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INTRODUCTION

The:.-separation properties play an important role
in the study of toplogical spaces because the separation
properties enable us to state with precision that whether
a given topological space has enough open sets. Opensets
passessed by a topological space 1is intimately related
to continuous functions. on the space and continuous
functions are of central importance in the study of
topology. If the only open sets in a topological space
are the empty set and full space, then the only continuous
functions are the constant functions. In the case of
discrete spaces every function is continuous. But however
only a few important spaces are discrete and so this goes
a 1it far off. The separartion properties make it possible
for us to ensure that our spaces have enough continuous

functions without committing ourselves to the excess of

discrete spaces.

The concept of Bitopological spaces was introduced

by J.C. Kelly in 1963. A set X together with two topology
31 -Jzis called a bitopological space, The separation
axioms are generalised to Bitopological spaces and they

are pairwise To, pairsise Tk%, pairwise'Tl, pairwise rT,,
pairwise semi T pairwise semi rTl, pairwise semi TZ’

1 *

Pairwise rT7 etc.,.
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In this dissertation the author wants to discuss

separation axioms for biotopological spaces, The material

presented here are mainly taken from the following

’

article.

(i) On biotoplogical separation properties by Ivan

L. Reilly [5].

(ii) Separation axioms for bitopological spaces

by S.P. Arya [1].



Section 1
In this section the author studies T, ,T1, T2' regular, normal,
canpletely regular and campletely normal spaces and the relation

‘between them.: - -
DEFINITION: 1.1
Let X be a set and J be a set whose members are

subsets of X. J is called a topology on X if it satisfies

the following conditions:
(1) 9eJ and X e J.
if A,B, €J, then AnB eJ
(3) The union of any member of J belongs to

J. That is J is <closed under arbitrary

unions.

NOTE :1.2.

Members of J are called J -opensets

EXAMPLE :1.3.

Let X=[1,2} . and J ={¢ ,X {3} .

Then J is a topology on X.

DEFINITION :1.4.

If X is a set, and J a topology on X, then the

ordered pair (X,J) is called a topological space.

DEFINITON :1.5.
In a toplogical space X, a set A C X 1is called

regularly open if it is the interior of 1its own closure



or equivalently if it is the interior of some closed sets

REMARKS :1.6.

Regularly opensets are always open. But the

converse need not be true.

EXAMPLE :1.7.

Let X = {a,b.c} J = [x ¢ {b} }

{bl}is open But is not regularly open.

DEFINITION :1.8.

The complement of a regularly open set is

called regularly closed set.

DEFINITION :1.9.

A set is called s-open if it is expressible.as
the union of regularly open sets. The complement of §-open

set is called ©&-closed.

DEFINITION 1.10.

- s .
A point x in a topological space X is said to be..

§ - adherent point of a set A C X if every regularly open
set containing X has non-empty intersection with A. The

set of all &adherent pointsof the set A is called &-clA



NOTE : 1.11.

A is 68-closed if and only if S.clA=A.

DEFINITON :1.12,

Let X be a topological space. Then X 1is said
to be To space if it satisfies the following condition:

X # y =» There exists a neighbourhood of one of the

points not containing : the other.

EXAMPLE :1.13.

Any discrete space is To space.

DEFINITON :1.14.

A toplogical space X is said to be rTo if for any

two distinct points of X, there exists a regularly openset
containing one of the points but not ‘the other or
equivalently, There exists a 4§ .openset contining one aof

the points but not the other.

obviously every rTo space is TO space.

Converse need not be true.



EXAMPLE :1.15.

{a,b,c}

{x. & {b})

Then (X,J) is To but not rTo space.

Let X

J

DEFINITION :1 1§,

A toplogical space (X,J) is called a T1 space if
for every pair of distinct points x,y there exists a

neigbourhood of x which doesnot contain y.

EXAMPLE :1.17.

The real line R with the standard topology is T

space.

REMARK :1.18.

Every T; space is To space. But the converse need

not be true.

EXAMPLE :1.19.

Take X = {a,b,c }

3={%.9.{a}. {b} . {a.b}}

Then (X,J) is To space But it is not T1 space

DEFINITION :1.20

A space X is said to be rT1 if whenever x and y

are distinct points in X, There exists a regularly openset

[T 2 . PR



containing x but not y or equivalently. There exists a

& open set containing x but not y.

Always rT_ spaces are }To spaces.

1
The donverse need not be true.

EXAMPLE :1.21.
{a.,b,c}

(X, ofal . BY

Then (X,J) is rTo but not rTl space.

Let X

J

DEFINITION :1.22.
A topological space (X,J) 1is called a T2 space

or haysdorff space if for every pair of distinct points

x,y of X,6 There exists disjoint neighbourhood U and V of

X and y respectively.

EXAMPLE :1.23.

Any discrete space is T2 space.

REMARK :1.24.

Every T2 space is a T1 space

But converse need not be true.
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EXAMPLE :1.25.
The cofinite space is T1 space, But it is not T2

Space

THEOREM :1.26

For any space X, the following statements are

equivalent to one another.
(1) X is T
2
(2) The diagonaldin X is closed.

(3) For every pair of disjoint compact sets

A and B there exists disjoint neighbourhoods of A and B.

PROOF:

(1) = (2)

Let X b
. e T2

To prove diagonal A in X jis closed.
We prove A® is open.
Let (x,y) €A°,

:;.x;fy

Let U,V be disjoint neighbourhoods of x aand vy

respecti§e1y.
Then (x,y) € UxVC A?
"Assume (2) To Prove (3).
We know if AxB is a compact subset of XxX and if

.N is a neigbourhbod of AxB, then there exists opensets U

and V such that AxBCUxVcN.
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Now A is an open neigbourhood of AxB, thergare open sets

U and V such that

Axb c Uxv c A°C

Then U,V are disjoint neigbourhoods of A,B respectively.

To prove (3) = (1)

As every singleton set is compact we get X is Tz..

DEFINITON :1.27.

A topological spoace X is called r‘T2 space if for
every pair of distinct points x,y of X there exists disjoint

regularly open set U and V of x and y respectively.

REMARK :1.28.

Every rT_ space is rT1 space

2
DEFINITION :1.29.

Let X be a set and let BC p(X) be non-empty.
Bis called a filterbase on X if

(1) ¢ e B
(2) if Bl'Bz €B, There exists a B'eB such that

1
B
C BlnBZ°



DEFINITON :1.30.

Let (X,J) be a topological space and F be g filter

on X.F is caid to J- Converge to x if N(x) CE.

DEFINITON :1.31.

An ordered set (D, ¢ ) 1is called a directed set

if every doubleton {a,b} has an upper bound.

DEFINITION :1.32.

If D is directed set and X is any set, a function

V: Do X is called a ngt in X.

DEFINITION :1.33.

A topological space X 1is said to be regular if
given a point x and a non-empty closed set F not

containing x there exists disjoint neigbouhoods of x and

F.

EXAMPLE :1.34.

The space Riz is regular.

DEFINITION :1.35.

A topological space is called a second countable

space if there is a countable basis for the topology.
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DEFINITION :1.36.

A topological space X is said to be normal if

every pair of disjoint non-empty closed subsets A,B of

Vol

X there exists disjoint neigbourhoods U,V such that

A CUand B C V.

-

EXAMPLE :1.37.

Any indiscrete space is normal.

DEFINITION :1.38.

A topological space X is said to be completely

regular if given a point x and a non-empty closed set F

not containg x if there exists a continuous function f:

X » [0,1)  such that f(x) = 1 f(F) = 0, where one point

sets are closed in X.

REMARK :1.39.

Every completely regular space is regular.

DEFINITION :1.40

A space which is canpletely regular andTO is called a

Tychonoff space.



REMARK :1.41.

Every Tychonoff space is regular.

DEFINITION :1.42.

A space which is normal and T1 is called T4 space.

DEFINITION :1.43.

A space X is said to compleltely normal if every

subspace of X is normal.

DEFINITION :1.44.

A space X is perfcetly normal if it is normal and

each closed subset is a Gé.



SECTION I1

In this section the author analysis the following

concepts in bitopological spaces.
airwise T irwi Lo . .
p 0. Ppairwise T,  pairwise rT, pairewise

T1, pairwise rTl, weakly pairwise rTl, pairwise

T2' pairwise rTz, pairwise semi - rTl' pairwise
semi rT, etc. Here we find that many results which

are true for topological spaces can be generalised

for bitopological spaces also.

DEFINITION :2.1.

s J J

1 be a bitopological space. Then

2)

,Jz_) is called pairwise T0 if for each pair of

distinct points of X there is a set which is either J,open

(X_ N

or J2 open containg one of the points but not the other.

,ﬁWMPLE : :2.2.

If X is any non singleton set, J1 is the
indiscrete topology on X. and J2 the discrete topology
on X, then (X,J . J,) is pairwise T, biotoplogicai space

which is not a pair of TO topologies.

I



DEFINITION :2.3.

A biotopological space (X , J; ., Jp ) 1is pairwise

T, if for each pair x,y of points inX there is either

Nl

a Jl openset U such that xeU and'YﬁU or a J2 open set V

that Ye V and x4V, when x # ¥

Pairwise T, = Pairwise T0
%

Converse is not true.

EXAMPLE :2.4.

Let X be the set {a,b,c} J, be the topology

{ (P{a}r X {b'C} } and Jz the topology { ~X' (p . {b} } ‘
Then (X,J .J_z) is pairwise T0 but not pairwise T%,

For consider the pair of points b,c. The J, open set

Contining b contains c also.

DEFINITION :2.5.

~

It is obvious that .(X'Jl' Jz) is pairwise TO if

either (X.Jl) OI‘(X.JZ) is TO and (X,j{_ . J;z ) is pairwise

. . L J .
T% if either (X’Ji) or (X .2.) is T1_



THEOREM :2.6

('X,Jl,_J) is pairwise To- if and only if given

2

two points of X either their J1 closures are distinnct

or their:” J2 -closures are distinct.
PROOF:

- Suppose x,y €X, Xz y and either Jl-CI {x};ﬁchl{y}

or J, -c1{x}#J, -cliy}.

2
For this first case there is a point zeX such

that say zeJ,-cl{y} but z4 -cl I}

Then YeJ_ -cl {x}32 eJ1-01 {x} so that y#J1 -c1{x}

1

Then U = X-J-clix} is a J open set containing y but not

1

x and hence (X’Jl'Jz) is pairwise TO'
A similar argument suffices if Z€J -cl {x } and

zetJ1 -cl {y} and also in the case when J,-cl {x} #
Jz -cl {y}
Conversly if (X.Jl.Jz) is pairwise To' x,yeX and xgy four

cases arise.

(1) There is J, openset U containing x but not y.

1

(ii) There is a J, openset containing y but not x.

1

(iii) There is a J2 open sct containing x but not y.
(iv) There is a Jz open set contining y hbut not x.

0 {vlc X -y while

Consider case(i), Then 'yt—:Jl;r,



x g Jy-cly} as x X - U
50 Jy-cl{ x4l ~cl {y)

Similarly we can prove with other cases.

DEFINITION :2.7.

A space (X,Jl,Jz) is said to be pairwise rTO

if for any two distinct points of X there is a set which

is either J1, regularly open or J2 -regularly open set

containing one of the points but not the other pr

equivalently the exists a JI-G openset or J-§ open set
containing one of the points but not the other.

obviously evry pairwise rT0 Space 1is pairwise To' But

converse need not be true.

EXAMPLE :2.8.

Let X= {a.b,c} , J, = {x.9. {@ ., {b,c} L

JZ = {X"(Py {b} }

Then clearly (X, J1'J2) is pairwise T0 but not pairWise

r'T  Because

J1 regualarly opensets are X,¢, {a} , {a,b}

J2 regularly opensets are X, o.

for the distinct points {b,c} of X there exists Jq

regularly openset { b,c}lcontaining b together with c.

therefore, (X,J ,J,) is not pairwise rT.



THEOREM :2.9.

A space (X.Jl,-J'z) is pairwise 1:'T0 if and only

if given two distinct points of X either J1—5-closures

are distinct or their Jz § -closures are distinct.

PROOF:

Let (_x,Jl,Jz) be a pairwise rT0 space and
let x,y X be two digtinct points suppose U 1is g Jl-G
-openset containing x but not y then Y €J1—501{ y} CX-U
and so x4 J -8 cl {y}

Therefore, J -Sclfx}. # J; -8l (y}

Conversely, 'let x,y be two distinct points of X

then either J1-6 cl{x},‘#Jl- dcl {y} or

3, -8c1{x} # Jz-Gcl {yv}

In the former case Jetpbea point of X such that
Pe J - dcl{y}and P4 J,- Sel{x}.
We assert that ye}J‘-Gcl{ x}

1f yeJ, - Scl{x}then J - 8cl [y}. ¢ J; - 8clx}
So that PeJ -écl{ y}C = Jg- Sclix}.
This contdadicts the fact that P¢J1_ Scl{x)

Hen J -

ce y §3,-6c11{x}

Thus U= X-J,- 6Cl {x}is a J;-6 openset containig y but

1

not x. The case Jz— §cl{x}# Jy 8cl{y Jcan be dealt with similarity



THEOREM:2.10.

is pairwise rT if

WJ
0

A space (XJ,.3,)

. - X 3
either (R.Jl), or ("JZ) is rTO.

PROOF :

Obvious from the definition of pairwise rTO

. gpaces, converse 1is not true as given by the following

Example.

EAMPLE:2.11.

Let X={a,b,c} J1 = {X.¢, {a}{b,cl}and

J,= {X,9, {c}, {a,b} Then clearly the

space (X,Jl,Jz) is pairwise rTo but neither (X,Jl) not
(x,JZ) is rTo.

Sincew , In (X,J,) the regularly openset
containing b also contains c and in LX,JZ) the'
- openset containing a also contains b.

regularly -

DEFINITION :2.12.

The bitopology space (X,Jl,Jz) is pairwise

T, if for each pair of distinct points x and y of X there

is a J, openset U and a J2 openset V so that xéU,

Y 4U and Yev,x#v.



RESULTS :2.13.
A pairwise T, pjtopological space reduces to gpair

of the corresponding toplogical spaces wmnamely Ty spaces.

RESULT:2.14.

Pairwise Tl:;Pairwise T,-

THEOREM: 2.15.

(X,d,,J is pairwise T/, iff (X,J,) and

1°97)
(X.Jz) are Tl.'

PROOF:
By the definition of pairwise T1 spaces, the

proof follows.

COROLARY :2.16.

(X,J is pairwise T1 ‘iff each singleton

192)

set is "~ both J1 closed and J2 closed.

It (X,Jl,Jz) is pairwise T1 then each
singleton set is closed .as for each point of X, no point

other than that point will become limit point.

Conversly if x ¢y ¢ X are such that:. { X} {y} are J1 closed

and J, closed then, X-{x}, X-{yjare J, open and J, open

2
sets containing y and x respectively.

Hence the proof.



DEFINITION :2.17.

let (x,Jl,Jz) be a biotopological space. Then
(x,Jl,Jz) is weakly pairwise rT1 if for every pair of

distinct points x,y of X there exists a J1 regularly

open or @ Jz regularly openset containing x but not y.

or equivalently there exisits a Jl-gopen or J2.5 open set

containing x but not y.

obviously every weakly pairwise .le space

is pairwise rT_ But the converse need not be true as seen

from the following example.

EXAMPLE :2.18.
Let X={a,b,c} J, ={X,9, {a},{b,c}}and
Jz ={ x,9, {a} {b},{a,b} } . then clearly the

space (X,Jl.Jz) is pairwise rTO. It 1is not weakly

pairwise rTl.

Therefore,J1 reguarly opensets are X,9, {a} ,

{b,c }J

L regularly opensets are X, ..

Now (X,J Jz) is pairwise rTO

1’
But consider the pair of points b,c of X we observe that

any Jl-regularly openset containing b also contains ¢

and any J, regularly open set containing c¢ also contains

b.

<3



Definition: 2.19

A space (x,Jl ‘Jz) is said to be weakly pairwise

T, if for every pair of distinct points x and y of x-

there exists a J4 -open set or a Jpopen set containing

x but not y.

Theorem: 2.20

Every weakly pairwise rT1 bitopological space
is weakly pairwise Tl'
Proof:

As regularly open sets are open the proof follows

immediately.

The converse is not true as given by following
example.
Example: 2.21
Consider X = {a,b}
{x,<p alk &)l}
{x o {a}}

Jq

2
Then clearly (.x Ji, Jd2 ) is weakly pairwise Tl'
But (X Jl' JZ ) 1is not weakly pairwise rTl. For the Jl

regularly open sets are X, ¢ {a} {b}

Jy regularly open sets are X, 7

Hence any J regularly open  set containing a also

2
contains b and any eregularly open set containing b also

contains a.

Theoroem 2.22

" The following statements arc cquivalent



s

(i) (X, Jl'Jz) is weakly pairwise rT1 space
(i1) J,-68c1{x} N J, -8l {x} = {x} for all xe¢ X.
(iii) For every x eX, the intersection of all Jl_ 8-

neighbourhood and all J2 —6neighbourhoods of x is {x} .

Proof:
To prove (i) = (ii)
Let x € X and y ¢ Jl_dcl{x}ﬂJz-écl {x} where y zx

Since X is weakly pairwise r‘T1 space, there is a J1-Sopen
set U such that y ¢ U, x ¢ U or there is a J2_5open

set v such that y ¢ V and x § V.

In either case y §71-6c¢l {x}NJ,- 6&clix}.

Hence {x }= Jq-6cl {x Mg, scl{x]}

To prove (ii) = (iii)

If x,y € X such that x #y then X 4‘]1‘ § cl{y}, -6cl {y}
so there 1is a Jq--Sopen set or a Jz— § open set

containing x but not y. Therefore y does not belong to

be intersection &« gy all J, - é6neighbourhood and all J,-¢

neighbouhoods of x.
To prove (iii) = (i)

Let x, y be 2 distinct points of X. By hypothesis vy

does not belong to a Jq- § neighbourhood or

Js~8neighbourhood of x. Therefore there exists a J,- 8 open

set or a Jo- Sdopen set containing x but not y.

Therefore X is weakly pairwise c= rT1 space.
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Definition: 2.23

A space (X, Jq . Jz) is said to be pairwise rTl.
If for each pair of distinct points x,y of X there exists
a Ji-regularly open set containing x but not y and a
a J2 -regularly open set containing y but not x or
equivalently there exists a Jq- Sopen set containing x

but not y and a Jo- 8 open set containing y but not x.
2 .

Every pairwise rT1 space 1s pairwise T1 but the
converse may be false as given by the following example.
Example 2.24

Let R be the set of all real numbers and J the

co-countable topology. Then (X,J. ,J ) is pairwise Tl'

but not pairwise rTl.

Becuase the only J~regularly open sets are R and

Theorem 2.25

A space (X, J1 J ) is pairwise rT1 if and only if
7 . 2 . ,
(X, J1) and (X,Jy ) are rT, .

Proof:
Let (X, JIJZ } be pairwise rTl. space.
Let x, y be distinct points of X. Then there exists a
J, regularly open set U such that xeU, y $§u
and similarly J2 regularly open set V such that ye V and

x ¢ V.

Thus (X, Jl) is FT1 and similarl: (X,JZ).



Result: 2.26

It follows from the proceeding theorem that every
pairwise rT, . space 1is weakly pairwise rTl. and a

pairwise rT1 space is nothing but a bi-rT1 space we also

note that a weakly pairwise rT1 space need not Dbe
pairwise rTl.

Corollary: 2.27

J ) is pairwise rT, if and only

A space (X,

p (Xe 3., 9, 1
if each singleton is both Jq 6-closed and Jy, 8-closed.
Proof:

By the definition of pairwise rT1 space the proof
follows.

Definition: 2.28

(X, Jl 32 ) is pairwise T2 if for each pair of

27

‘distinct points x and y of X there is a J; open set U

and a Jyp open set V  such that x ¢ U, y ¢V and U and

V are disjoint.

Clearly pairwise TzéPq1rw1se T1.

But converse is not true as given by following example.

Example: 2.29 J
Let X . be the set of real numbers.'ﬂi be ¢



together with complements of countable sets and Iy be the
usual topology. Then (X, ;PJZ) is pairwise Tl' However
any non-empty Jbopeh set is uncountable and so intersects
any non-empty J; open sets. Thus (X, Jq,J2) is not pairwise
T2'

If we make J2 » the discrete topology then ',
(x, ;PJZ) is pairwise T2 space which is not a pair of T2

topology.

Propositionc: 2.30

The following are equivalent.

(i) (X,J1.d) is pairwise T,.

(2) Let x ¢ X. For each point y distinct from x there
is a J; open set U such that x € U and y does not

belong to Jz-cl U.

(3) For each x £ X, {x} = f\{ Jz- cl U : xeU and U is

open J,open }

(4) The diagonal A = {(x,x): x € X} is closed in

(X x X, Jliz).

Proof:

Assume (1) To prove (2).
Let x €¢X and y be a point such fhat X £Y. Then by the
assempition there is a Jlopen set U and a J, open set \Y

such that x eU and y €V, U,V are disjoint.

Now UV = ©

—> U CX-V

<38
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Now X - V is a Jz closed set such that
y %-X - Vand xe X - V.
Therefore X - V is a chlosed set containing x.
Therefore Jz - clUCX - V.
y $§X - Voy 4J,- cl U.
Assume (2), To prove (3)
For any x € X, and for all y e X distinct from x

there is a Jq -open set U such that xe U and y* Jy - cly

(i.e) x EJZ -cl U.

For each x €X, {x}= (V\{yJ; -cl1 U: x €U and U is Jlopen}

Assume (3) To prove (4).
The diagonal A = { (x,x): x e X }
To prove A 1is closed.
We know {x} = (¥ Jycl U : xeU and U is J1 open. }
Always A ¢ A
To prove 8 C A
We prove any elemént not in A also does not belong

to &
T ake (x,y) € A

> X £V

3V 4 ﬂ{J2 -cl'u txeU , Uis J,open } .

=Y ¢ J, -cl U for all J, open set U.
Now X 'Jfl U is aJ, open set containing y.
Now U x X - J, ¢l U is a nhd of (x.y).
We prove Ux X - JoclUNA = ¢

Where U and X - Jo ¢l U are disjoint.

1 1
Let (x7, y7) e(U x X -Jacl1 U )NA



= (Xl, y1 ) eUx X - Jy,cl U and (xl,Yl)e;- A
x'yly e = xt_ 1
::> v (x - chl U# ¢ which is a contradiction.
Therefore U x X - Jg-cl UN A= ¢
Thefefore A c A = A=T7,
Therefore A is closed.
Assume (4). To prove (1)

To prove (X,J JZ) is pairwise T,.

1 L]
Let x,y € X be such that x #y.
Therefore (x,y) t% A=T .

= (x,y) ¢ 8.

:__—> There exists one open set of (X,y) such that its
intersection with A is empty.
Take U x V as the nhd which is Jlx‘]2 open set such that
UxVha = ¢
Now U is a J, open set such that xe U.
V is a Jzopen set such that yeV
We prove U NV =9,
If not let z € U (NV.
= zeV and z € U.

Now (z,z) €U x V and (z,z)eAby definition of A=>UxVNALZ ¢

a contradiction.

Therefore UNV = o
(X'Jl'Jz) is pairwise T,.
Pairwise T spaces can be characterized in terms of

2

convergence properties.
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Therorem 2.31
(X, Jq .Jp) is pairwise T,. iff for each filter base

J on X such thatJd is Jl convergent to x anszconvergent to y

then x = y.
Proof:

Let (X, Jl'Jz) be pairwise T2 and = { Aa . ael}
be a filter base on X which is J, convergent to x. Let

y be a point of X distinct from x. Then there is aJ,

open set U and a J, -open set V disjoint from U such that

X €U and y € w.

There is an A, € J such that A, C U and since any

two elements A, , Ag of J have non-empty intersection

there is no ABEJ such that AB C V.
Therefore J is not J, convergent to y.
Conversely assume that (X, JI'JZ ) is not pairwise TZ‘
Then there is a pair of distinct points x,y of X such
that each J4- open set.contéining X and éach J, open set

containing y have non-empty intersection.

Then J, the family of all such intersection is a

filter base on X which is J1 convergent to x and

chonvergent to y.

Corollary: 2.32

(X, J1, Jz) is pairwise T2 iff for each net on X

which is chonvergent to x andJZCOnvergent toy, x =y

Proof:

Similar to above_théorem.
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Definition: 2.33

The topological spae (X, ILJZ) is pairwise semi TZ’
if for each pair of distinct points x and y in X there
is a Jq open set U and a Jgjopen set V disjoint from U such

that either xeU. yeV or yeU, x¢e€V

Remark: 2.34
Clearly pairwise TZ:;Pairwise semi TZ'
Remark: 2.35
If(X,J4 ,39) 1is pairwise semi-T, then (X, J3) and (X.Jz)
are To topological spaces.
But converse need not be true always.

Example: 2.36

Let (X, Jl'Jz) be such that x is the set of all real
numbers. J; be the collection consisting of ¢ ., together
with complements of countable sets and Jp the usual
topology- Then in (X, J1 +Jg ), {X,Jl) and (X,Jz) are To

bitopological spaces but (X, Jl,Jﬁ is not pairwise semi-T,

Defintion: 2.37

A space (X,Jq ,Jp ) 1is said to he pairwise semeTz
if for every pair of distinct points x,y of X there
exists a Jq regularly open set [ and a disjoint
regularly open set Vrsuch that xeU , y£2V or xe€V,

yelU

Obiously every pairwise semi-rT2 space 1is pairwise

semi—Tz_!ﬂn nofconversely.
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Example: 2.38

Let X = {a,b ljl is the discrete topology on X and Jz
={ X, o, fa}} . Then[x.Jl’sz is pairwise semi-—T2

but not pairwise semi-rTz.
Since Any eregularly open set containing a also contains
b.
Theorem: 2.39

If (X.JTJz) is pairwise semi-rTz then (X.Jl) and
(X, J,) are both rT0 spéces.
Proof:

Obvious from the definition of pairwise semi-‘rT2

spaces.

Corollary: 2.40

Ever irwi i - :
y pailrwise semi rTz space is weakly pairwise
rTl.
proof follows from the definition of semi rT2 spaces and

weakly pairwise rT1 spaces.

Definition: 2.41

The bitopological space (X,JI,JZ ) is said to be
pairwise :rT2 if for every pair of distinct points X,y

of X there exists J, -regularly open set U and a

Jz_regularly open set V such that x €U, y €V and UQV =<P,’:

Theorem: .2 42
Every pairwise.rT2 space is bi-rTl.
Proof:
From the definition of pairwise rT2 space, the

proof follows:



Corollary: 2.43

Every pairwise rT2 space 1is pairwise rTl. The

Converse may - nOt be true.

For consider the example given below.

Example: 2.44

Let X = {a,b,c} .
3, ={X, ¢ {a}, {c} , {a,c}}
3, ={X, ¢fb,c}f{a Lfa,c},{c} {a,bL{b} }.

Jl-regularly open sets are X, ¢ {a,b} {c,b}

Jz_ regularly open set; are X, q,{ a,c},{b}jc}ja,b},{b,c}

Now Consider the points a b of x.

Then there exists ajzregularly open set {a,c} contains

a but not b andJl_regularly open set {b,c}

34

containing b notaand similarly with other distinct pair of

points of X.

Hence (X, J

Jz) is pairwise rTl.

11
But {a,c} N {b,cj#y.

Therefore (X, J Jz) is not pairwise rTz.

1’
Definition: 2.45

A subset A of a space (X'Jl“b ) 1s said to be
N-closed relative to g if every cover of A by regular

open sets of X has a finite subcover.

Theorem: 2.46
Let A be a subset of a pairwise rT2 space

(X, J1 ,J3) which is N-closed relative to Jy, then A is

Jz_é closed.



Proof:

If A= X, then A is obviously Jo§ -closed.
If A # X, then there is a point xg¢ X-A.

Since X is pairwise rT2 for each y ¢ A, there exists open

set V. such that x €U _, €V _and U V. = .
y y y y yf\ y ¢

Then { V_ .y e A} is aJqregularly open cover of the set

A which is N-closed relative toJ,,

so it has a finite subcover say V. , V e V
Yq Yo Yn

n - n
Let U="n Uy, , V=NV
i=1 ! i=1 ¥ i
Then U is a JZ open, V iS.Hf open and x ¢ U, A C V and

unv =g.
Thus xe U C X-A and so X-A is Jz_sopen

= A is J, § -closed.

Hence the proof.

The implications between pairwise separation axioms are
given below.

C - K C
Pairwise semi T2 =) wea ly pairwise T1

T (qn
Pairwise semi—rT2 — weakly pairwise - rT,
o 0 Y
Pairwise rT, —» Pairwise rT, = Pairwise rT

Pairwise T ; . . .
2 :;. Pairwise T1 :..?Palrw1se T0
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Section 3
In this section pairwise regular, Pairwise T3,
Pairwise normal, pairwise T4, Pairwise completely normal,

pairwise T., Pairwise perfectly normal and pairwise
Tychonoff spaces are studied.

defintion: 3.1

Let (X,Jq +«J,) be a bitopological space. Then J; is
regular with respect to Jg if for each point x in X and
each Jl-nlosed set P such that x ¢P there is a Ji-open
set U and Jyopen set V disjoint from U such that x €U
and p C V. (X, J;+Jd9) is pairwise regular if Jq is regular
with respect to Jjand Jois regular with respect to Jq.

Proposition: 3.2

If (X.J1 'Jz) is a bitopological space the following

are equivalent.

1.Jqis regular with respect to J2.

2. For each point x X and Jq open set G containing X
there 1is a J1 aopen set H such that x e H C Jz_cH{ CG

3. For each point x € X and chlosed set K such that

x %K there is a J; - open set M such that x ¢ M and
( JgycIM)O\K =9 .
Proof:
Assume (1). To prove (2)
Take x e X and Jyopen set G such that xe G
Now X - G is a Jyclosed set and x 44 - G
By assemption there exists a J, open set H andku-open set

V such that xeH and X - G C V.
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where HQOV =9 .
HOV = ¢.
= HCX-V, X-V istclosed set containing H.

Therefore Jz‘cl HC X -VCG Since X - G C V.

x €H CJ2~cl HCG
Assume (2). To prove (3)
Take x €X andJ, closed set K such that x K .
Now X - K is Jiopen set containing x.
Therefore By the assemption there exists a J; open set M
such that x €M and M CJZ- cl MC X - K.
=) x €M and (Jz- clM)NK =0,
Assume (3). To prove (3)
Let x ¢ K and P be a chlosed set such that x ¢ P.

By assemption there exists a J,open set M such that
x eM and (Jz- clM)AP =9.
=J,-clMCX-P
= PC X -J, cl M

Now Jz-cl M is a J2 closed set and hence X - J2 cl M is

J,open set containing P in which M and X - Jy ¢l M are

2
disjoint.

Hence the proof

Defintion 3.3

A bitopological space (X, Jq Jz ) is pairwise T3 if

it is pairwise regular and pairwise T1.



Remark: 3.4

P . . g . )
airwise T3§Pa1rw1se T, |
But the converse need not be true 1is shown by the

following example.

Example 3.5

Let X be the set of all real nuﬁbers. Jlbe the left
hand topology and J, be the right hand topology. It
is easy to show that (X, Jl.J2 ) is pairwise regular and
pairewise Tj.

However it is not pairwise T2 for if x,y € X and
x >y then every jl open set containing x contains y and

every Jzopen set containing y also contains x.

Theorem: 3.6

A bitopological Space'(X,Jl,Jzy is pairwise T, iff

it is pairewise regular and pairwise Ty

Proof

We only need to establish the sufficiency.

Let x and y be distinct points X.

Since (X.Jl,Jz) is pairwise T% two cases arise.
(i) There 1is a J, open set U containing X but not y.
Jq open set

Since X 4 X - U, pairwise regualrity gives a

M containing x and a J, open set N disjoint from M such
that X - U C N,

Thus x € M, y ¢M and x ¢N.
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(ii) There is a Jzopen set containing y but not x.

A similar proof suffices.

Definition 3.7

Let (X, Jl.Jﬂ be a bitopological space. Then |

(X, Jz) is pairwise normal if for each J1 closed set

Jl'
A and a chlosed set B disjoint from p there is aJlopen
set V containing B and a ;5 open set U disjoint from V

containing A.

Proposition 3.8

The following are equivalent

(1) (X.Jl,

(2) For each chlosed set A and a Joopen set H containing

Jz) is pairwise normal.

A there is a Jzopen set U such that
A C UCJ1 -cluC H.

(3) For each Jjclosed set A and J, closed set B disjoint
from A there is a Jy open set U containing A and
such that ( Jg -cl1 U)O\B = ¢

(4) For each Jqclosed set A andf‘chlosed setBdisjoint
from A there is a Jjopen set V containing B and a
I, open set U containing A such that
( Jq=cl U)NCJI2z-cl V) = o.

Proof:

Assume (1). To prove (2)
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7 Let A be a Jl closed set and H J,open set contaihing
A. Then X -H is chlosed set not containing A.

Assumption %There exists a Jlopen set V containing
X-H and J, open set U containing A.

| (i.e) ACUand X - HC V=3x-~V C H and
UNV=¢50CX -V
Now X - V is J closed set containg U.
Therefore Jy -cl UC X - VCH
Therefore ACUC Ji-cl UCX-VC H
(i.e) AC UCJ1—01 U CH

Assume (2) To prove (3)

Take A be chlosed and B, J2 closed set disjoint from A.
Now X - B is J,open set containing A.
Therefore By the assemption there is a Jz open set U such
that AC U C JZ-C].UCX-B.
(i.e) Jq1 -cl UC X - B.
=>( J; -c1 U ) NB = g

Assume (3). To prove (4).
Tgke chloged set A and Jz closed set B and disjoint from
A. |
By assemption there is an open set U containing A and
such that ( Ji~cl U })NB = ¢.

= BCX - Ji-clU
Take X - J{ -cl U = V. Then V 1is ch-pen set containing
B.
We know V CJy-cl V.

(i.e) X - " Jy -cl U CJz-cl \Y

= (J1-cl U) N ( Jz-c1 V) =0,
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Assume (4). To prove (1)

Let A be a J closed 'set and B be a 3, closed set
disjoint from A.

By assemption there exists aJlopen set V containing
B and Jzopen set U containing A such that
( Jpcl U) N ( J,mcl V) = @
Therefore U, V are disjoint

Hence (X,qujﬁ is pairwise normal.

Definition 3.9

(x,Jl, Jz ) is pairwise T4 if it is pairwise normal
and pairwise Tl‘

Remark 3.10

Always Pairwise T4:;Pairewise T3
But the converse (i.e) pairwise normality does not imply

pairwise regularity. For there are topological spaces

which are not regular.

Theorem 3.11

,J. ) is pairwise normal iff for each Jz closed

(X, Jq.d,5

set F and J1 closed set H disjoint from F there is a real

valued function g on X such that g(F) = 0, g(H) = 1,

g(X) ¢ [ 0,11 and g is J1 upper semi continuous denoted
as u.s.c and leower semi continuous (1l.s.c).
Proof:

Necessary Part.

Let (X, Jlgh) be a pairwise normal bitopological
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space. Let H and F be subsets of X such that H is

Jl- closed, F is J, - closed and HO\F = ¢.

Let F, = F and let K1 = X/H. Then F, is Jz- closed.

K1 is J1 open and .Fo C K, since (X, Jl,Jz) is pairwise
normal, there exists a J1 open set K, and a Jz- closed

%
set F such that F, ¢ K, ¢ F, C K_. Applying our

% = % % 1
hypothesis on (X,Jl, Jz) to each pair of sets F, K, and
s
F i -
5 'Kl' We obtain J1 open sets K%, K3/4 and Jz closed

sets F%, F3/4such that

FoCK CF, CK ¢y o,

1
z

X34 & Fasq © Ky
continuiping this process, we obtain two families {FS}

q

4
and {KS,},where s = p/2, where p = 1,2.... 2°'-1
e .

q = 1,2.... 1if § 1is any other dyadic rational, let
K =<p(s<0),KS = X (s>1) and Fs =9 (s <0),

C F CF (r\<s$t) and

s - t

F = X (s 21). Then K_ C K
r - s

Fg € Ky (s <t)

Let g be the function defined on X to [0, 1]
by g(x) = inf {t/xeKt}, x €X
Then g(x) = ;nf{t/xsFt}, x €X

Then clearly O0gg(x)gl (x €X), g(x) = 0 (x 2F) and

glx) = 1 ( x s[x/kl] = H )



Using the sets KS and FS we can prove that g Iis J1 -

upper semi continuous and g is Jz - lower semi continuous
as it is proved in the classical! Urysohn lemma.

To prove the sufficiency, let F,H and g be as

described
Then U = {x eX / g(x) <% } and

v ={x €X / g(x) > 5} are approximately open,
disjoint and separate F and H.

Definition 3. 12

(X'Jl' Jg ) is pairwise completely noemal if for
each pair A, B of subsets o X satisfying

(A(\J2 - ¢l B) U (3, - cl A(B) =¢, there is a J2 open

1
set U containing A and J1 open set V containing B and

disjoint from U.

defintion 3.1

(X, J1. J2 ) is pairwise T5 if it 1is pairwise

completely normal and pairwise Tl'

Example 3.14

Any gquasi-metric bitopological space is pairwise

T
5'

Remark 3.15

It is clear that pairwise T, implies pairwsie T,
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Defintion 3.16

is pairwise perfectly normal if it is

(X,J J

pairwise normal, each J1 closed set is Jz Gs and each

J2 closed set is a J1 GG .

Theorem 3.17

If (X’Jl' Jz) is pairwise perflectly noemal then

it is pairwise completely normal.

Proof:

Assume (X.Jl.Jz) be pairwise perfectly normal.

To prove (X,Jl.J2 ) is pairwise completely normal.
Take A,B be subsets of X satisfying

(A(\Jz -cl B) U (Jl-clAr\B) = Q.
Then to prove the existance of Jz open set U containing

A and Jl open set V containing B that is disjoint from

U .

Now Jz-cl B is a Jz closed set and Jl-cl A is a J1 closed

set.

By assemption J2 -cl B is J1 GG and Jl-cl A is Jz G g

(i.e) J2 - ¢cl B = r\Jl - § open sets Vi’ where 1 varies

over a countable set.

J, - clA =.ﬂJ2 open sets U,
iez
+
Take 1 U, = u , NV, =V
ez, isz+l

Then A C Jl-cl A =1U

BCJ, c1 B=vV



U is J2 open set containing A and V is a .11 open set

containing B.

Since Countable intersection of open sets is open

Also (ANJ, -cl B) U (J1 -cl ANB) = 0.

2
= UNV = ¢.
Hence (X,Jl,Jz) is pairwise completely normal.

Theore 3.18

Assume (X,Jl,Jz) is pairwise completely normal iff

every subspace is pair. wise normal.

Proof:

Assume (X,J Jz) be pairwise completely normal

1!
Let Y be a subsapce of X. To prove Y is pairwise normal.

‘Let A be J, closed set and B be J, closed set in Y where

A,B are disjoint.

Then A = Alf\Y, B = Blf\Y

where A1 is J1 closed set in X and B1 is Jz closed set

1

in X and A;,B are disjoint.

1 1 1
Th
erefore (A NJ,-cl BY) U (B (\Jl - ¢l Al) = ¢

Since (X,Jl,Jz) is pairwise completely normal, there

exists a .Jz open set U containing al and .]1 open set V

containing 81 and disjoint from U.

Thereffore A1 cu, B1 cV
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1

vynalc uny and B'nyc vay.

Now UNY, V.NY aré Jz open set and J1 open set in Y
respectively. |
Therefore A C UNY, B C vNy

Hence Y is pairwise normal.

Conversely assume Y be pairwise normal.

To prove (X, J1'Jz) is pairwise completely normal

Let A,B be subsets of X satisfying the condition

(AQJ,-cl B) U ( J,-cl ANB) = g.

To prove the existance of J2 open set U containing A and

J, open set V containing B such that UNV = g.
Now J1 -cl A and Jz—cl B are closed in X.
Now J1 -cl ANO\Y and J2 -cl B(Y are Jl closed and 32

closed in Y repectively

Since Y is pairwise normal, as Jl -clA N'Y and Jz -cl BOY

ané disjoint implies there exists a Jl- open set V NY

containing Jz- clBN\Y and J, open set U N'Y containing

J1 -clAQY where V, U are J1 open and J2 open respectively

in X.

(i.e) Jz-cl BNY C VNY and Jl-cl AQY C UNY
(i.e) J,-c1 B C V, Jl-cl ACU

(i.e) AC J, - clAC U

1

and B C Jz—cl BCVand UMV = 0.
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Therefore there exists J2 open set U containing A and

J, open set V containing B such that UNV = @.
:g;(X.Jl.Jz) is pairwise completely normal

Hence the proof

Theorem3.19

(X,Jl,J2 ) is pairwise perfectly normal iff for each

non-empty J, closed set A and each point x, & A there

1
is a real valued function f on X such that £1 (o) = A,
f(xg) = 1,1 is J, u.s.c and J, 1l.s.c and f(x) C [0,1]

and for each non-empty J2 closed set B and each point

yo.Qfs there is a real valued function g on X such that
g " (0) = B, gly,) = 1,8 is J, u.s.c and J, 1l.s.c and

glx) cCc [0,1].

Theore. 3.20

Let (X,Jl,J be a bitopological space. If J1 is

2)

regular with respect to J2 and (X,Jl] is second countable

then every J1 closed set is a J2 Gg

Proof:
Let A be a J1 closed set.

If A = X, there is ' nothing to prove

Otherwise for each X #A. there is a J1 open set Ux such



that X eUX C Jz -¢cl Uy € X - A Dby proposition 3.2
Let { Vn : ne N, the integers} be a countable base for
(X.3,)

Then U _ = U (v, : meM C N }

H o }
ence X evn(x) for some integer n(x)

Vn(x) C J2 -cl Ux = J2 -cl Vn(x) A= ¢ and hence that
A =0{x - J, =c1V () P x4 A}

Thus A 1is J, Gg since the number of distinct integers

n(x) is countable.

Theorem3.21

If (X,J Jz) is pairwise regular and second

1’
countable (Both (X.Ji) and (X,Jz) are second countable)

then it is pairwise perfectly normal.
Proof:

We prove (X’Jl'Jz) is pairwise normal.

Let {P_Jand [Q_ }J(n = 1,2...) be countable bases for
J1 and J2 respectively

Let A be a J1 closed set and B be J2 closed set with
ANB = g.

Since (X'JI’JZ) is pairwise regular, for each x in A

there is a J1 open set Q, Q e{Qn}such that

Similarly, for each y in B, there is a J1 open set P,

P ¢ Pn L such that y eP(?Jz-cl (P) C [X/A]
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Proceeding as in the analogous classical lemma [8], we

obtain a countable Jz open cover of A and a countable

J1 open cover of B which can be used to construct
required disjoint sets U and V such that U contains A
and is J2 - open whilst V contains B and is J1 - open.

Hence (X'J1'J2) is pairwise normal

Above theorem implies that each J1 closed set is J2 GG

and each J2 closed set is J1 GG

Hence (X,Jl}Jz)-is pairwise perfectly normal.

Definition 3.22

Let (X, J1' Jz) be a bitopological space. Then J1
is completely regular with respect to Jz if for each Jl-

closed set C and each point Xx ¢(I there is a real valued

function f on X into [0,1] such that f(x) = 0, f(c) =1

and f J, u.s.c and Jé l.s.c. (X,J,,J,) is pairwise
completely regular 1if J1 is completely regular with
respect to J2 and J2 is completely regular with respect

-
J

to Jl'

Definition 3.23

(X'Jl’JZ) is pairwise. Tychonoff (or pairwise TS-%)
if it is pairwise completely regular and pairwise T1‘

Result 3.24

Pairwise completely regular implies pairwise

regularity



Result 3.25

Pairwise T4 spaces are pairwise tychonoff spaces.

Proposition 3.26

If (X.Jl.J pairwise normal, then J1 is

2) is

completely regular with respect to J2 iff J1 is regular

with respect to Jz.

Proof:
We only need to prove the sufficiency,

Let C be any J, closed subset of X and x 3 C.

Then proposition 3.2 provides a J1 open set H such that

Xe HC J2 -cl HC X - C.

By - theorem: 3.11 there is a function g on X into
[0,1] such that 8(J,-cl H) = 0,g8(C) = 1 and g is J, u.s.c

and Jz l.s.c

In particular g(x) = 0 , so that J1 is completely regular

with respect to J,.

Corollary 3.27

If (X,Jl,Jz) is pairwise normal then it 1is pairwise

completely regular iff it is pairwise regular.

Note 3.28

Pairwise Tychonoff property charzctrizes subspaces

of pairwise T4 spaces.



Note 3.29

Pairwise T@ is not bitopologically heredity since

normality is not :tOpOlogically heredity.

Proposition 3.30

Suppose (X'Ji'Jz) is a bitopological space and

A C X. If J1 is completely regular with respect to J2

then Jl/A is completely regular with respect to JZ/A.

Proof:

If C is @ J /A closed subset of A and a€A - C, then
C = ANP where P is'J1 closed in X and a4 P. So there
is a function f:X »> [0,1] such that f(P) = 1, F(a) =0
and f is J1 u.s.c and Jz l.s.c. If g 1is f/A the
restriction of f to A then g(C) = 1, g(a) = 0 and g is

J1/A u.s.c and JZ/A l.s.c as required.

Corollary 3.31

1. Any subspace of pairwise Tychonoff'space is pairwise
Tychonoff.
2. Any -subspace of a pairwise T4 space 1is pairwise

Tychonoff

Proposition 3.32

Let (X,J JZ) be such that (X,Jl) is T, and J, is

ll
completely respect with respect to Jz. Then if x and

y are distinct points of X, there is a real valued
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function f on X such that f(x) # f(y) and f is J1 u.s.c

and Jz l.s.c

- Proof:
Now {y}is J, closed and x4{y}
Therefore by invoking 3.32 we get the proof of this

‘proposition

Corollary 3.33

If x and y are distinct points of a pairwise

roe ,
ychonoff space (X'Jl'Jz) then there are real valued

functions f and g on X such that f(x) # f(y), g(x) zg(y)

f 1is J1 u.s.c and Jz l.s.c and g 1is J1 l.s.c and Jz

u.s.c.

Definition 3.34

Let f be a real valued function on (X.Jl,Jz) which

is J, u.s.c and J, l.s.c Then { xe X : f(x)< 0} is a 34

cozero set and {xe X : f(x) > 0} is a Jz cozero set

Similarly for the case when f is'J1 l.s.c and J2 u.s.c.

Theorem 3.35

If (x,J,.3,) is pairwise T, then it is pairwise

1'72 1
Tychonoff iff the J1 cozero sets form a base for the J1

topology and the J2 cozero sets form a hase for J2'

S



Proof:

Let (X'Jl'Jz) be pairwise Tychonoff and x €U which

is J; open. There if function f : X-[0,1] such that

f(x) = 07f(X - U) =1 and f is J1 u.s.c and J2 l.s.c Let

g = 1-f. Then g(x) = 1, g(X-U) = 0 and g is J1 l.s.c

u.s.c. Then J cozero set of g contains x and

and J 1

2
is contained in U.

Since each J_ cozero set is J, open and their union

1 1
is X, the family of all such J1 cozero sets form a base

for the topology Jl'

Similarly for Jz,

Conversely, Suppose the J1 cozero sets form a base for

J, and let P be J, closed and x, €P.

There is a J1 cozero set C of some real valued function

f on X such that x eC C X-P. Two cases arise.
(i) f is J1 u.s.c¢ and J2 l.s.c so that C = {xeX : f(x) <0
Let g = -min {f,0}

(ii) f is Jl- l.s.c and Jz u.s.c so that

c ={x eX: f(x)> 0} let g = max {£,0 }

In each case, g is J1 l.s.c. and J

2 u.s.c g(Xx-C) =0

and g(x)>0 for all xe C.
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Define the function hon X by h (x) = 1-_g(x) for each
g8(x,)

xe X.

Then h(x,) = 0 h(P) = 1 and h is J1 u.s.c amd Jz l.s.c.

Hence J1 is completely regular with respect to Jz.
Similarly JZ is completely regulér with respect to J1

and hence (X.J Jz) is pairwise Tychonoff.

1'
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