CHAPTER 3

Topological Insights on Neutrosophic Set

Variants

(3.1) Topological Structures of Neutrosophic Variants
(3.2) Fermatean Neutrosophic Gradation of Openness
(3.3) Fermatean Temporal Neutrosophic Topology

This chapter explores the topology of neutrosophic set variants through the
frameworks proposed by Chang, Sostak, and Lowen. In Chang's framework, the
neutrosophic variants defines whole set as the maximum value of the considered set,
and the null set is zero. Whereas in the Lowen approach, the maximum value among
the assigned membership values replaces the whole set, and the minimum value
replaces the empty set. Sostak's approach defines grades for open sets. By examining
these diverse viewpoints, the concepts of Pythagorean, Spherical, and Fermatean
neutrosophic topologies are developed. It also proposes a new class called Fermatean
neutrosophic temporal topology. It also introduces key concepts such as Fermatean
neutrosophic gradation of openness, subspace, gradation-preserving maps, base and
subbase, Fermatean product neutrosophic topological space, Fermatean neutrosophic

compactness, and Tychonoff's theorem.
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3.1 Topological Structures of Neutrosophic variants

This section, examines the concepts of Pythagorean neutrosophic topology,
neutrosophic spherical topology, and Fermatean neutrosophic topology within the

foundational frameworks established by Chang and Lowen.

Pythagorean Neutrosophic Topology

Definition 3.1.1
Let X be a non empty set. Then 7 is known as a Pythagorean Neutrosophic

Topology (PNT) in the sense of Chang if it satisfies the following axioms:
(T1) Opy,V2py €T,
(T2) for any Py, P, € t, implies P, N P, € 7.
(T3) for any {P,|n € J}, implies U,¢; P, € T.

the pair (X, ) is called a Pythagorean neutrosophic topological space (PNTS).

Example 3.1.2
Let X = {X, ¥, 7} be a set, and let Ap, Bp, Cp, Dp be PNSs on X,
Ap = ((%,0.9,0.6,0.3), (,0.8,0.8,0.3), (,0.7,0.8,0.5)).
By = ((%,0.5,0.7,0.8), (,0.3,0.7,0.9), (Z, 0.2,0.8,0.8)).
Cp = ((%,0.9,0.7,0.3), (7,0.8,0.8,0.3), (7, 0.7,0.8,0.5)).
Dp = {(%,0.5,0.6,0.8), (7,0.3,0.7,0.9), (Z, 0.2,0.8,0.8)).
T= {OPN, \/EPN,AP, Bp, Cp, DP}. The collection 7 is called a PNT on X, the pair (X, 1)
a PNTS.

Definition 3.1.3

Let X be a non empty set. Then 7 is known as a PNT in the sense of Lowen if

it satisfies the following axioms:

(T1) Ap € & foreach Ty, Iy, Fa, € 8 S [0,V2] with
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0< Ty +1,° +F2 <2
(T2) for any Ap,, Ap, € T, implies Ap N Ap, € T.
(T3) for any {Apn|n € ]}, implies Upe; Ap, € T.
the pair (X, 7) is called a PNTS.

Example 3.1.4
Let X = {X,¥,Z} be a set, and let Ap, Bp, Cp, Dp be PNSs on X,
Ap =((%,0.9,0.6,0.3), (¥,0.8,0.8,0.3), (Z,0.7,0.8,0.5)).
Bp = ((X,0.5,0.7,0.8), (#,0.3,0.7,0.9), (£, 0.2,0.8,0.8)).
Cp =((%,0.9,0.7,0.3), (¥,0.8,0.8,0.3), (£,0.7,0.8,0.5)).
Dp = ((X,0.5,0.6,0.8), (¥,0.3,0.7,0.9), (£, 0.2,0.8,0.8)).
T = {Ap, Bp,Cp, Dp}. The collection 7 is called a PNT on X, the pair (X,7) a
Pythagorean neutrosophic topological space (PNTS).

Definition 3.1.5
The complement C(Ap) of a PNS Ap in an PNTS (X, 7) is called a Pythagorean
neutrosophic closed set (PNCS) in X.

Proposition 3.1.6

Let (X, 7) be a PNTS on X. Then construct PNT on X in the following way
7, ={*G:G € 1}
where
« G = {{x, Fg(x), I (x), Te (x))|x € X},
Proof:
(T1) Opy,V2py € T, is obvious.
(T2) Let o Gy,2 G, € T4. Since G1,G, €ET
therefore G; N Gy = (x,Tgy A Tga, Ig1 N I, Fg1 V Fgz) € T. This implies that
(¢ Gy Ne G3) = (x, Tg1 ATz, It Nz, (Tg1) V (Tg2))
= (%, Tg1 A Tg2, 11 Nz, (Ter A Tg2)) € T4
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(T3) Let{eG; i €], G; €1} C14.
Since U G; = (x,V T,V I, A Fg,) €T
U (s Gy) = (x,V T,V Ig,A (Tg,))
= (x,v Ts,V 16, (V Tg,)) € 1.
Definition 3.1.7
Let (X,7;1), (X, T,) be two PNTSs on X. Then t; is said to be contained in 7, if

G € 1, for each G € t;. Then 7, is coarser than t,.

Proposition 3.1.8
Let {7;:i € J} be a family of PNTS on X. Then N t; is also a PNT on X.

Furthermore, N t; is the coarsest PNT on X containing all ;.
1. Opy € 1; for every i € J. From this it follows that Opy €N 7;. Similarly,
V2py ENT;.
ii. Let G4,G, €nt;. Then G4,G, € 1;, for every i € ] and hence, G; N G, € T},
Vi € J. Thus, G; N G, ENT;.
1. Let {Gj:j € K} €N ;. Then {Gj:j € K} C 1, for every i €] and hence,

U G; €Ty, Vi e] . Thus, U G; EN ;.
jek L J jek 1 !

Clearly, it is the coarsest topology on X containing all 7;’s. Since if " is any other

PNT on X which contains every t;, then obviously it will also contain N ;.

Definition 3.1.9
Let a,B,y € (O, \/E) and a? + B? +y? < 2. A Pythagorean Neutrosophic
Point (PNP) p(,, 5. of X is a PNS of X defined by p(, 5,) = (x, Ty, I, E,), where for

x€eX
_(a if y=x
TPO’)_{O if y#x

(B if y=x
Ip(y)_{o if y#x°
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y if y=x
V2 if y#x

In this case, x is called the support of py 5. APNP p(g 5 ) is said to belong

Fp(y) = {

to a PNS A = (x, Ty, I4, F4) of X, denoted by p(g, 5.,y € 4, if @ < Ty(x), B < I4(x) and

Y = Fy(x).

Proposition 3.1.10

Every PNS Ap in X can be expressed as the union of all PNP contained in Ap.

Definition 3.1.11
A collection B of PNS on a set X is said to be basis (or base) for a PNT on X, if
i. For every p( g, in X, there exists B € B such that p, 5,y € B.

ii. If p{yp,) € By N By, where By, B; € B then there exist B3 € B such

that p(y 5,) € Bs S By N B,

Proposition 3.1.12
Let B be a basis for a PNT on X. Let 7 contains those PNS G of X for which
corresponding to each p(y 4. € G, there exist B € B such that p, 3, € B € G. Then

Tisa PNTon X.

Proposition 3.1.13
Let 7 be an PNT on a set X, generated by a basis 8B. Then members of 7 are

precisely the union of members of B, that is, G € 7 if and only if G = LEJA B,, where
a

B, € B,Va € X.

Definition 3.1.14
Let (X, 7) be a PNTS. Then a subfamily By € 7 is called a sub-basis for 7 if the

family of finite intersections of members of Bg forms a base for .
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Definition 3.1.15
Let (X,7) be a PNTS and Ap = {(x: Ty, (x), Ln, (x), F4,(x))/x € X} be an PNS
in X. Then the Pythagorean neutrosophic closure of Ap are defined by
Cl(Ap) =N{K:K isaPNCS in X and Ap € K}.

Definition 3.1.16

Let (X,7) be aPNTS and Ap = {{x: Ty, (x), In, (x), Fa, (x))/x € X} be an PNS
in X. Then the Pythagorean neutrosophic interior of Ap are defined by

int(Ap) =U{G:GisaPNOSin X and G S Ap}.

Note that Cl(Ap) is a Pythagorean neutrosophic closed sets (PNCSs) and int(Ap) is a
Pythagorean neutrosophic open sets (PNOSs) in X.
Further,

(a) Ap is a PNCS in X iff Cl(Ap) = Ap;

(b) Ap is a PNOS in X iff int(4p) = Ap.

Example 3.1.17
Let X = {X,¥,Z} be a set, and let Ap, Bp, Cp, Dp be PNSs on X,
Ap = ((%,0.9,0.6,0.3), (¥,0.8,0.8,0.3), (Z,0.7,0.8,0.5)).
Bp = ((%,0.5,0.7,0.8), (¥, 0.3,0.7,0.9), (Z,0.2,0.8,0.8)).
Cp =((%,0.9,0.7,0.3), (¥,0.8,0.8,0.3), (£,0.7,0.8,0.5)).
Dp = ((X,0.5,0.6,0.8), (¥,0.3,0.7,0.9), (Z,0.7,0.8,0.8)).
T= {OPN» \/EPN' Ap, Bp, Cp, DP}
If

P, = ((%,0.8,0.5,0.4), (¥,0.8,0.6,0.2), (Z,0.6,0.7,0.7))
int(Pp) =U{G:GisaPNOSin X and G S P}
B {((f, 0.5,0.7,0.8), (7, 0.3,0.7,0.9), (2, 0.2,0.8,0.8)),}
- ((%,0.5,0.6,0.8), (,0.3,0.7,0.9), (%,0.7,0.8,0.8))
= ((%,0.5,0.7,0.8), (#,0.3,0.7,0.9), (,0.2,0.8,0.8)) = Bp
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( ((%,£,9,0),([#,¢9,0),(2,¢,9,0)), )
((%,0,0,0),(5,0,0,9),(Z,0,0,0)),
((%,0.3,0.6,0.9), (7,0.3,0.8,0.8), (%,0.5,0.8,0.7)),
((%,0.8,0.7,0.5), (7,0.9,0.7,0.3), (%,0.8,0.8,0.2)),
((%,0.3,0.7,0.9), (7,0.3,0.8,0.8), (%,0.5,0.8,0.7)),
L((%,0.8,0.6,0.5), (7,0.9,0.7,0.3), (%,0.8,0.8,0.7))

Cl(Pp) =N {K:K is a PNCS in X and P C K}
= min{vVZpy} = V2py

PNCSin X = <

Proposition 3.1.18
For any PNS Ap in (X, 1),
(@) CU(Ay) = eCAp)
(b) int(4p) = CI(Ap)
Proof:

(a) Let Ap = (x, Taps Lap FAP) and suppose that the PNOS’s contained in Ap are indexed

by the family {(x, T, Ig, FGi): i €J}. Then, int(4p) = (x,v Te,V g N FGi) and hence
int(Ap) = (XA Fg,v D¢,V Tg,) (3.1.1)

Since (Ap) = <x, AFAP’ Vv (I)AP’ \Y TAP> al’ld TGi S TAP’ IGi S IAP’ FGi 2 FAP

for every i €], {(x, Fg, (D¢, Tai>=i E]} is the family of PNCS’s containing (4p),

that is,
Cl(Ap) = (x,AFg, v (Dg,V Tg,) (3.1.2)
Hence from equation (3.1.1) and (3.1.2) and C Z(E) = int(4p).

(b) Let Ap = (x, Tap: Lap FAP) and suppose that the family of PNCS’s containing Ap is

given by {(x, Te, 16, FGi): i € ]}. Then, Cl(Ap) = (x,/\ Te N g,V FGi) and hence,
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Cl(Ap) = (x,V Fg,A (DN Tg,) (3.1.3)

Since (Ap) = (x,AFa,,V (DapV Tap) and Ta, < T, Ia, < 16, Fa, = Fg,, for

cachi €], {(x, Fg,(Dg, TGL.): i € ]} is the family of PNOS’s contained in (4p), that is,
int(Ap) = (x,V Fg,A (DA Tg,) (3.1.4)

Hence, from equation (3.1.3) and (3.1.4), int(E) = CIL(4p).

Proposition 3.1.19

Let (X,7) be a PNTS and Ap, Bp be PNSs in X. Then the following properties
holds

a) int(4p) € Ap

b) Ap S Cl(Ap)

¢) Ap € Bp = int(4p) < int(Bp)

d) Ap < Bp = Cl(4p) < CI(Bp)

e) int(int(4p)) € int(4p)

0 ci(cu(p)) < Ci(4p)

g) int(4dp n Bp) = int(4p) nint(Bp)
h) Cl(ApuBp) = Cl(Ap) U Cl(Bp)

) int(VZpy) = V2py

i) Cl(Opy) = Opy

Definition 3.1.20

Let pi7; ) be a PNP of a PNTS (X, 7). APNS A of X is called a Pythagorean
Neutrosophic Neighborhood (PNN) of p(;, r) if there is a PNOS B in X such that
Pir.r) € B E A.
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Theorem 3.1.21

Let (X, 7) be a PNTS. Then a PNS A of X is a PNOS iff A is an PNN of p(y; r)
for every PNP p(7.; ) € A.
Proof:

Let A be a PNOS of X. Clearly, A is a PNN of every pé‘T‘ ;) € A. Conversely,
consider that A is a PNN of every PNP that belongs to A.

Let {7, ;) € A. Since A is a PNN of p(7. ), there is a PNOS Bpx.,,, in X such

pch,I,F)
A =U{pi ) DirLr € A} CU {B X iphim € A} cA
o, oy D(T.1,F) (T,LF)
Hence A =U {Bpf‘ﬂp): Pirir) € A}. Since each BPECTIF) is a PNOS, 4 is also a

PNOS in X.

Neutrosophic Spherical Topology

Definition 3.1.22
Let X be a non empty set. Then 7 is called a Neutrosophic Spherical Topology
(NST) in the sense of Chang if it satisfies the following axioms:

(T1) Ons, 1ns €T,
(T2) for any S;,S, € 7, implies S; N S, € 7.
(T3) for any {S,|n € J}, implies U,¢; Sy, € 7.
the pair (X, 7) is called a Neutrosophic Spherical Topological Space (NSTS).

Example 3.1.23

Let X = {X, ¥, 7} and let Ag, Bg, Cs, Ds be NSSs.
Ag = ((%,0.9,0.8,0.4), (¥,0.6,0.8,0.6), (Z,0.7,0.9,0.8)).
Bs = ((%,0.5,0.7,0.9), (¥, 0.3,0.9,0.8), (Z,0.6,0.9,0.6)).
Cs = ((%,0.9,0.8,0.4), (¥,0.6,0.9,0.6), (Z,0.7,0.9,0.6)).
Ds = ((X,0.5,0.7,0.9), (¥, 0.3,0.8,0.8), (Z,0.6,0.9,0.8)).
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T = {Ops, 1ns, As, Bs, Cs, Ds}. The collection 7 is called a NST on X, the pair
(X,7) a NSTS.

Definition 3.1.24

Let X be a non-empty. Then 7 is called a NST in the sense of Lowen if it satisfies

the following axioms:

(T1) Ag € 6 for each Ty, Iy, Fug € 6 < [0,1] with

0< T, +L,° +Fi > <3
(T2) for any A, As, € 7, implies Ag, N Ag, € 7.
(T3) for any {A5n|n € ]}, implies Upe; As, € T.
the pair (X, 7) is called a NSTS.

Example 3.1.25
Let X = {X,¥,Z} and let Ag, B, C5, Ds be NSSs.
Ag = ((%,0.9,0.8,0.4), (,0.6,0.8,0.6), (7,0.7,0.9,0.8)).
Bs = {(%,0.5,0.7,0.9), (7,0.3,0.9,0.8), (7, 0.6,0.9,0.6)).
Cs = (% 0.9,0.8,0.4), (7, 0.6,0.9,0.6), (,0.7,0.9,0.6)).
Ds = {(% 0.5,0.7,0.9), (7, 0.3,0.8,0.8), (Z, 0.6,0.9,0.8)).
T = {As, B, Cs, Dg}. The collection 7 is called a NST on X, the pair (X,7) a
NSTS.

Definition 3.1.26
The complement C(Ag) of a NSS Ag in an NSTS (X, 7) is called a neutrosophic
spherical closed set (NSCS) in X.

Proposition 3.1.27

Let (X,7) be a NSTS on X. Then construct NST on X in the following way
7, ={¢G:G € 1}
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where
* G = {{x, Fg(x), I (%), Te (x))|x € X},
Proof:
(T1) Ops, 1ys € 74 is Obvious.
(T2) Let ® Gq,° G, € 14.
Since Gy, G, € T therefore Gy N G, = (X, Tgy AN Tgo, Ig1 ANlga, Fg1 V Fgy) € T.
This implies that
(e Gy,0 G2) = (x, Fg1 A Fgp, Iy N, Ter V Tg2)

= (X, Fg1 N Fga, Iy Nga, Tea A Tg2) €14
(T3) Let{e G;,i € ],G; € T} S 14.
Since U G; = (x, VFg, Vig, A TGi) ET

U (s G) = (x,V Fg,,V Ig,A T,)

= (x,V FGL"V IGi'V TGi> € T1-

Definition 3.1.28
Let (X, 7,), (X, 7,) be two NSTSs on X. Then 7, is said to be contained in 7, if

G € 1, for each G € 1;. In this case, 74 is coarser than t,.

Proposition 3.1.29
Let {t;:i € J} be a family of NSTS on X. Then N t; is also an NST on X.
Furthermore, N 7; is the coarsest NST on X containing all ;.
1. Oys €1; for every i €. From this it follows that Oyg €N ;. Similarly,
1ys ENT;.
. Let G1,G, €N t;. Then G4, G, € 14, for every i € ] and hence, G, N G, € T,
Vi € J. Thus, G; N G, €N T;.
1. Let {Gj:j € K} €N ;. Then {Gj:j € K} C 1;, for every i €] and hence,

U G;et;Vie].Thus, U G; ENn ;.
jek ! J jek ) t

Clearly, it is the coarsest topology on X containing all 7;’s. Since if T’ is any other

NST on X which contains every t;, then obviously it will also contain N ;.
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Definition 3.1.30
Let a,f,y € (0,1) and a? + B2 + y? < V3. A neutrosophic spherical point
(NSP) Pfa,ﬁ,y) of X is a NSS of X defined by pé‘a‘ By) = (x, Ty, I, Fp), where for x € X.

_(a if y=x (B if y=x (v f y=x
Tp(y)_{o if y#x’ Ip(y)_{o if y#x° F”(y)_{l if y#x

In this case, x is called the support of p(y z.). ANSP p(, 5. is said to belong

to aNSS A = (x, Ty, I, F4) of X, denoted by py 5, € 4, if @ < Ty (x), B < I4(x) and

Y = F4(x).

Proposition 3.1.31

Every NSS Ag in X can be expressed as the union of all PNP contained in Ag

Definition 3.1.32
A collection B of NSS on a set X is said to be basis (or base) for a NST on X, if
i. For every p(y ) in X, there exists B € B such that p(, 5,y € B.

1. If pg‘a,ﬁ,y) € B; N B,, where By, B, € B then there exist B; € B such that

Plapy) € Bs S B1 N By.

Proposition 3.1.33
Let B be a basis for a NST on X. Let T contains those NSS G of X for which
corresponding to each p(y 4., € G, there exist B € B such that p, 3, € B € G. Then

Tisan NSTon X.

Proposition 3.1.34
Let T be an NST on a set X, generated by a basis 8. Then members of T are

precisely the union of members of B, that is, G € 7 iff G = LEJA B,, where B, € B,
a

Va € A.
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Definition 3.1.35
Let (X, 7) be a NSTS. Then a subfamily B; C 7 is called a sub basis for 7 if the

family of finite intersections of members of B forms a base for 7.

Definition 3.1.36
Let (X,7) be a NSTS and Ag = {{x: Ts(x), I5(x), Fs(x))/x € X} be an NSS in
X. Then the neutrosophic spherical closure of Ag are defined by
Cl(Ag) =N {K:K isaNSCS in X and A € K}.
Definition 3.1.37
Let (X,7) be a NSTS and Ag = {(x: Ts(x), Is(x), Fs(x))/x € X} be an NSS in
X. Then the neutrosophic spherical interior of Ag are defined by
int(As) =U{G:G isaNSOS in X and G € Ag}.
Note that Cl(Ag) is a neutrosophic spherical closed sets (NSCSs) and int(Ag) is a
neutrosophic spherical open Sets (NSOSs) in X.
Further,
(a) Ag is a NSCS in X iff Cl(A4g) = Ag;
(b) Ag is a NSOS in X iff int(Ag) = Ag.

Example 3.1.38
Let X = {X,¥,Z} and let Ag, B, C5, Ds be NSSs.

Ag = ((%,0.9,0.8,0.4), (¥,0.6,0.8,0.6), (Z,0.7,0.9,0.8)).
Bs = ((¥,0.5,0.3,0.9), (¥,0.3,0.2,0.8), (Z,0.6,0.4,0.7)).
Cs = ((%,0.9,0.8,0.4), (7,0.6,0.9,0.6), (Z,0.7,0.9,0.6)).
Ds = ((%,0.5,0.7,0.9), (¥, 0.3,0.8,0.8), (£, 0.6,0.6,0.6)).
T = {Ons, 1ns, 4s, Bs, Cs, D}

If

P = ((%,0.8,0.7,0.6), (,0.6,0.8,0.3), (Z,0.7,0.6,0.6)).

int(Ps) =U {G:GisaPNOS in X and G S Pg}
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— max {((i, 0.5,0.3,0.9), (7,0.3,0.2,0.8), (2, 0.6,0.4,0.7)),}
B ((x,0.5,0.7,0.9), (¥,0.3,0.8,0.8), (Z,0.6,0.6,0.6))

= ((%,0.5,0.7,0.9), (3,0.3,0.8,0.8), (Z,0.6,0.6,0.6)) = Ds

Cl(Ps) =n {K: K is a PNCS in X and P; < K}

= min{((%,£,%,0), (7,£,%,0),(Z,,¥,00)} = V2py
Proposition 3.1.39

For any NSS Ag in (X, 1),
(a) CL(As) = int(As)
(b) int(As) = Cl(As)

Proof: (a) Let A = (x, Tpps Lap, FAP) and suppose that the NSOS’s contained in Ag are
indexed by the family {(x, Te, 16, Fai>ii E]}. Then, int(4Ag) = (x,V Te,V g N FGi>

and hence

int(As) = (x,A Fg,V I,V Tg,) (3.1.5)

Since (As) = (XA Fap,V (DpV Tap) and Tg, < Tap, Ig, < Iap, Fg, = Fa,, for

every i € J, {(x, Fg, (D¢, TGi>: [ € ]} is the family of NSCS’s containing (Ag), that is,
Cl(As) = (x,AFg,v (Dg,V Tg,) (3.1.6)
Hence from equation (3.1.5) and (3.1.6) and C l(A_S) = int(Ag).

(b) Let Ag = (x, Tag lug FA5> and suppose that the family of NSCS’s containing Ag is

given by {(x, Te, g, FGi>: [ € ]}. Then, Cl(Ag) = (x,/\ Te NI,V FGl.> and hence,

Cl(As) = (x,V Fg,A (DA T,) (3.1.7)
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Since (As) = (XA FaV (Lag)V Tag) and Tyg < T, Iag < I, Fag = Fg,, for

eachi €/, {(x, Fg, (D¢, TG,->5 i € ]}is the family of PNOS’s contained in (Ag), that is,
int(Ag) = (x,V Fg,A (D, A Tg,) (3.1.8)

Hence, from equation (3.1.7) and (3.1.8) and int(A_S) = Cl(As).

Proposition 3.1.40
Let (X,7) be a NSTS and 4, B be NSSs in X. Then the following properties holds
a) int(4s) € 4
b) As € Cl(4s)
¢) As € Bg = int(4s) < int(Bs)
d) As < Bs = Cl(4s) < Cl(Bs)
e) int(int(4s)) < int(4s)
0 ci(ci(ds)) < ci(4s)
g) int(4s n Bg) = int(4s) nint(Bs)
h) Cl(As U Bs) = Cl(4s) u Cl(Bs)
) int(lys) = 1ys
i) Cl(Oys) = Ops

Definition 3.1.41
Let p{7; ) be a neutrosophic spherical point of a NSTS (X, 7). ANSS A of X is
called an neutrosophic spherical neighbourhood (NSN) of p(r; ) if there is a NSOS B

in X such that p{7; -, € B € A.

Theorem 3.1.42
Let (X, 7) be a NSTS. Then a NSS A of X is a NSOS if and only if A is an NSN
of p(r; ) for every NSP p{7.; ) € A.
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Proof:

Let A be a NSOS of X. Clearly, A is a NSN of every p(y, ) € A. Conversely,
suppose that A is a NSN of every NSP belonging to A. Let p{;; -y € A. Since A is a
NSN of p{z; ;) there is a NSOS By, in X such that Dir.r) € Bpyx

c
DrLF)
A=U{p, r Pl E A} SU{B Dl EA[ S A
=VUPT.LR): P(T,1F) = p1p P(T.LF) =
hence A =U {BPECT,I,F): Pirir) € A}.

Since each B x is an NSOS, A is also a NSOS in X.
(T,1,F)

Fermatean Neutrosophic Topology

Definition 3.1.43
Let X be a non empty set. Then 7 is called a Fermatean Neutrosophic Topology

(FNT) in the sense of Chang if it satisfies the following axioms:
(T1) Opn, 1py €T
(T2) for any Fy, F, € 7, implies F; N F, € 1.
(T3) for any {F,|n € I}, implies U,¢; F, € T.

the pair (X, 7) is called a Fermatean neutrosophic topological space (FNTS).

Example 3.1.44
Let X = {X, ¥, z} and let Ag, Bg, Cg, and Dy are FNSs.
Ar = {(%,0.85,0.9,0.7), (,0.9,0.8,0.6), (Z,0.5,0.8,0.9)).
By = ((%,0.8,0.9,0.7), (,0.6,0.9,0.8), (Z,0.9,0.7,0.6)).
Cr = {(%,0.85,0.9,0.7), (,0.9,0.9,0.6), (%, 0.9,0.8,0.6)).
Dy = ((%,0.8,0.9,0.7), (,0.6,0.8,0.8), (, 0.5,0.7,0.9)).
T = {0pn, 1N, AF, Br, Cg, Dg}. The collection 7 is called a FNT on X, the pair
(X,t) aFNTS.

Exploring Neutrosophic Set Variants: Investigating Topological Insights,
Approximation Spaces and Decision-Making Approaches

81



Chapter 111

Definition 3.1.45
Let X be a non empty set and T € FNTS. Then 7 is called a FNT in the sense of

Lowen if it satisfies the following axioms:
(T1) Ap € 8, foreach Ty, Iy, Fa, € 6 < [0,1] with
Tap" (%) + 15,2 (0) + Fp, .2 (x) <2
(T2) for any Ap,, Af, € T, implies Ap, N Ap, € T.
(T3) for any {AFn|n € I}, implies Upe; Af, € 7.
In this case the pair (X, 7) is called a FNTS.

Example 3.1.46
Let X = {X,¥,z} and let Ag, B, Cp, and Dy are FNSs.
Ar = ((%,0.85,0.9,0.7), (¥,0.9,0.8,0.6), (Z,0.5,0.8,0.9)).
Br = ((%,0.8,0.9,0.7), (¥,0.6,0.9,0.8), (Z,0.9,0.7,0.6)).
Cr = ((%,0.85,0.9,0.7), (#,0.9,0.9,0.6), (Z,0.9,0.8,0.6)).
Dr = ((X,0.8,0.9,0.7), (,0.6,0.8,0.8), (£, 0.5,0.7,0.9)).
T = {Ap, Bp, Cp, Dp}. The collection T is called a FNT on X, the pair (X, 7) a FNTS.

Definition 3.1.47
The complement C(Ar) of a Fermatean neutrosophic open set (FNOS) A in a

FNTS (X, 7) is called a Fermatean neutrosophic closed set (NSCS) inX.

Proposition 3.1.48

Let (X,7) be a FNTS on X . Then construct several FNT on X in the following
way
a) T, ={*G:G € 1}
b) 7, ={cG:G € 1}
where

* G = {{x,Ts(x), I (x),1 = Ts(x))|x € X},
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oG = {{x,1 - F;(x), 1 (x), Fg(x))|x € X}
Proof:

(a) (T1) Opy, 1y € 74 is ObVious.

(T2) Let ® G1,* G, € 14. Since G4, G, € T therefore
G1 N Gy = (x, T ATz, Ig1 Nz, F1 V Fgz) € T.
This implies that
(¢ G1,0 G2) = (x, Ty A T2, Ig1 Nga, (1 = Tgr) V (1 — Tgz))
= (x, Te1 A T2, 161 N2, 1 — (T A Tg2)) €14
(T3) Let {» G;,i € J,G; € T} € 1. Since UG; = (x, VT;, VI, AFs) €T
U (e G) = (x,v T,V IgA (1 - Tg,))
= (VT VI, 1—(VTs)) € 14
(b) (T1) Oy, 1pys € T4 1s Obvious.
(T2) Let o G1,° G, € T5. Since G1, G, € T therefore
Gy NGy =(x, Ty ATg2, lg1 Nz, F1 V Fga) €T
This implies that
(o G1,0 G2) = (x, (1 — Fg1) A (1 = Fg2), g1 Az, Fg1 V Fga)
=(x,1 = (Fg1 V Fg2), Ig1 N2, Fo1 V Fgz) € T2
(Ts) Let {o G, i € ], G; € T} S 75. Since U G; = (x,V T,V I, A Fg,) €T
U (e G) = (x,v (1 —Fg,)V Ig,AFg,)
= (x,1— (AFg,).V Ig,A Fg,) € 4.
Definition 3.1.49
Let (X, 7,), (X, 7,) be two FNTSs on X. Then 7, is said to be contained in 7, if

G € 1, for each G € t;. In this case, 7, is coarser than 7,.

Proposition 3.1.50
Let {r;:i € J} be a family of FNTS on X. Then N 1; is also a FNT on X.

Furthermore, N 7; is the coarsest FNT on X containing all t;’s.
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i. Opy € 1; for every i € J.From this it follows that Ogy €N ;. Similarly,
1y ENT;.
ii. Let G,G, €nt;. Then G4,G, €Et;, for every i €] and hence,
G, NG, € 1;,Vi € ]. Thus, Gy NG, ENT;.
i, Let {Gj:j € K} cn t;. Then {Gj:j € K} C t;, for every i € J and hence,

U G; €T;Vi €] . Thus, U G; ENT;.
jek J t J > jex ¢

Clearly, it is the coarsest topology on X containing all 7;’s. Since if 7' is any

other FNT on X which contains every t; then obviously it will also contain N ;.

Definition 3.1.51
Let a,B,y € (0,1) and a® + B3 + y3 < 2. A Fermatean neutrosophic point
(FNP) pg g ) of X is a FNS of X defined by

Pfa,g,y) = (JC, Tp,Ip,Fp), where for x € X.

_(aify=x
Tp(y)_{Oify;tx’
_(Bify=x
() {Oify;tx’

In this case, x is called the support of pé‘a_ By)-
A FNP pf‘a,ﬁ,y) is said to belong to a FNS A = (x, Ty, I, F4) of X, denoted by
Plapy) €A ifa S Ty(x),B < I4(x) and y = F4(x).

Proposition 3.1.52
Every FNS Ar in X can be expressed as the union of all PNP contained in Af.

Definition 3.1.53
A collection B of FNS on a set X is said to be basis (or base) for a FNT on X, if

i. For every p{y g in X, there exists B € B such that p(g, 5 ) € B.
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i, If pg‘aﬁ'y) € B, N B,, where By, B, € B then there exist B; € B such that

Plapy) € Bs S B1 N By.

Proposition 3.1.54
Let B be a basis for a FNT on X. Let 7 contains those FNS G of X for which
corresponding to each p(, 5 .y € G, there exist B € B such that p{, 5., € B € G. Then

TisaFNTon X.

Proposition 3.1.55
Let 7 be a FNT on a set X, generated by a basis 8B. Then members of 7 are

precisely the union of members of B, that is, G € t if and only if G = LéJA B,, where
a

B, € B,Va € A.

Definition 3.1.56
Let (X, 7) be a FNTS. Then a subfamily B; C 7 is called a sub basis for 7 if the

family of finite intersections of members of Bg forms a base for .

Definition 3.1.57
The complement C(Ar) of a FNOS Ar in a FNTS (X, 7) is called a Fermatean
neutrosophic closed set (FNCS) in X.

C(Ap) = {{x, Fap(x), 1 — Iy, (%), Ta.(x))|x € X}

Definition 3.1.58
Let (X,7) be aFNTS and Ap = {(x: Ty, (x), 1, (x), Fa,(x))/x € X} be an FNS
in X. Then the Fermatean neutrosophic closure of Ay are defined by

Cl(Ap) =n {K:K isa FNCS in X and A € K}.

Definition 3.1.59
Let (X,7) be a FNTS and A5 = {(x: Tp, (%), 14, (), FAF(x))/x € X} be an FNS
in X. Then the Fermatean neutrosophic interior of A are defined by

int(Ag) =U{G:Gisa FNOS inX and G C Ag}.
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Note that CI(Afr) is a FNCSs and int(Ap)is a FNOSs in X.
Further,

(a) A is a FNCS in X iff CI(47) = Ap.

(b) Ay is a FNOS in X iff int(45) = Ap.

Example 3.1.60
Let X = {X,¥,z} and let Ag, B, Cp, and Dy are FNSs.
Ar =((¥,0.85,0.9,0.7), (¥,0.9,0.8,0.6), (Z,0.5,0.8,0.9)).
Br =((%,0.8,0.9,0.6), (¥,0.6,0.9,0.8), (Z,0.9,0.7,0.6)).
Cr = ((%,0.85,0.9,0.6), (¥,0.9,0.9,0.6), (Z,0.9,0.8,0.6)).
Dr = ((%,0.8,0.9,0.7), (7, 0.6,0.8,0.8), (Z,0.5,0.7,0.9)).
T = {Opn, 1pn, Ar,) B, Cp, Dr}
If P = ((X,0.8,0.9,0.7), (¥,0.8,0.8,0.7), (Z,0.5,0.8,0.5)).

int(Ap) =U{G:G is aFNOS in X and G € P}
= max{((%,0.8,0.9,0.7), (¥,0.6,0.8,0.8), (Z,0.5,0.7,0.9)). }
= ((%,0.8,0.9,0.7), (¥,0.6,0.8,0.8), (Z,0.5,0.7,0.9)) = Dg

Cl(Ap) =N {K:K is a PNCS in X and P € K}
= min{{(%, 1,1,0), (5, 1,1,0), (%,1,1,0))} = 1py.

Proposition 3.1.61
For any FNS A in (X, 1),

(a) CL(Af) = int(Ap)
(b) int(Ar) = Cl(Ap)
Proof:

(a) Let Ap = (x, Tpprlaps Fa F) and suppose that the FNOS’s contained in Ay are indexed

by the family {(x, T;,, Ig,, Fg,): i € J}. Then, int(Ar) = (x,V T;,,V Ig,.A Fg,) and hence
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int(Ap) = (x,A Fg,vV (1 = D¢,V Tg,) (3.19)

Since (Ar) = (x, AFa,, V(1 —Dap VTa,)and Tg, < Tap, Ig, < lap, Fg, = Fa,

forevery i € ], {(x, Fg, (1 —1Dg, TG,->5 i € J} is the family of FNCS’s containing (4),

that is,
Cl(Ar) = (x,AFg,v (1 — D,V Tg,) (3.1.10)
Hence from equation (3.1.9) and (3.1.10) and C I(E) = int(Agp).

(b) Let Ap = (x, Tap Lag FAF) and suppose that the family of FNCS’s containing Ag is
given by {(x, Te, 1g, FGi): i € ]}. Then, CI(Af) = (x,/\ Te, N g,V FGi> and hence,

Cl(Ap) = (x,V Fg,A (1 — Dg A Tg,) (3.1.11)

Since (Ar) = (x, AFap, V(1= Dap VTa,) and Ty, < T, lay, < g, Fap = Fg,,

foreachi €/, {(x, Fg, (1= 1Dg, TGL.): i € ]}is the family of FNOS’s contained in (Af),

that is,
int(Ar) = (x,V Fg,h (1 — D¢, A Tg,) (3.1.12)

Hence, from equation (3.1.11) and (3.1.12) and int(A_p) = Cl(Ap).

Proposition 3.1.62
Let (X,7) be a FNTS and 4, B be FNSs in X. Then the following properties
holds

a) int(4y) € Ar

b) Ap < Cl(Ar)

o) Ap € Bp = int(4y) € int(By)
d) Ar € Br = Cl(4r) < CU(By)
e) int(int(4r)) € int(4r)

Exploring Neutrosophic Set Variants: Investigating Topological Insights,
Approximation Spaces and Decision-Making Approaches

87



Chapter 111

n ci(cu(4r)) < ci(4r)

g) int(4p N Bp) = int(4p) nint(Bp)
h) Cl(4p v Bp) = Cl(4p) U Cl(Br)

i) int(1py) = 1py

3) Cl(Opy) = Opy

Definition 3.1.63
Let p{7; ) be a Fermatean neutrosophic point of a FNTS (X, 7). AFNS A of X

is called a Fermatean neutrosophic neighborhood (FNN) of pr’,_ py if there is a FNOS
B in X such that p7., ) € B € A.

Theorem 3.1.64
Let (X, 7) be a FNTS. Then a FNS A of X is a FNOS iff A is an FNN of pgcT,,'F)

for every FNP p(7.; 1) € A.

Proof:

Let A be a FNOS of X. Clearly, A is a FNN of every p(y, ) € A. Conversely,
suppose that A is a FNN of every FNP belonging to A. Let p{7; 1) € A.

Since A is a FNN of p{r;p), there is a FNOS BpicTIF)in X such that

X

PiriF) € BpECT,I'F) cA

And A =U{p%, 5y Plim € A} SU{Bye Dl €A} A

— c X

and hence A =U {BPfT,I,F)' Pirir) € A}.

Since each B,x is a FNOS, A is also a FNOS in X.
(T,ILF)
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3.2 Fermatean Neutrosophic gradation of openness

This section, defines Fermatean neutrosophic gradation of openness, subspace,
gradation-preserving maps, base and subbase, Fermatean product neutrosophic
topological space, Fermatean neutrosophic compactness, and Tychonoff's theorem.

Here let X be a nonempty set, I to denote [0,1], I, to denote (0, 1], I, to denote
[0,1), and I to be the set of all Fermatean neutrosophic subsets defined on X. The
family of all FNSs in X will be represented by FN (X). Fermatean neutrosophic subsets
will be represented by symbols such as 4, u, v, n, x, and so on throughout this section.

Let X be a FNS. Let Y be a subset of X and u € I%; the restriction of g on Y is
denoted by u/Y. For each u € I the extension of u on X, denoted by (i, is defined by

_(ulx) if xX€eEY
“X(x)_{om if xex-—v

Definition 3.2.1
Let X be a non empty set. A Fermatean Neutrosophic Gradation of Openness
(FNGO) of Fermatean neutrosophic subsets of X, is a triplet (z7, 7!, ) of functions
T, 7! tF: 1X = [ such that
(FNGO1) (7TW) + (/) + (FW)’ < 2,va e IX
(FNGO2) t"(0py) = 7" (1py) = L, 7' (0py) = v/ (1py) = 1,
' (0py) =77 (1) =0
(FNGO3) T4, nA,) =T (A) AT (4y),
(A N Ap) 2 T (A) AT (Ay),
A n) <tFQA) vefQ), 4 € 1%,i=1,2
(FNGO4) 7" (Uieadi) = Nieat" (1),
' (Uiea ) = Niea ™' ()
tF(Uijea i) < VieatF (1), 2; € 1%, € A.
Where 77, 7! are independent components and 7 is dependent component with respect

to 7. 7 represent the degree of openness, ! is the indeterminacy of openness, and ¥
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non-openness respectively. The triplet (z7,7!,F) is a FNGO X. Then the collections

X, 77,71, tF) is known as FNTS.

Definition 3.2.3
Let X be a non empty set and F, F*: I¥ - I be two mappings satisfying
(FNGC1) (FT(D))’ + (FIW)’ + (FI()’ < 2,va € IX
(FNGC2) FT(0py) = FT(1py) = 1L,F'(0py) = F'(1py) = 1,
FF(Opy) = FF(1py) =0
(FNGC3) FT(A4, Udy) = FT(A4) AFT(4y),
F'(A4, U 1,) = F'(A) AFI(Ay)
FF(A,UX) < FFQA)VFF(A,), A, €1%,i=1,2
(FNGC4) FT(Nieads) = Niea FT (2,
F'(Nieadi) = Niea F' (),
FF(Nieadi) S Viea FF (), 2, € 1%i € A
Then the triplet (FT,F!,FF) is a Fermatean neutrosophic gradation of

closedness (FNGC) on X.

Example 3.2.4

Let X = R, the set of all real numbers, T be the topology strictly finer than the
usual topology generated by T,. Let T be the topology generated by
B={(p,q];p,q € R,p < q} as a subbase and T, be the family of all open sets of R
with respect to the usual topology of R. Define 7,7/, ¥ on crisp FNS yx,, where
A € R. Define 77,7/, 7F: 1* -> I by

1 if A€ {Opy, 1pn}

T _)1 if AET,
T =06 it Aen\T,

0 otherwise

1 if  A€{0py, 1pn}
0.6 if A€ET,

04 if A€eT\T,

0 otherwise

TI()(A) =
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and

0 if A € {0py, 1pn}
0.2 if AET,

0.3 if A € T\T,

1 otherwise

Then (z7, 7!, 7F) is an FNGO on X.
Example 3.2.5
Let X = {R, G, Y} be the set. Xpy be FNS.
Xey = {(R,0.85,0.9,0.5), (G, 0.9,0.8,0.6), (Y,0.7,0.6,0.8) }
Yen = {{(R,0.7,0.6,0.8), (G, 0.7,0.9,0.7), (Y, 0.7,0.8,0.6) )}
Let B be the collection containing the FN-tuples. Let 7 be the topology generated by B.

¥ (Xa) =

Let 7, denote the usual topology on the finite set X (so ¢, X € t,).

(R,0.85,0.9,0.5), (G, 0.9,0.8,0.6), (¥, 0.7,0.6,0.8)
B ={((R,0.7,0.6,0.8), (G, 0.7,0.9,0.7), (Y, 0.7,0.8,0.6))
((R,0.7,0.6,0.8), (G,0.7,0.8,0.7), (Y, 0.7,0.6,0.8))

Let 7 be the topology generated by bases

(R, 0.85,0.9,0.5), (G, 0.9,0.8,0.6), (Y, 0.7,0.6,0.8)

((R,0.7,0.6,0.8), (G,0.7,0.9,0.7), (Y, 0.7,0.8,0.6))

((R,0.7,0.6,0.8), (G,0.7,0.8,0.7), (Y, 0.7,0.6,0.8))
((R,0.85,0.9,0.5), (G,0.9,0.9,0.6), (Y, 0.7,0.8,0.6))

For any crisp FNS y, (with A € X), define 77,7/, 7F: 1* - I by

1 if A€ {0py, 1y}

1 if A €To\{Opy, 1pn}
0.7 if Aer1\1

0 otherwise

1 if  A€{0py, 1y}
0.7 if A€eTy\{Opy,1pn}
05 if Aer1\1

0 otherwise

0 if  A€{0py, 1pn}

0 if A€To\{Opy, 1y}
0.3 if Aert\1q

1 otherwise

7T ({(R,0.85,0.9,0.5)}) =

t!({(R,0.85,0.9,0.5)}) =

F({(R,0.85,0.9,0.5)}) =
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Then (z7, ¢!, 7F) is an FNGO on X.

Definition 3.2.6
For two pairs of mappings of FNGO (z7, 7/, tF) and FNGC (F7,F!, FF) from
I* - I define
e () = FT(A9), v () = FI(A%), 7F r (1) = FF(AS)
FT r() =172, F'1(2) =t/ (A°), FF (1) = 7F (2%)

Theorem 3.2.7

(a) (z7,7!,7F) is a FNGO on X iff (FTTT, F' i, FFTF) isa FNGC on X,

(b) (FT,F!,FF) is a FNGC on X iff (z7 zr, 7/ 1, 7F o) is a FNGO on X,
=FT,Fl, =FLFF; =FF

T T 1 I _F F pT
T ot . =T ,T7 a0 =71,T o  =71,F" 1
©) Foor R R TR F FF

Proof:

@

(Fr@) + (Fla@) + (FF @) = (70O + (@ @)’ + (@)’
vu € 1%,

50 (FTTT(M))3 + (F’TI(M))3 + (FFTp(u))B <2 iff

(TT(,UC))3 + (T’(uc))3 + (TF(,MC))3 <2,Vvuelx (3.2.1)
Clearly,
FTr(Opy) = FT r(1py) =1 © 17 (1py) =17 (0py) = 1
Flu(Opy) = Flu(lpy) =1 v/ (1py) = 7' (0py) = 1
FFr(0py) = FFr(1py) = 0 © 77 (0py) = 7 (1py) = 0
FT r(uy Upp) = 7 [(uy U )] = 77 (1€ 0 ) (3.2.2)
SO

FT r(uy Upp) = FT oo (u) AFT 1 (up), Vg, pp € 1%
& 1 N ) = 7w AT (), Vg, pp € 1
et (uy Np) =2 77 () AT (U2), Vg, iy € 1X
W =u (3.2.34)
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Similarly

F'i(uy Upp) = FLa(u) AF 1(uy)
& ' (uy Npp) 2 () AT (p), Vg, pp € 1X
FF r(uy 0 pp) 2 FFr(uy) V FF r(up)
e (U U pp) < () VT (), Vi, pp € 17

()0

€A i€l

F'.r <ﬂ m) = A Flr(u),p €1,i€a
l

€A

=i (U ,uf) = T (), u €1¥,i€ea
l

€A

=i (U ,ui> = tT(u),u; €1%,i€eA
l

i€4
Similarly

Flu (ﬂ Mi) = Flo(uy)

i€ed

et (U#i) = .QATI(Mi),Mi elf,ied
l

€A

FFor (ﬂ Mi) S FFor(u)

i€ed

e’ (U ui> =V (), p €15, i €4

€A

(3.2.3B)

(3.2.30)

(3.2.44)

(3.2.4B)

(3.2.40)

Hence by (3.2.1), (3.2.2), (3.2.3A), (3.2.3B), (3.2.3C), (3.2.4A), (3.2.4B) and

(3.2.4C) (a) hold.
(b) The proof of (b) is similar to (a).
(c) The proof is straightforward.
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Definition 3.2.8

Consider {(z7,7!,7tF)};c, be a family of FNGOs on X. Then their intersection
is defined by

T I F\ _ T I T
ﬂ(TrTrT)_(ATi IATiIVTi)

iea ieA iea
where
(Niea TN W) = Aea(ti" (W), (Niea D@ = Area(Ti' (W),
(Viea )W) = Viea(r" W), u € IX.

Theorem 3.2.9
An arbitrary intersection of FNGOs is an FNGO.

Definition 3.2.10
Let (t;7, 7, 7,F) and (7,7,7,7,7,F) be two FNGOs on X. Then, define a
relation ¢ <’ by

T 1. F Y T T 1 1. F F
(") S@h o) en <t,,1 S1..,1 21,

Remark 3.2.11

Let X be a nonempty set. Define 7,7, 7/, 7,7, 747, 7,7, 7,7 I* = I by the rule
TpT(OFN) = TpT(le) =1,
TpI(OFN) = Tpl(lFN) =1,
TpF(OFN) = TpF(lFN) =0,

TpT(ll) =0, Tpl(ﬂ) =0, TpF(ll) =1,Vu € I = {Opy, 1py} and
T (W =17, (W) =1L, 7,"(w) = 0,vu € I
Then (TpT, 7,0, 1" ) and (TqT, 707" ) are two FNGOs on X such that for any

FNGO (<7, 7/,tF) on X, (7,7, 7', 7,7) < T, 7!, 7F) < (7,7, 74", 7, F).
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Theorem 3.2.12

The collection G of all FNGOs on X forms a complete lattice with respect to
¢ <’ of which (TpT,TpI Tk ) and (qu,rqI VTqh ) are, respectively, the smallest and

largest element.

Proof: From the theorem 3.2.9 and remark 3.2.11, it is straightforward.

Definition 3.2.13
Let (z7,7!,7F) be a FNGO on X. For s € I, define
T.S‘T = (TT)_l[SJ 1],1.51 = (TI)_l[Si 1]ﬂTSF = (TF)_l[Oil - S]'

Theorem 3.2.14
Let (X, 77,7/, 7F) be a FNTS. Then {t7,},¢;,, {t"}res, and {t7, };¢, are three
descending families of topologies of Fermatean neutrosophic subsets on X such that
i. 7, cf,
i 17, = Neer T ;T = Ny Tl 3 TF 1 = Ny TF .
Remark 3.2.15
If (z7,7!,7F) is a FNGO on X, then for r € I,, (z,7,7,!,7,F) is an inclusive
bitopologies of Fermatean neutrosophic subsets (BT-FNsubs) on X , which will be called

an r-level inclusive BT-FNgyps.

Theorem 3.2.16
Let {(@,T, 0.}, 0, F);r € I,} be a descending family of inclusive BT-FNsubs on
X. Define 7, ¢!, tF: 1X > I by
T =v{r epf ') =vir1e ¢/}t () =A{1 —r;2 € ¢f}
Then
a. (z7,7!,7F) is a FNGO on X.
b. ©." =] iff Ngerpd, 7€l
c. o,/ =¢ iff Ngerpdr €1y

d 7,f= (pf iff n5<r(,05,7' €Iy
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(a) By definition 3.2.13, 77, 7! satisfies all the properties of gradation of openness

on X. Next consider the mapping 7¥: I* — I. Clearly, ¥ (0ry) = ¥ (15y) = 0.

Next let, 7F(4;) =7,7F(A,) =1, and r = max{r;,r,}. If 7 =1, then
obviously 7' (1; N A,) < F (1)) v tF (1,).

Suppose 7 < 1. Choose € > 0 such that 73 + &3 < 1. Then 3t; € (0,1), such
thatt; <r®> + e and 1; € 9", i = 1,2.

Let t = max{t;, t,}. Then, 41,4, € pi_, ( since {¢f},¢;, is a descending
family)

= A; N A, € pf_, (since @f_, is a BT-FNsubs)

>t nA) <t <rd+&d,

Since € > 0 is arbitrary, therefore 7F'(1; N 1,) < r = 1F (1) vF(1,).

Lets; = tF(;),i € Aand s = Vi 5. If s = 1, then obviously,
TF (U Ai> ss=V F(Q)
ieA

So, consider the case when s < 1. Choose € > 0 such that s3> + &3 < 1. For i € 4,
(1) < s <s3+ 3. So,3¢f suchthat A; € pfand 1 — 7 < 53 + &3,
Therefore

A € Qf €@ 5 504 € Pi_s_, ViE A

Since @f_.__isa FTNS, U;ex; € 0f__..

i (U Ai> <s3+&

i€ed

So,

Since € > 0 is arbitrary
tF (U Ai> <s=V 7 (4)
i€4

Let T (1), 9’ (1) = s.1f s = 0, then obviously (TT(/D)S + (¢! (/1))3 + (TF(/D)3 < 2.
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If s=1, then A€ @f,vr<1 ; 1€ ¢l,vr <1 and 1 € ¢f,vr <1 (since
of c @F). Therefore, ¥ (1) = 0. Then (z” (/1))3 + (¢! (/1))3 + (zF (/1))3 <2
Next consider the case when 0 < s < 1. Choose ¢ > 0st0<s—e<s+e<1.
Then, A € I, c @f_,. Therefore, t¥(1) <1 —s + €.
Therefore (TT(A))3 + (T’(A))3 + (‘L'F(/l))3 <2+¢

Since € > 0 is arbitrary (TT()D)3 + (¢! (/1))3 + (TF()L))3 <2.
Hence (z7, 7!, tF) is a FNGO on X.

(b) (c) The proof of (b) follows from definition 3.2.13.

(d) Suppose, Nger @l = @I, vr€ly. Now €@l 2 tF()<1-r=>21€1f.
Therefore, @f c 7f. Next u € ¢f = tF(u) <1 —r > forany 0 < s < r,3r, such
that 1—7y<1—sandu€ @f.

Since, {7 }rer,is a descending family, ¢f < ¢f. So, for any 0 <s <,
u € of . Therefore, u € Nges<r @F.

Therefore, T8 € Ngop @f = @f. Therefore, & = @F if Nger @f = @f, 7 € I,.
Again, by (b) of Theorem 3.2.13, Ny 7f =1L, 7 €1,. Hence, 7, = @f iff
Ns<r @5 = @7

Remark 3.2.17
The FNGO (z7, 1!, 7F) so obtained in Theorem 3.2.16 will be referred to as the
FNGO generated by the descending family of inclusive BT-FNsups

{(¢rTr (prl' (er); r e IO}-

Definition 3.2.18

Let (o7, ¢, ) be a BT-FNs on a nonempty set X. Define for each r € I, three

mappings @, 7, @,!, @, F: 1X - I by the rule

‘PrT(OFN) = <PrT(1FN) =1, ‘PrI(OFN) = <Pr1(1FN) =1, (er(OFN) = ‘PrF(le) =0,

rron (1 if p€@" —{0py, 1py},
or (W {o if pelX—qf
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iy = (7 if nE @' —{Opy, 1y},
or (W) {0 if pelX—g!

1—7r if p€ @’ —{0py, 1rn}
F(y —
or () {1 if pel¥—gf
Theorem 3.2.19

Let (o7, ¢!, ") be an inclusive BT-FNsuws on X. Then (¢, T, ., ¢.F) is an
FNGO on X such that ((prT)r = (pT’ (‘prl)r = (PI and (QDrF)r = (pF-

Proof:

Clearly, (garT(,u))3 + ((pﬂ(,u))3 + ((pf(u)f <2,Vue€elI*. Therefore,
(FNGOL) holds. By definition (FNGO2) holds.

Let A; € I%,i = 1,2. If one of A, 4, (say A;) is Ogy, then 1; N A, = Opy.

Therefore 7 (A1 N 2;) = @7 (A1) A @7 (A2), @71 (41 N A2) = @i (A1) A gy (A2)
and @f (A, N 1;) < f (A1) V 9f (A3) holds.

If one of 44,4, (say ;) is 1gy, then 4; N4, = 4,.

Therefore 7 (A1 N ;) = @7 (A1) A @7 (A2), @1 (A1 N A2) = @i (A1) A gy (A2)
and @f (A, N 1,) < f (A1) V f (4;) holds.

If A, A, € @7 —{Opy, 15y}, then A, N 4, € @T.
Hence ¢f (A1, N Ay) =7 =T (A) AT (1).

If one of A;,1, (say A;) belongs to IX — T, then ¢T(1;) = 0 and hence
of (A1) Apf(A2) = 0 < @] (A4 N Ay).

If 2,4, €' —{0py,1py}, then A, NA, € ¢! and  hence
01 (A NA) =271 ="' (A1) A @' (A2).

If one of A;,4, (say 4;) belongs to IX — ¢!, then ¢!(1;) = 0 and hence
() Agr(22) = 0 < 97.(41 N A).

Let 1,1, € F — {0y, 1pn}, then 2; N A, € @F and hence

pr(ANA) 21 —1=0¢"(A) Ve (1)
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If one of A;,A, (say A;) belongs to I¥ — ¢!, then ¢f(1;)=1 an
Pr(A)Veor () =12 @7 (A, N Ap).

Hence (FNGO?3) holds.
Let A; € I*,i € A. If A; = Opy, for some i = iy € A, then Viea A = Viea(iziy) Ai-

Niea @ (A) = Nieagizig) Pr (A) (since @f (4;,) = 1

Niea PH(A) = Neagizig) PH(A1) (since @l (4;,) = 1

Viea @r (A1) = Vieai=ip) @F (A;) (since ¢f (A;) = 0

So, without loss of generality, assume that A; # 0,Vi € A. If A; = 1, , for some

i =iy € 4, then

or (.U /11') =pl(I)=1=> D or (A)

leA

or (.U Ai) =pl(I)=1= D o1 (1)

leA
of (U ) =0f() =02 v of ()
IfA; € @7 — {Opy, 1pn}, i € Athen Uje A € 7.
Therefore, @f (Uiea 1) = 17 = Aiea @r (4).
If A; € IX — T for some i = i, then
Y of () = of (;,) =0 < @f (igA /11')

Thus in all cases, @ (Ujes 4;) = Ajea X (1)).

Ifll € (pl - {OFN’ 1FN}'i € A then UiEA /1i € (pI.
Therefore, o1 (Uiea i) =7 = Aiea 07-(A).
If A; € IX — ¢! for some i = iy, then
A OHA) = 0k(A,) = 0 < o} (U 4i)

Thus in all cases, @l (Ujea A;) = Ajea @L(1)).

Ifll € (pF - {OFN' 1FN}'i € A then UiEA Ai € (pF.
Therefore, ¢f (Ujea4)) < 1 =1 = Viea 07 (4).
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If A; € I* — @ for some i = iy, then
i(\E/A of (4) = 905(/11'0) =1>¢f (U Ai)
i€a
Thus in all cases,@f (Ujeq A;) < Viea 0F(4)).
Hence (FNGO4) holds.
By Theorem 3.2.14,
(pr)r={nerpiw=ri=9", (p))r={elFip)2r}=¢" and
(pr)r ={yrel*iof(n) <1-r}= 0"

Hence (¢,", @,', @.F) is a FNGO on X such that (¢,7), = ¢”, (¢,)); = ¢’
and (¢,"), = o".

Definition 3.2.20
If (@7, @, oF) is an inclusive BT-FNsubs on X, then (¢,7, ¢, ¢, F) is called 1™
Fermatean neutrosophic gradation of openness (briefly ™ FNGO) on X and

X, 0.7, 0,1, 0. F) is called " graded FNTS.

Theorem 3.2.21

Let (@7, ¢!, ") be an inclusive BT-FNsus on X and let (z7,7!,7F) be the
corresponding ' FNGO on X , 7 € I,. Then (z1)" = 17, (z1)" = ¢/, (z)" = F.
Proof.

By definition 3.2.20, for r € Iy, t7 = @, " = @}, tF = ¢f.

So, by Theorem 3.2.19, 7} = (¢})" = @7, 7! =(¢)r' )r =o', 177 = (7)) = ¢F

Hence (z1)" =T, (z1)" = ¢!, (xf)" = F.
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Fermatean Neutrosophic subspaces

Theorem 3.2.22
Let (X,t7,75,7F) be a FNTS and Y cX. Define mappings
Ty, 1!y, Ty IV > I by the rule
™y =v{tT A1 € 15, 2/Y = p},
thy(w) =v{t!(); 1 € IX,2/Y = u},
thy(u) =A{"(D); 1 € 1%, /Y = p}vu e I”,
Then (z7y, 7!y, tFy) isa FNGO on Y and t7y (1) = 7 (uy), /'y (1) = v/ (uy),
tfy () < F (ux).
Proof:

For each A € I with A/Y = y, and (7))’ + (¢/())’ + (F (D))’ < 2. i. ¢
W) + (W) s2- (W)’
Hence
V(W) 547y = uf +v {(Z )57y =} < [v{2 = (F )% a7y = ]
V{ET )54y = uf +v (@ D)5 a7y =} =2 = [a{(ZF D)% 4/¥ = i}
V{ET )54y =+ [V{(Z )57y = uf +a{(ZF D)} 47y = | =2
> (@) + (W) + (W) <2
so (FNGOI1) holds on Y
Ty (Opny) =A{TF(A); A € IX,4/Y = Oy v}
< 77 (0py x) = 0.
TYF(OFN y) = 0.
Ty  (Lpyy) =A{TF(A); 1 € IX,4/Y = 1py v}
< tF(1pyx) = 0.
TYF(1FN y) = 0.
Now, Ty (uy N ) =A{T" A\ A/Y = iy Np}. It oF () vy () = 1,

then 7% (uy N 1) < 7" () V 7y " (12).
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If 7, F (uy) v 15 () < 1 take 7o F (uy) vV 745 (up) < v < 1 then 34; € I¥ such
that 1;,\Y = u;, ©F(A;) <r,i =1,2. Then, t¥(1; N A,) < tF(A) vF(A,) <r and
AN A)/Y = A /Y) A (A /Y) = g A

Therefore 7, (uy Npy) < tF(uy N py) <. So tyf'(u) vryf(uy) <r=
Ty (U N pp) <.

Hence 7y" (1 N t2) < 7" (g) V 7y " (12).

7" (U m) A {rF(A);A/Y - Uui}

i
If vty (u) = 1then 7" (U ) < Vi7" ()
If v; 1, F (u;) < 1take v; tyf (uy) <71 <1, then 7, F (;) < 7,Vi € A.

Then 32; € I*¥ such that A;/Y =p;, tF(A) <7,i=12. Therefore
F(U;A) <.
Since

(U &-) JY =V =V
i

it follows that, TyF (U; ;) < V; Ty ().

Hence (t7y, 1y, tFy) isa FNGO on Y.

Clearly, 7y () = 7" (uyx), 'y (W) = ' (ux), 77y () < 77 (ux) hold.

Definition 3.2.23
The Fermatean neutrosophic topological space (Y,77y,t!y,7Fy) is called a
subspace of the Fermatean neutrosophic topological space (X,t7,t!,7tF) then

(zTy, 1!y, tFy) is called the induced FNGO on Y from (X, 77,7/, 7F).

Theorem 3.2.24
Let (Y,t7y,t!y,7Fy) be a Fermatean neutrosophic subspace of the FNTS

X, 7T, 7!,7F) and u € 1Y Then

i @z =V{pr(m:in € Xn/Y = u
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0.1 () =V {@u(m):n € 1%,n/Y =
@ (W) =A {@r(m):n € 1¥,n/Y = u}
ii. IfZcYcX, thentl =(l), 1l =@h)ztL =@f),.
Proof:
The proof of ¢z (1) =V {o,r(m):in € 1%, /Y = u}
¢"p (W) = 77 (u)
=A{tF(A): 1 e 1%, /Y = u¢}
=A{TF(1):2¢ € 1%,2¢ )Y = u}
=A{pf r(29):2¢ € I*,2°/Y = y}
=N o r(M:n € 1%,n/Y = u}
i) If u € I%, then 75 = (1y) 4,

(t9)z (W) =A {ty (D: 1 € I%,1/Z = i}
=AA{TFM):nelX,n)y =2}:2€1X,1/Z = u}

=AMt (m):n € IX,n/Z = u} = 17 ().

Gradation preserving maps

Definition 3.2.25
Let (X,t7,7!,tF) and (Y, @7, ¢!, @) be two FNTSs and f:X > Y be a

mapping. Then f is know as a gradation preserving map gp-map if for each u € IV,

T < T(f1 (W), o' () < T (F (W) and F (1) = TF(f 71 (W)).

Definition 3.2.26

Let f:(X,PT,P!,PF) - (Y,Q7,Q%, QF) be a mapping, where (X, PT, P!, PF)
and (Y, QT,Q!, QF) are two BT-FNgubs. Then f is said to be continuous if

f:(X,PT) > (v,Q"), f:(X,P)) > (Y,Q") and f:(X,PF) - (Y,QF) are

continuous.
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Theorem 3.2.27
Let (X, 77, 7!,7F) and (Y, @7, @', @F) be two FNTSs and f:X > Y be a

mapping. Then

i. f:(X, 10t > (Y, T, ¢!, F) is a gp-map iff

ii. f:(X, w5, L, tE) - (Y, of, ¢L, oF) is continuous, r € I,.
Proof:

Suppose (i) holds. Then, o7 (W) <tT(f*(w), ¢! (W) <t'(f~*(1)) and

eFW 2T (W) uer.

peEP =1 <" < (W)

=ftwer
HEP =T <o'(W <7 (fW)
= fw e

HEPf 2 1-12¢" W 27" (f (W)

=fwer
So (i) = (ii)

Conversely, suppose (2) holds. Let u € IY. If @T(u) = 0, then obviously,
oT(w) <tT(f1(W). T (1) =7 € Iy, then p € @I So, f () € 7,., by continuity
of f. Hence t7 (f 1 (W) =1 = T (W).

Let u € IV. If o' (u) = 0, then obviously, ¢’ (1) < /(f~1(w)). If ¢'(u) =1 € I,
then p € @Z. So, f~1(w) € ,.,by continuity of f. Hence T/ (f 71 (1)) = r = ¢’ (p).
Let, (1) = s. If s = 1, then obviously TF(f‘l(u)) < @f(n).If s < 1, then

pFW=s=1-(1-5),5€(0,1)

= u € @f_, (herel —s > 0)

= 1w € g, (by(2)

>t w)<1-1-s)=s

=7 (f1(wW) < o (W
So (ii) = (i). Therefore f: (X, =7, 7!, 7F) = (Y, 7, ¢!, o) is a gp-map.
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Theorem 3.2.28

Let (X,77,70,75), (¥, 9T, ¢!, 0F) and (Z,¢7, ¢, ") be three FNTSs. If
f: X"t > (V07,0 9Pand  g: (Y, 07, 0", 0") > (Z, 9", 9", ") be
gp-maps, then f o g: (X,77,7!,7F) - (Z,y¥T,¥!,¢F) is a gp-map.
Proof: the proof is straightforward.

Definition 3.2.29
Let (PT, P!, PF) be a BT-FNs on X. Then (BT,B! ,BF) is said to form a base of
(PT, P!, PF) if BT, B' and BF are bases of PT , P! and PF, respectively.

Definition 3.2.30
Let (PT, P!, PF) be a BT-FNs on X. Then (7, ', $oF) is said to form a subbase
of (PT, P!, PF) if T, o and go* are subbases of PT, P! and P¥, respectively.

Theorem 3.2.31
Let (X, 77, 7!, 7F) be an FNTS and f: X — Y be a mapping.
Let {(PrT, rl PrF) ;T E IO} be descending family of inclusive BT-FNgups on Y.
Let (o7, ¢!, ) be the FNGO on Y generated by this family. Further suppose, for each
r€l,, (BT,B!,BF) or ($7,',»") is a base or a subbase respectively of
(PrT, Rl PrF). Then the following statements are equivalent:
i Xt eF) - (Y, @7, ¢!, F) is a gp-map.
ii. TT(f'(w)=rvuePr" vrel;
' (F~*(w) =r,vu € B vrely;
tF(fY(w) <1-rvueBr vrely;
iii. t7(f"*(w)=rvueB. ,vreEl;
' (f~*(w) = r,vu € B, vr € Iy;
tF(fY(w) <1-rvueBF vrel;

iv. (W) =rvuepTvrely;
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t(f (W) = 7,V € p,!,Vr € Iy;
tF(f W) <1-rvu e pf,vrely;
Proof:
Suppose (i) holds. Then
T(f'w) = ¢"(w) =1, vue B, vrel,,
t(f71(v)) = ' (v) = 7, Vv € B, vr € I,
F(ft(v)) < f(v) <1—1,vv € Bf,vr € I,
So (i) = (ii)
Condition (ii) = (iii) = (iv) is obvious.
Suppose (iv) holds.
Let p € I* and, without loss of generality, let @7 (u) =7 > 0. Then u € PT.
Now, u is of the form, u = U;es A;; where A; € BF, Vi € A. Also, for each i € 4, ; is

of the form, A; = ﬂ;ilvi_j, where v; ; € #L,vj=1.2,...,n; So

(@) = U)o
iea \ j=1
=1 U f7H(viy)
iea \ j=1
= (,-/:\1 7 (f‘l(vi,j))> > 1. (by(iv))

Therefore 7 (f ~1(1)) = o7 ().
Similarly, T/ (f 71 (v)) = ¢! ), 77 (f 1(v)) < ¥ (V). So, (iv) = ()

Theorem 3.2.32
Let (X,PT,P!,PF) and (Y,Q7,0Q',QF) be two inclusive BT-FNsws and
f:X - Y. Then,
i. f:(XPT,PLPF) > (Y,QT,Q,QF) is continuous is
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ii.  f:(X, (PTY, (PO, (PF)") - (¥, (@1, (@D, (QF)") is a gp-map,
Vr € .
Proof:

Suppose (i) holds. Take u € IY. Following possibilities arise:
a.u € {0y, 1}
b.u € Q— {0y, 1y}
cu€Qf-Q"
duei,—0Q
In case (a), f~1(w) € {0x, 1} and hence AT (F 1 (W) = 1 = QT (w),
P w) =1= Qi and K7 (f (W) = 0 = Q7 (.

In case (b), by (i), f~1() € PT and hence BT (f~1(w)) = = QI (w),
P'(f*(w) =7 =0l and PF(f~* (1)) = 1 —r = QF () (since PT c P! c PF).
In case (c), by (i), £ "2 () € P* and hence BT (f~1(1)) = 0 = QT (),

PF(f W) =0=0f Wand PF(f*(Ww) < 1—-7=Qf ().
In case (d), PT(f*(w)=0=0Qf (W), PF(f*(w)=0=0Qf(w) and
PF(F~1(w)) < 1 = QT (). So, (i) implies (ii).
Conversely, suppose (2) holds. Following possibilities arise:
1. € {6y, iy}
ii. pe@—{0y,1,}
iii. weQf—QT
In case (a), f 1 (w) € {0x, 1} < PT, P!, PF.
In case (b), QF (1) = r. Hence by (ii), BT (f (1)) = QI (w) = r implies f~*(u) €
PT, BH(f =2 (1)) = QL() = r implies
f1(w) € Pl and PF(f~* (W) < QF () = 1 —r implies f~*(u) € PF.
In case (¢), BF (71 (w) < QF (w) = 1 — r implies f~1(u) € PF.

So (i1) implies (1).
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Category of Fermatean Neutrosophic topological spaces

Let I,-BTF denote the category of all-inclusive BT-FNsus and continuous
functions. FN-top denotes the category of all Fermatean neutrosophic topological
spaces and gp-maps. For each r € I, FNr-top denote the category of rth graded FNTSs
and gp-maps.

Theorem 3.2.33
a. FNr-top is a full subcategory of FN-top.
b. Foreach r € Iy; [,-BTF and FNr-top are isometric.
c. FNr-top is a bi-reflective full subcategory of FN-top, for all r € I,.
Proof.
Results (a) and (b) follow from the following facts:
N, =17, (r,)), =1,(z,F), =7F, if (7,7!,7F) is ™ FNGO (by Theorem
3.2.21); (PrT)r =PT, (Pr’)r = P’,(PrF)r = PF if (PT, P!, PF) is an inclusive BT-FNs
(by Theorem 3.2.19); and f:(X,PT,P!,PF) - (v,QT,Q!,QF) is continuous iff
f: (X, PTT,PrI,PrF) - (Y, Q,7,0,, QrF) 1s a gp-map, for r € I, by theorem 3.2.32
To prove (c), let take a member (X,77,7!,7F) of FN-top. Then for r € I;
&, (D@D, (@ F),) is a  member of FNrtop and  also
Iy:(X,77, 7, 7") > X, (t,")r, (7)), (z,.F);) is a gp-map.
Let (Y, T, ¢!, pF) be a member of FNr-top and
fi(X, 17,7, 7F) - (Y, o7, ¢, %) be a gp-map. To complete the proof of (c) prove that
f: X, @D, (@D (1:5)) > (¥, 07, ', ") is a gp-map.
" Orny) =" (f 7 Opny)) = 7" Opn x) = (&) (O x) = (&) (f T (0pny)) = 1.
Similarly,
o"(1pyy) = TT(f_l(lFN Y)) =1
@' Opny) =T (f 1 (0pny)) = T Opn x) = (5 Opw x) = (1) (f ' (Opwy)) = 1.
Similarly,
o' (Lpyy) = Tl(f_l(lFN Y)) = 1and
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9" Opny) = T (F 10 1)) = T Opn ) = @) O ) = @) (F 7 Opny)) = 0.
Similarly,

¢ (Aeny) =T (f 7 (Apny)) = 0.

In case @7 (1) = 0, then obviously, o7 (1) < (7,7),(F (W)

If o7 (u) =1 € Iy, then @7 (u) < () (f1(w)) implies that (f~(w)) € 7,7
and hence (7,), (f () = 7 = 9" ().

In case @' (1) = 0, then obviously, ¢’ (W) < (7)), (f 1 (W)).

If o!(W) =7 €1y, then ' (W) < ()(f~1(w)) implies that (f~1(w)) € 7,1
and hence (), (f 7' (W) = 7 = ¢’ (W).

In case @ (1) = 1, then obviously, ¥ (1) = (z,7),(f ().

If '(u) = 1 =7, then " () = (z7)(f*(w)) implies that (f~*(w)) € 7,
and hence (t,.7),(f1(W) <1—-7= ¢ (W.

Thus f: (X, (z, ")y, (t,)r, (7,7)7) = (Y, @7, @', ") is a gp-map.

Remark 3.2.34
Because of (b) and (c), henceforth, [,-BTF may be called a bi-reflective full
subcategory of FN-top.

Theorem 3.2.35
Let {(X;, ¢;7, ¢!, 9;F):i € A} be a class of FNTSs and X be a nonempty set.
Let for each i € 4, f;: X — X; be a map. Then there exists an FNGO (z7,t/,7F) on X
such that the following conditions hold:
a. foreachi € 4, fi: (X, 77, 7!, %) » (X;, 0,7, ', ;) is a gp-map.
b. if (V,37,3),3F) is a FNTS, then g: (¥, 37,3, 3F) -» (X, t7, !, 7F) is a gp-
map iff f; o g is a gp-map for each i € 4.
Proof:

For each r € I, and for each j € 4,, define, (P;,") = {fj"l(u):,u € ((p]T)r},

(B') = {fj_l(ll):ﬂ € (o] r}, and  (P,") = {fj_l(u):,u € (of r} where
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(((pjT)r, ((p]’-)r, (o] )r) is the r-level inclusive BT-FNs on X; corresponding to the

FNGO ((¢1), (0. (o))

It can be proved that (P]-,TT, Pj‘rl , Pj,rF ) is an inclusive BT-FNs on X. For each
r € I, define,

py = Ujea Pj,rT> oyl = Ujea Pj,rl and p," = Ujea Pj,rFa U,r) €A X,

Let B.7,P.!, and P.F be the FNTSs on X generated by p,”, p,'and p,F,
respectively, as subbases. It can be verified that {PrT: r € IO}, {Prl T € IO} and
{PrF T € IO} are descending chains of FNTSs on X.

From construction 2" < B! ¢ P.F,r € I,. Now from Theorem 3.2.16, and an
FNGO (z7,7,,7F) on X associated with {(B",B',B"):r €1,}, where
T =v{r;2e R "}, 7)) =v{r1e B}, if Q) =A{1-r;1€ B}.

Let u € I, ] (u) = r,v > 0. Then f; ' (u) € P/, c p{ c B'.

Therefore, 77 (fj_l(u)) >r =] (W.

Let @j(u) = r,7 > 0. Then f;*(u) € P}, c p] c B/

Therefore, 7’ (fj‘l(u)) >r = @j.

And let of (W) =s=1—-(1—-5),1—s>0.Then f'(u) €P’_scpl_ cPl

,1—-s

Therefore, TF (fj_l(u)) <s= (Pf ().

Hence fi: (X,t7, 7!, 1) - (X;, 07, 9!, ¢;F) is a gp-map.

Next let, g: (¥, 37,31, 3F) -» (X, 77, 71, tF) be a gp-map. Since for each j € 4,
fiix,th, o) - (X, 0T, 0, 9;F) is a gp-map; so by Theorem 3.2.28,
fieg:9:(¥,3",3,37) - (X, 0., ¢, 9,7) is a gp-map.

Conversely, suppose for each j € 4, f; o g: g: (Y, 37,3, 3F) - (X;, 0,7, 0i!, ;)
is a gp-map.

In order to show that g:(Y,37,3!,3F) » (X, 77, ¢!, 7F) is a gp-map, it is

sufficient to verify that
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ST(g71(w) =1,V € pF,vr € I,
Si(g7*(w) =r,vueplrel,
and SF (g7 (W) =1 —r,vu e pf,rel,.

Let, 7 € I, € pf. Then p € PL_, for some j € A. So thereis A € ((p ) such

jr
that fj_l(/l) = w,i.e., Ao f; = p. Since for j € 4, ((pjT)r:r € I, is a family of FNTS
associated to @] on X; and since f; o g: (¥, 37,3, 3F) = (X;, 9,7, ¢;', ¢;F) is a gp-
map, by Theorem 3.2.31,

ST ((fie ) ') 2 ie, T (g7 (W) 27, ST(g7 W) = 7
Let, r € Iy,v € pL. Then v € P}

Jre

e ((pjl-)r such that f*(1') = v,i.e, A’ o f; = v. Since for j € 4, ((p})r: relyisa

for some j € A. So there exists some

family of FNTS associated to <pJI- on X; and since f;og:(¥,37,3,3F) -

X, 0.7, 01, 9;F) is a gp-map, by Theorem 3.2.31,
S(fie ) A)) =1, e, M( “1(HTH@) )Zr, (g W) = .

Let,r € I,,v € pf. Thenv € P/,

Jir

for some j € A. So there is A" € (¢f ) such
that f;(1") = v,i.e., 2" o f; = v. Since for j € 4, (¢f ) .1 € I is a family of FNTS
associated to <pf on X; and since f; o g: (Y, 37,3, 37) = (X, 0.7, 0", 9;F) is a gp-
map, by Theorem 3.2.31,
SF((fieg) tAD)) < 1—r,ie,
S (g1 (FH@)) S 1-7.37 (g7 W) s 1.

Therefore, by Theorem 3.2.31 (iv) and (i), g: (Y, 37,3/, 3F) -» (X, 77, ¢!, tF)

1s a gp-map.

Definition 3.2.36

The FNGO (z7,7!,7F) on X so defined in Theorem 3.2.35 generated by the
FNTSs (X;, ¢;7,®;', ;") and the family of functions {f;: X — X;};cs is called the
initial FNGO on X generated by the family {f;};ca.
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Definition 3.2.37

Let {(X;,0;T,0;!,9;7)}ics be a family of FNTSs and X = m;c,X; and
pi: X = X;, i € A be the projection mapping. Then the initial FNGO on X generated by
the family {p;: X = (X;, ©;T, ®;", ;") }ica is called the product FNGO on X and is
denoted by (Tiea”, Tica®’ ;, Ticap” ). The triplet (X, Tieap” , Tica®’ , Micap” ) is
called the product FNTS of the family {(X;, ¢;T, ©;!, ©:")}ica.

Compactness

Several notions of compactness are introduced, initially within the BT-FNsups
framework and subsequently in the FNTS context. The degree of openness on X
satisfies the extra requirement.

tT(a) =1, for all constant Fermatean neutrosophic sets a € I*, where
a:X-lLa(x)=aVx€e€X,Va€el
The FNGO (FNGC) in this section satisfies the additional condition
(FNGO35) () = 1,7'(a) = 1,and tF(a) = 0, Va € I.

(FNGCS) ¢T(a) =1, ¢'(a) = 1,and ¢F(a) = 0,Va € I.

Let (X,t7,7!,tF) be a BT-FNs and let C7,C!,CF < I*. Then the collection
(CT, !, CF) is said to be an (a, B,y)- shading family (a, 8,y € I,) if for any x € X,
JuT e T, u! e ¢!, u¥ € CF such that u” (x) > a.u!(x) > B, uf'(x) > .

An (a,B,y)- shading family (@7, !, $") is said to be a subfamily of the
(a, B, y)- shading family (CT, C, CF) if T c C7, ! c C!, and p" c CF.

An (a, B,y)-shading family (CT, C!, CF) is said to be finite if CT, C!, and CF are
finite. For any set A4, let 3 denote the family of all finite subsets of A.

Let, io(PT) ={A"'a,1:A€ P }aely, iz(PY={n""'BL:ineP},Bel,
i,(PF) ={071y,1:0 € P}y € I;; and i(PT),i(P")i(P") be the topologies generated

by Uger, ia(PT), Uger, ig(P") and Uy, iy (PF), respectively, as subbases.
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Definition 3.2.38
For a,B,y €I;, (X,77,7!,7F) is said to be (a,pB,y)-compact if each
(a, B,y)-shading family in (z7, t/, tF) has a finite (a, B,y)-shading subfamily.

Definition 3.2.38

(X, 77, 7!,7F) is said to be strongly Fermatean neutrosophic compact if it is

(a, B,y)-compact, Va, B,y € 1.

Definition 3.2.40
(X, 77, 7!,7F) is said to be ultra- Fermatean neutrosophic compact if

(X,i(z7)), (X,i(z))) and (X, i(zF)) are compact.

Definition 3.2.41
(X,7T,7!,7F) is said to be Fermatean neutrosophic compact if for three families

Cct’, C'ct’ , € ct” and for af,y €1 such that sup,ccrp=>a,
SUPLect U = B, Supgecrd =y and for 7 € 0,q, g E(O,ﬁ], e €0,y there exist
c5 e 2¢), ¢f € 2¢), ¢ € 2(such that sup,cerp = a — 7, sup,_, v= B¢,

>y —cF
Supgecr 9 2y — €.

Definition 3.2.42

Let (X,t7,7!,7F) be an FNTS. Then (X,t7,7!/,7F) is said to be
(a, B,v)-compact, strongly Fermatean neutrosophic compact, ultra- Fermatean
neutrosophic compact and Fermatean neutrosophic compact, if (X,t,7,7,!,7,F) is
(a, B,y)-compact, strongly Fermatean neutrosophic compact, ultra- Fermatean

neutrosophic compact and Fermatean neutrosophic compact, respectively, Vr € I;.

Theorem 3.2.43
If f:(X, 77,75, 7F) > (¥, T, ¢!, 9F) is a surjective gp-map and if
(X,77,7!,7F) is Fermatean neutrosophic compact in any of the above senses, then

(Y, @7, !, ) is Fermatean neutrosophic compact in the same sense.
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Proof:

Let (X,77,7!,7F) be (a,B,y)-compact. Then (X,7,7,7,.,7,.F) is
(a, B,y)-compact Vr € I,. Now, to prove that (Y, oI, of, o) is (a, B,y)-compact.

Let (CT,C!, CF) be an (a, B, y)- shading family (a, B,y € I,) in (f, ¢L, oF).
Since f: (X, T, 7!,7F) - (¥, T, ¢, oF) is a gp-map,

by Theorem 3.2.27, f1(u") ef,vul e CT,f1(u) etl,vu! € ¢! and
ftwh) e, vuf e Cr.

Let pr ={f1wh:u" e}, o' ={Wh):p' e} and
of ={f1(u"):uf € CF}. Since (CT,C!,CF) is an (a,B,y)- shading family in
(zr,7, 7.}, t,F). By the (a, B,y)-compactness of (X,7,7, ., 7,F),(97, %', ") has a
finite (a, B, y)- shading subfamily, say (7, &/, €F) in (7,7, 7., 7,-F).

Let C) = {f(vT):vT € €T}, €} = {f(vD):v! € €1},CE = {f(vF):vF € £F}.
Since f:X - Y is surjective and (&7, &!, eF)is an(a, B,y)-shading, it follows that
(€T, ¢k, k) is an (a, B, ¥)-shading.

Also (CI, €L, €E) is a finite subfamily of (CT, C!, CF). Hence (Y, @[, L, of) is
(a, B,y)-compact for each r € I,.Therefore (Y, @7, ¢!, ¢F) is (a, B, y)-compact.

Similarly, it can be easily shown that (Y, @7, ¢!, ') is Fermatean neutrosophic

compact.

Theorem 3.2.44

Each FNTS of a family {(X, 17,7/, 7F)},c, is Fermatean neutrosophic compact
in any one of the above senses iff (T;e X;, TieaTi| MieaTi', TieaTi¥) is s0 (T X; is
assumed to be nonvoid).
Proof:

Since, Vi € 4, pi: (TieaXi, WicaTi’, MieaTi, Mieati¥) » X0, 1l 1F) is a
surjective  gp-map, (TieaX;, TieaTit, TieaTi', TieaT;¥) is Fermatean neutrosophic
compact in any of the above senses implies that (X;, t;7,t;%,7;F).,i € 4; is also

Fermatean neutrosophic compact in the same senses (by theorem 3.2.43)
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Conversely, suppose that each (X;t;7,7;},7;F),i €4, is Fermatean
neutrosophic compact in any one of the above senses. Then, for each r € I, and for
each i € 4, (X;,(t;"),, (t;);, (r;¥),) is Fermatean neutrosophic compact (as an
inclusive BT-FN).

So, by Lowen, (Tl'ieAXi,PrT,PrI,PrF) is compact (where P.7,B.[,B.F are
constructed as in Theorem 3.2.35).

Further, P ct,TcpP’,plcr/cp’ ,Pfct.Fcpf vrsel, with
s < 1.0, (miepX;, 7.7, 7,1, 7,.F) is compact, Vr € I,.

Hence (;e X, TicaTi, MieaTi’, TieaT;¥) is Fermatean neutrosophic compact.
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3.3 Fermatean Temporal Neutrosophic Topology

In this section, Fermatean temporal neutrosophic topology is defined in the

context of the frameworks established by Sostak, Chang, and Lowen.
Fermatean Temporal Neutrosophic Topology in Sostak’s sense

Fermatean temporal neutrosophic topological spaces (FT-NTS) take the form

(X, t,) where 7, = (TTt,ITt,FTt)

Definition 3.3.1

Fermatean Temporal Neutrosophic Topology in Sostak’s sense (briefly, SFT-
NT) on a non-empty set X is a Fermatean temporal neutrosophic set, 7, defined with
7.(4) = (TTt(A),ITt(A),FTt (A)) on X satisfying the following axioms for each time
moment ¢

i Te(Topy) = Tellopy) = 0, 7e(Tipy) = 7e(fipy) = 1, and
7e(Fopy) = LTe(Fiy) = 0
ii.  1,(4;,nAy) =1.(4;) AT:(A,) for any sets A;, A, € NS(X).
iii. 1,(UA) = (7:(A)) for {A;;i € J} € TNS(X).

The pair (X, t;) is known as a SFT-NT. Any A € TNS(X), the numbers are truth
T;,(A), indeterminacy I;,(A4), and F(A) falsity-membership functions of A.
T;,(A), I,(A) are independent components and F;,(A) is dependent component with
respect to Tr, (4).

Proposition 3.3.2
Let (X,7;) be a SFT-NTS on X and T be a time-moment set. Then (X, AT;)
defined by At.(A) = (min T;,(A) ,min I (A) , max FTt(A)> is a Fermatean
teT teT teT

neutrosophic topology on FTNS®T) in Sostak's sense.
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Definition 3.3.3
Let (X, 7,) be a SFT-NTS and A € FTNS®T)_ Then define instant (a specific

point in time) closure and instant interior of A at time moment t, according to T;

respectively as:
Clto(4) =n{K € FTNS(X); 7,,(K) > Opy, A € K}
intto(4) =U {K € FTNS(X); 7, (K) > Opy, K S A}
On the other hand, (a,f,y)-instant closure and (a, 8, y)-instant interior of A are

defined by:
lefi,p,y) (A4) =n {K € FTNS(X);7,,(K) > (e, 3, 7), A S K}
int(S, gy)(A) =U{K € FTNS(X); 7, (K) > (@, B,y), K < A}

where « € 0,1, € [0,1],y € 0,1) with a3 + B3 + y3 < 2.

Definition 3.3.4

Let (X, t;) and (Y, ¢;) be SFT-NTSs respectively for non-empty sets X, Y, time
sets T" and T". Let f: X — Y be a function. Then,

1. The preimage of B € FTNS (*T") under f at time moment t is defined as
£72B) = {(xf(Ta) x. 1), £ (1) G, ), £ (F) (x,8) ) : x € X} where
Tg(f(x),t), if teT”

TB(f(x)l t) = O, lf te T’ _T”
7 _(Ig(f(x),¢), if teT”
IB(f(x)lt) - O, lf tET’_T”
7 Fg(f(x),t), if teT”
Fa(f (0,0 = (UMD LETD

ii. The image of A€ FTNS!") under f at time moment ¢ is defined as
f(A) = {(y'f(TA)(y’ t):f(TA)(y' t),f(ﬁA)(y, t)) 1y € Y} where
f(TA)(y, t) = {f(TA)(y, t), if teT’

0, if teT"—T'
7 _(fU),t), if teT’
fla)G0 = {0, it teT -7
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7 _(1-fToW D, if teT’
f(Fa)00) = {0, if teT" —T'
IfT" =T', It is clearly understood that

1B = {(x T (F (), 0, I (f (), 1), Fp (f (%), 1)): x € X}
f(A) = {(Y»f(TA)(y, t)’f(IA)(y' t)lf(FA)(yl t))y € Y}

Let (X, 1) and (Y, ¢;) be SFT-NTSs for non-empty sets X, Y and time set T. If
7.(f"1(B)) = ¢¢(B) for t €T and each B € FTNSYT), f is called Fermatean

temporal neutrosophic continuous function at time moment ¢.

If f is Fermatean temporal neutrosophic continuous function at each time
moment, f is called overall Fermatean neutrosophic continuous function.

On the other hand, if ¢, (f(A4)) = 7,(A) fort € T and each A € FTNS&T') f
is called Fermatean temporal neutrosophic open function at time moment t. If f is

Fermatean temporal neutrosophic open function at each time moment, f is called

overall Fermatean neutrosophic open function.

Fermatean Temporal Neutrosophic Topology in Chang’s sense
Definition 3.3.5

A Fermatean temporal neutrosophic topology in Chang’s sense (CFT-NT) on a

non-empty set X is a family 7, of FTNSs fulfilling the following axioms for fixed time

moment ¢,
. to to
1. OFN € Tt() and 1N € Tto
ii. For each Aq,A; € 1., there exist a F € 7, such that Tr(x, ty) = Tayne Az (x, to),
Ip(x,ty) = Ip,np,4, (x, to), Fr(x, to) = Faing 4, (x,to) for each (x,to) € X X {to}.
iii. For any arbitrary family {A;;i €I} € 7, , there exist a D € 1, such that
TD(XJ tO) = TUtO A,(xl tO)a ID('X) tO) = IUtO A,(xl tO)’ FD(x' tO) = FUtO A,(xl tO)
iejAi iey4i iejAi

for each (x,ty) € X X {ty}.
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The pair ((X ,T), ‘L'to) is called CFT-NT. Any member of 7, is called Fermatean
temporal neutrosophic open set (FTN- open set).
On the other hand, the complement of any member of 7., is called Fermatean

temporal neutrosophic closed set (FTN-closed set).

Proposition 3.3.6

Let 7, is an Fermatean temporal neutrosophic topological space in Chang's
sense on non-empty set X and time moment set T, Then, define FNS's from every
A€t FINSs by following way: Tz(x) = T4 (x,t0), [3(x) = I4,(x,t;) and
Fz(x) = Fy,(x,tp). So that the new family th = {A: A€ Tto} obtained from 7, is a

Fermatean neutrosophic topology in Chang's sense.

Definition 3.3.7
A Fermatean Temporal neutrosophic topology in Lowen’s sense (LFT-NT) on a

non-empty set X is a family 7, of FTNSs satisfying the following axioms for fixed
time moment t
i. For any fixed FN-pair (a, §8,7), let define FTNSs
A= (x,Ty(x,t), L4(x,t), Fys(x,t): (x,t) EX XT)
such that T4(x, ty) =a, L(x,ty) =B, and F,u(x,ty) =y for every
(x,to) € X X {to}

ii. For each Ay, A; € Ty, there exist a F € ¢, such that T (X,t))=Taq 4 (X 1)

Ie(x,t0) = In; 0, 4, (%, to), Fr(x,to) = Fa,n, 4, (%, to) for each
(x,ty) € X X {to}.

iii. For any arbitrary family {A;;i € I} € T, , there exist a D € 7, such that
TD (x! tO) = TUEgJAi(x, t0)9 ID (x’ tO) = qug]Ai(x’ tO) and

Fp(x,ty) = FUto A.(x, to) for each (x,ty) € X X {t,}.
iey i

The pair ((X ,T), Tto) is called LFT-NT.
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Definition 3.3.8
Let 7, is a Fermatean temporal neutrosophic topological space in Chang's sense
on non-empty set X and time moment set T and A € 7, . Then Fermatean temporal

neutrosophic interior and Fermatean temporal neutrosophic closure of A defined as

follows:
int,,(A) =u{G;G € 7., G < A}

Cl,,(A) =n{C;C € 7., A < C}

Definition 3.3.9
Let 7;, be a Fermatean temporal neutrosophic topological space in Chang's

sense on non-empty set X with time moment. Then,
i. AisaFTN-closedsetint,, < Cl, (A) =A
ii. AisaFTN-opensetint, < int, (A) =A
iii. Clg,(A) = int, (A) forany A € FTNSXT)
iv. int, (A) = m for any A € FTNS*T)
v. int, (A) € Aforany A € FTNS®D
vii A< Cl,(A) forany A € FTNS&T)
vii. A< B = int,(A) S int, (B) forany A,B € FTNS*T
viii. A€ B = Cl, (A) € Cl, (B) forany A,B € FTNS*T)
ix. Cly, (Clto (A)) = Cl,,(A) forany A € FTNS®T)
x. int (int,,(A)) = int,, (A) forany A € FTNSXT)
xi. int, (AN B) = int, (A) nint, (B) for any A,B € FTNS*D

xii. Cl;,(AUB) = Cl, (A) U Cl, (B) forany A,B € FTNS*T)

—

xiii. inty (1) = 15
xiv. Cl, (0R) = 0}
Proof:

The proof is straightforward
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Definition 3.3.10
Let ((X,T"),7¢,) and ((Y,T"), ¢, ) be two CFT-NTSs and let f: X — Y be a

function. Then f known as Fermatean temporal neutrosophic continuous at time
moment t, if and only if the Fermatean temporal preimage of each FTNS in ¢, is an

FTNS in 7,

Definition 3.3.11
Let ((X, T'),Tto) and ((Y, T"), (,‘bto) be two CFT-NTSs and let f: X - Y be a

function. Then f said to be Fermatean temporal neutrosophic open at time moment t,

if and only if the Fermatean temporal image of each FTNS in 7, is an FTNS in ¢,.

Proposition 3.3.12
f: ((X, T'), Tto) - ((Y, T"), cl)to) is Fermatean temporal neutrosophic
continuous iff the Fermatean temporal preimage of each FTN- closed set in ¢, is an

FTN- closed set in 7.

Proposition 3.3.13

The following statements are equivalent to each other

a. f: ((X,T’),Tt()) - ((Y,T"), ¢t0) is Fermatean temporal neutrosophic
continuous,

b. f~Y(int,,(B)) € int,, f~* (B) for each B € FTNS™*T").

c. Cl,(F'(B®)c /s (Clt0 (B)) for each B € FTNS(Y'T")

Proposition 3.3.14

Let 7;, be a Fermatean temporal neutrosophic topological space in Chang's
sense on non-empty set X and time moment set ¢, and (“to' Bt Vto) is a FN-pair. Then,

the FNT rto(“toﬁ to¥t) which is defined as follows:
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(atofﬁto;yto) if A€t — {0k, 0% 15}
7, FoProo) (4) = 4(1,1,0) if A€ 1{0%,0%, 1%}
(0,0,1) if A¢t,, —{0F, 0% 15}

is a Fermatean temporal neutrosophic topology in Sostak's sense. This SFT-NTS is

called as (at,, Br,, Vr,)- SFT-NTS.

Definition 3.3.15
An Overall Fermatean neutrosophic topology in Chang's sense (Overall-CFT-
NT) on a non-empty set X is a family 7, of FTNSs satisfying the following axioms for
each time moment ¢
i. 05 € 7, and 1§ € 7.
ii. For each A;, A, € 1, there exist a F € 7, such that Tp(x,t) = Ty na,(x,t),
Ie(x,t) = Iy, na, (x,8), Fp(x,t) = F4,na,(x,t) for each (x,t) € X X T.
iii. For any arbitrary family {A;;i € I} € 7;, there exist a D € 7, such that
Tp(x,t) =Ty, a,(x, 0)Ip(x, £) = Iy, a,(x, 8),Fp(x, ) = Fy,_, 4,(x, t) for each
(x,t) EX XT.
By this definition, it is understood that a CFT-NT can be obtained for each time
moment in an Overall-CFT-NT.

Theorem 3.3.16
Let 7, be an Overall-CFT-NT on non-empty set X and finite time moment set 7.
Then, family of FTNSs 7 which defined as:
ﬂ A= {<x,té\T TaGo ), A TG 0), Y Fal t)>} €t
A€t
is a Fermatean neutrosophic topological space in Chang's sense on FTNS.
Proof:
In order to prove the theorem, it is necessary to show that the conditions of

Fermatean neutrosophic topology in Chang's sense are satisfied.
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i. Since Of\;’ € 1, foreachty €T, A OIt\}) (x,t) =0and V Of\}) (x,t) = 1 then
toET toET
, nT OIt\}’ = 0%. Then it is understood that 0%, € 7,. It can be shown by similar
OE

method 05 € 7,.

A
1. Let Ai = nAiETt Ai = {<x,té\T TAl.(x, t)’té\T IAi (x, t)'t\E/T FAl.(x, t)>} and

A
A] = nA ET¢t A] = {<x,té\T TAJ' (x; t)’té\T IAj (x' t)'t\E/T FAj (x' t)>} Then

i)
A A

AETt AjETt
[ x (/\ T, (x t))/\( A T, (x t)) )
"\eer 4 ter i)

| (g Ge0) A (8 1, G0),
\ <t\E/T Fa (%, t)> v <t\€/T FAf (x, t)>
( <té‘r (T4, 0) AT G, t))> ,
(th enYye t))) ,

k (DE’T (Fae 0V B G, t)))

A A
= N¢er 4; N 4. Since 7, is Overall-CFT-NTS. It is understood that A; N 4; € 7.

~~

\

A
~~

A
iii. Let A = Uper, Ai = {(x,t\e/T Ty, (x, t)'t\e/T Iy, (x, t)'té\T Fy,(x, t)>} and

A
A] = UAjE‘L't A] = {<x’t\E/T TAJ' (xl t),t\E/T IAj (xl t)’té\T FAj (xl t)>}

Then

AETt AET
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( \ ( )
=9 (t\E/T I, (x, t)> Vv (t\E/T I, (x, t)>, (= <t (IA (x, 0) VI, (x, 0) )
L (té\r Fy, (x, t)) A (t(/E\T FAJ. (x, t)) ) \ (t (FA (x,t) A FA (x, t)))

= Uter 4i N 4;. Since 7; is Overall-CFT-NTS. It is understood that A U A € T.

A
v~
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