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CHAPTER VI
RANK AND PERIMETER PRESERVERS FOR MATRICES
OVER SEMIRINGS

In this chapter, S denotes a chain semiring. In this chapter, the set of
linear operators preserving the rank and the perimeter of every rank-1 matrix

over any chain semiring are characterized.

Definition: 8.1

Let T is a linear operator on M,,,(S). Then
(1) T preserve rank 1 if r(T(A)) = 1 whenever r(A) = 1for all A €My,,n(S).
(I T preserve perimeter k of rank-1 matrices if P(T(A)) = k whenever

P(A) = k for all A € Mu,»(S) with r(A) = 1.

Theorem: 8.2
If Tis a (P, Q, B)-operator on M,,(S), then T preserves both rank and

perimeter of rank-1 matrices.

Proof:

If Tis a (P, Q, B)-operator on M,,n(S), there exist m xm and n xn
permutation matrices P and Q, respectively such that T(A)=(A-B)Q, or
m=nand T(A)=P(A'oB)Q for all A in Mp,(S), where B Mp,q(S) is a matrix

with all nonzero entries and r(B) = 1. Then we can write B = cd', where none
of entries ¢ or d is zero. Let A be a rank-1 matrix in Mqy,,(S) with a

factorization A = ab'. For the case T(A)=P(A -B)Q, we have the following:

T(A)=Plab' -cd' )= Placofbod)Q = Placc)@bed)
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Thus (*) implies that
f(T(A) =r (P@sc)) (Q'(bod)')=1and
P(T(A)) = |P(@o c)l+ [Q'(bod)| =]aoc| + [bod| =]a] + |b] = P(A)
For the case m = n and T(A)=(A'oBJQ, we can show that

r(T(A)) = 1and P(T(A)) = P(A) by the similar method as above.

Lemma: 8.3
Let T be a linear operator on M,,,(S). If T preserves rank and perimeter
2 of every rank-1 matrix, then the following statements hold:
(i) T maps a cell into a cell with nonzero scalar multiplication;
(i) T maps a line matrix into a line matrix.
Proof:

(i) Follows from the property that T preserves perimeter 2. (ii) If not, there
exist two distinct cells E and F in same row (or column) such that T(E) and
T(F) lie in two different row and different columns. Then we have r(E+F) = 1,
while r(T(E+F)) = r(T(E)*+T(F)) = 2. This contradicts to the fact that T
preserves rank 1.

The following is an example of a linear operator that preserves rank and
perimeter 2 of rank 1 matrices, but it does not preserve perimeter 2n (n = 2)

and is not a (P, Q, B)-operator.

Example: 8.4

Let T be a linear operator on M,,,(S) with n = 2 defined by

T(A) = (iaij jEkk = max{aij 8=k SEv—-— n}Ekk

i,j=1
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For all A = [a;] € M,,(S), where k is a fixed integer in {1, 2,......... n}. Then it

is easy to verify that T is a linear operator and preserves rank and perimeter 2

of each rank-1 matrix. But T does not preserve perimeter 2n; for, if
J € M,,,n(S) is a matrix whose entries are all 1, then J has rank 1 and

perimeter 2n, but T(J) = Ex has rank 1 and perimeter 2. Hence T is not a

(P, Q, B)-operator by Theorem 8.2.

Lemma: 8.5

Let T be a linear operator on M,,,n(S). Suppose that T preserves rank
and perimeters 2 and p(= 3) of rank-1 matrices. Then

(i) T maps two distinct cells in a row (column) into two distinct cells in a row
or in a column with nonzero scalar multiplication;

(i) If T maps a row matrix into a row (or column if m =n) matrix, then T
maps every row matrix into a row (or column if m =n) matrix and if T
maps a column matrix in to column (or row if m = n) matrix then T maps

every column matrix into a column (or row if m = n) matrix.

Definition: 8.6

For a linear operator T on M,,,»(S) preserving rank and perimeter 2 of

rank-1 matrices, we define the corresponding mapping T: Ann — Ama by

T' (i, j) = (k, I) whenever T(E;) = bjEw for some nonzero scalar b; € S.

Lemma: 8.7

Let T be a linear operator preserving both ranks and perimeters 2

and k (k > 4, k # n+1) of rank-1 matrices. Then T'is a bijection of A, .
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Proof:

By Lemma 8.3, we have that for any E; € En, there exist E; € Ey, and

nonzero b; € S such that T(E;) = bjE,. Without loss of generality, we may

assume that T maps the i row of a matrix into the ' row with nonzero scalar

multiplication. Suppose that T' (i, j) = T' (p, q) for some distinct pairs (i, j),

(P, q) € Amn. By the definition of T', we have T(E;) = bjE; and
T(Epq) = bpgEr for some nonzero scalars by, byg € S. Lemma 8.5 implies that

i#pandj#q. Furthermore T maps the i row and the p" row of a matrix into

the r'" row.

Case1:

4 <k <n: claim: we can choose a 2 x (k-2) submatrix A from i"" and p"

row, but T(A) is a 1 x k submatrix in the ™ row. If the claim is true, then
P(A) = k, while P(T(A) = k+1, a contradiction.
Proof of the claim:

By Lemma 8.5, T maps distinct cells in each row (or column) to distinct

cells with nonzero scalar multiplication. Now, choose Ej;, E; but do not

choose Ej;, Epq. Since there is a cell E,, (hy #j,q) in the p" row such that

T'(p, hy) = T'(i, q) but T' (i, hy) # T'(p, j), we can choose a 2 x (4-2) submatrix

E; +E, +E, +E,,, whose image under T is 1 x 4 submatrix in the " row.

1

Therefore the claim is satisfied for k = 4. Assume that for k = s with

4 < s < n-1, the claim is true. Then there is a 2 x (s-2) submatrix.
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Such that T(X) is an 1 x s submatrix in the i row, where {j, q, hy, ........... hs.3}

is the set of distinct indices. Now, we can choose a cell E,_, (hs2 # ], q,
hi,........,hs3) such that T'(i, hg2) # T'(p, J), T'(p, @), T'(P, h4),.eevenene. T'(p, hs.3).

s-2 s-2
Then we have a 2 x ((s+1)-2) submatrix A=E, +> E, +E,+> E, such
t=1 t=1

that T(A) is an 1 x (s+1) submatrix in the ™ row. Thus the claim is satisfied for

k = s+1. By the mathematical induction, the claim true.

Case 2:

k = n+a = n+2. Consider a matrix

n 2

Y=YE,+)Ey+> > Ewg

s=1 t=1 1g=1

Q
|

-
1l

With rank 1 and perimeter k. Then T maps the ith and pth row Y into the rth
row with nonzero scalar multiplication by Lemma 8.5. Thus the perimeter of

T(Y) is less than k, a contradiction.

Hence T'(i, j) # T'(p, q) for any two distinct pairs (i, j), (p, 9) € Ampn.

Therefore T' is bijection on Ay, p.

The condition of k # n+1 Lemma 8.6 must be necessary. The following
example shows that T is a linear operator preserving both ranks and

perimeters 2 and n+1 of rank-1 matrices, but T' is not a bijection of Ap p.

Example: 8.8

Consider a linear operator T on M, 3(S) defined by
T abc|| |ate b+f c+d
“|def|)] | 0O 0 0]
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Then we can easily shows that T preserves both ranks and perimeters 2 and 4
of rank-1 matrices. But T'is not a bijection of A, 3.
Notation: 8.9

Let Ri = {Ejl 1 <j<n}, C;={Ejl 1 <i<m}, R ={R| 1 <i <m} and

C={Cj| 1<j<n}. Fora linear operator T on My, ,(S), define T"(A) = [T(A)]" for

all Ain My, (S). Let T(R) = { T'(Ej)| 1 <j <n}foreachi=1,...... ,m and

T(C) ={T'(Ej)| 1 <i<m}foreachj=1,...... n.

Theorem: 8.10
Let T be a linear operator on M,,,(S), where S is chain semiring. Then
the following are equivalent:
(i) Tis a (P, Q, B)-operator,
(i) T preserves both rank and perimeter of rank-1 matrices;

(iii) T preserves both rank and perimeters 2 and k (k = 4, k # n+1) of rank-1

matrices.

Proof:

(i) = (ii): Clear by Proposition 8.2 (ii) = (iii): It is obvious.
(iii) = (i): Assume (iii). Then the corresponding mapping T : Apn —> Amnis a
bijection by Lemma 8.7. Furthermore, there are cases:

(@) T maps R onto R and maps C onto C, or
(b) T maps R onto C and maps C onto R.

Case (a): We note that T'(R;) = R and T°(C)) = Crfor alli= 1, ...., m and

j=1, ..., n, where ¢ and t are permutations of {1, ...., m} and {1, ...., n},

respectively. Let P and Q be the permutation matrices corresponding to ¢ and
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T, respectively. Then for any EjeEn ,, we can write T(E;) = b;E) «;) for some
nonzero scalar bjeS. Now we claim that B = [bj]eMy 1(S) has rank 1. For,
consider an mxn matrix J, all of whose entries are 1.

Then we have

W) = T(i > Ei,)

n

TE,)

>

=1J

1l
.MB
M=

1l
3
—
1l
—

biEoi 7o) = PBQ.

Since J has rank 1, it follows that r(T(J)) = 1, and hence r(B) = r(PBQ) =
r(T(J)) = 1. Therefore for any A = [aj]eMn (S), we have

T(A)zT(Zzn:aijEuj = >3a,7E,)

i=1 j=1 i=1 =1

1
.MB
M-

1l
LS

J

[}
=

Thus T is a (P, G, B)-operator.
Case (b): We note that m = n and T(R)) = Cop and T°(C)) = Ry for all i, j,

where ¢ and T are some permutations of {1, ...., m}. By an argument similar
to case (a), we obtain that T(A) is of the form T(A) = P(A*B)Q, and thus T is a
(P, Q, B)-operator.
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