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INTRODUCTION 

 

 

Topology is a widely studied area of mathematics emerged through the works 

of the great Mathematician Henri Poincare in the 19th century. Topology developed as 

a field of study out of geometry and set theory, through analysis of such concepts as 

space, dimension and transformation. It is the study of continuity and connectivity. The 

topological structures are modeled suitably in the fields of computer graphics, pattern 

recognition, artificial intelligence, data mining, rough set theory, information systems, 

quantum physics etc.  

 

The notion of open sets is the powerful tool for defining a topological space. 

Levine (1960) introduced and studied the concepts of semi-open sets in topological 

spaces, as a weaker form of open sets. It is found from literature that during recent years 

many topologists are interested in the study of generalized types of closed sets. The 

study of generalized closed sets was initiated by Levine (1970) in order to extend some 

important properties of closed sets to a larger family of sets. The productivity and 

fruitfulness of the notion of generalized closed sets motivated the mathematicians to 

introduce weaker and stronger forms of generalized closedness for the past four 

decades. With the aid of g-open sets, they introduced, investigated and modified 

continuous functions which are the core concept of topology. Detailed study in this 

regard by many investigators has enriched the field of generalized closed sets to a 

considerable extent. 

 

In 1968, Velicko introduced δ - open sets which are stronger than open sets, in 

order to investigate the characterization of H - closed spaces in terms of arbitrary filter 

bases and showed that, the collection τ δ of all δ  - open sets, is a coarser topology on X 

where a set is δ - open if it is the union of regular open sets. The collection of all regular 

open sets forms a base for a coarser topology τ s ⊆ τ but τ s  = τ δ . The semi-regularization 

of τ is the family τs. In a semi-regular space τ = τ s   =  τ δ. 

 

Through the semi-regularization of a given topology and the associated                            

δ - closure operator, Dontchev et al (1996) considered a slightly stronger form of                                  

g - closedness namely δg - closedness, properly placed between δ - and g - closedness. 



i.e., δ - closedness  →  δg - closedness  →   g - closedness 

 

Thus, a separation axiom T3/4 is introduced by Dontchev (1996) in which every 

δg - closed set is δ -closed. It is easily verified that  

T1 → T3/4  → T1/2 

 

Chapter – 1 deals with definitions and results in topological spaces that are 

required for this study. 

 

Chapter – 2 consists of 2 sections namely 

   2.1. δg - closed sets 

   2.2. δg* - closed sets 

 

In section 2.1, the concept of δg - closed sets introduced by Dontchev (1996), 

is reviewed. The dependence, independence relationships of δg - closed sets with some 

already existing closed sets in topological spaces are studied. Further some interesting 

characterizations of high weightage are discussed. 

 

In section 2.2, the notion δg* - closed sets, introduced by Sudha (1996), is taken 

for the study. Some relationships and characterizations of δg* - closed sets with some 

prominent sets in literature are discussed. 

 

In Chapter – 3, a new class of sets is called ∆̃ - closed sets is introduced.  The 

collection of this new class contains the class of ∆* - closed sets and contained in the 

class of gδ - closed sets in topological spaces. Some characterizations and hereditary 

properties are obtained by proving some important theorems. 

 

The important definitions and results proved in this chapter: 

A subset A of a space (X, τ) is called ∆̃ - closed if clδ(A) ⊆ U, whenever                             

A ⊆ U and U is a δg* - open set in  (X, τ). 

The class of all ∆̃ - closed sets in denoted by ∆̃C(X, ). 

The following relations exist for ∆̃ - closed sets 

 



 

 

 

 

 

 

   

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

where   A         B   represents A implies B and  A              B represents  A and B are 

independent.  

                                                                                                                                                                                              

 Chapter – 4 is devoted to applications of  ∆̃ - Closed sets namely                                   

∆̃ - separation axioms. In section 4.1, twelve new separation axioms using  ∆̃ - Closed 

sets are introduced and studied. This is followed by the notion of  ∆̃ - Continuity in 

section 4.2. As a progression, the dependent and independent relationships of                           

∆̃ -Continuity with other already existing continuities are given. Further, composition 

on ∆̃ - Continuity is discussed. 

The twelve separation axioms are: 

 

∆̃ - closed 

g*s - closed 
#gs - closed 

g*p - closed 

 gp - closed 

  gs - closed 

δ-closed δ𝑔#-closed 

πg - closed 

πgp - closed 

∆̃ - Closed 
∆*-closed 

πgsp -closed 

gδ -closed 

gspr - closed 

δg*-closed 
gpr - closed 

rg-closed 

rwg-closed 



A space (X, τ) is said to be a  

1. ∆̃Tδ - space if every ∆̃ - closed subset of (X, τ) is δ - closed in (X, τ). 

2. ∆̃Tδg* - space if every ∆̃ - closed subset of (X, τ) is δg*- closed in (X, τ). 

3. ∆̃T∆*- space if every ∆̃ - closed subset of (X, τ) is ∆*- closed in (X, τ). 

4. gδT∆̃ - space if every gδ - closed subset of (X, τ) is ∆̃ - closed in (X, τ). 

5. δg#T∆̃ - space if every δg# - closed subset of (X, τ) is ∆̃ - closed in (X, τ). 

6. rgT∆̃ - space if every rg - closed subset of (X, τ) is ∆̃ - closed in (X, τ). 

7. rwgT∆̃ - space if every rwg - closed subset of (X, τ) is ∆̃ - closed in (X, τ). 

8. gprT∆̃ - space if every gpr - closed subset of (X, τ) is ∆̃ - closed in (X, τ). 

9. gsprT∆̃ - space if every gspr - closed subset of (X, τ) is ∆̃ - closed in (X, τ). 

10. πgpT∆̃ - space if every πgp - closed subset of (X, τ) is ∆̃ - closed in (X, τ). 

11. πgspT∆̃ - space if every πgsp - closed subset of (X, τ) is ∆̃ - closed in (X, τ). 

12. πgT∆̃  - space if every πg - closed subset of (X, τ) is ∆̃ - closed in (X, τ). 

The following diagram shows the relationships between these spaces: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

∆̃T∆*-space 

∆̃Tδ-space 

∆̃Tδg*-space 

gδT∆̃ -space δg#T∆̃ -space 

rwgT∆̃ -space 

gprT∆̃ -space 

gsprT∆̃ -space 

πgT∆̃ -space 

πgspT∆̃ -space 

πgpT∆̃ -space 

rgT∆̃ -space 



A function f: (X, τ) → (Y, σ) is said to be ∆̃ - continuous if the inverse image 

of every closed set in (Y, σ) is ∆̃ - closed in (X, τ). 

The following two diagrams show the dependence and independence of                                   

∆̃ - continuous function and other already existing continuous functions respectively. 

 

 

     

 

  

   

 

 

 

  

 

 

 

 

 

 

 

 

 

  

where   A         B   represents A implies B and  A              B represents  A and B are 

independent.                                                                                                                                                                                               

 

∆̃ - continuous 

δ -continuous δ𝑔#continuous 

πg - continuous 

πgp - continuous 

Δ*-

continuous 
πgsp - continuous 

gspr - continuous 

gpr - continuous 
δg*-continuous 

gδ - continuous 

rg - continuous 

rwg-continuous 

∆̃ -continuous 

g*s - continuous 

#gs -continuous 

g*p-continuous 

 gp - continuous 

gs-continuous 
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REVIEW OF LITERATURE 

 

Topology, the study of surfaces, is a branch of mathematics concerned with 

spatial properties preserved under bi-continuous deformation. It emerged through the 

development of concept from geometry and set theory. Topology plays an important 

role in pure and applied mathematics. Topological structures are suitable mathematical 

models for formulation of both qualitative and quantitative data. 

 

Mashhour et al (1982) first studied the notion of pre open sets in topological 

spaces and obtained various properties. With the aid of pre open sets, they introduced 

and investigated modified continuous functions called pre continuous functions and 

weak pre continuous function. Dontchev et al (2000) introduced and investigated                          

p - closed spaces. 

 

Thivagar et al (2011) and their properties and applications were obtained,                          

δ𝑔̂ (δ𝑔̂c) homeomorphism using δ𝑔̂ - closed sets were introduced by Lellis Thivagar 

(2011) and their group structure was investigated. In a later paper, contra                                              

δ𝑔̂ - continuous functions were introduced and several characterizations were obtained 

by Lellis Thivagar (2012). Furthermore, a stronger form of semi regularity called                        

Tδ - spaces, was introduced and it is shown that it is equal to semi - regularity plus 

almost weak Hausdroffness. gδ - continuous and gδ - irresolute functions are considered 

as well. 

 

K. Meena (2014) introduced a new class of generalised closed sets called                         

∆* - closed sets in topological spaces using δg - closed sets. Moreover we analyse the 

relations between ∆*- closed sets and already existing various closed sets are analysed. 

It is proved that ∆*- closed sets are independent of δg - closed sets and weaker than 

δg*- closed sets. The class of   ∆*- closed sets is properly placed between various closed 

sets and a chain of relations is proved as follows. 

regular - closed →  π - closed →  δ - closed→  δg* - closed → ∆* - closed →                             

δg# - closed →  gδ - closed 



Separation axioms is one of the most important and interesting concepts in 

topological spaces. One of the most well known low separation axioms is the one which 

requires that singletons are closed. i.e. T1 . 

 

Dontchev introduced Tδ - space in which every gδ- closed set is δ - closed. He 

gave a characterization of  Tδ - space using the concept of almost weekly hausdroff 

space and semi - regular space.  

 

The separation axioms using ∆* - closed sets namely                                                      

∆*Tδ  - space, ∆*Tδg* - space,  gδT∆*- space, δg#T∆*- space  are introduced by 

K.Meena(2015) and their properties are discussed. 

 

Continuity is an important concept in Mathematics and many forms of 

continuous functions have been introduced over the years. A significant theme in 

general topology concerns the variously modified forms of continuity by utilizing 

generalized closed sets. 

 

K. Meena (2015) introduced some new class of functions called Δ* - continuous 

functions by using Δ* - closed sets. She investigated its implication and independence 

relationship with other types of continuous functions. Also she analysed the association 

of Δ* - continuous with various kinds of continuous functions via separation axioms. 

Furthermore she derived some of its properties under composition of mappings. 

 

  

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER-I 
 

 



CHAPTER 1 

 

PRELIMINARIES 

Definition 1.1 [37] 

A subset A of a topological space (X,τ) is called semi - open if A ⊆ cl(int(A))  

and semi - closed if int(cl(A)) ⊆A. 

 

Definition 1.2 [76] 

A subset A of a topological space (X,τ) is called regular open if A = int(cl(A)) 

and  regular closed if cl(int(A)) ⊆ A. 

 

Definition 1.3 [59] 

A subset A of a topological space (X,τ) is called α - open if A ⊆ int(cl(int(A))) 

and α - closed if cl(int(cl(A))) ⊆  A. 

 

Definition 1.4 [54] 

A subset A of a topological space (X,τ) is called pre - open if A ⊆ int(cl(A)) 

and  pre - closed if cl(int(A)) ⊆ A. 

 

Definition 1.5 [2] 

A subset A of a topological space (X,τ) is called semi - preopen if                                            

A  ⊆  cl(int(cl(A))) and semi - pre closed  if int(cl(int(A))) ⊆ A. 

 

Definition 1.6 [38] 

  A subset A of a topological space (X,τ) is called generalized closed (briefly                    

g -  closed) if cl(A) ⊆ U whenever A ⊆ U  and U is open in (X, τ ). 

 

Definition 1.7 [44] 

A subset A of a topological space (X,τ) is called 𝛼 - generalized closed (briefly                    

𝛼g - closed) if αcl(A) ⊆ U whenever A ⊆ U and U is open set in (X, τ ). 

 

 

 



Definition 1.8 [88] 

A subset A of a topological space (X,τ) is called δ - closed  if clδ(A)  =  A where       

clδ(A) = {x є X ; int(cl(U)∩A) ≠  ∅ , U є τ  and x є U}. 

 

Definition 1.9 [69] 

A subset A of a topological space (X,τ) is called generalized semi- pre – 

regular - closed (briefly gspr - closed) if spcl(A) ⊆ U whenever  A ⊆ U and U is regular 

open in (X, τ ).  

 

Definition 1.10 [86] 

A subset A of a topological space (X,τ) is called ĝ  - closed if                                       

cl(A)  ⊆ U whenever  A ⊆ U and U is semi - open in  (X, τ). 

 

Definition 1.11 [84] 

A subset A of a topological space (X,τ) is called g* - closed if cl(A) ⊆ U 

whenever A ⊆ U and U is g - open in  (X, τ). 

 

Definition 1.12 [89] 

A subset A of a topological space (X,τ) is called *g - closed if cl(A) ⊆ U 

whenever A ⊆ U and U is ĝ - open in  (X, τ). 

 

Definition 1.13 [88] 

A subset A of a topological space (X,τ) is called #gs - closed if scl(A) ⊆ U 

whenever  A ⊆ U and U is *g - open in  (X, τ). 

 

Definition 1.14 [25] 

A subset A of a topological space (X,τ) is called g~ - closed if cl(A) ⊆ U 

whenever  A ⊆ U and U is #gs - open in (X, τ). 

 

Definition 1.15 [67] 

A subset A of a topological space (X,τ) is called generalized star pre - closed 

(briefly g*p - closed) if pcl(A) ⊆ U whenever   A ⊆ U and U is g -  open in (X, τ). 

 



Definition 1.16 [65] 

A subset A of a topological space (X,τ) is called regular generalized - closed 

(briefly rg - closed) if cl(A) ⊆ U whenever   A ⊆ U and U is regular open in (X, τ). 

 

Definition 1.17 [12] 

A subset A of a topological space (X,τ) is called generalized δ - closed (briefly                

gδ - closed) if cl(A) ⊆ U whenever   A ⊆ U and U is δ - open in (X, τ). 

 

Definition 1.18 [11] 

A subset A of a topological space (X,τ) is called δ - generalized closed (briefly                  

δ - closed) if clδ(A) ⊆ U whenever  A ⊆ U and U is open in  (X, τ). 

 

Definition 1.19 [86] 

A subset A of a topological space (X,τ) is called δg# - closed if clδ(A) ⊆ U 

whenever A ⊆ U and U is  δ - open in (X, τ). 

 

Definition 1.20 [83] 

 A subset A of a topological space (X,τ) is called regular weekly generalized 

closed (briefly rwg - closed ) if  cl(int(A)) ⊆ U  whenever  A ⊆ U  and U is                         

regular - open in (X, τ). 

 

Definition 1.21 [14] 

A subset A of a topological space (X,τ) is called π - generalized closed (briefly                

πg - closed) if cl(A) ⊆ U whenever  A ⊆ U and U is πg - open in (X, τ). 

 

Definition 1.22 [27] 

A subset A of a topological space (X,τ) is called π - generalized pre closed 

(briefly πgp - closed) if pcl(A) ⊆ U whenever  A ⊆ U and U is  π - open in  (X, τ). 

 

Definition 1.23 [69] 

A subset A of a topological space (X,τ) is called π - generalized semi pre – 

closed (briefly πgsp - closed) if spcl(A) ⊆ U whenever  A ⊆ U and U is π - open in                        

(X, τ ). 



Definition 1.24 [74] 

A subset A of a topological space (X,τ) is called δ - generalized star closed 

(briefly δg* - closed) if clδ(A) ⊆ U whenever  A ⊆ U and U is  g - open in (X, τ). 

 

Definition 1.25 [75] 

A subset A of a topological space (X,τ) is called wδg*- closed if clδ(A) ⊆ U 

whenever A ⊆ U and U is g* -  open in (X, τ ). 

 

Definition 1.26 [72] 

A subset A of a topological space (X,τ) is called Δ* - closed if clδ(A) ⊆ U 

whenever A ⊆ U and U is δg -  open in (X, τ ). 

 

Definition 1.27 [67] 

A subset A of a topological space (X,τ) is called generalized star s closed 

(briefly g*s - closed) if scl(A) ⊆ U whenever  A ⊆ U and U is gs - open in (X, τ). 

 

Definition 1.28 [5] 

A subset A of a topological space (X,τ) is called semi - generalized closed 

(briefly sg - closed) if scl(A) ⊆ U whenever A ⊆ U and U is semi-open in (X, τ).  

 

Definition 1.29 [3] 

A subset A of a topological space (X,τ) is called generalized semi - closed 

(briefly gs - closed) if scl(A) ⊆ U whenever A ⊆ U and U is open in (X, τ).  

 

Definition 1.30 [43] 

A subset A of a topological space (X,τ) is called generalized α - closed (briefly 

gα - closed) if αcl(A) ⊆ U whenever A ⊆ U and U is α - open in (X, τ). 

 

Definition 1.31 [1] 

A subset A of a topological space (X,τ) is called α𝒈̂ - closed if αcl(A) ⊆ U 

whenever A ⊆ U and U is 𝑔̂ - open in (X, τ).  

 

 



Definition 1.32 [87] 

A subset A of a topological space (X,τ) is called g#s - closed if scl(A) ⊆ U 

whenever A ⊆ U and U is αg-open in (X, τ).  

 

Definition 1.33 [52] 

A subset A of a topological space (X,τ) is called sαg* - closed if αcl(A) ⊆ U 

whenever A ⊆ U and U is g* - open in (X,τ). 

 

Definition 1.33 [26] 

A subset A of a topological space (X,τ) is called 𝒈̃α - closed if αcl(A) ⊆ U 

whenever A ⊆ U and U is #gs - open in (X, τ). 

 

Definition 1.34 [79] 

A subset A of a topological space (X,τ) is called 𝒈̃s - closed if scl(A) ⊆ U 

whenever  A ⊆ U and U is #gs - open in (X, τ). 

 

Definition 1.35 [21] 

A subset A of a topological space (X,τ) is called 𝒈̃p - closed if pcl(A) ⊆ U 

whenever A ⊆ U and U is #gs - open in (X, τ). 

 

Definition 1.36 [68] 

A subset A of a topological space (X,τ) is called g̈ - closed if cl(A) ⊆ U 

whenever  A ⊆ U and U is sg - open in (X,τ). 

 

Definition 1.37 [66] 

A subset A of a topological space (X,τ) is called g''- closed if cl(A) ⊆ U 

whenever  A ⊆ U and U is gs - open in (X,τ).  

 

Definition 1.38 [49] 

A subset A of a topological space (X,τ) is called gp - closed if pcl(A) ⊆ U 

whenever A ⊆ U and U is open in (X, τ). 

 

 



Definition 1.39 [85] 

A subset A of a topological space (X,τ) is called g*p - closed if pcl(A) ⊆ U 

whenever A ⊆ U and U is g - open in (X, τ).  

 

Definition 1.40 [67] 

A subset A of a topological space (X,τ) is called g*s - closed if scl(A) ⊆ U 

whenever A ⊆ U and U is gs - open in (X, τ). 

 

Definition 1.41 [90] 

The space (X,τ) is called regular space if τθ = τ.  

 

Definition 1.42 [90] 

The family of all regular open sets is a base for a new topology denoted by τs on 

X is called the semi regularization. 

 

Definition 1.43 [90] 

 A space (X,τ) is called semi - regular space if  τs  =  τ. 

 

Results 1.44 [90] 

 In general τs  ⊆    τ. 

 

Results 1.45 [90] 

 τs  =  τδ .  

 

Results 1.46 [74] 

regular closed   →  π - closed  → δ - closed → δg* - closed  → δg - closed  →                               

g - closed 

 

Results 1.47 [70] 

For every subset A of  X, spcl  ⊆  pcl(A) ⊆  clδ(A). 

 

Results 1.48  

a. δ - closed → δg* - closed  → ∆* - closed  → δg# - closed  → gδ - closed. 



b. πg - closed → πgp - closed →  πgsp - closed  → gspr - closed. 

c. Closed  →   g – closed  →  αg - closed →  gs - closed. 

  

Remark 1.49  

            The result is obtained from the various g - closed set existing in the literature. 

a. gpr - closed  → gspr - closed. 

b. gpr - closed  →  rwg - closed. 

 

Definit ion 1.50 [23] 

A subset A of a topological space (X,τ) is called gpr - closed if pcl(A) ⊆ U 

whenever A ⊆ U and U is open in (X, τ). 

 

Definit ion 1.51 [38]  

A topological space (X, τ) is said to be a T1/2  -  space if every g - closed subset 

of (X, τ) is closed in (X, τ). 

 

Definit ion 1.52 [11]  

A topological space(X, τ) is said to be a T3/4  - space if every δg - closed subset 

of (X, τ) is δ - closed in (X, τ) 

 

Definit ion 1.53 [10]  

A topological space (X, τ) is said to be a Tb - space if every gs - closed subset 

of (X, τ) is closed in (X, τ). 

 

Definit ion 1.54 [84]  

A topological space (X, τ) is said to be a Tc - space if every gs - closed subset 

of (X, τ) is g*- closed in (X, τ). 

 

Definit ion 1.55 [10]  

A topological space (X, τ) is said to be a Td - space if every gs - closed subset 

of (X, τ) is g - closed in (X, τ). 



Definit ion 1.56 [46]  

A topological space (X, τ) is said to be a αTb - space if every αg - closed subset 

of (X, τ) is closed in (X, τ). 

 

Definit ion 1.57 [84]  

A topological space (X, τ) is said to be a αTc - space if every αg - closed subset 

of (X, τ) is g*- closed in (X, τ). 

 

Definit ion 1.58 [84]  

A topological space (X, τ) is said to be a 
*T1/2  - space if every g - closed subset 

of (X, τ) is g* - closed in (X, τ). 

 

Definit ion 1.59 [12]  

A topological space (X, τ) is said to be a Tδ - space if every gδ - closed subset 

of (X, τ) is δ - closed in (X, τ). 

 

Definit ion 1.60 [74]  

A topological space (X, τ) is said to be a δg*Tδ - space if every δg* - closed 

subset of (X, τ) is δ - closed in (X, τ). 

 

Definit ion 1.61 [74]  

A topological space (X, τ) is said to be a δgTδg* - space if every δg -  closed 

subset of (X, τ) is δg* - closed in (X, τ). 

 

Definit ion 1.62 [74]  

A topological space (X, τ) is said to be a gsTδg*- space if every gs - closed 

subset of (X, τ) is δg* - closed in (X, τ). 

 

Definit ion 1.63 [74]  

A topological space (X, τ) is said to be a αgTδg*- space if every αg - closed 



subset of  (X, τ) is δg*- closed in (X, τ). 

 

Definit ion 1.64 [74]  

A topological space (X, τ) is said to be a 𝛂𝒈̂Tδg* - space if every α𝑔̂ - closed 

subset of (X, τ) is δg* - closed in (X, τ). 

 

Definit ion 1.65 [74]  

A topological space (X, τ) is said to be a δ𝒈̂Tδg*- space if every δ𝑔̂ - closed 

subset of (X, τ) is δg* - closed in (X, τ). 

 

Definit ion 1.66 [73]  

A topological space (X, τ) is said to be a Δ*Tδ - space if every Δ*- closed 

subset of (X, τ) is δ - closed in (X, τ). 

 

Definit ion 1.67 [73]  

A topological space (X, τ) is said to be a Δ*Tδg* - space if every Δ* - closed 

subset of (X, τ) is δg* - closed in (X, τ). 

 

Definit ion 1.68 [73]  

A topological space (X, τ) is said to be a gδTΔ* - space if every gδ - closed 

subset of (X, τ) is Δ* - closed in (X, τ). 

 

Definit ion 1.69 [73]  

A topological space (X, τ) is said to be a δg#TΔ* - space if every δg# - closed 

subset of (X, τ) is Δ* - closed in (X, τ). 

 

Definit ion 1.70 [38]  

A function f: (X, τ) →(Y, σ) is said to be continuous if f -1(V) is closed in                       

(X, τ ) for every closed set V of   (Y, σ).  

                            



Definit ion 1.71 [61] 

 A function f: (X, τ) →(Y, σ) is said to be super continuous if f -1(V) is                                      

δ - closed in (X, τ ) for every closed set V of (Y, σ). 

 

Definit ion 1.72 [48] 

A function f: (X, τ) →(Y, σ) is said to be g - continuous if f -1(V) is g - closed 

in  (X, τ ) for every closed set V of   (Y, σ). 

 

Definit ion 1.73 [11] 

A function f: (X, τ) →(Y, σ) is said to be δg - continuous if f  -1(V) is δg - closed 

in (X, τ ) for every closed set V of   (Y, σ). 

 

Definit ion 1.74 [73] 

A function f: (X, τ) →(Y, σ) is said to be gδ - continuous if f  -1(V) is gδ - closed 

in (X, τ ) for every closed set V of   (Y, σ). 

 

Definit ion 1.75 [65] 

 A function f: (X, τ) →(Y, σ) is said to be rg - continuous if f -1(V) is rg - closed 

in (X, τ ) for every closed set V of  (Y, σ). 

 

Definit ion 1.76 [77] 

A function f: (X, τ) →(Y, σ) is said to be δg* - continuous if f -1(V) is                                          

δg* - closed in (X, τ ) for every closed set V of   (Y, σ). 

 

Definit ion 1.77 [67] 

A function f: (X, τ) →(Y, σ) is said to be g*s - continuous if f -1(V) is                                  

g*s - closed in (X, τ ) for every closed set V of   (Y, σ). 

 

Definit ion 1.78 [12] 

A function f: (X, τ) →(Y, σ) is said to be gp - continuous if f -1(V) is                             

gp - closed in (X, τ ) for every closed set V of   (Y, σ). 

 

 



Definit ion 1.79 [24] 

A function f: (X, τ) →(Y, σ) is said to be gpr - continuous if f -1(V) is                                

gpr - closed in (X, τ ) for every closed set V of   (Y, σ). 

 

Definit ion 1.80 [18] 

A function f: (X, τ) →(Y, σ) is said to be πg - continuous if f -1(V) is                           

πg - closed in (X, τ ) for every closed set V of   (Y, σ). 

 

Definit ion 1.81 [69] 

A function f: (X, τ) →(Y, σ) is said to be πgp - continuous if f -1(V) is                               

πgp - closed in (X, τ ) for every closed set V of   (Y, σ). 

 

Definit ion 1.82 [69] 

A function f: (X, τ) →(Y, σ) is said to be πgsp - continuous if f -1(V) is                             

πgsp - closed in (X, τ ) for every closed set V of   (Y, σ). 

 

Definit ion 1.83 [69] 

A function f: (X, τ) →(Y, σ) is said to be gspr - continuous if f -1(V) is                               

gspr - closed in (X, τ ) for every closed set V of   (Y, σ). 

 

Definit ion 1.84  

A function f: (X, τ) →(Y, σ) is said to be Δ* - continuous if f -1(V) is                            

∆* - closed in (X, τ ) for every closed set V of   (Y, σ). 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 

CHAPTER-II 
 

 



CHAPTER 2 

 

On δg - closed sets and δg* - closed sets in topological spaces 

2.1 δg - closed sets 

    The initiation of the study of generalized closed sets was done by Levine [38] 

in 1970 as he considered sets whose closure belongs to every open superset. He called 

them generalized closed (= g - closed) and studied their most fundamental properties. 

The spaces in which the concepts of g-closed and closed sets coincide are called                            

T1/2 - spaces [38].  

In this chapter the concept of semi – regularization from a different perspective 

is studied. Through the semi-regularization of a given topology and the associated                        

δ - closure operator a slightly stronger form of g - closedness, properly placed between 

δ - closed and g - closedness, is considered. The sets are called δ - generalized closed. 

The basic properties are reviewed here. 

Moreover, a new separation axiom  T3/4, the class of topological spaces where 

every  δ - generalized closed set is δ - closed, i.e. closed in the semi-regularization 

topology, is considered for the study and the class of T3/4 - spaces is shown to be 

properly placed between the classes of  T1/2 - spaces and T1 - spaces.  

 

Definition 2.1.1 [11] 

A subset A of a topological space (X, τ) is called δ - generalized closed (briefly            

δ-g - closed) if clδ(A) ⊆  U whenever A ⊆  U and U is open in (X, τ).  

 

Throughout the sequel the family of all δ-generalized closed subsets of a 

topological space (X, τ) will be denoted by DGC(X, τ). 

 

 The class of δ - generalized closed sets is properly placed between the classes 

of  δ - closed and g - closed sets. 

 

Theorem 2.1.2. 

Let (X, τ) be a space. Then  

1. Every δ - closed set is δ - generalized closed. 

2. Every δ - generalized closed set in (X, τ) is g - closed in (X, τ s). 



3. Every δ - generalized closed set in (X, τ) is g - closed in (X, τ) and hence                                                        

αg - closed, gs - closed, gsp - closed and r-g - closed.  

Proof:  

The proof follows from the definitions. 

 

The reverse claims in the above theorem are not usually true. First, we give an 

example of a δ - generalized closed set which is not δ - closed, not even semi - closed. 

 

Example 2.1.3. 

Let X = {a, b, c} and let τ = {∅, {a, b}, X}. Set A = {a, c}. Since the only open 

superset of A is X, A is clearly a δ - generalized closed. But it is easy to see that A is 

not  δ - closed. In fact it is not even semi - closed. 

  

Next we show that a closed set in a space (X, τ) need not be δ - generalized 

closed in (X, τ). 

 

Example 2.1.4. 

Let X be the real line and let τ be the point generated topology on X, i.e. the                  

non - empty open sets are those containing a fixed point, say the zero point. Then the 

set P of all irrationals is closed in (X, τ) and thus g - closed. Since (X, τ s) is the indiscrete 

space, P is g - closed in (X, τ s) but clearly not δ - generalized closed in (X, τ).   

 

We now observe that in semi - regular spaces the notions of δ - generalized 

closed and generalized closed sets coincide. 

 

Theorem 2.1.5. 

Let A be a subset of a semi - regular space (X, τ). Then, 

1. A is δ - generalized closed if and only if A is g - closed. 

2. If, in addition, (X, τ) is T1/2, then A is δ - generalized closed if and only if A is 

closed.    

 

The previous observation leads to the problem of finding the spaces (X, τ) in 

which the  g - closed sets of (X, τ s) are δ - generalized closed in (X, τ). Even though 



this problem is not completely resolved, a partial solution is offered. For that reason the 

spaces with T1/2 semi-regularization is called almost weakly Hausdorff.  

 

Definition 2.1.6. 

A space is called weakly Hausdorff if its semi - regularization is T1.  

The point excluded topology on any infinite set gives an example of an almost 

weakly Hausdorff space, which is not weakly Hausdorff. 

 

Theorem 2.1.7.   

In an almost weakly Hausdorff space (X, τ) the g - closed sets of (X, τ s) are                              

δ - closed in (X, τ) and thus δ - generalized closed in (X, τ).  

Proof.  

Let A ⊆ X be a g - closed subset of (X, τ s). Let x ∈ clδ(A). If {x} is δ - open, 

then x ∈ A. If not, then X∖{x} is δ - open, since X is almost weakly Hausdorff. Assume 

that x  ∉  A. Since A is g - closed in (X, τ s), then clδ(A) ⊆ X∖{x}, i.e. x ∉ clδ(A). By 

contradiction x ∈ A. Thus   clδ(A) = A or equivalently A is δ - closed and hence                                      

δ - generalized closed in (X, τ).  

 

Definition 2.1.8. 

A topological space (X, τ) is called an R1 - space if every two different points 

with distinct closures have disjoint neighbourhoods. 

 

Theorem 2.1.9. 

For a compact subset A of an R1 topological space (X, τ) the following 

conditions are equivalent: 

(a) A is a δ - generalized closed set. 

(b) A is a generalized closed set.  

Proof: 

(a) ⇒  (b)  

 The proof follows from the definitions. 

(b) ⇒ (a) 

 In R1 – spaces, the concepts of closure and δ - closure coincide for compact sets  

[Theorem 3.6 from [30]]. Thus the rest of the proof is obvious.  



Corollary 2.1.10. 

In Hausdorff spaces, a finite set is g - closed if and only if it is δ-g - closed.  

 

Theorem 2.1.11  

Let A be a preopen subset of a topological space (X, τ). Then the following 

conditions are equivalent: 

(a) A is δ-g - closed. 

(b) A is g - closed. 

(c) A is αg - closed.  

Proof: 

(a) ⇒  (b) and (b) ⇒ (c) are true for any subset A. If A is preopen in (X, τ) then, 

cl(A) = clα (A) = clδ (A) [Janković  [28]]and so (c) ⇒  (a).  

 

Definition 2.1.12 

A partition space [58] is a topological space where every open set is closed. 

 

Corollary 2.1.13. 

Let A be a subset of the partition space (X, τ). Then the following conditions 

are equivalent: 

(a) A is δ-g - closed. 

(b) A is g - closed. 

(c) A is αg - closed.  

Proof: 

A topological space is a partition space if and only if every subset is preopen. 

Thus the claim follows straight from Theorem 2.1.11. 

 

Concerning partition spaces, consider the following characterization via                                   

δ - generalized closed sets. 

 

Theorem 2.1.14.  

For a topological space (X, τ) the following conditions are equivalent: 

(a) X is a partition space. 

(b) Every subset of X is δ - generalized closed.  

 



Proof: 

(a) ⇒ (b)  

Let A ⊆ U, where U is open and A is an arbitrary subset of X. Since X is a 

partition space, then U is clopen. Thus clδ (A) ⊆ clδ (U) = U. 

(b) ⇒ (a)  

If U ⊆ X is open, then by (b) U ⊆ U which implies clδ (U) ⊆ U or equivalently 

U is δ - closed and hence closed.  

 

Theorem 2.1.15.   

1. Finite union of δ-g - closed sets is always a δ-g - closed set. 

2. Countable union of δ-g - closed sets need not be a δ-g - closed set. 

3. Finite intersection of δ-g - closed sets may fail to be a δ-g - closed set. 

Proof: 

1. Let A, B ⊆  X be δ-g - closed and let A ∪ B ⊆ U with U open. Then                                                   

clδ (A∪ B) = clδ (A) ∪ clδ (B), i.e. A ∪ B is δ-g - closed. 

2. Let X be the real line with the usual topology. Since X is semi - regular, then 

by Theorem 2.1.5 every singleton in X is δ-g - closed. Let N be the set of all positive 

integers. Set A = UnєN {1/n}. Clearly A is a countable union of δ - generalized closed 

sets but A is not  δ - generalized closed, since A ∈ (0, ∞) but 0 ∈ clδ (A). 

3. Let X = {a, b, c, d, e} and let τ = {∅,{a, b},{c},{a, b, c},X}. Set A = {a, c, d} 

and B = {b, c, e}. Clearly A and B are δ - generalized closed sets, since X is their only 

open superset. But C = {c} = A ∩ B is not δ - generalized closed, since C ⊆ {c} ∈ τ and                            

clδ (C) = {c, d, e} ⊆ {c}. 

 

Theorem 2.1.16. 

The intersection of a δ - generalized closed set and a δ - closed set is always                        

δ - generalized closed.   

Proof: 

Let A be δ - generalized closed and let F be δ - closed. If U is an open set with                

A ∩ F ⊆  U, then A ⊆  U ∪  (X∖F) and so clδ(A) ⊆  U ∪ (X∖F). Now                                                     

clδ (A ∩ F)  ⊆  clδ (A) ∩ F  ⊆  U, and so A  ∩  F is δ - generalized closed.  

 

 



Theorem 2.1.17. 

For a subset A of a topological space (X, τ) the following conditions are 

equivalent: 

(a) A is clopen. 

(b) A is δ - generalized closed, preopen and semi - closed 

(c) A is δ - generalized closed and (regular) open. 

(d) A is αg - closed and (regular) open.  

Proof: 

(a) ⇒ (b), (b) ⇒ (c) and (c) ⇒  (d) are obvious. 

(d) ⇒ (a) Since A is αg-closed, then clα(A) ⊆  A and thus A is α- closed. Since                            

α - closed (semi-pre) - open sets are (regular) closed, then (a) is clear.  

 

Remark 2.1.18. 

The following diagram shows the relationships between δ - generalized closed 

sets with other existing closed sets. 
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-closed -g-closed 

closed  

α - closed 

set

semi - closed 

semi - preclosed 

g - closed  g - closed 

gα - closed  gs - closed  r - g - closed  

sg - closed  gsp - closed  



2.2  δg* -  closed sets 

 

The concept of generalized closed sets plays a significant role in topology. 

There are many research papers which deal with different types of generalized closed 

sets. Levine [38] introduced generalized closed (briefly g - closed) sets and studied their 

basic properties. Bhattacharya and Lahiri [5], Arya and Nour [3], Maki et al [43,44], 

Dontchev and Ganster [11], Maragathavalli et al [52] and VeeraKumar [87] introduced 

semi-generalized closed sets, generalized semi - closed sets, generalized α - closed sets, 

α - generalized closed sets, δ - generalized closed sets, sαg*- closed sets and g#s - closed 

sets respectively. VeeraKumar [89] introduced g* - closed sets in topological spaces. 

In this chapter we study about the concept of a new class of closed sets called 

δg∗ - closed sets and also the basic properties of δg∗ - closed sets in topological spaces. 

Applying this set, we obtain the new spaces which are called Tδg* - spaces and                        

#Tδg* - spaces. 

`     

Definition 2.2.1.  

A subset A of a space X is called δg *- closed if clδ(A) ⊆  U whenever A ⊆ U 

and U is a g - open set in X. 

 

Proposition 2.2.2 

Every δ - closed set is δg* - closed 

Proof: 

Let A be an δ - closed set and U be any g - open set containing A. Since A is                   

δ - closed, clδ(A) = A. Therefore clδ(A) = A ⊆ U and hence A is δg*- closed. 

 

Remark 2.2.3  

The converse of the above theorem is not true as shown in the following 

example. 

 

Example 2.2.4.  

Let X = {a, b, c}, τ = {X, ∅, {a}, {b}, {a, b}, {a, c}}. Here, g - open sets with 

respect to τ are open sets. Then the set {b, c} is δg* - closed but not δ - closed, since 

the only non-trivial δ - closed sets are {a, c} and {b}.  



Proposition 2.2.5.  

Every δg *- closed set is g - closed. 

Proof:  

Let A be a δg* - closed set and U be an any open set containing A in X. Since 

every open set is g - open and A is δg* - closed, clδ(A) ⊆ U. Since cl(A) ⊆  clδ(A) ⊆ U, 

we have cl(A) ⊆ U and hence A is g - closed. 

 

Remark 2.2.6.  

A g - closed set need not be δg*- closed as shown in the following example. 

 

Example 2.2.7.  

Let X = {a, b, c}, τ = {X, ∅, {a}, {a, b}, {a, c}}. Then the set {b} is g - closed 

but not δg*- closed. 

 

Proposition 2.2.8.  

Every δg*- closed set is g*- closed. 

Proof:  

Let A be a δg* - closed set and U be an any g - open set containing A in X. 

Since A is δg * - closed, clδ(A) ⊆  U. But cl(A) ⊆  clδ(A) ⊆ U, we have cl(A) ⊆  U and 

hence A is g* - closed. 

 

Remark 2.2.9.  

A g* - closed set need not be δg* - closed as shown in the following example. 

  

Example 2.2.10.  

Let X = {a, b, c}, τ = {X, ∅, {a}, {a, b}, {a, c}}. Then the set {b} is g* - closed 

but not δg* - closed. 

 

Proposition 2.2.11.  

Every δg* - closed set is gs - closed.  

Proof:  

Let A be δg*- closed and U be any open set containing A in X. Since every open 

set is g - open, clδ(A) ⊆ U for every subset A of X. Since scl(A) ⊆ clδ(A) = U, we have 



scl(A) ⊆  U and hence A is gs - closed. 

 

Remark 2.2.12.  

A gs - closed set need not be δg*- closed as shown in the following example. 

 

Example 2.2.13.  

Let X = {a, b, c}, τ = {X, ∅, {a}, {a, b}}. Then the set {b} is gs - closed but not 

δg* - closed. 

  

Proposition 2.2.14.  

Every δg* - closed set is αg - closed. 

Proof:  

It is true from the fact that αcl(A) ⊆ clδ(A) for every subset A of X.  

 

Remark 2.2.15.  

A αg - closed set need not be δg* - closed as shown in the following example. 

 

Example 2.2.16.  

Let X = {a, b, c}, τ = {X, ∅, {a}, {a, b}, {a, c}}. Then the set {c} is αg - closed 

but not δg* - closed. 

 

Proposition 2.2.17.  

Every δg* - closed set is sαg* - closed. 

Proof:  

Let A be δg* - closed and U be any g* - open set containing A in X. Since every 

g* - open set is g-open and A is δg*- closed, clδ(A) ⊆  U, for every subset A of X. Since 

αcl(A) ⊆  clδ(A) ⊆  U, we have αcl(A) ⊆ U and hence A is sαg*- closed.  

 

Remark 2.2.18.  

A sαg* - closed set need not be δg* - closed as shown in the following example. 

 

 

 



Example 2.2.19.  

Let X = {a, b, c}, τ = {X, ∅, {a}, {a, b}, {a, c}}. Then the set {c} is                           

sαg* - closed but not δg*-closed.  

 

Proposition 2.2.20.  

Every δg* - closed set is δ𝑔̂ - closed. 

Proof:  

Let A be δg* - closed and U be any 𝑔̂ - open set containing A in X. Since every 

𝑔̂ - open set is g - open and A is δg* - closed, clδ(A) ⊆  U. Hence A is δ𝑔̂ - closed.  

 

Remark 2.2.21.  

A δ𝑔̂ - closed set need not be δg* - closed as shown in the following example. 

   

Example 2.2.22. 

Let X = {a, b, c}, τ = {X, ∅, {a}}. Then the set {a, b} is δ𝑔̂ - closed but not           

δg* - closed.  

 

Proposition 2.2.23.  

Every δg* - closed set is α𝑔̂ - closed. 

Proof:  

Let A be δg* - closed and U be any 𝑔̂ - open set containing A in X. Since every 

𝑔̂ - open set is g - open and A is δg*- closed, clδ(A) ⊆  U. Since αcl(A) ⊆ clδ(A) ⊆ A, 

we have αcl(A) ⊆ U and hence A is α𝑔̂  -  closed.  

 

Remark 2.2.24.  

α𝑔̂ - closed set need not be δg*- closed as shown in the following example.  

 

Example 2.2.25.  

Let X = {a, b, c}, τ = {X, ∅, {a}, {a, b}}. Then the set {b} is α𝑔̂ - closed but 

not  δg* - closed.  

 

Proposition 2.2.26.  

Every δg* - closed set is wδg * - closed. 



Proof:  

Let A be δg*- closed and U be any g*- open set containing A in X. Since every                   

g*- open set is g - open and A is δg*- closed, clδ(A) ⊆ U, for every subset A of X. 

Hence A is wδg*- closed.  

 

Remark 2.2.27.  

A wδg * - closed set need not be δg*- closed as shown in the following example. 

 

Example 2.2.28.  

Let X = {a, b, c}, τ = {X, ∅, {a}, {b, c}}. Then the set {a, c} is wδg*- closed 

but not δg* - closed. 

 

Proposition 2.2.29.  

Every δg* - closed set is δg - closed. 

Proof:  

Let A be δg* - closed and U be any open set containing A in X. Since every 

open set is g - open and A is δg*- closed, clδ(A) ⊆  U, for every subset A of X. Hence 

A is δg - closed.  

 

Remark 2.2.30.  

A δg - closed set need not be δg*- closed as shown in the following example. 

 

Example 2.2.31.  

Let X = {a, b, c}, τ = {X, ∅, {a}}. Then the set {c} is δg - closed but not                          

δg* - closed. 

  

Proposition 2.2.32.  

Every δg*- closed set is #gs - closed.  

Proof:  

Let A be δg* - closed and U be any *g - open set containing A in X. Since every 

 *g - open set is g - open and A is δg* - closed, clδ(A) ⊆  U, for every subset A of X. 

But scl(A) ⊆  clδ(A) ⊆ A, we have scl(A) ⊆ U Hence A is #gs - closed.  

 



Remark 2.2.33.  

A #gs - closed set need not be δg* - closed as shown in the following example.  

 

Example 2.2.34.  

Let X = {a, b, c}, τ = {X, ∅, {a}, {b, c}}. Then the set {a, b} is #gs - closed but 

not δg* - closed. 

 

Proposition 2.2.35.  

Every δg*- closed set is *g - closed. 

Proof:  

Let A be δg* - closed and U be any 𝑔̂ - open set containing A in X. Since every                    

𝑔̂ - open set is g - open and A is δg*- closed, clδ(A) ⊆  U for every subset A of X. since 

cl(A) ⊆  cl (A) ⊆  U, we have cl(A) ⊆  U and hence A is * g - closed.  

 

Remark 2.2.36.  

A *g - closed set need not be δg * - closed as shown in the following example. 

 

Example 2.2.37.  

Let X = {a, b, c}, τ = {X, ∅, {a}}. Then the set {a, c} is *g - closed but not                

δg* - closed.  

 

Proposition 2.2.38.  

Every δg*- closed set is g*p - closed.  

Proof:  

Let A be δg* - closed and U be any g - open set containing A in X. Since A is 

δg* - closed, clδ(A) ⊆ U for every subset A of X. Since pcl(A) ⊆  clδ(A) ⊆ U, we have 

pcl(A) ⊆  U and hence A is g*p - closed.  

 

Remark 2.2.39.  

A g*p - closed set need not be δg* - closed as shown in the following example. 

 

Example 2.2.40.  

Let X = {a, b, c}, τ = {X, ∅, {a}, {a, b}}. Then the set {b} is g*p - closed but 



not δg* - closed. 

 

Proposition 2.2.41.  

Every g* - closed set is gp - closed. 

Proof:  

It follows from the fact that every open set is g - open. 

 

Remark 2.2.42.  

A gp - closed set need not be g * - closed as shown in the following example.  

 

Example 2.2.43.  

Let X = {a, b, c}, τ = {X, ∅, {a, b}}. Then the set {a} is gp - closed but not                                   

δg* - closed. 

 

Remark 2.2.44.  

The following examples show that δg* - closedness is independent from                      

𝑔̃ - closedness, 𝑔̃α  - closedness and 𝑔̃s - closedness.   

 

Example 2.2.45.  

Let X = {a, b, c}, τ = {X, ∅, {a, b}}. In this topology the set {b, c} is                              

δg* - closed but not 𝑔̃ - closed, 𝑔̃α - closed and 𝑔̃s - closed. 

 

Example 2.2.46.  

Let X = {a, b, c}, τ = {X, ∅, {a}, {a, b}, {a, c}}. In this topology the set {b} is 

𝑔̃ - closed, 𝑔̃α - closed and 𝑔̃s  - closed but not δg*-closed.  

 

Remark 2.2.47.  

The following examples show that δg* - closeness is independent from                          

gα - closedness, g#s - closedness, g*s - closedness and α - closedness. 

 

Example 2.2.48.  

Let X = {a, b, c}, τ = {X, ∅, {a}, {a, b}}. In this topology the set {b} is                                  

g - closed, g#s - closed, g*s - closed and α - closed but not δg* - closed. The set {a, c} 



 is δg*- closed but not g - closed, g#s - closed, g*s - closed and α - closed. 

 

Remark 2.2.49.  

The following examples show that δg*- closedness is independent from                         

αg* - closedness.  

 

Example 2.2.50.  

Let X = {a, b, c}, τ = {X, ∅, {a}, {a, b}, {a, c}}. In this topology the set {b} is 

αg* -  closed but not δg* - closed. 

 

Example 2.2.51.  

Let X = {a, b, c}, τ = {X, ∅, {a}, {a, b}}. In this topology the set {a, c} is                       

αg* - closed but not δg* - closed. 

 

Remark 2.2.52.  

The following diagram has shown the relationship of δg * -closed sets with other 

known existing sets. A      B represents A implies B but not conversely and A           B, 

represents A and B are independent to each other. 

 

 

 

                                         

 

 

 

 

 

 

 

 

 

 

regular closed 

closed 

α - closed 

α𝑔̂ - closed αg - closed gα closed 

δ - closed 

sαg* - closed 

g* - closed 

Semiclosed δg* - closed wδg* - closed 

𝑔̂ - closed 

g - closed g#s - closed gs - closed sg - closed 



2.3 Properties of δg* - closed sets 

 

Theorem 2.3.1. 

The finite union of δg* - closed sets is δg* - closed. 

Proof:  

Let {Ai / i= 1, 2, 3,.., n } be a finite class of  δg* - closed subsets of X. Let                        

A =  ⋃ 𝐴𝑖
𝑛
𝑖=1 . Let V be a g - open set containing A which implies ⋃ 𝐴𝑖

𝑛
𝑖=1   ⊆ V. This 

implies Ai  ⊆  V, for every i. By assumption clδ(Ai) ⊆  V, for every i. Which implies 

⋃ 𝑐𝑙𝛿
𝑛
𝑖=1 (Ai) ⊆ V. Then clδ(⋃ 𝐴𝑖

𝑛
𝑖=1 ) ⊆  V. Thus clδ(A) ⊆  V. Hence finite union of             

δg*- closed sets is δg* - closed. 

 

Remark 2.3.2.  

The following example shows that intersection of any two δg* - closed sets in 

X need not be δg* - closed. 

 

Example 2.3.3.  

Let X = {a, b, c}, τ = {X, ∅, {a}}. Then the set {a, b} and {a, c} are δg* - closed 

but their intersection {a} is not δg* -  closed.  

 

Theorem 2.3.4.  

Let A be a δg* - closed set of X. Then clδ(A) - A does not contain a non empty 

g - closed set. 

Proof:  

Suppose that A is δg* - closed, let F be a g - closed set contained in clδ(A) - A. 

Now Fc is a g - open set in X such that A ⊆ Fc. Since A is a δg*- closed set of X, then 

clδ(A) ⊆ Fc. Thus F ⊆ (cl(A))c. Also F ⊆ clδ(A) - A. Therefore                                                     

F  ⊆ (cl (A))c  ∩  clδ(A) = ∅. Hence F =  ∅ .  

 

Proposition 2.3.5.  

If A is a g - open set and δg* - closed subset of X then A is an δ - closed subset 

of X. 

Proof:  

Since A is g-open and δg* - closed, clδ(A) ⊆ A. Hence A is δ - closed. 



 

Theorem 2.3.6.  

The intersection of a δg* - closed set and a δ - closed set is always δg*- closed.  

Proof:  

Let A be δg* - closed and F be δ - closed. Let V = A ∩ F. Let U be g - open 

such that V ⊆  U implies A ∩ F ⊆ U which implies A ⊆ U ∩ Fc. Here Fc is δ - open, so 

Fc is open. Thus Fc is g - open. Hence U ∪ Fc is g - open and by assumption                                 

A ⊆ U ∩ Fc ⇒ clδ(A) ⊆ U ∩ Fc,  clδ(V) = clδ(A ∩ F) ⊆  clδ(A) ∩  clδ(F) = clδ(A) ∩ F 

which is contained in U. Therefore clδ(V) ⊆ V. Hence A ∩ F is δg*- closed. 

 

Theorem 2.3.7.  

In a T3/4 - space every δg* - closed set is δ - closed. 

Proof:  

Let X be a T3/4  - space. Let A be a δg*- closed set of x. We know that every   

δg* - closed set is g - closed. Since X is T3/4 - space, A is δ - closed. 

 

Proposition 2.3.8.  

If A is an δg* - closed set in a space X and A ⊆ B ⊆ clδ(A), then B is also a     

δg* - closed. 

Proof:  

Let U be a g - open set of X such that B ⊆  U. Then A  ⊆ U. Since A is                       

δg* - closed set, clδ(A) ⊆ U. Also since B ⊆ clδ(A), clδ(B) ⊆ clδ(clδ(A)) = clδ(A ). Hence 

clδ(B ) ⊆ U. Therefore B is also a δg* - closed set. 

 

Theorem 2.3.9.  

Let A be a δg* - closed set of X. Then A is δ - closed iff clδ(A) - A is g - closed. 

Proof: (Necessity) 

Let A be a δ - closed subset of X. Then clδ(A) = A and so clδ(A) ­ A =  ∅, which 

is g - closed. 

Sufficiency:  

Let clδ(A) - A be g - closed. Since A is δg*- closed, by Proposition 2.3.4.,                     

clδ(A) - A does not contain a non-empty g - closed set which implies clδ(A) ­ A = ∅. 

That is clδ(A) = A. Hence A is δ - closed. 



 

Theorem 2.3.10.  

For each a ∈ X either {a} is g - closed or {a}c is δg*- closed in X. 

Proof:  

Suppose that {a} is not g - closed in X, then {a}c is not g - open and the only                          

g - open set containing {a}c is the space X itself. That is {a}c ⊆ X. Therefore                                   

clδ({a}c) ⊆ X and so {a}c is δg* - closed.  

 

Definition 2.3.11.  

The intersection of all g - open subsets of X containing A is called the g - kernel 

of A and is denoted by g - ker(A). 

 

Lemma 2.3.12.  

A subset A of X is g * - closed if and only if clδ(A ) ⊆  g - ker(A). 

Proof:  

Suppose that A is δg*- closed in X, then clδ(A ) ⊆  U, whenever A ⊆ U and U 

is g - open on X. Let x ∈ clδ(A ). If x ∉ g - ker(A), then there is a g - open set U such 

that  x ∉  U. Since U is a g - open set containing A, x ∉ clδ(A ) a contradiction.  

Conversely let clδ(A ) ⊆ g - ker(A). If U is any g - open set containing A, then                     

clδ(A) ⊆  g - ker(A) ⊆  U. Then A is δg* - closed. 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 

CHAPTER-IIi 
 



CHAPTER 3 

 

∆̃ - Closed sets in topological spaces 

 

 The concept of generalised closed (briefly, g - closed) sets were introduced by 

Norman Levine [38] in 1970. Velicko [90] introduced δ - open sets which are stronger 

than open sets in 1968. By combining the concepts of δ - closedness and g - closedness,           

Julian Dontchev [11] proposed a class of generalised closed sets called δg - closed set 

in 1996. Sudha. R [62] introduced and investigated a new concept of generalised closed 

sets namely δg* - closed sets in 2012. K. Meena [72] introduced a new class of 

generalised closed sets called ∆* - closed sets. 

 In this chapter we introduce a new class of sets called ∆̃ - closed sets which 

contains the class of  ∆* - closed sets and is contained in the class of  gδ - closed sets                                                         

in topological spaces. 

                                                         3.1 ∆̃ - closed sets 

 

Definition 3.1.1. 

A subset A of a space (X, τ) is called ∆̃ - closed if clδ(A) ⊆ U, whenever A ⊆ U 

and U is a δg* - open set in  (X, τ). 

 

Proposition 3.1.2. 

Every δ - closed set is ∆̃ - closed but not conversely. 

Proof:  

Let A be a δ - closed set and U be any δg* - open set containing A. Since A is                       

δ - closed, clδ(A) = A. Therefore clδ(A) = A ⊆ U and hence A is ∆̃ - closed. 

 

Example 3.1.3.  

Let X = {a, b, c}, τ = {∅, X, {a}}. Then the subset {b} is ∆̃ - closed but not                               

δ - closed in (X, τ). 

 

Proposition 3.1.4. 

Every δg* - closed set is ∆̃ - closed but not conversely. 



Proof:  

Let A be a δg* - closed set and U be any δg* - open set containing A. By 

Proposition 2.2.5, every δg* - open is g - open and by hypothesis, A is δg* - closed. 

Therefore clδ(A) ⊆ U and hence A is ∆̃ - closed. 

 

Example 3.1.5. 

Let X = {a, b, c}, τ = {∅, X, {a}}.Then the subset {a, c} is ∆̃ - closed but not        

δg* - closed in (X, τ). 

 

Proposition 3.1.6. 

Every ∆̃ - closed set is πg - closed but not conversely. 

Proof:  

Let A be a ∆̃ - closed set and U be any π - open set containing A. By Remark 

1.46, every π - open is δg* - open and by hypothesis A is ∆̃ - closed. Therefore                  

clδ(A) ⊆ U. For every subset A of X, we have cl(A) ⊆  clδ(A) and so cl(A) ⊆ U and 

hence A is πg - closed. 

 

Example 3.1.7. 

Let X = {a, b, c}, τ = {∅, X, {a}}. Then the subset {a} is πg - closed but not                    

∆̃ - closed in (X, τ).  

 

Proposition 3.1.8. 

Every ∆̃ - closed set is rg - closed but not conversely. 

Proof: 

Let A be a ∆̃ - closed set and U be any regular open containing A. By Remark 

1.46, every regular open is δg* - open and by hypothesis A is ∆̃ - closed. Therefore    

clδ(A) ⊆  U. For every subset A of X, we have cl(A) ⊆ clδ(A) and so cl(A) ⊆ U and 

hence A is rg - closed. 

 

Example 3.1.9. 

Let X = {a, b, c}, τ = {∅, X, {a}, {b}, {a, b}}. Then the subset {a, b} is                     

rg - closed but not ∆̃ - closed in (X, τ). 

 



Proposition 3.1.10. 

Every ∆̃ - closed set is gpr - closed but not conversely. 

Proof:  

Let A be a ∆̃ - closed set and U be any regular open containing A. By Remark 

1.46, every regular open is δg*- open and by hypothesis A is ∆̃ - closed, which gives 

 clδ(A) ⊆ U. For every subset A of X, we have pcl(A) ⊆  clδ(A) which implies                   

pcl(A) ⊆ U and hence A is gpr - closed. 

 

Example 3.1.11.  

 Let X = {a, b, c}, τ = {∅, X, {a, b}}. Then the subset {a} is gpr - closed but not     

 ∆̃ - closed in (X, τ). 

 

Proposition 3.1.12. 

Every ∆̃ - closed set is πgp - closed but not conversely. 

Proof:  

Let A be a ∆̃ - closed set and U be any π - open containing A. By Remark 1.46, 

every π - open is δg*- open and by hypothesis A is ∆̃ - closed, which gives clδ(A) ⊆ U. 

For every subset A of X, we have pcl(A) ⊆ clδ(A) which implies pcl(A) ⊆ U and hence 

A is πgp - closed. 

 

Example 3.1.13.  

Let X = {a, b, c}, τ = {∅, X, {a}}. Then the subset {a} is πgp - closed but not                   

∆̃ - closed in (X, τ). 

 

Proposition 3.1.14. 

Every ∆̃ - closed set is gδ - closed but not conversely. 

Proof:  

Let A be a ∆̃ - closed set and U be any δ - open containing A. By Remark 1.46, 

every δ - open is δg* - open and by hypothesis A is ∆̃ - closed, which gives clδ(A) ⊆ U. 

For every subset A of X, we have cl(A) ⊆ clδ(A) which implies cl(A) ⊆ U and hence A 

is gδ - closed. 

 

 



Example 3.1.15.  

Let X = {a, b, c}, τ = {∅, X, {a, b}}. Then the subset {b} is gδ - closed but not                   

∆̃ - closed in (X, τ). 

 

Proposition 3.1.16. 

Every ∆* - closed set is ∆̃ - closed but not conversely. 

Proof:  

Let A be a ∆* - closed set and U be any δg* - open set containing A. By 

Proposition 2.2.29, every δg* - open is δg - open and by hypothesis A is ∆* - closed, 

which implies clδ(A) ⊆ U. Therefore A is ∆̃ - closed. 

 

Example 3.1.17.  

Let X = {a, b, c}, τ  = {∅, X, {a}}. Then the subset {a, b} is ∆̃ - closed but not 

∆* - closed in (X, τ). 

 

Proposition 3.1.18. 

Every ∆̃ - closed set is rwg - closed but not conversely. 

Proof: 

Let A be a ∆̃ - closed set and U be any regular open containing A. By Remark 

1.46, every regular open is δg* - open and by hypothesis A is ∆̃ - closed, which implies 

clδ(A) ⊆ U. We know that int(A) ⊆ A  which implies cl(int(A)) ⊆ cl(A). For every 

subset A of   X, we have cl(A) ⊆  clδ(A) and hence cl(int(A)) ⊆ U. Therefore A is         

rwg - closed. 

 

Example 3.1.19.  

Let X = {a, b, c}, τ = {∅, X, {a}, {b}, {a, b}}. Then the subset {a, b} is                    

rwg - closed but not ∆̃ - closed in (X, τ). 

 

Proposition 3.1.20. 

Every ∆̃ - closed set is gspr - closed but not conversely. 

Proof:  

Let A be a ∆̃ - closed set and U be any regular open containing A. By Remark 

1.46, every regular open is δg* - open and by hypothesis A is ∆̃ - closed, which implies  



clδ(A) ⊆ U.  For every subset A of X , we have spcl(A) ⊆  pcl(A) ⊆  clδ(A) which 

implies spcl(A) ⊆ U and hence A is gspr - closed. 

 

Example 3.1.21.  

Let X = {a, b, c}, τ = {∅, X, {a}, {b}, {a, b}}. Then the subset {a, b} is              

gspr - closed but not ∆̃ - closed in (X, τ). 

 

Proposition 3.1.22. 

Every  ∆̃ - closed set is πgsp - closed but not conversely. 

Proof: 

Let A be a ∆̃ - closed set and U be any π - open containing A. By Remark 1.46, 

every π - open is δg* - open and by hypothesis A is ∆̃ - closed, which implies             

clδ(A) ⊆ U. For every subset A of X , we have spcl(A) ⊆ pcl(A) ⊆ clδ(A) which gives 

spcl(A) ⊆ U and hence A is πgsp - closed. 

 

Example 3.1.23. 

Let X = {a, b, c}, τ = {∅, X, {a}}. Then the subset {a} is πgsp - closed but not 

∆̃ - closed in (X, τ). 

 

Proposition 3.1.24. 

Every ∆̃ - closed set is δ𝑔# - closed but not conversely. 

Proof:  

Let A be a ∆̃ - closed set and U be any δ - open containing A. By Remark 1.46, 

every δ - open is δg* - open and by hypothesis, A is ∆̃ - closed, which gives                

clδ(A) ⊆ U. Hence A is δ𝑔# - closed. 

 

Example 3.1.25. 

Let X = {a, b, c}, τ = {∅, X, {a}}. Then the subset {a} is δ𝑔#- closed but not    

∆̃  - closed in (X, τ). 

 

Remark 3.1.26. 

The following figure gives the dependence of ∆̃ - closed set with twelve other 



already existing closed sets. 

 

   

 

  

   

 

 

 

  

 

 

 

   

     

 

 

 

 

Remark 3.1.27. 

The following counter examples show that ∆̃ - closedness is independent of      

gp - closedness. 

 

Example 3.1.28.  

Let X = {a, b, c}, τ = {∅, X, {a, b}}.Then the subset {a} is gp - closed but not 

∆̃ - closed in (X, τ). 

 

Example 3.1.29.   

Let X = {a, b, c}, τ = {∅, X, {a}, {a, b}, {a, c}}. Then the subset {a, b} is                   

∆̃ - closed but not gp - closed in (X, τ). 

 

Remark 3.1.30. 

The following counter examples show that ∆̃ - closedness is independent of 

δ-closed δ𝑔#-closed 

πg - closed 

πgp - closed 

∆̃ - Closed 
∆*-closed 

πgsp -closed 

gδ -closed 

gspr - closed 

δg*-closed 
gpr - closed 

rg-closed 

rwg-closed 



g*p - closedness. 

 

Example 3.1.31.  

Let X = {a, b, c}, τ = {∅, X, {a}, {a, b}, {a, c}}. Then the subset {a, b} is                         

 ∆̃ - closed but not g*p - closed in (X, τ). 

 

Example 3.1.32.  

Let X = {a, b, c}, τ = {∅, X, {a, b}}. Then the subset {a} is g*p - closed but not  

∆̃ - closed in (X, τ). 

 

Remark 3.1.33. 

The following counter examples show that ∆̃ - closedness is independent of          

gs - closedness, #gs - closedness. 

 

Example 3.1.34.  

Let X = {a, b, c}, τ = {∅, X, {a},{a, b},{a, c}}. Then the subset {a, b} is                         

  ∆̃ - closed but not gs - closed, #gs - closed in (X, τ). 

 

Example 3.1.35.  

Let X = {a, b, c}, τ = {∅, X, {a}, {b}, {a, b}}. Then the subset {a} is gs - closed,     

#gs - closed but not  ∆̃ - closed in (X, τ). 

 

Remark 3.1.36. 

The following counter examples show that ∆̃ - closedness is independent of    

g*s - closedness. 

 

Example 3.1.37.  

Let X = {a, b, c}, τ = {∅, X, {a},{b},{a, b}}. Then the subset {b} is g*s - closed 

but not ∆̃ - closed in (X, τ). 

 

Example 3.1.38.  

Let X = {a, b, c}, τ = {∅, X, {a}, {a, b}, {a, c}}.Then the subset {a, c} is                     

 ∆̃ - closed but not g*s - closed in (X, τ). 



 

 

 

 

 

 

 

Theorem 3.1.39. 

Union of two  ∆̃ - closed sets is ∆̃ - closed. 

Proof:  

Let A and B be the ∆̃ - closed sets in X. Let U be a δ𝑔∗- open set in X, such that 

A ⊆ U and B ⊆ U.  Then A ∪ B ⊆ U. Since A and B are ∆̃ - closed sets,                                 

clδ(A) ⊆ U and clδ(B) ⊆ U. This implies clδ(A ∪ B) = clδ(A) ∪ clδ(B) ⊆ U . Therefore     

A∪B is a  ∆̃ - closed set. 

 

Remark 3.1.40. 

The following example shows that intersection of any two ∆̃ - closed sets in X 

need not be ∆̃ - closed set. 

 

Example 3.1.41.  

Let X = {a, b, c}, τ = {∅, X, {a}}. Then the subset {a, c} and {a, b} are                           

 ∆̃ - closed but their intersection {a} is not ∆̃ - closed. 

 

Proposition 3.1.42. 

Let A be a  ∆̃ - closed set of (X, τ). Then clδ(A) - A does not contain any non-

empty δ𝑔∗ - closed set. 

Proof:  

Suppose F be a non-empty δ𝑔∗ - closed set contained in clδ(A)-A. Now                        

F ⊆ clδ(A)-A then F ⊆ clδ(A) ∩ Ac which implies F ⊆ clδ(A) and F ⊆ Ac which implies 

A  ⊆ Fc. Then Fc, δ𝑔∗- open and A, ∆̃ - closed implies clδ(A) ⊆ Fc. Thus F ⊆ (clδ(A))c.  

Also F ⊆ clδ(A) - A. Therefore ((clδ (A))c ∩ clδ(A)) = ∅. Hence F = ∅ which is a 

contradiction.  

g*p - closed 

g*s - closed 
#gs - closed  gp - closed 

∆̃ - closed gs - closed 



Proposition 3.1.43. 

If A is a δ𝑔∗- open and a  ∆̃ - closed subset of (X, τ). Then A is a δ - closed 

subset of (X, τ). 

Proof:  

Let A is δ𝑔∗ - open and ∆̃ - closed then clδ(A) ⊆ A. We know that,                                       

A  ⊆  cl(A) ⊆ clδ(A) which implies A ⊆ clδ(A). Therefore A = clδ(A) which implies A 

is δ - closed.  

 

Theorem 3.1.44. 

If A is a  ∆̃ - closed set and A  ⊆  B  ⊆  clδ(A), then B is  ∆̃ - closed. 

Proof:  

Let U be an δ𝑔∗-open set of X such that B ⊆ U then A ⊆ B ⊆ U which implies                     

A ⊆ U. Since A is ∆̃ - closed, then clδ(A) ⊆ U. Given that B ⊆ clδ(A) and                                

clδ(B) ⊆  clδ(clδ(A)) = clδ(A). Thus clδ(B) ⊆  U.  Hence B is  ∆̃ - closed in X. 

 

Proposition 3.1.45. 

For each a ∈ X either {a} is δ𝑔∗-closed (or) {a}c is ∆̃ - closed in X. 

Proof:  

Suppose {a} is not δ𝑔∗-closed in X then {a}c is not δ𝑔∗-open. The only           

δ𝑔∗ - open set containing {a}c is X. Thus {a}c ⊆  X which implies                                                  

clδ {a}c  ⊆  clδ(X)  =  X . Therefore clδ{a}c ⊆ X and so {a}c is ∆̃ - closed in X.  

 

Theorem 3.1.46. 

Let A be a  ∆̃ - closed set of (X, τ). Then A is δ - closed if and if only clδ(A)-A 

is a  δ𝑔∗- closed set. 

Proof: (Necessity)  

Let A be a   δ - closed subset of X. Then clδ(A) = A which implies                          

clδ(A) ∩ Ac  =  A ∩ Ac = ∅ Thus  clδ(A) ∩ Ac = ∅. And so clδ(A) - A = ∅. Therefore 

clδ(A) - A is a δ𝑔∗- closed set.  

Sufficiency: 

 Let clδ(A) - A is δ𝑔∗- closed and A is ∆̃ -closed then clδ(A) - A does not contain  



a  non - empty δ𝑔∗- closed set. Therefore clδ(A) - A =  ∅. That is clδ(A) = A. Hence A 

is a  δ - closed subset of X. 

 

Theorem 3.1.47.  

The intersection of  a  ∆̃ - closed set and a  δ - closed set  is ∆̃ - closed. 

Proof:  

Let A be a ∆̃ - closed and F be a δ - closed set. Let A ⊆ U, U is a δ𝑔∗- open set 

and A is a ∆̃ - closed set, clδ(A) ⊆  U.  To prove A ∩ F is ∆̃ - closed, it is enough to 

show that clδ(A∩ F) ⊆ U , whenever A ∩ Ac ⊆ U, where U  is an δ𝑔∗- open set.   

Now clδ(A ∩ F) ⊆  clδ(A) ∩ clδ( F)  ⊆  clδ(A) ∩ F ⊆ U ∩ F ⊆ U. And so                       

clδ(A ∩ F)  ⊆  U. Therefore A ∩ F ⊆ U, which implies A ∩ F is ∆̃ - closed. 

 

3.2 ∆̃ - open sets 

 

Definition 3.2.1. 

A subset of A of a topological space (X, τ) is called ∆̃ - open if its complement 

is called ∆̃ - closed set in (X, τ). 

 

Proposition 3.2.2.  

If a subset A of a topological space (X, τ) is δ - open then it is ∆̃ - open in X. 

Proof:  

Let A be a δ - open in a topological space (X, τ). Then Ac is δ - closed.                 

From Proposition 3.1.2 we know that every δ - closed set is ∆̃ - closed set. Therefore 

Ac is  ∆̃ - closed set which implies A is ∆̃ - open in X. 

 

Remark 3.2.3. 

The converse of the above theorem need not be true as seen from the following 

example. 

 

Example 3.2.4.  

Let X = {a, b, c}, τ = {∅, X,{a},{b},{a, b},{a, c}}.Then the subset {a} is                           

∆̃ - open but not δ - open  in (X, τ). 



Proposition 3.2.5. 

 In a topological space (X, τ), we have the following 

(a) Every δg* - open set is ∆̃ - open. 

(b) Every ∆̃ - open set is πg - open. 

(c) Every ∆̃ - open set is rg - open. 

(d) Every ∆̃ - open set is gpr - open. 

(e) Every ∆̃ - open set is πgp - open. 

(f) Every ∆̃ - open set is gδ - open. 

(g) Every Δ* - open set is ∆̃ - open. 

(h) Every ∆̃ - open set is rwg - open. 

(i) Every ∆̃ - open set is gspr - open. 

(j) Every ∆̃ - open set is πgsp - open. 

(k) Every ∆̃ - open set is δg# - open. 

Proof: 

Similar to Proposition 3.2.2 using corresponding definition. 

 

Remark 3.2.6. 

The converse of the above proposition is not true in general. The easy 

justification through examples is omitted as it follows from the examples in section 3.1.  

 

Lemma 3.2.7.  

For a subset A of X, clδ(X - A) = X - intδ (A). 

 

Theorem 3.2.8. 

A subset A of a topological space (X, τ) is ∆̃-open if and only if G ⊆ intδ (A) 

whenever G   ⊆   A  and G is δ𝑔∗- closed. 

Proof:  

Assume that A is ∆̃ - open. Then Ac is  ∆̃ - closed set.  Let G be a δ𝑔∗- closed 

set of (X, τ) contained in A. Then Gc is a δ𝑔∗- open and A ⊆ Gc.  Since  is ∆̃ - closed,           

clδ(A
c) ⊆ Gc which implies  G ⊆ intδ (A), by lemma 3.2.7. 

Conversely, Assume that G ⊆ intδ (A) whenever G ⊆ A and G is a δ𝑔∗- closed 

in (X, τ). Let Ac ⊆ F, where F is δ𝑔∗- open in (X, τ) which implies Fc ⊆ A. Then by 



hypothesis Fc ⊆ intδ (A). Thus clδ(A
c) ⊆ F, which implies Ac is ∆̃ - closed. Therefore A 

is ∆̃ - open. 

 

Theorem 3.2.9. 

If  intδ (A) ⊆ B ⊆ A and A is ∆̃ - open, then B is ∆̃ - open in (X, τ). 

Proof:  

Let intδ (A) ⊆ B ⊆ A and A is ∆̃ - open in (X, τ). Then                                                                        

Ac ⊆  Bc ⊆ ( intδ (A))c. By Lemma 3.2.7, Ac  ⊆  Bc ⊆  clδ(A
c).  Since A is ∆̃ - open, then 

Ac is ∆̃ - closed. By Theorem 3.1.44, Bc is ∆̃ - closed and hence B is ∆̃ - open in (X, τ). 

 

Theorem 3.2.10  

If A and B are ∆̃ - open set in a space (X, τ). Then A ∩ B is also a ∆̃ - open set 

in X. 

Proof:  

Let A and B are ∆̃ - open set in a space (X, τ).Then Ac and Bc are ∆̃ - closed in  

(X, τ). By Theorem 3.1.39, Ac ∪ Bc again  ∆̃ - closed in (X, τ). Thus                                                

Ac ∪ Bc  =  (A ∩ B)c  is ∆̃ - closed. Therefore A ∩ B is ∆̃ - open in X. 

 

Theorem 3.2.11  

If a subset A of a topological space X is both ∆̃ - open and δ𝑔∗- closed then it is 

δ - open. 

Proof:  

Let A be a δ𝑔∗ - closed and ∆̃ - open set in X. Then Ac is δ𝑔∗- open and                        

∆̃ - closed set in X. By Proposition 3.1.43, Ac be δ - closed, which implies A is δ - open. 

 

Theorem 3.2.12 

A set A is ∆̃ - open in (X, τ) iff G = X whenever G is δ𝑔∗- open and                             

intδ (A) ∪ Ac  ⊆ G 

Proof: (Necessity)  

Suppose that A is ∆̃ - open in X.  Let G is δ𝑔∗- open and intδ (A) ∪ Ac  ⊆ G. 

Thus Gc ⊆ (intδ (A) ∪ Ac)c  = (intδ (A))c ∩ A = (intδ (A))c – Ac    = clδ (A
c) -  Ac . Since 

Ac is ∆̃ - closed and Gc  is  δ𝑔∗- closed by Theorem 3.1.46, Gc  =  ∅. Hence G = X. 



Sufficiency: 

Suppose that F is δ𝑔∗ - closed and F ⊆ A. By theorem 3.2.8, it suffices to show 

that F ⊆ intδ(A).Now intδ(A) ∪ Ac ⊆  intδ(A) ∪ Fc and hence intδ(A) ∪ Fc  = X, it follows  

that F ⊆  intδ(A). 

 

Theorem 3.2.13. 

 Intersection of two ∆̃ - open sets is ∆̃ - open. 

Proof: 

 The proof follows from the theorem 3.1.39. 

 

Now the notation of  ∆̃ - closure of a set is defined and some of its properties 

are studied. 

 

Definition 3.2.14. 

The closure operator of ∆̃ - closed set is defined as ∆̃cl(A) = Ո{F ⊆ X:A⊆F and  

F is ∆̃ - closed in (X, τ)}. 

 

Theorem 3.2.15. 

Let A be a subset of a topological space X. Then x ∈ ∆̃cl(A) if and only if  for 

any ∆̃ - open set containing x, A∩U ≠ ∅. 

Proof: 

Let x ∈ ∆̃ cl(A) and suppose that, there is a ∆̃ - open set  U containing x ∋ x ∈ U 

and A∩U = ∅, which implies A ⊆ Uc, ∆̃ cl(A) ⊆ ∆̃ cl(Uc) = Uc. Since x ∈ U, x ∉ Uc, 

which implies x ∉ ∆̃ cl(A),which is a contradiction. Therefore A∩U ≠ ∅. 

Conversely, let V be a  ∆̃ - open set containing x and A∩U ≠ ∅.  To prove                  

x ∈ ∆̃ cl(A). Suppose that x ∉ ∆̃ cl(A), then there is a ∆̃ - closed set F in X ∋ x ∉ F and 

A ⊆ F. If x ∉ F then x ∈ Fc, which is ∆̃ - open set. Since A ⊆ F which implies                    

A∩Fc =  ∅, which is a contradiction. Therefore x ∈ ∆̃ cl(A). 

 

 

 

 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
                                                            
                                                          

CHAPTER-IV 
 



CHAPTER 4 

 

∆̃ - Separation Axioms and ∆̃ - Continuity 

4.1 ∆̃ - Separations Axiom 

As an application of  ∆̃ - closed sets twelve new spaces namely ∆̃Tδ - space, 

 ∆̃Tδg* - space, ∆̃T∆*- space, gδT∆̃ - space, δg#T∆̃ - space, rgT∆̃ - space,         

rwgT∆̃ - space, gprT∆̃ - space, gsprT∆̃ - space, πgpT∆̃ - space,  πgspT∆̃ - space  

and πgT∆̃  - space are introduced and some properties are studied. 

 

Definition 4.1.1  

A space (X, τ) is said to be a  

1. ∆̃Tδ - space if every ∆̃ - closed subset of (X, τ) is δ - closed in (X, τ). 

2. ∆̃Tδg* - space if every ∆̃ - closed subset of (X, τ) is δg*- closed in (X, τ). 

3. ∆̃T∆*- space if every ∆̃ - closed subset of (X, τ) is ∆*- closed in (X, τ). 

4. gδT∆̃ - space if every gδ - closed subset of (X, τ) is ∆̃ - closed in (X, τ). 

5. δg#T∆̃ - space if every δg# - closed subset of (X, τ) is ∆̃ - closed in (X, τ). 

6. rgT∆̃ - space if every rg - closed subset of (X, τ) is ∆̃ - closed in (X, τ). 

7. rwgT∆̃ - space if every rwg - closed subset of (X, τ) is ∆̃ - closed in (X, τ). 

8. gprT∆̃ - space if every gpr - closed subset of (X, τ) is ∆̃ - closed in (X, τ). 

9. gsprT∆̃ - space if every gspr - closed subset of (X, τ) is ∆̃ - closed in (X, τ). 

10.  πgpT∆̃ - space if every πgp - closed subset of (X, τ) is ∆̃ - closed in (X, τ). 

11.  πgspT∆̃ - space if every πgsp - closed subset of (X, τ) is ∆̃ - closed in (X, τ). 

12.  πgT∆̃  - space if every πg - closed subset of (X, τ) is ∆̃ - closed in (X, τ). 

 

 



 

 

Proposition 4.1.2. 

For a space (X, τ) the following conditions are equivalent  

i. (X, τ) is a ∆̃Tδ - space 

ii. For a each x ∈ X, {x} is either δ - open or δg* - closed. 

Proof: 

i ⟹ ii, 

     Let x ∈ X and suppose {x} is not δg* - closed and X-{x} is not δg* - open, the 

only δg*- open set containing X-{x} is X. So X-{x} is ∆̃ - closed in (X, τ). Since (X, τ) 

is ∆̃Tδ - space, X-{x} is δ - closed set in (X, τ). Hence {x} is δ - open in (X, τ). 

ii ⟹ i, 

Let A be a ∆̃ - closed in (X, τ) and x ∈ clδ(A). We show that x ∈ A for the 

following two cases 

Case (i):  

Assume that {x} is δ - open. Then X-{x} is δ - closed set. If x ∉ A then                       

A ⊆ X-{x}.  Since x ∈ clδ(A), we have x ∈ X-{x}, which is a contradiction. Hence  

x ∈ A. 

Case (ii): 

Assume that {x} is δg* - closed. Assume that x ∉ A, then we would have                

x ∈ clδ(A)-A, which contradicts that the Proposition 3.1.41. Therefore x ∈ A. 

 

Proposition 4.1.3. 

If (X, τ) is a ∆̃Tδ - space then ∆̃cl(B) = clδ(B), for each subset B of X. 

Proof: 

Let (X, τ) be a ∆̃Tδ - space. We know that every δ - closed is ∆̃ - closed set. By 

definition 1 of ∆̃Tδ-space, every ∆̃ - closed subset of (X, τ) is δ - closed in (X, τ). 

Therefore ∆̃𝐶(X, τ) = clδ(X, τ). Hence by definition of δ - closure and ∆̃ - closure,   

∆̃cl(B)  =  clδ(B) for each subset B of X. 

 

 

∆̃Tδ – spaces 

 



Corollary 4.1.4. 

If (X, τ) is a ∆̃Tδ - space then for every subset A of X, ∆̃cl(A) is δ - closed in 

(X, τ). 

Proof: 

Since (X, τ) is a ∆̃Tδ - space. By Proposition 4.1.3, ∆̃cl(A) = clδ(A). Therefore 

∆̃cl(A) is a δ - closed set in (X, τ). 

 

Proposition 4.1.5. 

Every ∆̃Tδ - space is a ∆̃Tδg*- space but not conversely. 

Proof: 

Let A be ∆̃ - closed and (X, τ) be a ∆̃Tδ - space. Then A is δ - closed in (X, τ). Since 

every δ - closed is δg*- closed [Proposition 2.2.2], A is δg*- closed in (X, τ). Hence        

(X, τ) is a  ∆̃Tδg* - space. 

 

Example 4.1.6. 

Let X = {a, b, c}, τ = {∅, X, {a, b}} then (X, τ) is a ∆̃Tδg* - space but not a 

∆̃Tδ - space, since the subset {c} is ∆̃-closed but not δ-closed in (X, τ). 

 

Proposition 4.1.7. 

Every ∆̃Tδ - space is a ∆̃TΔ*- space but not conversely. 

Proof: 

Let A be ∆̃-closed and (X, τ) be a ∆̃Tδ - space. Then A is δ - closed in (X, τ). 

Since every δ - closed set is Δ*- closed [Proposition 3.2 of [72]], A is Δ*- closed in                

(X, τ). Hence (X, τ) is a ∆̃TΔ *- space. 

 

Example 4.1.8. 

Let X and τ be defined in Example 4.1.6 then (X, τ) is a ∆̃TΔ*- space but not a 

∆̃Tδ - space, since the subset {c} is ∆̃ - closed but not δ - closed in (X, τ). 



Proposition 4.1.9. 

Every ∆̃Tδ - space is a δg*Tδ - space but not conversely. 

Proof: 

Let A be δg*- closed and (X, τ) be a ∆̃Tδ - space. Since every δg*- closed is    

∆̃ - closed [Proposition 3.1.4], A is ∆̃ - closed in (X, τ).  Therefore A is δ - closed, as 

(X, τ) is ∆̃Tδ - space. Hence (X, τ) is a δg*Tδ - space. 

 

Example 4.1.10. 

Let X = {a, b, c}, τ = {∅, X, {a}, {b, c}} then (X, τ) is a δg*Tδ - space but not 

a ∆̃Tδ - space, since the subset {b} is ∆̃ - closed but not δ - closed in (X, τ). 

 

Remark 4.1.11. 

Tb - space and ∆̃Tδ - space are independent of each other as seen from the 

following examples. 

 

Example 4.1.12. 

Let X = {a, b, c}, τ = {∅, X, {a}, {b}, {a, b}} then (X, τ) is a ∆̃Tδ - space but 

not a Tb - space, since the subset {a} is gs - closed but not closed in (X, τ). 

 

Example 4.1.13. 

Let X = {a, b, c}, τ = {∅, X, {a}, {a, b}, {a, c}} then (X, τ) is a Tb - space but 

not a ∆̃Tδ - space. Since the subset {b} is ∆̃ - closed but not δ - closed in (X, τ). 

 

Remark 4.1.14. 

Tc - space and Td - spaces are independent of ∆̃Tδ - space as seen from the 

following examples. 

 

 



Example 4.1.15. 

Let X and τ be defined as in Example 4.1.6 then (X, τ) is a Tc - space as well 

as Td - space but not a ∆̃Tδ - space. Since the subset {c} is ∆̃ - closed but not δ - closed 

in (X, τ). 

 

Example 4.1.16. 

Let X and τ be defined as in example 4.1.12 then (X, τ) is a ∆̃Tδ - space but 

neither Tc - space nor Td - space, since the subset {a} is gs - closed but neither                            

g* - closed nor g - closed in (X, τ). 

 

Remark 4.1.17. 

gsprT∆̃ - space  is independent of ∆̃Tδ - space as seen from the following 

examples. 

 

Example 4.1.18. 

Let X and τ be defined as in Example 4.1.12 then (X, τ) is a ∆̃Tδ - space but 

not a gsprT∆̃ - space, since the subset {a} is gspr - closed but not ∆̃ - closed in (X, τ). 

 

Example 4.1.19. 

Let X and τ be defined as in Example 4.1.10 then (X, τ) is a gsprT∆̃ - space but 

not a ∆̃Tδ  - space, since the subset {b} is ∆̃ - closed but not δ - closed in (X, τ). 

 

Remark 4.1.20. 

gprT∆̃ - space  is independent of  ∆̃Tδ - space as seen from the following 

examples. 

 

Example 4.1.21. 

Let X and τ be defined as in Example 4.1.12 then (X, τ) is a ∆̃Tδ - space but 



not a gprT∆̃ - space, since the subset {a, b} is gpr - closed but not ∆̃ - closed in (X, τ). 

 

Example 4.1.22. 

Let X = {a, b, c} and τ = {∅, X, {a}} then (X, τ) is a gprT∆̃ - space but not a 

∆̃Tδ - space, since the subset {b} is ∆̃ - closed but not δ - closed in (X, τ). 

 

Remark 4.1.23. 

rgT∆̃ - space and rwgT∆̃ - space are independent of ∆̃Tδ - space as seen from 

the following examples. 

 

Example 4.1.24. 

Let X and τ be defined as in Example 4.1.12 then (X, τ) is a ∆̃Tδ - space but 

neither a rgT∆̃ - space nor a rwgT∆̃ - space, since the subset {a, b} is rg - closed as 

well as rwg - closed but not ∆̃ - closed in (X, τ). 

 

Example 4.1.25. 

Let X and τ be defined as in Example 4.1.10 then (X, τ) is a rgT∆̃ - space as 

well as rwgT∆̃ - space but not ∆̃Tδ - space, as the subset {c} is ∆̃ - closed but not                     

δ - closed in (X, τ). 

 

Theorem 4.1.26. 

If (X, τ) is a δgTδg* - space as well as a ∆̃Tδ - space then it is a T3/4 - space. 

Proof:  

Let A be a δg - closed set in (X, τ). Since (X, τ) is a δgTδg* - space, A is          

δg* - closed in (X, τ). As every δg* - closed is ∆̃ - closed [Proposition 3.1.4] and (X, τ) 

is a ∆̃Tδ - space, A is δ - closed in (X, τ). Hence (X, τ) is a T3/4 - space. 

 

 



Theorem 4.1.27. 

If (X, τ) is a ∆̃Tδ - space as well as gsTδg* - space then it is a ∆̃Tδg* - space. 

Proof: 

Let A be a ∆̃ - closed set in (X, τ). Since (X, τ) is a ∆̃Tδ - space in (X, τ), A is 

δ - closed in (X, τ). As every δ - closed set is gs - closed [Remark 1.46 and 1.48c] and 

(X, τ) is a gsTδg* - space, A  is δg* - closed in (X, τ). Hence (X, τ) is a ∆̃Tδg* - space. 

 

Theorem 4.1.28. 

1. If (X, τ) is a ∆̃Tδ - space and gδTδg* - space then it is a ∆̃Tδg* - space. 

2. If (X, τ) is a ∆̃Tδ - space and αgTδg* - space then it is a ∆̃Tδg* - space. 

3. If (X, τ) is a ∆̃Tδ - space and δgTδg* - space then it is a ∆̃Tδg* - space. 

Proof: 

Let A be ∆̃ - closed in (X, τ). Since (X, τ) is a ∆̃Tδ - space in (X, τ), A is                 

δ - closed. Then the proof of 1, 2, 3 follows from the fact that every δ - closed set is              

gδ - closed [corollary 3.3[12]], αg - closed [Remark 1.46 and 1.48c], δg - closed       

[Theorem 2.1.2 ] and (X, τ) is gδTδg* - space, αgTδg* - space and δgTδg* - space 

which implies A is δg*- closed. Hence (X, τ) is a ∆̃Tδg* - space. 

 

 

 

 

Proposition 4.1.29. 

Every ∆̃Tδg* - space is a ∆̃TΔ* - space but not conversely. 

Proof: 

Let A be ∆̃ - closed and (X, τ) be a ∆̃Tδg* - space. Therefore A is δg* - closed 

in  (X, τ). As every δg*- closed is Δ* - closed [Proposition 3.4 [72]], A is Δ*- closed in 

(X, τ). Hence (X, τ) is a ∆̃TΔ*- space. 

 

∆̃Tδg*- space 

 



Example 4.1.30. 

Let X and τ be defined as in Example 4.1.13 then (X, τ) is a ∆̃TΔ* - space but 

not a  ∆̃Tδg* - space, since the subset {b} is ∆̃ - closed but not δg* - closed. 

 

Proposition 4.1.31. 

Every gδTδg* - space is a ∆̃Tδg*- space but not conversely. 

Proof: 

Let A be ∆̃ - closed and (X, τ) be a gδTδg*- space. As every ∆̃ - closed is             

gδ - closed [Proposition 3.1.14], A is gδ - closed in (X, τ). Since (X, τ) is                               

gδTδg* - space, A is δg* - closed. Hence (X, τ) is a ∆̃Tδg* - space. 

 

Example 4.1.32. 

Let X = {a, b, c}, τ = {∅, X, {a}, {a, b}} then (X, τ) is a ∆̃Tδg* - space but not 

a gδTδg* - space, as the subset {a} is gδ - closed but not δg*- closed. 

 

Proposition 4.1.33. 

Every Tδ - space is a ∆̃Tδg* - space but not conversely. 

Proof: 

 Let A be ∆̃ - closed. Since every ∆̃ - closed is gδ - closed, A is a gδ - closed in 

(X, τ). As (X, τ) is a Tδ - space, A is δ - closed in (X, τ). We know that every δ - closed 

is δg* - closed [Proposition 2.2.2] Therefore A is δg* - closed.  Hence (X, τ) is a            

∆̃Tδg* - space. 

 

Example 4.1.34. 

Let X and τ be defined as in Example 4.1.32 then (X, τ) is a ∆̃Tδg* - space but 

not a Tδ - space, as the subset {a} is gδ - closed but not δ - closed. 

 



Remark 4.1.35. 

T1/2 - space is independent of ∆̃Tδg* - space as seen from the following 

examples. 

 

Example 4.1.36. 

Let X and τ be defined as in example 4.1.13 then (X, τ) is aT1/2 - space but not 

a ∆̃Tδg* - space, as the subset {b} is ∆̃ - closed but not δg*- closed in (X, τ). 

 

Example 4.1.37. 

Let X = {a, b, c}, τ = {∅, X, {b, c}} then (X, τ) is a ∆̃Tδg* - space but not a 

T1/2 - space since the subset {a, b} is g - closed but not closed in (X, τ). 

 

Remark 4.1.38. 

rgT∆̃ - space and rwgT∆̃ - space are independent of ∆̃Tδg* - space as seen 

from the following examples. 

 

Example 4.1.39. 

Let X and τ be defined as in example 4.1.10 then (X, τ) is a rgT∆̃ - space and 

rwgT∆̃ - space but not ∆̃Tδg* - space, since the subset {b} is ∆̃ - closed but not           

δg* - closed in (X, τ). 

 

Example 4.1.40. 

Let X and τ be defined as in Example 4.1.12 then (X, τ) is a ∆̃Tδg* - space but 

neither a rgT∆̃ - space nor a rwgT∆̃ - space, since the subset {a, b} is rg - closed and 

rwg - closed but not ∆̃ - closed in (X, τ). 

 

Remark 4.1.41. 

gprT∆̃ - space is independent of ∆̃Tδg* - space as seen from the following 



examples. 

 

Example 4.1.42. 

Let X and τ be defined as in Example 4.1.22 then (X, τ) is a gprT∆̃ - space but 

not a ∆̃Tδg* - space, since the subset {b} is ∆̃ - closed but not δg*- closed in (X, τ). 

 

Example 4.1.43. 

Let X and τ be defined as in Example 4.1.12 then (X, τ) is a ∆̃Tδg*- space but 

not a gprT∆̃ - space, as the subset {a, b} is gpr - closed but not ∆̃ - closed in (X, τ). 

 

Remark 4.1.44. 

gsprT∆̃ - space is independent of ∆̃Tδg* - space as seen from the following 

examples. 

 

Example 4.1.45. 

Let X and τ be defined as in Example 4.1.10 then (X, τ) is a gsprT∆̃ - space but  

not a  ∆̃Tδg*- space, since the subset {b} is ∆̃ - closed but not δg*- closed in (X, τ). 

 

Example 4.1.46. 

Let X and τ be defined as in Example 4.1.12 then (X, τ) is a ∆̃Tδg* - space but 

not a gsprT∆̃ - space, since the subset {a} is gspr - closed but not ∆̃ - closed in (X, τ). 

 

Remark 4.1.47. 

πgpT∆̃ - space, πgT∆̃ - space and πgspT∆̃ - space are independent of                   

∆̃Tδg* - space as seen from the following examples. 

 

Example 4.1.48. 

Let X and τ be defined as in Example 4.1.10 then (X, τ) is a πgpT∆̃ - space, 



πgT∆̃ - space and πgspT∆̃ - space but not ∆̃Tδg* - space, Since the subset {b} is            

∆̃ - closed but not δg* - closed in (X, τ). 

 

Example 4.1.49. 

Let X = {a, b, c}, τ = {∅, X, {a}, {b}, {a, b}, {a, c}} then (X, τ) is a                

∆̃Tδg* - space but a not πgpT∆̃ - space, πgT∆̃ - space and πgspT∆̃ - space, since the 

subset {a} is πgp - closed, πg - closed and πgsp - closed but not ∆̃ - closed in (X, τ). 

 

Remark 4.1.50. 

Tc - space, Tb - space and Td - space are independent of ∆̃Tδg* - space as 

seen from the following examples. 

 

Example 4.1.51. 

Let X and τ be defined as in Example 4.1.13 then (X, τ) is a Tc - space,               

Tb - space and Td - space but not a ∆̃Tδg* - space, since the subset {b} is ∆̃ - closed 

but not δg*- closed in (X, τ). 

 

Example 4.1.52. 

Let X and τ be defined as in Example 4.1.12 then (X, τ) is a ∆̃Tδg* - space but 

not Tc - space, Tb - space and Td - space, since the subset {a} is gs - closed, but not 

closed, g* - closed, g - closed in (X, τ). 

 

Remark 4.1.53. 

gδT∆̃ - space and δg#T∆̃ - space are independent of ∆̃Tδg* - space as seen 

from the following examples. 

 

Example 4.1.54. 

Let X and τ be defined as in Example 4.1.10 then (X, τ) is a δg#T∆̃ - space as 

well as gδT∆̃ - space but not a  ∆̃Tδg* - space, since the subset {b} is ∆̃ - closed but      



not δg* - closed in (X, τ). 

 

Example 4.1.55. 

Let X and τ be defined as in Example 4.1.49 then (X, τ) is a ∆̃Tδg* - space but 

neither δg#T∆̃ - space nor a gδT∆̃ - space, since the subset {a} is δg# - closed as well 

as gδ - closed but not a ∆̃ - closed in (X, τ). 

 

Theorem 4.1.56. 

If (X, τ) is a ∆̃Tδg* - space and T3/4 - space then it is a δg*Tδ - space. 

Proof: 

Let A be a δg* - closed in (X, τ). Since (X, τ) be a ∆̃Tδg* - space, A is                 

δg* - closed. Since every δg* - closed is gδ – closed [Theorem 4.1 [12]] and (X, τ) is a 

T3/4 - space, A is  δ - closed. Hence (X, τ) is a δg*Tδ - space. 

 

 

 

Proposition 4.1.57. 

Every gδT∆̃ - space is a δg#T∆̃ - space but not conversely. 

Proof: 

Let A be δg# - closed and (X, τ) be a gδT∆̃ - space. Since every δg# - closed set 

is gδ – closed [Remark 1.48a], A is gδ - closed. Since (X, τ) is a gδT∆̃ - space A is           

∆̃ - closed.  Hence (X, τ) is a δg#T∆̃ - space. 

 

Example 4.1.58. 

Let X and τ be defined as in Example 4.1.49 then (X, τ) is a δg#T∆̃ - space but  

not gδT∆̃ - space.  Since the subset {a} is gδ - closed but not ∆̃ - closed in (X, τ). 

 

 

gδT∆̃ - space 

 



Proposition 4.1.59. 

 Every gδT∆* - space is a gδT∆̃ - space but not conversely.  

Proof: 

   Let A be gδ - closed and (X, τ) be a gδT∆* - space. Then A is ∆* - closed. Since every 

∆* - closed is ∆̃ - closed [Proposition 3.1.16], A is ∆̃ - closed.  Hence (X, τ) is a                    

gδT∆̃ - sspace. 

 

Example 4.1.60. 

Let X and τ be defined as in Example 4.1.10 then (X, τ) is a gδT∆̃ - space but 

not  a gδT- space, since the subset {b} is gδ - closed but not ∆* - closed in (X, τ). 

 

Proposition 4.1.61. 

Every Tδ - space is a gδT∆̃ - space but not conversely. 

Proof: 

Let A be gδ - closed and (X, τ) be a Tδ - space.  Then, A is δ - closed. We know 

that, every δ - closed is ∆̃ - closed [Proposition 3.1.2] and therefore A is ∆̃ - closed.  

Hence (X, τ) is a gδT∆̃ - space. 

 

Example 4.1.62. 

Let X and τ be defined as in Example 4.1.10 then (X, τ) is a gδT∆̃ - space but 

not Tδ - space. Since the subset {c} is gδ - closed but not δ - closed. 

 

Remark 4.1.63. 

*T1/2 - space is independent of gδT∆̃ - space as seen from the following 

examples. 

 

 



Example 4.1.64. 

Let X and τ be defined as in Example 4.1.10 then (X, τ) is a gδT∆̃ - space but 

not 
*T1/2  - space, since the subset {b} is g - closed but not g*- closed in (X, τ). 

 

Example 4.1.65. 

Let X and τ be defined as in Example 4.1.22 then (X, τ) is a
*T1/2-space but not 

a gδT∆̃ - space. Since the subset {a} is gδ - closed but not ∆̃ - closed in (X, τ). 

 

Remark 4.1.66. 

gprT∆̃ - space is independent of gδT∆̃ - space as seen from the following 

examples. 

 

Example 4.1.67. 

Let X and τ be defined as in Example 4.1.22 then (X, τ) is a gprT∆̃ - space but 

not a gδT∆̃ - space, since the subset {a} is gδ - closed but not ∆̃ - closed in (X, τ). 

 

Example 4.1.68. 

 Let X and τ be defined as in Example 4.1.12 then (X, τ) is a gδT∆̃ - space but 

not a gprT∆̃ - space, since the subset {a, b} is gpr - closed but not ∆̃ - closed in (X, τ). 

 

Remark 4.1.69. 

Tc - space and Tb - space are independent of gδT∆̃ - space as seen from the 

following examples. 

 

Example 4.1.70. 

Let X and τ be defined as in Example 4.1.10 then (X, τ) is a gδT∆̃ - space but 

not Tc - space as well as Tb - space. Since the subset {a, b} is gs - closed but not                    

g* - closed and closed in (X, τ). 



Example 4.1.71. 

Let X and τ be defined as in Example 4.1.49 then (X, τ) is a Tc - space and     

Tb - space but not a  gδT∆̃ - space, since the subset {a} is gδ - closed but not                               

∆̃ - closed in (X, τ). 

 

Remark 4.1.72. 

Td - space is independent of gδT∆̃ - space as seen from the following example. 

 

Example 4.1.73. 

Let X and τ be defined as in Example 4.1.12 then (X, τ) is a gδT∆̃ - space but 

not a Td - space, since the subset {a} is gs - closed but not g - closed in (X, τ). 

 

Example 4.1.74. 

Let X and τ be defined as in Example 4.1.6 then (X, τ) is a Td - space but not a 

gδT∆̃ - space, since the subset {a} is gδ - closed but not ∆̃ - closed in (X, τ). 

 

Remark 4.1.75. 

T1/2 - space is independent of gδT∆̃ - space as seen from the following 

examples. 

 

Example 4.1.76. 

Let X and τ be defined as in Example 4.1.13 then (X, τ) is aT1/2 - space but not 

a gδT∆̃ - space, since the subset {a} is gδ - closed but not ∆̃ - closed in (X, τ). 

 

Example 4.1.77. 

Let X and τ be defined as in Example 4.1.10 then (X, τ) is a gδT∆̃ - space but 

not a T1/2 - space, since the subset {b} is g - closed but not closed in (X, τ). 



Theorem 4.1.78. 

If (X, τ) is a gδT∆̃ - space as well as a ∆̃Tδ - space then it is a Tδ - space. 

Proof: 

Let A be a gδ - closed in (X, τ). Since (X, τ) is a gδT∆̃ - space, A is ∆̃ - closed. 

Also since (X, τ) is a ∆̃Tδ - space, A is δ - closed. Hence (X, τ) is a Tδ - space. 

 

Theorem 4.1.79. 

If (X, τ) is a gδT∆̃-space as well as a ∆̃Tδg*-space then it is a gδTδg*-space. 

Proof: 

Let A be a gδ - closed in (X, τ). Since (X, τ) is a gδT∆̃ - space, A is ∆̃ - closed.  

Also since (X, τ) is a ∆̃Tδg* - space, A is δg* - closed. Hence (X, τ) is a                    

gδTδg* - space.  

 

 

Proposition 4.1.80. 

Every δg#T∆* - space is a δg#T∆̃ - space but not conversely. 

Proof: 

  Let A be δg# - closed and (X, τ) be a δg#T∆* - space. Since every ∆* - closed is  

∆̃ - closed, A is ∆̃ - closed.  Hence (X, τ) is a δg#T∆̃ - space. 

 

Example 4.1.81. 

Let X and τ be defined as in Example 4.1.10 then (X, τ) is a δg#T∆̃ - space but 

not a δg#T∆* - space, since the subset {b} is δg# - closed but not ∆* - closed in (X, τ). 

 

Proposition 4.1.82. 

Every Tδ - space is a δg#T∆̃ - space but not conversely. 

 

δg#T∆̃ - space 

 



Proof: 

Let A be δg# - closed and (X, τ) be a Tδ - space. Since every δg# - closed is      

gδ – closed [Remark 1.48a]. A is gδ - closed. In (X, τ), A is δ - closed as (X, τ) be a      

Tδ - space. We know that every δ - closed is ∆̃ - closed and therefore A is ∆̃ - closed.  

Hence (X, τ) is a δg#T∆̃ - space. 

 

Example 4.1.83. 

  Let X and τ be defined as in Example 4.1.10 then (X, τ) is a δg#T∆̃ - space but 

not a Tδ - space, since the subset {b} is gδ - closed but not δ - closed in (X, τ). 

 

Remark 4.1.84. 

Tb-space is independent of δg#T∆̃ - space as seen from the following 

examples. 

 

Example 4.1.85. 

Let X and τ be defined as in Example 4.1.12 then (X, τ) is a δg#T∆̃ - space but 

not Tb - space. Since the subset {a} is gs - closed but not closed in (X, τ). 

 

Example 4.1.86. 

Let X and τ be defined as in Example 4.1.13 then (X, τ) is a Tb - space but not 

a δg#T∆̃  - space, since the subset {a} is δg# - closed but not  ∆̃ - closed in (X, τ). 

 

Remark 4.1.87. 

T1/2 - space is independent of δg#T∆̃ - space as seen from the following 

examples. 

 

Example 4.1.88. 

Let X and τ be defined as in Example 4.1.13 then (X, τ) is aT1/2  - space but not 



a  δg#T∆̃ - space, as the subset {a} is δg# - closed but not ∆ ̃- closed in (X, τ). 

 

Example 4.1.89. 

Let X and τ be defined as in Example 4.1.10 then (X, τ) is a δg#T∆̃ - space but 

not a T1/2 - space, since the subset {b} is g - closed but not closed in (X, τ). 

 

Remark 4.1.90. 

gprT∆̃ - space is independent with δg#T∆̃ - space as seen from the following 

examples. 

 

Example 4.1.91. 

Let X and τ be defined as in Example 4.1.22 then (X, τ) is a gprT∆̃ - space but 

not  a δg#T∆̃ - space, since the subset {a} is δg# - closed but not ∆̃  - closed in (X, τ). 

 

Example 4.1.92. 

Let X and τ be defined as in Example 4.1.12 then (X, τ) is a δg#T∆̃ - space but 

not gprT∆ ̃- space, since the subset {a, b} is gpr - closed but not ∆ ̃- closed in (X, τ). 

 

Remark 4.1.93. 

Tc - space, Tb - space and Td - space are independent of δg#T∆̃ - space as 

seen from the following examples. 

 

Example 4.1.94. 

Let X and τ be defined as in Example 4.1.13 then (X, τ) is a Tc - space,               

Tb - space and Td - space but not a δg#T∆̃- space. Since the subset {a} is  δg# - closed 

but not ∆̃ - closed in (X, τ). 

 

 



Example 4.1.95. 

Let X and τ be defined as in Example 4.1.12 then (X, τ) is a δg#T∆̃ - space but 

not a Tc - space, Tb - space and Td - space. Since the subset {a} is gs - closed but not 

g* - closed, closed and g - closed in (X, τ). 

 

Remark 4.1.96. 

T1/2 - space is independent of δg#T∆̃ - space as seen from the following 

examples. 

 

Example 4.1.97. 

Let X and τ be defined as in Example 4.1.13 then (X, τ) is aT1/2 - space but not 

a δg#T∆̃ - space, since the subset {a} is δg# - closed but not ∆̃ - closed in (X, τ). 

 

Example 4.1.98. 

Let X and τ be defined as in Example 4.1.6 then (X, τ) is a δg#T∆̃ - space but 

not T1/2 – space, since the subset {b, c} is g - closed but not closed in (X, τ). 

 

Theorem 4.1.99. 

If (X, τ) is a Tδ - space and δg#T∆̃ - space then it is a gδT∆̃ - space. 

Proof: 

Let A be a gδ-closed in (X, τ). Since (X, τ) be a Tδ - space, A is δ - closed.  

Since every δ-closed is δg# - closed [Remark 1.48a] and (X, τ) is also a δg#T∆̃ - space, 

A is ∆̃ - closed.  Hence (X, τ) is a gδT∆̃ - space.  

 

 

 

 

 



 

 

Proposition 4.1.100. 

Every gδT∆* - space is a ∆̃T∆* - space but not conversely. 

 

Proof: 

Let A be a ∆̃ - closed and (X, τ) be a gδT∆* - space. Since every ∆̃ - closed is 

gδ - closed [Proposition 3.1.14]. Therefore A is ∆* - closed.  Hence (X, τ) is a                 

 ∆̃T∆* - space. 

 

Example 4.1.101. 

Let X and τ be defined as in Example 4.1.6 then (X, τ) is a ∆̃T∆* - space but 

not a gδT∆* - space, since the subset {a} is gδ - closed but not ∆* - closed in (X, τ). 

 

Proposition 4.1.102. 

Every δg#T∆* - space is a ∆̃T∆* - space but not conversely. 

Proof: 

Let A be ∆̃ - closed and (X, τ) be a δg#T∆*- space. Since every ∆̃ - closed is  

δg# - closed and (X, τ) is a δg#T∆* - space.  A is ∆* - closed.  Hence (X, τ) is a                 

∆̃T∆* - space. 

 

Example 4.1.103. 

Let X and τ be defined as in Example 4.1.13 then (X, τ) is a ∆̃T∆* - space but 

not a  δg#T∆* - space, since the subset {a} is δg# - closed but not ∆* - closed in (X, τ). 

 

Proposition 4.1.104. 

Every Tδ - space is a ∆̃T∆*- space but not conversely. 

 

∆̃T∆* - space 

 



Proof: 

Let A be ∆̃ - closed and (X, τ) be a Tδ - space. Since every  ∆̃ - closed is  

gδ - closed [ Proposition 3.1.14]  and  (X, τ) is a Tδ - space, A is δ - closed. We know 

that every δ - closed is ∆* - closed.  Hence (X, τ) is a ∆̃T∆* - space. 

 

Example 4.1.105. 

Let X and τ be defined as in Example 4.1.49 then (X, τ) is a ∆̃T∆*- space but 

not a Tδ - space, since the subset {a} is gδ - closed but not δ - closed in (X, τ). 

 

Remark 4.1.106. 

∆̃T∆* - space is independent of gδT∆̃ - space as seen from the following 

examples. 

 

Example 4.1.107. 

Let X and τ be defined as in Example 4.1.32 then (X, τ) is a ∆̃T∆* - space but 

not a gδT∆̃ - space, since the subset {a} is gδ-closed but not ∆̃-closed in (X, τ). 

 

Example 4.1.108. 

Let X and τ be defined as in Example 4.1.10 then (X, τ) is a gδT∆̃ - space but 

not ∆̃T∆* - space.  Since the subset {a} is ∆̃ - closed but not ∆* - closed in (X, τ). 

 

Remark 4.1.109. 

∆̃T∆* - space is independent of δg#T∆̃ - space as seen from the following 

examples. 

 

Example 4.1.110. 

Let X and τ be defined as in Example 4.1.32 then (X, τ) is a ∆̃T∆* - space but 



not a δg#T∆̃ - space, since the subset {a} is δg# - closed but not ∆̃ - closed in (X, τ). 

 

Example 4.1.111. 

Let X and τ be defined as in Example 4.1.10 then (X, τ) is a δg#T∆ ̃- space but 

not ∆̃T∆* - space, since the subset {b} is ∆̃ - closed but not ∆* - closed in (X, τ). 

 

Remark 4.1.112. 

∆̃T∆* - space is independent of πgspT∆̃ - space as well as πgT∆̃ - space as 

seen from the following examples. 

 

Example 4.1.113. 

Let X and τ be defined as in Example 4.1.10 then (X, τ) is a πgspT∆̃ - space 

and a πgT∆̃ - space but not a ∆̃T∆*- space, since the subset {b} is ∆̃ - closed but not 

 ∆*-closed in (X, τ). 

 

Example 4.1.114. 

Let X and τ be defined as in Example  4.1.32 then (X, τ) is a ∆̃T∆* - space but 

neither πgspT∆̃ - space nor πgT∆̃ - space,  since the subset {a} is πgsp - closed as well 

as πg - closed but not ∆̃ - closed in (X, τ). 

 

Remark 4.1.115. 

∆̃T∆*- space is independent of rwgT∆̃ - space and rgT∆̃ - space as seen from  

the following examples. 

 

Example 4.1.116. 

Let X and τ be defined as in Example 4.1.10 then (X, τ) is a rwgT∆̃ - space as 

well as rgT∆̃ - space but not a ∆̃T∆*- space, since the subset {b} is ∆̃ - closed but not 

∆* - closed in (X, τ). 



Example 4.1.117. 

 Let X and τ be defined as in Example 4.1.12 then (X, τ) is a ∆̃T∆* - space but 

not rwgT∆̃ - space and rgT∆̃ - space.  Since the subset {a, b} is rwg - closed and                   

rg - closed but not ∆̃ - closed in (X, τ). 

 

Remark 4.1.118. 

∆̃T∆* - space is independent of gsprT∆̃ - space as seen from the following 

examples. 

 

Example 4.1.119. 

Let X and τ be defined as in Example 4.1.32 then (X, τ) is a ∆̃T∆* - space but 

not a gsprT∆̃ - space, since the subset {a} is gspr - closed but not ∆̃ - closed in (X, τ). 

 

Example 4.1.120.  

Let X and τ be defined as in Example 4.1.10 then (X, τ) is a gsprT∆̃ - space but 

not ∆̃T∆* - space, since the subset {c} is ∆̃ - closed but not ∆*- closed in (X, τ). 

 

Remark 4.1.121. 

∆̃T∆*- space is independent of gprT∆̃ - space as seen from the following 

examples. 

 

Example 4.1.122. 

Let X and τ be defined as in Example 4.1.12 then (X, τ) is a ∆̃T∆*- space but 

not a gprT∆̃ - space, since the subset {a, b} is gpr - closed but not ∆̃ - closed in (X, τ). 

 

Example 4.1.123. 

Let X and τ be defined as in Example 4.1.22 then (X, τ) is a gprT∆̃ - space but 

not a ∆̃T∆* - space, since the subset {b} is ∆̃ - closed but not ∆*- closed in (X, τ). 



Remark 4.1.124. 

∆̃T∆* - space is independent of Td - space as seen from the following 

examples. 

 

Example 4.1.125. 

Let X and τ be defined as in Example 4.1.32 then (X, τ) is a ∆̃T∆* - space but 

not a Td - space, since the subset {b} is gs - closed but not g - closed in (X, τ). 

 

Example 4.1.126. 

Let X and τ be defined as in Example 4.1.10 then (X, τ) is a Td - space but not 

a ∆̃T∆*- space, since the subset {b} is ∆̃ - closed but not ∆* - closed in (X, τ). 

 

Theorem 4.1.127. 

If (X, τ) is a Tδ - space as well as ∆̃T∆* - space then it is a gδT∆* - space. 

Proof: 

Let A be a gδ - closed in (X, τ). Since (X, τ) be a Tδ - space, A is δ - closed. 

Since every δ - closed is  ∆̃ - closed [Proposition 3.1.2] and (X, τ) is a  ∆̃T∆* - space, 

A is ∆* - closed.  Hence (X, τ) is a gδT∆* - space.  

 

Theorem 4.1.128. 

If (X, τ) is a ∆̃T∆* - space as well as a ∆*Tδ - space then it is a ∆̃Tδ - space. 

Proof: 

Let A be a ∆̃ - closed in (X, τ). Since (X, τ) be a ∆̃T∆* - space, A is ∆* - closed. 

Since every ∆* - closed is ∆̃ - closed [Proposition 3.1.16] and (X, τ) is a ∆̃Tδ - space, 

A is δ - closed. Hence (X, τ) is a ∆̃Tδ - space. 

 

 



Theorem 4.1.129. 

If (X, τ) is a ∆̃T∆* - space as well as a gδTδg* - space then it is a                      

∆̃Tδg* - space. 

Proof:  

Let A be a ∆̃ - closed in (X, τ). Since (X, τ) be a  ∆̃T∆* - space, A is ∆*- closed. 

Since every ∆* - closed is gδ - closed [Proposition 3.6[72]] and (X, τ) is a                         

gδTδg* - space, A is δg*- closed. Hence (X, τ) is a ∆̃Tδg* - space. 

 

 

Proposition 4.1.130. 

Every πgspT∆̃ - space is a πgT∆̃ - space but not conversely. 

Proof: 

Let A be πg - closed and (X, τ) be a πgspT∆* - space. Since every πg - closed 

is πgsp - closed [Remark 1.48b] and therefore A is ∆̃ - closed.  Hence (X, τ) is a                

πgT∆̃ - space. 

 

Example 4.1.131. 

Let X and τ be defined as in Example 4.1.12 then (X, τ) is a πgT∆̃ - space but 

not a πgspT∆̃ - space,  since the subset {a} is πgsp - closed but not ∆̃ - closed in (X, τ). 

 

Proposition 4.1.132. 

Every πgspT∆̃ - space is a πgpT∆̃ - space but not conversely. 

Proof: 

Let A be πgp - closed and (X, τ) be a πgspT∆̃ - space. Since every πgp - closed 

is πgsp - closed [Remark 1.48b] and therefore A is ∆̃ - closed.  Hence (X, τ) is a            

πgpT∆̃ - space. 

πgspT∆̃ - space 

 



Example 4.1.133. 

Let X and τ be defined as in Example 4.1.12 then (X, τ) is a πgpT∆̃ - space but 

not a πgspT∆̃ - space,  since the subset {a} is πgsp - closed but not ∆̃ - closed in (X, τ). 

 

 

 

Proposition 4.1.134. 

Every gsprT∆̃ - space is a πgpT∆̃ - space but not conversely. 

Proof: 

Let A be πgp - closed and (X, τ) be a gsprT∆̃ - space. Since every πgp - closed 

is gspr - closed [Remark 1.48b] and therefore A is ∆̃ - closed.  Hence (X, τ) is a                                                    

πgpT∆̃ - space. 

 

Example 4.1.135. 

Let X = {a, b, c}, τ = {∅, X, {b}, {c}, {b, c}} then (X, τ) is a πgpT∆̃ - space 

but not a gsprT∆̃ - space,  since the subset {a} is gspr - closed but not ∆̃ - closed in       

(X, τ). 

 

Proposition 4.1.136. 

Every gsprT∆̃ - space is a πgT∆̃ - space but not conversely. 

Proof: 

Let A be πg - closed and (X, τ) be a gsprT∆̃ - space. Since every πg - closed is 

gspr - closed [Remark 1.48b] and therefore A is ∆̃ - closed.  Hence (X, τ) is a                     

πgT∆̃ - space. 

 

Example 4.1.137. 

 Let X and τ be defined as in Example 4.1.135 then (X, τ) is a πgT∆̃ - space but 

not gsprT∆̃ - space, since the subset {a} is gspr - closed but not ∆̃ - closed in (X, τ). 

gsprT∆̃ - space 

 



 

 

Proposition 4.1.138. 

Every gsprT∆̃ - space is a gprT∆̃ - space but not conversely. 

Proof: 

Let A be gpr - closed and (X, τ) be a gsprT∆̃ - space. Since every gpr - closed 

is gspr - closed [Remark 1.49a] and therefore A is ∆̃ - closed.  Hence (X, τ) is a                

gprT∆̃ - space. 

 

Example 4.1.139. 

Let X and τ be defined as in Example 4.1.22 then (X, τ) is a gprT∆̃ - space but 

not gsprT∆̃ - space, since the subset {a} is gspr - closed but not ∆̃ - closed in (X, τ). 

 

Proposition 4.1.140. 

Every rwgT∆̃ - space is a gprT∆̃ - space but not conversely. 

Proof: 

Let A be gpr - closed and (X, τ) is a rwgT∆̃ - space. Every gpr - closed is          

rwg - closed [Remark 1.49b] and therefore A is ∆̃ - closed.  Hence (X, τ) is a                 

gprT∆̃ - space. 

 

Example 4.1.141. 

Let X and τ be defined as in Example 4.1.22 then (X, τ) is a gprT∆̃ - space but 

not rwgT∆̃ - space.  Since the subset {a} is rwg - closed but not ∆̃ - closed in (X, τ). 

 

 

 

 

 



Remark 4.1.142. 

The below figure represents the dependence and independence of different 

newly defined spaces. 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

           

  4.2 ∆̃ - continuous function 

 

Continuity is a most important concept in mathematics and over the year many 

types of continuous functions have been analyzed. In this chapter  ∆̃ - continuous            

functions in topological spaces and study their properties are introduced. 

    

Definition 4.2.1 

A function f: (X, τ) → (Y, σ) is said to be ∆̃ - continuous if the inverse image of 

every closed set in (Y, σ) is ∆̃ - closed in (X, τ). 

 

Theorem 4.2.2. 

A mapping f: (X, τ) → (Y, σ) is ∆̃ - continuous if and only if the inverse image 

of every open set in (Y, σ) is ∆̃ - open in (X, τ). 

 

 

∆̃T∆*-space 

∆̃Tδ-space 

∆̃Tδg*-space 

gδT∆̃ -space δg#T∆̃ -space 

rwgT∆̃ -space 

gprT∆̃ -space 

gsprT∆̃ -space 

πgT∆̃ -space 

πgspT∆̃ -space 

πgpT∆̃ -space 

rgT∆̃ -space 



Proof: (Necessity) 

Let f: (X, τ) → (Y, σ) be ∆̃ - continuous and U be an open set in (Y, σ) then               

Y - U is closed set in (Y, σ). Since f is ∆̃ - continuous, f -1(Y - U) =  X - f -1(U) is closed 

in (X, τ) and hence f -1(U) is ∆̃ - open in (X, τ). 

Sufficiency: 

Assume that f -1(U) is ∆̃ - open set in (X, τ) for each open set U in (Y, σ). Let U 

be closed set in (Y, σ) then Y - U is open in (Y, σ). By assumption                                                       

f -1(Y - U) = X - f -1(U) is ∆̃ - open in (X, τ). Then f -1(U) is ∆̃ - closed in (X, τ). Hence 

f is ∆̃ - continuous. 

 

Proposition 4.2.3. 

Every super continuous function is ∆̃ - continuous but not conversely. 

Proof: 

Let f: (X, τ) → (Y, σ) be super - continuous map.  Let V be any closed set in                       

(Y, σ). Since f is super continuous function, f -1(V) is a δ - closed in (X, τ). By 

Proposition 3.1.2, every δ - closed is a ∆̃ - closed set which implies f -1(V) is a ∆̃ - closed 

in (X, τ). Hence f is ∆̃ - continuous. 

 

Example 4.2.4. 

Let X = {a, b, c} = Y, τ = {∅, X, {a}, {a, b}, {a, c}}, σ = {∅, Y, {a}, {a, b},          

{a, c}}. Let f: (X, τ) → (Y, σ) be an identity map. Then f is ∆̃ - continuous, but not            

super - continuous because inverse image of the closed set {c} in (Y, σ) and                               

f  -1{c} = {c}  which is ∆̃ - closed  in (X, τ) but not δ-closed  in (X, τ). 

 

Proposition 4.2.5. 

Every δg*- continuous function is ∆̃ - continuous but not conversely. 

Proof: 

Let f: (X, τ) → (Y, σ) be a δg*-continuous map.  Let V be any closed set in                   

(Y, σ). Since f is δg* - continuous function, f -1(V) is a δg* - closed in (X, τ). By 

Proposition 3.1.4, every δg* - closed is a ∆̃ - closed set which implies f -1(V) is a                              

∆̃ - closed in (X, τ). Hence f is ∆̃ - continuous. 

 

 



Example 4.2.6. 

Let X = {a, b, c} = Y, τ = {∅, X, {a}, {a, b}. {a, c}} , σ = {∅, Y, {a}, {a, b}, 

{a, c}}. Let f: (X, τ) → (Y, σ) be an identity map. Then f is ∆̃ - continuous, but not                               

δg* - continuous because inverse image of the closed set {b} in (Y, σ) and                                         

f -1{b} = {b} is ∆̃ - closed but not δg* - closed.  

 

Proposition 4.2.7. 

Every ∆* - continuous function is ∆̃ - continuous but not conversely. 

Proof: 

Let f: (X, τ) → (Y, σ) be a ∆* - continuous map.  Let V be any closed set in                  

(Y, σ). Since f is ∆* - continuous function, f -1(V) is a ∆* - closed in (X, τ). By 

Proposition 3.1.16, every ∆* - closed is a ∆̃ - closed set which implies f -1(V) is a                         

∆̃ - closed in (X, τ). Hence f is ∆̃ - continuous. 

 

Example 4.2.8. 

Let X = {a, b, c} = Y, τ = {∅, X, {a}, {b, c}}, σ = {∅, Y, {a, b}}. Let                                    

f: (X, τ) → (Y, σ) be a map such that f(a) = (a), f(b) = (c), f(c) = (b). Then f is                             

 ∆̃ - continuous but not ∆* - continuous because inverse image of the closed set {c} in 

(Y, σ) and f -1(c) = {b} is ∆̃ - closed but not ∆* - closed. 

  

Proposition 4.2.9. 

Every ∆̃ - continuous function is δg# - continuous but not conversely. 

Proof: 

Let f: (X, τ) → (Y, σ) be a ∆̃ - continuous map.  Let V be any closed set in        

(Y, σ). Since f is ∆̃ - continuous function, f-1(V) is a ∆̃ - closed in (X, τ). By proposition 

3.1.24, every ∆̃ - closed is a δg# - closed set which implies f -1(V) is a δg# - closed in             

(X, τ). Hence f is δg# - continuous. 

 

Example 4.2.10. 

Let X = {a, b, c} = Y, τ = {∅, X, {a}, {a, b}, {a, c}}, σ = {∅, Y, {b, c}}. Let                               

f: (X, τ) → (Y, σ) be an identity map. Then f is δg# - continuous but not ∆̃ - continuous 

because inverse image of the closed set {a} in (Y, σ) and f -1{a} = {a} is δg# - closed 

but not ∆̃ - closed.  



Proposition 4.2.11. 

Every ∆̃ - continuous function is πgsp - continuous but not conversely. 

Proof: 

Let f: (X, τ) → (Y, σ) be a ∆̃ - continuous map.  Let V be any closed set in                

(Y, σ). Since f is ∆̃ - continuous function, f -1(V) is a ∆̃ - closed in (X, τ). By Proposition 

3.1.22, every ∆̃ - closed is a πgsp - closed set which implies f -1(V) is a πgsp - closed in 

(X, τ). Hence   f is πgsp - continuous. 

 

Example 4.2.12. 

Let X = {a, b, c} = Y, τ = {∅, X, {a}, {a, b}, {a, c}}, σ = {∅, Y, {b, c}}. Let              

f: (X, τ) → (Y, σ) be an identity map. Then f is πgsp - continuous but not ∆̃ - continuous 

because inverse image of the closed set {a} in (Y, σ) and f -1{a} = {a} is πgsp - closed 

but not ∆̃ - closed.  

 

Proposition 4.2.13. 

Every ∆̃ - continuous function is gspr - continuous but not conversely. 

Proof: 

Let f: (X, τ) → (Y, σ) be a  ∆̃ - continuous map.  Let V be any closed set in            

(Y, σ). Since f is ∆̃ - continuous function, f -1(V) is a ∆̃ - closed in (X, τ). By Proposition 

3.1.20, every ∆̃ - closed is a gspr - closed set which implies f -1(V) is a gspr - closed in 

(X, τ). Hence f is gspr - continuous. 

 

Example 4.2.14. 

Let X = {a, b, c} = Y, τ = {∅, X, {a}, {a, b}, {a, c}}, σ = {∅, Y, {b, c}}. Let                 

f: (X, τ) → (Y, σ) be a map such that f(a) = (a), f(b) = (c), f(c) = (b). Then f is                      

gspr - continuous, but not ∆̃ - continuous because inverse image of the closed set {c} in 

(Y, σ) and f -1{c} = {b} is gspr - closed but not ∆̃ - closed.  

 

Proposition 4.2.15. 

Every ∆̃ - continuous function is gδ - continuous but not conversely. 

Proof: 

Let f: (X, τ) → (Y, σ) be ∆̃ - continuous map.  Let V be any closed set in (Y, σ). 

Since f is ∆̃ - continuous function, f -1(V) is a  ∆̃ - closed in (X, τ). By Proposition 3.1.14, 



every ∆̃ - closed is gδ - closed set which implies f -1(V) is a gδ - closed in                                    

(X, τ). Hence f is gδ - continuous. 

 

Example 4.2.16. 

Let X = {a, b, c} = Y, τ = {∅, X, {a}, {a, b}}, σ = {∅, Y, {a}, {a, b}}. Let                   

f: (X, τ) → (Y, σ) be a map such that f(a) = a, f(b) = c, f(c) = b.  Then f is                                     

gδ - continuous, but not ∆̃ - continuous because inverse image of the closed set {c} in 

(Y, σ) and   f -1{c} = {b} is gδ - closed but not ∆̃ - closed.  

 

Proposition 4.2.17. 

Every ∆̃ - continuous function is πgp - continuous but not conversely. 

Proof: 

Let f: (X, τ) → (Y, σ) be  ∆̃ - continuous map.  Let V be any closed set in                 

(Y, σ). Since f is ∆̃ - continuous function, f -1(V) is a ∆̃ - closed in (X, τ). By Proposition 

3.1.12, every ∆̃ - closed is a πgp - closed set which implies f -1(V) is a πgp - closed in     

(X, τ). Hence f is πgp - continuous. 

 

Example 4.2.18. 

Let X = {a, b, c} = Y, τ = {∅, X, {a}, {a, b}}, σ = {∅, Y, {a}, {b}, {a,c},                       

{a, b}}. Let f: (X, τ) → (Y, σ) be an identity map. Then f is πgp - continuous, but not      

∆̃ - continuous because inverse image of the closed set {b} in (Y, σ) and f -1{b} = {b} 

is πgp - closed but not ∆̃ - closed.  

 

Proposition 4.2.19. 

Every ∆̃ - continuous function is rg - continuous but not conversely. 

Proof: 

Let f: (X, τ) → (Y, σ) be a ∆̃ - continuous map.  Let V be any closed set in                

(Y, σ). Since f is ∆̃ - continuous function, f -1(V) is a ∆̃ - closed in (X, τ). By Proposition 

3.1.8, every ∆̃ - closed is a rg - closed set which implies f -1(V) is a rg - closed in (X, τ). 

Hence f is rg - continuous. 

 

 

 



Example 4.2.20. 

Let X = {a, b, c} = Y, τ = {∅, X, {b, c}, σ = {∅, Y, {a}, {a, b}, {a, c}}. Let               

f: (X, τ) → (Y, σ) be an identity map. Then f is rg - continuous, but not ∆̃ - continuous 

because inverse image of the closed set {b} in (Y, σ) and f -1{b} = {b} is rg - closed but 

not ∆̃ - closed.  

 

Proposition 4.2.21. 

Every ∆̃ - continuous function is rwg - continuous but not conversely. 

Proof: 

Let f: (X, τ) → (Y, σ) be a ∆̃ - continuous map.  Let V be any closed set in                  

(Y, σ). Since f is ∆̃ - continuous function, f -1(V) is a ∆̃ - closed in (X, τ). By Proposition 

3.1.18, every ∆̃ - closed is a rwg - closed set which implies f -1(V) is a  rwg - closed in 

(X, τ). Hence f is rwg - continuous. 

 

Example 4.2.22. 

Let X = {a, b, c} = Y, τ = {∅, X, {a}, {a, b}} σ = {∅, Y, {a}, {b, c}}. Let                            

f: (X, τ) → (Y, σ) be an identity map.  Then f is rwg - continuous, but not ∆̃ - continuous 

because inverse image of the closed set {a} in (Y, σ) and f -1{a} = {a} is rwg - closed 

but not ∆̃ - closed.  

 

Proposition 4.2.23. 

Every ∆̃ - continuous function is πg - continuous but not conversely. 

Proof: 

Let f: (X, τ) → (Y, σ) be a ∆̃ - continuous map.  Let V be any closed set in                      

(Y, σ). Since f is ∆̃ - continuous function, f -1(V) is a πg - closed in (X, τ). By Proposition 

3.1.6, every ∆̃ - closed is a πg - closed set which implies f -1(V) is a πg - closed in                 

(X, τ). Hence f is πg - continuous. 

 

Example 4.2.24. 

Let X = {a, b, c} = Y, τ = {∅, X, {b, c}}, σ = {∅, Y, {a}, {a, b}, {a, c}}. Let                

f: (X, τ) → (Y, σ) be an identity map.  Then f is πg - continuous, but not ∆̃ - continuous, 

because inverse image of the closed set {a} in (Y, σ) and f -1{b} = {b} is πg - closed 

but not ∆̃ - closed.  



Proposition 4.2.25. 

Every ∆̃ - continuous function is gpr - continuous but not conversely. 

Proof: 

Let f: (X, τ) → (Y, σ) be a ∆̃ - continuous map.  Let V be any closed set in                  

(Y, σ). Since f is ∆̃ - continuous function, f -1(V) is a ∆̃ - closed in (X, τ). By Proposition 

3.1.10, every ∆̃-closed is a gpr - closed set which implies f -1(V) is a gpr - closed in                 

(X, τ). Hence f is gpr - continuous. 

 

Example 4.2.26. 

Let X = {a, b, c} = Y, τ = {∅, X, {a}, {a, b}}, σ = {∅, Y, {a}, {b, c}}. Let                      

f: (X, τ) → (Y, σ) be an identity map.  Then f is gpr - continuous but not ∆̃ - continuous, 

because inverse image of the closed set {a} in (Y, σ) and f -1{a} = {a} is gpr - closed 

but not ∆̃ - closed.  

 

Remark 4.2.27. 

The following examples show that g*s - continuous function is independent of                               

∆̃ - continuous function. 

 

Example 4.2.28. 

Let X = {a, b, c} = Y, τ = {∅, X, {a}, {b}, {a, b}}, σ = {∅, Y, {b}, {c}, {b, c}}. 

Let f: (X, τ) → (Y, σ) be an identity map.  Then f is g*s - continuous but not                                 

∆̃ - continuous, because the closed set {a} in (Y, σ) and f -1{a} = {a} is g*s - closed but 

not ∆̃ - closed.  

 

Example 4.2.29. 

Let X = {a, b, c} = Y, τ = {∅, X, {a}, {b, c}}, σ = {∅, Y, {a}, {a, b}}. Let                      

f: (X, τ) → (Y, σ) be an identity map.  Then f is ∆̃ - continuous but not g*s - continuous 

because inverse image of the closed set {c} in (Y, σ) and f -1{c} = {c} is ∆̃ - closed but 

not g*s - closed. 

  

Remark 4.2.30. 

The following examples show that g*p - continuous function and                                          

gp - continuous are independent of ∆̃ - continuous. 



Example 4.2.31. 

Let X = {a, b, c} = Y, τ = {∅, X, {a, b}}, σ = {∅, Y, {a}, {a, b}, {a, c}}. Let                                 

f: (X, τ) → (Y, σ) be an identity map.  Then f is gp - continuous and g*p - continuous 

but not ∆̃ - continuous because the closed set {b} in (Y, σ) and f -1{b} = {b} is                       

g*p - closed as well as gp - closed but not ∆̃ - closed.  

 

Example 4.2.32. 

Let X = {a, b, c} = Y, τ = {∅, X, {a}, {a, b}, {a, c}}, σ = {∅, Y, {a}, {b},                   

{a, b}}. Let f: (X, τ) → (Y, σ) be an identity map.  Then f is ∆̃ - continuous but not         

gp - continuous and g*p - continuous because inverse image of  the closed set {a, c} in 

(Y, σ) is  f -1{a, c} =  {a, c} is   ∆̃ - closed but neither g*p - closed nor gp - closed.  

 

Remark 4.2.33. 

The following examples show that gs - continuous is independent of                                   

∆̃ - continuous. 

 

Example 4.2.34. 

Let X = {a, b, c} = Y, τ = {∅, X, {a}, {a, b}, {a, c}}, σ = {∅, Y, {a}, {b},                     

{a, b}, {a, c}}. Let f: (X, τ) → (Y, σ) be an identity map.  Then f is ∆̃ - continuous but 

not gs - continuous, because the closed set {a, c} in (Y, σ) is f -1{a, c} = {a, c} is                          

∆̃ - closed but not gs - closed.  

 

Example 4.2.35. 

Let X = {a, b, c} = Y, τ = {∅, X, {b}, {c}, {b, c}}, σ = {∅, Y, {a}, {b}, {a, b}, 

{a, c}}. Let f: (X, τ) → (Y, σ) be an identity map.  Then f is gs - continuous but not                 

∆̃ - continuous because inverse image of the closed set {b} in (Y, σ) and f-1{b} = {b} 

is gs - closed but not ∆̃ - closed.  

 

Remark 4.2.36. 

The following examples show that #gs - continuous is independent of                             

∆̃ - continuous. 

 

 



Example 4.2.37. 

Let X = {a, b, c} = Y, τ = {∅, X, {a}, {a, b}, {a, c}}, σ = {∅, Y, {a}, {b},                 

{a, c}}. Let f: (X, τ) → (Y, σ) be an identity map.  Then f is ∆̃ - continuous but not      

#gs - continuous because inverse image of the closed set {a, c} in (Y, σ) and                                               

f -1{a, c} = {a, c} is  ∆̃ - closed but not #gs - closed.  

 

Example 4.2.38. 

Let X = {a, b, c} = Y, τ = {∅, X, {a}, {b}, {a, b}}, σ = {∅, Y, {a}, {a, b},                    

{a, c}}. Let f: (X, τ) → (Y, σ) be an identity map.  Then f is #gs - continuous but not       

∆̃ - continuous, because inverse image of the closed set {b} in (Y, σ) and f -1{b} = {b} 

is #gs-closed but not ∆̃ - closed.  

 

Remark 4.2.39.  

 The following diagram shows the dependence of  ∆̃ - continuous function on 

other already existing continuous functions. 

 

 

     

 

  

   

 

 

 

  

 

 

 

 

∆̃ - continuous 

δ -continuous δ𝑔#continuous 

πg - continuous 

πgp - continuous 

Δ*-

continuous 
πgsp - continuous 

gspr - continuous 

gpr - continuous 
δg*-continuous 

rg - continuous 

rwg-continuous 

gδ - continuous 



Remark 4.2.40. 

The following diagram shows the independence of  ∆̃ - continuous function with 

other already existing continuous functions. 

 

 

 

 

 

 

Proposition 4.2.41. 

Let f: (X, τ) →  (Y, σ) be a  ∆̃ - continuous map and (X, τ) be a ∆̃Tδ - space.                 

Then f is super - continuous function. 

Proof: 

Let V be a closed set in (Y, σ). Then f -1(V) is ∆̃ - closed in (X, τ). Since (X, τ) 

is a ∆̃Tδ - space, we get f -1(V) is δ - closed in (X, τ). Hence f is super - continuous. 

 

Proposition 4.2.42. 

Let f: (X, τ) → (Y, σ) be a  ∆̃ - continuous  and (X, τ) be a ∆̃Tδg* - space. Then 

f is δg* - continuous function. 

Proof: 

Let V be a closed set in (Y, σ). Then f -1(V) is ∆̃ - closed in (X, τ). Since (X, τ) 

is a ∆̃Tδg* - space, we get f -1(V) is δg* - closed in (X, τ). Hence f is δg*- continuous. 

 

Proposition 4.2.43. 

Let f: (X, τ) → (Y, σ) be a ∆̃-continuous and (X, τ) be a ∆̃T∆* - space. Then f 

is ∆* - continuous function. 

 

 

∆̃ -continuous 

g*s - continuous 

#gs -continuous 

g*p-continuous 

 gp - continuous 

gs-continuous 



Proof: 

Let V be a closed set in (Y, σ). Then f -1(V) is ∆̃ - closed in (X, τ). Since (X, τ) 

is a ∆̃T∆* - space, we get f -1(V) is ∆* - closed in (X, τ). Hence f is ∆* - continuous. 

 

Proposition 4.2.44. 

Let f: (X, τ) → (Y, σ) be a gδ - continuous and (X, τ) be a gδT∆̃ - space. Then 

f is ∆̃ - continuous function. 

Proof: 

Let V be a closed set in (Y, σ). Then f -1(V) is gδ - closed in (X, τ). Since (X, τ) 

is a gδT∆̃ - space, we get f -1(V) is ∆̃ - closed in (X, τ). Hence f is ∆̃ - continuous. 

 

Proposition 4.2.45. 

Let f: (X, τ)  → (Y, σ) be a δg#-continuous and (X, τ) be a δg#T∆̃ - space. Then 

f is ∆̃ - continuous function. 

Proof: 

Let V be a closed set in (Y, σ). Then f -1(V) is δg# - closed in (X, τ). Since                

(X, τ) is a δg#T∆̃ - space, we get f -1(V) is ∆̃ - closed in (X, τ). Hence f is ∆̃ - continuous. 

 

Proposition 4.2.46. 

Let f: (X, τ) → (Y, σ) be ∆̃ - continuous, where (X, τ) is a   ∆̃Tδg* - space and               

T3/4 - space then f is super - continuous. 

Proof: 

Let V be a closed set in (Y, σ). Since f is ∆̃ - continuous, f -1(V) is ∆̃ - closed in 

(X, τ).  As (X, τ) is a ∆̃Tδg*- space, f -1(V) is δg*- closed. Since every δg*- closed is 

δg - closed [Proposition 2.2.26] and (X, τ) is a T3/4 - space, f -1(V) is δ - closed. 

Therefore f is super - continuous. 

 

 

 



Proposition 4.2.47. 

Let f: (X, τ) → (Y, σ) be gδ – continuous, where (X, τ) is  gδT∆̃ - space as well 

as ∆̃Tδg*- space then f is δg* - continuous. 

Proof: 

Let V be a closed set in (Y, σ).  Since f is gδ - continuous, f -1(V) is gδ - closed 

in (X, τ).  Since (X, τ) is a gδT∆̃  - space, f -1(V) is ∆̃ - closed. As (X, τ) is a                    

∆̃Tδg* - space, f -1(V) is δg* - closed. Therefore f is δg* - continuous. 

 

Proposition 4.2.48. 

Let f: (X, τ) → (Y, σ) be ∆̃ - continuous, where (X, τ) is a  ∆̃Tδg*- space as 

well as ∆̃T∆* - space then f is δg* - continuous. 

Proof: 

Let V be a closed set in (Y, σ). Since f is ∆̃ - continuous, f -1(V) is ∆̃ - closed in 

(X, τ).  Since (X, τ) is a  ∆̃Tδg*- space, f -1(V) is δg*- closed. Since every δg* - closed 

is ∆̃ - closed [Proposition 3.1.4] and (X, τ) is a ∆̃T∆* - space, f -1(V) is ∆*-closed. 

Therefore f is ∆* - continuous. 

 

Proposition 4.2.49. 

Let f: (X, τ) → (Y, σ) be gδ - continuous, where (X, τ) is a Tδ - space as well 

as δg#T∆̃ - space then f is ∆̃  - continuous. 

Proof: 

Let V be a closed set in (Y, σ). Since f is gδ - continuous, f -1(V) is gδ - closed 

in (X, τ). Since (X, τ) is a Tδ - space, f -1(V) is δ - closed. Since every δ - closed is           

δg# - closed [Remark 1.48a] and (X, τ) is a δg#T∆̃ - space, f -1(V) is ∆̃ - closed. 

Therefore f is ∆̃ - continuous. 

 

 



Proposition 4.2.50. 

Let f: (X, τ) → (Y, σ) be rg - continuous where (X, τ) is a  rgT∆̃ - space as well 

as Tδ - space then f is super - continuous. 

Proof: 

Let V be a closed set in (Y, σ). Since f is rg - continuous, f -1(V) is rg - closed 

in (X, τ). Since (X, τ) is a  rgT∆̃ - space, f -1(V) is ∆̃-closed. Since every ∆̃ - closed is 

gδ - closed [Proposition 3.1.14] and (X, τ) is a Tδ - space, f -1(V) is δ - closed. Therefore 

f is super - continuous. 

 

Proposition 4.2.51. 

Let f: (X, τ) → (Y, σ) be ∆̃ - continuous, where (X, τ) is a ∆̃Tδ - space as well 

as 𝛿𝑔̂Tδg* - space then f is δg* - continuous. 

Proof: 

Let V be a closed set in (Y, σ). Since f is ∆̃ - continuous, f -1(V) is ∆̃ - closed in 

(X, τ). Since (X, τ) is a ∆̃Tδ - space, f -1(V) is δ - closed. Since every δ - closed is                 

𝛿𝑔̂  - closed [Proposition 3.2 [36]] and (X, τ) is 𝛿𝑔̂Tδg* - space, f -1(V) is δg* - closed. 

Therefore f is δg* - continuous. 

 

Theorem 4.2.52. 

Let f: (X, τ) → (Y, σ) be a  ∆̃ - continuous. Then for every subset V of (X, τ), 

f(∆̃ cl(V)) ⊆  cl(f(V)). 

Proof: 

Let V be any subset of (X, τ). Then cl(f(v)) is closed in (Y, σ). Since f is                      

∆̃ - continuous f -1(cl(f(V))) is ∆̃ - closed in (X, τ). Since f(V) ⊆ cl(f(V)) which implies 

V  ⊆ f -1(cl(f(V))). Hence f -1(cl(f(V))) is ∆̃ - closed set containing V.  By definition of 

∆̃ - closure [Definition 3.3.1], we have ∆̃cl(V) ⊆ f -1(cl(f(V))) which implies             

f(∆̃cl(V)) ⊆ cl(f(V)). 

 

 



Theorem 4.2.53. 

Let f: (X, τ) → (Y, σ) be a function from a topological space X to topological 

space Y. Then the following statements are equivalent  

(a) for each point x in X and each open set V in Y with f(x) ∈ V, there is a  ∆̃ - open 

set U in X ∋ x ∈ U and f(U) ⊆ V. 

(b) for each subset A of X, f(∆̃ cl(A)) ⊆ cl(f(A)). 

(c) for each subset B of Y, ∆̃ cl(f -1(B)) ⊆  f -1(cl(B)) 

Proof:  

(a) ⇒ (b) 

Let y ∈ f(∆̃ cl(A)), then there exist a open set V, which is neighbourhood of  y.                        

If y ∈ f(∆̃ cl(A)) there is a x ∈ ∆̃ cl(A) then y = f(x). Since f(x) ∈ V by (i) there is a            

∆̃  - open set U in X ∋ x ∈ U and f(U) ⊆ V.  By Theorem 3.2.15, we know that                      

A∩U ≠ ∅. Then f(A∩U) ≠ ∅, which implies f(A) ∩ f(U) ≠ ∅, f(A) ∩ V ≠ ∅.  Then by 

definition of neighbourhood  y = f(x) ⊆ cl(f(A)). Therefore f(∆̃ cl(A)) ⊆ cl(f(A)). 

(b) ⇒ (a) 

Let x ∈ X and V be any open set in (Y, σ) containing f(x). Let A = f -1(Vc) then                     

x ∉ A. By (ii), f(∆̃ cl(A)) ⊆ cl(f(A)) ⊆ cl(f(f -1(Vc))) ⊆ cl(Vc) = Vc. Therefore                           

f -1(f(∆̃ cl(A)))  ⊆ f -1(Vc) which implies ∆̃ cl(A) ⊆ f -1(Vc) = A. Since x ∉ A then                      

x ∉ ∆̃ cl(A).  Therefore there exist a open set U containing x ∋ U ∩ A  =  ∅, which 

implies U ⊆ Ac, f(U) ⊆ f(Ac) ⊆ V. Therefore f(U) ⊆ V. 

(b) ⇒ (c) 

Suppose that (ii) holds and let B be any subset of Y. Replacing A by f -1(B) from 

(b).f(∆̃cl(f -1(B))) ⊆ cl(f(f -1(B))) ⊆ cl(B). Therefore ∆̃cl(f -1(B)) ⊆ f -1(cl(B)). 

(c) ⇒ (b) 

Suppose that (iii) holds and let B = f(A), where A is subset of  X. Then                    

∆̃cl(f -1(B)) ⊆ f -1(cl(B)),  f( ∆̃cl(f -1(B))) ⊆ cl(B) ⊆ cl(f(A)).  Hence proved.  

 

4.3 Composition of ∆̃ - continuous functions. 

 

Remark 4.3.1. 

The composition of two ∆̃ - continuous functions need not be ∆̃ - continuous as 

seen from the following example. 

 



Example 4.3.2. 

Let X = {a, b, c} = y = z with τ = {∅, X, {a}, {a, b}}, σ = {∅, X, {a, b}},                        

η = {∅, X, {a}}. Let f: (X, τ) → (Y, σ) be an identity map. Let g: (Y, σ) →   (Z, η) be 

a map such that g(a) = (b), g(b) =(c), g(c)= (a), then the composition mapping                    

(g∙f): (X, τ)  → (Z, η) is defined by (g∙f)(a) = (b), (g∙f)(b) = (c), (g∙f)(c) = (a),                   

(g∙f)(a, b) = (b, c), (g∙f)(b, c) = (a, c), (g∙f)(a, c) = (a, b).  Here both f and g are                           

∆̃ - continuous but the composition mapping (g∙f) is not ∆̃ - continuous since for the 

closed set {b, c} in (Z, η), (g∙f) -1 {b, c} = {a, b} is not ∆̃ - closed in (X, τ). 

  

Theorem 4.3.3. 

If f: (X, τ) → (Y, σ) is ∆̃ - continuous and g: (Y, σ) → (Z, η) is super - continuous 

then (g∙f): (X, τ) → (Z, η) is ∆̃ - continuous function. 

Proof: 

Let V be closed set in (Z, η). Since g is δ - continuous, g -1(V) be δ - closed in           

(Y, σ). We know that δ - closed set is closed. Therefore g -1(V) is closed in (Y, σ). Since 

f is ∆̃ - continuous which implies that f -1(g -1(V)) = (g∙f) -1(V) is ∆̃ - closed in (X, τ). 

Hence (g∙f) is ∆̃ - continuous. 

 

Theorem 4.3.4. 

If f: (X, τ) → (Y, σ) is ∆̃ - continuous in which (Y, σ) is a ∆̃Tδg* - space. Let 

g: (Y, σ) → (Z, η) is super - continuous then (g∙f): (X, τ) → (Z, η) is ∆̃ - continuous 

function. 

Proof: 

Let V be any closed set in (Z, η). Since g is ∆̃ - continuous, therefore g-1(V) be 

∆̃ -closed in (Y, σ) and also ∆̃Tδg* - space which implies g-1(V) is δg*- closed. Then 

every δg* - closed set is ∆̃ - closed [Proposition 3.1.4] in (Y, σ). Also f is ∆̃ - continuous 

therefore   f -1(g -1(V)) = (g∙f) -1(V) is ∆̃ - closed in (X, τ). Hence (g∙f) is ∆̃ - continuous. 

 

Theorem 4.3.5. 

If f: (X, τ) → (Y, σ) is gδ - continuous  in which (Y, σ) is a gδT∆̃ - space. Let 



g: (Y, σ)  → (Z, η) is gδ - continuous then (g∙f): (X, τ)  → (Z, η) is ∆̃ - continuous     

function. 

Proof: 

 Let V be any closed set in (Z, η). Then g -1(V) is gδ - closed in (Y, σ). Since f is 

gδ - continuous, f -1(g -1(V)) = (g∙f) -1(V) is gδ - closed and (X, τ) is gδT∆̃ - space,                   

(g∙f) -1(V) is ∆̃ - closed in (X, τ). Hence (g∙f) is ∆̃ - continuous.  

 

Theorem 4.3.6. 

Let f: (X, τ) → (Y, σ) is gδ - continuous map in which (Y, σ) is a Tδ - space 

and δg#T∆̃ - space. Let g: (Y, σ) → (Z, η) is gδ - continuous then                                              

(g∙f): (X, τ) → (Z, η) is ∆̃ - continuous function. 

Proof: 

Let v be any closed set in (Z, η). Then g-1(V) is gδ  - closed in (Y, σ). Since f is                           

gδ - continuous, f -1(g -1(V)) = (g∙f) -1(V) is gδ - closed. Since (X, τ) is Tδ - space,                         

f -1(g -1(V)) becomes δ - closed set in (X, τ). Moreover (X, τ) is δg#T∆̃ - space, since 

every δ - closed set is δg# - closed set [Remark 1.48]. Therefore f -1(g -1(V)) is ∆̃ - closed 

in (X, τ). Hence (g∙f) is ∆̃ - continuous. 

 

Theorem 4.3.7. 

If f: (X, τ) → (Y, σ) is δg*- irresolute and g: (Y, σ) → (Z, η) is                                  

super - continuous then (g∙f): (X, τ)  →  (Z, η) is ∆̃ - continuous function. 

Proof: 

Let V be any closed set in (Z, η). Since g is super - continuous, g -1(V) is                                    

δ - closed in (Y, σ). Since every δ - closed is δg*- closed [Proposition 2.2.2]. Here f is 

δg*- irresolute, f -1(g -1(V)) is δg*- closed. Since every δg*- closed is ∆̃ - closed 

[Proposition 3.1.4]. Therefore f -1(g -1(V)) is ∆̃ - closed in (X, τ). Hence (g∙f) is                                  

∆̃ - continuous. 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SUMMARY AND CONCLUSION 
 



SUMMARY AND CONCLUSION  

 

  

 This dissertation work consists of a study of   ∆̃ - closed sets and its properties. 

 

 In chapter 1, Preliminary and definitions which are needed for the course of the 

work are listed. 

 

  

 In chapter 2, δ - genaralized closed sets, δ generalized star closed sets and 

Properties of δg* - closed sets in topological spaces are reviewed and discussed. As 

applications, certain spaces and their interrelations are studied. 

 

 

 In chapter 3, ∆̃ - closed sets, ∆̃ - open sets, ∆̃ - closure of subsets in topological 

spaces are introduced and their properties are discussed. 

 

 

 In chapter 4, ∆̃ - separation axioms and ∆̃ - continuous functions in topological 

spaces are discussed. As application certain new spaces are introduced and their 

interrelations are discussed. In ∆̃ - continuous functions, properties and 

characterizations are analysed. 

 

 As further study, the new concept of  ∆̃ - closed sets can be extended to 

bitopological spaces, fuzzy topological spaces and digital topological spaces. 

 

 

 

 

             

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

BIBLIOGRAPHY 
 



BIBLIOGRAPHY 

1. Abd El-Monsef.M.E., Rose Mary.S ad Lellis Thivagar.M., On 𝛼-closed sets in 

topological spaces, Assiut University Journal of Mathematics and Computer 

Science, Vol 36(1) (2007), 43 – 51. 

 

2. Andrijevic,D., semi-pre open sets,  Math. Vesnik, Vol.38(1986), 24-32  

 

3. Arya.S.P. and Nour.T., Characterizations of S-normal spaces, Indian 

J.Pure.Appl. Math., 21(8) (1990), 717 – 719. 

 

4. Balachandran.K, Sundaram.P and Maki.H, On generalized continuous maps 

in topological spaces, Mem. Fac. Sci. Kochi Univ. Ser. A, Math., 12 (1991), 

5–13. 

 

5. Bhattacharya.P and Lahiri. B.K., Semi-generalized closed sets in topology, 

Indian.J Math., 29 (1987), no. 3, 375–382. 

 

6. Crossley.S.G. and Hildebrand.S.K.,Semi-closure,Texas J.Sci.,22, (1971),                        

99-112. 

 

7. Cueva. M.C, On g-closed sets and g-continuous mappings, Kyungpook Math. 

J.,33(2)(1993), 205–209. 

 

8. Davis.A.S, Indexed systems of neighborhood for general topological spaces, 

Amer. Math. Monthly, 68 (1961), 886–893. 

 

9. Devi.R, Balachandran.K and Maki.H, Semi-generalized homeomorphisms 

and generalized semi-homeomorphisms in topological spaces, Indian J. Pure 

Appl. Math., to appear. 

 

 



10. Devi.R, Maki.H and Balachandran.K, Semi-generalized closed maps and 

generalized semi-closed maps, Mem. Fac. Sci. Kochi Univ. Ser. A, Math., 14 

(1993), 41–54. 

 

11. Dontchev.J and Ganster.M., On δ - generalized closed sets and T3/4 - spaces, 

Mem. Fac. Sci. Kochi Univ. Ser. A, Math., 17 (1996), 15 – 31. 

 

12. Dontchev.J, Arokiarani.I and Balachandran.K On generalized δ - closed sets 

and almost weakly hausdroff spaces, Topology atlas,(1997). 

 

13. Dontchev.J, Arokiarani.I and Balachandran.K, Some characterizations of                      

gp-irresolute and gp- continuous maps between topological spaces, Mem. 

Fac. sci. kochi. univ.ser.A.Math.,20(1994),93-104 

 

14. Dontchev.J and Noiri.T Quasi – normal spaces and πg – closed sets Actu 

Math. Hungar 89(3) (2000), 211-219. 

 

15. Dontchev.J, Contra-continuous functions and strongly S-closed spaces, 

Internat. J. Math. Math. Sci., to appear. 

 

16. Dontchev.J, On generalizing semi-preopen sets, Mem. Fac. Sci. Kochi Univ. 

Ser. A, Math., 16 (1995), 35–48. 

 

17. Dunham.W, T
1/2

-spaces, Kyungpook Math. J., 17 (1977), 161–169. 

 

18. Ekici.E and Baker.C.W, On πg – closed sets and continuity, 

kochi.J.Math.,2(2007),35-42. 

 

19. Fukutake.T, On generalized closed sets in bitopological spaces, Bull. 

Fukuoka Univ. Ed. Part III, 35 (1986), 19–28 

 

20. Fukutake.T, On 𝜽 -weakly Hausdorff spaces, Mem. Fac. Sci. Kochi Univ. Ser. 

A, Math., 10 (1989), 9–13. 



21. Ganesan.S., Ravi.O., and Chandrasekar.S., 𝒈̃-pre closed sets in topology, 

International Journal of Mtahematical Archive, 2(2) 2011, 294 – 299. 

 

22. Ganster.M, Reilly.I.L and M.K. Vamanamurthy, Remarks on locally closed 

sets, Math. Panon., 3 (2) (1992), 107–113. 

 

23. Gnanmbal.Y, On generalized pre regular closed sets in topological 

spaces.Ind.J.Pure Appl.Math 28(3) (1997), 351-360. 

 

24. Gnanmbal.Y, Balachandran.K, On generalized pre regular continuous  

function in topological spaces.Ind.J.Pure Appl.Math 30(6) (1999), 581-593 

 

25. Jafari.S., Noiri.T., Rajesh.N. and Thivagar.M.L., Another generalization of 

closed sets, Kochi J. Math., Vol(3) (2008), 25 – 38. 

 

26. Jafari.S, Thivagar.M.L., and Nirmala Rebeca Paul., Remarks on 𝒈̃α - closed 

sets in topological spaces, International Mathematical Forum, 5(2010), 24,           

1167 – 1178. 

 

27. Janaki .C, Studies on g - closed sets in topology Ph.d thesis Bharathiyar 

university Coimbatore,India. 

 

28. Janković. D.S., A note on mappings of extremally disconnected spaces, Acta 

Math. Hungar., 46 (1985), 83–92. 

 

29. Janković. D.S. and Reilly.I.L, On semi separation properties, Indian J. Pure 

Appl.   Math., 16 (1985), no. 9, 957–964. 

 

30. Janković. D.S., -closure, Mat. Vesnik,                    

32 (4) (1980), 439–449. 

 

31. Jilingcao, Ganster.M and Reily.I.L On generalized closed sets, Topology and 

its application 123(2002) 37 – 46. 



32. Khalimsky.E.D., Applications of connected ordered topological spaces in 

topology, Conference of Math. Departments of Povolsia, 1970. 

 

33. Khalimsky. E.D., Kopperman.R and Meyer. P.R., Computer graphics and 

connected topologies on finite ordered sets, Topology Appl., 36 (1990),         

1–17. 

 

34. Kong. T.Y., Kopperman.R and Meyer. P.R., A topological approach to digital 

topology, Amer. Math. Monthly, 98 (1991), 901–917. 

 

35. Kovalevsky.V and Kopperman.R, Some topology-based image processing 

algorithms, Annals of the New York Academy of Sciences, 728 (1994),       

174–182. 

 

36. Lellis Thivagar.M., Meera Devi.B. Hatir.E., δ𝒈̂ - closed sets in topological     

spaces, Gem.Math.Notes, Vol1, No. 2, December 2010, pp. 17 – 25. 

 

37. Levine.N., Semi-open sets and semi-continuity in topological spaces, Amer 

Math. Monthly, 70 (1963), 36 – 41. 

 

38. Levine.N, Generalized closed sets in topology, Rend. Circ. Mat. Palermo,      

19 (2) (1970), 89–96. 

 

39. Maheshwari. S.N. and Prasad.R, Some new separation axioms, Ann. Soc. Sci. 

Bruxelles, 89 (1975), 395–402. 

 

40. Maheshwari. S.N. and Tapi.U, Feebly T1-spaces, An. Univ. Timişoara Şer. 

Stiint. Mat., 16 (1978), no. 2, 173–177. 

 

41. Maki.H, Generalized 𝚲 - sets and the associated closure operator, The 

Special Issue in Commemoration of Prof. Kazusada IKEDA’s Retirement,1. 

Oct. 1986, 139–146. 

 



42. Maki.K., Devi.R and Balachandran.K, On generalized homeomorphisms in 

topological spaces, Bull. Fukuoka Univ. Ed. Part III, 40 (1991), 13–21 

 

43. Maki.H, Devi.R and Balachandran.K., Generalized α-closed sets in topology, 

Bull. Fukuoka Uni. Ed part III, 42(1993), 13 – 21. 

 

44. Maki.H, Devi.R and Balachandran.K., Associated topologies of generalized 

α-closed sets and α-generalized closed sets, Mem. Fac. Sci. Kochi Univ. 

Ser.A. Math., 15(1994), 57 – 63. 

 

45. Maki.H, Devi.R and Balachandran.K., Generalized α- continuous maps and   

α - Generalized  continuous maps, Far East J. of Mathematical Sciences, 

Special  volume (1997), 1-15. 

 

46. Maki.H, Devi.R and Balachandran.K., Generalized α- closed maps and                             

α - Generalized  closed maps, Indian Journal of Pure and Applied 

Mathematics,29(1998),37-49 

 

47. Maki.K., Devi.R and Balachandran.K, Remarks on semi-generalized closed 

sets and generalized semi-closed sets, Kyungpook Math. J., to appear. 

 

48. Maki.H, Sundaram.P and Balachandran.K., on generalized  continuous maps 

in topological spaces, Mem. Fac. Sci. Kochi Univ. Ser.A. Math., 12(1991),                      

5 – 13. 

 

49. Maki.H., Umehara.J. and Noiri.T., Every topological space is pre-

T1/2,Mem.Fac.Sci.Kochi.Univ.(Math), 17 (1996), 33-42. 

 

50. Maki.H, Umehara.J and Yamamura.K, Characterizations of T
 
1

2

-spaces using  

generalized V-sets, Indian J. Pure Appl. Math., 19 (7) (1988),  634–640. 

 



51. Malghan.S.R, Generalized closed maps, J. Karnatak Univ. Sci., 27 (1982),  

82–88. 

 

52. Maragathavalli.S. and Sheikh John.M., On sαg*-closed sets in topological 

spaces, ACTA CIENCIA INDICA, Vol XXXI 2005 No.3, (2005), 805 – 814. 

 

53. Marcus.D, A special topology for the integers, Amer. Math. Monthly,                                  

77 (1970), 1119. 

 

54. Mashhour.A.S. and Abd El-Monsef.M.E. and El-Dedd.S.N., On pre 

continuous and weak pre continuous mappings, Proc. Math and Phys. Soc. 

Egypt 55(1982),47 – 53. 

 

55. Mršević.M, Reilly.I.L and Vamanamurthy.M.K., On semi-regularization 

properties, J. Austral. Math. Soc. (Series A), 38 (1985), 40–54. 

 

56. Munshi.B.M. and Bassan.D.S., Super-continuous mappings, Indian J. Pure 

Appl. Math., 13 (1982), 229–236. 

 

57. Murugalingam.M., Somasundaram.S and Palanoiammal.S., A generalized star 

sets, Bullin of Pure and Applied Science, 24 (2) (2005), 233 – 238. 

 

58. Nieminen .T, On ultra pseudocompact and related spaces, Ann. Acad. Sci. 

Fenn. Ser. A I. Math., 3 (1977), 185–205. 

 

59. Njastad.O., On some classes of nearly open sets, Pacific J Math., 15(1965), 

961 –970. 

 

60. Noiri .T, A generalization of perfect functions, J. London Math. Soc., 17 

(2)(1978), 540–544. 

 



61. Noiri.T, On δ - continuous functions, J. Korean Math. Soc., 16 (1980),          

161–166. 

 

62. Noiri.T, Supercontinuity and some strong forms of continuity, Indian             

J. Pure Appl. Math., 15 (1984), no. 3, 241–250. 

 

63. Ogata.H, Operations on topological spaces and associated topology, Math. 

Japon., 36 (1991), 175–184. 

 

64. Ogata.H and Maki.H, Bioperations on topological spaces, Math. Japon.,                            

38 (1993), 981–985 

 

65. Palaniappan.N and Rao.K.C, Regular generalized closed sets, Kyungpook 

Math. J., 33 (2) (1993), 211–219. 

 

66. Pious Missier, RAVI.O., Jeyashri.S. and Herin Wise Bell.P., g''-closed sets in 

topology (submitted). 

 

67. Pushpalatha.A., Anitha.K., g*s-closed sets in topological spaces, 

Int.J.contemp.Math.Sciences, Vol.6., 2011, 19, 917 – 929. 

 

68. Ravi.o. and Ganesan.S., g̈-closed sets in topology, International Journal of 

computer science and emerging technologies, 2(3), 2001, 330 – 337. 

 

69. Sarsak MS and and N.Rajesh πgsp - closed sets International Mathematics 

forum 5(12) (2010), 573-578. 

 

70. Shylac Isac Mary.T and Thangavelu.P, On regular pre – semi closed sets in 

topological spaces, KBM journal of Mathematical Sciences and Computer 

Applications,1(1) (2010),9-17. 

 

71. Singal.M and Singal.A, Almost continuous mappings, Yokahama Math. J., 16 

(1968), 63–73. 



72. Sivakamasudari.K. and Meena.K, ∆* - closed sets in topological spaces, 

Inter.Jour.Innovative Research in science, engineering and technology, 

vol.3,Issue 7 (2014),14751 – 14754. 

 

73. Sivakamasudari.K. and Meena.K, Separation Axioms ∆* - closed sets in 

topological spaces, International Journal of Mathematical Analysis 

v0l.9,2015,no.19, 927-934. 

 

74. Sivakamasundari.K & Sudha.R, δg*-closed sets in topological 

spaces,Int.Journal      of Mathematical Archieve, 3(3) (2012), 1222-1230. 

 

75. Sivakamasudari.K. and Sudha.R., Strongly 𝛿g*-closed sets in topological     

spaces, Research High Lights, JADU (Communicated). 

 

76. Stone. M., Application of the theory of Boolean rings to general topology, 

Trans.   Amer. Math. Soc., 41(1937), 374 – 481. 

 

77. Sudha.R , A study on generalised closed sets in topological spaces, Ph.D 

thesis,(2014),Avinashilingam university, Coimbatore -43,India. 

  

78. Sundaram.P, Maki.H and Balachandran.K, Semi-generalized continuous 

maps and semi-T
1/2

 spaces, Bull. Fukuoka Univ. Ed. Part III, 40 (1991),          

33–40. 

 

79. Sundaram.P, Rajesh.N, Thivagar.M.L. and Duszynski.Z, 𝑔̃-semi-closed sets in 

topological spaces, Mathematica Pannonica, 18 (2007), 51 – 61. 

 

80. Tong.J, On decomposition of continuity in topological spaces, Acta Math. 

Hung., 54 (1989), 51–55. 

 

81. Umehara.J and Maki.H, A note on the homeomorphic image of a Tv-space, 

Mem. Fac. Sci. Kochi Univ. Ser. A, Math., 10 (1989), 39–45. 

 



82. Umehara.J and Maki.H, Operator approaches of weakly Hausdorff spaces, 

Mem. Fac. Sci. Kochi Univ. Ser. A, Math., 11 (1990), 65–73. 

 

83. Vadivel.A and Vairamanickam.K rgα – closed sets and rgα – open sets in 

topological spaces Int J.Math analysis 3(37) (2009), 1803-1819. 

 

84. Veera Kumar. M.K.R.S., Between closed sets and g-closed sets, Mem. Fac. 

Sci. Kochi Univ. Ser. A. Math, 21, 1-19 (2000). 

 

85. Veera Kumar. M.K.R.S., g*-pre closed sets, Acta Ciencia India, Vol XXVIII 

M, No 1, (2002), 51 – 60. 

 

86. Veera Kumar M.K.R.S.,𝒈̂-closed sets in topological spaces, Bull. Allah. Math. 

Soc., 18 (2003), 99 – 112. 

 

87. Veera Kumar. M.K.R.S., g#s-closed sets in topological spaces, Mem. Fac. Sci. 

Kochi Univ. Ser. A. Math, 24, 1-13 (2003). 

 

88. Veera Kumar. M.K.R.S., #g semi-closed sets in topological spaces, Antarctica 

J. Math, Vol(2) (2) (2005), 201 – 222. 

 

89. Veera Kumar. M.K.R.S., Between g*-closed sets and g-closed sets, Antarctica 

J. Math.Vol(3)(1)(2006), 43 – 65. 

 

90. Velicko.N.V, H-closed topological spaces, Amer. Math. Soc. Transl.,                           

78 (1968), 103 – 118. 

 

 


