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. 23MMAC22 Functional Analysis
Course Outcomes:
CO1: Explain the fundamental concepts of functional analysis in applied contexts.
CO2: Understand the properties of Banach space.

CO3: Use the Hilbert space to construct orthonormal sets.

CO4: Identify normal, self adjoint and unitary operators.

CO5; Communicate the spectrum of bounded lineat operator.

Part A 10x1 =10
Choose the Correct Answer ' :

1.A is a.complete normed linear space. ' CO1K1
a. Compact b. Connected ¢. Hausdroff d. Banach space

2. In a Banach algebra B (N), which of the following is true?. ‘ CO1K2
a. [rrf=Irlfrl o drrl=<irlir) o el ziir] o ferd> il

3. If B and B’ are Banach spaces and if T is a continuous linear transformation of B onto B, CO2K2
then T is )
a. open b. closed c. complete d. projection

4. A nonempty subset X of normed linear space N is CO2K1
a. bounded b. closed ¢. linear space d. open sphere

5. If x and y are any two vectors in a Hilbert space then [(X,y)| CO3K2
3. <[ b. < | ¢.z{x| ] d.2 [y |

6. Every non zero Hilbert sbace contains a complete ' CO3K1
a. orthogonal b. Hilbert space ¢. closed linear d. orthonormal set

7. If T is an operator on H for which (Tx, x) =0, for all %, then : CO4K2
a.T=0 b. T=0 c. X=0 d. T<0

8. An operator Ton H is ' CO4K2
a. normal b. self adjoint c. real d. imaginary

9, If P is the projection on a closed linear subspace M of H, then M reduces an operator T CO5K1
If
a. TP= PT ' b. T*P=P*T C. PFT=TM d. T*M=MT

10. If T is normal, then M,’s are CO5K1

a. pair wise orthogonal b. span c. reduces T d. all
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PartB 5x6 =30
Answer ALL questions '
Each answer should not exceed 400 words or two pages

- 8. Let N be a normed linear space then prove that (1) Norm is a continuous function
(") Addition and scalar multiplication are jointly continuous.

(or)
. b. Let M be a linear subspace of a normed linear space N and let f be a functional defined
on M. If X, is a vector not in M and if My = M+[Xo] is the linear subspace spanned by

M and xo, then prove that f can be extended to a funictional f, and M, such that I51=1A-

. a. If P is a projection on a Banach space B and if M and N are its range null spaces
then prove that M and N are closed linear subspaces of B such that B= M@N.

(or)
. b. If B and B’ are Banach spaces and if T is linear transformation of B into B’ then
prove that T is continuous iff its graph is closed.

- & If x and y are any two vectors of a Hilbert space then prove that{(x, )| <[l |

(or)
. b. Prove.that a closed convex subject C of a Hilbert space H contains a unique
vector of smallest norm.

. 8. Let y be a fixed vector In a Hilbert space H and let /, be a scalar valued function on
H defined by the formula S, (x)=(x,3),Vx € H. Then show that 7, is a functional in H.
(or) ’

. b. If A; and A; are self adjoint operator on a Hilbert space H then prove that their
product AjA; is also self adjoint iff AjA= Ay A,.

. a. Prove that a closed linear subspace M of H is invariant under on operator T iff A *is
invariant under T
(or)

. b. If T is normal then prove that the M/’ s are pair wise orthogonal.

Part C 5x12 =60
Answer ALL questions
Each answer should not exceed 800 words or four pages

. 8. State and Prove Hahn Banach theorem.
(or)
. b. Let N, N"be two normed linear spaces as let T:N—N be a linear transformation then
Prove that the following statements are equivalent. (i) T Is continuous (i) T is continuous
at the origin in the sense that x,—»0=>T(x,) — 0. (iif) there exist a real number k such that
[T < Kljx|.vxe N (W) If S={xeN /|x| < T is the closed unit sphere in N.

Then T(S) is bounded in N.
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. State and Prove Open mapping theorem.

(o)

. State and Prove Uniform Boundedness theorem.

. Let M be a closed linear subspace of a Hilbert space H. Let x be a vector not in ,
M and let d be the distance from x to M then prove that there exist a unique vector yq

in M such that |x— y,f=d .
(or)

. If M is a proper closed linear subspace of a Hilbert space H then prove that there exist a

non-zero vector Zgin H such that Zy §. M.

. If Ny and N, are normal operators on H with the property that either commutes

with the adjoint of the other then prove that N;+N, and N;N; are also normal.

(or)

. If T is a operator on H then prove that T is normal iff its real and imaginary

parts are commute.

. Prove that if P is a projection on a closed linear subspace M of H reduces on

operator T iff TP=PT.
(or)

. If T is normal, then prove that the M/’s span H.
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