.2.7 and theorem 2.2.4, NK= KN is a subalgebra of X.
Thus, N/ (N n K) is well- defined.
By Lemma 2.2.7 and Theorem 2.2.4, NK = KN isasubalgebraof X.
By Lemma 2.2.3(i), K isnormal in NK. Hence, NK/K is well-defined.
Definef: N NK/K by f(n) = [n]xby f(n) = [n]K for al n € N.
SinceN € NK, f(n) =[n]x € NK /K for all n € N. Let m, n € N such that m=n.
Then f(m) = [m]k = [n]k = f(n). Thus, f is well-defined.
Let [X]x € NK /K .Thenx =n= (0 = k) forsomen € N, k € K.

It follows that f is onto. since
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[X]k = [n* (0 * K)]k
= [n]k * [0 * K]k
= [nlk
=f(n).
Also, f is a B-homomorphism since,
f(axb) =[ax* b«
= [alk *[blk
= f(a) * f(b).
Hence, by Theorem 2.2.14, N/Kerf = NK /K.
But Ker f = {n € N: f(n) = K}
={neN:[n]k =[O}
={neN:nekK}
=NnK.

Therefore, N/ (N n K) = NK /K.
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CHAPTER -3
DERIVATIONSAND t - DERIVATIONS OF B - ALGEBRAS

SECTION 3.1:
DERIVATIONS OF B-ALGEBRAS
Definition : 3.1.1
A self map d of aB-algebra X issaid to beregular, if d(0) = 0.
If d(0) #0thendiscaled anirregular map.
Notation :
For aB-agebra, wedenotex Ay =y * (y = x) for al x, y € X.
Definition : 3.1.2
Let X beaB-algebra.
By a(®, r) - derivation of X, we mean aself map d of X satisfying the identity
d(x * y) = (d(x) * y) A (X * d(y)),for adl x, ye X.

If X satisfies the identity d(x * y) = (x * d(y)) A (d(x) = y), for dl x, y € X, then we say that d

isa(r,®) - derivation of X.

Moreover ,if disbotha (8, r) and a (r, €) derivation ,we say that d is a derivation of X.
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Example: 3.1.3

Let X ={0, 1, 2, 3} be a0-commutative B-algebrawith cayley table as follows:

*

wl N| k| O O
R W O N
Nl O Wl | N
Ol | N W w

w|l N| | O

Defineamap d: X—X by :

3ifx=0
N2ifx=1
dX) =31 fpae =2
0if x =3

Then d isaderivation of X.
Example: 3.1.4
Let z be the set of all integers “ - ” the minus operation on z. Then (z, -, 0) isa
B-algebra. Let d(x) = x-1 for al xe z. Then

dx)-y) (x-dy)=(x-1)-y) (x-(y-1)
=(x-y-1) (x-y+1)
=(x-y+1)-2
=xX-y-1
=d(x-y)foralx,yez

andsodisa(r,®)-derivation of X.

But (1-d(0)) (d(1)-0) =(1-(-1) (0-0)
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%0
=d(1)
=d(1-0)
and thusd is not a(r, €)-derivation of X.
Proposition : 3.1.5
Letdbea(®, r) - derivation of B-algebraX. Then

i. d(0)=d(x) xforal,xeX
. disl-1.
iii.  If disregular, then it isthe identity map.

iv.  If thereis an element x € X such that d(x) = x, then d is the identity map.
v.  Ifthereisanelementx e X suchthatd(y) x=0orx d(y)=0foralyeX,
then d(y) = x for all y e X, i.e. d is constant.
Pr 00f:
i. Letx X.Thenx x=0andso
d0) =d(x x)A(x d(x))
=(x dx) [(x dx)) dix) x]
=[x dx) (0 dix) x)] (x dx)]
=[x dx) (x dx)] (x dx))

=0 (x d(x))
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=d(x) x
ii. Let X,y e X suchthat d(x) = d(y).
Then by (i), we have d(0) = d(x) x.
Also, by (i), d(0) = d(y) .
Thus, d(x) x=d(y) vy
Therefore, d(x) x=d(y) v.
By cancellation law, x = y.
Thatisdis1-1.
iii. supposethat d isregular, and x € X, thus
d(0) = 0.
0=d(x) xby (i)
= d(x) =x for dl x € X.
That isd istheidentity map
iv. Suppose d(x) = x for some x € X. Then
dx) x=0
= d(0) = 0 by (i)
Using (iii), we have that d is the identity map.

v. followsdirectly fromx y=0=x=Yy.
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Proposition : 3.1.6

Let X ={0, 1, 2, 3} be a0-commutative B-algebrawith cayley table as follows

w|l N| | O

Wl N k| O O
Nl | O W k-
R O] W N N
O W N k| W

Defineamap d: X—X by

2ifx=0
N3iFx=1
dX) =90 ifx =2
lifx=3

then d is a derivation of X.
Proposition : 3.1.7
Let (X; , 0) be a0-commutative B-algebraand disa (€, r) - derivation of X. Then
(i) dix y)=dx) V.
(i)dx) d(y)=x y,foralx,yeX.
Pr oof:
(i) Let X, y e X, then
dix y)=(dx) y)A(x dy))
=(x dy)) [(x dy)) @dx) )
=d(x) y,sincex (x y)=y

(i) Let x, y € X, then from proposition 3.1.5 (i) we have, d(0) =d(x) x
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Also, d(0) =d(y) y
Thus, d(x) x=d(y) vy
Thatis, (dy) y) (dx) x)=0
(x y) (d(x) d(y)) =0, bytheorem1.2.6
=d(x) dly)=x vy
Proposition : 3.1.8
Let (X; , 0) beaO-commutative B-algebraand disa (&, r)-derivation of X. Then
(i) dix y)=x dly)
(i) dix) dly)=x 'y
Proof:
Obvious.
Definition : 3.1.9
Let X be aB-algebraand d, d; be two self maps of X. we define
diody: X - Xas djo da(X) = dp (da(x)), for al x € X.
Proposition : 3.1.10
Let (X; , 0) beaO-commutative B-algebraand d is a (€, r)-derivation of X.
Thend; o dyisalso a(®, r)-derivation of X.
Proof:
Let X be a0-commutative B-algebraand d;, d; are (8, r)-derivation of X and let
X,yeX.then(diodp) (x y)=di[da(x) y)A(x day))]

=d;[dx(X) ) bytheorem1.2.3
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Using proposition 3.1.7 (i), we get
(diedy) (X y)=di(d(x)) Y
=(x di(dxAy))) [(x di(daAY))) (di(d2(x)) Y]
= (died) (x)  Y) A (X (chody) (Y))
which implies (d; o dy) isa (£, r)-derivation.
Proposition : 3.1.11
Let X be a0-commutative B-algebraand let dy, dy isa(r, €)-derivation of X.
Thend;o dyisasoa(r, €)-derivation of X.
Proof:
Obvious.
Theorem : 3.1.12
Let X be a0-commutative B-algebra and let d;, d, be derivation of X. Then
d; o dyisalso aderivation of X.
Proof:
The proof follows by above two propositions.
Theorem: 3.1.13
Let X be a0-commutative B-algebraand d;, d, isaderivations of X. Then
dio dr=dpody.

Pr oof:

Let X be a0-commutative B-algebraand d;, d, isaderivations of X. Since d,is

a (e, r)-derivation of X, then from proposition 3.1.7 (i), we have,
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(dhody) (X y)=di(d2(X Y))

=d;(do(x) y)foralx.yeX.
but d; is (r, €)-derivation of X, so from proposition 3.1.9 (i), we obtain
di(do(x) y) =d2(x) du(y)
Thus, we have for al x, y € X, we have
(diody) (x y)=d2(x) di(y)
Also since d;is (r, £) - derivation of X, we have
(dzody) (X y)=dax du(y)), foralx,yeX
But dy is (&, r) - derivation of X, so
do(x  ch(y)) =do(x) di(y), fordl x,yeX.
Thus, for al x, y € X, we have
(dzody) (x y)=dx(x) dufy)
By (1) and (2),
diodo(X y)=(drodp) (x y)foralx,yeX
putting y = O,we get
dyo da(X) = (dz o dy) (X) foral x,y e X
= diod; =dpod.

Hence the proof.
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SECTION : 3.2

t-DERIVATIONS OF B-ALGEBRAS
Definition : 3.2.1
Let X bea B-algebra. For any t € X, we defineaself map di: X — X by
di(x)=x tforalxeX.
Definition : 3.2.2
The self map d; of a B-algebra X is said to be t-regular if (0) = 0.
Lemma: 3.2.3
Let d: be a self map of a B-algebra X. Then the following hold:
(i) d is one-one.
(i) de(x) de(y)=x yfordlx,yeX.
Proof:
It is sufficient to prove (ii). By applying,
(BP9) (x *y)*(z*y)=x z weobtan
de(x) de(y)=(x 1) (y 1)
=X Y.
Lemma: 3.2.4
Let d¢ be aself map of a0-commutative B-algebra X. Then the following hold:
(i) de(x *y) =de(x) yforadlx,yeX.
(ii) If d; is t-regular, then it is an identity.
Proof:
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(i) Since d: is aself map of a B-algebra X, then by theorem 1.2.11,
dx+y)=(x y) t
=(x*1) y
=dux) .
(i) Let d; be t-regular and x € X.
Then 0 = (0) and by (i),
0=dux) X.
= di(x)=xforal x € X.

Therefore d; is an identity.

This completes the proof.

Definition : 3.2.5

Let X be a B-algebra.

Then for any t € X, the self map d; : X - Xis called a left- right t - dexivation (or
briefly (I,r)-t-derivation) of X if it satisfiesthe identity d«(x * y) = (d:(x) Y) A(d:(y))
for all x,y € X.

Similarly, if d; satisfiestheidentity d:(x > y) = (x d:(y)) A (de(x) y)foradlx yeX,
thenitiscalled right-left t-derivation (or briefly (r, I)-t-derivation) of X.

Moreover, if d; is both a(l, r)- and a(r, |)-t-derivation of X, then d; is at-derivation of X.

Example: 3.2.6
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Let X be a B-algebra of all real numbers except for a negative integer — n, with a binary

operation on X by x xy = E%.For any t € X, define a self map d:: X - X by

di(x) =x tforall x € X. First, we show that X is a0-commutative B-algebra

Forany x,y € X,

_., n0-y)
x (0 y)=x oY

-ny
n+y

=X %

nx+xy+ny
n

n(0—x)
Also,y (0 x)=y -

=y k —
y n+x

_ ny+yx+nx
B n

Hence X is a 0-commutative B-agebra

Next for al x,y, t e X,

x v) t_nn(x—y)—t(n+y)
y B (n+y)(n+t)

_ n(x-y)-t(n+y)
(X t) y=n (n+y)(n+t)

Since X is a.0-commutetive B-algebra, for dl X, y, t € X,
(di(x) AKX d@)=x ¢ Y (x y ) (x 1) V)
=(x y) t
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=d(x )
So diisa(l, r)-t-derivation of X. But d;isnot a (r, |)-t-derivation of X.
Example: 3.2.7

Let X ={0, 1, 2} be aB-agebrawith the following table:

0 1 2
0 0 2 1
1 1 0 2
2 2 1 0

Foranyte X, defineaself mapdi: X - X bydi(x) =x tforalxeX. Then, diisa(l, r)-t-

derivation of X, which is not a (r, I)-t-derivation of X.
If weset x=0,y=2andt= 1, then
d(x y)=(x y) t
=0
#2
=(x oy (x 9y x (¢ v)
= (x x d(y)) A (ch(x) ).

But if forany t € X, defineasdf mapd;: X - X byd;(x) =x t=xthen X isat-derivation of
X, which ist-reguiar.

Theorem: 3.2.8
Let d; be aself map of a B-algebra X. Then,

(i) If diisa(l,r)-t-derivation and t-regular of X, then di(x) = di(x) A x for al x € X.
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(i) If dyis a (r,|)-t-derivation of X, then d; (X) = x A dy(x) for al x € X if and only if d is t-

regular.
Pr oof:
() If diisa(l, r)-t-derivation and t-regular of X, then by (B2)
d(x) =di(x 0)
=(d(x) QAKX d(0)
=d() A (x 0)
= d(X) A X.
(ii) Let d be a (r,)-t-derivation of X. If d ist-regular, then by (B2)
d(x) = di(x 0)
=(x  d(0) A (di(x) 0)
=(x 0)A dy(x)
=X A dy(X).
Conversdly, suppose that
de(x) = X A de(x) for al, x ,y € X, then
d(0) = 0 A d;(0)
=d(0) (a(0) 0
=d(0) d(0)
=0.
So d; ist-regular.

Theorem : 3.2.9
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Let di be a self map of an associative 0-commutative B-algebra X. Then d; is a t-

derivation of X.
Proof:
Since X is an associative 0-commutative B-algebra, we have
d(x y)=kx y t
=(x (y 1) O0(byBI)
=(x (v ) (x y 1) x (y 1)
=(x y 9 x @y 9 x @y 1)
=x (y 1) (x (v 1) (x (v 1)
=(x t) NAKX (y 1)
=(d(x) Y)AX (d(y)
Again,
d(x y)=(kx y) t
=(x 9 y) O
=((x 9y (x Yy (x 1) y)
=((x 9y (x 1 y) (xy v) [by (14)]
=((x 9y (x 1y x (V) [by (16)]
=(x (y )HAx 1 y)
=(x d(y)) A (d(x) y)
Lemma: 3.2.10

Let d; bea(r, I)-t-derivation of a0-commutative B-algebra X. Then
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d(x y)=x dfy)foral, x,yeX.
Proof:
Sinced;isa(r, I)-t-derivation of X,
dix y)=(x di(y)A(d(x) y)
= (@) y) () y) (x d(y))
=x i (y).
Definition : 3.2.11
Let X beaB-agebraand d;, di’ be two self maps of X. Then we define
dio d: X - X by (d o d')(X) = di (di'(X)), for al x € X.
Theorem: 3.2.12

Let X be a O-commutative B-algebra and d;, d;’ are (r,l)-t-derivations of X. Then d; o

d;' is a t-derivation of X.
Pr oof:

Since d;, d;" are two self maps of X, by Lemma 3.2.4(i) and by theorem 1.2.3, for al x,
yeX,

(dod)(x y)=d(di(x V)
= (d'(x) )
= (d'(x) y
=(x di(d'(¥) (x de(d'(y)) (ce(d'(x) )
= (d(d/(x)) y) A (x di(d(y)))

=((do d)(X) Y) A(x (c odi(y)).
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Next, since d; ,d'; are (r,l)-t-derivations of X, by lemma 3.2.10 and by theorem 1.2.3,for al X, y €

X, we have
((diod) (x y)=di(d (x V)
=d(x di'(y))
=X d(d' (¥))
= (d'(x)) y) d(d'(x) y) (x d(d' ()
=(x de(d () A (ce(d/(x)) y)
=(x ((deod)(y)) A ((diod)(X) y)
Theorem: 3.2.13

Let X be a O-commutative B-algebra and let d; be a (r, |)-t-derivation and d;’ be self
map of X. Then dt o dt' = dt'° dt

Pr oof:

Suppose d; is a (r, I)-t-Oderivation and d;’ is a self map of X. By Lemmas 3.2.4(i) and
3.2.10, for dl x, y € X,

(deod)(x y)=di(di(x V))

=di(d’ (X) )

=d ()  di(y).
Again, by lemmas 3.2.10 and 3.2.4 (i), for all x, y € X,
(dod) (x y)= di'(cdh(x y)

= di'(x  dly))

=d'(x)  di(y).

Therefore, (dio i) (X y)=(di o dy) (X ).
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By puttingy =0, for all x € X, we get

(ck o d; ")(x) = (d' o db) (X) .

Hence, di o d; ' = d;' o ch.

This completes the proof.
Definition : 3.2.14

Let X be aB-algebraand let d; and d; ' be two self maps of X.

Thenwedefined; di: X - X by (di dt)(x) = di(x) di (x) foralxeX.
Theorem: 3.2.15

Let d, d’ be two (r, |)-t-derivations of a O-commutative B-algebra X. Then
dt dt'=dt' dt,

Proof:
Sinced;isa(r,l) -t-derivations of X, for al x, y eX by Lemmas 3.2.4 (i) and 3.2.10,
(ckod)(x y)=(d(d)(x )
=di(d')(x) Yy
=d' (x)  d(y).
Again, sinced;isa(r, I)- t-derivation of X, then by Lemmas 3.2.10 and 3.2.4 (i),
(cod)(x y)=(ck(d)(x V)
=d(x) d'(y)
=d(x) d (y).
Therefore,

di (X) di(y) =d(x) di (y).
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By putting y = x, for dl x € X, we get,
d' (X) di(x)=dy(x) di(x).

Hence, d: di'=d;" d:. Thisprovesthetheorem.
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CHAPTER - 4
(f, g) - DERIVATIONS OF B-ALGEBRAS
SECTION: 4.1
f - DERIVATIONS OF B-ALGEBRAS

Notation :

If (X; ,0)isa0-commutative B-algebra, theny (y x)=xforal x,ye X that

meansX Ay = X.
Definition : 4.1.1
Let X be aB-agebra
A left-right f-derivation (briefly, (1, r) - f-derivation) of X isaself map d of X
satisfying theidentity d(x  y) =(d(x) f(y)) (f(x) d(y)),fordlx,y X, where
f isan endomorphism of X.
If d saticfies the identity d(x y) = (f(x) d(y)) (d(x) f(y)), foralx,y X,
then we say d isaright-left f-derivation (brigfly, (r,I)-f-derivation) of X.
Moreover, if disboth an (I, r)-f-derivation and (r, I)-f-derivation, we say disan
f-derivation.
Example: 4.1.2

Let X ={0, 1, 2} and the binary operation is defined as follows:

0 1 2
0 0 2 1
1 1 0 2
2 2 1 0
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Then, (X, , 0) isaB-atgebra. Define the mapd, f: X - X by

0if x=0
d(x) =f(x) =0if x={2ifx = 1
lifx=2

Then, f is an endomorphism.
Then disboth (I, r)- and (r, 1)- f-derivation of X. So d is an f-derivation.
Now, we define d' = 0.
Then, d' isnot an (I, r)-f-derivation, sinced' (1 2)=0
but (0" (1) f(2) (f() d(@)=0 1) (2 Q=2
Also, d isnot an (r, I)-f-derivation,
snced' (1 2)=0
but (f(1) d'(2) (d@) f@)=@ 0 (0 =2
Theorem: 4.1.3
Letdbean (I, r) — f - derivation of B-algebra X. Then, d (0) = d(x) f(x),
foralx X.
Proof:
Fordl x X, wehave,
d(0) =d(x x)
=(dx) f(x)  (f(x) d(x)
=(f(x) dx) ((f(x) dx)) (dx) f(x))
=((f) dx) (0 (dx) f(x))) (f(x) dx)
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=((f) d(x)) (fx) d(x))) (f(x) d(x))
=0 (f(x) d(x)
=dx) f(x).
Theorem : 4.1.4
Let d bean (r, ) -f- derivation of B-algebra X. Then, d(0) = f(x) d(x) and
dx) =d(x) f(x),foralx X.
Pr 00f:
Foral x X, wehave,
d0) =d(x x)
=(f(x) d(x) (dx) f(x)
=(d) f(x)) ((dx) f(x) (fx) d(x)))
=((dx) f(x)) (O (f(x) d(x))) (d(x) f(x))
=((dx) f(x)) (d(x) f(x)) (d(x) f(x))
=0 (d(x) f(x))
=f(x) d(x).
Also, we haveforal x X,
d(x) 0=d(x)
=d(x 0)
=(f(x) d(0) (d(x) f(0))
=d(x) (d(x) (f(x) d(0)))
=d(x) (dx) () (fx) d(x)))-
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By left cancellation law, 0=d(x) (f(x) (f(x) d(x))
Wegetd(x) f(x) = d(x).
Corollary : 4.1.5
Let d bean (I, r)-f-derivation ((r, I)-f-derivation) of B-algebra X. Then,
() disinjectiveif and only if f beinjective.
(i) If disregular, thend =f.
(iii) If thereisan element X, X such that d(xg) = f(xg), then d =f.
Proof:
Let d bean (I, r)-f-derivation.
() Supposethat disinjectiveand f(x) = f(y),x,y X.
Then, d(0) =d(x) f(x)andd(0) =d(y) f(y), by Theorem4.1.3.
So, d(x) f(x) =d(y) f(y). Thus, d(x) = d(y), by right cancellation law
Therefore, x =y, sinced isinjective.
Conversely, suppose that f isinjectiveand d(x) = d(y), x,y X
Then, d(0) = d(x) f(x) and d(0) =d(y) f(y), by Theorem4.1.3
=d(x) f(x)=dy) f(y).
Thusf(x) = f(y), by left cancellation law.
Thereforex =y, sincef isinjective.
i) Supposethat disregular and x X. Then0=d(0) =d(x) f(x), by Theorem 4.1.3.

Hence, d(x) = f(x).
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iii) Suppose that thereisan element xo X such that d(xg) = f(Xo). Then, d(Xg) f(Xo) = 0. So,
d(0) =0, by Theorem 4.1.3.

Part (ii) implies that d = .

Similarly, when disan (r, I)-f-derivation, the proof follows by Theorem 4.1.4.
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SECTION : 4.2

(f, g9 - DERIVATIONS OF B - ALGEBRAS
Definition : 4.2.1

Let X be aB-algebra
A left-right (f, g)-derivation (briefly, (1, r)-(f, g)-derivation) of X isaself map d of
X satisfying theidentity d(x y) =(d(x) f(y)) (g(x) d(y)),fordlx,y X,
where f, g are endomorphisms of X.

If d satisfiestheidentity d(x y) =(f(x) d(y)) (d(x) g(y)),foralx,y X,
then we say d isaright-left (f, g)- derivation (briefly, (r, )-(f, g)-derivation) of X.
Moreover, if disbothan (I, r) — and (r, I)-(f, g)- derivation, then disa(f, g)-
derivation.

Note:

If the function g isequal to the function f, then the (f, g) - derivation is
f-derivation defined in Definition 4.1.1. Also, if we choose the functionsf and g as
the identity functions, then the (f, g)-derivation that we define coincides with the
derivation defined in Definition 3.1.2.

Example: 4.2.2

Let (X; ,0),dand f are as Example 4.1.2. Define g = I, where 1 is an identity

function. Thendisan (f, g)-derivation.
Butdisnotan(l, r)-(g, f)-derivation, sinced(1 2)=1

but (d(1) 9(2) (1) d@2)=(2 2) (2 D=0
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Also, disnot an (r, I)-(g, f)-derivation, sinced(1 2)=1
but (9(1) d(2)) (1) f(2)=@1 1) (2 1)=0
Example: 4.2.3

Let X ={0, 1, 2, 3} and binary operation isdefined as:

w| N | O

w| N | O O
R W O N|
Nl O Wl k| N
Ol | N W w

Then, (X; ,0)is aB-algebra. Definemaps d, f, g2 X - X by

0ifx=0

2ifx=1 0ifx=0
d(x) =f(x) = 1 i;i -9 and g(x) = [3 ifli J; 123

3ifx=3

Then f and g are B- endomorphisms. Then d is an (f, g)-derivation.
Theorem: 4.2.4
Let d be aself map of aB-algebra X. Then, the following hold:
() If disaregular (I, r)-(f, g)-derivation of X, thend(x) =d(x) g(x), foralx X.

(ii) If disan (r, 1)-(f, g)-derivation of X, then d(x) = f(x) d(x), foral x X if and only if d

isaregular.
Pr oof:
i) Suppose that disaregular (I, r)-(f, g)-derivation of X andx X. Then,

dx) = dx 0)
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=(d) f(0) (9 d(0)

=d(x)  9(x).
(i) Suppose that d isan (r, I)-(f, g)-derivation of X. If d(x) = f(x) d(x), forall x X, then
d(0) =f(0) d(0)
=d(0) (d(0) 0)
=d(0) d(0)
=0.
Conversely, suppose that d(0) = 0. Then,
d(x) =d(x 0)
=(f() d@) (dx) 9(0)
=f(x) d(x),foralx X.
Theorem : 4.2.5
Let X be acommutative B-algebra. Then, for all x,y X,

() If disan (1, r)-(f, g)-derivation of X, thend(x y)=d(x) f(y).
Moreover, d(0) =d(x) f(x).
(i) If disan (r, I)-(f, g)-derivation of X, thend(x y) =f(x) d(y).
Moreover d(0) =f(x) d(x).
(iii) If disan (I, r)-(f, g)-derivation ((r, I)-(f, g)-derivation), then Corollary 4.1.5 is valid.

Pr oof:
Obvious.

Theorem : 4.2.6
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Let X be a commutative B-algebra and f, g be endomorphisms. Let d be a self
map of X. If d=Tf, thend isan (f, g)-derivation.

Pr oof:

Supposethat X,y X. Then,
dix y)=f(x )
=f(x) f(y)
=d(x) f(y)
=(d(x) () A (9(x) d(y)).
So, disan (r, I)-(f, g)-derivation. Also, we have
dx y)=f(x y)
=f(x) f(y)
=f(x) d(y)
=(f(x) dy)) o (d(x) 9(y)).
Hence, disan (I, r) - (f, g)-derivation. Therefore, d is an (f, g)-derivation.
Theorem : 4.2.7
Let (X; ,0) beacommutative B-algebraX. Forall x X,
i)If d bean (I, r)-(f, g)-derivation, then

m oom_(d0)*(0* fx)™if m=n
dx X)_[ d(0) f)™™ifm<n
ii) If d bean (r, I)-(f, g)-derivation, then

dx™ ¥ = fGO)™ 1% (0xd(x)if m=n
(x )= (0+d@) * fFEO*™™ tif m<n

Pr oof:
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Clearly, (x y" y=x y™ foralx,y X andn=1.So by inductionwe get,
d(x")=d(0) (0 f(x))", wheredisan(l,r) - (f, g)-derivation.
Also, we have
d(x")=f(x)"* (0 d(x)), wheredisan(r,!) - (f, g) - derivation.
The results follow by theorem 1.1.20.
Theorem: 4.2.8

Let X be a commutative B-algebra and f, g be endomorphisms such that f o f = f.
Also, let d and d' be (1, r) - (f, g)-derivations ((r, |) - (f, g) - derivations) of X. Then,do d'is
asoan (l,r) - (f, g)-derivation ((r, I)-(f, g)- derivation) of X.

Pr oof:

Letdand d' arethe (I, r)-(f, g)-derivations of X. Then, by Theorem 4.2.5, for al x,

y X, wehave
(ded)(x y)=d(d(x) f(y))

=d(d(x) f(fy)

=deod (x) f(y)

=(ded (x) f(y)) A (9(x) ded(y)).
Thus, d o d'isa(l, r) - (f, ) - derivation of X.

Now, supposethat d, d' are (r, |)-(f, g)-derivations of X. Similarly, we can prove dod
isa(r, ) - (f,g) - derivation of X.

Theorem : 4.2.9

Let X be acommutative B-algebra, d and d' be (f, g) - derivations of X such that f
od=dof,dof=fod.Then,dod=d od.

Pr oof:

90



Sinced'isan (I, r)-(f, g)-derivation and dis an (r, I)-(f, g)-derivation of X, for al x, y
X1

(dod)(x y)=d((d(x) f(y) A (@x) d ()
=d(d (x) f(y)
=fod (x) dof(y) 1)

Also, sinced' isan (I, r)-(f, g)-derivation and d is an (r, I)-(f, g)-derivation of X, for all x, y
X,

wehave (d' o d) (x y)=d ((f(x) d(y)) A (dx) gy))
=d (f(x) d(y)

=dof(x) fod(y)

=fed(x) deof(y) )
By (1) and (2), wehaved,d (x y)=deod(x vy),fordlx,y X
By puttingy =0, wegetd o d' (X) =d o d(x), foral x X.
Definition : 4.2.10

Let X be aB-agebraand d, dy be two self maps of X. We define do
d: X - Xasfollows: (deo d)(x) =d(x) d (x),fordlx X.

Theorem: 4.2.11
Let X be acommutative B-algebra and d, dy be (f, g)- derivations of X. Then,
(()(fod)e(def)=(dof)e(fod).
(i deod)s(fof)y=(fof)e(dod).
Proof:

(i) Sincedisan(r, I)-(f, g)-derivation and d' isan (I, r)-(f, g)-derivation of X, then
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foral x,y X,

(dod)(x y)=d((d(x) f(y)) (ax) d(¥))

=dd (x) f(y)
= (f(d" (x)) d(f(y)) (d(d" (x)) g(f(y)))
=(fed(x) (def(y).
Also, disa(l, r)-(f, g)-derivation and d' isa(r, I) - (f, g)-derivation of X.
Hence foral x,y X,
(dod)(x y) =d((f(x) d'(y)) (d(x) ay)
=d(f(x) d(y)
=(d(f(x))  f(d (¥))) A (9f(x)) d(d" (y))
=(def(x) (fod(y)).
Now, we obtain
(fod (x) (deof(y))=(deof(x)) (fed(y) foralxy X.
By putting x = y, we have
(fed (x)) (def(x))=(def(x)) (feod (x)).
So, (fod sdof)(x)=(dofsfod)(x),foralx X.
ii) The proof is similar to the proof of (i)
Note:

Let Der (X) denotes the set of al (f, g) - derivations on X. Let
d Der(X).

Define the binary operation A asfollows: (d A d) (X) =d(x) A d' (x), foral x X.
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Theorem: 4.2.12

If X isacommutative B-algebra, then (Der(X), A) isasemi- group, where
Der (X) denotesthe set of al (f, g) - derivationson X.
Proof:

Suppose that d, d' are (I, r)-(f, g)-derivations of X. We proved A d isasoan(l, r) -
(f, g)-derivation. For dl x,y X,

dad)(x y)=dx y)ad(x y)

=dix y)

=dx) f(y)

=(d(x) A d'(x)) f(y)

=dad)(x) f(y)

=(dad) () fy)a (@) (dad)(y).
So,d A disa(l, 1) - (f, g) - derivation of X .
Therefored A d  Der(X)
Letd,d,d" Der (X). Weproved  (d' A d)=(d a d) A d' (associative property).
Ifx,y X, then
da(@dad)(x y)=dx y)a(dad)x y)

=d(x ).

Also, we have
(dad)ad)(x y)=(dad)(x V)

=dx = y)ad(x y)
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=d(x ).
This shows that
da(@aAd) (X Y=(@Aad)ad)(x y),fordlx,y X.
By putting y = 0, we obtain
da(@ad)=(@dad)ad,

Therefore, (Der (X), A) isasemigroup.
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Summary and Conclusion



SUMMARY AND CONCLUSION

Y.Imai and K.Iseki introduced two classes of abstract algebras. BCK -
algebras and BCI-agebras[9,10].1t is known that the class of BCK-algebrasis
a proper subclass of the class of BCl-algebras. In 2002, Neggers and Kim[19]
introduced the notion of B-algebra, and then Cho and Kim[5] studied some of its
properties. Abujabal and Al-Shehrie [1] defined and studied the notion of left
derivation of BCl-algebras. Further, Al- Shehrie [2] has applied the notion of left-

right derivation in BCl-algebra to B-algebra and obtained some of its properties.

In thefirst chapter, preliminaries on B-algebras due to J.Neggers,
H.S. Kim[19] are presented .Also some results on 0-commutative B-agebras due
to H.S. Kim, H.G. park[16] and quadratic B-algebras due to H.K.Park ,H.S.Kim

[21] are discussed.

In chapter two, some properties of B-homomorphisms of B-algebras, the
second |somorphism theorem for B-algebras due to C. Endam Joemar and P.Vilela
Jocelyn[6] and some properties of Hom (X,Y) as B-agebras due to N.O.Al-Shehrig[ 3]
are discussed.

In chapter three, some properties of |eft-right derivations and
0 - commutative B-algebras due to N.O.Al-Shehrie [2] and t-derivations of B-algebras

due to R.Soleimani and S.Jahangiri[26] are studied.

96



In the fourth chapter, some properties of f - derivations and (f, g)-

derivations of B-algebras dueto L.K.Ardekani and B.Davvaz [4] are discussed.

A deep study of B-algebras can be extended to different types of algebras and

fuzzy algebras. So, it provides alot of scope for further research.

97



Bibliography



BIBLIOGRAPHY
[1] Abujabal.H.A.S.,Al-Shehrie.N.O., “On Left Derivations of BCl-algebras”, Soochow
j-Math,33(3)(2007),435-444.
[2] Al — Shehrie.N.O., “Derivations of B-algebras”,JKAU:Sci.,Vol.22(2010),No.1,71-83.
[3] Al - Shehrie.N.O., “On Hom (-,-) as B-algebras”,JP journal of algebra,Vol.18(2010),
17-24.
[4] Ardekani .L .K ., Davvaz.B., “On (f,g)-Derivations of B- algebras”, Mat.Vesnik,

(2002), 49-53.
[5] Cho.J.R.,Kim.H.S.,“On B-algebras and quasigroups”, Quasigroups and related
systems, 7(2001),1-6.

[6] Endam Joemar.C.,Vilela Jocelyn.P., “The Second Isomorphism Theorem for
B-algebras”, Applied Mathematical Sciences, Vol.8(2014).

[7  Hu.Q.P.Li.X., “On BCH-algebras’,Math.Seminar Notes,Vol.11(1983),313-320.

[8] Hu.Q.P.,Li.X., “On Proper BCH-agebras’,Math.Japo. Vo0l.30(1985),659-651.

[9] Imai.Y.Iseki.K., “On Axiom Systems of Propositional Calculi”, proc. japan acad,
V0l.42(1966),19-22

[10] Iseki.K., “An Algebra with a Propositional Calculus”, proc.japan acad, Vol.42(1966),
26-29

[11] Jun.Y.B., Meng.J., “On Hom(-,-) as BCK/BCI-Algebras’, Kyungpook Math.Journal,
Vol.35(1995),77-83.

[12] Jun.Y.B.,Roh.E.H.,Kim H.S, “On BH-Algebras”,Sci.Math.Japonicae, (1998),347-354.

99



[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

Jun.Y.B.,Roh.E.H.,Kim.H.S,,“On Fuzzy B-algebras”, Czechoslovak Math. Journal,

Vol.52(127),(2002),375-384.

Kim.Y.H., “On Medial B-algebras” ,J.Appl.Math.and Informatics Vol.32(2014),5-6.
Kim Y.H., Jeong T.E., “Intuitionistic Fuzzy Structure Of B-Algebras”,J. Appl. Math.

and Computing, Vol.22(2006),491-500.

Kim.H.S,, Park.H.G., “On 0-Commutative B-Algebras”,Sci.Math.Japonicae, (2005),

31-36.

Kondo.M.,Jun.Y .B., “The Class of B-algebras Coincide with the Class of Groups” ,Sci.
Math. Japonicae ,Vo0l.7(2002),175-177.

Neggers.J., Kim.H.S, “On d-algebras” ,Math.Slovaca ,Vol.49(1999),19-26.
Neggers.J., Kim.H.S,, “On B-agebras” ,Mate.Vesnik ,Vo0l.54(2002),21-29.
Neggers.J.,Kim.H.S., “B-agebras and Groups”,Sci.Math.Japonicae,VVol.9(2003),
159-165.

Park.H.K.,Kim.H.S,, “On Quadratic B-algebras”,Quasigroups and Related Systems,

Vol.8(2001),67-72.

Saeid Borumand .A., “Interval Valued Fuzzy B-Algebras”,Iranian Journal of Fuzzy
Systems, Vol.3(2006), 63-73.

Senapati.T., Bhowmik.M.,Pal.M ., “Fuzzy B-subalgebras of B- agebras with respect to
t-norm”, jfsva, (2012),1-11.

Senapati.T.,.Bhowmik.M.,Pal.M ., “Fuzzy Closed Ideals of B-Algebraswith Interval —

Vaued Membership Function”,IJCSET,Vol.1(2011),669-673.

100



[25]

[26]

[27]

[28]

Senapati.T.,Bhowmik.M.,Pal.M ., “Fuzzy Dot Subalgebras and Fuzzy Dot Ideals of B-
algebras”, Journal of uncertain systems, vol.8(2014),No 1,22-30.
Soleimani.R.,Jahangiri.S., “A Note on t-Derivations of B-Algebras” ,Journal of
Mathematics and Computer Science(2014),138-143.

Walendziak.A., “A Note on Normal Subalgebrasin B- algebras”,Sci.Math.Japonicae
(2005), 49-53.

Yamini.C.,Kailasavalli.S.,"Fuzzy B-ideals on B-algebras”,Int. Journal of Math. Archive,

(2014), 227-233.

101



