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Introduction



INTRODUCTION

This thesis is devoted to the study of characterizations
of some important classes of topological spaces and maps in terms
of semi-open sets, preopen sets and semi-preopen sets. A subset

A of a topological space (X,t) is called

(1) a semi-open set if A C cl(Int(A))

(2) a preopen set if AC Int(cl(A))

(3) a semi-preopen set if A C cl((Int(cl(A))).

These sets were introducéd by Levine [1963, 7] Mashhour et.al.
(1981, 8] and AndrijeviCQ Mat. Vesnik 38 (1986),24-32 respectively.
The class of semi-preopen sets contains both the class of semi-

open sets and the class of preopen sets.

Chapter I deals with the characterizations of extremally
disconnected spaces, irreducible spaces, semi-irreducible spaces,
PS-spaces, partition spaces, S-sets, I-sets, lightly compact spaces,
almost regular spaces and B-compact spaces. D. Sivaraj ([11]
has obtained characterizations of extremally disconnected spaces
in terms of semi-open sets, while Takashi Noiri [12] has obtained
characterization of such spaces in terms of preopen sets and semi-
preopen sets. Julian Dontchev [6] has obtained the characteri-
zations of the remaining spaces in terms of semi-preopen sets.
He [6] has also obtained interesting characterizations of almost
continuous maps, a@ -continuous maps, almost weak}y continuous
maps, almost closed maps, semi-preclosed maps and quasi-irresolute

maps in terms of semi-preopen sets.
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In chapter 2, we discuss some interesting properties

a -paracompact, a -nearly paracompact subsets and almost-

closed mappings. The results are due to Kovacevic [2,3]. The

main results proved are as follows:

(1)

(2)

(3)

If A is an «-Hausdorff a-nearly paracompact subset relative

to X\A, then A is closed.

If A is an a -regular ( a -almost regular) subset and if
U is an open (regularly open) neighbourhood of A and if
A is q@-paracompact ( a -nearly paracompact) relative to
X\ U, then there exists an open neighbourhood V of A,
such that ACVCcl(V)CU.

As a consequence of result 2 we get,

Any open (regularly open) a-regular ( a -almost regular)
subset which is a -paracompact ( @ -nearly paracompact)

relative to its complement is closed.

Regarding almost closed mappings the main results

discussed are as follows:

I.

(1)

Let f: X =+ Y be an almost closed mapping of a space

X onto Y. Then

If {f-l(y): y € Y} consists of a -Hausdorff, subsets
which are mutually a -nearly paracompact. Then Y is

Hausdorff.

If in addition Y is compact, then f is continuous.



(2)

(3)

II

If f_l(y) is an @-Hausdorff @ -nearly paracompact subset
with respect to X\f—l(y)., for each y in Y, then f has

a closed graph.

If the graph is closed then, the image of an g -regular

@ -paracompact subset relative to its complement, is closed.

If f is a closed mapping and if Y is a compact space such

that f-l(y) is an o -Hausdorff a -paracompact subset and
<«

if every closed subset of X is a -Hausdorff, then X is

regular,
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CHAPTER - 1

CHARACTERIZATIONS OF SOME IMPORTANT CLASSES OF TOPOLOGICAL
SPACES IN TERMS OF SEMI-OPEN SETS, PREOPEN SETS AND

SEMI - PREOPEN SETS

This chapter deals with some characterizations of
extremally disconnected spaces, irreducible spaces, semi-irreducible
spaces, PS-spaces, partition spaces, S-sets, I-sets, lightly compact
spaces, almost regular fpaces and B - compact spaces. In the first
section we give the preliminary definitions and results. Second
section deals with the characterizations of extremally disconnected
spaces. D.Sivaraj [ 11] has characterized such spaces, in terms
of semi-open sets, while Takashi Noiri [12 ] has generalized such
Spaces in terms of preopen sets and semi-preopen sets. The charac-
terizations of the remaining spaces are obtained by
Julian Dontchev [ 6 ] in terms of semi-preopen sets. Section 3 deals
with these results. He [ 6 ] has also obtained characterizations

of mapping in terms of semi-preopen sets. These characterizations

are given in section 4.

SECTION 1.1 PRELIMINARIES

By a space X, it is meant the topological space (X, T ).
The closure and interior of a subset A of X are denoted by cl(A)

and Int(A) respectively. Let A be a subspace of X.



DEFINITION 1.1.1

A subset A of X is semi-open if there exists an open

set G such that G¢c Accl(G).

Equivalently A is semi-open if Ac cl(Int(A)).

NOTATION

The collection of all semi-open sets is denoted by SO(X).
Semi-open sets are termed as B -sets (Njastad [ 9 ]). The family

B

of all semi-open sets in X is also denoted by T .

PROPOSITION 1.1.2

If A is open, then cl(A) is semi-open.
PROOF:

A is open =) A Int(A)
=) cl(A) = cl(Int(A))c cl(Int(cl(A))).

Therefore, cl(A) is semi-open.

PROPOSITION 1.1.3
Every open set is a semi-open set.
PROOF :
Let A be an open set.
Then, Accl(A) = cl(Int(A)).
Hence A is semi-open. |
DEFINITION 1.1.4
The complement of a semi-open set is called a semi-closed
set.
Equivalently, A is semi-closed iff Int(cl(A))c A.
Equivalently, A is semi-closed iff there exists a closed

set B such that Int(B)= Ac B.



NOTATION

The collection of all semi-closed sets is denoted by S C (X).

REMARK 1.1.5

Closure of a semi-open set is semi-closed.

PROPOSITION 1.1.6

If A is semi-closed, then Int(cl(A)) = Int(A).
PROOF:

A is semi-closed =) Int(cl(A)) < A.
=> Int(Int(cl(A))) c Int(A)
= Int(cl(A)) C Int(A),

Always Int(A) ¢ Int(cl(A)).

Hence, Int(cl(A)) = Int (A).

DEFINITION 1.1.7

The semi-interior of A is the union of all semi-open sets

contained in A and is denoted by sint(A).

DEFINITION 1.1.8

The semi-closure of A is the intersection of all semi-closed
sets containing A and is denoted by scl(A).
DEFINITION 1.1.9

A is an a- open set if Ac Int(cl(Int(A)))

NOTATION

The collection of all a - open sets in X is denoted by
%
1% The space (X, 1% is denoted by X .

REMARK 1.1.10

Every a - open set is semi-open.



DEFINITION 1.1.11

The complement of an a-open set is called a - closed.

DEFINITION 1.1.12
The a - interior of A is the union of all a - open sets

contained in A and is denoted by a - Int(A).

DEFINITION 1.1.13

- The a-closure of A is the intersection of all a -closed

sets containing A and is denoted by a-cl(A).

DEFINITION 1.1.14

A is said to be preopen if AC Int(cl(A)).

NOTATION

The collection of all preopen sets of X is denoted by

PO(X).

REMARK 1.1.15

Every open set is preopen.

DEFINITION 1.1.16

The complement of a preopen set is called preclosed.

DEFINITION 1.1.17

The pre-interior of A is the union of all preopen sets

contained in A and is denoted by pint(A).

DEFINITION 1.1.18
The Preclosure of A is the intersection of all preclosed

sets containing A and is denoted by pcl(A).



PROPOSITION 1.1 19

(a) scl(A) = AU Int(cl(A))
(b) pcl(A) = Avucl(Int(A))
(c) sint(A) = ANcl(Int(A))
(d) pint(A) = A0 Int(cl(A))

PROPOSITION 1.1.20

scl(A) N cl(Int(cl(A)))

sint(scl(A)).

PROOF :

scl(A) N cl(Int(cl(A)) c s}nt(scl(A)).

Let x e¢scl(A) N cl(Int(cl(A))).

=> x € scl(A) and x €cl(Int(cl(A)).

If x € sint(scl(A)), there is nothing to prove.

If x ¢ sint(scl(A), then as sint(scl(A)) ¢ scl(A),

X € scl(A) - sint(scl(A)).

Therefore, x € (scl(A) - sint (scl(A))) O cl(Int(cl(A))).

= x escl(A) N cl(Int(cl(A))) - sint(scl(A) N cl(Int(cl(A)))
= x ¢ sint(scl(A)) N cl(Int(cl(A)))

=) x ¢ sint(scl(A)) and x ¢ cl(Int(cl(A)))

which is a contradiction to the fact that x € cl(Int(cl(A))).

Therefore, x € sint(scl(A)),

Therefore, scl(A) N cl(Int(cl(A))) < sint(scl(A)). S
We know that sint(A) = ANcl(Int(A)),

Sint(scl(A)) = scl(A) N cl(Int(scl(A))),

But scl(A) < cl(A).

Therefore, sint(scl(A))c scl(A) N cl(Int(cl(A))), eeeal(2)

Hence from (1) and (2), we get the result.



DEFINITION 1.1.21

A is said to be semi-preopen if Ac cl(Int(cl(A))).

NOTATION

The collection of all semi-preopen subsets of X is denoted

by SPO(X).

REMARK 1.1.22

Every preopen set is semi-preopen.

DEFINITION 1.1.23

-«

The complement of a semi-preopen set is called semi-

preclosed.

DEFINITION 1.1.24

A is said to be regular open if A = Int(cl(A)).

NOTATION

The collection of all regular open sets of X is denoted

by RO(X).

REMARK 1.1.25
Every regular open set is open.
Every regular open set is preopen.
DEFINITION 1.1.26

The complement of a regular open set is called regular

Closed.
REMARK 1.1, 27

Every regular closed set is closed.



REMARK 1.1.28

Every regular closed set is semi-open.

PROPOSITION 1.1.29

A is regular closed iff A = cl(Int(A)).

PROOF :
Assume A is regular closed,

iff X-A is regular open,

iff X-A = Int(cl(X-A))
iff A = X - Int(cl(X-A))
iff A = X - (X-cl(X-cl(X-A)))
(since Int(A) = X-cl(X-A))
= cl(X-cl(X-A))
iff A =

cl(Int(A)),

DEFINITION 1.1.30

A set is called semi-regular if it is both semi-open and

semi-closed,
NOTATION

The collecttion of all semi-regular sets of X is denoted

by SR(X). Semi-regular sets are sometimes called regular semi-open.

DEFINITION 1.1.31
The §-interior (resp. the 0 -interior) of A is the union
of all regular open sets of X which are contained in A (resp. the

union of all open sets of X whose closures are contained in A) and

is denoted by &-Int(A) (resp. 6-Int(A)).



DEFINITION 1.1.32

A is called 6-open (resp. 6 -open) if A = & -Int(A)
(resp. A = 6- Int(A)).

NOTATION

The collection of all § -open (resp. 6 -open) sets form

a topology on X and is denoted by Tg (resp. Ty ).

DEFINITION 1.1.33
A point x € X is called & -adherent point of A, if

Int(cl(G))N A $ ¢ for every open set G containing x.

DEFINITION 1.1.34
A point x € X is called 6 -adherent point of A, if

A N cl(G) + ¢ for every open set G containing x.

DEFINITION 1.1.35

The set of all §-adherent (resp. 6 -adherent) points of

A is called the & —closure (resp. 6 —closure) of A.

NOTATION

The § - closure (resp. 8 -closure) of A is denoted ty

§-cl(A) (resp. 6 -cl(A)).

PROPOSITION 1.1.36

cl(A) c 8- cl(A) € 8- cl(A).
PROOF :
Let x €cl(A),

Then for every open set U containing x,

UNA $ ¢



= Int(cl(U))NA # ¢ (Hence x ¢ §-cl(A))

= cl(U)NA $ ¢ (Hence x €6-cl(A)).

DEFINITION 1.1.37

A set is called a CO-set iff its closure is open.

DEFINITION 1.1.38

A set is called a residual set iff its interior is empty.

DEFINITION 1.1.39

A set is called an NDB set iff its boundary is nowhere

dense.

DEFINITION 1.1.40
A space X is resolvable iff it has two disjoint dense

subsets. In the opposite case it is called irresolvable.

DEFINITION 1.1.41

A non-void space X is irreducible if it satisfies the follow-
ing equivalent conditions:
(a) Every two non-void open subset of X intersect.

(b) X is not the union of a finite family of two closed proper

Subsets.

(c) Every non-void open subset of X is dense.

(d) Every open subset of X is connected.

NOTATION

An irreducible space is called sometimes hyperconnected.

DEFINITION 1.1.42
A space X is semi-irreducible (or FCC) if it satifies

the following equivalent conditions:
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(a) Every disjoint family of non-void open subsets of X is finite.

(b) X is the union of a finite number of irreducible spaces.

DEFINITION 1.1.43

A space X is a PS-space iff each preopen subset of X

is semi-open.

DEFINITION 1.1.44

A space X is a partition space iff every open subspace
is closed.

Equivalently, %@ space X is a partition space iff every
subspace of X is preopen.

NOTATION

A partition space is called locally indiscrete.

DEFINITION 1.1.45
A is called an S-set (resp. I-set) in X iff from

A C U cl(Ui). where each Ui is semi-open it follows that
iel

AC U cl(u,) (resp. AC.U
ieJ i ied

or equivalently iff from AC 121 Ai' where each Ai is regular closed,

Int(cl(Ui))) for some finite JcC1

it follows that ACiIéJAi (resp. AC <I€JJInt(Ai)) for some finite Jc 1.

i

DEFINITION 1.1.46
A finite dense subsystem (resp. finite interior dense sub-
system) of a cover of a space X is a finite subcollection, whose

closures (resp. interiors of the closures) cover X.

DEFINITION 1.1.47

A space X is lightly compact if it satisfies the following

equivalent conditions?
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(a) Every locally finite family of open sets is finite.

(b) Every countable open cover has a finite dense subsystem.

DEFINITION 1.1.48

A space X is said to be B -compact if every cover of

X by B -open sets has a finite subcover.

DEFINITION 1.1.49
A space X is almost regular iff each regular closed subset
A and a point x ¢ A have open disjoint neighbourhoods or equivalently

iff for every regular cloged subsets AC X, we have 6-cl(A) = cl(A).

DEFINITION 1.1.50
A space X is called extremally disconnected (briefly E.D.),
if cl(U) is open in X for every open set U of X, or equivalently

if every two disjoint open sets of X have disjoint closures.

REMARK 1.1.51
Extremal disconnectedness of a topological space cannot
be characterized by the statement that every two disjoint preopen

sets have disjoint closures as is seen from the following example.

EXAMPLE 1.1.52
Let X = {a,b,c} and T ={¢,X, {a,b}}.
Consider the sets {a} , {b} .

Clearly they are disjoint.

cl {a} = X and «cl {b} = X.
Int(cl {a} ) = X and Int (cl {b} ) = X.
{a}c X = Int(cl {a} ) and

{b}c X Int(cl {b} ).
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Therefore, {a} , {b} € PO(X).
{a} 0 {b} = ¢.

cl {at Necl {b} = XO0X $ §.

DEFINITION 1.1.53

Subsets A and B of the space X are said to be completely
separated if there is a continuous function g: X - [0,1] such that

g(A) = 0 and g(B) = 1.

SECTION 1.2 CHARACTERIZATIONS OF EXTREMALLY DISCONNECTED

E Y

SPACES,
In this section we discuss the characterizations due to
Sivaraj [ 11] and Noiri [ 12]. The following results are needed to
obtain the characterizations of extremally disconnected spaces [ 11 ]

in terms of semi-open sets.

THEOREM 1.2.1 [11]

A space X is extremally disconnected iff 8 is a topology

on X iff t® = 1B,

TI.EOREM 1. 2.2
[T.Noiri, Acta Math. Acad. Sci. Hungur. 35(1980), 103].

If a space X is extremally disconnected, then scl(A) = cl(A)

for every semi-open subset A of X.

THEOREM 1.2.3

[S.G.Crossley, and S.K.Hildebrand, Texas J.Sci.22(1971),99],
If A is a subset of a space X, then sint(A) = X-scl(X-A)

and scl(A) = X-sint(X-A).
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THEOREM 1.2.4 [11]
If A is a semi-open subset of a space X, then

cl(A) = § -cl(A).
PROOF :
We know that cl(A)c 6-cl(A).
Therefore, it is enough to prove that,

§ - cl(A) < cl(A).
Let x e §-cl(A).
Suppose x & cl(A).
Therefore, there exists gn open set G containing x such that
GNA =¢
= GNInt(A) = ¢ (since Int(A)c A),
CLAIM : Int(cl(G)n A = ¢.
Suppose not, that is, Int(cl(G))N A % ¢
As A is semi-open, Ac cl(Int(A)).
Therefore, Int(cl(G))n cl(Int(A) % ¢.
There exists y € Int(cl(G)) N cl(Int(A)),
= There exists a neighbourhood W of y, such that Wc cl(G).
Since Ye cl(Int(A)), Wn Int(A) % §.
= There exists z € WN Int(A),
As z €cl(G) also, WA Int(A)N G # ¢.
=> Int(A)NG % ¢ which is a contradiction.

6.

Therefore Int(cl(G)N A

= x ¢ 86-cl(A),

Hence 6-cl(A)c cl(A).
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THEOREM 1.2.5 [ 11]
The following are equivalent for any space X.
(1) X is extremally disconnected.
(ii) The closure of every semi-open set in X is open.
(iii) The semi-closure of every semi-open set in X is open.
(iv) The & - closure of every semi-open set in X is open.
(v) Every two disjoint semi-open sets in X are completely separated.
(vi) Every two disjoint semi-open sets in X have disjoint closures.
(vii) cl(A) = scl(A) for every semi-open set A in X.
(viii) The semi-closure of every semi-open set in X is closed.
(ix) Int(A) = sint(A) for every semi-closed set A in X.

(x) The semi-interior of every semi-closed set in X is open.

PROOF : (i) =) (ii)

Let A be a semi-open set in X.

There exists an open set G such that, Gc A< cl(G)

= cl(G)< cl(A)<= cl(G)

= cl(A) = «cl(G) = open (since X is extremally disconnected).
Hence closure of every semi-open set in X is open .

(ii) => (i) follows from theﬂ fact that every open set is semi-open.
(1) = (iii) |

Let A be a semi-open set in X.

By Theorem 1.2.2, scl(A) = cl(A),

Since X is extremally disconnected, by (i) =) (ii) we get, cl(A) is
open. Hence scl(A) is open.

(iii) = (i)

Let G be an open set in X.

To prove cl(G) = scl(G) .
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Suppose x ¢ scl(G).

Then, there is a semi-open set V containing x such that VAG = ¢,
which implies that scl(V)N G = ¢ (since if y € scl(V)N G, then
VNG t ¢ as G is semi-open).
Since scl(V)N G is an open set containing x, x ? cl(G).
Therefore, cl(G)c scl(G).
Always, scl(G)c cl(G).
Therefore, cl(G) = scl(G).
By (iii), cl(G) is open in X.
Hence X is extremally digconnected.
(iii) = (iv)
Let A be a semi-open set in X.
From (iii)=) (i) and (i) =) (ii), we get cl(A) is open.

Therefore by Theorem 1.2.4, § -cl(A) is open.

(iv)= (i)

Let A be an open set in X.

Then A is semi-open and hence by Theorem 1.2:4, cl(A) = §-cl(A).
Therefore by (iv), we get cl{A), is open.

Hence X is extremally disconnected.

(iv) =) (iii)

Since (iv)=) (i) and (i) =) (iii), we get, (iv) =) (iii).

()= (v)

Let A and B be two disjoint semi-open sets in X.

By Theorem 1.2.1, A and B are open in X*.

Since X* is extremally disconnected [by proposition 7 of Njastad[ g ]]
A and B are completely separated in Xal= [Willard, General Topology,

Addison - Wesley Publishing Company. Inc., 1970].
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Hence A and B are completely separated in X (by proposition 8 of
Njastad [ 9 ]).

(v)= (vi) clear.

(vi) =) (ii)

Let A be a semi-open set in X.

Hence cl(A) is semi-closed.

Since A and X-cl(A) are disjoint semi-open sets, by (vi) we have,
Cl(A)N cl(X-cl(A)) = ¢.

That is, cl(A)N (X - Int(cl(A))) = ¢.

=) cl(A) < Int(cl(A)). *

Hence Int(cl(A)) = cl(A).

=> cl(A) is open in X.

(i) = (vii) follows from Theorem 1.2.2.

(vii) = (viii) and (ix) =) (x) are obvious.

(viii) =) (vii)

For any subset A of X, Ac scl(A)c cl(A).

Therefore cl(A) = cl(scl(A)).

If A is semi-open by (viii), scl(A) is closed.

Therefore scl(A) = cl(scl(A)).
Hence cl(A) = scl(A).
(x) = (ix)

For any subset A of X, Int(A)cC sint(A)c A.

Therefore, Int(A) = Int(sint(A)).

If A is semi-closed, by (X) sint(A) is open and so Int(A) = sint(A).
(vii) = (vi)

Let A and B be disjoint semi-open sets in X.

Then scl(A) and scl(B) are semi-open sets.
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CLAIM : scl(A)Nscl(B) = ¢.

Suppose scl(A) N scl(B) # ¢.

Then there exists y € scl(A) and y € scl(B).

Since y € scl(B) and as scl(A) is semi-open, scl(A)N B # ¢.
Therefore, there is an z € scl(A) and z € B.

Therefore, as B is semi-open, BN A # ¢, a contradiction.
Therefore, scl(A)n scl(B) = ¢.

Using (vii), we get, cl(A) N cl(B) = ¢.

(vii)}(=) (ix) follows immediately from Theorem 1.2.3.

<
Before discussing the characterizations of extremally
disconnected spaces in terms of preopen sets and semi-preopen sets

sets [ 12], let us give some important properties needed to obtain

those characterizations.

THEOREM 1.2.6 [ 4]

If A is preopen, then a-cl(A) = 6-cl(A).

Theorem 1.2.7 [ 4]

A topological space (X, T ) is extremally disconnected
iff sO(X)c PO(X).
THEOREM 1.2.8 [ 4]

™ = S0(X)NPO(X).

THEOREM 1.2.9 [4]
If a space (X, T ) is extremally disconnected, then
scl(A) = 0 - cl(A) for each A€ PO(X).
PROOF :
Since (X, T ) is extremally disconnected, it follows from

Theorems 1.2.7 and 1.2.8 that SO(X) = t%
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Therefore, scl(A) = a-cl(A) for each AC X.

Hence from Theorem 1.2.6 we get scl(A) = 6-cl(A) for each A€ PO(X).

THEOREM 1.2.10 [ 4]

If a topological space (X, T ) is extremally disconnectei,

then scl(A) = 9-cl(A) for each A € SO(X).

PROOF :

Follows from Theorems 1.2.7 and 1.2.9.

THEOREM 1.2.11 [ 4]

Y
If A is a subset of a space (X, T), then Int(cl(A))cscl(A).

THEOREM 1.2.12 [ 4]
Let A be a subset of a space (X, T ). Then A € PO(X)
iff scl(A) = Int(cl(A)).
PROOF :
Let A €PO(X).
Then scl(A)c< scl(Int(cl(A))).
Since Int(cl(A)) € SC(X), scl(A)< Int(cl(A)).
By Theorem 1.2.11, it follows that scl(A) = Int(cl(A)).

The converse is obvious.

THEOREM 1.2.13 [ 12 ]

If A€ PO(X), then cl(A) = §-cl(A) = 6-cl(A).
PROOF :
By proposition 1.1.36 cl(A)c § -cl(A)c 6 -cl(A).
Therefore, it is enough to show that 8 -cl(A)c cl(A).
Take any x € X-cl(A).

Then UN A = ¢, for some open set U containing Xx.
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CLAIM : If U is an open set with UNA = ¢, then UN cl(A) = ¢.
Suppose UN cl(A) % ¢.

Then, there exists y e UNcl(A).

yeU and yecl(A)=UN A 4 ¢ which is a contradiction.
Hence the claim.

Therefore, UN Int(cl(A)) = ¢.

By the above claim we get that cl(U)N Int(cl(A)) = .
cl(U)N A = ¢. (since A € PO(X)).

Therefore, x € X-( 0 -c1(A)).

Thus X-cl(A)c X-(6-cl(A)).

That is, 6 -cl(A) ¢ cl(A).‘

Thus cl(A) = d&8-cl(A) = 6-cl(A).

THEOREM 1.2,14 [ 12)]

If A € SPO(X), then cl(A) = §-cl{A).

PROOF :

Since cl(A)c §-cl(A), it is enough to prove §-cl(A) c cl(A).

Assume that x € X-cl(A), then UN A = ¢ for some open set U contain-
ing x.

Since U is open and UN A = d) as in the proof of the above theorem,
we get, cl(U)N Int(cl(A)) = §.

Int(cl(U)) N cl(Int(cl(A))) = ¢.

Int(cl(U))N A = ¢, since A is semi-preopen.

Therefore x e X-( 6 -c1(A)).

Thus X - cl(A)c X - ( §-cl(A)).

(ie) §-cl(A)c cl(A).

Now let us discuss the characterizations due to Noiri [121.



THEOREM 1.2.15 [ 12]
The following are equivalent for a space X.
(a) X is extremally disconnected.
(b) The closure of every semi-preopen set of X is open.
(c) The 6- closure of every semi-preopen set of X is open.
(d) The 68-closure of every preopen set of X is open.
(e) The @-closure of every preopen set of X is open.

(f) The closure of every preopen set of X is open.

PROOF :

(a) =) (b) follows from (1) =) (ii ) of Theorem 1.2.5.

(b) => (c).

Let A be a semi-preopen set.

Then cl(A) = §-cl(A) by Theorem 1.2.14.

By (b), cl(A) is open.

Therefore, the & -closure of every semi-preopen set of X is open.

(c) =y (d) follows from the fact that every preopen set is a semi-
preopen set.

(d) =) (e) and (e) =) (f) follows from theorem 1.2.13.

(f) = (a).

Since every open set is preopen, we get by (f), that X is extremally

disconnected.

THEOREM 1.2.16 [12]
The following are equivalent for a space X.

(a) X is extremally disconnected.

(b) scl(A) = @-cl(A) for every A ePO(X)U SO(X).
(c) scl(A) = cl(A) for every A e SPO(X).
(d) scl(A) = &-cl(A). for every A € SPO(X).
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PROOF :

(a) =) (b) follows from Theorems 1.2.9 and 1.2.10.
(b) = (a)

First, let A be any preopen set of X.

By Theorem 1.2.12, Int(cl(A)) = scl(A).
By (b), scl(A) = ¢ -cl(A).
By Theorem 1.2.13 6-cl(A) = cl(A).

Hence Int(cl(A)) = cl(A), which in turnsthat cl(A) is open.
Hence by Theorem 1.2.15, X is extremally disconnected.
(a) => (c) N
Let A be a semi-preopen set.

By Theorem 1.2.11, Int(cl(A))c scl(A).

Therefore, Int(cl(A)) € scl(A)cC cl(A).

Since X is extremally disconnected, by Theorem 1.2.15 cl(A) is
open.

Therefore, scl(A) = «cl(A).

(c) =) (d) follows immediately from Theorem 1.2.14.

(d) = (a)

Let U and V be any two disjoint opén sets.

By the claim in (vii)=) (vi) of Theorem 1.2.5 we get,

scl(U)N scl(V) = §.

Therefore, by (d) and by theorem 1.2.14,

scl(U) = §-cl(U) = «cl(U).
Similarly, scl(V) = cl(V).
Therefore, cl(U) N cl(V) = ¢ .

Therefore, X is extremally disconnected.
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THEOREM 1.2.17 [ 12]
The following are equivalent for a space X.
(a) X is extremally disconnected.
(b) If A €SPO(X), B €SO(X) and AN B = ¢, then cl(A) N cl(B) =¢.
(c) If AgSPO(X), B€eSO(X) and AN B = ¢, then,

§-Cl(A)n &-cl(B) = ¢ .

(d) If AePO(X), B€SO(X) and AN B = ¢, then
9 -cl(A)N §-cl(B) = ¢.

(e) If A ePO(X), BeSO(X) and AN B = ¢, then
cl(A)N cl(B) = ¢. .

PROOF :

(a) => (b)

Let A€ SPO(X), B€ SO(X) and ANB = ¢.

Then AN Int(B) = ¢.

Therefore, cl(A) N Int(B) = ¢.

By (a), using Theorem 1.2.15, we get, cl(A) is open.
Therefore, cl(A) N cl(Int(B)) = ¢.

Since B € SO(X), B ccl(Int(B))=> cl(B)c cl(Int(B)).
Therefore, cl(A)Ncl(B) = ¢.

(b) => (c)

If A € SPO(X), then cl(A) = § -cl(A).

Since every semi-open set is semi-preopen, cl(B) = §-cl(B).
Therefore, ( §-cl(A))N ( §-c1(B))= 6.

(c)=> (ad)

If A€ PO(X), then by Theorem 1.2.13,

cl(A) = g§-cl(A) = g-cl(A).

Therefore, ( § -c1(A))N( & -c1(B)) = ¢.

= (8-cl(A))N ( §=<cl(B)) = ¢.



(d) =) (e)
A e PO(X)=) cl(A) = ©-cl(A)(by Theorem 1.2.13)
B € SO(X)=> B€ SPO(X)

=) cl(B) = §-cl(B) (by Theorem 1.2.14).
Therefore, by (d), cl(A)N cl(B) = ¢.
(e) = (a)
Let A and B be disjoint open sets.
Then A is preopen and B is semi-preopen.
Therefore, by (e) cl(A)Ncl(B) = ¢.

Therefore, X is extremally disconnected.

THEOREM 1.2.18 [ 12]
The following are equivalent for a space X.
(a) X is extremally disconnected.
(b) If Ae SO(X) and B € SPO(X), then cl(A)N cl(B) = cl(AN B).
(c) If AesSO(X) and B € SPO(X), then AN B € SPO(X).

PROOF

CLAIM : If U is open in X, then UN cl(S) € cl(U Ns), for every
subset S of X.

Let x € UNcl(S).

Therefore, x€ U and x € cl(S).

Let V be any neighbourhood of x.

Then VNS # ¢.

Also, as VAU is open and x€ VA U,(VAU)NS % 0.

That is, VA (UNS) ¢ ¢, for every neighbourhood V of x.

Therefore, x € cl(UNS).

Therefore, UN cl(S)c cl(UNS).

Hence the claim.
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(a) =>(b)
Let A € SO(X) and B € SPO(X).
Therefore, by Theorem 1.2.15, cl(B) is open in X and we obtain,
cl(A) N cl(B)c cl(Int(A)) N cl(B).
C cl(Int(A) ncl(B)) (by the above claim).
Let x€ cl(A)N cl(B).
Then x € cl(Int(A) N cl(B).
Let U be any neighbourhood of x.
Then UN Int(A) Ncl(B) # ¢.
= UNInt(A)NB £ ¢
= UNANB % §.
Hence x € cl(AN B).
Therefore, cl(A) Ncl(B)c cl(ANB).
Therefore, cl(A)Ncl(B) = cl(ANB).
(b)=)(c)
Let A € SO(X) and B € SPO(X).

Then we have,

ANBccl(Int(A))N cl(Int(cl(B))) (since A € SO(X) and B € SPO(X)).

cl(Int(A)N Int(cl(B))) (by (b)).

cl(Int (AN cl(B))) (since Int(AN B) = Int(A) N Int(B)).
C cl(Int(cl(A)N c1(B))) (since Ac cl(A)).
= cl(Int(cl(AN B))).
Therefore, AN B< cl{Int(cl(AN B))).
Therefore, ANB € SPO(X).
(c) = (a)
To show that X is extremally disconnected, it is enough

to show that cl(A)Ncl(B) = cl(AN B) for all open sets A and B.



Let A and B be open sets of X.
Then cl(A) and cl(B) are semi-open.
Also cl(B) is semi-preopen. Hence by (c), cl(A)/ cl(B) is
semi-preopen.
Therefore, cl(A)(N cl(B)< cl(Int(cl(cl(A)MNcl(B)))).
< cl(Int(cl(cl(A)) N cl(cl(B))))
(since cl(ANB)ccl(A)Ncl(B)).
< cl(Int(cl(A)N cl(B))).
= cl(Int(cl(A))N Int(cl(B)))
(gince Int (ANB) = Int(A) NInt(B)).
C cl(cl(A) N Int(cl(B))).
C cl(cl(AN Int(cl(B)))) (by the claim).
= cl(AN Int(cl(B))).
C cl(ANOcl(B)).

< cl(AN B) (by the claim).

Therefore, cl(A)N cl(B)c cl(AN B).
We know that, cl(ANB)c cl(A) Ncl(B).
Therefore, cl(A)Ncl(B) = <cl(ANB).

Hence, X is extremally disconnected.

SECTION 1.3 CHARACTERIZATIONS OF IRREDUCIBLE SPACES, SEMI-
IRREDUCIBLE SPACES, PS-SPACES, PARTITION SPACES,
S-SETS, I-SETS, LIGHTLY COMPACT SPACES, ALMOST

REGULAR SPACES AND B- COMPACT SPACES.

In this section we discuss the results due to
Julian Dontchev [ 6 ]. He [ 6] has obtained a set of equivalent

conditions for semi-preopen sets and proved some properties of

such sets.
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THEOREM 1.3.1 [ 6]
For a subset A of a space X the following conditions
are equivalent:
(1) There exists a preopen set U such that Uc Ac cl(U).
(2) Ac cl(Int(cl(A))) <= cl(A) = cl(Int(cl(A))).
(3) cl(A) is regular closed.
(4) Ac sint (scl(A)).
(5) cl(A) is semi-open.
(6) A is dense in a regular closed subspace of X.
(7) A is dense in a sgmi-open subspace of X.
(8) scl(A) is semi-open.

(9) pcl(A)c cl(Int(cl(pcl(A)))).

PROOF :

(1)=>(2)

By (1), UC A< cl(U).

=> cl(U)c cl(A)c cl(U)

= cl(U) = cl(A).

Since U is a preopen set, Uc Int(cl(U)) = Int(cl(A)).
Therefore, cl(U)c cl(Int(cl(A))).

Therefore, A< cl(Int(cl(A))).

Hence cl(A)< cl(Int(cl(A))).

Since Int(cl(A))< cl(A), we get, cl(A) = cl(Int(cl(A))).
(2) => (3)

By Proposition 1.1.29, A is regular closed iff, A = cl(Int(A)).
By (2), cl(A) = cl(Int(cl(A))).

=) cl(A) is regular closed.



(3) = (1)
Let U = pint(A).
Then U is preopen and Uc A.
Thus Int(cl(A)) = cl(A)N Int(cl(A))
< ANcl(Int(cl(A))).
But ANInt(cl(A)) = pint(A) = U.
Therefore, Int(cl(A))c U.
=> cl(Int(cl(A))) < cl(U).
By (3), cl(A) is regular closed.
= <cl(A) = cl(Int(cl{A))).
Therefore, U< Ac cl(A) = cl(Int(cl(A)))c cl(U).
=) UcAccl(U).
(2) = (4)
By the definition of semi-closure of A, we have, Ac scl(A).
By (2), Ac cl(Int(cl(A))).
Hence Ac scl(A) N cl(Int(cl(A))).
By proposition 1.1.20, scl(A) N cl(Int(cl(A))). = sint(scl(A)).
Therefore, Ac sint(scl(A)).
Therefore, Ac sint(scl(A)).
(4) = (2)

By proposition 1.1.20 , sint(scl(A)) = scl(A) N cl(Int(cl(A))).

By (4), Ac sint(scl(A)) = scl(A)N cl(Int(cl(A)))c cl(Int(cl(A))).

=) Ac cl(Int(cl(A))).
(3)=> (9)

It follows from the remark 1.1.28.

27
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(5)=> (3)

By (5), cl(A) is semi-open.

That is, cl(A) c¢ cl(Int(cl(A))).

Therefore, cl(A) = «cl(Int(cl(A))).

Hence cl(A) is regular closed.

(3) = (6)

Since by (3), cl(A) is regular closed, A is dense in the regular
closed subspace cl(A) of X.

(6) = (7)

The result follows from ¢he remark 1.1.28.

(7) = (3)

Let B be a semi-open subspace of X in which A is dense.
By the definition of semi-open, we have, B< cl(Int(B)).
Also, cl(Int(B)) < cl(B).

Thus, cl(B) = cl(Int(B)).

A is dense in a semi-open subspace B.

=> cl(A) = B.

Therefore cl(A) = cl(B) = cl(Int(B)) = cl(Int(cl(A)))
Hence cl(A) is regular closed.

(5) = (8)

CLAIM : Int(cl(A)) ¢ scl(A) c cl(Int(cl(A)))

By 1.1.19 + Scl(A) = AU Int(cl(A))

we get, Int (cl(A))c 'scl(A).

From the definition of scl(A),

scl(A)c cl(A) = cl(Int(cl(A))) [since cl(A) is semi-open by (5)].
Hence Int(cl(A))c scl(A)c cl(Int(cl(A)))

Therefore, scl(A) is semi-open.
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(8) = (2)
Since scl(A) is semi-open, scl(A)c cl(Int(scl(A))).
But scl(A)c cl(A) =) scl(A) c cl(A)
= cl(Int(scl(A))) ¢ cl(Int(cl(A))).
From the definition of scl(A), we have, A C scl(A), Combining the
above two inclusions, we get,
Ac scl(A) c cl(Int(scl(A)))c cl(Int(cl(A))).
=> Accl(Int(cl(A))).
(2) = (9)
By (2), cl(A) = cl(Int(cl‘(A))).
From the definition of pcl(A), Ac pcl(A)c cl(A).
Hence pcl(A)c cl(A) = cl(Int(cl(A)))
= cl(Int(cl(pcl(A))))
Therefore, pcl(A)c cl(Int(cl(pcl(A)))).
(9) = (2)
By the definition of pcl(A), Ac pcl(A)c cl(A).
By (9), pcl(A) c cl(Int(cl( pcl(A))))
Combining both, Ac Pcl(A)c cl(Int(cl(pcl‘(A))))ccl(Int(cl(A)))

Hence, Ac cl(Int(cl(A))).

THEOREM 1.3.2 [ 6]
(1) Semi-open sets = semi-preopen and an NDB set.
(2) Semi-regular sets = semi-preopen and semi-closed.

(3) Regular closed sets = semi-preopen and a- closed

semi-preopen and closed.

PROOF:
(1) Assume that A is semi-open.

To prove, A is semi-preopen and an NDB set.



A is semi-open =) there exists an open set U such that
UC A ccl(U).
U is open = U is preopen.
Therefore there exists a preopen set U such that Uc AC‘ cl(U).
Therefore A is semi-preopen.
Now to prove A is an NDB set.
To prove Fr(A) is powhere dense.
Fr(A) = cl(A)N cl(X-A)

Ccl(U) N cl(X-A) [Since Ac cl(U)]

< cl(U) Ncl(X-U) =

= Fr(U) [since Uc A =) (X-A)c (X-U)

= cl(X-A)c cl(X-U)]

Hence Fr(A) € Fr(U).

By definition Fr(U)

cl(U)\ Int(V)
= cl(U)\ U [since U is open]
= 6.

Consider Int(cl(Fr(U))) Int(Fr(U))

Int(¢p) = ¢
[since Fr(A) is always a closed set],
Therefore, Fr(U) is nowhere dense.
Hence Fr(A) is nowhere dense.
Therefore, A is an NDB set.
Conversely assume that A is semi-preopen and an NDB set.
A is semi-preopen =) Ac cl(Int(cl(A))).
Fr(A) is nowhere dense => Int(cl(A))c cl(Int(A))
=> Accl(Int(A)).

Therefore A is semi-open.

3C



31

(2) Assume that A is semi-preopen and semi-closed.
A is semi-preopen => Ac. cl(Int(cl(A))).
A is semi-closed => Int(cl(A)) = Int(A)

[by proposition 1.1.6]
=> Accl(Int(A)).
Hence A is semi-open.

Hence A is semi-regular. The reverse is trivial.

(3) Assume that A is semi-preopen and a-closed.
Then AcC cl(Int(cl(A))) and cl(Int(cl(A)))C A.

Thus A = cl(Int(cl(A))) and hence regular closed.

The reverse is trivial.

CHARACTERIZATIONS IN TERMS OF SEMI-PREOPEN SETS

The following series of theorems give characterizations

of various spaces in terms of semi-preopen sets.

THEOREM 1.3.3 [ 6]
For a space X the following are equivalent.
(1) X is irreducible.

(2) Every non-void semi-preopen subset is dense.

PROOF :

1) = (2).

Let A be a non-void semi-preopen subset of X.
Then A< cl(Int(cl(A))).

Hence Int(cl(A)) # ¢.

If U were a non-void open set, then by (1),

UANInt(cl(A)) % ¢ .
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= UNcl(A) £+ ¢ = UNA § ¢ [since UNcl(A) % ¢

=) there exists x€ UNcl(A) =) xe U

and x € cl(A) = UNA { ¢].

Therefore A is dense.

(2) = (1)

Let U and V be two non-void open subsets.

Then 4) # V< Int(cl(V)) [since every open set is preopen]
Since every regular open set is semi-preopen, by (2), every regular
open set is dense in X.

Therefore, we have UN“Int(cl(V))$ ¢.

Therefore, UNcl(V) ¢ ¢. Hence UN V ¥ 0.

Hence X is irreducible.

REMARK 1.3.4

It is shown that a space is irreducible iff the intersection
of two non-void semi-open subsets is non-void. This condition does
not hold however for semi-preopen sets, for an indiscrete space

(with cardinality at least 2) shows.

THEOREM 1.3.5

[T.Aho and T.Nieminen, Q and A in General
Topology 11 (1993), 93-104.]

For a space X the following are equivalent:

(1) X is semi-irreducible.

(2) Every semi-preopen subset is semi-irreducible.
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THEOREM 1.3.6 [}

For a space X the following are equivalent:
(1) X is extremally disconnected.
(2) The closure of every semi-preopen subset is open.

(3) Every semi-preopen subset is preopen.

(4) If A is a semi-preopen subset of X, then scl(A) = cl(A).
(5) If A is a semi-preopen subset of X, then scl(A) = §-cl(A).
(6) If An B = ¢, where A is semi-preopen and B is semi-open,

then cl(A)N cl(B) = ¢ (or §-cl(A)N §-cl(B) = ¢).

(7) If A is semi-open and B is semi-preopen, then
cl(ANB) = cl(A) Ncl(B).

(8) The intersection of a semi-open and a semi-preopen set is
always semi-preopen.

(9) Every semi-preopen subset is a CO-set.

PROOF :
(1) = (2)
If ACX is semi-preopen, then cl(A) is regular closed.
That is, cl(A) = cl(Int(cl(A)))
= closure of an open set.
Hence by (1), cl(A) is an open set.
(2) = (3).
Let A be a semi-preopen subset.
By (2), cl(A) is open =) Int(cl(A)) = cl(A).

Since A< cl(A)

Int(cl(A)), A is preopen.
(3) = (1)
Let A be an open set.

Then cl(A) is semi-open [by proposition 1.1.3]



=> cl(A) is semi-preopen.

By (3), cl(A) is preopen => cl(A)cC Int(cl(A))
Therefore, cl(A) = Int(cl(A))

=) cl(A) is open. Hence X is extremally disconnected.
(4) = (5) follows from Theorem 1.2.14.

(5) = (6) follows from Theorems 1.2.16 and 1.2.17.
(6) = (1) follows from Theorem 1.2.17.

(1) = (5) follows from Theorem 1.2.16.

(6) = (7)

Since (6) = (1), X, is extremally disconnected (7) follows from
Theorem 1.2.18.

(7) =» (8) follows from Theorem 1.2.18

(7) = (6) follows from Theorem 1.2.17.

(2) <= (9) is obvious from the definition of a CO-set.

THEOREM 1.3.7 [6]
For a space X the following are equivalent?
(1) X is a PS-space.
(2) Every semi-preopen subset is semi-open.
(3) Every non-empty semi-preopen subset is irresolvable.
(4) If A is semi-preopen, then cl(A) = AU cl(Int(A)) = pcl(A).

(5) Every semi-preopen subset is a non-residual set.

PROOF :

(1) => (2) ¢=> (3) is proved in T.Aho and T.Nieminen,
Ricerche Mat., 1994.

(2) = (4)

Let A be a semi-preopen subset.

By (2), A is semi-open.



Therefore, Ac cl(Int(A)) => cl(A)c cl(Int(A)) and
AUcl(Int(A)) = cl(Int(A))

Therefore cl(A)

cl(Int(A)) and

AUcl(Int(A)) = pcl(A) [by (b) of proposition 1.1.19.]
Therefore, cl(A) = AUcl(Int(A)) = pcl(A).

(4) = (1)

Let ACX be preopen.

Then by (4), Ac Int(cl(A)) = Int(pcl(A)) = Int(cl(Int(A))).

Thus A is @-open.

Therefore, X is a PS-space, since every a-open set is semi-open.
(2) = (5)

Let A be a non-void semi-preopen set.

By (2), A is semi-open = AC cl(Int(A)).

To prove Int(A) % ¢.

Suppose Int(A) = ¢.

=> cl(Int(A)) = ¢

=) A = ¢, which is a contradiction.

Hence Int(A) ¥ ¢.

(5) = (1)

Let A be a preopen set.

Let U = Int(cl(A))\ cl(Int(A)) which is open.
Therefore, UNA is open in A and hence preopen in A.
Therefore, by transitivity UN A is preopen in X.

= UN A is semi-preopen in X.

Since Int(UQ A) = Int(U)N Int(A) = UN Int(A) = o,

by the definition of U.

Hence by (5), UNA = ¢
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We claim that A\ cl(Int(A)) = ¢.

Suppose A\ cl(Int(A)) % 6.

Therefore, there exists x such that xe A\ cl(Int(A)),
That is, xe A and x ¢ cl(Int(A)).

Since A is preopen, Ac Int(cl(A)) and hence x ¢ Int(cl(A)).
Therefore x € Int(cl(A)) \ cl(Int(A)),

That is x €e U. Hence x€e UN A = UNA # 4)'

which is a contradiction.

Therefore, A\ cl(Int(A)) = ¢.

Therefore, Ac cl(Int(A)}

Hence A is semi-open in X.

The proofs of the following two theorems are found in T.Aho and

T.Nieminen, Ricerche Mat., 1994.

THEOREM 1.3.8 [ 6]

For a space X the following are equivalent.

(1) X is an extremal PS-space.

(2) Every semi-preopen subspace is a-open.

THEOREM 1.3.9 [ 6 ]
For a space X the following are equivalent.
(1) X is an irreducible PS-space.

(2) The intersection of two non-void semi-preopen subsets is always

non-void.

(3) X is not the disjoint union of two non-void semi-preopen subsets.



THEOREM 1.3.10 [55]
Let x be a point of (X, T ). Then either {x} is
dense or (x)c Int(cl {x} ) = scl {x} .
PROOF :
Suppose that {x}is not nowhere dense.
Then Int(cl {xDt ¢ .
Therefore x €Int(cl {x} ).
By (a) of proposition 1.1.19 we get,
scl {x} = {x} U Int(cl {x} ) = Int(cl {x} )

Thus, {x}c Int(cl {x} ), = scl {x} .

THEOREM 1.3.11 [ 6]
For a space X the following are equivalent:
(1) X is a partition space.
(2) Every nowhere dense subset is semi-preopen.
(3) Every singleton is semi-preopen.
(4) Every subset is semi-preopen.
(5) Every closed subset is semi-preopen.
PROOF :

(1) = (1)
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nowhere

By (1), every subset of X is preopen and hence semi-preopen.

Hence (4).
(4)=>(3)obvious.
(3) = (1) Let AcX.

To show that A is preopen.

By Theorem 1.3.10, we have each singleton is either preopen or

nowhere dense.
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Let {a}cX. If { a}is nowhere dense, Int(cl {a }) = ¢.

By (3), {a}ccl(Int(cl {a} )) = ¢, which is impossible.
Thus each singleton in X is preopen and hence A = (J {a} ,
a€A

union of preopen sets.

Therefore A is preopen. Hence X is a partition space.

4) = (2) ; (4) =) (5) obvious.

(2) = (3) Let {a}cX.

If {a} is preopen, then clearly it is semi-preopen. If it is nowhere
dense, then by (2) it is semi-preopen.

(5) => (4) Let ACK.

BY (5), cl(A) is semi-preopen.

Therefore, cl(A) = cl(Int(cl(A))).

That is, Ac cl(Int(cl(A))).

Therefore, A is semi-preopen.

THEOREM 1.:3.12 [ 6]

For a space the following are equivalent:
(1) AcX is an S-set.

(2) Every semi-preopen cover of A has a finite dense subsystem,

PROOF: (1) = (2)

Let {Ai} et be a semi-preopen cover of A.

Then AC U A, and each A, is semi-preopen.
jer 1 .

Since Ai is semi-preopen, cl(Ai) is regular closed.

Therefore A C U Ai-:)AC- U cl(Ai).
i€l iel



39

Then it follows from the definition of an S-set, A € U cl(A

)y
i€g i

where J is finite.

Therefore, every semi-preopen cover of A has a finite dense

Subsystem.

(2)= (1)

Let AC U Ai' where each Ai is regular closed.

i€l
Since every regular closed set is semi-preopen, we get
{Ai} is a semi-preopgn cover of A.

iel

Therefore by (2), Ac U cl(Ai). where J is finite.
ieJ

Since a regular closed set is closed, cl(Ai) = Ai'

Therefore, AC U Aj. Therefore A is an S-set.
1e]

THEOREM 1.3.13 [ 6]

For a space X, the following are equivalent:

(1) Ac X is an I-set.

(2) Every semi-preopen cover of A has a finite interior dense

subsystem.

PROOF: (1)= (2)

Let Ac X be an I-set.

Let ACc U Ai' where each Ai is semi-preopen in X.
iel
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Since Ai is semi-preopen, cl(Ai) is regular closed.
C.AC U Ai:> AcC U cl(Ai).
iel i€l
Then it follows from the definition of an I-set,
AcC U Int(cl(Ai)), where J is finite.
i€eJ
.". Every semi-preopen cover of A has a finite interior dense

Subsystem.

(2)= (1)

Let AC U Ai‘ where each A, is regular closed.
i€l Py 1

Ai is semi-preopen.

By (2), AcC U Int(cl(Ai)). where J is finite.
i€eJ

‘. . ACU Int(Ai), (cl(Ai) = A, ,since A, is regular closed.)
ieJ * 1

.« ACX is an I-set.

THEOREM 1.3.14 [ 6]

For a space X the following are equivalent:

(1) X is lightly compact.

(2) Every non-void locally finite family (A,) of semi-preopen

Yier
sets is finite.

PROOF:

Let (Ai) be a non-void locally finite family of semi-preopen
iel
sets.
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Since ¢ $ A;c cl(Int(cl(A;)) (since A; is semi-preopen) then

Int(cl(A;) $ ¢, for each index i.

Consider any x € X. By the definition of locally finite,
there exists an open neighbourhood U of x and a finite subset I0

of I such that UﬂAj $ ¢ for jeI  and UﬂAJ. = ¢ for jEI.

0

CLAIM : UN cl(Ay) = ¢ for j ¢1,.

Suppose Uﬁcl(AJ.) £ o

Let y € Uﬂcl(Aj) = y€Uand ye cl(AJ.).

y e.cl(AJ.) => every neighbourhood of y intersects Aj‘

That is, UN Ay $ ¢, which is a contradiction.

Therefore UN cl(Aj) =¢ for j¢ I

Hence {cl(Ai)} iel is a locally finite family and since
Int(cl(AJ.))C cl(AJ.), UﬁInt(cl(AJ.)) = ¢ for

j 1:10 =) Int(cl(Aj))je  1s locally finite.

Since X is lightly compact, I is finite.

(2) = ().

Let (Ai)i el be a locally finite family of non-vold open sets.
Then (cl(Ai)) ie 1 is a locally finite family of non-void regular open

sets,

Since every regular open set is semi-preopen, by (2), I is finite.

Hence X is lightly compact.

THEOREM 1.3.15[ 61
For a space the following are equivalent:
(1) X is an almost regular space.

(2) 1If A is semi-preopen, then ©-cl(A) = cl(A).
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PROOF :
(1) = (2)
By (1), X is an almost regular space.
That is, for every regular closed subset AcX, we have
6 - cl(A) = cl(A).
Let A be a semi-preopen set.
Then cl(A) is regular closed [by Theorem 1.3.1].
Therefore by (1), cl(A) = 0 -cl(cl(A)).
Since cl(A)c 0 -cl(A)c G-i:l(cl(A)) = cl(A), cl(A) = B-CI(A).
(2 = )
Let A be any regular closed set.
Since every regular closed set is semi-preopen, by (2),

9 -cl1(A) = cl(A). Hence X is an almost regular space.

THEOREM 1.3.16 [ 6]

For a space X the following are equivalent:
(1) X is B- compact.

(2) Every semi-preopen cover of X has a finite subcover.

PROOF :

Since semi-preopen sets are nothing else but B-open sets,

the result is obvious.

SECTION 1.4 CHARACTERIZATIONS OF MAPS IN TERMS OF
SEMI-PREOPEN SETS

First let us give definitions of various maps.
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DEFINITION 1.4.1

A map f: X — Y is called almost continuous iff the pre-

image of every regular open set is open.

DEFINITION 1.4.2
A map f: X — Y is called a -continuous iff the preimage
of every open set is an a -set (or) iff f( a-cl(A)) < cl(f(A)) for

each Ac X (or) iff f(cl(Int(cl(A))) < cl(f(A)) for each Ac X.

DEFINITION 1.4.3

A map f: X *= Y is called almost weakly contimious iff
for every open B< Y, we have,
71(B) < mt(cl(1(B))) (or) iff
pcl(f1(B)) = £ l(au(By).

DEFINITION 1.4.4

A map is called almost closed iff the image of every

regular closed set is closed.

DEFINITION 1.4.5

A map f: X =Y is called semi-preclosed iff the image

of every closed set is semi-preclosed.

DEFINITION 1.4.6
A map f: X —Y is called quasi-irresolute iff when
X € X and f(x)e V ¢ SO(Y), then for some U € SO(X) such that
x € U, we have f(U)< scl(V) or equivalently iff the preimage of

every semi-regular set is semi-regular.



THEOREM 1.4.7 [ 6]
For a map f: XY the following are equivalent:
(1) f is almost continuous.
(2) 1If BcY is semi-preopen, then cl(f-l(B))c f-l(Cl(B)).
PROOF :
(1) = (2)
Let B€ SPO(Y), then cl(B) is regular closed.
Therefore f_l(cl(B)) is closed, since f is almost continuous.
That is, cl(f 2(B)) € cl(f *(cl(B))) = f *(cl(B)).
= (" '(B) « £ el(B)).
(2) = 1)
Let B be any regular closed set in Y.
Then B is semi-open and hence semi-preopen.
Therefore by (2), cl(f_l(B))C f_l(cl(B)).
Since B is regular closed, B is closed.

1

Therefore c1(f’1(B))c f'l(cl(B)) = £77(B).

Hence f'l(B ) is closed. Hence f is almost continuous.

THEOREM 1.4.8 [ 6]
For a map f: X—-Y the following are equivalent:
(1) f is a - contimuous.

(2) 1If Ac X is semi-preopen, then f(cl(A))< cl(f(A)).

PROOF :

(1) = (2)

Since A is semi-preopen, cl(A) = cl(Int(cl(A))).
Therefore, f(cl(A)) = f(cl(Int(cl(A))))c cl(f(A)).

Therefore, f(cl(A)) <cl(f(A)).
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(2) = 1)

Since cl(pint(A)) = cl(Int(cl(A))), it is enough to prove that
f(cl(pint(A))) < cl(f(A)).

Since pint(A) is preopen, it is semi-preopen.

Therefore by (2), f(cl(pint(A))) < cl(f(pint(A)))< cl(f(A)).

Hence f is a- continuous.

THEOREM 1.4.9 [ 6]
For a map f: X—Y the following are equivalent:
(1) f is almost weakly continuous.
(2) If BcyY is semi—prt;open. then pcl(f'l(Int(Cl(B))))
< cmy).
PROOF :
(1) = (2)
Let Be SPO(Y) = cl(B) = cl(Int(cl(B))).
Since Int(cl(B)) is open, by (1),
pel (£ 1 (Int(c1(B)))) < £ 1(cl(Int(c1(B)))) = £ 1(cl(B)).
Hence (2).
(2) = (@)
Let B be an open set in V.
Then B is preopen =) B< Int(cl(B)). sesall)
As B is also semi-preopen, by (2),
Pcl £ (Int(cl(B))) < £ (cl(B)). ey
Combining (i) and (ii), we get,
pel(f1(B)) « pel(snt(c1(8)))) < i (ca(e)).
Hence pcl(f1(B)) < f1(cl(B)).

Hence f is almost weakly continuous.



THEOREM 1.4.10 [ 6]
For a map f: X +Y the following are equivalent:

(1) f is almost closed.

(2) If Ac X is semi-preopen, then cl(f(A)) € f(cl(A)).

PROOF :
1) = (2
Let A be a semi-preopen set.
Then cl(A) is regular closed.
Therefore by (1), f(cl(A)) is closed.
Therefore 'cl(f(A)) c cl(f‘(cl(A))) = f(cl(A)).
Hence cl(f(A))< f(cl(A)).
(2)y = (1)
Let Ac X be any regular closed set.
Therefore A is semi-preopen.
By (2), cl(f(A)) € f(cl(A)) = f(A) (since every regular
set is closed).
Therefore, f(A) is closed.
THEOREM 1.4.11 [ 6]
For a map f: X = Y the following are equivalent:
(1) f is a - continuous and almost closed.
(2) If Ac X is semi-preopen, then cl(f(A)) = f(cl(A)).
PROOF :
1) = (2)
f is a - continuous = f(cl(A))c cl(f(A)), for every
A € SPO(Y) (by Theorem 1.4.8).

f is almost closed =) cl(f(A)) c f(cl(A)), for every

A € SPO(Y) (by Theorem 1.4.10).

46

closed
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Therefore cl(f(A)) = f(cl(A)) for every Ag SPO(X).
(2) = (1).
By (2), if Ac X is semi-preopen, then cl(f(A))= f(cl(A)).

Hence by Theorems 1.4.8 and 1.4.10, f is a- continuous and almost

closed.

THEOREM 1.4.12 [ 6]

For a map f: X—+Y the following are equivalent:
(1) f is semi-preclosed.
(2) 1f £1 {y}c U, where U is open and y e Y, then there exists
a semi-preopen set VC Y such that y € V and f-I(V)c.U.
PROOF :
(1) = (2)
Let U be an open set, ye Y and £ {ylcU.
Then X\ U is closed and hence by (1), f(X\U) is semi-preclosed.
Therefore Y\ f(X\U) = V is semi-preopen.
Since £ {y}c U, X\U€ XML [y} = £ HY\{y} )
and hence f(X\U) C f(f’l(Y\{y} Ne YN} &
That isq, {y}< Y \ f(X\U) = V.,
On the other hand, X\UC £ 1(£(X\ U)) = £ XY\ V) = X\f1(V).
That is £ 1(V)c U.
(2) = (@)
Let AC X be closed.
To prove f(A) is semi-preclosed.
That is, to prove Y\f(A) is semi-preopen.
Let y e Y\f(A).

Then f1 {ylc f‘l(Y\f(A)) = X\ f'l(f(A))c X\ A,
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1 {y}< X\A, where X\A is open.

By (2), there is a semi-preopen set V such that
y € V and f-l(V)C X\ A,

Thus £'(V)N A = ¢ and hence VN £(A) = $.
Therefore y e Vc Y\ f(A).

=> Y\ f(A) is semi-preopen.

Therefore f(A) is semi-preclosed.

THEOREM 1.4.13 [ ¢
For a map f: X—Y the following are equivalent:
<
(1) f is quasi - irresalute
(2) If x€X and f(x) € B€SO(Y), Then there exists

A €SPO(X) such that xe A and f(A) < scl(B).

PROOF :

(1) = (2) follow from the fact that every semi-open set is semi-
preopen.

(2) = (1).

Let f(x) € V € SO(Y). Thus V € SPO(Y). The set scl(V) is semi-open
and hence semi-regular, since it is also semi-closed.

By (2), f-l(scl(V)) = U is semi-regular, hence semi-open, such
that x € U and f(U)C scl(V).

Hence (1).



Chapter 11
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CHAPTER - II

A STUDY OF AN INTERESTING GENERALIZATION OF PARACOMPACTNESS

This chapter is devoted to the study of some properties
of a-paracompact and a-nearly paracompact subsets and almost

closed mappings. The results are due to Kovacevic [2,31.

SECTION 2.1 PRELIMINARY DEFINITIONS AND RESULTS
a

DEFINITION 2.1.1

Let X be a topological space. A collection @ of subsets
of X is said to be locally finite at a point x in X if it has
a neighbourhood that intersects only finitely many elements of a.

The collection & is said to be locally finite if @ is locally finite

at each and every point of X.
DEFINITION - 2.1.2

A subset A of a space X is g-paracompact ( a -nearly
paracompact) iff for every open (regularly open) cover U of A,

there exists an open locally finite family % which refines W and

covers A.

REMARK 2.1.3

Every a - paracompact set is a -nearly paracompact.
This result follows easily from the fact that every

regular open cover is an open cover.



DEFINITION 2.1.4

A subset A of a space X is @ -paracompact ( a -nearly
Paracompact) with respect to a subset B iff for every open (regular
open) cover ‘U = { Ui:i €1} of A, there is an open family
Y = {VJ.:j €J} such that:
(a) % refines aL , (b) ACU {Vj:j €J} , and (c) ¥ is locally

finite at each point, x €B.

DEFINITION 2.1.5

Subsets A and B of a space X are mutually g-paracompact
(mutually a -nearly pafacompact) iff the subset A is a-paracompact
( @ -nearly paracompact) with respect to the subset B and B

is @ -paracompact ( a-nearly paracompact) with respect to the

subset A.

DEFINITION 2.1.6
A subset A of a space X is a-Hausdorff iff for any
two points, a,b of a space X, where a € A and b € X\ A, there

are disjoint open sets U and V containing a and b respectively.

DEFINITION 2.1.7

A subset A of a space X is a-regular ( a —almost
regular) iff for any point a € A and any open (regularly open)
subset U containing a there exists an open subset V of X such

that a evVCcl(V)cC. U.

DEFINITION 2.1.8

A mapping f: X — Y is almost closed (almost open)
iff for any regularly closed (regularly open) subset F of X, f(F)

is closed (open) in Y.
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DEFINITION 2.1.9

A mapping f: X — Y has a closed graph G(f) iff

G(f) = {&.f(x)) : x€ X} is closed in X x Y.

SECTION 2.2 PROPERTIES OF a -PARACOMPACT AND a -NEARLY

PARACOMPACT SUBSETS.

THEOREM 2.2.1 [

[
ol

Let a4

{Ui : 1el} be any family of subsets of
a space X. If xecl (U {U; : ielIp\U {cl(Ui):iE 1}, then

W is not locally finite at x.

a

PROQF:

Suppose that ‘W is locally finite at x.

Then there exists an open set M such that x €M and M intersects
finitely many members of 9.

Let I0 be a finite subset of I such that,

MO U, ¢ b, i€l ; MnUi=b,i€I\%.
Let U1=U{U1:i€10} 3 V1=U{Ui:i€I\IO} .
cl(u {Ui tiel}) = cl(Ul) U cl(Vl).

Since MOV, = ¢, x #cl(Vl).

Hence b ¢ ecl(Ul) cl(U {Ui tie IO})

U {cl(y;) ielg},
which is a contradiction,

-"« W is not locally finite at x.

THEOREM " 2.2.2 [2]

Let A be an q-Hausdorff a-nearly paracompact subset

relative to a point x € X\A. Then there exist disjoint regularly
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open neighbourhoods of x and A. Consequently, if an a-Hausdorff

subset A is q-nearly paracompact relative to each point of X\A,

then A is closed.

PROOF:

Since A is a -Hausdorff, for each a in A there exists

disjoint open sets U, and V, such that a sUa and x sVa.

Then ‘U = {a(U)) : aeA }, (a(U) = Int(cl(U))) is a regularly open

Covering of A.

-

Since A is a -nearly paracompact relative to x there exists an
open family v = { Vi ¢ iel} such that

(a) ¥ refines U (b) v covers A (c) ¥ is locally finite at

the point x.

By (c), there exists an open subset Mx conttaining x such that

Mx intersects finitely many members of ¥ .

Let IOC. I be a finite subset of I such that
M NV, ¢, i€l M AV, = ¢ ; ieINI.
For each igl there exists aisA such that Vic.a(Ua ).
i
Let U =10 {Vi : i€I} and V = Mxﬁ((\{vai : iGIO}).
Then @(y) and a(V) are regularly open disjoint neighbourhoods

of A and x respectively.

COROLLARY 2.2.3 [ 2 ]

Let A be an a-Hausdorff a-paracompact subset relative

to a point x €X\A. Then there exist disjbint regularly open
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neighbourhoods of x and A. Consequently if an a-Hausdorff subset

A is a-paracompact relative to each point of X\A, then A is closed.

PROOF:

The proof follows from Remark 2.1.3.

COROLLARY 2.2.4 [ 2 ]

Every a-Hausdorff a-nearly paracompact (a-paracompact)

Subset is closed.

THEOREM 2.2.5 [ 2 ]

For any tw‘o disjoint subsets A and B of a space X,
where the subset A is a-Hausdorff a-nearly paracompact relative
to each point of B, and the subset B is a-nearly paracompact
relative to the subset A, there exist disjoint regularly open

neighbourhoods of A and B respectively.

PROOF:

By Theorem 2.2.2, for every x € B there exists disjoint open
sets Ux and Vx such that x € Ux and AC Vx'

Consider the family, W = { a(Ux) : xe€B}.

It is a regularly open covering of the subset B.

Since B is a - nearly paracompact relative to the subset A,
there exists an open family % such that

(a) & refines U (b) * covers B (c) ¥ is locally finite at
each point of the subset A.

Let V= U{V: Ve¥},

Then B CV, ACX\cl(V) = U.

AcCcU = Int(U) < Int(cl(U)) = a(U).
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Similarly, Bc a(V).

o . a (U) and a(V) are disjoint regularly open neighbourhoods

of A and B respectively.

THEOREM 2.2.6 [ 2]
Let A be an a-regular subset and U be an open neigh-
bourhood of A. If the subset A is a -paracompact relative to

X\ U, then there exists an open neighbourhood V of A such that
AC VCcl(V)c U.

PROOF :

Since A is an a-—regulz;r subset, for each point x € A there exists
an open set wx such that x € WXC cl(wx)C u.

Consider the family, W = {w_: xeA}.

Clearly this is an open covering of A.

Since A is a-paracompact relative to X\ U, there exists an open
family V" such that (a) % refines w (b) Vcovers A (c) &V is
locally finite at each point of X\ U.

Let V.= U {v, : V,ewv'} .

Then ACVCcl(V)C U.

THEOREM 2.2.7 [ 2]

Let A be an a-almost regular subset of a space X.
Let U be any regularly open neighbourhood of A. If the subset
A is q -nearly paracompact relative to X \ U, then there exists
an open neighbourhood V of A such that ACVCcl(V)Z U.
PROOF :

It is similar to the proof of Theorem 2.2.6.
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COROLLARY 2.2.8 [ 2]

If U is an open ( a regularly open) d-regular ( a -
almost regular) subset which is a -paracompact ( a -nearly para-

compact) to X\ U, then U is closed.

PROOF :

Taking A = U in the above theorems we get an open set V such
that UCc Ve cl(V)c U,
.o U = cl(V).

Hence U is closed. e

SECTION 2.3 ALMOST CLOSED MAPPINGS

THEOREM 2.3.1 [ 2]

Let f:X ™ Y be an almost closed mapping of a space

X onto a space Y, such that the family { f-l(Y)i ye Y} consists

of a - Hausdorff subsets which are mutually @ -nearly paracompact.

Then Y is Hausdorff.

PROOF :

Let y, and Yo be any two distinct points of Y. By Theorem
2.2.2, there exists disjoint regularly open neighbourhoods U1

and U, of f-l(yl) and f-l(yz) respectively.

Since f is almost closed, there exist open sets V1 and V2 containing
y, and y, respectively such that f-l(yl)C f_l(Vl)C_ Uy s
f'l(yz)c_ f_l(Vz)C_UZ. Since f is onto, y;€ V4, y,.€V,, Y is

Hausdorff.



The following result which has been proved by

Kovacevic [ ] ] is used to prove theorem 2.3.3.

THEOREM 2.3.2 [ 2 ]
If f: X+ Y is an almost closed mapping of a space
X onto a compact space Y such that f_l(y) is an da -Hausdorff

a -nearly paracompact subset for each point y € Y, then f is

continuous.

THEOREM 2.3.3 [ 2]

Let X be any topological space such that every closed
subset is @ -Hausdorff. Let f: X— Y be a closed mapping of a
space X on to a compact space Y such that for each point

y €Y, f-l(y) is an a-Hausdorff a-paracompact subset of a space

X. Then X is regular.

PROOF :

Since every closed mapping is almost closed and by Remark 2.1.3
Theorem 2.3.1 we get that, the space Y is Hausdorff.

Since every compact Hausdorff space is regular, Y is regular.

Since f—l(y) is an q-Hausdorff a -paracompact subset of a space
X, by Theorem 2.3.2, f is continuous. Now, let A be any closed
subset of the space X and x be any point such that x ¢ A.

=) Either f( X) ¢f(A) or f(x) e f(A).

Suppose f(x) ¢ f(A).

Since Y is regular, there exist disjoint open sets U and V contain-
ing f(x) and f(A) respectively. Now f_l(U) and f-l(V) are open
sets such that x¢ £ L(U), AC £ 1(V) and £2(U)N£1(V) = b.

Hence X is regular.
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Suppose f(x) € f(A).

CLAIM : A N £ 1(f(x)) o

f(x) e f(A)
=) f(x) = f(a), for some a €A.
=  ace f(gx))

=  anrtue)) 6.
Since x ¢A, x ¢ AN f-l(f(x)).
f-l(f(x)) is an a -Hausdorff a -paracompact subset of a space X.
Hence f % (f(x)) is closed.
Then AN f'l(f(x)) is 4 closed @ -Hausdorff @ -paracompact subset
of X.
Hence by Theorem 2.2.2, there exist disjoint open sets U1 and

V1 such that x ¢U,, AN f_l(f(x)) el Vl‘

1'
Since A\ V1 is closed, then f(A\ Vl) is closed subset such that
f(x) ¢f(A\V1).

There exist disjoint open sets U, and V, such that

f(x) U, and f(A\V4) C. V,.

=9 -1
Let U = UyNf "(Uy) and V = ViONE (V).
U and V are disjoint open sets such that x ¢ U and AC V.,

Hence the result.

THEOREM 2.3.4 [3]

Let f: X— Y be an almost closed mapping of a space
X onto a space Y such that f'l(y) is an @ -Hausdorff @ -nearly
paracompact subset with respect to X \ f_l(y) for each y € Y.

Then f has a closed graph.
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PROOF :
Let (x,y) ¢ G(f) be any point.
Since y # f(x), x ¢f—1(y).
Given that f_l(y) is an @ - Hausdorff @ -nearly paracompact subset
with respect to X\ f_1(y).
.’. By Theorem 2.2.2 there are regular open disjoint sets U and

V, such that, x € U, f-l(y) C V. Since f is almost closed, there

is an open neighbourhood H of y, such that, f-l(y)c.f—l(H)C V.

CLAIM : UxH NG(f) = .

Suppose UxHNG(f) #4 ‘b.

.’. There exists (xo. yo) e UxHNG(f).
(x5, £(x5)) e UxH.

= xer and f(xo)e H

= Xg€ U and x; ef L(H).

Since f-l(H)C'_ V. x5 eUNV, which is a contradiction.

Hence the claim.

e (xy) ¢ G = (x,y) ¢ cG()

« « G(f) is closed.

COROLLARY 2.3.5 [3]

If f: X— Y is an almost closed mapping of a space
X on to a compact space Y such that f—l(y) is an @ -Hausdorff
@ -nearly paracompact subset with respect to X \ f'l(y) for

each point y € Y, then f is continuous.



59

PROOF :

Since G(f) is closed (by theorem 2.3.4) and Y is compact, f

is continuous,

THEOREM 2.3.6 [ 3]
Let f: X— Y be an almost closed mapping such that
f—l(y) is closed for each point Yy e Y. If A is an ¢ -regular

@ -paracompact subset with respect to X\ A, then f(A) is closed.

PROOF :

Let y ¢ f(A) be any potnt.

Since f-l(y) is closed, X\ f—l(y) is opeh.

Since A is q -regular gq -paracompact with respect to X \ A, then
by Theorem 2.2.6 there is an open set V such that

ACvcel(V) € X\fl(y).

co Ny e x ey,

- Since X \ cl(V) is a regular open set and f is an almost closed
mapping, there is an open neighbourhood H of y, such that

iy c e x \aw).

CLAIM : HN{f(A) = ¢.
Suppose HNf(A) $ 0.
Then there exist Yo ¢H and Yo cf(A).
Yo €t(A) = Yo = f(x) for some X € A.
f(xo) €H,
That is, x, ef “(H).

That is, Xo €X\ cl(V) (since f_l(H)CX\Cl(V))-
=) Xg ¢cl(V).
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This is a contradiction since Xq A and AC cl(V).
.*« HN{(A) = ¢. Hence the claim.

ey & cl(f(A))

Hence f(A) is closed.

THEOREM 2.3.7 [3]

Let f: X =+ Y be an almost closed mapping such that
G(f) is closed. If A is an q -regular g -paracompact subset with

respect to X\ A, then f(A) is closed.

PROOF : *

Given that G(f) is closed.

Let x ¢f'1(y) = f(x) $vy.

Since G(f) is closed, (x4y) ¢ G(f) = cl(G(f)).

=> There exists an open UxV such that (x4y) € UxV and
UxV NG(f) = §.

CLAIM : Ur\f'l(y) = ¢.

Suppose UN f-l(}') t 6.
There exists x eUﬂf-l(y).
That is, X € U and f(xo) = y.

.t (xgs f(xg) €G(f).

Since y ¢V, f(xo) EV. .°. (xo. f(x,)) € UxV.

o)
"« (x5, f(x3)) € UXVNG(f) $ ¢ which is a contradiction.
.". There exists an open set U containing x such that

varty) = 6.
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e X ¢cl(f-1(y)). Hence f-l(y) is closed.

."« By Theorem 2.3.6, f(A) is closed.

COROLLARY 2.3.8 [ 3]
Let f: X+ Y be an almost closed mapping such that
G(f) is closed. If every closed subset A of X is a -regular

a -paracompact with respect to X\ A, then f is closed.

PROOF :

Let A be a closed subset of X.

Therefore, A is @ -regular a-paracompact with respect to X\ A.
-

By Theorem 2.3.7, f(A) is closed.

Therefore, we have for every closed subset A in X,

f(A) is closed. Hence f is closed.

THEOREM 2.3.9 [3]
Let f: X + Y be an almost closed mapping such that
G(f) is closed. If f(A) is an a -paracompact subset with respect

to Y \f(A), then f(A) is a closed a -Hausdorff subset of Y.

PROOF :

Let y ¢ f(A) be any point.

Given that G(f) is closed.

That is, (x.y) § G(f) = cl(G(f)).

=) There exists a neighbourhood of UxV of (x,y) such that
Uyx Vg NG(f) = .

=> There exists z € U, such that f(2) ¢Vy

= () 0 vy = §.
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To prove f(A) is g -Hausdorff.

Take any z ¢f(A) and z' eY\ f(A).

z ef(A) => z = f(x) for some x €A,

Since z' §f(A), z' } f(x).

<o (x4 2') & G(f).

By the above argument, these exist open sets U and V such that
X €U and z' €V such that f(U)O\V = §.

Since f is open, f(U) is open and as x €U, z & f(U)

.’. For any two disjoint points z e f(A) and z' e Y\ f(A),

there exist disjoint neighbourhoods f(U) and V containing z and
z' respectively.

.". f(A) is a- Hausdorff.

To prove f(A) is closed.

Let y ‘f(A). Since f(A) is « -Hausdorff a -paracompact with respect
to Y \ f(A), there exist disjoint regular open sets U and V such
that, y eU and f(A)cV, UNV = §.

Hence y €cl(V).

That is, y ¢ cl(f(A))

=> f(A) is closed.

The chapter is concluded with an example to show
that the assumption "f is an almost closed mapping" in Theorem

2.3.7 cannot be dropped.

EXAMPLE 2.3.10 [3 ]

Let X

{a;: ieI} be a discrete space.
{blu {bi : ieN} .

Let each point bi be isolated.

Let Y
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Let { Vk(B) : k €N} be the fundamental system of
neighbourhoods of b, where
V) = {blu b :izxk}

Let V

u {b; : ien}

CLAIM 1: Y is a Hausdorff space such that cl(V) = Y.

Let x and y be any two distinct points of Y.

Case (i) x""bi'y:bj

In this case since by and bj are isolated, the Hausdorff condition

a

is satisfied.

Case (ii): x = b4 y=bj

Since bj is isolated, there exists a neighbourhood Uj containing
bj. which does not contain any other point.

ja1 -
Consider V?**(b) = {blU {bj+1, by,z U |
Vj+1(b) is a neighbourhood of b which does not contain b i
Therefore, Uj('\de(b) = .

Hence the Hausdorff condition is satisfied in this case also.

Therefore Y is a Hausdorff space.

To prove cl(V) = Y

It is enough to prove that b €cl(V).

Let U be an open set containing b.

Then by the fundamental system of neighbourhoods of b, there
exist k such that b € VN(b)C U, where VS(b) = {b, b, b, ....}
CLVEMmINV b = uav k.

.« b €cl(V). Hence claim 1.
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CLAIM 2: The set G(f) is closed in XxY.
Let f: X *+Y be a mapping defined by f(a;) = b;, for every ie N.
G(f) = {(aj, f(a;)) : i €N}
= {(a, by) :ieN}
Let (x,y) ¢G(f).
Then x = a; for some i in N and y # f(ay).
AR A by
Hence y = b, for some j # i (or) y=b.

Consider the case y = b.

-

e (X'.Y) = (ail b)

Let U = {a;} and v = vi*l(p).

b.

Suppose not, there exists (x¢ y(x))eU x V.

To prove U x VNG(f)

That is, (ak:, bk) el x V,

vi*lb), k3 i1,

Since b &V =
But since ay eU, k=i, a contradictions.
- Ux VNG(E) = ¢

Consider the case y=bj.
Let U = {a5} , V= {bj} .
As b; t f(a;), U x VAG) = ¢.
In either case, (x,y) ¢ cl(G(f)).

Hence claim 2.

CLAIM 3: f is not almost closed.
Let U = fa, : neNn}

Then f(U) = {b, : neN }
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Int (U) = U ; cl(U) = U.

cl(Int(U)) = cl(U) = U.

Therefore, U is regular closed.

Clearly b ¢f(U).

Let us show that b ecl(f(U)).

Let W be an open set such that beW.

-+ There exists k such that b er(b)CW-

o8ince £(U) = {bgy : neN}, we get, VX(B)NE(U) # 4.
e WNE(U) 6.

'« becl(f(v)). *

.*. £(U) # cl(f(U)). Thus f(U) is not closoed.

Hence there exists a regular closed set U such that f(U) is not

closed. Therefore f is not almost closed. Hence claim 3.

CLAIM 4: U is @ -regular.

Let x be any point in U and W be an open set containing x.
Then x = a0 for some n.

Let V= {a, }=>cuv) = {a, }

x = ay evaa(W) =h, lcw,

Therefore U is @ -regular.

CLAIM 5: U is @ -paracompact with respect to X\U.
Let ‘U = {Ui :i€1} be an open cover of U.

Let V = {{ay}, fa,.}{agl ......}
(1) ¥ refines U

(ii) Obviously V covers U.

(iii) To prove ¥ is locally finite at each x € X\ U.
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XxXeX\U = x¢ U.

Ce X = 8041 for some n.
Let W = {aZn' a2n+1 } . Then W is a neighbourhood of x and

it intersects only two members of % .

.*. ¥ is locally finite.

Hence U is @-paracompact with respect to X \ U.

Thus there is an @ -regular @ -paracompact subset with respect

to X\ U, such that f(U) is not closed.
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