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INTRODUCTION 

This thesis is devoted to the study of characterizations 

of some important classes of topological spaces and maps in terms 

of semi-open sets, preopen sets and semi-preopen sets. A subset 

A of a topological space (X,t) is called 

a semi-open set if A C cl(Int(A)) 

a preopen set if AC Int(cl(A)) 

a semi-preopen set if A Cc1((Int(cl(A))). 

These sets were introduced by LevIne [1963, 7] Mashhour et .al. 

[1981, 81 and Andrijevic Mat. Vesnik 38 (1986),24-32 respectively. 

The class of semi-preopen sets contains both the class of semi-

open sets and the class of preopen sets. 

Chapter I deals with the characterizations of extremally 

disconnected spaces, irreducible spaces,, semi-irreducible spaces., 

PS-spaces, partition spaces, S-sets I-sets, lightly compact spaces, 

almost regular spaces and s-compact spaces. D. Sivaraj [11] 

has obtained characterizations of extremally disconnected spaces 

in terms of semi-open sets while Takashi Noiri [12] has obtained 

characterization of such spaces in terms of preopen sets and semi- 

preopen sets. Jullan Dontchev [6] has obtained the characteri- 

zations of the remaining spaces in terms of semi-preopen sets. 

He [6] has also obtained interesting characterizations of almost 

continuous maps., a -continuous maps, almost weakly continuous 

maps, almost closed maps semi-preclosed maps and quasi-irresolute 

maps in terms of semi-preopen sets. 



In chapter 2, we discuss some interesting properties 

of a -paracompact, a -nearly paracompact subsets and almost- 

closed mappings. The results are due to Kovacevic [2, 3 1. The 

main results proved are as follows: 

If A is an a -Hausdorff a -nearly paracompact subset relative 

to X\A, then A is closed. 

If A is an a -regular ( a -almost regular) subset and if 

U is an open (regularly open) neighbourhood of A and if 

A is a -paracompact ( a -nearly paracompact) relative to 

X\ U, then there exists an open neighbourhood V of A, 

such that ACVCcl(V)cU. 

As a consequence of result 2 we get 1  

Any open (regularly open) a-regular ( a -almost regular) 

subset which is a -paracompact ( *z -nearly paracompact) 

relative to its complement is closed. 

Regarding almost closed mappings the main results 

discussed are as follows: 

I. Let f: X + Y be an almost closed mapping of a space 

X onto Y. Then 

(1) If (C1(y): y c y} consists of a-Hausdorff, subsets 

which are mutually a -nearly paracompact. Then Y is 

Hausdorff. 

If in addition y is compact, then f is continuous. 



If f 1(y) is an a-Hausdorff a -nearly paracompact subset 

with respect to X\f
-1  (y), for each y in Y, then f has 

a closed graph. 

If the graph is closed then, the image of an a  -regular 

a -paracompact subset relative to its complement, is closed. 

II If f is a closed mapping and If Y is a compact space such 

that C1(y) is an a -Hausdorff a -paracompact subset and 

If every closed subset of X is a -Hausdorff', then X is 

regular. 



0[hapter I 
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CHAPTER - I 

CHARACTERIZATIONS OF SOME IMPORTANT CLASSES OF TOPOLOGICAL 

SPACES IN TERMS OF SEMI-OPEN SETS, PREOPEN SETS AND 

SEMI - PREOPEN SETS 

This chapter deals with some characterizations of 

extremally disconnected spaces, irreducible spaces, semi-irreducible 

spaces, PS-spaces, partition spaces, S-sets, I-sets, lightly compact 

spaces, almost regular spaces and 8 - compact spaces. In the first 

section we give the preliminary definitions and results. Second 

section deals with the characterizations of extremally disconnected 

spaces. D.Sivaraj [ 11] has characterized such spaces, in terms 

of semi-open sets while Takashi Noiri [12 ] has generalized such 

spaces in terms of preopen sets and semi-preopen sets. The charac-

terizations of the remaining spaces are obtained by 

Julian Dontchev [ 6 ) in terms of semi-preopen sets. Section 3 deals 

with these results. He [ 6 ] has also obtained characterizations 

of mapping in terms of semi-preopen sets. These characterizations 

are given in section 4. 

SECTION 1.1 PRELIMINARIES 

By a space X, it is meant the topological space (X, T ). 

The closure and interior of a subset A of X are denoted by cl(A) 

and Int(A) respectively. Let A be a subspace of X. 
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DEFINITION 1.1.1 

A subset A of X is semi-open if there exists an open 

set G such that G C A C.cl(G). 

Equivalently A is semi-open if Accl(Int(A)). 

NOTATION 

The collection of all semi-open sets is denoted by SO(X). 

Semi-open sets are termed as -sets (Njastad [ 9 1). The family 

of all semi-open sets in X is also denoted by T 

PROPOSITION 1.1.2 4 

If A is open, then cl(A) is semi-open. 

PROOF: 

A is open => A = Int(A) 

=) cl(A) = cl(Int(A))ccl(Int(cl(A))). 

Therefore, cl(A) is semi-open. 

PROPOSITION 1.1.3 

Every open set is a semi-open set. 

PROOF: 

Let A be an open set. 

Then, Ac cl(A) = cl(Int(A)). 

Hence A is semi-open. 

DEFINITION 1.1.4 

The complement of a semi-open set is called a semi-closed 

set. 

Equivalently, A is semi-closed iff Int(cl(A))c A. 

Equivalently, A is semi-closed 1ff there exists a closed 

set B such that Int(B)AcB. 
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NOTATION 

The collection of all semi-closed sets is denoted by S C (X). 

REMARK 1.1.5 

Closure of a semi-open set is semi-closed. 

PROPOSITION 1.1.6 

If A is semi-closed, then Int(cl(A)) = Int(A). 

PROOF: 

A is semi-closed>Int(cl(A))c.A. 

> Int(Int(cl(A))) C Int(A) 

> Int(cl(A)) C Jnt(A), 

Always Int(A)C Int(cl(A)). 

Hence, Int(cl(A)) = mt (A). 

DEFINITION 1.1.7 

The semi-Interior of A is the union of all semi-open sets 

contained In A and is denoted by sint(A). 

DEFINITION 1.1.8 

The semi-closure of A is the intersection of all semi-closed 

sets containing A and is denoted by scl(A). 

DEFINITION 1. 1. 9 

A is an ci - open set if Ac Int(cl(Int(A))) 

NOTATION 

The collection of all a - open sets in X is denoted by 

T . The space (X, tci)  is denoted by X. 

REMARK 1.1.10 

Every a - open set is semi-open. 
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DEFINITION 1.1.11 

The complement of an a-open set is called a - closed. 

DEFINITION 1.1.12 

The a - interior of A is the union of all a - open sets 

contained in A and is denoted by a - Int(A). 

DEFINITION 1.1.13 

The a -closure of A is the intersection of all a -closed 

sets containing A and is denoted by a-cl(A). 

DEFINITION 1. 1. 14 

A is said to be preopen if Al: Int(cl(A)). 

NOTATION 

The collection of all preopen sets of X is denoted by 

P0(X). 

REMARK 1.1.15 

Every open set is preopen. 

DEFINITION 1.1.16 

The complement of a preopen set is called preciosed. 

DEFINITION 1.1.17 

The pre-interior of A is the union of all preopen sets 

contained in A and is denoted by pint(A). 

DEFINITION 1.1.18 

The Preciosure of A is the intersection of all preclosed 

sets containing A and is denoted by pcl(A). 



PROPOSITION 1.1 .19 

scl(A) = A(Jlnt(cl(A)) 

pcl(A) = Acl(Int(A)) 

sint(A) = Afl cl(Int(A)) 

pint(A) = Afl Int(cl(A)) 

5 

PROPOSITION 1.1.20 

scl(A) ñ cl(Int(cl(A))) = sint(scl(A)). 

PROOF: 

scl(A)fl cl(Int(cl(A)) c sint(scl(A)). 

Let x C scl(A)flcl(Int(cl(A))). 

x c scl(A) and x Ecl(Int(cl(A)). 

If x C sint(scl(A)), there Is nothing to prove. 

If x t sint(scl(A), then as sint(scl(A)) C scl(A), 

x c scl(A) - sint(scl(A)). 

Therefore, x c (scl(A) - sint (scl(A))) 11 cl(Int(cl(A))). 

x cscl(A) ( cl(Int(cl(A))) - sint(scl(A) ( cl(Int(cl(A))) 

x $ sint(scl(A)) (1 cl(Int(cl(A))) 

x $ sint(scl(A)) and x 4 cl(Int(cl(A))) 

which is a contradiction to the fact that x C cl(Int(cl(A))). 

Therefore, x C sint(scl(A)),  

Therefore, scl(A) fl cl(Int(cl(A))) cz sint(scl(A)). 

We know that slnt(A) = Aflcl(Int(A)). 

Sint(scl(A)) = scl(A) fl cl(Int(scl(A))). 

But scl(A) c cl(A). 

Therefore, sint(scl(A)) scl(A) () cl(Int(cl(A))) 

Hence from (1) and (2), we get the result. 

....(1) 
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DEFINITION 1.1.21 

A is said to be semi-preopen if AC cl(Int(cl(A))). 

NOTATION 

The collection of all semi-preopen subsets of X is denoted 

by SPO(X). 

REMARK 1.1.22 

Every preopen set is semi-preopen. 

DEFINITION 1.1.23 

The complement of a semi-preopen set is called semi- 

preclosed. 

DEFINITION 1.1.24 

A is said to be regular open if A = Int(cl(A)). 

NOTATION 

The collection of all regular open sets of X is denoted 

by RO(x). 

REMARK 1.1.25 

Every regular open set is open. 

Every regular open set is preopen. 

DEFINITION 1.1.26 

The complement of a regular open set is called regular 

closed. 

REMARK 1.1.27 

Every regular closed set is closed. 



REMARK 1.1.28 

Every regular closed set is semi-open. 

PROPOSITION 1.1.29 

A is regular closed if f A = cl( Int(A)). 

PROOF: 

Assume A is regular closed ,, 

1ff X-A is regular open, 

1ff X-A = Int(cl(X-A)) 

1ff A = X - Int(cl(X-A)) 16 

1ff A = X - (X-cl(X-cl(X-A))) 

(since Int(A) = X-cl(X-A)) 

= cl(X-cl(X-A)) 

1ff A = cl(Int(A)) 

DEFINITION 1.1.30 

A set is called semi-regular if It is both semi-open and 

semi-closed. 

NOTATION 

The collecttlon of all semi-regular sets of X is denoted 

by SR(X). Semi-regular sets are sometimes called regular semi-open. 

DEFINITION 1.1.31 

The iS -Interior (resp. the 0 -Interior) of A is the union 

of all regular open sets of X which are contained in A (resp. the 

union of all open sets of x whose closures are contained in A) and 

is denoted by iS-Int(A) (resp. 0-Int(A)). 



DEFINITION 1. 1. 32 

A is called 6-open (resp. 0 -open) if A = 6 -Int(A) 

(resp. A = 0- Int(A)). 

NOTATION 

The collection of all 6-open (resp. 0-open) sets form 

a topology on X and is denoted by T6 (resp. T0 ). 

DEFINITION 1.1. 33 

A point x c X is called 6 -adherent point of A, if 

Int (ci ( G) ) fl A 4 4) for evry open set G containing x. 

DEFINITION 1. 1. 34 

A point x E X is called 0-adherent point of A, if 

A fl cl ( G) 4 4) for every open set G containing x. 

DEFINITION 1. 1. 35 

The set of all 6 -adherent (resp. 0 -adherent) points of 

A is called the 6 -closure (resp. 0 -closure) of A. 

NOTATION 

The iS - closure (resp. 0 -closure) of A is denoted ty 

6-cl(A) (resp. 0-ci(A)). 

PROPOSITION 1.1.36 

ci(A) c .5- cl(A) c 0 - cl(A). 

PROOF: 

Let x a cl(A). 

Then for every open set U containing x, 

UAA 44) 



EJ 

Int(cl(U))CA 4) (Hence xc-cl(A)) 

= cl(U)(A + 4) (Hence x cO-cl(A)). 

DEFINITION 1. 1. 37 

A set is called a CO-set 1ff its closure is open. 

DEFINITION 1.1.38 

A set is called a residual set 1ff its interior is empty. 

DEFINITION 1.1.39 

A set is called an NDB set 1ff its boundary is nowhere 

dense. 

DEFINITION 1.1.40 

A space X is resolvable 1ff it has two disjoint dense 

subsets. In the opposite case it is called irresolvable. 

DEFINITION 1.1.41 

A non-void space X is irreducible if it satisfies the follow- 

ing equivalent conditions: 

Every two non-void open subset of X intersect. 

X is not the union of a finite family of two closed proper 

subsets. 

(C) Every non-void open subset of X is dense. 

(d) Every open subset of X is connected. 

NOTATION 

An irreducible space is called sometimes hyperconnected. 

DEFINITION 1.1.42 

A space X is semi-irreducible (or FCC) if it satifies 

the following equivalent conditions 
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Every disjoint family of non-void open subsets of X is finite. 

x is the union of a finite number of irreducible spaces. 

DEFINITION 1.1.43 

A space X is a PS-space iff each preopen subset of X 

is semi-open. 

DEFINITION 1.1.44 

A space x is a partition space iff every open subspace 

is closed. 

Equivalently, 4a space X is a partition space iff every 

subspace of X is preopen. 

NOTATION 

A partition space is called locally indiscrete. 

DEFINITION 1. 1. 45 

A is called an S-set (resp • I-set) In X iff from 

A C U cl(U1), where each U1  is semi-open it follows that 
I CI 

A C U cl(U1) (resp. AC. U Int(cl(U1))) for some finite JC I 
1eJ 1€ 

or equivalently iff from AC 1 U1  A1, where each A1  is regular closed, 

it follows that A C 1  U3A1  (resp. A C çUjlnt(A1)) for some finite J C I. 

DEFINITION 1.1.46 

A finite dense subsystem (resp. finite Interior dense sub-

system) of a cover of a space X is a finite subcollection, whose 

closures (resp. interiors of the closures) cover X. 

DEFINITION 1. 1. 47 

A space X is lightly compact if it satisfies the following 

equivalent conditions: 
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 Every locally finite family of open sets is finite. 

 Every countable open cover has a finite dense subsystem. 

DEFINITION 1.1.48 

A space X is said to be a -compact if every cover of 

X by a -open sets has a finite subcover. 

DEFINITION 1.1.49 

A space X is almost regular 1ff each regular closed subset 

A and a point x A have open disjoint neighbourhoods or equivalently 

1ff for every regular cloed subsets A C X, we have O -cl(A) = cl(A). 

DEFINITION 1.1.50 

A space X is called extremally disconnected (briefly E.D.), 

if cl(U) is open in X for every open set U of X, or equivalently 

if every two disjoint open sets of X have disjoint closures. 

REMARK 1.1.51 

Extremal disconnectedness of a topological space cannot 

be characterized by the statement that every two disjoint preopen 

sets have disjoint closures as is seen from the following example. 

EXAMPLE 1.1. 52 

Let X = {a,b,c} and t ={4,x, {ab}}. 

Consider the sets { a} , { b } 

Clearly they are disjoint. 

cl {a} = X and cl {b] = X. 

Int(cl {a] ) X and mt (cl {b} ) = X. 

{ajc X = Int(cl {a} ) and 

{b}c X = Int(cl {b} ). 
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Therefore, {a} , {b} C  P0(X). 

{a}fl {b} = 4). 
ci f ai fl ci {b} = XQx 4). 

DEFINITION 1.1. 53 

Subsets A and B of the space X are said to be completely 

separated if there is a continuous function g: X -~ [0,1] such that 

g(A) = 0 and g(B) = 1. 

SECTION 1.2 CHARACTERIZATIONS OF EXTREMALLY DISCONNECTED 

SPACES. 

In this section we discuss the characterizations due to 

Sivaraj [ 11] and NoirE [ 12]. The following results are needed to 

obtain the characterizations of extremaily disconnected spaces [ 11 ] 

in terms of semi-open sets. 

THEOREM 1.2.3 [111 

A space x is extremaily disconnected if f TO is a topology 

on X 1ff t = T 8•  

THEOREM 1.2.2 

[T.Noiri, Acta Math. Acad. Sci. Hungur. 35(1980), 103]. 

If a space X is extremally disconnected, then scl(A) = cl(A) 

for every semi-open subset A of X. 

THEOREM 1.2.3 

[S.G.Crossiey, and S.K.Hildebrand, Texas J..Sci.22(1971),991 

If A is a subset of a space X, then sint(A) = X-scl(X-A) 

and scl(A) = X-slnt(X-A). 



THEOREM 1.2.4 liii 

If A is a semi-open subset of a space X, then 

cl(A) = S -cl(A). 

PROOF: 

We know that cl(A)c 6-cl(A). 

Therefore, it is enough to prove that, 

- cl(A) C cl(A). 

Let xc 6-cl(A). 

Suppose x k cl(A). 

Therefore, there exists qn open set G containing x such that 

G*'l A = 4) 
Gfllnt(A) = 4) (since Int(A)c.A). 

CLAIM : Int(cl(GflA = 4. 
Suppose not, that is, Int(cl(G))fl A 4) 
As A is semi-open, Accl(Int(A)). 

Therefore, Int(cl(G))flcl(Int(A)) 4 4. 
There exists 4 c Int(cl(G)) n cl(Int(A)) 

> There exists a neighbourhood W of yt, such that W c cl(G). 

Since Y c cl(Int(A)), Wn Int(A) 4. 
> There exists z cwfl Int(A). 

As zccl(G) also, Wfllnt(A)flG 44. 
> Int(A) fl G 4 4) which is a contradiction. 

Therefore Int(cl(G))a A = 4. 
=) x t 6-cl(A). 

Hence S-cl(A)c cl(A). 

13 
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THEOREM 1.2.5 [ 11] 

The following are equivalent for any space X. 

(1) X is extremally disconnected. 

The closure of every semi-open set in X is open. 

The semi-closure of every semi-open set in X is open. 

The 6 - closure of every semi-open set in X is open. 

Every two disjoint semi-open sets in X are completely separated. 

Every two disjoint semi-open sets in X have disjoint closures. 

cl(A) = scl(A) for every semi-open set A in X. 

The semi-closure of every semi-open set in X is closed. 

(lx) Int(A) = sint(A) for every semi-closed set A in X. 

(x) The semi-interior of every semi-closed set in X is open. 

PROOF : (1) => (ii) 

Let A be a semi-open set in X. 

There exists an open set G such that, G A cz cl( G) 

> cl(G)c cl(A) cl(G) 

==> cl(A) = cl(G) = open (since X is extremally disconnected). 

Hence closure of every semi-open set in X is open 

(ii) => (i) follows from the fact that every open set is semi-open. 

(1) => (ill) 

Let A be a semi-open set in X. 

By Theorem 1.2.2, scl(A) = cl(A). 

Since X is extremally disconnected, by (i) ) (ii) we get, cl(A) is 

open. Hence scl(A) is open. 

(iii)=> (i) 

Let G be an open set in X. 

To prove cl(G) = scl(G) 
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Suppose x $ scl(G). 

Then, there is a semi-open set V containing x such that V(1 G  
which implies that scl(V) (1 G = 4) (since if y c scl(V) ('I G, then 

V fl G 4) as G is semi-open). 

Since scl(V)fl G is an open set containing x, x 4 cl(G). 

Therefore, cl(G)c scl(G). 

Always, scl(G)ccl(G). 

Therefore, cl(G) = scl(G). 

By (iii), cl(G) is open in X. 
Hence X is extremally disconnected. 

=> (iv) 

Let A be a semi-open set in X. 

From (iii) => (I) and (i)= (II), we get cl(A) is open. 

Therefore by Theorem 1.2.4, 6 -cl(A) is open. 

=> (I) 

Let A be an open set in X. 

Then A is semi-open and hence by Theorem 1.2;4, cl(A) = 6-cl(A). 

Therefore by (iv), we get cl(A), is open. 

Hence X is extremally disconnected. 

(iv) > (iii) 

Since (iv) => (i) and (i) => (iii), we get, (iv) => (iii). 

()=> (v) 

Let A and B be two disjoint semi-open sets in X. 
* By Theorem 1.2.1, A and B are open in X 

Since X
* 
 is extremally disconnected [by proposition 7 of Njastad [ g I] 

* A and B are completely separated in X [Willard, General Topology, 

Addison - Wesley Publishing Company. Inc., 1970]. 



15 

Hence A and B are completely separated in X (by proposition B of 

Njastad 9 ]). 

(v).=> (vi) clear. 

(vi) => (ii) 

Let A be a semi-open set in X. 

Hence cl(A) is semi-closed. 

Since A and X-cl(A) are disjoint semi-open sets, by (vi) we have, 

cl(A)(cl(X-cl(A)) = 4). 
That is, cl(A)fl (X - Int(cl(A)))  

=> cl(A) . Int(cl(A)). 

Hence Int(cl(A)) = cl(A). 

> cl(A) is open in X. 

(I).= (vii) follows from Theorem 1.2.2. 

(vII)=> (viii) and (ix)=> (x) are obvious. 

(viii) => (vii) 

For any subset A of X, Ac scl(A)c cl(A). 

Therefore cl(A) = cl(scl(A)). 

If A is semi-open by (viii), scl(A) is closed. 

Therefore scl(A) = cl(scl(A)). 

Hence cl(A) = scl(A). 

(x)=> (ix) 

For any subset A of X, Int(A)C sint(A)C A. 

Therefore, mt (A) = mt ( sint (A)). 

If A is semi-closed1  by (X) sint(A) is open and so Int(A) = sint(A). 

(vil)=> (vi) 

Let A and B be disjoint semi-open sets in X. 

Then scl(A) and scl(B) are semi-open sets. 
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CLAIM : scl(A)flscl(B) = 4). 
Suppose scl(A) (\ scl(B) 4 4). 
Then there exists ye scl(A) and y e scl(B). 

Since y c scl(B) and as scl(A) is semi-open1  scl(A)fl B + 4). 
Therefore, there is an z c scl(A) and z e B. 

Therefore, as B is semi-open, Bfl A 4 4), a contradiction. 

Therefore, scl(A)fl scl(B) = 4). 
Using (vii), we get, cl(A)lcl(B)  
(vii)(> (lx) follows immediately from Theorem 1.2.3. 

Before discussing the characterizations of extremally 

disconnected spaces in terms of preopen sets and semi-preopen sets 

sets [ 12], let us give some Important properties needed to obtain 

those characterizations. 

THEOREM 1.2.6 [ 4 1 

If A is preopen, then a-cl(A) = O-cl(A). 

Theorem 1. 2. 7 [ 4  1 

A topological space (X, T ) is extremally disconnected 

iff SO(X)PO(X). 

THEOREM 1.2.8 [4] 

= SO(X)(1PO(X). 

THEOREM 1.2.9 [4] 

If a space (X, r ) is extremally disconnected., then 

scl(A) = 0- cl(A) for each Ac P0(X). 

PROOF 

Since (X, T ) is extremally disconnected, it follows from 

0  Theorems 1.2.7 and 1.2.8 that SO(X) = T. 
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Therefore, scl(A) = a-cl(A) for each AC X. 

Hence from Theorem 1.2.6 we get scl(A) = O-cl(A) for each Ac P0(X). 

THEOREM 1.2.10 1 41 

If a topological space (X, T ) is extremally disconnectei, 

then scl(A) = O-cl(A) for each A C SO(X). 

PROOF : 

Follows from Theorems 1.2.7 and 1.2.9. 

THEOREM 1.2.11 [ 41 

If A is a subset of a space (X, T ), then Int(cl(A))cscl(A). 

THEOREM 1. 2.12 [ 4  1 

Let A be a subset of a space (X, t ). Then A c P0(X) 

1ff scl(A) = Int(cl(A)). 

PROOF : 

Let A cpo(X). 

Then scl(A)c scl(Int(cl(A))). 

Since Int(cl(A)) C SC(X), scl(A)c Int(cl(A)). 

By Theorem 1.2.11, it follows that scl(A) = Int(cl(A)). 

The converse is obvii.is. 

THEOREM 1.2.13 (121 

If ACPO(X), then cl(A) =ó-cl(A) = O-cl(A). 

PROOF : 

By proposition 1.1.36 cl(A)c 5 -cl(A)cO -cl(A). 

Therefore, it is enough to show that 0 -cl(A) c cl(A). 

Take any x c X-cl(A). 

Then U 0 A = 4, for some open set U containing x. 
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CLAIM : If U is an open set with Ufl A = 4, then u( cl(A)  
Suppose Uflcl(A) 4 4. 
Then, there exists y c U ( cl(A). 

y c U and y a cl(A) =) Ufl A 4) which is a contradiction. 

Hence the claim. 

Therefore, ufl Int(cl(A))  
By the above claim we get that cl(U)fl Int(cl(A)) = 4. 
cl(U)flA = 4. (since AcPO(X)). 

Therefore, xcX- ( e -cl(A) ). 

Thus X-cl(A)c X-(O-cl(A)). 

That is, 0 -cl(A) cl(A). 

Thus cl(A) = 6-cl(A) = 0-cl(A). 

THEOREM 1.2.14 ( 121 

If Ac SPO(X), then cl(A) = 5-cl(A). 

PROOF : 

Since cl(A)c 6-cl(A), it is enough to prove 5-cl(A) C. cl(A). 

Assume that x a X-cl(A), then U (1  A = 4 for some open set U contain- 
ing x. 

Since U is open and U (\ A = 4) as in the proof of the above theorem, 

we get, cl(U)( Int(cl(A)) = 4. 
Int(cl(U)) ( cl(Int(cl(A))) = 4. 
Int(cl(U))(\ A = 4), since A is semi-preopen. 
Therefore x a X- ( 6 -ci (A)). 

Thus X - cl(A)c X - ( 6-cl(A)). 

(ie) ó -cl(A)c cl(A). 

Now let us discuss the characterizations due to Noiri [12]. 
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THEOREM 1.2.15 [121 

The following are equivalent for a space X. 

 X is extremally disconnected. 

 The closure of every semi-preopen set of X is open. 

 The 6- closure of every semi-preopen set of X is open. 

 The 6-closure of every preopen set of X is open. 

 The 0-closure of every preopen set of X is open. 

 The closure of every preopen set of X is open. 

PROOF : 

=) (b) follows from (ii) =) (ii ) of Theorem 1.2.5. 

=> (c). 

Let A be a semi-preopen set. 

Then cl(A) = 6 -cl(A) by Theorem 1.2.14. 

By (b), cl(A) is open. 

Therefore, the 6-closure of every semi-preopen set of X is open. 

=> (d) follows from the fact that every preopen set is a semi-

preopen set. 

=> (e) and (e) => (f) follows from theorem 1.2.13. 

(f)=> (a). 

Since every open set is preopen, we get by (f), that X is extremally 

disconnected. 

THEOREM 1.2.16 [12:1 

The following are equivalent for a space X. 

X is extremally disconnected. 

scl(A) = O-cl(A) for every A €PO(X)U SO(X). 

scl(A) = cl(A) for every Ac SPO(X). 

scl(A) = 6-cl(A), for every AC SPO(X). 
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PROOF 

(b) (b) follows from Theorems 1.2.9 and 1.2.10. 

) (a) 

First, let A be any preopen set of X. 

By Theorem 1.2.12, Int(cl(A)) = scl(A). 

By (b), scl(A) = O-cl(A). 

By Theorem 1.2.13 0-cl (A) = cl (A). 

Hence Int(cl(A)) = cl(A), which in turn=)that cl(A) is open. 

Hence by Theorem 1.2.15, X is extremally disconnected. 

(a)z>(c) 

Let A be a semi-preopen set. 

By Theorem 1.2.11, Int(cl(A))c scl(A). 

Therefore, Int(cl(A)) C scl(A)C cl(A). 

Since X is extremally disconnected, by Theorem 1.2.15 cl(A) is. 

open. 

Therefore, scl(A) = cl(A). 

(C) => (d) follows immediately from Theorem 1.2.14. 

(d) =) (a) 

Let U and V be any two disjoint open sets. 

By the claim in (vii) => (vi) of Theorem 1.2.5 we get, 

scl(U)fl scl(V) = 4. 
Therefore, by (d) and by theorem 1.2.14, 

scl(U) = 6-Cl(U) = cl(U). 

Similarly, scl(V) = cl(V). 

Therefore, cl(U) fl cl(V) = 4 
Therefore, X is extremally disconnected. 
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THEOREM 1.2.17 [12] 

The following are equivalent for a space X. 

 X is extremally disconnected. 

 If A c SPO(x), B C  SO(X) and A (1 B = 4, then cl(A) (% cl(B) = 4. 

 If AcSPO(X), BESO(X) and AflB = 4, then, 

5-cl(A)fl S-cl(B) = 4 

 If AcPO(X), BCSO(X) and Afl B = 4, then 

-cl(A)fl S-cl(B) = 4. 

 If AcPO(X), BcSO(X) and AflB = 4, then 

cl(A)() cl(B) = 4. 

PROOF : 

(a) ==> (b) 

Let Ac SPO(X), BC SO(X) and A( B = 4. 

Then A( Int(B) = 4. 

Therefore, cl(A) It Int(B) = 4. 

By (a), using Theorem 1.2.15, we get, cl(A) is open. 

Therefore, cl(A) It cl(Int(B)) = 4. 

Since BC 50(x), B ccl(Int(B))=> cl(B)C cl(Int(B)). 

Therefore, cl(A) It cl(B) = 4. 

(b)=> (c) 

If ACSPO(X), then cl(A) = S-cl(A). 

Since every semi-open set is semi-preopen, cl(B) = 6-cl(B). 

Therefore, ( 6-cl(A)) ii ( 6 -cl(B)) = 4. 

(c)=> (d) 

If AC P0(X), then by Theorem 1.2.13, 

cl(A) = -cl(A) = o -cl(A). 

Therefore, ( 6 -cl(A))fl( iS -cl(B)) = 4. 

> (Q-cl(A))fl ( 6-cl(B)) = 4. 
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(d)> (e) 

ACPO(X)=>cl(A) = Q-cl(A)(by Theorem 1.2.13) 

B c SO(X)=> BC SPO(X) 

> cl(B) = 6-cl(B) (by Theorem 1.2.14). 

Therefore, by (d), cl(A)flcl(B) = 4. 
(e) => (a) 

Let A and B be disjoint open sets. 

Then A is preopen and B is semi-preopen. 

Therefore, by (e) cl(A) fl cl(B) = 4. 
Therefore, X is extremaLj.y disconnected. 

THEOREM 1.2.18 E 12] 

The following are equivalent for a space X. 

X is extremally disconnected. 

If AC SO(X) and BCSPO(X), then cl(A)(cl(B) = cl(AflB). 

If Ac.SO(X) and BCSPO(X), then AflBCSPO(X). 

PROOF : 

CLAIM : If U is open in X, then U fl cl(S) c cl(U R S), for every 

Subset S of X. 

Let xeUflcl(S). 

Therefore, x C U and x C cl(S). 

Let V be any neighbourhood of x. 

Then VhS 4 4. 
Also, as VhU is open and XC VflU,(VflU)hS 4 4. 
That is, Vh(UflS) 4 4, for every neighbourhood V of x. 

Therefore, x ccl(UflS). 

Therefore, Un cl(S)c cl(UhS). 

Hence the claim. 
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(a)>(b) 

Let AcSO(X) and BcSPO(X). 

Therefore, by Theorem 1.2.15, cl(B) is open in X and we obtain, 

cl(A) () cl(B)cl(Int(A)) () cl(B). 

C cl(Int(A) flcl(B)) (by the above claim). 

Let xc cl(A)1cl(B). 

Then xc cl(Int(A)ñcl(BI). 

Let U be any neighbourhood of x. 

Then UAInt(A)(Icl(B) 4 4. 
=> Ufllnt(A)flB 44 

> UC%AflB 4 4. 

Hence xc cl(AflB). 

Therefore, cl(A) fl cl(B)c. cl(A (' B). 

Therefore, cl(A)flcl(B) = cl(AflB). 

=) (c) 

Let A€SO(X) and BCSPO(X). 

Then we have, 

Ar Bc,cl(Int(A))fl cl(Int(cl(B))) (since AC SO(X) and BC SPO(X)). 

= cl(Int(A)fllnt(cl(B))) (by (b)). 

= cl(Int (A(cl(B))) (since Int(Afl B) = Int(A)rilnt(B)). 

C cl(Int(cl(A)flcl(B))) (since ACcl(A)). 

= cl(Int(cl(AflB))). 

Therefore, All BC cl(lnt(cl(Afl B))). 

Therefore, AflB cSPO(X). 

=) (a) 

To show that X is extremally disconnected, it is enough 

to show that cl(A) 1cl(B) = cl(Afl B) for all open sets A and B. 
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Let A and B be open sets of X. 

Then cl(A) and cl(B) are semi-open. 

Also cl(B) is semi-preopen. Hence by (c), cl(A)( cl(B) is 

semi-preopen.  

Therefore, cl(A)C cl(B)C cl(Int(cl(cl(A)ñcl(B)))). 

C. cl(Int(cl(cl(A))fl cl(cl(B)))) 

(since cl(AflB)ccl(A)flcl(B)). 

C cl(Int(cl(A)( cl(B))). 

= cl(Int(cl(A))fl Int(cl(B))) 

(ince mt (AflB) = Int(A)fllnt(B)). 

C cl(cl(A)(Int(cl(B))). 

Ccl(cl(Afllnt(cl(B)))) (by the claim). 

= cl(Afl Int(cl(B))). 

C cl(Aflcl(B)). 

C. cl(Afl B) (by the claim). 

Therefore, cl(A)fl cl(B)Ccl(Afl B). 

We know that, cl(AflB)Ccl(A)flcl(B). 

Therefore, cl(A)flcl(B) = cl(AflB). 

Hence, X is extremally disconnected. 

SECTION 1.3 CHARACTERIZATIONS OF IRREDUCIBLE SPACES, SEMI-

IRREDUCIBLE SPACES, PS-SPACES, PARTITION SPACES, 

S-SETS, I-SETS, LIGHTLY COMPACT SPACES, ALMOST 

REGULAR SPACES AND - COMPACT SPACES. 

In this section we discuss the results due to 

.Julian Dontchev II 6  1. He  [ 6 ] has obtained a set of equivalent 

conditions for semi-preopen sets and proved some properties of 

such sets. 
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THEOREM 1.3.1 1 61 

For a subset A of a space X the following conditions 

are equivalent: 

There exists a preopen set U such that UcAccl(U). 

Ac cl(Int(cl(A))) (=> cl(A) = cl(Int(cl(A))). 

cl( A) is regular closed. 

Ac.sint (scl(A)). 

cl(A) is semi-open. 

A is dense in a regular closed subspace of X. 

A is dense in a semi-open subspace of X. 

scl(A) is semi-open. 

pcl(A) cl(Int(cl(pcl(A)))). 

PROOF 

=> (2) 

By (1), UcA.cl(U). 

> cl(U)ccl(A)c.cl(U) 

=> cl(U) = cl(A). 

Since U is a preopen set, uc Int(cl(U)) = Int(cl(A)). 

Therefore, cl(U)c. cl(Int(cl(A))). 

Therefore, Ac. cl(Int(cl(A))). 

Hence cl(A)c. cl(Int(cl(A))). 

Since Int(cl(A))ccl(A), we get, cl(A) = cl(Int(cl(A))). 

=> (3) 

By Proposition 1.1.29, A is regular closed iff, A = cl(Int(A)). 

By (2), cl(A) = cl(Int(cl(A))). 

> cl(A) is regular closed. 



(3) ) (1) 

Let U = pint(A). 

Then U Is preopen and UC A. 

Thus Irit(cl(A)) = cl(A)(Unt(cl(A)) 

C Aflcl(Irit(cl(A))). 

But Añlnt(cl(A)) = pint(A) = U. 

Therefore, Int(cl(A))C.U. 

> cl(Int(c].(A))) C cl(U). 

By (3), cl(A) is regular closed. 

cl(A) = cl(Int(cljA))). 

Therefore, UcAccl(A) = cl(Int(cl(A)))ccl(U). 

> UCAccl(U). 

(2) => (4) 

By the definition of semi-closure of A, we have, Ac scl(A). 

By (2), Accl(Int(cl(A))). 

Hence AC scl(A)1\ cl(Int(cl(A))). 

By proposition 1.1.20, scl(A)(cl(Int(cl(A))) = sint(scl(A)). 

Therefore, Ac sint(scl(A)). 

Therefore, Ac sint(scl(A)). 

(4)=> (2) 

By proposition 1.1.20 , sint(scl(A)) = scl(A)flcl(Int(cl(A))). 

By (4), Ac sint(scl(A)) = scl(A)fl cl(Int(cl(A)))c cl(Int(cl(A))). 

=> Accl(Int(cl(A))). 

( 3)=> (5) 

It follows from the remark 1.1.28. 

27 
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=> (3) 

By (5), cl(A) is semi-open. 

That is, cl(A) c cl(Int(cl(A))). 

Therefore, cl(A) = cl(Int(cl(A))). 

Hence cl(A) is regular closed. 

(3) => (6) 

Since by (3), cl(A) is regular closed, A is dense in the regular 

closed subspace cl(A) of X. 

=> (7) 

The result follows from 4the remark 1.1.28. 

=> (3) 

Let B be a semi-open subspace of X in which A is dense. 

By the definition of semi-open, we have, B cl(Int(B)). 

Also cl(Int(B)) c cl(B). 

Thus, cl(B) = cl(Int(B)). 

A is dense in a semi-open subspace B. 

cl(A) = B. 

Therefore cl(A) = cl(B) = cl(Int(B)) = cl(Int(cl(A))) 

Hence cl(A) is regular closed. 

(5) =4 (8) 

CLAIM : Int(cl(A)) scl(A) cl(Int(cl(A))) 

By 1.1.19 1. scl(A) = AU Int(cl(A)) 

we get, mt (cl(A))c scl(A). 

From the definition of scl(A), 

scl(A)c cl(A) = cl(Int(cl(A))) [since cl(A) is semi-open by (5)]. 

Hence Int(cl(A))c. scl(A)c cl(Int(cl(A))) 

Therefore, scl(A) is semi-open. 
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(8) ==> (2) 

Since scl(A) is semi-open, scl(A)c cl(Int(scl(A))). 

But scl(A)c cl(A) => scl(A) c cl(A) 

=> cl(Int(scl(A))) C cl(Int(cl(A))). 

From the definition of scl(A), we have, A c scl(A). Combining the 

above two inclusionsi, we get, 

Ac scl(A)c cl(Int(scl(A)))c cl(Int(cl(A))). 

> Ac cl(Int(cl(A))). 

(2) ==> (9) 

By (2), cl(A) = cl(Int(cl(A))). 

From the definition of pcl(A), Ac pcl(A)C cl(A). 

Hence pcl(A)c cl(A) = cl(Int(cl(A))) 

= cl(Int(cl(pcl(A)))) 

Therefore, pcl(A)c cl(Int(cl(pcl(A)))). 

(9) => (2) 

By the definition of pcl(A), Acpcl(A)CCl(A). 

By (9), pcl(A) c cl(Int(cl( pcl(A)))) 

Combining both Acpcl(A)ccl(Int(cl(Pcl(A))))CC1(Int(Cl(A))) 

Hence, Accl(Int(cl(A))). 

THEOREM 1.3.2 [6] 

 Semi-open sets = semi-preopen and an NDB set. 

 SemI-regular sets = semi-preopen and semi-closed. 

 Regular closed sets = semi-preopen and a- closed 

= semi-preopen and closed. 

PROOF: 

(1) Assume that A is semi-open. 

To prove, A is semi-preopen and an NDB set. 



A is semi-open ==> there exists an open set U such that 

Uc A C.cl(U). 

U is open => U is preopen. 

Therefore there exists a preopen set U such that UC AC. cl(U). 

Therefore A is semi-preopen. 

Now to prove A is an NDB set. 

To prove Fr(A) is nowhere dense. 

Fr(A) = cl(A)fl cl(X-A) 

Ccl(U) fl cl(X-A) [Since AC.cl(U)] 

C.cl(U)flcl(X-U) 

= Fr(U) [since UC A => (X-A)C. (X-U) 

==> cl(X-A)c cl(X-U)] 

Hence Fr(A)c Fr(U). 

By definition Fr(U) = cl(U)\Int(U) 

= cl(U)\ U [since U is open] 

= 4. 
Consider Int(cl(Fr(U))) = Int(Fr(U)) = Int(4) = 4 
[since Fr(A) is always a closed set], 

Therefore, Fr(U) is nowhere dense. 

Hence Fr(A) is nowhere dense. 

Therefore, A is an NDB set. 

Conversely assume that A is semi-preopen and an NDB set. 

A is semi-preopen => Ac cl(Int(cl(A))). 

Fr(A) is nowhere dense ==> Int(cl(A))c. cl(Int(A)) 

==> AC.cl(Int(A)). 

Therefore A is semi-open. 

3C 
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Assume that A is semi-preopen and semi-closed. 

A is semi-preopen => Ac..cl(Int(cl(A))). 

A is semi-closed > Int(cl(A)) = Int(A) 

[by proposition 1.1.61 

'> ACcl(Int(A)). 

Hence A is semi-open. 

Hence A is semi-regular. The reverse is trivial. 

Assume that A is semi-preopen and a-closed. 

Then Accl(Int(cl(A))) and cl(Int(cl(A)))C.A. 

Thus A = ci ( mt (ci (A))) and hence regular closed. 

The reverse is trivial. 

CHARACTERIZATIONS IN TERMS OF SEMI-PREOPEN SETS 

The following series of theorems give characterizations 

of various spaces in terms of semi-preopen sets. 

THEOREM 1.3.3 [ 61 

For a space X the following are equivalent. 

X is irreducible. 

Every non-void semi-preopen subset is dense. 

PROOF : 

(1) = (2). 

Let A be a non-void semi-preopen subset of X. 

Then Aci(Int(ci(A))). 

Hence Int(ci(A)) 4 4. 
If U were a non-void open set, then by (1), 

Ufllnt(cl(A)) 4 4 
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==> Uflcl(A) 4 4) => UClA 4 4 [since Uflcl(A) 4 4 
=> there exists x U fl cl(A) ==> x C U 

and xecl(A) =j> UOA 44]. 
Therefore A is dense. 

(2) =5> (1) 

Let U and V be two non-void open subsets. 

Then 4) 4 Vc Int(cl(V)) [since every open set is preopen] 

Since every regular open set is semi-preopen, by (2), every regular 

open set is dense in X. 

Therefore, we have Uillnt(cl(V))4 4. 
Therefore, Un cl(V) 4 4. Hence U(\ V 4 4. 
Hence X is irreducible. 

REMARK 1.3.4 

It is shown that a space is irreducible 1ff the intersection 

of two non-void semi-open subsets is non-void. This condition does 

not hold however for semi-preopen sets, for an indiscrete space 

(with cardinality at least 2) shows. 

THEOREM 1.3.5 

[T.Aho and T.Nieminen, Q and A in General 

Topology 11 (1993), 93-104.] 

For a space X the following are equivalent: 

X is semi-irreducible. 

Every semi-preopen subset is semi-irreducible. 
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THEOREM 1.3.6 [6] 

For a space X the following are equivalent: 

X is extremally disconnected. 

The closure of every semi-preopen subset is open. 

Every semi-preopen subset is preopen. 

If A is a semi-preopen subset of X, then scl(A) = cl(A). 

If A is a semi-preopen subset of X, then scl(A) = 6-cl(A). 

If A ( B = 4, where A is semi-preopen and B is semi-open, 

then cl(A) (1 cl(B) = 4 (or tS-cl(A)fl 5-cl(B) = 4). 
If A is semi-open and B is semi-preopen, then 

cl(Afl B) = cl(A) lcl(B). 

The Intersection of a semi-open and a semi-preopen set is 

always semi-preopen. 

Every semi-preopen subset is a CO-set. 

PROOF : 

(2) 

If AC x is semi-preopen, then cl(A) is regular closed. 

That is, cl(A) = cl(Int(cl(A))) 

= closure of an open set. 

Hence by (1), cl(A) is an open set. 

=> (3). 

Let A be a semi-preopen subset. 

By (2), cl(A) is open => Int(cl(A)) = cl(A). 

Since Accl(A) = Int(cl(A)), A is preopen. 

(3)=(1) 

Let A be an open set. 

Then cl(A) is semi-open [by proposition 1.1.31 
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=> cl(A) is semi-preopen. 

By (3), cl(A) is preopen ==> cl(A)c Int(cl(A)) 

Therefore, cl(A) = Int(cl(A)) 

=> cl(A) is open. Hence X is extremally disconnected. 

(4) =) (5) follows from Theorem 1.2.14. 

(5) - (6) follows from Theorems 1.2.16 and 1.2.17. 

(6) => (1) follows from Theorem 1.2.17. 

(1) > (5) follows from Theorem 1.2.16. 

(6) (7) 

Sthce (6) a.> (1), X.  is extremally disconnected (7) follows from 

Theorem 1.2.18. 

 > follows from Theorem 1.2.18 

(7) = (6) follows from Theorem 1.2.17. 

(2) 4 =a> (9) is obvious from the definition of a CO-set. 

THEOREM 1.3.7 [ 6 1 

For a space X the following are equivalent 

X is a PS-space. 

Every semi-preopen subset is semi-open. 

Every non-empty semi-preopen subset is irresolvable. 

If A is semi-preopen, then cl(A) = AU cl(Int(A)) = pcl(A). 

Every semi-preopen subset is a non-residual set. 

PROOF : 

(=> (2) (=> (3) is proved in T.Aho and T.Nieminen, 

Ricerche Mat., 1994. 

=*> (4) 

Let A be a semi-preopen subset. 

By (2), A is semi-open. 



Therefore, Ac cl(lnt(A)) ==) c1(A) cl(Int(A)) and 

AUc1(Int(A)) = cl(Int(A)) 

Therefore cl(A) = cl(Int(A)) and 

AUc1(Int(A)) = pcl(A) [by (b) of proposition 1.1.19.) 

Therefore, cl(A) = AUc1(Int(A)) = pcl(A). 

(4) = (1) 

Let AC.X be preopen. 

Then by (4), Aclnt(cl(A)) = Int(pcl(A)) = Int(cl(Int(A))). 

Thus A is a-open. 

Therefore, X is a PS-sçce, since every a-open set is semi-open. 

(2) (5) 

Let A be a non-void semi-preopen set. 

By (2), A is semi-open => Accl(Int(A)). 

To prove Int(A) 4 4. 
Suppose Int(A) = 4. 
=> cl(Int(A)) = 4 
=) A = 4, which is a contradiction. 

Hence Int(A) 4 4. 
(5) ==> (1) 

Let A be a preopen set. 

Let U = Int(cl(A))\cl(Int(A)) which is open. 

Therefore, U (\A is open in A and hence preopen in A. 

Therefore, by transitivity U fl A is preopen in X. 

) UCA is semi-preopen in X. 

Since Int(U(\ A) = Int(U)I\ Int(A) = Ufl Int(A) = 4, 
by the definition of U. 

Hence by (5), U (\ A = 4 

35 
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We claim that A \ cl(Int(A)) = 4. 
Suppose A\cl(Int(A)) 4 4. 
Therefore, there exists x such that xc A\ cl(Int(A)), 

That is, xc A and x cl(Int(A)). 

Since A is preopen, Ac Int(cl(A)) and hence x F. Int(cl(A)). 

Therefore x c Int(cl(A)) \ cl(Int(A)), 

That is x cU. Hence xc Ufl A => U fl A 4 4, 
which is a contradiction. 

Therefore, A \ cl(Int(A)) = 4. 
Therefore, Ac cl(Int(A)1 

Hence A is semi-open In X. 

The proofs of the following two theorems are found in T.Aho and 

T.NIeminen, Ricerche Mat., 1994. 

TILEOREM 1.3.8 1 6 ] 

For a space X the following are equivalent. 

X is an extremal PS-space. 

Every semi-preopen subspace is a-open. 

THEOREM 1.3.9 E 6 1 

For a space X the following are equivalent. 

X is an irreducible PS-space. 

The Intersection of two non-void semi-preopen subsets is always 

non-void. 

X is not the disjoint union of two non-void semi-preopen subsets. 
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THEOREM 1.3.10 [] 

Let x be a point of (X, T ). Then either {x} is nowhere 

dense or (x)c..Int(cl {x} ) = scl {x} 

PROOF : 

Suppose that {x}is not nowhere dense. 

Then Int(cl {x}) 4 4 

Therefore x cInt(cl {x} ) 

By (a) of proposition 1.1.19 we get, 

sd {x} = {x} U  Int(cl {x} ) = Int(cl {x} ) 

Thus {x} Int(cl {x} )4 = sd {xj 

THEOREM 1.3.11 [ 6] 

For a space X the following are equivalent 

X is a partition space. 

Every nowhere dense subset is semi-preopen. 

Every singleton is semi-preopen. 

Every subset is semi-preopen. 

Every closed subset is semi-preopen. 

PROOF : 

(1) => (4) 

By (1), every subset of X is preopen and hence semi-preopen. 

Hence (4). 

(4)==>(3)obvious. 

(3) => (1) Let AcX. 

To show that A is preopen. 

By Theorem 1.3.10, we have each singleton is either preopen or 

nowhere dense. 
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Let la}CX. If { ails nowhere dense, Int(cl { a I ) = 4). 
By (3), {a}cz cl(Int(cl {a} )) = 4, which is impossible. 

Thus each singleton in x is preopen and hence A = U {a} 
a c A 

union of preopen sets. 

Therefore A is preopen. Hence X is a partition space. 

> (2) (4) => (5) obvious. 

(2) ==> (3) Let {a}c..X. 

If {a} is preopen, then clearly it is semi-preopen. If it is nowhere 

dense, then by (2) it is semi-preopen. 

=> (4) Let AC,(. 

BY (5), cl(A) is semi-preopen. 

Therefore, cl(A) = cl(Int(cl(A))). 

That is,, Accl(Int(cl(A))). 

Therefore, A is semi-preopen. 

THEOREM 1.3.12 [ 61 

For a space the following are equivalent: 

A C X is an S-set. 

Every semi-preopen cover of A has a finite dense subsystem. 

PROOF: (1) => (2) 

Let {A1 } be a semi-preopen cover of A. 
I El 

Then A C U A1  and each A1  is semi-preopen. 
Id 

Since A. is semi-preopen, cl(A  1) is regular closed. 

Therefore A C U A. =) A C  U cl (A  i ) 
ici 1 id 
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Then it follows from the definition of an S-set, A C U cl(A1), 
jCJ 

where J is finite. 

Therefore, every semi-preopen cover of A has a finite dense 

Subsystem. 

(2)=) (1) 

Let A C U A., where each A. is regular closed. 
id 1 

Since every regular closed set is semi-preopen, we get 

{A1} is a semi-preopqp cover of A. 
IC I 

Therefore by (2), A c U cl(A1), where J is finite. 
i CJ 

Since a regular closed set is closed1  cl(A1) = A1. 

Therefore, AC. U Ai.  Therefore A is an S-set. 
icJ 

THEOREM 1.3.13 [ 61 

For a space X, the following are equivalent: 

AC X is an I-set. 

Every semi-preopen cover of A has a finite interior dense 

subsystem. 

PROOF: (1)> (2) 

Let AcX be an I-set. 

Let Ac U A1, where each A. is semi-preopen in X. 
id 
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Since A1  is semi-preopen, cl(A1) is regular closed. 

.. Ac.0 A 1  .=)ACU cl(A1). 

Then it follows from the definition of an I-set, 

AC U Int(cl(A. 1  )), where J is finite. 
ici 

.. Every semi-preopen cover of A has a finite interior dense 

subsystem. 

(2)=> (1) 

Let A C U Au  where each A. is regular closed. 
I CI 4 

.•. A1  is semi-preopen. 

By (2), A C U mt ( cl( A1)), where J is finite. 
i 53 

.. AC U Int(A1) (cl(A1) = A.1  ,since A1  is regular closed.) 
1CJ  

.. ACX is an I-set. 

THEOREM 1.3.14 i: 6 1 

For a space X the following are equivalent: 

X is lightly compact. 

Every non-void locally finite family (A. 1) of semi-preopen 
iCI 

 sets is finite. 

PROOF: 

Let (A.) be a non-void locally finite family of semi-preopen 
is I 

sets. 
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Since 4) 4: A1c cl(Int(cl(A1)) (since A1  is semi-preopen) then 

Int(cl(A1) 4 4, for each index i. 

Consider any x C X. By the definition of locally finite, 

there exists an open neighbourhood U of x and a finite subset 10 

of I such that U ('I A. 4 4) for j e 10  and U ('i A. = 4 for  j I. 

CLAIM : Ufl cl(A.) = 4) for  j 4 10. 

Suppose U fl cl(A) 4 4. 
Let y cU fl cl(A) = y C U and y C cl(A1). 

y e cl(A) => every neihbourhood of y Intersects A3. 

That is, Ufl A + 4, which is a contradiction. 

Therefore U fl cl(A) = 4) for  j 4 10. 

Hence { cl(A) I is a locally finite family and since 

Int (cl (A 
 j 
 ))c cl(A). UflInt(cl(A)) = 4 for 

j 4i => Int(cl(Aj))j C I  is locally finite. 

Since X is lightly compact, I is finite. 

(2) => (1). 

Let (Ai)i C I be a locally finite family of non-void open sets. 

Then (cl(A1)) 
E 

is a locally finite family of non-void regular open 

sets. 

Since every regular open set is semi-preopen, by (2), I is finite. 

Hence X is lightly compact. 

THEOREM 1.3.15E 61 

For a space the following are equivalent: 

X is an almost regular space. 

If A is semi-preopen, then Q-cl(A) = cl(A). 



PROOF : 

=> (2) 

By (1), X is an almost regular space. 

That is, for every regular closed subset AcX, we have 

0 - cl(A) = cl(A). 

Let A be a semi-preopen set. 

Then cl(A) is regular closed [by Theorem 1.3.11. 

Therefore by (1), cl(A) = 0-cl(cl(A)). 

Since cl(A)cO-cl(A)c0-cl(cl(A)) = cl(A), cl(A) = 0-cl(A). 

=> (1) 

Let A be any regular closed set. 

Since every regular closed set is semi-preopen, by (2), 

0 -cl(A) = cl(A). Hence X is an almost regular space. 

THEOREM 1.3.16 E 61 

For a space X the following are equIvalent 

x is 0 - compact. 

Every semi-preopen cover of X has a finite subcover. 

Since semi-preopen sets are nothing else but s-open sets, 

the result is obvious. 

SECTION 1.4 CHARACTERIZATIONS OF MAPS IN TERMS OF 

SEMI-PREOPEN SETS 

First let us give definitions of various maps. 

42 
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DEFINITION 1.4.1 

A map f: X -+ Y is called almost contlnu*.is iff the pre- 

Image of every regular open set is open. 

DEFINITION 1.4.2 

A map f: X -+ Y is called a -continuus 1ff the prelmage 

of every open set is an a -set (or) 1ff f( cg-cl(A)) . cl(f(A)) for 

each AcX (or) 1ff f(cl(Int(cl(A))))a cl(f(A)) for each Ac.X. 

DEFINITION 1.4.3 

A map f: X 4 -1-  Y is called almost weakly cxtknjous 1ff 

for every open Bc.Yi, we have, 

f 1(B) c Int(cl(f(B))) (or) 1ff 

pcl(f 1(B))c f(cl(B)). 

DEFINITION 1.4.4 

A map is called almost closed 1ff the image of every 

regular closed set is closed. 

DEFINITION 1.4.5 

A map f: X - Y is called semi-preclosed 1ff the image 

of every closed set is semi-preclosed. 

DEFINITION 1.4.6 

A map f: x -+ Y is called quasi-irresolute 1ff when 

x c  X and f(x) E V £ SO(), then for some U C SO(X) such that 

x C U, we have f(U) C scl(V) or equivalently 1ff the preimage of 

every semi-regular set is semi-regular. 



THEOREM 1.4.7 [ 61 

For a map f: X -'- Y the following are equivalent: 

f is almost continuous. 

If BCY is semi-preopen, then cl(f 1(B))C.f(cl(B)). 

PROOF : 

==) (2) 

Let BeSPO(Y), then cl(B) is regular closed. 

Therefore C1(cl(B)) is closed., since f is almost continuous. 

That is, cl(f(B)) C cl(f 1(cl(B))) = f(cl(B)). 

=> cl(f(B)) . C1(cl(B)). 

=> (1) 

Let B be any regular closed set in Y. 

Then B is semi-open and hence semi-preopen. 

Therefore by (2), cl(f1(B))C f(cl(B)). 

Since B is regular closed, B is closed. 

Therefore cl(f(B)) C f(cl(B)) = ('(B). 

Hence f ( 3 ) is closed. Hence f is almost continuous. 

THEOREM 1.4.8 [ 6 

For a map f: X -+Y the following are equivalent: 

f is ç - continuous. 

If ACX is semi-preopen, then f(cl(A))c cl(f(A)). 

PROOF 

(1) =) (2) 

Since A is semi-preopen, cl(A) = cl(Int(cl(A))). 

Therefore, f(cl(A)) = f(cl(Int(cl(A))))Ccl(f(A)). 

Therefore, f(cl(A)) ccl(f(A)). 
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(2) => (1) 

Since cl(pint(A)) = cl(Int(cl(A))),it is enough to prove that 

f(cl(pint(A))) c2 cl(f(A)). 

Since pint(A) is preopen, It is semi-preopen. 

Therefore by (2), f(cl(ptht(A)))Ccl(f(pint(A)))ZCl(f(A)). 

Hence f is a - continuous. 

THEOREM 1.4.9 [ 61 

For a map f: X-~Y the following are equivalent: 

f is almost weakly continuous. 

If BCY is semi-preopen, then pcl(f 1(Int(cl(B)))) 

C f(cl(B)). 

PROOF : 

=) (2) 

Let B e SPO(Y) => cl(B) = cl(Int(cl(B))). 

Since Int(cl(B)) is open, by (1), 

pcl(f(Int(cl(B)))) C f1(cl(lnt(cl(B)))) = f 1(cl(B)). 

Hence (2). 

=) (1) 

Let B be an open set In y. 

Then B is preopen => Bclnt(cl(B)). 

As B is also semi-preopen, by (2). 

Pd f(Int(cl(B)))Zf1(dl(B)). 

CombIning (I) and (ii), we get, 

pcl(f1(B)) c pcl(f1(Int(cl(B)))) c f(cl(B)). 

Hence pcl((1(B)) C (1(cl(B)). 

Hence f is almost weakly continuous. 

... .(i) 

.... (Ii) 



THEOREM 1.4.10 II  61 

For a map f: X +Y the following are equivalent: 

f is almost closed. 

If Ac X is semi-preopen, then cl(f(A)) C f(cl(A)). 

PROOF 

=) (2) 

Let A be a semi-preopen set. 

Then cl(A) is regular closed. 

Therefore by (1), f(cl(A)) is closed. 

Therefore cl(f(A)) c cl(f(cl(A))) = f(cl(A)). 

Hence cl(f(A)) f(cl(A)). 

=) (1) 

Let Ac X be any regular closed set. 

Therefore A is semi-preopen. 

By (2), cl(f(A)) c f(cl(A)) = f(A) (since every regular closed 

set is closed). 

Therefore, f(A) is closed. 

THEOREM 1.4.11 [ 61 

For a map f: x - Y the following are equivalent: 

f is a - continuous and almost closed. 

If Ac x is semi-preopen, then cl(f(A)) = f(cl(A)). 

PROOF : 

(1) => (2) 

f is a- continuous =* f(cl(A))c cl(f(A)), for every 

A s SPO(Y) (by Theorem 1.4.8). 

f is almost closed => cl(f(A)) c f(cl(A)), for every 

AcSPO(Y) (by Theorem 1.4.10). 
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Therefore cl(f(A)) = f(cl(A)) for every A E SPO(X). 

(2) => (1). 

By (2), if A X is semi-preopen, then cl(f(A))= f(cl(A)). 

Hence by Theorems 1.4.8 and 1.4.10, f is a- continuous and almost 

Closed. 

THEOREM 1.4.12 E 61 

For a map f: X-+Y the following are equivalent: 

f is semi-preclosed. 

If f {y} c U, where U is open and y c Y, then there exists 

a semi-preopen set VC Y such that y c V and f 1(V) C U. 

PROOF : 

=> (2) 

Let U be an open set, y c Y and f { ,y }c U. 

Then X \ U is closed and hence by (1), f(X\U) is semi-preclosed. 

Therefore YN f(X\U) = V is semi-preopen. 

Since f1 { y}C U, X\UC X\f1  {Y} = f (Y\{y} ) 

and hence f(X\U) C f(f(Y\{y} )) C Y \ {Y} 

That Is', {y}C Y \ f(X\U) = V. 

On the other hand, X\UC f 1(f(X \ U)) = f(Y \ V) = X\f 1(V). 

That is f(V)cU. 

==> (1) 

Let AC X be closed. 

To prove f(A) is semi-preclosed. 

That is, to prove Y\f(A) is semi-preopen. 

Let ycYV(A). 

Then f {y}C f(Y\f(A)) = X\f1(f(A))CX\A. 
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f 1  {y}c X\A, where X\A is open. 

By (2), there is a semi-preopen set V such that 

ycV and f 1(V)cX\A. 

Thus f i(V)fl  A = 4 and hence Vñ f(A) = 4. 
Therefore y C V C Y \ f(A). 

=> Y\f(A) is semi-preopen. 

Therefore 1(A) is semi-preclosed. 

THEOREM 1.4.13 [ 61 

For a map f: X- -Y the following are equivalent: 

f is quasi - irresalute 

If xCX and f(x)cBSO(Y), Then there exists 

A CSPO(X) such that xc A and f(A) C scl(B). 

PROOF : 

= (2) follow from the fact that every semi-open set is semi- 

preopen. 

=) (1). 

Let f(x) c V C SO(Y). Thus V C  SPO(Y). The set scl(V) is semi-open 

and hence semi-regular, since it is also semi-closed. 

By (2), f(scl(V)) = U is semi-regular, hence semi-open, such 

that x cU and f(U)C scl(V). 

Hence (1). 
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CHAPTER - II 

A STUDY OF AN INTERESTING GENERALIZATION OF PARACOMPACTNESS 

This chapter is devoted to the study of some properties 

of a-paracompact and a-nearly paracompact subsets and almost 

closed mappings. The results are due to Kovacevic [2,3 ]. 

SECTION 2.1 PRELIMINARY DEFINITIONS AND RESULTS 

DEFINITION 2.1.1 

Let X be a topological space. A collection a of subsets 

of X is said to be locally finite at a point x in X if it has 

a neighbourhood that Intersects only finitely many elements of a. 
The collection G_ is said to be locally finite if 6L is locally finite 

at each and every point of X. 

DEFINITION 2.1.2 

A subset A of a space X is a-paracompact ( a -nearly 

paracompact) iff for every open (regularly open) cover 'IL of A, 

there exists an open locally finite family Y which refines 'U and 

covers A. 

REMARK 2.1.3 

Every a - paracompact set is a -nearly paracompact. 

This result follows easily from the fact that every 

regular open cover is an open cover. 
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DEFINITION 2.1.4 

A subset A of a space x is a -paracompact ( a -nearly 

Paracompact) with respect to a subset B 1ff for every open (regular 

open) cover 'U = { U:i C  I} of A, there is an open family 

V = j Vfj CJ} such that: 

(a) '( refines U. , (b) AcZU {V: eJ} , and (c) 'V' is locally 

finite at each point, x C B. 

DEFINITION 2.1. 5 

Subsets A and B of a space X are mutually a-paracompact 

(mutually a -nearly paracompact) 1ff the subset A is a -paracompact 

( a -nearly paracompact) with respect to the subset B and B 

is a -paracompact ( a-nearly paracompact) with respect to the 

subset A. 

DEFINITION 2.1. 6 

A subset A of a space K is a -Hausdorff 1ff for any 

two points, a,b of a space X, where a C A and b c X \ A, there 

are disjoint open sets U and V containing a and b respectively. 

DEFINITION 2.1.7 

A subset A of a space X is a -regular ( a -almost 

regular) 1ff for any point a a A and any open (regularly open) 

subset U containing a there exists an open subset V of X such 

that a cVC.cl(V)C.U. 

DEFINITION 2.1.8 

A mapping f: X - Y is almost closed (almost open) 

iff for any regularly closed (regularly open) subset F of X, f(F) 

is closed (open) in Y. 
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DEFINITION 2.1.9 

A mapping f: X - Y has a closed graph G(f) 1ff 

G(f) = {x,f(x)) : xeX} is closed in X x Y. 

SECTION 2.2 PROPERTIES OF a  -PARACOMPACT AND ....NEARLY 

PARACOMPACT SUBSETS.. 

THEOREM 2.2.1 E 2 

Let OJ.. = {U1  : i e I} be any family of subsets of 

a space X. If x c ci (U { U i c I})\ U {cl(U):i c i} , then 

'LL is not locally finite at x. 

PROOF: 

Suppose that IA. is locally finite at x. 

Then there exists an open set M such that x s M and M intersects 

finitely many members of 'U-. 

Let 10 be a finite subset of I such that, 

M(U f 4), icI ; MflUj  = 4), 1CI\I0. 

Let U1  = U {U : 1€ Io} ; V1  = U { U1 : IC 

cl(U : iel}) = cl(U1) U cl(V1). 

Since M (\ V1 = 4), x  4 cl(V1). 

Hence x c cl(U  1) = cl(U {U1  : ic 'o 

= U{  cl(U  i) : iCI0 1 

which is a contradiction, 

IL is not locally finite at x. 

THEOREM 2.2.2 E 2 1 

Let A be an a-Hausdorff a-nearly paracompact subset 

relative to a point x C X\A. Then there exist disjoint regularly 
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open neighbourhoods of x and A. Consequently., if an a-Hausdorff 

subset A is a -nearly paracompact relative to each point of X\A, 

then A is closed. 

Since A is a -Hausdorff, for each a in A there exists 

disjoint open sets Ua  and  Va  such that a c Ua  and X € Va• 

Then 61) = a(Ua) : acA } , (a(U) = Int(cl(U))) is a regularly open 

Covering of A. 

Since A is a -nearly paracompact relative to x there exists an 

open family 'V = { V : icI } such that 

(a) 'V refines ¶4. (b) 'V covers A (c) Y is locally finite at 

the point x. 

By (c), there exists an open subset Mx  conttaining x such that 

M Intersects finitely many members of 'V 

Let If  I be a finite subset of I such that 

MflV1 + 4, I  € 10 ; M ( \ V = 4) ; iel\I0. 

For each I I there exists a1c A such that V c. a (Ua  

Let U = U {v : idl} and V = Mfl (n {Va : i dloj). 

Then a(u) and a(V) are regularly open disjoint neighbourhoods 

of A and x respectively. 

COROLLARY 2.2.3 [ 2 

Let A be an a -Hausdorff a -paracompact subset relative 

to a point x £X\ A. Then there exist disjoint regularly open 
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neighbourhoods of x and A. Consequently if an a-Hausdorff subset 

A is a-paracompact relative to each point of X\A, then A is closed. 

PROOF: 

The proof follows from Remark 2.1.3. 

COROLLARY 2.2.4 [ 2  ] 

Every a-Hausdorff a-nearly paracompact (a-paracompact) 

subset is closed. 

THEOREM 2.2.5 [ 2  1 
4 

For any two disjoint subsets A and B of a space X, 

where the subset A is a-Hausdorff a-nearly paracompact relative 

to each point of B, and the subset B is a-nearly paracompact 

relative to the subset A, there exist disjoint regularly open 

neighbourhoods of A and B respectively. 

I rj Ws) 

By Theorem 2.2.2, for every x C B there exists disjoint open 

sets U and V such that x C U and AC V,. 

Consider the family, ti,. = { a (Ux) : x c B}. 

It is a regularly open covering of the subset B. 

Since B is a - nearly paracompact relative to the subset A, 

there exists an open family '( such that 

(a) %( refines OLL (b) V covers B (c) ¶' is locally finite at 

each point of the subset A. 

Let V = U {V: Ve'V}. 

Then BCV, ACXNcl(V) = U. 

ACU = Int(U) c Int(cl(U)) = a(U). 
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Similarly, BC ct(V). 

.. a (U) and a(V) are disjoint regularly open neighbourhoods 

of A and B respectively. 

THEOREM 2.2.6 [ 2  1 

Let A be an a -regular subset and U be an open neigh- 

bourhood of A. If the subset A is a-paracompact relative to 

X \ U, then there exists an open neighbourhood V of A such that 

AC V Ccl(V)C U. 

PROOF : 

Since A is an a-regular subset, for each point x C A there exists 

an open set W such that x c w,C. cl(W)C. U. 

Consider the family = { W, x C A 1 

Clearly this is an open covering of A. 

Since A is a -paracompact relative to X \ U, there exists an open 

family 'V such that (a) °( refines 'W' (b) { covers A (c) °V is 

locally finite at each point of X\ U. 

Let V = U {V. : V1 Coy'} 

Then ACVC.cl(V)CU. 

THEOREM 2.2.7 [21 

Let A be an a-almost regular subset of a space X. 

Let U be any regularly open neighbourhood of A. If the subset 

A is a -nearly paracompact relative to X \ U, then there exists 

an open neighbourhood V of A such that AC V C cl(V)C. U. 

PROOF : 

It is similar to the proof of Theorem 2.2.6. 
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COROLLARY 2.2.8 [ 2 1 

If U is an open ( a regularly open) 4 -regular ( a - 

almost regular) subset which is a -paracompact ( a -nearly para-

compact) to X\ U, then U is closed. 

PROOF : 

Taking A = U in the above theorems we get an open set V such 

that UC.VCcl(V)CU. 

... U = cl(V). 

Hence U is closed. 

SECTION 2.3 ALMOST CLOSED MAPPINGS 

THEOREM 2.3.1 [ 2 ] 

Let f:X I  Y be an almost closed mapping of a space 

X onto a space Y, such that the family { f 1(y): y c Y} consists 

of a - Hausdorff subsets which are mutually a -nearly paracompact. 

Then Y is Hausdorff. 

PROOF : 

Let y1  and y2 be any two distinct points of Y. By Theorem 

2.2.2, there exists disjoint regularly open neighbourhoods U1  

and U2  of f 1( y1) and f 1  ( y2 ) respectively. 

Since f is almost closed, there exist open sets V1  and V2  containing 

and y2  respectively such that f 1(y1) C f 1(V1)C. U1  

f 1(y2 )C.. f 1(V2 )C..U2. Since f is onto, y15  V1, y2 .€ V2 , Y is 

Hausdorff. 



The following result which has been proved by 

Kovacevjc [ 1 ] is used to prove theorem 2.3.3. 

THEOREM 2.32 [ 2 1 

If 1: X + Y is an almost closed mapping of a space 

X onto a compact space Y such that f(y)  is an ct-Hausdorff 

a -nearly paracompact subset for each point y c Y, then f is 

continuous. 

THEOREM 2.3.3 [2] 

Let X be any topological space such that every closed 

subset is a -Hausdorff. Let f: X-  Y be a closed mapping of a 

space X on to a compact space Y such that for each point 

y c Y1  1 1(y) is an a-Hausdorff -paracompact subset of a space 

X. Then X is regular. 

PROOF : 

Since every closed mapping is almost closed and by Remark 2.1.3 and 

Theorem 2.3.1 we get that, the space Y is Hausdorff. 

Since every compact Hausdorff space is regular, Y is regular. 

Since f(y) is an a-Hausdorff a -paracompact subset of a space 

X, by Theorem 2.3.2, f is continuous. Now, let A be any closed 

subset of the space X and x be any point such that x 4 A. 

=) Either f( X)  4 f(A) or f(x)Sf(A). 

Suppose f(x) 4 f(A). 

Since Y is regular, there exist disjoint open sets U and V contain- 

ing f(x) and f(A) respectively. Now f(U) and f(V) are open 

sets such that x e f(U), AC.f(V) and f(U)() f(V) = 4. 
Hence X is regular. 
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Suppose f(x) c f(A). 

CLAIM : A ('i 4) 

f(x) c f(A) 

f(x) = f(a), for some a cA. 

a c f 1(f(x)) 

A(f 1(f(x))  

Since x $A, x Aflf 1(f(X)). 

f' (f(x)) is an a -Hausdorff a -paracompact subset of a space X. 

Hence 
I-1 
 (f(x)) is closed. 

Then AC C1(f(x)) is Ak  closed a  -Hausdorff  a  -paracompact subset 

of X. 

Hence by Theorem 2.2.2, there exist disjoint open sets U1  and 

V1  such that x c U1, Afl f(f(x)) C. V1. 

Since A \ V1  is closed, then f(A \ V 1 ) is closed subset such that 

f(x) $ f(A\V1). 

There exist disjoint open sets U2  and V2  such that 

f(x) C U2  and f(A\V1) V2. 

Let U = U1C\f(U2 ) and V = V1C\f(V2 ). 

U and V are disjoint open sets such that x e U and AC. V. 

Hence the result. 

THEOREM 2.3.4 [3] 

Let f: X-~ Y be an almost closed mapping of a space 

X onto a space Y such that f(y) is an a -Hausdorff a  -nearly 

paracompact subset with respect to X \ f(y) for each y C Y. 

Then f has a closed graph. 
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PROOF : 

Let (x,y) G(f) be any point. 

Since y 4 f(x), x 4 f 1(y). 

Given that f 1(y) is an a - Hausdorff a  -nearly paracompact subset 

with respect to X\ f 1(y). 

.. By Theorem 2.2.2 there are regular open disjoint sets U and 

V, such that, x £ U, f-1  (y) C V. Since f is almost closed, there 

is an open neighbourhood H of y, such that, f 1(y) c f(H) C V. 

CLAIM : UcH 1\G(f)  
Suppose UxHflG(f) 4. 
.. There exists (x0, y0) C  UxH11G(f). 

(x01  f(x0)) c 

= xeU and f(x0)c H 

x0E: U and x0  

Since C1(H)C V, x0  c Ufl V. which is a contradiction. 

Hence the claim. 

.. (x,y) 4 G(f) =.> (x,Y) cl(G(f)) 

.. G(f) is closed. 

COROLLARY 2.3.5 [ 3 ] 

If f: X -* Y is an almost closed mapping of a space 

X on to a compact space Y such that f 1(y) is an a  -Hausdorff 

-nearly paracompact subset with respect to X \ f1(y) for 

each point y c Y 4  then f is continuous. 
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PROOF : 

Since G(f) is closed (by theorem 2.3.4) and Y is compact, f 
is continuous. 

THEOREM 2.3.6 [3] 

Let f: X-+ Y be an almost closed mapping such that 

f 1(y) is closed for each point y Y. If A is an a -regular 

a -paracompact subset with respect to X \A, then f(A) is closed. 

PROOF 

Let y 4 f(A) be any point. 

Since (1(y) is closed, X\f 1(y) is open. 

Since A is a -regular ci -paracompact with respect to X \ A, then 

by Theorem 2.2.6 there is an open set V such that 

ACVCcl(V) C X\f 1(y). 

.. f(y) CL X \cl(V). 

Since X \ cl(V) is a regular open set and f is an almost closed 
mapping 4  there is an open neighbourhood H of y, such that 
f 1(y) C f 1(H)cx \cl(V). 

CLAIM : Hflf(A) = 4. 
Suppose HCf(A) 4: 
Then there exist y0  €H and y0 Ef(A). 

y0 ef(A) => y0  = f(x0) for some x0  c A. 

.. f(x) CH. 

That is, x0  

That is, x0  CX\cl(V) (since f 1(H)CX\cl(V)). 

=> x0  4c1(V). 
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This is a contradiction since x0  p A and AC. cl(V). 

.. HCf(A) = 4. Hence the claim. 

•. Y k cl(f(A)) 

Hence f(A) is closed. 

THEOREM 2.3.7 [3] 

Let f: X - Y be an almost closed mapping such that 

G(f) is closed. If A is an a  -regular  a  -paracompact subset with 

respect to X\ A, then f(A) is closed. 

PROOF : 

Given that G(f) is closed. 

Let xf 1(y) ==-> f(x) 4 y. 
Since G(f) is closed, (x1y) 4G(f) = cl(G(f)). 

=> There exists an open UxV such that (x,y)€ UxV and 

UxV(\G(f) = 4. 

CLAIM : UCf1(y) = 4. 
Suppose Uflf 1(y) + 4. 

There exists x0  

That is, x0E. U and f(x0) = y. 

.. (x0, f(x0) £ G(f). 

Since y E v, 1(x0) Cv. .. (x0, f(x0)) £UxV. 
••. (x0, f(x0)) c UxV fl G(f)  + 4 which is a contradiction. 
•. There exists an open set U containing x such that 

U(f 1(y) = 0. 



61 

... X 4cl(f(y)). Hence f1(y)  is closed. 

.. By Theorem 2.3.6, f(A) is closed. 

COROLLARY 2.3.8 [3] 

Let f: X -1- Y be an almost closed mapping such that 

G(f) is closed. If every closed subset A of X is a -regular 

a -paracompact with respect to X \ A, then f is closed. 

PROOF 

Let A be a closed subset of X. 

Therefore, A is a -regular a -paracompact with respect to X\ A. 
46 

By Theorem 2.3.7, f(A) is closed. 

Therefore, we have for every closed subset A in X, 

f(A) is closed. Hence f is closed. 

THEOREM 2.3.9 [ 3 1 

Let f: X + Y be an almost closed mapping such that 

G(f) is closed. If f(A) is an a -paracompact subset with respect 

to Y \ f(A), then f(A) is a closed a -Hausdorff subset of Y. 

PROOF : 

Let y f(A) be any point. 

Given that G(f) is closed. 

That is, (xy) 4. G(f) = cl(G(f)). 

> There exists a neighbourhood of UxV of (x,y) such that 

Ux VyfliG(f) =  0. 

=> There exists z c U, such that f(z) 4 V, 

=:> f(U)(\V=4). 
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To prove f(A) is -Hausdorff. 

Take any z ef(A) and z' eY\f(A). 

z cf(A) -> z = f(x) for some x CA. 

Since z' $f(A), z'  f f(x). 

.. (x z') G(f). 

By the above argument, these exist open sets U and V such that 

x CU and z' CV such that f(U)f\V =  0. 
Since f is open, f(U) is open and as x cU, z £f(U) 

.. For any two disjoint points z cf(A) and z' c Y\f(A), 

there exist disjoint ntighbourhoods f(U) and V containing z and 

z' respectively. 

.. f(A) is ci- Hausdorff. 

To prove f(A) is closed. 

Let y +f(A).  Since f(A) is a -Hausdorff a -paracompact with respect 

to Y \ f(A), there exist disjoint regular open sets U and V such 

that, y cU and f(A)C...V, U(V = 

Hence yecl(V). 

That is, y 4c1(f(A)) 

= f(A) is closed. 

The chapter is concluded with an example to show 

that the assumption "f is an almost closed mapping" in Theorem 

2.3.7 cannot be dropped. 

EXAMPLE 2.3.10 (3 ] 

Let X = {a: i C  I } be a discrete space. 

Let Y = lb I U {b1  : i a N} 

Let each point b1  be isolated. 
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Let { v(B) : k C N I be the fundamental system of 

nelghbourhoods of b 4  where 

vZ(b) = {bl U ia-k } 
Let V = U {b : iCN} 

CLAIM 1: Y is a Hausdorff space such that cl(V) = Y. 

Let x and y be any two distinct points of Y. 

Case(i) x=b , Y=b3  

In this case since bj and b1  are isolated, the Hausdorff condition 

is satisfied. 

Case (ii): x = b, y = b 

Since b is isolated, there exists a neighbourhood U containing 

bj1  which does not contain any other point. 

Consider V11(b) = { b I U { b 11  b 2  .....I 
V 1(b) is a neighbourhood of b which does not contain b. 

Therefore, UflV (b) = 4. 
Hence the Hausdorff condition is satisfied in this case also. 

Therefore Y is a Hausdorff space. 

To prove cl(V) = Y 

It is enough to prove that b c cl(V). 

Let U be an open set containing b. 

Then by the fundamental system of neighbourhoods of b there 

exist k such that bcVk(b)C.U,  where  Vk(b) = {b, bk,  bk+l 

... vir\v 4 => uflv + 4. 

.. b Ccl(V). Hence claim 1. 
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CLAIM 2: The set G(f) is closed in XxY. 

Let f: X Y be a mapping defined by f(a1) = b1, for every i€. N. 

G(f) = {(a1, f(a1)) i SN } 
= ((a1, b) : icN} 

Let (x,y) 4G(f). 

Then x = ai  for some i in N and y 4 f(a1). 

•. y 4 b1. 

Hence y = b1  for some j + i (or) y=b. 

Consider the case y = b. 

•. (x,y) = (a1, b) 

Let U = (a1 } and V = V' 1(b). 

To prove U x VñG(f) = 4. 
Suppose not, there exists (x4 y(x)) c U x V. 

That is, (ak. bk) cU x V. 

Since bkC  V = V11(b), k i+1. 

But since ak C Up k=1, a contradictioni.  

... U x VI\G(f) = 

Consider the case y=b3 . 

Let U = {a1} , V = {bj  

As b + f(a), U x VflG(f) = 4. 
In either case, (xy) 4c1(G(f)). 

Hence claim 2. 

CLAIM 3: f is not almost closed. 

Let U = {a2n : nCN} 

Then f(U) = 1b2n  : neN I 



mt (U) = U ; cl(U) = U. 

cl(Int(U)) = cl(U) = U. 

Therefore, U is regular closed. 

Clearly b 4f(U). 

Let us show that b €cl(f(U)). 

Let W be an open set such that bcW. 

There exists k such that b c Vk( b) C. W. 

Since f(U) = { b2n : ricN } , we get, V'(b)(f(U)  4 4). 
.. W1f(U) 4 4). 
.. b e cl(f(U)). 

. f(U) 4 cl(f(U)). Thus f(U) is not closoed. 

Hence there exists a regular closed set U such that f(U) is not 
closed. Therefore f is not almost closed. Hence claim 3. 

CLAIM 4: U is U  -regular. 

Let x be any point in U and W be an open set containing x. 

Then x = a2  for some n. 

Let V = {a2  .1 => cl(V) = { a1 } 
x = a2n5VC.cl(V) ={a2}cw. 

Therefore U is a -regular. 

CLAIM 5: U is a -paracompact with respect to X\U. 
Let '1.L = I U1 : I C  I I be an open cover of U. 
Let V = { {aJ, 44j ja 6 1 •••• 

(1) '{ refines tt 

ObvicRlsly V covers U. 

To prove V is locally finite at each x £ X\ U. 



xcX\U => x4u. 

x = a21  for some n. 

Let W = r a 2n , a2n+l j I. . Then W is a neighbourhood of x and 

it intersects only two members of Y * 

.. 'V' is locally finite. 

Hence U is a_paracompact with respect to x\U. 

Thus there is an a  -regular a -paracompact subset with respect 

to X\ U, such that f(U) is not closed. 
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