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CHAPTER —II 

SOFT TOPOLOGICAL SPACES 

Definition : 2.1 

A soft topology 'c is a family of soft sets over U satisfying the following 

properties: 

D,Et. 

lfFA, GB E t,then FA GB E T. 

If (FA) E t, V X c A, then 0 (F T. 
XEA 

(U, t) is called a soft topological space. Every member of t is called 

soft open. 

A soft set GB is called soft closed in (X, t) if G E t. 

Indiscrete soft topology, denoted by '° contains only IJ and E while the 

discrete soft topology, denoted by 'c contains all soft sets over X. 

Note : 2.2 

If t SS(U)A, where A is a fixed set of parameters, then the soft 

topological space is denoted by (U, t, A). 

Example : 2.3 

Let R be the set of real numbers, E = R be the positive real numbers 

and (FE)= {x, (x - ?, x + X)) : x E Q. If t = {(FE)X : X e E} u {, E}then the 

pair (R, t) is a soft topological space. 
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Example : 2.4 

Let R be the real numbers and let E be a countable set. Consider the 

family T. = {FA : u X \ FA(e) is countable} u {}, then the pair (R, T) is a soft 
eEE 

topological space. 

Definition : 2.5 

Let (X, t) be a soft topological space. A sub collection .B of t is called a 

base for 'r if every member of t can be expressed as a union of 

members of B. 

Definition : 2.6 

Let (X, 'El) and (Y, T2)  be two soft topological spaces. A soft mapping 

((p, w) : (X, ti)  -* (Y, '12) is called soft continuous if (p, w) (GB) E 'El, for all 

GB E 

If (p, w) (X, tl)  -* (Y, 't2) and (pi, iii) : (Y, 'r2) - (Z, 'r3) are continuous 

then clearly (pl,  411) o (p, 'i') is soft continuous. 

A soft mapping (p, w) : (X, ti) —> (Y, ¶2)  is called soft open if 

((p, iii) (FA) E 'E2,  for all FA E Ti. 

Definition : 2.7 

Let (X, -c) be a soft topological space. A sub collection S of 'r is said to 

be sub base for 'r if the family of all finite intersections of members of S forms 

a base for T. 

Theorem : 2.8 

Let S be a family of soft set over U such that CID, E e S. Then S is a base 

for the topology 'r, whose members are of the form C' ( (FA) ) where J is 
IEJ A,EA1 
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arbitrary index set and for each j c= J, Ai is a finite index set. (FA), . e S for 

E J and X c A. 

Definition : 2.9 

Let {((p, ii) : S (X, E) —* (Y, t)}j be a family of soft mappings and 

{(Y1, 'rj)}IE J is a family of soft topological spaces. Then the topology r generated 

from the sub base S = {((p, ')r1 (FA) : FA E Ti, i E J} is called the soft 

topology (or initial soft topology) induced by the family of soft mappings 

{((p, W)i}iEJ. 

Theorem : 2.10 

The initial soft topology 'r on X induced by the family {(p, i')j}  from X to 

Yj respectively, is the coarsest soft topology making (p, iy : (X, t) — (Y1, ) 

continuous, for all i E J. 

Definition : 2.11 

Let {(X, 'r)}j be a family of soft topological spaces. Then the initial soft 

topology on X (= H X) generated by the family {(p, q)}j is called product 
iEJ 

soft topology on X. 

The product soft topology is denoted by fl 'r. 

Definition : 2.12 

Let (U, t, A) be a soft topological space and let (G, A) be a soft set 

over U. 

a) The soft closure of (C, A) is the soft set. (G, A) = F {(S, A) : (S, A) is 

soft closed and (C, A) E (S, A)}. 
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b) The soft interior of (G, A) is the soft set (G, A)°  = C' {(S, A) : (S, A) is 

soft open and (S, A) a (G, A)} 

By the property T3  for soft open sets, (G, A)°  is soft open. It is the 

largest soft open set contained in (C, A). 

Definition : 2.13 

Let (X, T) be a soft topological space, FA be a soft set over X and x E X. 

Then FA is called a soft neighborhood of x if there exists a soft open set GB 

such that x GB a FA. The neighborhood system of a point x, denoted by 

iV(x), is the family of all its neighborhoods. 

Theorem : 2.14 

Let (X, t) be a soft topological space. The neighborhood system N(x) 

in (X, t) has the following properties. 

Each x e X has a soft neighborhood. 

If FA, GB E iV(x), then FA ' GB E iV1(x). 

If FA E JV1(x) and FA a GB,  then GB E N1(x). 

Definition : 2.15 

Let (X, t) be a soft topological space and M be a non-empty subset of 

X. The set TM = {EM FA: FA E } is called the soft relative topology on M 

and (M, TM)  is called soft subspace of (X, t). 

Theorem : 2.16 

Let (M, TM)  be a soft subspace of (X, t) and FA E S(X, E). Then FA is 

soft open in M iff FA= EM GB, forsome G8 
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Definition : 2.17 

Let (X, r) be a soft topological space, (X) c X be a sequence and x0  E 

X. (xe) converges to x0  in (X, t) if for all FA E .iV(xo) there exists no e N such 

that  xn  Z FA for all n~:no. 

Example : 2.18 

Let (R, t°) be an indiscrete soft topological space and (xe) converges to 

x0  in (R, t°). In this topological space .N(xo) = {E}, so Xn Z Efor all n E N. 

Hence every sequence converges to every point in (R, t°) 

Example : 2.19 

Let (R, 're) be a soft topological space which is defined in Example 2.4 

and let (xe) converges to x0  in (R, tm). Then for all GB E .N(xo) there exists 

no e N such that Xn  Z GB for all n ~! no. Let define the soft set FA:  E -> P(x) by 

FA(e) = {x : Xn # x0  and n E N}, V e E E. From here, x0, o FA(e)  and 

x0  E X \ FA(e). So x0 F E Let take GB = F E .N(xo) then x F, for all 

n ~! no and we obtain x FA, for all n ~! no. 

Hence Xn = x0, for all n ~! no. 

Definition : 2.20 

A soft set (G, A) in a soft topological space (U, r, A) is called a soft 

neighborhood of the soft point eF UA, if there exists a soft open set (H, A) 

such that eF (H, A) E (G, A). 

The neighborhood system of a soft point e, denoted by N(eF), is the 

family of all its neighborhoods. 



Definition : 2.21 

A soft set (G, A) in a soft topological space (U, 'r, A) is called a soft 

neighborhood of the soft set (F, A) if there exists a soft open set (H, A) such 

that (F, A) E (H, A) a (G, A). 

Theorem : 2.22 

The neighborhood system N1(eF) at eF in a soft topological space 

(U, 'r, A) has the following properties: 

If (G, A) E N1(eF), then eF Z (G, A), 

If (G, A) e N(eF) and (G, A) E (H, A), then (H, A) e N1(eF), 

c) If (G, A), (H, A) E N(eF), then (G, A) (H, A) E N1(eF), 

If (G, A) E N(eF), then there is a (M, A) E N(eF) such that 

(G, A) E N(e) for each e (M, A). 

Proof 

If (G, A) E N(eF), then there is a (H, A) E t such that 

eF (H, A) E (G, A). 

Therefore, we have e (G, A). 

Let (G, A) E N1(eF) and (G, A) E (H, A). Since (G, A) E N1(eF), 

then there is a (M, A) E 't such that eF (M, A) E (G, A). 

Therefore, we have eF (M, A) E (G, A) a (H, A) and so 

(H, A) E NT(eF). 

c) If (G, A), (H, A) E N1(eF), then there exists (M, A), (S, A) E 

such that eF  (M, A) E (G,A) and eF (S, A) E (H, A). 

Hence e (M, A)(S, A) E (G, A) (H, A). 

Since (M, A) (S, A) E t, we have (G, A) (H, A) E N(eF). 
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d) If (G, A) E N1(eF), then there is a (S, A) E t such that 

eF (S, A) E (G, A). 

Put (M, A) = (S, A). 

Then for every e (M, A), e (M, A) E (S, A) E (G, A). 

This implies (C, A) E N1(e). 

Corollary : 2.23 

Let (U, t, A) be a soft topological space and let (F, A) and (G, A) be soft 

sets over U. Then 

(F, A) is soft closed 1ff (F, A) = (F, A) 

(G, A) is soft open iff(G, A)=(G, A)°. 

Theorem : 2.24 

A soft set (C, A) is soft open iff for each soft set (F, A) contained in 

(G, A), (G, A) is a soft neighborhood of (F, A). 

Proof 

Each soft set (F, A) contained in (G, A), (G, A) is a soft neighbourhood 

of (F, A) since (G, A) E (G, A), there exists a soft open set (H, A) such that 

(G, A) E (H, A) E (C, A). Hence (H, A) = (G, A) and (G, A) is soft open. 

Theorem : 2.25 

Let (U, 'r, A) be a soft topological space and let (F, A) and (G, A) be a 

soft sets over U. Then 

((GA))C = ((G, A)c)o 

((G, A)o)c = ((G, A)c) 
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Proof 

By theorem 1.26, 

((G, A))c = (S {(S, A) : (S, A) is soft closed and (G, A) E (S, A)})' 

= C'{(S, A)c:  (S, A) is soft closed and (G, A) E (S, A)} 

= C'{(S, A)c:  (S,  A)c  is soft open and (S, A)' a (G, A)c} 

= ((C, A)c)o 

Similar proof holds for (b). 

Theorem : 2.26 

Let eF Z UA for all e e A and (G, A) be a soft open set in a topological 

space (U, t,A). Then the following statements hold: 

Every soft point eF Z  (G, A) is a soft interior point. 

For each e e A, let us consider a mapping (e)G  : A —* P(U) defined as 

follows 

IG(e)ife1  =e 

(e)G(el) = lD, if e1 #e 

Then obviously (e)G  is a soft interior point of (C, A) and (e)G = ueF for 

every soft interior point eF of (G, A). 

(e)G = (G, A). 
eEA 

Proof 

Obvious 

Since (G, A) is a soft open set, the soft interior point (e)G  is the largest 

soft interior point of (G, A) determined by e E A and so (e)G  = eF for 

every soft interior point eF of (G, A). 

Obvious. 
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Theorem : 2.27 

Let (U, t, A) be a soft topological space and let (G, A) be a soft set over 

U. Then (C, A)°  = 3  {eF : eF is any soft interior point of (G, A) for e E A}. 
eEA 

Proof 

Let (G, A)°  = (H, A), where H(e) = u S(e) for each soft open set (S, A) 

such that (S, A) E (G, A). Since (G, A)°  is a soft open set, by the 

Theorem 2.26 (C), (G, A)°  = (e)H and for each (e)H, (e)H is a soft interior 
eEA 

point of (G, A) because of (e)H (G, A)°  a (C, A). Therefore, (C, A)°  E 
eEA 

{eF: eF is any soft interior point of (G, A) for e E Al. 

For the other hand, let eF,  be any soft interior point of (G, A) for each 

e e A. Then there exists a soft open set (K 1 , A) E SS(U)A  for each 

e E A such that eF. (K 1 , A) (G, A). So for each e E A, we have 

e. E (K 1 ,A) E (G, A) and it implies 

{eF: eF is any soft interior point of (C, A) for e E A} 
eEA 

= eF. E (K 1 ,A) E (G, A).  
e I e I 

Since (K 1 ,A) is soft open and (C, A)°  is the largest soft open 

subset of (G, A), 

we have C' {eF:eF is any soft interior point of (G, A) for e E A} (C, A)°. 
eEA 
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Theorem : 2.28 

Let (U, 'r, A) be a soft topological space and let (G, A) be a soft set 

over U. Then for every soft interior point eF of (G, A), (e)G = C'eF 1ff (G, A) is 

soft open. 

Proof 

If follows from the theorem 2.26 and 2.27. 

Theorem : 2.29 

Let (U, A, t) be, a soft topological space over X. Then the collection 

= {F(a): (F, A) E t} defines a topology on U for each a e A. 

Theorem : 2.30 

Let (X, A, t) be a soft topological space and be the topologies on 

X as in Theorem 2.29. 

Let t = {(G, A) E S(X) : G(a) rU,  for all a E A}. Then t is a soft 

topology on X with ('r = t, for all a E A. 

Proof 

Since (a) = e 'r°  for all a € A = (D, A) c t, and X(a) = XE ,rU, 

for alla c A = (X, A) 

Now, let (F1, A) and (F2, A) E t' . Then Fj(a), F2(a) e t, V a E A. 

Thus Fi(a) r' F2(a) E a,  for all a E A = (F1 172)(a) e for all a E A. 

Therefore, (171, A) (172, A) = (171 F2, A) E 

Again, let (FA) E t, for all i e I. Then F(a) E ,ra,  for all i E I, for 

all oc E=-  A => U FI(a) Eta,for  all a E A. 
IEI 
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So (C' F1) (a)E a,  for all a E A. Hence C' (F, A) E 'r. Therefore, t  is a 
iE1 i El 

soft topology on X. 

Next let U e a.  Then there exists (F, A) e 'r such that U = F((X). We 

construct (G, A) e S(X) such that G(a) = F(a) and G(13) = 1, for all 13 # a. Then 

(G, A) e and U = F(a) = G(a) E 

Therefore, ( *)a (1) 

Also, let V E (t*)u.  Then there exists (F, A) e such that V = F(a)e t. 

Therefore, ( r*)( .ra (2) 

Thus, from (1) and (2), we get = (t*)a, for all a e A. 

Remark : 2.31 

It is to be noted that 't and t of Theorem 2.30 may be different. This is 

shown by the following example. 

Example 2.32 

Let X = {a, b} and A = {a, 13}. Then all possible soft sets over X are 

given below: 

(, A) = {{}, {}} 

A) = {{L}, {a}} 

A) = {{(b}, {b}} 

(173, A) = {{D}, {a, b}} 

A) = {{a}, {D}} 

A) = {{a}, {a}} 

A) = {{a}, {b}} 

A) = {{a}, {a, b}} 

(X, A) = {{a, b}, {a, b}}  

(178, A) = {{b}, {CD}} 

A) = {{b}, {a}} 

A) = {{b}, {b}} 

A) = {{b}, {a, b}} 

A) = {{a, b}, {1}} 

A) = {{a, b}, {a}} 

(1714, A) = {{a, b}, {b}} 
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Let t = {(,A), (F2, A), (F6, A), (F11, A), (X, A)}. 

Then {X, A, t} is a soft topological space such that ta = {c1, {a}, {b}, X} and 

Irp = {(I, {b}, X}. 

Now let us construct. 

= {(, A), (F2, A), (F3, A), (F4, A), (F6, A), (F7, A), (F8, A), (F10, A), (F11, A), 

(1712, A), (F14, A), (X, A)}. 

Then t t  but (*)a = a for all a E A. 


