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INTRODUCTION

Mathematics is of profound significance in the
universe, not because it exhibits principle, that we

obey, but because it exhibits principles that we impose

- J.N.N. Sullivan.

In this thesis we present a brief survey of the
following three papers (1l). Almost-continuous mappings
by M.K. Singal and Asharani Singal [10], (2). On
® —continuous mappings by Shashi Prabha Arya and Mamata
Deb [9], (3). A characterization of completely regular

spaces by Sunder Lal [12].

The main ideas discussed in the first two papers
are different generalizations of the concept of
continuity. These are called Almost-continuity,
weak - continuity, @ —continuity, Near - continuity,

Almost-continuity in the sense of Stallings.

In the third paper a characterization of
completely regular spaces is obtained in terms of a
suitable topology defined in the space of convergent

filters.



A mapping f:X—Y is said to be almost-continuous
in the sense of &tallings, if for every open set W
containing the graph of f, there exists a cocntinuous
mapping g:X—>Y such that the graph of g is a subset of

W.

The above concepts are connected as follows.

/IN

SAC AC NC

£

Here C=continuous, SAC=almost-continuous in the sense

of Stallings, AC=almost-continuous NC=nearly continuous

and 6-c= f-continuous.

The important results proved in this connection

are the following.

(1) An open mapping is almost-continuous if and

only if it is weakly-continuous.

»*
(2) Let fqg: Xa-Xa be almost-continuous
( p-continuous) for eacha&h and let f:lXa —
*
I Xy be defined by setting (f(xa ))=(fa(xa ))

for each point (xa)€&€ IIXa . Then f is almost-
W)\
continuous ( f -continuous).



(3) Let h:Xx— RXQ be almost-continuous
QE

( ® -continuous) for each ¢€I, define
fo :X—>Xeby setting fa(x)=(h(x))a . Then
f is almost-continuous ( 0 —continuous)
for allger
(4) The composition of two f-continuous mapping
is 6-continuous.
(5) The graph mapping of a @-continuous magp-ng

is §-continuous.

(6) For a mapping f:X—Y, the following are

equivalent.
(a) f is almost-continuous
(b) Inverse image of every regular_y-open

subset of Y is an open subset of X.

(c) 1Inverse image of every regular_y-closed
subset of Y is a closed subset of X.

(d) For each point xeX and for each regularly
open neighbourhood M of f(x), there is
a neighbourhood N of x such that f(N)cC M.

(e) f—l(A)clint (f—l(int cl A)) for every

open set A of Y.

(f) «c1 (f_l(int &l B))le_l(B) for every
closed subset B of Y.

(g) For any point x€ X and for any net{xx}fD
which converges to x, the net {f(xx ) } D
is eventually in each regularlv open set

containing f(x).



clearlycys-;and for completely regular spaces, they are

identical.

The main results proved here are the following.

(1) (X, T) is completely regular if and only if

*
f: (X',9)5(X,1T) is a continuous mapping.

(2) (X,1) is almost regular if and only if
f:(X*,T*)—%(X,T ) is an almost-continuous
mapping.

(3) (X,T1 ) is almost-completely regular if and

*
only if f:(X ,6 )—>(X,T ) is an almost

continuous mapping.
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CHAPTER - I

PRELIMINARY DEFINITIONS

Definition : 1.1

(X, 1 ) is a Hausdorff space if and only if
X,YeX with x#y implies that there exists open sets U and
V with x € U, yeV and Unv=9¢

Defintion : 1.2

(X,T) is compact if and only if each open cover

of (X,T) contains a finite (open) subcover.

Definition : 1.3

(X,1) is regqular if and only if peX and F X -p
with F is closed implies that there exists open sets U

and V with peU, FcV and UNV= ¢

Definition : 1.4

(X, T ) is completely regular if and only if péeX

and FcX-{plwith F is closed implies that the existence
of a continuous function f:X—aI'(=[O,l]) with f(p)= {0}

and f(F)={1}.



Definition : 1.5

A set A is called Regularly - open if it is t-e

interior of its own closure or equivalently if it is the

interior of some closed set.

Definition : 1.6

A set A is called reqularly-closed if it is tre

closure of its own interior or equivalently if it is the

closure of some open set.

Definition : 1.7

A subset A of a space X is said to be discre-e set

if and only if every point in A has a isolated points.

Definition : 1.8

A space X is said to be locally compact and x if

there is some compact subset C of X that contains a
neighbourhood of x. If X is locally compact at eact of

its points, then X is simply said to be locally compact.

Definition : 1.9

Let X be any set and consider an arbitrary

X : 8
subfamily Cl of R . The weak topology induced by C is

definied to be the smallest topology on X. Such that all

function in clare continuous.



Definition : 1.10

A subset A of a space X is called a G§ - set in X

if it equals the intersection of a countable collection

of open subsets of X.

Definition : 1.11

Let f:(S, T1) 5(T,72) be a function then f is oper.

if and only if GET:iimplies f(G)eT2

Definition : 1.12

Let f:(S, t,)—(T,T2) be a function then f 'is
closed if and only if C is closed in S implies f(c) is

closed in T.

Definition : 1.13

A topological space (X; 1) is said to be almost -
regular if for each x& X and for each regular open set
U containing x, there exists an open set V such that

xeVeccl VcUu.

Definition : 1.14

A mapping f:X—Y is said to be almost-open if the

image of every regularly-open subset X is an open stbset

of Y.



Definition : 1,15

A mapping f:X-—> Y is said to be almost-closed if

the image of every regularly-closed subset of X is a

closed subset of Y.

Definition : 1.16

A space is called Uryshonspace if for every pair

of distinct points x and y, there exists open sets U and

V such that x€ U, yeV and (clu)n(clv) =9¢

Definition : 1.17

A space is said to be almost-compact if each open

cover has a finite subfamily whose closurescover the

space.
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CHAPTER - II

SECTION - 1

DIFFERENT GENERALIZATIONS OF CONTINUITY

Definition : 2:1

A mapping f:X—Y is said to be continuous at a point
x € X if for every neighbourhood M of f(x), there is a

neighbourhood N of x such that f(N)C M.

Example : 2:2

(1) A constant map f:X—X is always continuous.

(2) Let X be any set, Tl , T2 two topologies on X. Then
the map i:(X,T1 )—> (X, T2) is continuous.

(3) Let ACX and i:A—X be the inclusion map a-sa then
i is continuous.

(4) Let f be the function defined on R by setting
£(x)=x* for all x€R. Then f is continuous on R.

(5) Let f be the function defined on R by setting

f(x)=|x| for all xe R. Then f is continuous on R.

Definition : 2:3

A Mapping f:X—Y is said to be almost-continuous at a

point xe€X, if for every neighbourhood M of f(x), there is a
neighbourhood N of x such that f(N)Cint ¢l M. f is said to
be almost-continuous if it is almost-continuous at every point

of X.



Note:

Obviously, every continuous map is almost-continuous.
But the converse of this statement need not be true, as the

following example shows.

Example : 2:4

Let R be the set of real numbers. LetT, consists of

¢ /R and complements of all countable subsets of R. Let

Xx={a,b} andt2=1{x, ¢, {al} . rLet £:(R,T1)—>(X,T2)
defined by f(x)= a if x is rational
= b if x is irrational.

Then f 1is almost-continuous at each point of R but no=

continuous at Xx€R if x is rational.

Definition : 2:5

A mapping f:X—Y is said to be weakly-continuous if

for each point x€ X and each neighbourhood M of f(x) there

exists a neighbourhood N of x such that f(N)cCcl M.

Theorem : 2:6
Every almost-continuous mapping is weakly - continucus.
Proof:

Let £:X—Y be almost-continuous. Then for xe X and for
every neighbourhood M of f(x) there is a neighbourhood N of x
such that f(N)C int ¢l M. This implies f(N)Cint ¢l MCcl M.

Here f is weakly-continuous.



Clearly, every continuous map is weakly-continuous.

The converse of the above statment is need not true. This

is shown by the following example.

Example : 2:7

Let R be the set of real numbers and T ={¢,R,U/R-U 1is

countable}. Let X={ a,b,c} and letf*={¢,x,{a},{c},{a,c}}
Let f:(R,T )— (X,1™) be defined as,
f(x) = a if x is rational.

= b if x is irrational.
Then f is a weakly-continuous mapping which nct

almost-continutinuous (at any rational point).

The map f is weakly-continuous as cl a={a,b}, and not
almost-continuous as int cl a ={a} . Hence it is not

continuous.

Definition : 2:8

A mapping f:X—Y is said to be _f-continuous at a

point xe X if for each neighbourhood M of f(x), there is a
neighbourhood N of x such that f(cl N)C cl M. f is said to

be a 0 -continuous if it is ®-continuous at each point of

X.
Note:

From the above definition it follows that every
continuous mapping is 6 -continuous. But the coverse of

this statement need not be true, as the following examgle

shows.



Example : 2:9

Let R be the set of all real numbers. The topology

Ty on R consists of R,¢ and the complements of all countable

subsets of R. Let X ={a,b,c} and lett,={¢ ,x,{al} ,{c} ,

{ayc}} . Let f:(R,T1)— (X,T2) be defined as follcows
f(x) = a if x is rational

= b if x is irrational.

Then f is a 0-continuous mapping which is not continuous.

Definition : 2:10

The mappings f:X—>Y and g: X—Y are said to be aq-near

for an open covering o« of Y for every x&X, f(x) and g(x)

belong to the same set Ue€& . A mapping f:X—Y is said to

be nearly-continuous, if for every open covering « cf Y,
there exists a continuous mapping g:X—Y which is g-near

to f.

Obviously, every continuous mapping is
nearly-continuous. The converse of the above statemenz is

need not true. This is shown by the following example.

Example : 2:11

Let X={a,b,qd,}Tk={QX,{a,d},{c,}{a,c,dig and let
T2={¢,x,{a} , {b,c}, {a,b,c}} . Let £:(X,T1)—>(X,T2) be
the mapping defined by f(a)=f(b)=f(c)=a, f£(d)=b. Then f i=s

nearly-continuous but it is continuous.



Definition : 2:12

A mapping f:X—Y is said to be almost-continuous in

the sense of Stallings if for every open set W contairing

the graph of f, there exists a continuous mapping g:X—Y

such that the graph of g is a subset of W.

Note :

From the above definition it follows that every

continuous map 1is almost-continuous in the sense of

Stallings. But the converse of this statement need not

true, as the followsing example shows.

Example : 2:13

Let X be the set of all natural numbers and let
B={¢.,x, {2n-1,2n}/n=1,2.......... }.Let T be the topolcgy
for X for which@ is a base. Let Y be the set of all real
numbers and 9U be the usual topology for Y. Let f:(X,1 )—

(Y, o) be the mapping defined by f(m)= %—for all meX.

Then obviously f is not continuous. However f 1is
almost-continuous in the sense of Stallings. Since if G
be any open set containing the graph of f, then the graph

of the continuous mapping g:(X,T )—(Y,a) defined by

g(2n)=g(2n-1) i), 2s s sa is contained in G. Hence

2n-1

f is almost-continuous in the sense of Stallings.



Remark : 2:14

The inverse of an almost-continuous one-to-one

mapping need not be almost-continuous.

Let R be the set of real numbers. Lett consists of
¢,R and the complement of all countable subsets of R. L=t
U denote the usual topology for R. Let i be the identity

mapping of (R,U) onto (R,T). Then i is almost-continuous.

The inverse of the mapping is not almost-continuous.

=1 . ;
To prove i “: (R,T )—> (R, U) is not almost-continuous.

Let x €R, Let U=(a,b) be the neighbourhood of T (x)=x.
There exists no neighbourhood V of x in (R, Tt ) such that

-1 . . ;
1 (V) int cl U. Hence i 1 is not almost-continuous.

Next we prove an important theorem connected with

almost-continuous mappings.

Theorem : 2:15

For a mapping f: X— Y, the following are equivalert:

(a) f is almost-continuous.

(b) Inverse image of every regularly-open subset of
Y is an open subset of X.
(c) Inverse image of every regularly-closed subset

of Y is a closed subset of X.



(d) For each point xgX and for each regularly-openr
neighbourhood M of f (x), there is a neighbourhcod
N of x such that f£(N)C M.

-1

. =1
(e) £ (A)Cint (f “(int cl A)) for every open

subset A of Y.

(f) cl (f—l(int cl B))c:f_l(B) for every closed
subset B of Y.

(g) For any point x €X and for any net{xk}kem
which converges to x, the net/{ f(xi)}kéD is

eventually in each regularly-open set contining

f(x).
Proof:
(a) = (b)

Let U be any regularly-open subset of Y. Let

Xef_l(U). Then f(x) &€ U. Since f is almost-

continuous, there exists an open set V in X such

that X€V and £(V) Cint ¢l U = U. Thusxevcf 1 (u)

and therefore f—l(U) is a neighbourhood of x. Hencs

-1 '
f “(U) is a neighbourhood of x. Hence f "~ (U) is ozen.

(b) = (c)
Let A be any regularly-closed subset of Y. Tken
Y-A is regularly-open and therefore f_l(Y—A) is ogen

[by (b)]



. -1 =
Claim : f (Y-A) = X - f 1 (a).

-1
Let xef (Y-A)
iff f(x) € Y-A

iff f(x) & A
iff xe £ (a)

iff x eX-f71 (n)

-l =
Hence f ~(Y-A) = X-f L (A) is open.

Hence f~1 (A) is closed.

(c)=>(d)

Let M be regularly-open. Then Y-M is regularly-
closed. Therefore f"l (Y-M) is closed [by(c)]. Since
-1 . -1 '
3 (M) is open. Let x€f (M) = N (say). Then N is a

neighbourhood of x such that f(N) <M.
(d) = (e)

Let xef™1 (A). Then int cl A is a regularly-open
neighbourhood of f(x). Since A 1is open. Then there
exists an open neighbourhood N of x such that f(N)C

int ¢l A. Thus xG:NCZf_l (int cl A).

Also since N is open, N = int Ncint f_l (int cl 'A).
-1

-1 ; . 5
Hence xe int (f (int ¢l A)). Hence f (R)<int(f " (int el A,

(e) = (£)
Let (Y-B) be open.
Then, £71(Y-B)cint [£ *(int cl(¥-B))] [by (e)]
£ (v-B) = x-£71(B)cint [£71 (int cl Y-B)]
x-[x—f'l(B)]:>X—int [f—l(int cl (¥Y-B))]

f (B) > X-int [f_l (int cl (Y-B))]



That is, cl [£71 (int c1 B)lcf * (B).
(£) = (9g)
Let N be any regularly-open set containing f(x). Then

Y-N being closed.

cl[f“l(int cl(Y—N))]C:f_l(Y—N) [by (£)].

Since Y-N is regularly-closed therefore

[f'l(Y—N)]'E: X=£ Y(N). This means that f_l(N)Cint[f_l(N)].

Thus f_l(N) is an open set containing x. Since the net
{xx}xeD converges to x, there existsAo&ED such that for
all A3, (D is directed by » ) Xxﬁf_l(N)> This means
that f(x) )EN for alli »X,, that is the net { Flxy )}keD

is eventually in N.

(g) = (a)

Suppose that f is not almost-continuous. Then there
is an open set U containing f(x) such that for every
open set U containing x, £(U)/] (Y-int cl V) $¢. This
implies that UN £ligeint el V) # ¢ , for every open
set U containing x directed by the set inclusion.
(ie) A={u/xeU}.

Let Uy, U2, cvevenn... be open sets such that,

Since Uﬂf-l(Y—int clv) #¢ ,

there exists points x;,X2.,..... such that

-] .
X, €U0, N £ (Y-int cl1 V)
x,€U, N £ (Y-int cl V)
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Similarly x3€LU3nf_l (Y-int cl V).

= f(x,) € £(U,;) N (¥Y-int cl V)
= f(xs) €”f(U3) and f(xs)éi(Y-int cl V).

=2 f(x, JEE£(U,) and f(xa)e;int cl V.

Then {xy} veqyls a net in X which converges to x and

is such that no f(x,) is in int cl V. Thus{ f(XU)}Ueﬁu

is not eventually in the regqgularly-openset int cl V,
which is a contradiction. Hence our assemption is wrong.

Therefore f is almost-continuous.

Théorem : 2.16

Every almost-continuous mapping is 6 -continuous.

Proof:

Let f: X—Y be an almost-continuous mapping of X into

Y. Let x € X, and let U be any neighbourhood of f(x).

There exists an open set G such that f(x)& GCU.

Since f is almost-continuous, the set V=f_l(int cl G)

is open in X. ThusXéf‘lb(int cl G) ¢C £71 (c1 G). The

inverse image of every regularly-closed set under an
almost-continuous mapping is closed by theorem [2.13]. We
assert that f-_l(cl G) is closed and therefore cl ng_l(cl 2),

; -1 \ .
That is £ (cl V)ccl GC&cl U. Thus f is §-continuous.

Hence every almcst-continuous map is g-continuous.



Note :

The converse of the above theorem is not true. That is
every 9-continuous“mapping is need not be almost-continuous.
The mapping given in example [2.9] is a g-continuous mapping

which is not almost-continuous.

The next theorem gives a condition under which a

6 -continuous mapping is almost-continuous.

Theorem : 2.17

If £:X—>Y is a §-continuous almost-open mapping then f

is almost-continuous.

Proof :

Let f:X—>Y is a 0 -continuous almost-open napping. To prove
f 1is almost-continuous. Let x& X and 1let M be any
neighbourhood of f(x). Since f 1is 6 -continuous, there

exists an open neighbourhood N of x such that f(cl N)CclM.
Since, f is almost-open, the image of every regularly-open
subset of X is an open subset of Y. Therefore f(int cl N)
is open. Thus f (int cl N)&int [f(cl N)] cint cl M and

consequently f is almost-continuous.

It is interesting to note from the following examples
that a mapping may be almost-continuous in the sense of
stallings without being 6 —continuous and nearly-continuous;

a mapping may be nearly-continuous without being



16

O-continuous and almost-continuous in the sense of
stallings, and that a mapping may be 6-continuous without

being nearly-continuous and almost-continuous in the

sense of stallings.

Example : 2.18

Let X= {p,q} andt,={¢{p} , x} and let Y={a,b} and
T2 be the discrete topology for Y. Then the mapping
f:(x, 11)—> (Y1, ) defined by f(p) = a, f(q) = b is neither
6 - continuous nor nearly-continuous but it is

almost-continuous in the sense of stallings.

Example : 2.19

Let X = [0,1] and let@be the usual topology for X.
Let Y = [0,1] and T be the topology for Y, which is the
usual topology at all points except at o. Let the
neighbourhood system of o ccnsists of complements of
finite subsets of Y. Let f:X—>Y be defined as f(x)=x if x# 0
and f(x)=1 if x=0. Then f is g -continuous but neither
nearly-continuous nor almost-continuous in the sense

of stallings.

Example : 2::20

Let X=[0,1] and let®Ube the usual topology for X

Let Y={a,b.c} and letT =iY,¢ , {ct) {a}{ a,ctlLet £: (X,0U)—

(Y,T ) be the mapping defined as f(x) = a if 0< x¢< 1/2
and f(x) = ¢ if 1/2 <x< 1. Then f is nearly-continuous
but not 6-continuous. f is not almost—continupus in the

sense of stallings, since the set W = AXB where



A=[0,1/2+¢] X{ a} and B=]11/2-¢, 1] x{c} is a neighbourhood

of the graph of f such that the graph of no continuous

function from X to Y is ccntained in W.

Note :

The map defined in example [2.9] is O -continuous,
almost-continucus in the sense of stallings and

nearly-continuous but not almost-continuous.

We now have the following implication diagram:

SAC A NC
WCX&
Here C = ccntinuous, SAC = almost-continuous in the
sense of stallings, AC = almost-continuous

NC=nearly-continuous and 6 -C = § -continuous.

Theorem : 2.21

If £f: X—Y is weakly-continuous open mapping, then f

is almost-continuous.

Proof :

Let x€X and M be anry necighbourhood of x. Since f
is weakly-continuous, there is an open neighbourhood N of
x such that f(N)Ccl M. Since f is open, f(N) is open.

Then f(N)cint cl M and hence f is almost-continuous.



Corollary : 2.22

An open mapping is almpst-continuous if and only if

it is weakly-continuous.

Theorem : 2.23

Every restriction of an almost-continuous mapping is

almost-continuous.

Proof :

Let £ be an almost-continuous mapping of X into Y. Lat 2

be any subset of X. Let S be any regularly-open sudset
of Y.

: -1 -1
Claim : (£/A) (s) = ANEf “(s).

Let yeantl (g).

iff yeA and yé_f_l (s)
iff yeA and f(Y)ES
iff (f/A) (y) €s

iff ye(f/A)_l (s)

Hence (£/a)"1 (s) = ang L (s).

But f being almost-continuous, £ (S) is open by theorer

[2.15]. Hence ANE™1(S) is a relatively open subset oZ A.

. -1 .
That is (£/A) (S) is open subset of A. Hence (f/A) is

almost-continuous.

Theorem : 2.24°

Every restriction of a 6 -continuous mapping is

® -continuous.



Proof :

Let f:(X,1 )— (Y, W) be a 6 —continuous mapping andi

let A be any subset of X. Let XEA and let V be 3

neighbourhood of f(x). Since f is 6 —continuous, ther=

exists an open set U such that xeUcc1 Ué;f_l(Cl V).

Since x€ U and X e A, then erﬂAgclA(UﬂA)éf_l(cl V)
n

S I "(clpVINA. If £/A = g, then X€EUNACCcl(UNnA)cy~]

g Tlcl V).

It follows that g is O-continuous at every point of A and

hence g is® -continuous.

Theorem : 2.25
*
Let fy : X% be almost-continuous for eachw€l ang
»* .
let f:1I Xa—éﬂ Xa be defined by setting (f(x )) = (f (xqg ))
a a
for each point (xq )& I X, - Then f is almost-continuous.
ael
Proof
*
Let (Xa )ell X, - Let O Dbe a reqgularly-open subset of

*
I X¥-containing (f(xa)). Then there is a member 11 Oa of the
a

ael
*

*
base of the product topology onll Xa such that (f(xaikﬂ Oa

CLO* and O* = X: for allaelexcept for a finite number of
a

*
indiciesdgy, 1,2 1,2:004 n (say) and QH is an open subset

*
of Xy ,i=1,2, ....... n.

*
Since O 1is regularly-open.

* * * *
int cl Hoo: C O . Thus for each ¢, fm(xai )EOQiCcl Oy; and

fy, being almost-continuous there is an open subset Uoti ct
! *

i 1 0 ..
Xy, such that Xaieuai and fozj- (Xui ) € fal_ (Uai J &ink & o,

*
Thus qu containing (x, ) such that f£( HUG ) & O . Hence

aeh
f is almost-continuous.
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Theorem : 2.26
*
Let fa : Xd—%Xa be e—continuous for each®€lMzn3

*
let £: X2 X pe defined by (£(xy ) = (f, (x, )) for

each (xa)eH Xa - Then f is ab-continuous.
ael

Proof

* *
Let (Xa Jell Xa and V be an open subset of I X,

containing (f (xa). Then there is a membery v of the
a

defining base for the product topology ong x* such that
o

ael

T = * * *
(f(xa))e Vo &V and Va = X, for alloeéh except for a

ael
finite number of indicies Brp 2= Ly2ynnsus n (say) a=d
* *
W% is an open subset of &H r 21,2505 00 n

*
Now for each 4, -F;(.(Xa )€Va, since f is
1 i i 1 Q

i
p ~continuous, there is an open subset U of X,.such that
1

9y

*
X O‘ie %, and fai (cl U al.)gcl Vaj . It follows that the

set y=1TU , where U = X forg # %, i=1,2,..... n
a a o

*
is an open set containing (xa) such that f(cl I Ua YEcl V

Hence f is § -continuous. ael

Theorem : 2.27

Let h: X—éHXa be almost-continuous. For each ae& N
define fa: X—X by setting fa(X) = (h (X))a . Then Ty 1s

almost-continuous for all ael.

Proof :

Let P, : I X g7 Xy be the projection map. Let h:X—aj[Xd

be a map defined by f (x) = (h(x)) Then P ,° h= £ for

ar



each 4. Now P, is open and continuous for each «and h is
almost-continuous. Since the composition of two almost-
continuous mappings is almost-continuous. Therefore Pa°h

is almost-continuous. That is f4 is almost-continuous

for each a.

Theorem : 2.28

The composition of two 6O-continuous mapping is

6 —continuous.

Proof :

Let f: X—=Y and g:Y—>Z be two f-continuous mappings.
We shall show that the composite goe f: X—Z is a
® -continuous mapping. Let x€X and let W be an open
subset of Z containing (go f) (x). Since g is
6 -continuous. There exists an open subset V of Y such
that f(x)e Vccl VC—_g_l (cl W). Again, since f is
0 —-continuous, there exists an open subset U of X such

1

- =F .
that xeUccl UCcfE (cl V). Thus xeUccl UCEf (g l(ch))

= (9°f)_l (cl W). It follows that gof is g-continuous.
Corollary : 2.29

Let f:X—Y and g: Y-—>Z be any two mappings. If gof

is 6 -continuous and one of f and g is an open, one-to-one,

onto mapping, then the other is 6 -continuous.

Proof :

If f be an open one-to-one, onto mapping, then g1 is

continuous. Since every continuous mapping is f -continuous
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=1 . ' =
than f isg-continuous. Take g = (gof),f l, then g.f
is g-continuous by theorem[2.28]. Again by theorem [2.28]
g is 6-continuous. Similarly it can be proved that f is

© -continuous in case g is an open, one-to-one, on-to

.

mapping.

Theorem : 2.30

Let h: X1 X, be 6-continuous. For each qe\ define

fg : X=5Xg by fq (x) = (h(x)). Then each fy is g —-continuous.

Proof :
Let % i Xaéxabe a projection map. Let h: X*Hu?%
f-continuous map. Let fa: X—»xa be a map defined by
fy (x)=(h(x)), . Then P&ohzfafor each ¢ . Now Pa is open and
continuous. Since every continuous mappings are
6 -continuous. Hence %y is 6 —continuous mapping. Hence

% is 6 -continuous by theorem [2.28].

Theorem : 2.31

Let f map X into Y and let x be a point of X. If
there exists a neighbourhood N of x such that the

restriction of f to N is almost-continuous at x.

Proof :

Let U be any regularly-open set containing f(x).
Since f/N is alsmo-continuous at x, there is an open set
V, such that xeNNV: and £(NAV, ) cU. Obviously NAV:. is a

neighbourhood of x. Hence f is almost-continuous.
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Corollary : 2.32
Let f map X into Y and let {(a : A€M}  be an open

cover of X. If for each)ep, f/G) is almost-continuous at

each point of GA then f is almost-continuous.

Proof

Let x be an arbitary point in Gy for some A€ A
Since f|GA is almost-continuous at XEG, by theorem[2.31]
f 1is continuous at x. Since x 1is arbitary f is
almost-continuous at every point XeGy . Hence f 1is

almost-continuous.

Theorem : 2.33

If £ is a mapping from X into Y and X=X VX, where X,

are X are closed and f/Xi and f/X2 are almost-continuous,

then f is almost-continuous.

Proof

Let A be a regularly-ckosed subset of Y. Then,
Since f/X,and f/X, are both almost-continuous, therefore
(f/Xl)"l(A) and (£/% )1 (A) are both closed in X, and X,

respectively by theorem [2.15]. Since X, and X, are

closed subsets of X ;(f/Xl)-l(A) and (f/Xz)_l(A) are

closed subsets of X.

l(A). Thus f—l(A) is

Also (f/Xl)—l(A)U(f/XZ)_l(A)=f-
the union of two closed sets and is therefore closed. Hence

f is almost-continuous.
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Theorem : 2.34

If f is a mapping from X into Y and X = X; U X, &and

if f/X1 and f/X2 are both almost-continuous at a point x

belonging to Xlﬂ X then f is almost-continuous at x.

Proof :
Let U be any regularly-open set containing fx).
Since X € X, n X, and f/X1 and f/x, are bcth
almost-continuous at x. Therefore there exists open sets
v, and V, such that x€X AV and f(X NV, )CU and x €X,0V,
and f(XzﬂVZ)c:U. Now, since X=X U X , therefore
£(v v, ) = £(xnv v ) u £ (X,nV AV )
c_f(x1 n v? v f (x2 n v, )
c U.

Thus, VJ]Vz =V is an open set containing x such that

f(V)C U and hence f is almost-continuous at x.

Theorem : 2.35

It f is an almost-continuous, closed mapping of a

regular space X onto a space Y such that f-l (Y) is compact

for each point yEY , then Y is almost-regular.

Proof

Let A be a regularly-closed subset of Y. Let Y&A.
Then f—l(Y)ﬁf—1 (A) =¢ Since f is almost-continuous f-l(A)
is closed by theorem[2,15]. Let f_l(Y) be compact. Since
X is regular, there exist disjoint open sets G and H such

that f—l(A)CG, £ (v)cH.
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; -1 - .
Let P ={ z:f (z)C G}and Q={z:f l(z)c:H} Then Y &P,
ACP, YEQ and PNQ =¢ . Since f is closed, P and Q are

open. Hence Y is almost-regular.

Definition : 2.36

For any mapping f: X—Y, the mapping g:X—X x Y

defined by setting g(x)=(x,f(x))is called the graph

mapping of f.

Theorem : 2.37

The graph mapping of a f-continuous mapping is

g —continuous.

Proof

Let f: X—Y be 6-continuous mapping and let g:X-—>XxY
be the graph mapping of f. To prove g is 6-continuous
Let M be a neighbourhood of g(x), there exists an open sets

Ui and Uz of X and Y respectively, such that g(x) & Ui1XU2&M.

Since g(x) = (x,f(x))therefore this implies that
f(x)E U2z . Since f isp-continuous there exists an open
set V of X such that XeV and f(cl V)&U,- Let N=VvNU, then

N is a neighbourhood of x such that g(cl N)c U, X Ufcl(U,X U)c

cl M. Hence g (cl N)Ccl M. Hence g is g-continuous.
Therefore the graph mapping of a g-continuous mapping is

6 -continuous.
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Definition ¢ 2.38

A space X is said to be an E; -space is every fpcint

x € X is the intersection of a countable number of clcsed

neighbourhoods of x. X is said to be an E, -space if

every point x&X is a GS§.

Theorem : 2.39

If f:X—>Y is a 6-continuous mapping of a spac= X
onto a space Y such that f—l(Y) is a discrete subset cf X

for all ye Y and if Y is an E;-space, then X is an Eo

-space.
Proof

Let xe€ X. Since Y is an E, -space, there exists a
countable family{Uy; /i=1l,2..... } of open neighbourhoods of

f(x) such that { f(x)} = Uji.Since f is @ -contintcus,
1=
there exists for each i, an open subset V; of X such

— —I 2
that x €Vicel Vi €f (clu;). Then £ (f(x))= A £ l(cl L’i)?..o"? Vi
]._—_l b=

. -1 .
Since f " (f(x)) is a discrete subspace, there exists

a closed subset F of X such that{x} =f—l(f(x))_F;1n Vi)— F
iz

foe) oo

= N (Vi-F ). It follows that{x} = f] (Vi -F).

1=l 1=)
consequently, {x} is a Gg and hence X is an Eo,-space.
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SECTION : 2

RETRACTION OF TOPOLOGICAL SPACES BY CONTINUOUS MAPPINGS

AND 6 -CONTINUOUS MAPPINGS.

Definition : 2.40

A subset A of a space X is said to be continuous
retract of X if there exists a continuous mapping f:X—>A
such that f is the identity on A. (that is f(x)=x for all

xe(A).

Definition : 2.41

A subSet A of a space X is said to bef-contintous
retract of X if there exists a 6 -continuous mapping f:X—>A

such that f is identity on A (that is f(x)=x for all x &AR).

Theorem : 2.42

Every continuous retract is a g-continuous retract.

Proof :

Let A be a subset of X. Since A 1is continuous
retract there exists a continuous mapping f:X—%A, such
that f is identity on A. That is f(x)=x. Since every
continuous map is 6 -continuous. Therefore f: X-—>A is
 -continuous, such that f is identity on A, where A is a

subset of X. Hnece A is 0 -continuous retract. Hence

every continuous retract is a 6§-continuous retract.
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Note :

The converse of the above theorem need not be
true. That every ® -continuous retract need not be a
continuous retract. This is shown by the following
example.

Example : 2.43

Let X=[0,1] and letT be the topology for X which
is the usual topology at each point of X except at C and
the neighbourhood system of O consists of sets which are
complement of finite subsets of X. Then the subsetA=1{0,1}

of X is a 9 -continuous retract of X is as much as <he

mapping f: X—>A defined by f(x) 1 if x +O
=0 4if x =0
is a O -continuous mapping which is the identity on A.

However, A is not a continuous retract of X.

Theorem : 2.44

® —continuous retract B of af®-continuous retract A

of X is a 6-continuous retract of X.

Proof:

Since A is a 0 -continuous retract of X, there
exists a O-continuous mapping f:X—>A such that f is the
identity on A. Since B is a 6 -continuous retract of A,

there exists a 6 -continuous mapping g:A-—>B such that g



‘is the iden;ity on B. Then the composite gef:X—»B is a

® -continuous mapping by theorem [2.28]. If x be any
point of B, then x€A and thus (geof) (x)=g(f(x)) = g(x)=».
It follows that gef is the identity on B and hence B is

a 6 -continuous retract of X.

Theorem : 2.45

Let X be any space and ACX. A necessary and suff::

condition that A be a retract of X is that for every sp=

Y each continuous f:A—Y is extendable over X.

Proof

First, let A be a retract of X. Let g:X—A be a

continuous mapping such that g is the identity on A. L=

f:A—Y be a continuous mapping. Then the composite foc
X—Y is a continuous mapping. If x be any point of

then (f » g) (x) = f£f(g(x))=£f(x). Thus feg 1is &

extension of f.

Conversely, suppose that for every space Y, ever

continuous mapping f:A-—Y can be extended to

continuous mapping g:X— Y. Let f:A-5A be the mappin

defined by f(a)=a ,ya €A. Then f 1is continuous. FE

hypothesis, there exists a continuous mapping g: X—>:

such that g/A=f. Let x be any point of A. The!

g(x)=f(x)=x. Hence A is a retract of X.
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Theorem : 2.46

A subset A of a space X is a g-continuous retract
of X if and only if for every space Y, everyf -continuous
mapping f:A—>Y can be extended to a § —continuous

to a 6 -continuous mapping on X into Y.

Proof :

Assume A 1is a 6-continuous retract of X. To
prove the given condition. Since A 1is @ -continuous
retract of X, there exists g:X-——>A be a 6-continuous
mapping such that g is identity on A. Given f:A—Y is a
6 —continuous mapping. Then the composite fog:X—Y is a
§ —continuous mapping by theorem [2.28]. If x be any
point of A then (feog) (x)=f(g(x)=f(x). Thus feg is a
extension of f. Hence f:A—Y can be extended to a

0 -cntinuous mapping on X into Y.

Conversely, assume that for every space Y, every

® —continuous mapping f:A—>Y can be extended to a
6 ~continuous mapping g:X-—>Y. To prove A is a
6 —continuous retract of X. Let f:A—>A be the mapping
defined by f(a)=a for all aeA. Then, f is continubdus
and hence f is 6 -continuous. Then by our hypothesis
there exists a 6-continuous mapping g:X-—A such that
g/A=f. Let x be any point of A. Hence g(x)=f(x)=x.
This implies g is identity on A. Hence A 1is a

0 -continuous retract of X.

-



3l

SECTION : 3.

FIXED POINT PROPERTY IN RELATION TO CONTINUOUS MAPPINGS

AND 6 -CONTINUOUS MAPPINGS.

Definition : 2.47

A space X 1is said to have the continuous f:>xed

point property if for every continuous mapping f:X—X

there exists an xeX such that f(x)=x.

Definition : 2.48

A space X is said to have the 6 -continuous fixed
point property if for every 6-continuous mapping f:X—X

there exists an x e X such that f(x)=x.

Theorem : 2.49

If a space has the 0 -continuous fixed pcint

property, then it also has the fixed point property.

Proof :

Assume X has a 06 -continuous fixed point property.
To prove X has a fixed point property. Since X has a
8 —continuous fixed point property, there exists a

6 —continuous f:X—X such that xeX, f(x)=x.
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Let 'g:X—»X be a identity mapping. Since, the

identity mapping is continuous hence g is 6 -continuous.
Therefore there exists x €X such that g(x)=x. Hence X

has a fixed point property.

Note

The converse of the above statement is not true.

This is shown by the following example.

Example : 2.50

Let X={a,b,c} and let U={¢.,x,{ al{a,bHQa,c}} .The
mapping f:X-—->X defined by f(a)=b=f(c), £f(b)=c 1is a
f- continuous mapping which does not map any point of X
into itself. Hence X does not have the 6-cont_nuous

fixed point property, however X has the fixed point

property.
Theorem : 2.51

If a space X has the 6-continuous fixed point
property and A is a @ -continuous retract of X, then A

has the p-continuous fixed point property.

Proof :

Let f:A—>A be anyf -continuous mapping. Since A is

a 6 -continuous retract of X. Then f can be extenced to

a 9 -continuous mapping g:X— A. Since X has the



0 —continuous fixed point property there exists X€X

such that g(x)=x.

Since g is a mapping from X to A, there exists XE€EA.
It follows that f(x)=g(x)=x and so X is a fixed point

of f£. Hence A has the 6 -continuous fixed fgoint

property.

Theorem : 2.52

If (X,T) is a regular space with the fixed point

property and 1if T*is a topology for X stronger than
* #* »

such that for each GET, T -cl G =t-cl G, then (X,T )

has the 6-continuous fixed point property.

Proof :

Let f:(XF*)—e(X,T*5 be any & -continuous mapping.

Let g:(X, —?)——9(X, T) and h:(X, T )—(X, T ) be the

mappings defined by h(x) = g(x) for all x €X. Let i:

(X, T’()———>(X, T_*) be the identity mapping on X.

Obviously, i is an open, one-to-one and onto mapging.

Also, since f=i,g and f is ® —continuous, therefore g is

g —continuous by corollary [2.29]. Since every

® -continuous mapping into a regular space is continuous
therefore it follows that g is a continuous mapging.

We shall now show that h is also a continuous mapging.

Let x€X and let G be any T-open set containing h(x).



T

Since (X,t ) is regular, there exists a T -open set G,

such that h(x)EG,t-cl &G.

Now, G is a t-open set and g 1is continuous.
-1 +*
Therefore g " (G, ) is a T -open subset of X. Since

-1 -1 : - :
h (g )=g (G), this means that h l(Gl) is a —#Fopen

subset of X. Thus T-cl [h—l(GB] = ‘r’(’--cl[h“l

h

(Gj)l. It

follows that the set G = X~T -cl[h™ ¢ )l. is T -open as
% *

well as T -open. Consequently, T -cl G2='f—cl G2(=Gasay)

and G2€&G3. Now, the set X~ G, is T-open as well as

L. -
T-open and is contained int-cl h + (G, ).

Also, x€ X ~G 3. Thus X~G, is a t-open set such
that x€X~Gsct —c1 hl(c) eh 2 (Tcl G ch™(G). so
for each x€ X and for eacht -open set G contining h(x),
there exists a t-open set containing x whose image under
h is contained in G. Hence h is a continuous mapping.
Since (X,T) has the fixed point property, there exists
a point xe€X such that h(x)=x. Since h(x)=f(x) for all
x, therefore f(x)=x. Thus every f-continuous mapping
f:(X,;‘)ﬁ(X,T*) has a fixed point and consequently

(X,T*) has theb-continuous fixed point property.

Following is an example of a Hausdorff non-regular

space which has the f-continuous fixed point property.
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Example : 2.53

Let X=[0,1] X [0,1] andT be the topology for X

which is the usual topology for X except at (0,0), A

T-neighbourhood of (0,0) consists of the point (0,0) and
with the open radius on y=0 deleted. If U be the usual

topology for X, then since (X, U) is a regular space
with the fixed point property and the topologytris stronger
than U such that for each T-open set G. ¢l G = U-cl G,
it follows that (X,T) must have the @-continuous fixed

point property by theorem [2.52].
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SECTION : 4

HOMOTOPY AND 0—-CONTINUOUS HOMOTOPY

Definition : 2.54

If f and g are continuous maps of the space X

into the space Y, we say that f is homotopic to g if
there 1is a continuous map F: XxI—>Y such that
F(x,0)=f(x) and F(X, 1) = g(x), for each x€X. The map
F is called a homotopy between f and g. If £ 1is

homotopic to g we write f =g.

Definition : 2.55

A f-continuous mapping h:XxI—>Y where X and Y are

any spaces and I is the closed interval [0,1] with the

usual topology is said to be6 -continuous homotopy.

Definition : 2.56

A subspace A of a space X 1is said to have the

the 6 -continuous homotopy extension property in X with

respect to a space Y if for every continuous mapping
f£:X—>Y and every homotopy h:AXI—Y such that h(Xx,0)=f(x)
for all xeA, there exists a @§-continuous homotopy g:XxI—=>Y
such that g(x,t)=h(x,t) for all (x,t) € AxI and g(x,0)=f(x)

for all x €X.
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Definition ": 2.57

Let ACX be given. We say that A has the ahsolute

homotopy extension propery (AHEP) in X if for each space

Y and each continuous F: X—Y, every homotopy of F/A is

extendable to a homotopy of F.

Definition : 2.58

A subspace A of a space X is said to have the

absolute § —continuous homotopy extension property in X

if A has theg@ -continuous homotopy extension property 1in

X with respect to every space Y.

Theorem : 2.59

(1). A has the absolute homotopy extension
property in X if and only if (Xx0) U (AxI)
is a retract of XxI.

(2) (Xx0)pP(AXI)U(Xx1l) is a retract of XxI if ard
only if for each space Y and each pair of
maps F, G:X—Y any given homotopy of F/A

to G/A can be extended to a homotopy of F to G.

Proof :
(1) Assume that (X x 0) U (AxI) is a retract of
XxI. A given F:X-—>Y and a given homotcpy
® :A x I—Y of F/A determine a continucus

¥ . (xx0) U (AxI)—Y by setting? (x,0)=F(x),
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¥(a,t)= ¢{a,t). According to theorem [2.45] yextends

to a?ﬂ':XxI—aY andv*is thus homotopy of F extending ¢

Conversly, assume that A has the absolute homotopy
extention property in X. choose Y=(Xx0) v (AxI), let F:X->¥
be the map x —(x,0), and let the homotopy of F/A bed¢(a,t)
=(a,t). This extends to a homotopy $ of F, and¢ :X =7 1is

the desired retraction. The proof of (2) is similar.

Theorem : 2.60

If A is closed subset of a space X, then A has the
absolute g —continuous homotopy extension property in X if

and only if (X,0)U (AxI) is a g —continuous retract of

XxI.

Proof

First, suppose that (Xx0)VU(AxI) is a 6-continuous
retract of XxI. Let Y be any space, f: X— Y be any
continuous mapping and let h:AxI—Y be a homotopy such
that h(X,0)=f(x) for all xeA. Let g:(X¥0) U (AxI)—Y be
the mapping defined by g(x,t) = f(x) if t=0 and glx,t)
=h(x,t ) if t#0, obviously, g is a continuous mapping.

Since (Xx0) U (AxI) is a @-continuous retract of XxI,
*

therefore g can be extended to a §-continuous mapping g :
*
XxI—>Y by theorem [2.46]. Since g 1is an extension of g,
* *
therefore g(x,t)=g (x,t), for all (x,t)& AxI and g (x,0)

= f(x) for all xeX. Hence A has the absolute



f -continuous homotopy extension property in X.

Conversely, suppose A has the absolute § —continuous
homotopy extension property in X. Let Y=(Xx0) U (AxI) and
let f: X—Y be a mapping defined by f(x) = (x,0) for all
x€X. Then f is a continuous mapping. Let g: AxI-—>Y be
the homotopy defined by h(a,t) = (a,t) for all (a,t)eAxI.
Since A has the absolute 6-continuous homotopy extension
property in X, therefore there exists a 6 —continuous
homotopy g: XxI—»Y such that g(x,t) for all (x,t )& AxI
and g(x,0)=f(x) for all xe€X. Obviously, g 1is a
6 —continuous mapping of XxI into (Xx0) U (AxI). Let (x,y)
be any point of (Xx0)U(AxI). If (x,y)EXx{e} , then Y¥Y=0
and therefore gl[(x,y)] = gl(x,0)]=£f(x)=(x,0)=(x,y).
Also, if (x,y)eAxI, then xe€ A and g[(x,y)]=h(x,y)=(x,y).
Thus g is the identity on (Xx0) U (AxI). Hence (Xx0)

U(AxI) is a O-continuous retract of XxI. This completes

the proof of the theorem.

Theorem : 2.61

If A is a closed subset of a space X, then (Xx0)
U(AxI)U(Xx {1y ) is.a O-continuous retract of XxI if &nd
only if for each space Y and each pair of continucus
functions f:X—>Y and g:X—Y, any given homotopy f:X—Y
and g:X-—Y, any given homotopy between f/A and g/A can be

extended to a 6 -continuous homotopy between f and g.
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Proof :

First, suppose that (Xx{0}) U(AxI)V(Xx{l}) is a
0 -continuous retract of XxI. Let Y be any space and let
f:X—Y and g:X—Y be continuous mappings. Let h:A xI—>Y

be a homotopy between f/A and g/A. Define a mapping

h*:(XXO)U(AxI)U(Xxl)~?Y by

f(x) if t=0

*
h (x,t)

h(x,l) if 0 <t<1,

g(x) if t=1

*
Now h is a 6 -continuous mapping. Also, since (Xx0)

U(AxI) O (Xx {1} ) is a ¢ -continuous retract of XxI,
therefore h* can be extension of h* , H™* (x,0) = h*
(x,0)=f(x) and h** (x,1)=h* (x,1) = g(x) for all x€EX.

Thus BA* is a 6©-continuous homotopy between f and g.

Conversely, suppose that if Y is any space and f:X—Y
and g:X-—Y are continuous mappings, then any given
homotopy between f/A and g/BA can be extended to a

§ -continuous homotopy between f and g. Let Y=(Xx0)vU
(AxI)  (Xx1) and let f:X-—>Y be the mapping defined by
g(x)=(x,1l) for all xe&X. Then f and g are coatinuous
mappings. Let h:AxI->Y be the homotopy between f/A and
g/A defined by h(a,t)=(a,t) for all (a,t) &€ AxIw Then h
can be extended to a g-continuous homotopy h* :XxI-—Y
between f and g. Let (x,y) be any point of Y. If (x,y) €

Xx0, then K(x,y)=K(x,0)=f(x)=(x,0)=(x,y). If (XrY)eXX§l}
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then K(x,y)=K(x,1)= g(x)=(x,1)=(x,y). If (x,y)ERAXI,

then K(x,y)=h(x,y)=(x,y). Thus K 1is the identity on
Y=(Xx0)(AxXI) U(Xx 1 ). Hence (Xx0)U(AxI)u(Xx{1l}) is a
This completes the prcof

fp —continuous retract of XxI.

of the theorem.
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CHAPTER - III

A CHARACTERIZATION OF COMPLETELY REGULAR SPACES

The set of all continuous functions from the

topological space X into the topological space R is

denoted by C(x) or for short by C.

The sum or product of two continuous functions is
again a continuous function. Suppose feC then (-f)EC.
Therefore C(x) is a commutative ring. Also the constant
function (:) whose constant value is the real number 1

belongs to C(x) and is its unity element.

Definition : 3:1

Consider fecC(x). Then the zero-set of f 1is denoted

by z,(f) or z(f) and is defined as z(f)={xex/f(x)=0}

The family of all zero-set {z(f)/fé&C}in X is denoted

by Z[C(x)] or simply Z[x].

Definition: 3:2

Complements of zero-set in X are called co-zero sets.
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Definition: 3:3

Let X be any set. A collection 9: of non empty

subsets of X is said to be a filter on X if

(1) F#o
(2) if A and B are ?then ANB is also in ¥

(3) if AEF and ACB then BEF

Example : 3:4

If X is any set and Y is any nonempty subset of X,
then the family g:of all subsets of X which contain Y is a

filter on X.

Definition: 3:5

If (X, T ) is a topological space and gfis a filter
on X, then 5: is said to converge to x denoted by € —x,

if every neighbourhood of x is a member of ?7

Definition: 3:6

Let‘% be a collection of closed sets.\% is said tc

be a base for the closed sets if every closed set in X is

an intersection of members of\%.
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Equivalently Bis a base if whenever F is closed in..X,

X € X-F, there is a member of Bthat contains F but not x.

Definition: 3:7

Let @ be a collection of open sets. @ is said tc be

a base for the open sets if every open set in X is an

intersection of members of f% .
Equivalently @ is a base if whenever F is open X.

x € X-F, there is a member of @ that contains F but noz Xx.

*
Let (x, T ) be a Hausdorff space, and let X b=z the

set of all convergent filters on X. Then f, which assign:

-

to each ¢EX*, the point to whichg converges, is a mappir:z.
For a subset ACX, we let A ={¢ é_X* /AR €&} and for % €X,
we denote by ?x, the filter {FCX/xX€F} . LetT* be the
topology on X* generated by {U* / U is open in X} . T>
generate T*, it is enough to consider {B* /BEB} for any
base for open sets in X. Let € denote the family of all

*

2
v

*
co-zero subsets of X and 1leto be the topology on ¥

1

*
generated by {c* /c€€}. <Clearly o<1 and for completely
regular spaces, they are identical. In all the theorers.

the space (X,T ) is assumed to be Hausdorff.

Theorem: 3:8

A Hausdorff space X is completely regular -f and

only if the family Z(X) of all zero-sets is a base fox the

closed sets.
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Proof:

Suppose that X is a completely regular, th2n

whenever F is a closed set and x € X-F, there exiszs

f € C(x) such that f(x)=1 and f(F)=0

Hence F €z(f) and x §Z(f).

Z(x) is a base.

Conversely assume that Z(X) 1is a Dbase. "hen

whenever F is a closed set and x &€ X-F, there exists a

zero-set say Z(g) such that Z(g)DF and x4Z(g).
Let r=g(x), then r=0
Let f=gr_lC(X). Where r is a constant function whose

constant value is r.

Note:

By the above theorem " A Hausdorff sapce X is
completely regular if and only if the family cf all

co-zero sets is a base for the open sets".

Theorem: 3:9

(X, 1) is completely regular if and only if

*
f: (X ,0 )—> (X, T ) is a continuous mapping.

Proof:

Let (X, 1 ) be completely regular and let U ke an

-1
open subset of X. Letgé&€f (U) so that f(¢ ) € U and
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therefore there exists a co-zero set C. Since every
completely regular space is regular. Therefore by using
the result "(X,T ) is regular if and only if péU €T implies
that VET such that p EVCVCU". sSince f(¢ ) is in U such
that £( ¢ JECCCCU. If f(¢)€EC implies that geC . and

C=f(C*)C_U implies c’ef “Y(u). This proves that el (nieo

for all U€T and hence f is continuous.

&

Conversely assume that f:(X ,0 ) — (X, T i 1is
continuous mapping. To prove (X, T ) 1is cocmplately
regular. Let F be a closed subset of X and let x &F.

-1
Since f is continuous and ¢,€f (F), which implies that

i

* = *
9o € X —f "(F). That is®, belonging to the open set in K o

* *
Therefore there exists some C , C €€ such that <pX€C and

* .
cCnNftE ]TF) =¢ . It is clear from here that X &C and

CNF= ¢ . Thus co-zero sets form a base for open sezs by

theorem [3.9] and therefore (X, T ) is completely regilar.
Theorem: 3:10

(X, T) is almost-regular if and only if f:(X*f'*)_a(x,r)

is an almost-continuous mapping.

Proof:

Let (X,T) be almost-regular and U be a regular open

subset of X. To prove f is almost-continuous. That is to

prove £7l(u) is open. Let9€f 1 (U). This implies f£(? )&U.



Let V be an'open subset of X such that f(9) EVCVLU.
* -
Since f(gp)&€ V, thenyp €V and v=£ (V™) cu. Implies that

1 é'ri Hence f is almost-continuous.

* - -1
V Cf (U), hence £ ~(U)

Conversely assume that £ is almost-continuous
mapping, to prove (X,T) is almost-regular. let U is a
regular-open subset of X, containing x &€ X. Since f 1is
continuous and U 1is open, then f_l (Uu) is open. This
implies f—l(X—U) is closed subset of x* not containing 9¥x
Let VET be such that € V and Vﬁ}f—l(X—U)=¢-This implies

VNAX-U=¢ . It is clearly we have x EVCV CU. Hence (X,T )

is almost-regular.

Definition: 3:11

A  topological space (X, 1) is said to be

almost-completely regular if for each regular closed set

(closure of an open set), F and for each x § F, there

exists a continuous function g:X—[0,1] such that g(x)=0

and g(F) = {1}

Note:
Now the following weaker form of complete regularity
is easy to characterize, and the proof follows from

theorems 3.10 and 3.12.

Theorem: 3:12
(X, 1) is almost-completely regular if and only if

*
f:(X. ,0)—(X,T) is an almost-continuous mapping.
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Definition: 3:13

A space X is said to be extremally-disconnected if

every open set has an open set has an open closure.

Definition: 3:14

A space X is basically-disconnected if every open

set has an open closure.

Note:

Any extremally-disconnected space is

basically-disconnected. But the converse of the above

statement is not true.

Given a topological space (X, T ), let ® be the
collection of open sets U such that U is a compact subset
of X. Letp be the topology generated by { R*/Rﬁﬂ}- Clearly
pST* and for a locally-compact Hausdorff space, they are

identical.

In terms ofp we can characterize local-compactness,

extremally-disconnected, basically-disconnected.

Result: 3:15

*
(X, T) is locally-compact if and only if f:(X ,P ) -—

(X. T) is a continuous mapping.
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Result: 3:16

(X, T ) is extremally-disconnected if and only if

* *
f:(X , 1t ) — (X, 1) is an open mapping.
Result: 3:17

(X, 1) is basically-disconnected if and only if

*
f:(X ,0) — (X, 1) is an open mapping.
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