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INTRODUCTION 

Mathematics is of profound significance in the 

universe, not because it exhibits principle, that we 

obey, but because it exhibits principles that we impose 

- J.N.N. Sullivan. 

In this thesis we present a brief survey of the 

following three papers (1). Almost-continuous mappings 

by M.K. Singal and Asharani Singal [10], (2). On 

0 -continuous mappings by Shashi Prabha Arya and Mamata 

Deb [9], (3). A characterization of completely regular 

spaces by Sunder Lal [12]. 

The main ideas discussed in the first two papers 

are different generalizations of the concept of 

continuity. These are called Almost-continuity, 

weak - continuity, 0 -continuity, Near - continuity, 

Almost-continuity in the sense of Lallings. 

In the third paper a characterization of 

completely regular spaces is obtained in terms of a 

suitable topology defined in the space of convergent 

filters. 



A mapping f:X-Y is said to be almost-continuous 

in the sense of Stallings, if for every open set W 

containing the graph of f, there exists a continuous 

mapping g:X—Y such that the graph of g is a subset of 

N. 

The above concepts are connected as follows. 

SAC AC NC 

Here C=continuous, SACalmost-continuous in the sense 

of 3ta111ngs, AC=almost-continuous NC=nearly continuous 

and 0-c 0-continuous. 

The important results proved in this connection 

are the following. 

An open mapping is almost-continuous if and 

only if it is weakly-continuous. 

* 
Let fa: Xa-a be almost-continuous 

0-continuous) for eachcA and let f:llXa -b 

IIXrj be defined by setting (f(xa ))(fa(xa )) 

for each point (x ) € II Xa . Then f is almost- 
cA 

continuous ( 0-continuous). 



Let h:X— llXe  be almost-continuous 
acA 

U-continuous) for each a€I, define 

fçy :X— Xeby setting fa(x)=(h(x)) Then 

f is almost-continuous ( U -continuous) 

for allcyI 

The composition of two 0-Continuous mapping 

is 0-continuous. 

The graph mapping of a 0-continuous mappng 

is 0-continuous. 

For a mapping f:X-Y, the following are 

equivalent. 

f is almost-continuous 

Inverse image of every regularly-open 

subset of Y is an open subset of X. 

 Inverse image of every regularly-closed 

subset of Y is a closed subset of X. 

 For each point xX and for each regularly 

open neighbourhood M of f(x), there is 

a neighbourhood N of x such that f(N)CM. 

 f(A)jnt (f 1(int cl A))for every 

open set A of Y. 

 ci (f(int ci B))Cf 1(B) for every 

closed subset B of Y. 

For any point x6 X and for any net{x}D 

which converges to x, the net {f(x )}&D 

is eventually in each regularly open set 

containing f(x). 



clearly a T
* 
 and for completely regular spaces, they are 

identical. 

The main results proved here are the following. 

(X, T ) is completely regular if and only iF 

f: (X*, )(x, T ) is a continuous mapping. 

(X,T) is almost regular if and only if 
* * 

f:(X ,T )-(X,T ) is an almost-continuous 

mapping. 

(X,T ) is almost-completely regular if and 
* 

only if f:(X , )-(X,T ) is an almost 

continuous mapping. 



(I1apfrr I 



C H A P T E R - I 

PRELIMINARY DEFINITIONS 

Definition : 1.1 

(X, T ) is a Hausdorff space if and only if 

x,yX with xy implies that there exists open sets U and 

V with xU, yEV and UflV 

Defintion 1.2 

()C,T ) is compact if and only if each open cover 

of (x,T) contains a finite (open) subcover. 

Definition : 1.3 

(c,T ) is regular if and only if pX and F X -p 

with F is closed implies that there exists open sets U 

and V with pE.U, FCV and U11V= 

Definition : 1.4 

(X,T ) is completely regular if and only if p.X 

and FCX-{p} with F is closed implies that the existence 

of a continuous function f:X—I'  ([O,l]) with f(p)= {O} 

and f(F)={l}. 
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Definition : 1.5 

A set A is called Regularly 
- open if it is t:c 

interior of its own closure or equivalently if it is the 

interior of some closed set. 

Definition : 1.6 

A set A is called regularly-closed if it is tre 

closure of its own interior or equivalently if it is the 

closure of some open set. 

Definition : 1.7 

A subset A of a space X is said to be discrete set 

if and only if every point in A has a isolated points. 

Definition : 1.8 

A space X is said to be locally compact and x if 

there is some compact subset C of X that contains a 

neighbourhood of x. If X is locally compact at eacLi of 

its points, then X is simply said to be locally coiact. 

Definition : 1.9 

Let X be any set and consider an arbitrary 
X 

subfamily C 
1 
 of R . The weak topology induced by C is 

definied to be the smallest topology on X. Such that all 

function in C1are continuous. 
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Definition : 1.10 

A subset A of a space X is called a G- set in K 

if it equals the intersection of a countable collection 

of open subsets of X. 

Definition : 1.11 

Let f:(S, T1)(T T 2) be a function then f is oper 

if and only if GTi implies f(G)T2 

Definition : 1.12 

Let f:(S, T 1 )-(T,T2 ) be a function then f is 

closed if and only if C is closed in S implies f(c) is 

closed in T. 

Definition 1.13 

A topological space (X, T ) is said to be almDst - 

regular if for each xE X and for each regular open set 

U containing x, there exists an open set V such that 

xVcc1 VcU. 

Definition : 1.14 

A mapping f:X—Y is said to be almost-open if the 

image of every regularly-open subset X is an open subset 

of Y. 
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Definition 1.15 

A mapping f:X—Y is said to be almost-closed if 

the image of every regularly-closed subset of X is a 

closed subset of Y. 

Definition : 1.16 

A space is called Uryshonspace if for every pair 

of distinct points x and y, there exists open sets U and 

V such that xU, yV and (clU)fl(clV) 

Definition : 1.17 

A space is said to be almost-compact if each open 

cover has a finite subfamily whose cicsureswver the 

space. 
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C H A P T E R - II 

SECTION - 1 

DIFFERENT GENERALIZATIONS OF CONTINUITY 

Definition : 2:1 

A mapping f:X—Y is said to be continuous at a point 

x C X if for every neighbourhood M of f(x), there is a 

neighbourhood N of x such that f(N)CM. 

Example : 2:2 

A constant map f:X-.X is always continuous. 

Let X be any set, T , 
T2 two topologies on X. Then 

the map i:(X,Ti )—(X,T2) is continuous. 

Let ACX and i:A—'X be the inclusion map a—a t:en 

i is continuous. 

Let f be the function defined on R by setting 

f(x)x for all xR. Then f is continuous on R. 

Let f be the function defined on R by setting 

f(x)1x1 for all xER. Then f is continuous on R. 

Definition : 2:3 

A Mapping f:X-Y is said to be almost-continuous at a 

point xCX, if for every neighbourhood M of f(x), there is a 

neighbourhood N of x such that f(N)Cint ci M. f is said to 

be almost-continuous if it is almost-continuous at every point 

of X. 



Note: 

Obviously, every Continuous map is almost-continuous. 

But the converse of this statement need not be true, as the 

following example shows. 

Example : 2:4 

Let R be the set of real numbers. LetTicorisists of 

,R and complements of all countable subsets of R. Let 

x= { a, bT and T2 = { x, , { } . Let f: (R,T1 )(x,T 2  

defined by f(x)= a if x is rational 

if x is irrational. 

Then f is almost-continuous at each point of R but no 

continuous at xER if x is rational. 

Definition : 2:5 

A mapping f:X--Y is said to be weakly-continuous if 

for each point xX and each neighbourhood M of f(x) there 

exists a neighbourhood N of x such that f(N)Ccl M. 

Theorem : 2:6 

Every almost-continuous mapping is weakly 
- continucus. 

Proof: 

Let f:X—y be almost-continuous. Then for xX and for 

every neighbourhood M of f(x) there is a neighbourhood N of x 

such that f(N)Cint ci M. This implies f(N)C.int ci MCcl N. 

Here f is weakly-continuous. 
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Clearly, every continuous map is weakly-continuous. 

The converse of the above statment is need not true. This 

is shown by the following example. 

Example : 2:7 

Let R be the set of real numbers and T {,R,u/R-u is 

countable}. Let X={ a,b,c} and letT={ ,x,a},{c},{a,c}} 

Let f:(R,-r )- (X,-r4) be defined as, 

f(x) = a if x is rational. 

= b if x is irrational. 

Then f is a weakly-continuous mapping which not 

almost-continutinuous (at any rational point) 

The map f is weakly-continuous as ci a{a,b} , and not 

almost  -continuous as mt ci a ={a} . Hence it is not 

continuous. 

Definition : 2:8 

A mapping f:X-Y is said to be p-continuous at a 

point xX if for each neighbourhood M of f(x), there is a 

neighbourhood N of x such that f(cl N)C ci M. f is said to 

be a P -continuous if it is 0-continuous at each point jf 

go 

Note: 

From the above definition it follows that every 

continuous mapping is 0-continuous. But the coverse of 

this statement need not be true, as the following example 

shows. 



Example : 2:9 

Let R be the set of all real numbers. The topology 

T1 on R consists of R, and the complements of all countable 

subsets of R. Let X {a,b,c} and letT2=14 ,X,{a} ,{c} 

Let f:(R,Ti)-4 (X,T 2) be defined as follows 

f(x) = a if x is rational 

= b if x is irrational. 

Then f is a 0-continuous mapping which is not continuous. 

Definition : 2:10 

The mappings f:X-Y and g: X-Y are said to be a-near 

for an open covering oof Y for every xEX, f(x) and g(x 

belong to the same set UC° . A mapping f:X-Y is saic to 

be nearly-continuous, if for every open covering of Y, 

there exists a continuous mapping g:X—Y which is a-near 

to f. 

Obviously, every continuous mapping is 

nearly-continuous. The converse of the above statemen is 

need not true. This is shown by the following example. 

Example : 2:11 

Let X{a,b,cd,}T ,X,{a,d},c,}{a,c,d}3 and let 

T21X{a} , {b,c}, {a,b,cfl . Let f:(X,T1)(X,T2) be 

the mapping defined by f(a)=f(b)=f(c)=a, f(d)b. Then f is 

nearly-continuous but it is continuous. 

roi 
L!J 



Definition : 2:12 

A mapping f:X—Y is said to be almost-continuous in 

the sense of Staliings if for every open set w contar.ing 

the graph of f, there exists a continuous mapping g:X—Y 

such that the graph of g is a subset of W. 

Note 

From the above definition it follows that every 

continuous map is almost-continuous in the sense of 

Stallings. But the converse of this statement need not 

true, as the followsing example shows. 

Example : 2:13 

Let X be the set of all natural numbers and let 

{2n-1,2n}/n1,2 ..........}.Let r be the topolcgy 

for X for which, is a base. Let Y be the set of all real 

numbers and CUbe the usual topology for Y. Let f:(X,T )-

(Y,Cti) be the mapping defined by f(m)= —for all mEX. 

Then obviously f is not continuous. However f is 

almost-continuous in the sense of .Stallings. Since if G 

be any open set containing the graph of f, then the graph 

of the continuous mapping g:(X,T )—(Y,L) defined by 

g(2n)=g(2n-l) = 121n1,2 .....is contained in G. Hence 

f is almost-continuous in the sense of Staiiings. 



Remark : 2:14 

The inverse of an almost-continuous one-to-Dne 

mapping need not be almost-continuous. 

Let R be the set of real numbers. LetT consists of 

4,R and the complement of all countable subsets of R. iet 

U denote the usual topology for R. Let i be the identity 

mapping of (R,U) onto (R,T). Then i is almost-continuous. 

The inverse of the mapping is not almost-continuous. 

To prove i: (R,T )(R,u ) is not almost-continuous. 

Let xER,  Let U=(a,b) be the neighbourhood of i1 (x)x. 

There exists no neighbourhood V of x in (R,T ) such that 

(V)int cl U. Hence i 1  is not almost-continuous. 

Next we prove an important theorem connected with 

almost-continuous mappings. 

Theorem : 2:15 

For a mapping f: X—Y, the following are equivaler.t: 

f is almost-continuous. 

Inverse image of every regularly-open subset of 

Y is an open subset of X. 

Inverse image of every regularly-closed subset 

of Y is a closed subset of X. 



For each point xX and for each regularly-oper 

neighbourhood N of f (x), there is a neighbourhood 

N of x such that f()CM. 

f (A)jnt(f 1(int ci A)) for every open 

subset A of Y. 

ci (f(jnt ci B))f 1(B) for every closed 

subset B of Y. 

For any point xX and for any net{x}Xb 

which converges to x, the net{ f(x )}XD IS 

eventually in each regularly-open set contining 

f(x). 

Proof: 

(a) = (b) 

Let U be any regularly-open subset of Y. Let 

x6f(U). Then f(x)U. Since f is almost-

continuous, there exists an open set V in X such 

that xV and f(V) Cint ci U = U. Thuscvc..f 1  (U) 

and therefore f(u) is a neighbourhood of x. Hence 

-1 -1 
f (U) is a neighbourhood of x. Hence f (U) is oen. 

(b)= (c) 

Let A be any regularly-closed subset of Y. ?hen 

Y-A is regularly-open and therefore f(Y-A) is open 

[by (b)] 



i2 

Claim : f 1  (Y-A) = x - f 1  (A). 

-1 
Let xEf (Y-A) 

iff f(x)EY-A 

iff f(x) A 

iff xEf (A) 

iff xX-f (A) 

Hence f'(Y-A) = X-f 1  (A) is open. 

Hence f 1  (A) is closed. 

(c)(d) 

Let DI be regularly-open. Then Y-M is regularly- 

closed. Therefore f (Y-M) is closed [by(c)]. Since 

f' (M) is open. Let x6f 1(M) = N (say). Then N is a 

neighbourhood of x such that f(N) CM. 

(d)== (e) 

Let x6f 1  (A). Then mt ci A is a regularly-open 

neighbourhood of f(x). Since A is open. Then there 

exists an open neighbourhood N of x such that f(N) 

mt ci A. Thus xNCf (mt ci A). 

Also since N is open, N = mt Nint f 1  (mt ci A). 

-1 -1 -1 
Hence xint (f (mt ci A)). Hence f (A)Cint(f (mt. ci A 

(e) = (f) 

Let (Y-B) he open. 

Then, f(Y-B)cjnt [f 1(int ci(Y-B))] [by (e)] 

f(Y-B) = X-f 1(B)int [f (mt ci Y-B)] 

X-[X-f 1(B)]X-int [f 1(int ci (Y-B))] 

f 1 (B)X-int [f 1  (mt ci (Y-B))] 
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That is, ci [f (mt ci B)]f 1  (B). 

= (g) 

Let N be any regularly-open set containing f(x). Then 

Y-N being closed. 

c1[f(intcl(Y-N))]cf(Y-N) [by (f)]. 

Since Y-N is regularly-closed therefore 

[f(Y-N)] xf 1(N). This means that f 1(N)Cint[f 1(N)]. 

Thus f(N) is an open set containing x. Since the net 

converges to x, there existsXoED such that for 

all AX0 (D is directed by >, ) xAf(N)> This means 

that f(xX )N for aliX >,X0, that is the net{f(xX )}XD 

is eventually in N. 

(a) 

Suppose that f is not almost-continuous. Then there 

is an open set U containing f(x) such that for every 

open set U containing x, f(U)A (Y-int ci V) 
. 

This 

implies that ufl f-  (Y-int ci V) fr , for every open 

set U containing x directed by the set inclusion. 

(ie) cU = { U/xE.0 } 

Let U , U2 . ..........  be open sets such that, 

Ui D U2 D .......... 

Since Uflf 1(Y-int ci V) 

there exists points x1 ,x2  ...... such that 

E U f 1  (Y-int ci V) 

x2 U fl f 1  (Y-int ci V) 



MI 

Similarly x3EU3flf (Y-jnt ci V). 

=f(x3) 'f(U 3) fl(Y-int ci V) 

= f(x3) E.f(U) and f(x )G(Y-int ci v). 

f(x 
3 
)E 

3 
f(U ) and f(x )int ci V. 

3 

Then {xU} UEQL1S a net in X which converges to x and 

is such that no f(x0) is in mt ci V. Thus{ f(x)} 

is not eventually in the regulariy-openset mt ci V, 

which is a contradiction. Hence our assemption is wrong. 

Therefore f is almost-continuous. 

Theorem : 2.16 

Every almost-continuous mapping is 0 -continuous. 

Proof: 

Let f: X—Y be an almost-continuous mapping of X into 

Y. Let xX, and let U be any neighbourhood of f(x). 

There exists an open set G such that f(x)EGçU. 

Since f is almost-continuous, the set Vf 1(int ci C) 

is open in X. Thus XEf 1  (mt ci G) C f (ci G). Th 

inverse image of every regularly-closed set under an 

almost-continuous mapping is closed by theorem [2.15]. We 

assert that f(ci G) is closed and therefore ci Vçf 1(ci C), 

That is f 1  (ci V)ci Gcl U. Thus f is 0-continuous. 

Hence every almost-continuous map is 0-continuous. 



Note 

The converse of the above theorem is not true. That is 

every 0 c0ntinu0us.mapping is need not be almost-continuous. 

The mapping given in example [2.9] is a 0-continuous mapping 

.ihich is not almost-continuous. 

The next theorem gives a condition under which a 

0-Continuous mapping is almost-continuous. 

Theorem : 2.17 

If f:X—Y is a 0-continuous almost-open mapping then f 

is almost-continuous. 

Proof 

Let f:X—Y is a 0 -continuous almost-open mapping. To prove 

f is almost-continuous. Let xE X and let M be any 

neighbourhood of f(x). Since f is 0 -continuous, there 

exists an open neighbourhood N of x such that f(cl N)Cc1M. 

Since, f is almost-open, the image of every regularly-open 

subset of X is an open subset of Y. Therefore f(int cl N) 

is open. Thus f (mt cl N)int [f(cl N)] Cint cl M and 

consequently f is almost-continuous. 

It is interesting to note from the following examples 

that a mapping may be almost-continuous in the sense of 

stallings uithout being 0-continuous and nearly-continuous; 

a mapping may be nearly-continuous without being 
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and almost-continuous in the sense of 

stallings, and that a mapping may be O-continuous without 

being nearly-continuous and almost-continuous in the 

sense of stallings. 

Example : 2.18 

Let X {p,q} andT 1 ={{p} , x} and let Y{a,h} and 

T2 be the discrete topology for Y. Then the mapping 

f:(x, Ti)-(Y,T2 ) defined by f(p) = a, f(q) = b is neither 

0 - continuous nor nearly-continuous but it is 

almost-continuous in the sense of stallings. 

Example : 2.19 

Let X = [0,1] and letO.Lbe the usual topology for X. 

Let Y = [0,1] andrbe the topology for Y, which is the 

usual topology at all points except at o. Let the 

neighbourhood system of o consists of complements of 

finite subsets of Y. Let f:X—Y be defined as f(x)x if x 0 

and f(x)1 if x0. Then f is 0-continuous but neither 

nearly-continuous nor almost-continuous in the sense 

of stallings. 

Example : 2.20 

Let X=[0,1] and let0lLbe  the usual topology for X 

Let Y{a,b.c} and letT , {c:} {a{ a,c}}Let f: 

(Y,T ) be the mapping defined as f(x) = a if 0 x */2 

and f(x) = c if 1/2 1. Then f is nearly-continuous 

but not 0-continuous. f is not almost-continuous in the 

sense of stallings, since the set VJ = AXB where 
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A[0,1/2+c] X{ a} and B=]1/2-E, 1] Xc} is a neighbourhood 

of the graph of f such that the graph of no continuous 

function from X to Y is ccntained in W. 

Note 

The map defined in example [2.91 is 0-continuous, 

almost--continucus in the sense of stallings and 

nearly-continuous but not almost-continuous. 

We now have the following implication diagram: 

SAC A6 NC 

Here C = ccntinuous, SAC = almost-continuous in the 

sense of stallings, AC almost-continuous 

NCnearly-continuous and 0 -C = 0 -continuous. 

Theorem : 2.21 

If f: X—Y is weakly-continuous open mapping, then f 

is almost-continuous. 

Proof 

Let xX and M be any neighbourhood of x. Since f 

is weakly-continuous, there is an open neighbourhood N of 

x such that f(N)Ccl M. Sinco f is open, f(N) is open. 

Then f(N)cijnt ci N and hence f is almost-continuous. 



Corollajy : 2.22 

An open mapping is alipst-continuous if and only if 

it is weakly-continuous. 

Theorem 2.23 

Every restriction of an almost-continuous mapping is 

almost-continuous. 

Proof 

Let f be an almost-continuous mapping of X into Y. Let A 

be any subset of X. Let S be any regularly-open subset 

of Y. 

Claim : (f/A) (s) = AA f 1(s). 

Let yAf (s). 

iff yA and yEf (S) 

iff y6A and f(Y)ES 

iff (f/A) (y) ES 

iff yE(f/A) 1  (s) 

Hence (f/A) (s) = Aflf 1  (s). 

-1 
But f being almost-continuous, f (s) is open by theoreri 

[2.15]. Hence Aflf(S) is a relatively open subset o A. 

That is (f/A) (S) is open subset of A. Hence (f/A) is 

almost-continuous. 

Theorem : 2.24 

Every restriction of a 0 -continuous mapping is 

-continuous. 



Proof 

Let f:(X,T ) (Y,L) be a e  -continuous mapping an 

let A be any subset of X. Let (EA and let V be 

neighbourhood of f(x). Since f is 0-continuous, ther 

exists an open set U such that xU ccl Ucf(cl v). 

Since xEU and xA, then XEUflA 9clA(UA)f(c1V) 

f'(clAv) A. If f/A = g, then x€ U flAcclA(u fl A)çl. 
V) 

It follows that g is O-continuous at every point of A and 

hence g IsO -continuous. 

Theorem 2.25 

Let f : > — X be almost-continuous for each a6A and 
* 

let f:ll X — fl X be defined by settng (f(x )) = )) a a i (f (xa  
for each point (x a ) eTl x . Then f is almost-continuou E. 

aeA 

Proof 

Let (xa )ll Xa Let 0* be a regularly-open subset of 

II x containing (f(x)). Then there is a member II 00 of the 
a A 

base of the product topology onil X such that (f(x ))EJI  0 

C 0* and 
= X for allaAexcept for a finite number of 

indiciesa1, i, 1,2 .....n (say) and O
U,  is an open subset 

ofX ,i=l,2 ........ n. 

* 
Since 0 is regularly-open. 

mt ci 110 CL 0 . Thus for each a, aja1 Oa  Cci 0a and 

a being almost-continuous there is an open subset Ua  cf 

such that XajCUa.  and f., (xa ) fçy1  (Uçy1  )int ci 0 

Thus 11Ua  containing (xa  ) such that f( ll Ua  ) CL 0 . Elence 

a€A f is almost-continuous. 
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Theorem : 2.26 

Let f,, : Xa Xa  be 0-continuous for eachAarL 

let f:ll Xll Xa be defined by (f(xa  ) = (xa  )) for 
each (x a )€ll X . Then f is aO-contjnuous. a 

aA 

Proof 

* Let (x )H X and V
* 
 be an open subset of II X a a a 

containing (f Cx ). Then there is a member V of the a a 
defining base for the product topology on X such that 

aE.A 
* * 

(f(Xa))611  Va V and V 
= Xa  for allaA except for a 

aA 
finite number of indicies a1, i= 1,2 ......i-i (say) aid 

Vai  is an open subset of X. , i=1,2 ......n 

Now for each a.' (xa Vci since f is 
1 1. aj  

0 -continuous, there is an open subset U of X 
CLi 

such that 
a 

X and f.  . (cl U a)ccl V . It follows that the 

set Ua = "U , where U = X for a c(j, i1 , 2 ......n 

is an opena set containing (x) such that f(cl II U )ccl V. 

Hence f is 0 -continuous. aeA 

Theorem : 2.27 

Let h: X-llX be almost-continuous. For each a I\ 

define fa : XXa by setting fa(X) = (h (X))a Then f IS 

almost-continuous for all aA. 

Proof 

Let P a : XXa be the projection map. Let h:X1X 

be a map defined by f a(x) = (h(x)) a•  Then P a°  h= f.  for 



each a Now Pa  is open and continuous for each and h is 

almost-continuous. Since the composition of two almost-

continuous mappings is almost-continuous. Therefore P aO h 

is almost-continuous. That is fy is almost-continuous 

for each a. 

Theorem 2.28 

The composition of two U-continuous mapping is 

0-continuous. 

Proof 

Let f: X-Y and g:Y-Z be two 0-continuous mappings. 

We shall show that the composite g o f: X-Z is a 

o -continuous mapping. Let xX and let W be an open 

subset of Z containing (g of) W. Since g is 

0 -continuous. There exists an open subset V of Y such 

that f(x)Vçcl VC9 1  (ci W). Again, since f is 

0 -continuous, there exists an open subset U of X such 

that xEUcl UCf (ci V. Thus xrUccl Uf 1(q 1(clW)) 

(gof) (ci W). It follows that gof is 0-continuous. 

Corollary : 2.29 

Let f:X-Y and g: Y-Z be any two mappings. If gf 

is 0 -continuous and one of f and g is an open, one-to-one, 

onto mapping, then the other is U-continuous. 

Proof 

If f be an open one-to-one, onto mapping, then f is 

continuous. Since every continuous mapping is 0-continuous 
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than f 1  isa-continuous. Take g = (g0f)0f, then g0f 

is s-continuous by theorem[2.28]. Again by theorem [2.28] 

g is 0-continuous. Similarly it can be proved that f is 

0 -continuous in case g is an open, one-to-one, on-to 

mapping. 

Theorem : 2.30 

Let h: X-ll X.  be 0-continuous. For each aEAef1fle 

X-X a  by f a  (x) = (h (x) Then each fa  iso -continuous. 

Proof 

Let P : II X-X be a projection map. Let h: X-H) 

6-continuous map. Let f: xX be a map defined by 

a (x)(h(x))cy . Then P 0hf for each a. Now P is open and 

continuous. Since every continuous mappings are 

0-continuous. Hence P is 0 -continuous mapping. Hence 

fa is 0 -continuous by theorem [2.28]. 

Theorem : 2.31 

Let f map X into Y and let x be a point of X. If 

there exists a neighbourhood N of x such that the 

restriction of f to N is almost-continuous at x. 

Proof 

Let U be any regularly-open set containing f(x). 

Since f/N is alsmo-continuous at x, there is an open set 

V, such that xENflVi and f(NIIV, ) C-U. Obviously NflV, is a 

neighbourhood of x. Hence f is almost-continuous. 
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Corollary : 2.32 

Let f map X into Y and let { : XEA} be an open 

cover of X. If for eachXA, f/GA is almost-continuous at 

each point of G 
A 
 then f is almost-continuous. 

Proof 

Let x be an arbitary point in GA  for some XA 

Since flGA is almost-continuous at XGA by theorem[2.31] 

f is continuous at x. Since x is arbitary f is 

almost-continuous at every point XGA . Hence f is 

almost-continuous. 

Theorem : 2.33 

If f is a mapping from X into Y and XX 1UX 2  where X1  

are Xare closed and fix and f/X2  are almost-continuous, 

then f is almost-continuous. 

Proof 

Let A be a regularly-closed subset of Y. Then, 

Since f/X1  and f/x2  are both almost-continuous, therefore 

(f/X1  ) -(A) and (f/) ) -(A) are both closed in X 1  and X2  

respectively by theorem [2.15]. Since X1  and X2  are 

closed subsets of X , (f/x 1  ) (A) and (f/x 2)_1  (A) are 

closed subsets of X. 

Also (f/X1  ) 1(A) (f/X2  ) 1(A)=f 1(A). Thus f'(A) is 

the union of two closed sets and is therefore closed. Hence 

f is almost-continuous. 
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Theorem : 2.34 

If f is a mapping from X into Y and X = X1  U X 2  and 

if f/X and f/X2  are both almost-continuous at a point x 

belonging to X 1fl X 2'then f is almost-continuous at x. 

Proof 

Let U be any regularly-open set containing f(). 

Since x (' X2 and f/X 1 and f/x 2 are bcth 

almost-continuous at x. Therefore there exists open sets 

V1  and V2  such that x EX 1flV 1  and f(X 1flV1  )cU and x eX,(IV2  

and f(X 
2 2 1 2 ñV ) cU. Now, since XX U X , therefore 

f(V fly ) = f(X ñv fly ) u f (x fiV ry 
12 1 1 2 2 1 2 

c f(X V U f (x rJ V2  

C. U. 

Thus, vflv2  =v 
is an open set containing x such that 

f(V)C U and hence f is almost-continuous at x. 

Theorem : 2.35 

It f is an almost-continuous, closed mapping of a 

regular space X onto a space Y such that f' (Y) is compact 

for each point yY , then Y is almost-regular. 

Proof 

Let A be a regularly-closed subset of Y. Let y4A. 

Then f(Y)ñf'  (A) = Since f is almost-continuous f 1(A) 

is closed by theorem[215]. Let f(Y) be compact. Since 

X is regular, there exist disjoint open sets G and H such 

that f 1(A)CG, f1(Y)CH. 
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Let P ={ z:f 1  (z)G}and Q={z:f 1(z)CH} Then Y4P, 

ACP, Y GQ and P flQ - Since f is closed, P and Q are 

open. Hence Y is almost-regular. 

Definition : 2.36 

For any mapping f: X---Y, the mapping g:X-X x Y 

defined by setting g(x)(xif(x))is called the graph 

mapping of f. 

Theorem : 2.37 

The graph mapping of a 0-continuous mapping is 

0 -continuous. 

Proof 

Let f: X---,,Y be 0-continuous mapping and let g:X-XxY 

be the graph mapping of f. To prove g is 0-continuoi.s 

Let M be a neighbourhood of g(x), there exists an open sets 

Ui and U2 of X and Y respectively, such that g(x)U1XU2M. 

Since g(x) = (x,f(x))therefore this implies that 

f(x)U2 . Since f isO-continuous there exists an open 

set V of X such that XV and f(cl V)U2. Let NVflE1  then 

N is a neighbourhood of x such that g(cl N)çU1  X U2rcl(U1 X U 

ci M. Hence g (cl N)cl M. Hence g is 0-continuous. 

Therefore the graph mapping of a 0-continuous mapping is 

0 -continuous. 
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Definition : 2.38 

A space X is said to be an Ei -space is every jc.int 

xX is the intersection of a countable number of cicsed 

neighbourhoods of x. X is said to be an E0  -spacE if 

every point xX is a G6. 

Theorem : 2.39 

If f:X—>Y is a 0-continuous mapping of a spa::e X 

onto a space Y such that f(Y) is a discrete subset of X 

for all yY and if Y is an E1 -space, then X is an E0  

-space. 

Proof 

Let xEX. Since Y is an E1 -space, there exists a 

countable family{t/i1,2 .....} of open neighbourhoodE of 

f(x) such that { f(x)} Ui.Since f is 0-contintcus, 

there exists for each i, an open subset Vj of X Euch 

that xVicclVicf '(c1U1).Thflf '(f(x)) f(cl c1)2 V 

Since f(f(x)) is a discrete subspace, there exists 

co  a closed subset F of X such that{x} f1(f(x))-F2(flV1) F 
CO 

fl (V1-F ). It follows that{x} = () (V -F). 
1=4 Jp 

consequently, {x} is a G6 and hence X is an E0-space. 
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SECTION : 2 

RETRACTION OF TOPOLOGICAL SPACES BY CONTINUOUS MAPPINGS 

AND 0-CONTINUOUS MAPPINGS. 

Definition : 2.40 

A subset A of a space X is said to be continuous 

retract of X if there exists a continuous mapping f:X—A 

such that f is the identity on A. (that is f(x)=x for all 

x(A). 

Definition : 2.41 

A subeE A of a space X is said to beO-continuous 

retract of X if there exists a U -continuous mapping f:X—)A 

such that f is identity on A (that is f(x)=x for all xA). 

Theorem : 2.42 

Every continuous retract is a 6-continuous retract. 

Proof 

LetA be a subset of X. Since A is continuous 

retract there exists a continuous mapping f:X—A, such 

that f is identity on A. That is f(x)x. Since every 

continuous map is 0 -continuous. Therefore f: X—A is 

O -continuous, such that f is identiEy on A, where A is a 

subset of X. Hnece A is 0 -continuous retract. Hence 

every continuous retract is a 9-continuous retract. 
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Note 

The converse of the above theorem need not be 

true. That every 0 -continuous retract need not be a 

continuous retract. This is shown by the folowing 

example. 

Example : 2.43 

Let X[O,l} and letT be the topology for X w1iich 

is the usual topology at each point of X except at 0 and 

the neighbourhood system of 0 consists of sets which are 

complement of finite subsets of X. Then the subsetA[O,l} 

of X is a 0 -continuous retract of X is as much as - he 

mapping f: X-A defined by f(x) = 1 if x 

= 0 if x =0 

is a 0-continuous mapping which is the identity on A. 

However, A is not a continuous retract of X. 

Theorem : 2.44 

0 -continuous retract B of aO-continuous retract A 

of X is a 0-continuous retract of X. 

Proof: 

Since A is a 0 -continuous retract of X, there 

exists a O-continuous mapping f:X-'A such that f is the 

identity on A. Since B is a 0 -continuous retract of A, 

there exists a 0 -continuous mapping g:A-B such that g 
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is the identify on B. Then the composite gof:X-*B is a 

0-continuous mapping by theorem [2.28]. If x be any 

point of B, then xeA and thus (gof) (x)=g(f(x)) = g(x)> 

It follows that gof is the identi±y on B and hence B is 

a 0 -continuous retract of X. 

Theorem : 2.45 

Let X be any space and ACX. A necessary and suff 

condition that A be a retract of X is that for every spi. 

Y each continuous f:A-Y is extendable over X. 

Proof 

First, let A be a retract of X. Let g:X-A be a 

continuous mapping such that g is the identity on A. L: 

f:A-Y be a continuous mapping. Then the composite faz- 

X---~,Y is a continuous mapping. If x be any point of 

then (f o g) (x) = f(g(x))=f(x). Thus fog is a 

extension of f. 

Conversely, suppose that for every space Y, ever 

continuous mapping f:A — Y can be extended to 

continuous mapping g:X—Y. Let f:A-A be the mappir 

defined by f(a)=a ,a EA. Then f is continuous. E 

hypothesis, there exists a - continuous mapping g: X It 

such that g/Af. Let x be any point of A. ThEl 

g(x)f(x)x. Hence A is a retract of X. 
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Theorem : 2.46 

A subset A of a space X is a 0-continuous retract 

of X if and only if for every space Y, everyO-continuous 

mapping f:A—Y can be extended to a 0-continuous 

to a 0-continuous mapping on X into Y. 

Proof 

Assume A is a 0-continuous retract of X. Tc 

prove the given condition. Since A is() -continuous 

retract of X, there exists g:X—A be a 0-continuous 

mapping such that g is identity on A. Given f:A—Y is a 

0-continuous mapping. Then the composite fog:X—Y is a 

0-continuous mapping by theorem [2.28]. If x be any 

point of A then (fog) (x)f(g(x)f(x). Thus f o g is a 

extension of f. Hence f:A—Y can be extended to a 

O-cntinuous mapping on X into Y. 

Conversely, assume that for every space Y, every 

O-continuous mapping f:A-Y can be extended to a 

0-continuous mapping g:X — Y. To prove A is a 

0-continuous retract of X. Let f:A—A be the mapping 

defined by f(a)=a for all aA. Then, f is continuus 

and hence f is 0-continuous. Then by our hypothesis 

there exists a 0-continuous mapping g:X—)A such that 

g/A=f. Let x be any point of A. Hence g(x)=f(x)=x. 

This implies g is identity on A. Hence A is a 

0-continuous retract of X. 
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SECTION 3 

FIXED POINT PROPERTY IN RELATION TO CONTINUOUS MAPPINGS 

AND 0-CONTINUOUS MAPPINGS. 

Definition : 2.47 

A space X is said to have the continuous fixed 

point property if for every continuous mapping f:X—X 

there exists an xEX such that f(x)=x. 

Definition : 2.48 

A space X is said to have the 0 -continuous fixed 

point property if for every 8-continuous mapping f:X—)C 

there exists an xEX  such that f(x)=x. 

Theorem : 2.49 

If a space has the 0  -continuous fixed pcin 

property, then it also has the fixed point property. 

Proof 

Assume X has a 0-continuous fixed point property. 

To prove X has a fixed point property. Since X has a 

O-continuous fixed point property, there exists a 

0-continuous f:X-4X such that x€X, f(x)=x. 
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Let g:X—X be a identity mapping. Since, the 

identity mapping is continuous hence g is 0-continuous. 

Therefore there exists x .X such that g(x)x. Hence X 

has a fixed point property. 

Note 

The converse of the above statement is not true. 

This is shown by the following example. 

Example : 2.50 

Let X{a,b,c} and let A{1X,{ a{ a,h},{,a,c13 .The 

mapping f:X—X defined by f(a)b=f(c), f(b)=c is a 

0-  continuous mapping which does not map any point of X 

into itself. Hence X does not have the 0-contLnuous 

fixed point property, however X has the fixed point 

property. 

Theorem : 2.51 

If a space X has the 9-continuous fixed point 

property and A is a 0-continuous retract of X, then A 

has the 9-continuous fixed point property. 

Proof 

Let f:A-A be anyO -continuous mapping. Since A is 

a 0-continuous retract of X. Then f can be extended to 

a 0  -continuous mapping g:X—,A. Since X has the 



0-continuous fixed point property there exists xEX 

such that g(x)=x. 

Since g is a mapping from X to A, there exists xA. 

It follows that f(x)g(x)x and so X is a fixed point 

of f. Hence A has the 0-continuous fixed point 

property. 

Theorem : 2.52 

If (X,T) is a regular space with the fixed point 

property and if ris a topology for X stronger than 

-Ir 
such that for each GET , T -ci G T-cl G, then (X,T 

has the 0-continuous fixed point property. 

Proof 

* * 
Let f:(XJ )__(X,T ) be any 0 -continuous mapping. 

Let g: (X, T )—(X, 
T ) and h:(X, T )—(X, T  ) be the 

mappings defined by h(x) = g(x) for all xX. Let i: 

(x, T )—.(X, ' ) be the identity mapping on X. 

Obviously, i is an open, one-to-one and onto mapping. 

Also, since f=i0g and f is 0 -continuous, therefore g is 

0-continuous by corollary [2.291. Since every 

0-continuous mapping into a regular space is continuous 

therefore it follows that g is a continuous mapping. 

We shall now show that h is also a continuous mapping. 

Let x&X and let G be any t-open set containing h(x). 



Since (X,T ) is regular, there exists a T -open set G, 

such that h(x)EG,cT-cl G. 

Now, G1  is a T-open set and g is continuous. 

Therefore ) is a T-open subset of X. Since 

-1 -1 -1 
h (G1 )zr  g (G1), this means that h (G1 ) is a T -open 

subset of X. Thus Tcl [h(G)] = T -ci[h 1  (G )]. It 

follows that the set G2
= XT-cl[h(G1)]is T-open as 

well as T  -open. Consequently, T -ci G t-cl G2  (G3 say) 

and G G . Now, the set X'vG 3 
 is T-open as well as 

2 3  
* -1 
-open and is contained in T-cl h (G1 ). 

Also, xE X '-'G . Thus X -G 3  is a T-open set such 

that XXG3T -ci h(G 1) ILI h(TCl G 1)Ch 1(G). So 

for each xCX and for each-r -open set G contining h(x), 

there exists a T-open set containing x whose image under 

h is contained in G. Hence h is a continuous mapping. 

Since (X.T) has the fixed point property, there exists 

a point xEX such that h(x)=x. Since h(x)f(x) for all 

x, therefore f(x)x. Thus every 0-continuous mapping 

f:(X,T )_(X,T*) has a fixed point and consequently 

(X,T) has the0-continuous fixed point property. 

Following is an example of a Hausdorff non-regular 

space which has the 0-continuous fixed point property. 



Example : 2.53 

Let X=[0,1] X [0,1] andT be the topology for X 

which is the usual topology for X except at (0,0), A 

T-neighbourhood of (0,0) consists of the point (0,0) and 

with the open radius on yO deleted. If U be the usal 

topology for X, then since (X, U) is a regular space 

with the fixed point property and the topologyris stronger 

than U such that for each T-open set G. ci G = U-cl G, 

it follows that (X,T) must have the O-continuous fixed 

point property by theorem [2.52]. 
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SECTION : 4 

HOMOTOPY AND 0-CONTINUOUS HOMOTOPY 

Definition : 2.54 

If f and g are continuous maps of the space X 

into the space Y, we say that f is homotopic to g if 

there is a continuous map F: XxI—Y such that 

F(x,o)=f(x) and F(X, 1) = g(x), for each xX. The map 

F is called a homotopy between f and g. If f is 

homotopic to g we write f g. 

Definition : 2.55 

A 0-continuous mapping h:XxI-Y where X and Y are 

any spaces and I is the closed interval [0,1] with the 

usual topology is said to beO -continuous homotopy. 

Definition : 2.56 

A subspace A of a space X is said to have the 

the 0 -continuous homotopy extension property in X with 

respect to a space Y if for every continuous mapping 

f:X-Y and every homotopy h:AXI-3Y such that h(X,0)f(X) 

for all xEA, there exists a 0-continuous homotopy g:XxI-Y 

such that g(x,t)h(x,t) for all (x,t)EAxI and g(x,0)f(x) 

for all x6X. 



Definition 2.57 

Let ACX be given. We say that A has the absoLute 

homotopy extension propery (AHEP) in X if for each space 

Y and each continuous F: X—Y, every homotopy of F/A is 

extendable to a homotopy of F. 

Definition : 2.58 

A subspace A of a space X is said to have the 

absolute -continuous homotopy extension property in < 

if A has theO -continuous homotopy extension property in 

X with respect to every space Y. 

Theorem : 2.59 

(1). A has the absolute homotopy extension 

property in X if and only if (XxO) U (Ax:) 

is a retract of Xxi. 

(2) (XxO)U(AxI)(J(Xxl) is a retract of Xxi if and 

only if for each space Y and each pair of 

maps F, G:X—Y any given homotopy of F/A 

to G/A can be extended to a homotopy of F to G. 

Proof 

(1) Assume that (X x 0) U (AxI) is a retract of 

Xxi. A given F:X--*Y and a given homotcpy 

:A x I —Y of F/A determine a continucus 

(Xx0) U(AxI)—Y by setting'l (X,0)F(x), 
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'r(a,t)= (a,t). According to theorem [2.45] pextends 

to aT* :XxI-Y andf!*is  thus homotopy of F extending 

C-onversly, assume that A has the absolute homotopy 

extention property in X. choose Y(Xx0) U (AxI), let. F:X-Y 

be the map x-(x,O), and let the homotopy of F/A be(a,t) 

=(a,t). This extends to a homotopy 0 of F, and :X —Y is 

the desired retraction. The proof of (2) is similar. 

Theorem : 2.60 

If A is closed subset of a space X, then A has the 

absolute 0 -continuous homotopy extension property in X if 

and only if (X,0) U (AxI) is a o -continuous retract of 

Xxi. 

Proof 

First, suppose that (Xx0)U(AxI) is a 6-continuous 

retract of Xxi. Let Y be any space, f: X- Y be any 

continuous mapping and let h:AxI-Y be a homotopy such 

that h(X,0)=f(x) for all xA. Let g:(X'#.0) U(AxI)-,Y be 

the mapping defined by g(x,t = f(x) if t0 and g(x,t) 

h(x,t ) if t0, obviously, g is a continuous mapping. 

Since (XxO) U (AxI) is a 0-continuous retract of Xxi, 
* 

therefore g can be extended to a 0-continuous mapping g : 
* 

XxI-Y by theorem [2.46]. Since g is an extension of g, 
* * 

therefore g(x,t)=g (x,t), for all (x,t)AxI and g (x,O) 

= f(x) for all xEX. Hence A has the absolute 



S -continuous homotopy extension property in X. 

Conversely, suppose A has the absolute -continuous 

homotopy extension property in X. Let Y(XxO) Li (AxI) and 

let f: X—Y be a mapping defined by f(x) = (x,O) for all 

xEX. Then f is a continuous mapping. Let g: AxI—Y be 

the homotopy defined by h(a,t) = (a,t) for all (a,t)A>:I. 

Since A has the absolute S-continuous homotopy extension 

property in X, therefore there exists a 6-continuous 

homotopy g: XxI—Y such that g(x,t ) for all (x,t )& AxI 

and g(x,O)f(x) for all xX. Obviously, g is a 

U -continuous mapping of Xxi into (XxO) U (AxI). Let (x,y) 

be any point of (XxO)L)(AxI). if (x,y)EXx(ol , then Y0 

and therefore g[(x,y)] = g[(x,O)]f(x)(x,O)(X,Y). 

Also, if (x,y)EAxI, then xEA and g[(x,y)]h(x,y)(x,Y). 

Thus g is the identiLy on (XxO) U(AxI). Hence (XxO) 

4J(AxI) is a S-continuous retract of Xxi. This completes 

the proof of the theorem. 

Theorem : 2.61 

If A is a closed subset of a space X, then (XxO) 

i.J(AxI)U(Xxl ) isa 0-continuous retract of Xxi if and 

only if for each space Y and each pair of continuous 

functions f:X—Y and g:X—Y, any given homotopy f:X—*Y 

and g:X—Y, any given homotopy between f/A and g/A can be 

extended to a 0-continuous homotopy between f and g. 



Proof 

First, suppose that (Xx03 ) U(AxI) 1(Xx1i ) is a 

0 -continuous retract of Xxi. Let Y be any space and let 

f:X-.Y and g:X.-Y be continuous mappings. Let h:A xI-Y 

be a homotopy between f/A and g/A. Define a mapping 

* 
h :(XxO)L)(AxI)CJ(Xxl)-)Y by 

h* (x,t) = f(x) if t=O 

= h(x,l) if 0 <t<l, 

= g(x) if t=l 

* 
Now h is a 0-continuous mapping. Also, since (Xx0) 

J(AxI) U(Xx l3 ) is a o -continuous retract of Xxi, 

therefore h* can be extension of h* 
r* (x,O) = h* 

(x,0)=f(x) and h** (x,l)=h* (x,l) = g(x) for all xEX. 

Thus is a 0-continuous homotopy between f and g. 

Conversely, suppose that if Y is any space and f:X-Y 

and g:X—Y are continuous mappings, then any given 

homotopy between f/A and g/A can be extended to a 

0-continuous homotopy between f and g. Let Y(Xx0)U 

(AxI)1) (Xxl) and let f:X-Y be the mapping defined by 

g(x)=(x,l) for all x€.X. Then f and g are cofltinuous 

mappings. Let h:AxI-Y be the homotopy between f/A and 

g/A defined by h(a,t)=(a,t) for all (a,t)EAXIi Then h 

can be extended to a 0-continuous homotopy h* :XxI-Y 

between f and g. Let (x,y) be any point of Y. If (x,y) 

XxO, then K(x,y)K(x,0)f(x)(x,0)(xiY). If (x,y)Xxl 



then K(x,y)K(x,l) g(x)(x,l)(x,y). If (x,y)AxI, 

then K(x,y)h(x,y)(x,y). Thus K is the identi1j on 

Y(XxO)U(AxI)U(Xx 1 ). Hence (XxO)U(AxI)J(Xxl) is a 

0 -continuous retract of Xxi. This completes the proof 

of the theorem. 
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C H A P T E R - III 

A CHARACTERIZATION OF COMPLETELY REGULAR SPACES 

The set of all continuous functions from the 

topological space X into the topological space R is 

denoted by C(x) or for short by C. 

The sum or product of two continuous functions is 

again a continuous function. Suppose fEC then (-f)EC. 

Therefore C(x) is a commutative ring. Also the constant 

function 0  whose constant value is the real number 1 

belongs to C(x) and is its unity element. 

Definition : 3:1 

Consider fC(x). Then the zero-set of f is denoted 

by z(f) or z(f) and is defined as z(f){x€X/f(X)0} 

The family of all zero-set {z(f)/fC}in X is denoted 

by Z[C(x)] or simply Z[x]. 

Definition: 3:2 

Complements of zero-set in X are called co-zero sets. 



Definition: 3:3 

Let X be any set. A collection of non empty 

subsets of X is said to be a filter on X if 

3x 

if A and B are 9then AflB is also in 

if Aç and ACB then 

Example : 3:4 

If X is any set and Y is any nonempty subset of X, 

then the family of all subsets of X which contain Y is a 

filter on X. 

Definition: 3:5 

If (X, T ) is a topological space and is a filter 

on X, then is said to converge to x denoted by 

if every neighbourhood of x is a member of 

Definition: 3:6 

Let be a collection of closed sets. is said tc 

be a base for the closed sets if every closed set in X is 

an intersection of members of  B. 
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Equiva]entlyiS a base if whenever F is closed inY-, 

xX-F, there is a member ofthat contains F but not x. 

Definition: 3:7 

Let be a collection of open sets. is said tc be 

a base for the open sets if every open set in X is a 

intersection of members of 

Equivalently is a base if whenever F is open X. 

xX-F, there is a member of @ that contains F but no- . x. 

* 

Let (x, T ) be a Hausdorff space, and let X be the 

set of all convergent filters on X. Then f, which assigns 

* 

to each cpX , the point to whichp converges, is a mapp1r. 

For a subset ACX, we let ={ X/AE} and for XCX. 

we denote by Px, the filter {FCX/xF} . LetT be the 
* 

topology on X generated by { U / U is open in X } . T 

generate T , it is enough to consider { B* /BP} for any 

base for open sets in X. Lete denote the family of all 

* * 
co-zero subsets of X and leto be the topology on X 

generated by {C*  IC E E }. Clearly cJT and for comp1etely 

regular spaces, they are identical. In all the theore-r.. 

the space (x,T ) is assumed to be Hausdorff. 

Theorem: 3:8 

A Hausdorff space X is completely regular f and 

only if the family Z(X) of all zero-sets is a base fo the 

closed sets. 



4J 

Proof: 

Suppose that X is a completely regular, tien 

whenever F is a closed set and x E X-F, there exis 

fC(x) such that f(x)1 and f(F)0 

Hence FEzCf) and xZ(f). 

Z(x) is a base. 

Conversely assume that Z(X) is a base. hen 

whenever F is a closed set and x £ X-F, there exists a 

zero-set say Z(g) such that Z(g)F and x.Z(g). 

Let r=g(x), then r0 

Let fgr 1C(X). Where r is a constant function whose 

constant value is r. 

Note: 

By the above theorem " A Hausdorff sapce X is 

completely regular if and only if the family cf all 

co-zero sets is a base for the open sets". 

Theorem: 3:9 

(X, T ) is completely regular if and only if 
* 

f:(X ,G )-3(X,T ) is a continuous mapping. 

Proof: 

Let (X, T ) be completely regular and let U 1e an 

open subset of X. Let cpf 1(U) so that f(cp ) E U and 



1! 

therefore tj-iere exists a co-zero set C. Since every 

completely regular space is regular. Therefore by u5ing 

the result "(X,T ) is regular if and only if p5UT implies 

that V'r such that p EVCVCU". Sine f( (p ) is in U such 

that f( (P )CcCCU. If f( p ) C implies that pEC and  

C=f(C)CU implies C*czf u). This proves that f(U)6o 

for all UET and hence f is continuous. 

* 
Conversely assume that f:(X ,c ) - (X, T J is 

continuous mapping. To prove (x, T ) is completely 

regular. Let F be a closed subset of X and let 
-1 

Since f is continuous and pEf (F), which implies that 

* -1 
cp X ---f (F). That isCP  belonging to the open set in X

* 
 

Therefore there exists some C* , C Cesuch that cp x 
e C and 

C (if (F) = . It is clear from here that XEC and 

fl F= . Thus co-zero sets form a base for open se- s by 

theorem [3.9] and therefore (x, T ) is completely regi1ar. 

Theorem: 3:10 

* 
(X, T ) is almost-regular if and only if f:(X

* 
 

is an almost-continuous mapping. 

Proof: 

Let (X,T) be almost-regular and U be a regular open 

subset of X. To prove f is almost-continuous. That is to 

prove f(U) is open. Let(Pf 1(U). This implies f(P )U. 



Let V be an'open subset of X such that f(cP) EVCVCU. 

Since f((P)V, thenpVand V=f(V) U. Implies that 

V Cf 1  (U), hence f1(U)ETHence f is almost-continuous. 

Conversely assume that f is almost-continuous 

mapping, to prove (X,T ) is almost-regular. let U is a 

regular-open subset of X, containing x X. Since f is 
-1 

continuous and U is open, then f (U) is open. This 

implies f 1(X-U) is closed subset of X not containing YX 

* -1 
Let VCT be such that V and V (if (X-U) .This implies 

V(lX-U . It is clearly we have xVCVU. Hence (X,T 

is almost-regular. 

Definition: 3:11 

A topological space (X, T ) is said to be 

almost-completely regular if for each regular closed set 

(closure of an open set), F and for each x F, there 

exists a continuous function g:X—*[O,l] such that g(x)0 

and g(F) = {l} 

Note: 

Now the following weaker form of complete regularity 

is easy to characterize, and the proof follows from 

theorems 3.10 and 3.12. 

Theorem: 3:12 

(X, T ) is almost-completely regular if and only if 
* 

f:(X ,G)_(X,T) is an almost-continuous mapping. 



Definition: 3:1:3 

A space X is said to be extremally-disconnected if 

every open set has an open set has an open closure. 

Definition: 3:14 

A space X is basically-disconnected if every open 

set has an open closure. 

Note: 

Any extremally-disconnected space is 

basically-disconnected. But the converse of the above 

statement is not true. 

Given a topological space CX, T  ), let 9?. be the 
collection of open sets U such that U is a compact subset 

of X. Letp be the topology generated by{ R*/R } 
. Clearly 

PT and for a locally-compact Hausdorff space, they are 

identical. 

In terms ofP we can characterize local-compactness, 

extremally-disconnected, basically-disconnected. 

Result: 3:15 

* 

(X, T ) is locally-compact if and only if f:(X ,P ) .-

(X. T ) is a continuous mapping. 



Result: 3:16 

(X,T ) is extremally-disconnected if and only if 

f:(X*, 
*) (x, T ) is an open mapping. 

Result: 3:17 

(X, T ) is basically-disconnected if and only if 

f:(X*, a 
) -(x, T ) is an open mapping. 
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