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INTRODUCTION




INTRODUCTION
Zadeh (6] introduced the concept of
fuzzy sets in 1965. Based on this concept, Chang [lluldeveloped
the theory of fuzzy topological spaces in 1968. From then on,
quite a number of research papers have been published dealing
with various aspects of such spaces. Properties like Separation

axioms, Compactness, Connectedness in ordinary topological spaces

have been generalised to fuzzy topological spaces. In this dis-

sertation we are going to deal with the separation axioms in
fuzzy topological spaces. Many authors have obtained generalisa-
tions of these axioms in many ways. Here we are going to discuss

the generalisations as given in the following articles!

1. Mira Sarkar @
On Fuzzy Topoiogical Spaces [4]
2. Rekha Srivastava , S.N. Lal and Arun K.Srivastava:
Fuzzy T4- Topological Spaces [5]
3. M. H. Ghanim, E. E. Kerre and A. S. Mashhour:
Separation Axioms, Subspaces and Sums in Fuzzy
Topology [2]
In Chapter 1 we give the preliminaries
needed for this dissertation.
Mira Sarkar [4] has defined FT,,FT5,
FTq and FT, spaces and has proved that FT, ==>FT3==>FTp She has
defined an FTy; space to be one in which singletons (both crisp
and fuzzy ) are closed. It has been proved that in an FT, space

crisp singletons are closed. All these are discussed in section 1

of chapter II. In section 2, we discuss the notion of fuzzy T,



spaces due to Rekha Srivastava (5]. " A fuzzy topological space
(X, T) 1s said to be fuzzy T4, (BS] iff for every pair of distinct
fuzzy points (not crisp) pP,q in ;, we can find fuzzy open sets U
and V in (X,T) such that peuy, q¢U and q€vV, p4v.". According to
this definition, we get a deviation from ordinary topology that
in a fuzzy Ty space crisp singletons need not be fuzzy closed.
But this result is found to be true in topologically generated
fuzzy topological spaces. Section 3 of Chapter II deals with the
notions of FTgq, FTy, F15,FT2,FT2y,FT5 and FT, spaces due to
Ghanim [2] and the following implications hold.

(i) FTg ==> FTy ==> FTg

(1i) FT4 ==> FT3 ==> FTo ==> FTp ==>FT; ==> FTo
Accordiﬁg to Ghanim's definition it is true that a fuzzy topolog-
ical space is FT; iff fuzzy crisp singletons are fuzzy closed.
The definition of FT3 and FT, spaces are equivalent to those due

to Mira Sarkar {43

Chapter III deals with the behaviour of
properly compact sets in FT2 spaces and Fuzzy P-spaces. Chang's
definition of compactness does not seem to be quite natural in
Hausdorff (FT5) spaces (as introduced by Mira Sarkar), since no
subset of an FT, space is compact. Hence Mira Sarkar (4] has
introduced the notion of proper open cover using which the notion
of proper compactness is defined and with this definition gener-
alisations of some of the results in ordinary topological spaces

have been obtained.



In chapter IV we discuss two of the most
important operations : fuzzy‘subspaces and fuzzy sums as intro-
duced by Ghanim [2]). Fuzzy subspaces are defined only for ordi-
nary (ie.crisp) subsets and it has been shown that the¢properties
FTqa, FTi,FTS,FTz,FTzn, FT3 are hereditary while fuzzy normality
is proyéd to be hereditary only with respect to closed subspaces.
Sum fuzzy topology is defined on the union of pairwise disjoint
fuzzy topological spaces and all FTi,(i=0,1,s,2,2%,3,4) proper-

ties are proved to be additive.
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CHAPTER I
PRELIMINARIES

Defini&&on:

Let X be an arbitrary (nonempty) set. A fuzzy set A in
X is a function from X to [(0,1]

An ordinary subset of X can be considered as a fuzzy
set by identifying it with its characteristic function.

Hence if A is an ordinary subset of X, then the fuzzy
set is given by

Alx) = 1 if

Definition: Let A and B be fuzzy sets in X

Then!
A =8 <==> A(x) = B(x), for all x € X
AC B (== A(x) £ B(x), for all x € X

More generally for a family of fuzzy sets, JY = (A; 7i€e1l )

then the wunion C = U A;, and the intersection , D = N A; are
‘ i€l : : - 1€1

defined by

C(x) = Sup (A; (x)) , x € X
i€l
D(x) = inf (A; (x)) , x € X
i€l
Definition: The complement co A or A' of a fuzzy set A on X |is

given by
co A(x) =1 - A(x), for all x € X

or A'(x) =1 - A(x), for all x € X




Definition: Let f be a function from X to Y. Let B be a fuzzy set’

in Y. Then the inverse of B, written as F'1(8>, is a fuzzy set in
X defined by
(F-1(B)YX(x) = B(f(x)), for all x € X
Conversely, let A be a fuzzy set in X The i-aée of A, writ-
ten as f(A) is a fuzzy Set in Y defined by

CFCAXI(y) = Sup (ACz)), if f~l(y) is not empty
z € Fley)

= 0, otherwise
for all y € Y, where f'l(y) = {x /7 f(x) = y)
Note: (i) Ac £~1 (f(A)) for every fuzzy set A in X
(ii) B D f(f 1(B)) for any fuzzy set B in Y

(iii) If f is onto B = f(f-l¢(B))

Definition: Support of a fuzzy set A in a fts (X,T) is given by
Supp A = (x € X / A(x) + 0

Qefinition: A fuzzy point or a fuzzy singleton p in X is a fuzzy

set defined by,

= 0 if x + Xp
Where r € (0,1), Xp is called the support of p and r its value
We say a fuzzy point p € A if

p(xp) < A(xp)

Definitiont: If

p(xp) = 1 and
pix) =0 if x + xp

then we say p is a crisp point or crisp singleton




Hence we note that a crisp point is nothing else but the
characteristic function corresponding to the ordinary singleton
set (xp). Hence crisp points are also denoted by (xp)

We say a crisp point p € A if

A(xp) =1
Theorem 1.1: Let A be any non empty fuzzy set in X. Then
A= Upy, where Q@ = ( x € X / A(x) s

x€Q

and py is a fuzzy point with support x and value A(x)

Theorem 1.2: Every fuzzy set A can be written as the union of the

fuzzy singletongp = A

ie, A = U p
pPc A
Definition (Changl1l): Let X be a set and I = (0,13. A fuzzy

_topology on X is a subset T < IX such that
(i) 0,1 € 7
(ii1) If A,B € v then, ANBE€ T+
(1ii) If (AJ)jEJ C T then Sup Aj €T
j€J
T is called a fuzzy topology for X and the pair (X,7T) is
called a fuzzy topological space or fts for short
Qgﬁ;g;&;gg&gggggggllt Te IX is a fuzzy topology on X iff
i) For every a>constant, o € T
(11) If A,B € v then ANBE€ T

(i1i1) If (Aj)jEJ C. T then Sup A; € T
j€J )
J




The pair (X,T) is called a fuzzy topological space or fts for
short. -
Definition: Members of 7 are called T - open fuzzy sets, Comple-

ments of open fuzzy sets are called closed fuzzy sets.

Definition: The closure cl A and the interior int A of a fuzzy
set A in a fuzzy topological space (X,T) are defined by
clA=ﬂ(F/coF€TandACF)
int A=U { 0O/ 0€ v and 0C F )
Definjtion: Let (X,T) be an fts. ét: T is a base for T iff each
mehber of T is a union of members of @ . <% — T is a subbase
for T iff finite intersections of members of < form a base for
T in this case we say that T is generated by <.
Theorem 1.3 For an fts (X,T), 8 is a base iff for all A€ T " and
for all fuzzy point p € A, there exists B € B such that pEBCA
Definition: Let p be a fuzzy point in (X,T). A fuzzy set N is
called a fuzzy neighbourhood of p iff there exists A€ET such that
pEAC N
Theorem 1.4: A fuzzy set in (X,T) is fuzzy open iff it is a
neighbourhood of each of its fuzzy points.
Definition: Let A and B be fuzzy sets in X and Y respectively.
The Cartesian product A x B of A and B is a fuzzy set in X x Y
defined by
(A x B) (x,y) = inf (A(x), B(y)) for all (x,y) € X x Y
Definition: tet ((X;,7T;)> 7 i € 1 ) be a family of fts and
X = x X j. The product fuzzy topology on X is the one with basic
fuziilopen sets of the form x U; where U; € T3 and Uj =‘Xi except

i€l
for finitely many 1i's.



Definition: Let (X, ,7v) be a fts. A family U of fuzzy sets 1is a
cover of a fuzzy set B iff BC U (A / A € U). It is an open cover
iff each member of U is an open fuzzy set. A szcover of U is a
subfamily which is also a cover.

Definjtion: A function from a fts (X,T) to a fts (Y, o) is

F - continous iff the inverse of each o - open fuzzy set |is
T - open.
Theorem 1.4 F - continous image of a compact set is compact.
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CHAPTER 11

SEPARATION AXIOMS IN FUZZY TOPOLOGICAL SPACES

Separation properties in ordinary topological
spaces have been generalised to fuzzy topological spaces in
different ways by many authors. 1In this chapter we are going to
study the generalisations due to Mira Sarkar [4], Rekha Srivasta-
.va [51 and Ghanim [2]. Though there are some deviations from
ordinary topology, many of the results are exact generalisations
of the results in ordinary topology. In section 1, we study the
results due to Mira Sarkar [4], in section 2 those due to Rekha
Srivastava ([5] and in the last section we study the results due

to Ghanim [21].

Section 1.

This section is devoted to the study of
FT4,FT,,FTg,and FT, spaces due to Mira Sarkar ([41].
She has proved that the following implications hold:
FTg4== FT3==>FTy . She has also proved that in the case of FTj,
spaces, crisp singletons are closed.
Remark:

Throughout this section, by points.(subsets) of X,
We mean both crisp and fuzzy points (subsets). Points are also

referred to as singletons.
Definition: An fts (X,T) is FTy iff singletons are closed.

Definition:

An fts (X,T) is defined to be Hausdorff or FTy iff

the following conditions hold!




If p,q are any two points in X, then

(1) if xp*xq, there exist open sets Vh and Vq, such that
pEVP-and q ¢ Vb and q € Vq, [o] f V;;

(ii) if xp=xq and p(xp) < q(xp>, then there exists an open

set VP sSuch that pGVp, but q¢Vb.

An  ftg (X,7T) is regular iff for each point pPEX
and for each ver Wwith pev there exists GET such that pPEG (-S-C.‘.V
Definjition '

An ftg (X,T) is FTq iff jt jig FT, and reqular,

Definition
=-=nition
An fts (X,7) is normal iff for évery closed set K

in X ang VET with KCv there exists Ger such that K GCEC \%

Definition
==-=lition

(i) an  FT3 space is FT,
(ii) an FT, space is FTa, while,

(iii) Regarding FT, Spaces we get the Following theorem.

Theorem 2.1.1, :




Proof: Lét p be a crisp point in X.
Then p(xp) =1
Take any point g€(p)’
If q is a fuzzy point , then q€(p}’
==> qixq) < (p)'(xq)

= 1- p(xq)
Since q(xq) is strictly less than l—p(xq), p(xq>*l.

ie. p(xq) =0
e Xgtp
'1If q is a crisp point, then q€{p)’
==> (p)* (xq)_= 1
==> p(xq) =0
==> xq ¥ %p
Choose a sequence {qn 7/ NEN) of fuzzy points with same support
‘xq. A
Choose the sequence {yn 7/ NEN) as a decreasing sequence converg-

ing to zero.

Define qn(xq) = yp for all n.

Consider the fuzzy point 9n- It has the support Xq then *Xq, =

O *qn¥ xp for every n.
Then by the Hausdorff property, there exists an fuzzy open set Veqn
such that pEqun and qn¢VPQn

Hence there exists a sequenve of fuzzy open sets (qun /NnEN)

such that pe€ qun and qp ¢ qun for all n €N,

Vean (xp) = 1 ----C1)

and Inixq’ 2 Vpan (xq) ----(2)




—

Consider P(xq) =N qun (xq)

= inf ( Vpgp (xq)
neEN

A

inf ( qn(xq)) by (2)
nEN

Since ( qn(xq) / nEN) is a decreasing sequence,
zero, we have

P (xg)¢ infl{gnri(xgl) = 0
qQ n'"q
nEN

S, Pixg) £ 0O

q
But P(xq) ¢ O A P(xq) =0

Consider P(xg) = MVpgy (xp)
=inf (qun (xp))

By ¢1),Ypqp (xp) = 1 for all neEN
e Vean (xp)

Thus N Vpgpixp) = 1

1 for all n€EN

nEN

ie. P(xp)=1

Hence claim 1.

Claim 2: P' < (p)’

ie. Jo prove : P'(x) < {(p}'(x)
If x.= *p
(p)'(xp) =1 - p(xp) =0

P'(xg) =1 - P(x

o]
=1 -1 (by Claim 1 )

converging

to




If x * xp

(pr'(x) =1 - p(x)
=1-0 =1
P'(x) £ 1
= (p)' (x)

J. P'(x) S (p)' (x) for all x € X
P'C (p)'

Hence claim 2.

Claim 3: q€P'

If q is a crisp point, then as

P'(x

q) =1 - P(xg)

q
1 - 0 (by claim 1)

1, We get that q€EP'
Since the crisp point q€P', any fuzzy point q with support x,€EP’
because, if q is not crisp

qixg) < 1

1-0=1-P (xq) (by claim 1)

P (xq)
. q(xq) < P'(xq)
'« The fuzzy point q also € P'

Hence claim 3.

Hence by claims 2 and 3 we get that, for any point q€{(p)*' there
exists a fuzzy open set P' such that qeEP'C(p)}’

Hence (é)’ is fuzzy opéﬁ_Sy thgorem 1. 4,

ie. (p) is fuzzy closed.

In an FT5 space crisp singletons are closed.

10



Theorem 2.1.2: An FT5 space is an FT, space.
Proof : Let (X,T) be the given FT3 space.

Consider two fuzzy points p and q. then there are two cases:

(] xp * xq

(ii) Xp = Xgq and p (xp) < q (xp)

Case (i) xp * Xq

Choose a fuzzy point w with x,, = x , and w(xp)>1-p(xp)

Since (X,T) is an FT3 space, it is an FT; space. Since Singletons
in an FT; space are fuzzy closed, (W) is fuzzy closed in (X,T)

;. (Ww)' is fuzzy open.

Consider (w)}' (xp) = 1 - W (x5)
< plxp)
For x # x;, ;(g)' (x) =1 - Wix)
=1 -0 %Hl
foo W) 'Ix) < pEx) if x =

{w) ' (x) 1 otherwise

Since Xq * Xps (N}'(Xq) =1
Since q(xq) < 1, we have
q(xq) < (w)'(xq)
===>q € {(w)'
Since (w)'(xp) < p(xp), p¢(w)‘
. QE(w)*' but p¢ (W)
Since (X,T) is regular, there exists one Vq € T such that

q Vg Vg = (W)
Since p¢(w)‘ , p*V;

S ne have shown that there exists a fuzzy open set Vq such

11



that q€vq and p § Vg
Similtarly by taking a fuzzy point w with x,, = Xq
and wixqg) > 1-qixg) and arguing as above, we can show that there
exists a fuzzy opgn set Vp such that pEVp and q*Vb
Case (ii) Xp = Xq and p (xp) < q (xp)
Choose a fuzzy point w with x, = Xp and l—q(xp)<u(xp) < l-p(xp)
(this is possible since p(xp) < q(xp)
==> 1-qlxp) < 1 - Pxp) )
Since 1 - q(xq)A< w(xp);”
(w)'(xp),; 1 - w(xp)
< q(xp)
Hence q*(w)‘
Since w (xp) < l-p(xp))
(w)'(xp) =1 - u(xp)
> p(xp)
s p(xp)< (w)' (xp)
Hence p € (w)'

J. We have pE(w)' but qf (W)

Since (X,T) is reqular there exists a VPGT such that pEVﬁ=Vb=(u)'

Since q¢(w)‘, q*Vb
.'© We have shown that there exists a fuzzy open set Vp such
that pe€vVp but q¢V,
The other cases can be proved in a similar way.
S The space (X,T) is an FT, space.

Theorem 2.1.3, An FT, space is an FTq space.

Proof : Let (X,v) be an FT, space.

Consider a point p€EX and VET such that p€V

If p is fuzzy point, then p(xp) < Vixg)

P

12



Choose a fuzzy point w wWith x, = Xp and p(xp)<w(xp><V(xp)
ie. p€w and we€V
Since (X,T) is an FT; space,
w is <closed in (X,T),
Since (X,T) is normal, and since WwCV there exists GET such that
WG Ge V.
Since pEw, pEWE= G G CV
ie. pEGCECZV
.- WNe have shown that given a point p€x and VET such that peEv,
there exists a fuzzy open éet GAsuch that p€G<2 a£: V.
If p is agd crisp point,ithe same aréument holds By téking w as
crisp point p itself.

.. The space(X,T) is regular and FT,
S, (X,T) is an FT3 space.
Section 2%

In this section we study briefly fuzzy T, spaces as
definea by Rekha Srivastava (%5 1. We know that in ordinary Ty
topological spaces (x}, x&X are closed. Though the parallel
result is not true in an arbitary fuzzy T; spaces, it has been
shown that it is true in topologically generated fuzzy T; spaces.
Note: Throughout this section we follow
1. Lowen's definition of fuzzy topology
2. By two distinct fuzzy points we mean two fuzzy

points p and q whose supports are distinct.

13



First we give the definition of FT; spaces aqcording to
Rekha Srivastava (5],
Definition Let (X,T) be a fuzzy topological space. Then (X,7)
is called a fuzzy Ty topological space iff for every pair of
distinct fuzzy points p,q in X, we can find open sets U and V in

(X,T) such that p€U, q¢U and q€V, pé¢v.

The following theorem is an analogous result in ordi-
nary topological spaces.
Theorem 2.2.1: Let (X,T) be a fuzzy topological space. Consider
the following statements:

(i) A;x, the diagonal of X,is fuzzy closed in (X x X, T x §)
where 6 is discrete fuzzy topology on X (i.e. 6 consists of all
fuzzy sets in X)

(ii) (x), for every x € X, is fuzzy closed in (X,7T)

(iii) (X,7) is fuzzy T"topological space

Then (i) <K== ii) ==>- (iii?
Proof:
(i) ==> (ii)
To prove (ii) it suffices to show that X-{(x) is fuzzy open in
(X,T) for all x € X,
Take any fuzzy point p € X-{x) such that p(xp)zr

. p(xp) < (X-{x)) (xp)

=1—{x)(xp)
If xp=x, p(xp) <1 -1=20
ie. r<0 which is not possible

14



g0, xp ¥ %

So (xp,x) € (X x X -Dy

Consider a fuzzy point q of X

((X x X) .—Ax) (21,22)

oo UX % X) - Ax’ (xp 4%

C. q(xp,x) =r <1

= ((X x X) -Zxx) (x

where stz {( (x,x) / x € X)

x X Such that q(xp,x) =r

0

1

1

if (21,22) EAX

if (21,22) ¢ Ax

Since (x

p»X

SoQUxp ) <X x x0= By (e %)

q € (X x X) -Ax

p'

)

x) E (X x X)) - ZXX

Since £>X is fuzzy closed, (X x X) - Zxx is fuzzy open.

.+ By theorem 1.3

¥ of

= qixp,x) < (U x V) (xp,%x)

p’»
< U(xp)
:? r< U(xp)
Now p(xp) =r < U(xp)
.. PpE€EU

Claim: V(x) * 0 and Wx) = 0
Suppose Vi(x) = 0

Since r < inf(U(x.)

inf { Ulxg), Vix))

ps V(x)) we get r < O

Which is not possible,
e VIx) 0

Since U x V& (X x x) - A

/

(U x V) (x,x) = inf{U(x), V(x))

A

((X x X) - £§x) (x,x)

15

, there exists a basic open fuzzy set U xV

€ X x X, T x §) Such that q € U x V C (X x X) - ZXX-



i

But ((X x x>-'A,‘<> (x,x)>=‘.3 € o(x >< > € A)()
Sinf o (U(x),V(x)) = O

=) either U(x) = 0 or V(x) =0

But Since V(x) % 0, U(x) =0

Claim: UC X-({x)

Take any y € Y

If y = x, (X-{x))X(y) = 0O
= U(x)
= Uly)
If y F x, (X-{x))(y) = 1
2 UCy)

. For every y, U(y) ¢ (X-{x})(y)

==> UC X -{x)
Hence we have shown that given p€ X-(x), there exists an open set
U such that

PEUC X-{x)

-

.o By theorem 1.4, X-{x) is fuzzy open in (X, 7T)

1]
Ul
v

{x}), for

all x€X, is fuzzy closed in (X,T),
(ii) ==> (1)
Assume (ii)

To show (i) it suffices to show that (XxX)—[Sx is fuzzy open in

(XxX, Tx6).

1]
5

Consider a fuzzy point pe(XxX) '£>X Wwith pixpg, yp?
If Xp = Yp, p(xp, xp) =r >0
= ((XxX)-Ax)((xp, xp)

ie. plxp, xp) > ((XxX)-Ax)((x )

pr Xp
==> p¢((XxX)-AX», a contradiction.

16



S Xp ¥ Yp -
Choose two fuzzy points q) and qz in X with supports x, and Yp

respectively and with values qi(xp) = qQ2(yp? = r.

(X-(yp))(xp) 1 >r

q,(xp)
S0 A1ixp) < (X=(yp)) (xg)
==>qQq€ X - (yp)
Since (yp) is fuzzy closed in (X,T), X-(yp) is fuzzy open.
. By theorem 1.4, there exists fuzzy open set UET such that
qQiEVC X - (yp)
Since § is the discrete fuzzy topology (yp) € 6

.. Ux(yp) € T x §

we have (Ux(yp))(xp,yp) inf (U(xp),(yp)(yb))'

= inf ((U(xp),l)
= U(xp) --=-=> (1)
Jo Prove : p €U x (yp)
Consider p(xp,yp) =r
= Q4 (xp)

A

U<xp) ¢ )" qq€W)

(Ux{yp)) (xp,yp) by (1)
Se POxp,yp) < (Uxlyp)) (xp,yp)
==> pEU x (yp) ----------- > (2)

Jo Prove @ Ux(yp) c:(XxX)-Ax

Since UE X - {yp}, Ulyp) & (X-{yp))yp)

.o U(yp)

|
Q

Take (x',x') GA_X

17



If x* = Yp (Ux(yp)) (x',x")

inf ( U(x‘),(yp)(x') )

inf ( Ulyp),(yp)lyp) )

(since x'=yp>

0 by (3)

If x' * Yp (Ux(yp)) (x',x') inf ( U(x‘),(yp) (x*') )
= 0 (Since (yp)(x')='0 as x' # yp)
. For all (x',x') EAx, |
(Ux{yp)) (x',x') =0
= ((XxX) ’ZBX) (x*,x')

For (xg,%2) € (XxX) ﬂAxl

[ 7Y

(Ux{yp)) (xy ,%9) 1
= Cxx)=-By) (xq,x2)
LoWxlyp)) (xy,xp) € COxxd-By) (xq,x2) for all

(xq1,%2) € XxX.

Soouxiygre ooexy By --oo- (4>

- V»Hence by (2) and (4) we get that given a fuzzy point p in

.x(XxX)43x there exists a fuzzy open set,Ux(yP) such that
p€ Ux(yp) C (XxX) --Ax .
This is true for all fuzzy points p in (XxX) -Ax
==> (XxX) ‘[SX is fuzzy open neighbourhood of p.
.. By theorem 1.4 (XxX) 'Ax is fuzzy open in ( XxX, Tx§)
;=>£>x is fuzzy closed in (XxX, Tx6)
(ii) ==> (iiid - |
Assume (ii)
Let p and q be two distinct fuzzy points in X with p(xp) = r and

q(xq) = s

18



By our assumption X-(xp) and X-(xq) are fuzzy open in (X ,T)

Take U = X-{xg,)}

q
Consider’p(xp)= r <1

= (X- (xq))(xp)

UL PUxp) < (X Ixg) ) xp)

==> p€ X - (xq)

s > 0

Consider q(xq)

(X-{xgq) ) (xg4?

q 9
s aq¢ X - (xq)
Hence we have p€U and qéU.
‘Similiarly by taking V=X - (xp) and argquing as above, we can show

that q€V and p#V. Hence there exists two fuzzy open sets with
the required conditions of fuzzy Tj-ness.

.

v (X,T) is a fuzzy T3 space.

Now, we consider an example which illustrates that
(iii) need not imply (ii).
Example : Let X be any set.-
For all x€X and N€(O,1) define the mapping (x,N) : X -—>[O,1] as
follows: |
((x,N)) (x) =N and ((x,N)) (y) = 1-N,  y + x

Let ~ denote the fuzzy topology on X generated by the con-

stant functions or functions of the form (x,N), x€X, N€(0,1)

Jo Prove : T is fuzzy T;.

Let p and q be two distinct fuzzy points in X with supports Xp
and Xq such that p(xp)=r and q(xq) = s,

Since r,s€(0,1) there exists «€(0,1) such that r < o and 1-s5 ¢ «

Consider a T - open fuzzy set U defined by
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U= (xp,a) , @ & (0,1)

Consider U(xy) ((xp,a)) (xp)

p
= o

Since p(xp) = r < «, p(xp) < U(xp)
== p € U

Consider U(xq) = ((xp,a)) (xq), o € (0,1)

1"
(S
1
o]

Since 1-s ¢ « s 2 1-
==> q(xq) > U(xq)
==> q ¢ U

Since r,s € (OJi) there exists o' € (0,1) such that s <x' and

1-r & o'

Consider the T - open fuzzy set V defined by vV = (xq

«' € (0,1)

"
[
J
Q

Consider V(xp) = (xq, ') (xp)

IA
3

p(xp)

S Vixg) € plxg) ==> p 4V

Consider V(xq) = (xq,a )(xq) = @

> s

q(xq)
L. q(xq) < V(xq) ==> q € V

.. He have shown that for every pair of distinct fuzzy points

pP,q in X, there exist fuzzy open sets U and V Jn (X, T) Such that

p € U, q ¢ U and g€ V, p * Y

==> (X,7T) is fuzzy T4

20




_Claim: Condition (ii) of theorem 2.2.1. is not true

ie. to prove, no point of X can be fuzzy T - closed.
Suppose there exists a point x in X which is fuzzy closed 1in

(X,T)
==> X - (x} is fuzzy open
choose a fuzzy point p in X such that p(xp) = r with Xp + x
then p(xp) =r
<1

= (X=-{x)) (xp)

. p(xp) < (X - {x)) <xp) ==> p € X - (x)

Hence we have a fuzzy open set X - (x} with p € X - (x}

S, By theorem 1.3., there exists a basic fuzzy open set U

of X such that p € U € X - (x)

ie. p(xp) < U(xp)‘ ------ > (1)
and Ulx') £ (X-{x}) (x') for all x' € X  --=---=- > (2)
In (2) if x' = x then (X-{x}) (x) =0

==> Ul(x) =0

From the choice of v , this is true only if U = &, the empty set.
But this is not possible Since p € U. Hence our assumtion that
there exists one fuzzy closed set (x) 1is wrong
Hence the claim
Thus (iii) need not imply (ii)

The following definition gives the association between
a topology on a set X and a fuzzy topology on the same set X
Definition: For a topology € on X let < € 5 be the set of
all lower semicontinous functions from (X, £ ) to r0.12 ol €

turns out to be a fuzzy topology on X [5l. For a fuzzy topology

T on X, let i(7) be the topology on X induced by all functions
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fiX-->I,., where f €t and I, is [0,1] with the left half open
interval topology.
Definition: A fuzzy topology T on X is said to be topologically

generated iff T = [ € ) for some topology ¢ on X.

When we deal with topologically generated fuzzy topo-
logical spaces we see that the defect in theorem 2.2.1. can be

rectified with the help of the following theorem.

Theorem 2.2.2: (i) : (X, %) is Ty <==> «x, @« &)) is fuzzy Ty
(1i) (X,7) is fuzzy T3 ==> i(7) is T,

« € is an ordinary topology §n X and T is fuzzy topology on X)

Proof: (i) First assume that (X,Q ) is Ty

To Prove (X, W %€)) is fuzzy T,

Consider two distinct fuzzy points p and q in X. Then their
support points will be different.

ie. *p # xq

Since (X,®)> is Ty , there exist U , V € € Such that xp € U
xq § U and xq € V, x5 § V

We have U(x) 1 if x € U

=0 if x4§¢uU
Consider U-! (CE,11) = {x / U(x) € (€,11) -
= {x /7 x € U)
= U
S, UTl((€,11) = U, an open set in (X,@ )
and U'l(EO,IJ) = X, an open set
S, U is lower semicontinous

Similarly we can show that V is lower semi continous

Sou,vewcd,
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==> U and V are fuzzy open sets
Consider, p(xp) <1
| = U (xp) (Since xg € U).
==> p € U
q(xq) > 0
= U(xq) (since Xq ¢ U
==> q ¢ U
Similarly, we get p ¢ V.
Hence there exists two fuzzy open sets U and V in (X,;CO ¢ % ))
such that p € U, q q U and g € VvV, p ¢ \
Hence (X,OJ( €)) is a fuzzy T, space,
Conversely, assume that (X,UJ( € is fuzzy T,
To prove, (X,% f is Ty .
Consider two distinct points x and y in X and a pair of fuzzy
points p and q with supports x and y respectively such that
pix) = qly) = r
Since (X,‘D( € is fuzzy Ty, there exists fuzzy open sets U and V
in (X, (%)) suech that pe U, qéUandgevVv ,pévVv

==>'pix) = r < U (x) , qly) = r 2 U (y)

and qly) = r < V(y) | p(x) = r 2 V (x)

U(x) > r

==> x € U 1((r,11) which is a € - open set
U(x) < r

==> vy ¢ U l((r,11) which is a € open se£
V(iy) > r
==> y € V‘1(<r,1]) which is a Q - open set
Vix) <& r

==> x ¢ v 1((r, 11) which is a € . open set
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Hence V™ 1((r,11) and U lecr, 1) aré open sets in;(X, %_) satisfy-
ing the required conditions for Ti

Hence (X, % )y is Ty,

(ii) Assume (X,T) is fuzzy T,

Consider two distinct points x and y in X

Consider two fuzzy points p and q in X with supports x and y
respectively such that p(x) = q(y) = r |

Since (X,7T) is fuzzy Ty, there exists two fuzzy open sets U and~V
in (X,T) such that p € U | q 4 Uand q € V , p # \

Then r < U(x), r 2 Uly)

and r < V(y), r 2 Vix)

S, As in (i) we have x € U lc(r,11), y ¢ u lccr, 11> and
y € vilccr,13) |, x ¢ vilccr, 1)

By the definition i(7), as U,V € T, U’l((r,ll) and V'l((r,ll) are
open in i(T) Hence (X,i(T)) is T

Theorem 2.2.3 : For topologically generated fuzzy topological

spaces, the three statements of the theorem 2.2.1 are equivalent

Proof: To prove the theorem, it 1is enough to show that
(iii) ==> (ii)
Since T 1is topologically generated, 7T = W < @ ) for some

topology € on X.
By assumption (X, o € is fuzzy T4
*. From theorem 2.2.2(i)>, (X, €) is Ty
==> (x), for all x € X is closed in (X, €
To prove: (x) is fuzzy closed in D¢ €
ie. to prove X - (x} is fuzzy open in u)( €

ie. to prove X - (x} € w ¢ ¢

ie. to prove X - (x) is lower semicontinous
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for that we have to prove (X - (x3) 1¢c€,13) € ¢ for all € > 0
Take y € (X - (x))"1((€,11)

==> (X - {x)) (y) € ((€,1)) for all € > 0

<==> (X -b(x)) (y) = 1

<==> y € X - (x)

Hence X - (x) = (X - (x))~dc(e, 11

Since X - {x) is open in Q;, (X - (x))1¢(€,11) i's open in €
==> (X - ) lece, 1 e & |

X - (x) e Dt

==> X - {x) is fuzzy open in Ww(€)

==> {x) is fuzzy closed in & ( €)=

Hence we have (iii) ==> (ii)

Section 3:

In this section we discuss the separation axioms due to
Ghanim{2]. According to Ghanim's definition of FT; spaces we
get that a fts is FTy iff every crisp singleton is fuzzy
closed. Whereas, we have noted in Section 2, that it is not
true according to the definition of FTj; spaces due to Rekha
Srivastava [51]

Jerminology: Throughout this section we follow

1. Chang's definition of fuzzy topology.

2. By fuzzy éingletons we mean both %uzzy and crisp single-
tons.

Definition: A fts is said to be

1. FTg iff for every pair of fuzzy singletons p; and pp with

different supports, there exists an open fuzzy set O such

that pj 0 = p2' or pyec Ocpy’

2. FT, iff for every pair of fuzzy singletons p; and py with
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different supports, there exist open fuzzy sets 03 and Op

such that pjc— O1c= P2’ and ppcc 2= Pt

3. FTg(Strong FTy) iff every fuzzy singleton is a closed

fuzzy set

4. FTo(F-Hausdorff) iff for every pair of fuzzy singletons
pp and pp with different supports, there exists open fuzzy
sets 0y and O3 such that pyje 01 p2', P2c0O2cpy’

and 0O,z 05'. Or, equivalently, iff for every pair of fuzzy
singletons pj; and pp with different supports, there exists an

open fuzzy set O such that pj; o Oczcl O¢c p2'

5 FT2”!(F~Urysoﬂn) iff for every pair of fuzzy singletons
p1y and po with different supports, there exists open fuzzy
sets 01 and O3 such that pyc 01 P2'y, P2 O2¢c plv'
and ¢l 03 &= (cl O)°'.

From the above definitions one can notice that the
following chains of implications are true
1. (X,T) is FTg ==> (X,T) is FT§ ==> (X,T) is FTpo
2. (X,7T) is FTgy ==> (X,7) is FT3 ==;'(X,T) is FTy

==> (X,T) is FTg

In ordinary Topological spaces, the notionsiétj and FTg
coincide. But here it is not so which is a deviation from
ordinary topology
Theorem 1.3.1: A fts is FTy iff every crisp singleton is
closed
Proof: Assume (X,T) is FTy

To prove: Crisp singletons are closed

Let pg be a crisp point such that‘po(x0)=1

To prove: pg is fuzzy closed



ie. to prove pg' ‘is fuzzy open.
By theorem.1.2, since every fuzzy set can be written as the
union of the fuzzy singletons, we can write

po' =Ui P

PcPo'
Now P & PO’

==> p(x) £ pg'(x) for all x € X

==> pixgl$ pg'(xQ)

1-pg(xg) = 0
0

==> pixg)
Hence xp % X
Hence as (X,T) is FTy, there exists fuzzy open sets 0, and 0P
such that pgg Ogtc P and P Oéc Po' |
Hence p(x) £ Op(x) £ Po'(x)
==> Sup p(x) £ Sup Op(x) $ pPo'ix)
PcPo' = PePo
==> pg'(x) £ Sup Ob(x) L po'(x)
P& Po
==> pg' = U Qp
PePo'
Since each 0P is open, po' is open (being union of fuzzy open
sets) S, Po is fuzzy closed.
ie. every crisp simgleton is fuzzy closed.
Conversely, Assume that every crisp singleton is closed,
To prove: (X,T) is FTy
Consider two fuzzy singletoms p; and pp with different sup-
ports x3 and xp
Also consider two crisp singletoné qi and q2 with supports x;

and xp respectively

ije. q1(x1) = q2(x2) =1
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Now by our assumption the fuzzy sets qi ' and qp' are open

Also p3x3 ) £ 1 =1-0
= 1 - qa(xy)
= q2'(xy)
and if x & x3, p1(x) =0
$ q2'(x)
Thus pj @ G2' --=-===--=- v
If x % %2, q2'(x) =1 =1-0
= 1 - pa(x)
= pa2'(xX?

and if x = xp, q2'(x) =0
S p'ix2)
Thus q2' &= P2' R £2)
Hence from (1) and (2), pg C ' P2’
Similarly it can be shown that p2 = 91 ' P’
Hence there exists open sets 03 = q' and O = q' such that
Prc 01 P2’ and ppec 2= P1]
Hence (X,T) is FTy
Theorem 1.3.2: For every infinite set X there exists a
weakest fuzzy topology such that (X,T ) is FTg
Proof: Let X be an infinite set. define a family T by

T = (0 /7 O is a fuzzy set in X and Supp 0O' is finite ?}

It is easily seen that T is a fuzzy topology
Claim: Every fuzzy singleton is closed

Consider a fuzzy singleton p

Then Supp p (xp),
S, Supp p' = U x / pr(x) * 0
= {x /1 - px) * o)

= { x / p(x) # 1)



X -(xp) if p is crisp singleton

X if p is a fuzzy singleton

infinite
sLoP T
==> p is T - closed
This is true for every fuzzy singleton on X
C X, T) is Flg
C;a;mt T is the weakest fuzzy topology for which (X,T) is FTg

ie. To prove if o is another fuzzy topology such that (X,o)

is FTg then TC o

Take U € T, Then Supp U' is finite

Let Supp U' = { xg3, X2 ,¢:+, X }

For every i € ( 1,2,...n) define the fuzzy singlétbn Py by
Pi(xj) = U'x;)

pilx) = 0 for x & x;

Since (X,0) is FTg each pj is o - closed,

c3

Claim: U' = Pi
i=1
Take any x,.

Suppose X # xj for every i =1,2,..,n

n
Consider ( U pj) (x) = Sup (pj(x))

=0
i=1 i=1,2..n :
= U'(x)
Suppose x = X; for some j
n
Consider ¢ U pj)? (x) = Sup { pi¢x))
i=1 i=1,2...n :
= pj(x.j)
= U‘(xj)
= U'(x)
p
;. WNe have U' = U pj;
i=1
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n
Since U pj is a finite union of o - closed fuzzy sets, U' is

i=1

o - closed.

==> U € o

S+ WNe have T o

S, T is the weakest fuzzy topology for which (X,7T) is FTgq4
‘Hence the theorem
Definition: A fuzzy topological space is’said to be FR (fuzzy
regular) iff for every fuzzy singleton in X and every closed
fuzzy set F in X such that pg F' there exist open fuzzy sets
U and V such that p& U, FEV and UG V'. Or, equivalently,
iff for every fuzzy siggleton p in X and for every open fuzzy
set U containing p, there exists an open fuzzy set W
such that

pcHWeEel WeeU

An FR fts which is also FTg is said to be FTg,

This definition of FR and FT3 spaces coincide with those

due to Mira Sarkarl[41 given in Section 1

Theorem 1.3.3: For every closed fuzzy set F in a FR fts and

any fuzzy singleton pg F' there exists open fuzzy sets U and
V such that pgU, FCV and cl Ug (el V!

Broof: Let (X,T) be the given FR space. Since (X,T) 1is FR,
there exists an open fuzzy set U such that paU ¢ cl UcF!

By taking V = (el F')' , we see that the required ~‘ccmdi.t.:l.ons
are satisfied. |

Corollary: Every FTg fts is FTpy

Proof: Let (X,T) be an FTg space

==> (X,T) is FR and FTg
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Let py and py be any pair of fuzzy singletons with different
supports xji and Xy respectively. Since (X,7) is FTg, the
singleton ps is a closed fuzzy set
Claim: py = P2’
Suppose x = xi
Consider pj(xy) < 1

= p2 "(xyp)

S, P1(x1) £ patixy)

Suppose x % x
Consider py(x) = 0

£ p2'(x)

. Pt = P2
Hence by the above theorem there exists open fuzzy sets U and
V such that py = U, pp =V and cl U = (cl V)' ——m===(1)
Since UC ¢l U and <(cl V)'¢g V', we get
from (1) ‘ Ucoc cl Ue (el V!
V!

ie. u < v!

==> v < u!
Thus we have pyc U V' and ppc Vo U' with cl Ug(el V!
Hence (X,T) is FTpy

In ordinary topology we know that every regular To

topological space is also Tg. But this is not true in fuzzy
topology. Hence we get a deviation from ordinary topology.
But we have only the following results.

theorem 1.3.4: Let X be an FR fts which is also FTp. Then X

is FToy
Proof: Let p and q be any pair of fuzzy singletons with

different supports,since X is FTg, there exists an open fuzzy
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set U

Take F

such that pCuUcCcq’

= U' Then F is fuzzy closed and U = F'

speF!

By theorem 1.3.3, there exist two open fuzzy sets G and H

such that pec G, Fc H and cl G ¢ (cl H)®

Since Uc q' we have q¢ U

Hence
Hence

and
as in

(X,T)

ie. qe F

qc F o H ==> qe& H

there exists open fuzzy sets G and H such that peS8 , qelH
cl Ge(cl H)' '

the proof of the previous theorem it can be shown that

is FTay
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CHAPTER 1IL
PROPERLY COMPACT SETS

Mira Sarkar [4) has defined the notion of properly compact-
ness which is more meaningful (in Hausdorff spaces) than Chang's
definition of compactness. According to Chang's definition of
compactness no subset of a Hausdorff space is compact. But' ac-
cording to Mira Sarkar's definition of proper compactness

1. Every singleton is properly compact and

2, A properly compact set in a Hausdorff. fts is closed

In this chapter we have also discussed the behaviour of properly
compact sets in Fuzzy P - spaces
Terminology! Throughout this section,

(i) by points (subsets) of X, we mean both crisp and fuzzy points
(subsets). Points are also referred tolas singletons.

(ii) We follow the definitions ofbseparation properties as given

in Section 1 of chapter II

Section 1
Properly compact sets and Hausdorff spaces

In this section we discuss the behaviour of properly compact sets
in FT, spaces. Before giving the definition of properly compact
sets ;e prove that according to Chang's definition of compactness
no subset in a Hausdorff fts is compact
Definition(Changf11): Let (X,T) ba a fts. A family U of fuzzy sets
is a cover of a fﬁzzy set B 1ff B&aU (A / AE U ), It is an open
cover iff each member of U is an open fuzzy set. A subcover of U
is a subfamily which is also a cover.

Definitign (Changll]) A fts is conbact iff each open cover of the
space has a finite subcover

Theorem 3.1.1: No subset of Hausdorff fts can be compact (count-

ably compact)

Proof: Let A be a subset of the Hausdorff fts (X,T) such that
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Alxp) 2 OFof some xp € X
Choose the sequence {(y, 7/ NEN) as a strictly increasing sequence
converging to A(xp) Define a sequence (pp) of fuzzy points all
having the support xp as follows
Pn{xa) = yn for all n.
Consider two fuzzy points p, and ppn,y.
They have the same support X and p(xa) < ppreyixad.
Then from the Hausdorff property there exists an open set vxAnsuch

that Pn € VxAnand Pn+l * Van Hence there exists a sequence of

open sets (Vxz, 7/ nEN) such that

——

Pn EVxAnand Pn+1¢ VxAn

ie. ppixpa) < VxAn(xA> and pp+1(xa? 2 v;;n(xA)

Since the space is an FT, space, crisp singletons are closed.
Hence (xa) is closed.

,.The complement of the crisp point ﬁt xp is open.

Claim 1: The sequence (VxAn / nEN) together with the complement of
the crisp point at xp forms an open cover of A.

For that we have to prove AC(U vah ) U (x-{xp))

ie. to prove A(x) £ sup ( sukaAh(x), (X-{xpa)) (x)) for all x€EX.
When x=xp

We have (pp(x, ) 7/ nEN) is an increasing sequence which converges

to Alxp).

S Alxp) = sup ppixa )

In

sup V*AN(XA’
= sup { sup VxAnch>, 6]

Since (xp)' (xp) =1 - {xa) (xp)
=1 -1=20

We have A(x,) € sup {sup VxAn(xA), Ix ' (xp) } ---(1)

When x # XA




- WS ) : ]

Consider sup{ sup VxA"(x), {(xp)' (x) )

sup (sup VxAh<x>, (1-{xp)) (x) )

sup {sup VYxp,(x), (1-0) )
=1 (*'S sup V%Ani 1)
S, Ne have A(x) § 1
= sup{ sup va“(x), {(xpg)' (x) )
So Alx) < supl sup V“An‘*,, (xp) ' (x) ) -==(2)
From (1) and (2) we get
Ac uVxa) U (X - {xa) )
Heance claim 1
Claim 2t No finite subfamily can cover A.
Take any finite subfamily € Vxgj, Yxg2,... gk ?
Then Bl = Ayy; B2 = Aj2; ..., Bk = Ajy

che—

We have pp € VxA“and Pn+i ¢ VxAn

ie. yp < VxA'SxA) and yn+q1 2 VxAn(x)
Now Sup VxA(tij) < Sup Yij+1
j=1,2....n j=1,2,...n
< Alxp) tsince &yn /™ € N ) is an increasing
sequence which converges to A(xp)l
ie. Alxp) > Sup vaﬁ<xA)
o §=1,2...n
S A d Su V"Ag
j=t,2...n d
S, The finite sequence ( VxB1,Vx92,...Van}does_not cover A,
J. The subset A is not compact
Corollary: Singletons in .an FT3 space are not compact (countably
compact)
Proof: Since no subset of a Hausdorff fts can be compact, single-
tons being particular subsets of Hausdorff fts can not be compact.

Now we give the definition of proper open cover using which



.
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properly compact sets can be defined.
Definition: A collection U = ( V4, e, Vo € T ) is said to be
a proper open cover of the set A in the fts (X,T) iff for each x GX,
., there exists

Vax € U , such that Vax~(x) X Alx). U is a countable (finite)
proper open cover of A if U is countable (finite). A subcollec-
tion Uy of U is a propcr open subcover of U if it is a proper open
cover of A in its own right.

Clearly, a proper cover of A is always a cover of A, but 'not
conversely.

efinitiont A set A is properly (countably) compact in the fts
(X,T) iff every (countable) proper open cchr of A has a proper
open finite subcover.

Theorem 3.1.2: Every singleton (hence a subset with finite sup-
port) in an fts is properly compact;

Proof: Let p be a point of X with support *p
Let (Vg, x €EA ,V4 € T ) be a proper open cover of the crisp point P
Now xp € X
. There exists a VaxPE (Voe, x EN, Voo € T
Such that pixp) < Vaxp(xp)

If x + - then p(x) = 0

< Voue, (%)
4

oo (V“xg consisting of only Vaxpforms a proper opéh:subcover of p
P is properly compact
Hence the theorem.
Theorem 3.1.3: Let (X,T) be an fts and A a properly compact set in
X. If f:1(X,T) --> (Y,o) is an F-continous (definition in Chapter-

I) surjection, then f(A) is a properly compact set in Y.

~Broggfl Let U = (V , « E/N,V € 1) be aproper open cover of the

o [«
set f(A) in (Y,o0). Consider the collection
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W= Fl(Ve) 7 & €/))
Since f is F-continous, F'l(M.) € T.

To prove the collection, W is a proper open cover of the set A in
(X,T)
Take any x € X, Then féx) €Y
J.There exists a Vag¢x) such that
CFCAY) (FEx)) S Vopeyey (FEx))
= (F LV peyy 2D (%) |

[since by definition, ( £F1¢B)) (x) = B(f(x)) for all x € X )
ie.  Sup ACz) ¢ (F1Voageyy 1) (x)

z € £ LF(xN)

Since A(x) £ Sup A(zZ),
z € FYCF(x))

Alx) ¢ (F 1 (Voapeaey ) (x)
This is true for every x € X
.« W is a préper open cover of A since A is . properly compact in
(X,T), there exists a proper open finite subcover
W' = ¢ F1(Voy) 7 i=1,2,...k )
To prove ¢ Vaj 7 i=1,2,...k ) is a proper open cover of f(A)
Take y € Y
Since f is onto there exists x € X such that y = f(x)
Since W' is a proper open cover of A, for every z € X there
exists an i such that A(z) < f"(vog)z (z)
Now Consider f(A) (y) = f(A) (f(x)) = Sup A(2)
z € FI(F60)
¢ sup (F1Voy), (20

= Sup (Vo3¢ FCz)))

n

Sup ((Vog )z (F(x)))
= Veu; ¢FCx)) C(say)
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ve

FCAXCy) £ chj Cy)
==> { Vai / i=1,2,...k ) is a proper open cover of f(A)

Hence f(A) is a properly compact set in Y.

Theorem 3.1.4 A properly compact set in an FTp space is closed
Proof: Let (X,T) be the given FT, space. Let A # x be a properly
compact subset in (X,T), then there exists a point Xp € X such that
A(xp) * ]

Choose p in X such that A(xp) < p(xp) ~==C(1)

By theorem 1.1, .We can take A as

A = U AQx 7/ Qx is a Yuzzy point
x€X with support x 6 value A(x)

A(x)40
Take qy in A,
For any y € X, qyx (y) S Aly)
In particular, qx(xp) £ A(xp) Buit A(xp) < p(xp)
<o Qy (xp) < p(xp)
8y Hausdorff propert; thwere exists an open set Vp such that
ax € Vp but p ¢ V,
=23 Gulxp) < Vplx) and péxy) 2 Vo)
Proceeding 1like this, to each point p in X satisfying the condi-
tion p(xp) > A(xp) we get a sequence of open sets (qu, Xq € X

Such that A(xq) < qu(xq) for all Xq € X

and p(xp) 2 qu(xp> for all q such that Xgq € X ---(2)
1f A(xq) = 1, then we must have A(xq> = qu(xq) for all xq € X

(since Vpqlxqg) } 1 for all xq € X)

Hence A(xq> < qu(xq) for all Xq € X

A

U qu(xq)

quX
==>ACU qu

xqex




==> The collection (qu, Xgq € X ) forms a proper open cover of A,

since A is properly compact this cover has a proper open finite

sub-cover (Vpqi,YPq2,.+...,¥pPan ?
ie.AcU : Vpay
Xq K€ X
k=1,2...n

==>A — U Vpagu

k=1,2...n
Take u quk = Fp So that Fp is closed
k=1,2...n

Hence AC FP
==> A(xq) £ Fp(xq) for all xq € X --(3)

From (2), p(xp) 2 qu<xp) for all q, xgq € X and also we have

U Vpak = Fo
k=1,2...n
_gp(xp) 2 Fp(xp) ---(4)
Considering all the points p satisfying (1) we get the collection
(FP / Fp' € T ) such that (3) and (4) are true
Then by usimg (3) and (4) it can be shown that

A(xq) = Fp(xq) for all q € X

n
P

Hence A n FP ==> A is closed. A is an arbitrary set in (X,T)

P

.. Every properly compact set in (X,T) is closed.

Hence the theorem.

Section 2

Properly compact seks apd Fuyzzy P-gpace.

In this section we study the behaviour of properly

compact sets in Fuzzy P-spaces,




Definition i (X,T) is a Fuzzy P-space if the countable union of

closed sets is closed.

Theorem 3.2.1. : Properly compact sets in an FT;, P-space have
finite supports.

Proof i Let (X,T) be an FTy, P-space.

Let A be a fuzzy set on X having atleast a countable support

(Xl,xz v vy Xn’os)

Define a set F,. by

Fr(x) =l1if x X1goosXpal s XpslyrsXpye:

0 otherwise.

[ -]
Let HF =igl (Xi)

i+r
Considering H, as a fuzzy set, we have
Hp(x) = 1 if x€H,

0 otherwise

Hence we get that F,. = H,
o0
ie. Fp = iUy {x;)
i*r
In an FTy; space crisp singletons are closed.
00
S, iY1 (x3) is a countable union of closed sets in (X,T).
i*r
L
Since (X,T) is a P-space, we get jU; (x;) is closed
S igr
ie F,. is closed.
Take G, = Fp'
Claim : (G, nEN) is a proper open cover of A.

Since Gp(x) = 1-Fn.(x),

G (x) =1 if x¢H
r r

=0 if xEHr ----- > (1




Since X, ‘Hr, Gprix.) = 1.
Suppose x€ supp A.
==> x = x, for some r.
Take corresponding G..
Then Gp(x) = Gplx.) = 1
2 Alx)

Jo Alx) £ Gpix)
Suppose n{supp A.
==> A(x) =0

£ Gh(x) fFor all nEN,
J«For each xEX, theme exists a G, such that A(x) £ Gn(x).
e+ {Gp, NEN) isaproper open cover of A.
Claim @ No finite subcollection of (G, n€EN) is a proper sub-
cover of A.
Take any finite subcollection of (G, nEN}

Let it be ¢ Giy,Gi,, ..., 061

Choose n = max{i1,i2,...,ik)
Then A;l * 14,009,000 ,i.
Let x=xp41 .
Soxnat § € %ip X, ... X))
Since xps+q & Xhy, xpey €Hig
SimilZarly, xgsq € Win, xy4q1 € Hig, ... ,xqep €y
s From (1), OBij(xpeq)= 0
Ciglxpey?= 0
H
Gi | (xp412=0
Now A(xae1? > 0
= Gij(xn+1), §j=1,2,..,k.

t.The subcollection (611,612,...,Gik) is not a proper open finite
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subcover of A. Hence no finite subcollection can properly cover A,
S A is not properly compact.
Hence we conclude that every properly compact set in an FT,;, P-

space has finite support.

Corollary 1 Properly compact sets in a Hausdorff fuzzy P-space
have finite supports.

Proof : By theorem 2.1.1, in an FT9 space crisp singletons are
closed. Following the same proof as in the above theorem, we get

the result.
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CHAPTER 1V

FUZZY SUBSPACES AND FUZZY SUMS

This chapter is devoted to the study of two
of the most important operations: the suspace of a %uzzy topologi-
cal space and the sum of fuzzy topological spaces. The results are
due to Ghanim (2]. He bhas proved that the properties
FTg,FTy,FTg,FT2,FT2y%,FT3 are hereditary and regarding fuzzy nor-
mality, he has proved that it is hereditary with respect to closed
subspaces. Regarding fuzzy sums, he has proved that all these
sebaration properties are additive.

Terminoloqy : Throughout this section we follow

1. Chang's definition of fuzzy topology.

2. By fuzzy singletons we mean both fuzzy and crisp singletons.

Section 1.
Fuzzy subspaces
In this section we study briefly the notion of Fuzzy sub-

spaces. Fuzzy subspaces are defined only for ordinary subsets of
X.
Agreement : Let M be an ordinary subset of X. If A is a fuzzy set
in M, then it is convenient to consider A as a fuzzy set in the
superset X by setting A(x) = 0 for every x€EX \ M,
rDefinition 3 Associated with a given fts (X,T) an¢ an arbitary
ordinary subset M of X we define the induced fuzzy topology for M
or the relative fuzzy topology for M by

™ = (MNO / O€T). The corresponding pair (M,Ty) is called a

Subspace of (X,T). A subspace (M,Ty) of a fts (X,T) is called an

Open (closed) subspace iff the basic set M is T-open(T-closed).

One masily verifies the transitivity of the relation ‘“being a

fuzzy subspace for a fts"
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Definition i The relative complement comA of a. fuzzy set A

in X with respect to an ordinary subset M of X is defined by
coqA =MMico A It can.be easily shown that

coy (coyA) = MNA for every fuzzy set A in X.

Theorem 4.1.1. Let (M,Ty) be a subspace of a fts (X, T) and A a
fuzzy set on M. Then we have copm <énA)'= MNco A

Proof : Let x€EM

C(MNlco AX(x)= inf{M(x), 1-A(x))

1 -~ A(x)

1 - inf{M(x), A(x))

- (MNA)Y(x)

co (MNA)Y(x)

MN co (MNA)Y (x)

coy (MNA) (x)

If x¢M, both the values are zero.

Hence coy (MNA) = M Nl co A.

Theorem 1.2 3 Let (M, Ty) be a subspace of a fts iX,T) and A a
fuzzy set on M, then we have:A is relatively closed iff A is the
trace of a closed set on X. Furthermore the ™ closure of A, clpA
and T-closure of A, cl A, are related by clyA = Mfcl A,

Proof : Assume A is the trace of a closed set on X.

ie. A=MNF, F closed in T

Then comA = MNco F Hence by definition coyA is Ty-open.

ie. A is Ty~ closed

ie. A is relatively closed.

Conversely Assume that A is Ty-closed.

===> comA is TM-open

> comA =MNO, O€T.

co co A
M M

A

1
H
it
v
"

Mfco O
L4




= MNF where F= co O, O€rT
==> F is T-closed
===> A is the trace of a closed set on X.

From the definition of closure of A, it follows that clyA=Mficl A
Definition i A fuzzy topological property P is called hereditary
(hereditary with respect to closed subspaces, hereditary Iwith
réspect to open subspaces), iff each subspace (closed subpace,
open subspace) of a fts with property P also has property P.
Definition L A fts (X,T) is called FN (Fuzzy Normal) iff for
every pair of fuzzy closedvsets Fiy and F, such that F1 < co Fo,
there exist two open sets O0; and O, such that Fi& 0y, Foe Oz and
0i < co Op. A fuzzy normal fts which is also FTg is said to be
FT,. clearly every FT, fts is also FTg. |
Theorem 4.1.3 & Fof every i € (0,1,s,2,2%,3) the corresponding FTj
property is hereditary.
Proof : We will prove the result: for i = 2
ie. For FT, spaces.
Let (M,Ty) be a subspace of the FT, space (X,T). Consider two
fuzzy singletons p and q with different supports Xp and Xq in M.
since M is an ordinary subset of X, xp and xgq belong to X also.
z==> the fuzzy singletons p and q beiong to X. |
Since (X,T) is FTy, corresponding to these fuzzy singletons there
exists open fuzzy sets Op and Oq such that pg-_-OPf_: co q,
qcoqcco p and Opc:co Oq
Since pcopc co q , Miip ¢ MNOp = MNco q
Since xp€M, p= MnNp

c MROp

€ conqq ¢ Since MAco q = coy q)

..n p C Mnop C coM q

Let O = MNO .0 €T

R b R M
Since qC:Oqc: co p, ancﬂnoqc"n"o P,
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Since xq€M, q=MNq
< MNOgq
ccoyp ¢ ° Mhco p = coy p?
We have qgc MN Oq c comP
Let Oq = MNOq J. Oq € ™™
Since Op ¢ co Oq , °~P MM ¢ (co 04) M,
~ Since, by theorem 4.1.1 Mﬂco~0q = coM(Mnoq), we get
‘ OR c‘coM Oq
Hence there exists Ty-open fuzzy sets Og and Oq satisfying the
required conditions. Hence (M,Ty) is FTo. Thus we get that FT; is
a hereditary property.
The proofs for i =0, 1,5,2%,3 are similiar to the above proof.
Regarding fuzzy normality we have the following theérem.v
Theorem 4.1.4 : Fuzzy normality is hereditary with respect to
closed subspéces. |
Proof : Let M be a closed subspace of a FN fts (X,T).
Let F; and Fo be TM‘ClOSﬂd fuzzy sets such that Ficcoy Fa.
Since M is a closed subspace, Fj; and Fp become.two T-closed éets
such that Fjcco Fg. ‘
Since (X,T) is FN, for thase closed sets thaere exist two T-open
fuzzy sets U and V such that Fyc U, F © V and Ucco V.
Now MNU and MMV are Ty-open fuzzy sets.
Claim : FjcMNU and Fy ¢ MNV.

(MAU)Y (%)

inf (M(x), U(x))

S U(x) if x €M

=0 if x & M.

We have Fji(x) £ U(x)

(MAU), (x) if x € M,

If x§M, Fi(x) = O

=(MAU)Y (x).,
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S Fidx) £ (MAU) (x)
= F1 & MNU.
Similarly, Fo & MAV
Since. Ucco V, MNU ¢ MNco V
By thoeorem 4.1.1, Mfco V = coy (MAV), we get MAUC coy (MAV)
Hence there exist Ty-open fuzzy sets MNU and MNV satisfying the
required conditions.
Hence (M,Ty?) is FN.
Hence fuzzy normality is hereditary with respect to closed sub-
spaces.
§gct;on 2
Fuzzy Sums
In this Section we study the notion of Sum fuzzy topology on
X(21 and the main result proved is that all the separation proper-
ties are additive. First we give the definition of sum fuzzy
topology.
. of
Let ((X;,Tj))jey be a familynpairwise disjoint fts's. Con-

sider the set X = U X; and the class

i€l
r=CG) 73 =(0/ 0 is a fuzzy set in X and
i€l for every i€I, ONX; € T; )

It can easily be seen that 7 defines a fuzzy topology X.

So the following definition makes sense,

Definition: The fuzzy topology @ Tj described above is called
i€l '

the sum fuzzy topology on X and the - corresponding pair

(X,(®DT;) is called the sum fts of the: family ((Xj,Ti))i€el
iel
We use the notation (® X; to denote the sum fts.
i€l

Theorem 4.2.1: Let (& X; be the sum fts of the family
T i€l
((Xj,Ti)ie1- Then a fuzzy set A on X = U X; is @ vj-closed iff
i€l i€l
the intersection X;jpA is Tj-closed for every ie€el.
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Proof: By theorem 4.1.1, we get
Xi N co A = X;\(X;NA)
Suppose A is T-closed
Then co A is T-open
==> Xj; N co A is Tj-open for every i
But X; N co A = S9X;A.
J. €Ox; A is Tj-open.
==> A is Ti—closéd
Conversely, assume A is Tj-closed for every i.
Then ©€9X;A is Tj-open for every i.
But c°X£A = XjAcoA for every i.
S, X3y Nco A is Ti-open for every i.
By definition, co A € T.
==> A is T-closed
Hence the theorem.
Corollary: Every X; is a clopen subspace of the sum f@s () Xj
Proof: To prove X; is a clopen subspace we have to proiil Xj is
T-closed and T-open.
Jo prove: X; is T-closed,
Consider X; N X;
I? j=i, then X3 N X; = Xj and we know that X; is Tj-closed.
If j4i then Xj N X5 = @ and # is T;-closaed
o X3 N Xj is Tj-closed for all j.

Hence by theorem 4.2.1, X; is T-closed

Consider, co X; N Xj.

¢ and & is T:-closed

If j = i, co X3 N:Xj i

which is T:.-closed

If § # i, co X; n'Xj = X j

J?
J. co X; N )('j is Tj-closed‘for every j.

Hence by theorem 4.2.1, co X; is T-closed.
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==> X; is T-open.

L. X; is a clopen subspace of ) X3

Theorem 4.2,2% Every Tj-open set ;ilf-open

Proof: Let 03 be a Tj-open set.

ie. Oj $ Xj --=> (0,11, We can extend OJ to X

by defining Oj(x) = 0 if x € x5

Consider Oj'ﬁ X3

Ifi =3 030 X5 = 0; which is Tj-open

if 14§ 03 0 X4 (x)‘= inf € 045¢x), Xj(x) )

If x € X3, as x § X5, 05(x) =0

If x § X3, Xi(x) =0

Hence in either case, 0; N X; = &, which is Tj-open

Thus Oj N Xy is Tj-open for every i.

Hence by definition, Oj € T

ie. Oj is T-open

Theorem 4.2.3: Let ((X;,Tj))je1 be a family of pairwise disjoint
fts's.For every i € I. Let Mj be a subspace of Xj. Then the two

fuzzy topologies defined for the set M = U M, viz., the sum fuzzy
i€l

topology of the subspace ((Mj, Ti/Mj))je1 and the relative fuzzy

topology of the subspcae M of (O Xj, coincide.
iel
Proof: Given M = U Mj
iel
The sum fuzzy topology T' of the subspace is given by

T! {07 0 is a fuzzy set in M and for every i€el,

on Mj € 75 7/ M; )

The relative fuzzy topology of the subspace M is given by
™w=(MNO/0ET)

Take A € Ty

o

o prove: A € T

AE Ty ==>A=MNO, O€rT

0€ET ==> 0N X_ €T faor A1} 3
i i
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==> (0 N X3) N My € Ty / M3
Clajm: AN Mg =00 X3 N Mg
If x € M;

MNORN M (x)

inf { M(x), 0(x), Mj(x) )}

0(x)

0N X3 N My (x)= inf { O(x), Xi(x), Mi(x) )

0(x)
IfF X ¢ My then MNONM; (x)=0= OﬁxinMi(x)
Hence we have M N O N M;(x) = OMX;NM;(x)
===> MNONM; = (OMX;) NM;
€ Ty 7/ My
ie. ANM; €T3 / M; for every i.
===> A€T'
Hence ™y € T'
Conversely, Take A€T'
To Prove i AETy.
AET' ==> ANM; € T;/M; for every i.
==> ANM; = 05 N M3, O3 € T;

==> A(x)

03¢(x) for all xEM; ~===(1)
This is true for every i.

Since 0; Efi, by theorem 4.2.2, O;€T

Thus O = g 0; € 7

Claim ¢ A=M00

Take x€EM

==> There exists a k€I such that,xéMk

== x¢xi if i + k.

Oj(x) =0 if i * k.

Hence U 03 (x) Sup (0;(x))
i€l i€l

Ok(x)
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= A(x) by L

==> M0 C UO0;)=A

i€l
Thus A = MNO, with O€T
Jo AET)Y
=237 ¢ TM
Hence T' = T)M
Hence the proof

Theorem 4.2.4 ! Let X be a fts such that it can be. represented as

the wunion of a family ((Xj, Ti))jey of pairwise 'disjoint open

subspaces.
Then X =CD Xj..
i€l
Proof : Let T be the given fuzzy topology on X and let 7' be the

sum topology.

Take O€T.

==> ONX; € T;.

This is true for every i.

==> QO€T' Hence TgT' -=-=-=(1)
Conversely,

Take O€~T’

==> ONX; € T; for every i.
Since X; is open in X, ONX; is open in X --==(2)
Claim 3 O = U (ONX;)

Take x€X ==§eiexj for some j.

U (0NX;3)¢(x?) = sup ((ONX;3)(x))..

i€l i€l
Corresponding to the suffix i%j,

(ONX3 (x> = O
If i=j €(OAX;)(x) = O(x)
S U (ONX5) (x) = 0(x)

i€l
This is true for all xEX,
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S0 = U oNx;)
i€l

Hence by using (2), we get O€T, being union of open sets.
Thus T'¢ T ===-=(3)
Hence by (1) and (3), we get v = 1'
Definition 3 A fuzzy topological property P is additive iff the
sum,CZD Xj of every family (Xi)iEIlof pairwise disjoint fts's
enjcy;i; property P also has property p.
Theorem 4.2,6 ! Let (Xj)jegy be a family of paifwise disjoint
nonempty sets and let X be its union. Let, further on, (Uj)ljer,
(Vidier be.two families of fuzzy sets in (Xj)jerl such' that for
every i€I, U;C ©9X; V; .. Then UcCco V, where U= JE& Uj and
v=U je1 Vi-
Proof 3 Assume U(# co V. Then there exists an element Xx, €X such
tﬁat Ulxg) > co V(xg) and henve xoexio for some unique iy €I, This
implies that for ifi, onehas Ujixg) = Vij(xg? = 0, Now it can be
shown that U(xg) = Uio(xo) and co Vixg) = °°xioviéxo).And so the
hypothesis leads to Uio(xo) > °°xioyi(x°), which contradicts
Ui, & °°xiovi°.
Theorem 4.2.7 i For every i€ (0,1,s,2,2%,3,4) the corresponding
FT; property is additive. .
Prgof L The cases i = 0, i= 1, i=2, i = 2)% have similiar proofs

We will prove the result for i=2. ie. for FT, spaces.
Let (:D‘Xi be the sum fts of the family ((X;,T;j))je1 of pairuise
i€l '
disjoint FT; fts's and let 7 = (O T3
i€l
Suppose X; is FTp for all i€l.
To prove : (& X; is FTp
Take two fu:E; singletons p and q in X = U Xj with different

i€l
Supports x, and xg respectively.

gase (i) 1 Suppose x?EXi and qu Xé with i + J
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peEXjomco q
1
Xj (xg) % X €X
P p€X1
Xi‘(xp) ------- (1)

°
”~
X
v O
~
(TR L

From (1) and (2), peXj;

Jo Prove ¢ XjC co q

= co q(xp) (%' co q(xp) = 1-q(xp)
=1 -0
=1 )
If x*xp, two cases arise,.
Suppose XxEXj
Xj (x> = 1
= 1 -0
=1 - q(x) as x¢Xj ==> x$xq-
= co q (x)

Suppose x § Xj

Xi(x) 0

£ co q(x)
Hence X; € co q
Thus we get pc X3¢ co q
similfarly it can be shown that
qc Xje= co P

To prove i Xj ¢ co X;

Take x€X
If x€X;, Xj(x) =1
= ¢co Xj(x)
If x ¢ Xy, Xj ¢(x) =0
£ co Xj(x)

g Xjcco Xj.

By corollary of tHeorem 4.2.1. X;, X; are both T= @ Tji-open
, | i€1
fuzzy sets in X.
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Hence there exist open fuzzy sets Xj, Xj such that pc Xjcco q,
qcxj . co p and XjCco Xj
Case (ii) : Suppose Xp and Xq belong to the same FTj3
fts (Xig, Tig). |
Then by the definition of FTy, there exist two Tig-open fuzzy sets
Uo and Vg such that pC Uo € ©9%X3, q = ¢co q, o
Vo & coxio P < co p, and
Uo & °°Xi° Vo C ¢o Vo.
Since by theorem 4.2.2 every Tij-open set is T-open we get U, and
Vo €T.
Hence given two fuzzy singletons p and q, we can find two T-open
sets Uy and Vo such that pCUgC.co q, Qe Vo co p and
UgC co Vg |
Hence (3 X; is FTa.
i€l
(b) the case for i = s
Let p be a fuzzy singleton in X with support Xp . 1f Xp € Xj then p
is a fuzzy singleton in X;

As each X; is FTg

p is Tj-closed.

H

ie. p pNX; is Tj-closed.

If ifj, pPOX; = Xj
=T - ;losed.
Thus pfiX; is Tj-closed for every i.
Hence by theorem 4.2.1, p is T-closed,
Thus O X; is FTg4
i€l
"(c) Let Xj be FTg for every i€I.
Consider a fuzzy singleton p and a T-closed fuzzy set F such that

pcco f.

Assume supp pExio.
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Now xio N co F will be an open set containing p. singe Xio is FR,

there exists UETi, such that pc:Uc301ngcxio N co F.

since Xj is clopen in (& X;, UET and ClXiOU = clu

ITIoig]
P UC cl Ucgcco F,

thus (O X; if FT3.

By (b)), it is FTg also .

Hence iJ:FT3.

(d) Let X; be FT, for every i€l.

Consider two (Pje1 Ti-closed fuzzy sets Fy, F2 in X such that

Fy ¢ co Fp. Then for every i€I, XjNF;, X;NFy are Tij-closed and
XiNFy ¢ XjNco Fp = ©OX;(X;NF),

Since Xj is FN for every i€l there exist, for every iEI,'two
Tij-open fuzzy sets U; and V; such that X;NF; € Uj,

XiNFo € Vi and U £ ©9X; Vj.

With the above theorem 4.2.6. it can be shown that Fic U, Fo C V,
Ucco v, Take U=Ujeg Ui, v=lUjer vi.

But U and V are unions of <:>1EI Tj-open fuzzy sets and so conse-
quently UECDjer Ti,VEjer Ti- -

From (b) it follows that () jer Xi is also FTg and hence FT,.
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