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INTRODUCTION



INTRODUCTION

In 1996, Imai and Iseki ([17],[18]) introduced two classes of abstract algebras:
BCK-algebras and BCl-algebras. It is known that the class of BCK-algebras is a
proper subclass of BCI- algebras. In 2002, Neggers and Kim [26], introduced the
notion of B- algebras which is another generalization of BCK-algebras. Also they
introduced the notion of B-algebras [27] where two operations are coupled in such a
way as to reflect the natural coupling, which exists between the usual group operation
and its associated B-algebras. In 2012, Kim [20] investigated some properties of

B-algebras.

The important point in the evaluation of the modern concept of uncertainty
was the article by Zadeh [52],that introduced the theory of fuzzy sets. The study of
fuzzy algebraic structures was started with the introduction of the concept of fuzzy
subgroups in 1997, by Rosenfeld [36]. The concept of intuitionistic fuzzy set was
introduced by Atanassov [10] in 1986, which is a generalization of the notion of
fuzzy sets. Fuzzy sets give a degree of membership of an element in given set, while

intuitionisic fuzzy sets give both a degree of membership and non-membership.

In 1991, Xi [49] applied the concept of fuzzy sets to BCK algebras and got
some results. In 1993, Jun [19] applied it to BCI algebras. In 2013 the Abu Ayub
Ansari and Chandramouleeswaran [1], introduced the concept of Fuzzy B-Subalgebras

of B-algebras.

The aim of our thesis is to study the fuzzy B-subalgebras and fuzzy B-ideals in

B-algebras.
The following articles are chosen for our discussion:

1) “Normal Fuzzy [-Subalgebras and f-algebras”, (2013) by Abu Ayub
Ansari.M and Chandramouleeswaran. M [3].

2) “Fuzzy translations of fuzzy B-ideals of B-algebras”, (2014) by Abu Ayub
Ansari.M and Chandramouleeswaran.M [4].

3) “L-fuzzy p-subalgebras of f-algebras”, (2014) by Rajam.K and

Chandramouleeswaran.M [29].



4)

5)

6)

7)

8)

9)

“L-fuzzy level B-subalgebras of [-algebras”, (2015) by Rajam.K and
Chandramouleeswaran.M [30].

“L-fuzzy B-ideals of p-algebras”, (2015) by Rajam.K and
Chandramouleeswaran.M [31].

“L-fuzzy  T-ideals of pB-algebras”, (2015) by Rajam.K and
Chandramouleeswaran.M [32].

“On intuitionistic fuzzy B-subalgebras of B-algebras”, (2013) by Sujatha. K,
Chandramouleeswaran.M and Muralikrishna.P [44].

“Product on intuitionistic fuzzy [B-subalgebras of B-algebras”, (2014) by
Sujatha.K, Muralikrishna.P and Chandramouleeswaran.M [45].

“Intuitionistic fuzzy a-translation on B-algebras”, (2015) by Sujatha.K and
Muralikrishna.P [47].

This thesis is divided into four chapters:

In chapter 1, the preliminary definitions and results on -algebras and fuzzy sets

are presented due to Neggers et al [27] and Zadeh [52]. The properties of level

B-subalgebras and normal fuzzy B-subalgebras of a 3-algebra are established.

The interesting results discussed in the chapter are given as follows:

1) Any B-subalgebras of B-algebra X can be realized as a level B-subalgebra
for some fuzzy B-subalgebras of X.

2) Let X be a p-algebra. Let N = { y/y is a normal fuzzy B-subalgebra of X}
and u be the maximal in the poset (N,<). Then p takes only the values 0
and 1.

In chapter 2, the notion of fuzzy translations, fuzzy extensions and fuzzy

multiplications of fuzzy B-ideals of B-algebras are introduced and some of their

properties are investigated.

In this chapter the following important results are discussed:

1) If u be a fuzzy B-ideal of X then the fuzzy a-translation u% of u is also a
fuzzy B-ideal of X V a€[0.T] where T=1— sup{u(x) / x €X}.



2)

3)

4)

For a€[0,T], let the fuzzy o-translation u? of a fuzzy set p of X be a fuzzy
[B-ideal of X Then  every  non-empty  level subset
(ul)={x €X /u(x)> t—a} Vte Im(p) with t >a is a p-ideal of X,
Intersection of any two fuzzy B-ideal extension of a fuzzy B-ideal p of X is
a fuzzy B-ideal extension of p.

Let p be fuzzy set of X such that the fuzzy y- multiplication p)of p is a

fuzzy B- ideal of X for some y € [0,1] then p is a fuzzy B- ideal of X.

Chapter 3 deals with a study of L-fuzzy B-subalgebras, L-fuzzy B-ideals and

L-fuzzy T-ideals of B-algebras.

In the first two sections of this chapter, the notion of L-fuzzy B-subalgebras

and L-fuzzy level B-subalgebras of a -algebra are introduced and investigated some

of their properties.

In the third section, the properties of L-fuzzy B-ideals of a (3-algebra are discussed.

The last section of this chapter deals with the study of some properties of

L-fuzzy T-ideals of a f-algebras.

Some interesting results discussed in this chapter are given as follows:

1)

2)

3)

4)

If A is a p—subalgebra of X, then the characteristic function y, is an
L-fuzzy p-subalgebra of X.

An L-fuzzy set p of a p-algebra of X is an L-fuzzy p—subalgebra iff the
level subset u,of p,vt € [0,1] is either empty or a B-subalgebra of X.

Let A is a subset of X. Define an L-Fuzzy set u: X—L such that

_(to if xEA
”(x)‘{tl if x ¢ A

where t,,t; € L with ty > t;.Then pis an L-fuzzy B—-ideal of a B-algebra
Xifand only if Alisa pB-ideal of X.
Let p;and p,be two L-fuzzy T-ideals in a B-algebras X; x X,. Then the

direct product p; X p,is an L-fuzzy T—ideals in X; x X, .

The last chapter deals with the study of the intuitionistic fuzzy structures of B-algebras



In the first two sections of this chapter, the properties of intuitionistic fuzzy

B-subalgebras and the product of intuitionistic fuzzy B-subalgebras of a B-algebra are

discussed.

In the third section, the concept of an intuitionistic fuzzy a-translation for

some 0€[0,1] on B-subalgebras of a B-algebras are studied and investigated some of

their properties.

The interesting results discussed in this chapter are given as follows:

1)

2)

3)

4)

If A={(x, uys(x), va(x))/ x € X} is an IF B-sub algebra of X, then so is
OA, where OA = {( x, ua(x), z£,(x) ) / x € X}.
Let (X, +, —, 0) and (Y, +, —, 0) be two B-algebras and let f:X —Y be a
endomorphism. If A is IF B-sub algebra of X, then f(A) defined by
f(A) = {{x, () r(x) = wa(f(x), )r(x) = valf (x))/ x €X}isIF
B-subalgebra of Y.
If A;={x € Xi/ ua,(x), v4,(x)} be an IF B-sub algebra of X; respectively,
for i=1,...,n, then ILIAi is an IF B-sub algebra of f[ X,

i1 i1
Let X and Y be two B-algebras. Let A and B be two IF a-translation on
B-sub algebras. Let f: X —Y be a homomorphism. If A is an IF
o-translation on B-sub algebra of Y. Then f~1(A) is a IF a-translation on

[-sub algebra of X.
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REVIEW OF LITERATURE

In 1996, Imai and Iseki [17] introduced two classes of algebras originated
from the classical and non-classical propositional logic. These algebras are known as
BCK and BCI algebras. It is known that the notion of BCl-algebra is a generalization
of BCK-algebras in the sense that the class of BCK algebras is a proper subclass of
the class of BCl-algebras [18]. In 2002, Neggers and Kim [26] introduced the notion
of B-algebras, which is another generalization of BCK-algebras. Also they introduced
the notion of B-algebras [27] where two operations are coupled in such a way as to
reflect the natural coupling, which exists, between the usual group operation and its
associated B-algebras, which is naturally defined by the group. In 2012, Young Hee
Kim and Kenu Sook So, gave a new approach of B-algebras and proved some related
results [20].

In 1965, Zadeh [52] introduced a new notion of fuzzy set, to evaluate the
modern concept of uncertainty in real life. The notion of fuzzy sets is a generalization
of the notion of crisp sets in which the boundaries are not crisp or sharp. In 1991, the
study of fuzzy algebraic structures was initiated by Rosenfeld [35]. Goguen [16],
generalized the notion of fuzzy sets into the notion of L-fuzzy sets. Atanasov [10]
introduced the notion of Intuitionistic Fuzzy set in 1986, in which not only the

membership value is considered but also non-membership values are considered.

In 1991, Xi [49] defined fuzzy set in BCK-algebras and investigated some
properties. In 1993, Jun [19] applied it to BCl-algebras. In 2013 the Abu Ayub Ansari
and Chandramouleeswaran [1], introduced the concept of Fuzzy B-Subalgebras of
B-algebras. In 2014, Rajam and Chandramouleeswaran [29], introduced the notion of
L-fuzzy B-subalgebras of B-algebras and investigated some of their properties. Also

they introduced the notion of L-fuzzy B-ideals of a $-algebra.

Now we present the abstracts of some important articles on various algebras

collected for our study.



1.Intuitionistic Fuzzy Ideals of BCK-Algebras
Young Bae Jun and Kyung Ho Kim, (2000) [51]

In this article, the authors considered the intuitionistic fuzzification of the
concept of subalgebras and ideals in BCK-algebras and investigated some of their
properties. They introduced the notion of equivalence relations on the family of all
intuitionistic fuzzy ideals of BCK-algebra and investigated some related properties.

2.0n Fuzzy Subalgebras in B-Algebras

Sun Shin Ahn and Keumseong Bang, (2003) [9]
In this article, the authors classified the subalgebras by their family of level

subalgebra in B-algebras.
3.Fuzzy Subalgebras of BG-Algebras

Sun Shin Ahn and Keumseong Bang, (2004) [8]

In this article, the authors classified the subalgebras by their family of level
subalgebra in BG-algebras.
4.Interval Valued Fuzzy B-Algebras
A.Borumand Saeid, (2006) [36]

In this article, the notion of interval-valued fuzzy B-algebras (briefly i-v fuzzy
B-algebras), the level and strong level B-subalgebras are introduced. Then some
theorems which determined the relationship between these notions and B-subalgebras
are proved. The image and inverse image of i-v fuzzy B-subalgebras are defined, and
how the homomorphic images and inverse images of i-v fuzzy B-subalgebras become
i-v fuzzy B-algebras are studied.
5.Intuitionistic Fuzzy Structure of B-Algebras
Y. H. Kimand T. E. Jeong, (2006) [21]

In this article, the authors defined intuitionistic fuzzy subalgebras of
B-algebras which is related to several classes of algebras such as BCI/BCK algebras
and obtained the some important results for the homomophic image and equivalence
relations on IFS(X).



6.0n Fuzzy Ideals of BCl-algebras
A.Kordi and A. Moussavi, (2007) [23]

In this article, the fuzzy p-idelas, fuzzy H-ideals and fuzzy BCI- positive
implicative ideals of BCl-algebras are studied and related properties are investigated.
7.0n BG-Algebras
Chang Bum Kim and Hee Sik Kim, (2008) [22]

In this article, the authors introduced the notion of BG-algebras which is a
generalization of B-algebras. They constructed a BG-algebra from a non-empty set
which is non-group derived. Moreover using the notion of normal subalgebra, they
obtained several isomorphism theorems of BG-algebra and related properties.
8.Fuzzy Translations and Fuzzy Multiplications of BCK/BCI- Algebras
Kyoung Ja Lee, Young Bae Jun and Myung Im Doh, (2009) [24]

In this article, the authors investigated the fuzzy translations,(normalization, maximal)
fuzzy extensions and fuzzy multiplications of fuzzy subalgebras in BCK/BCl-algebras
are discussed. Relations among fuzzy translations (normalized, maximal) fuzzy
extensions and fuzzy multiplications are investigated.

9.0n Intuitionistic L-Fuzzy Subalgebras of BG-algebras

Chandramouleeswaran and Muralikrishna, (2010) [15]

In this article, the authors discussed the notions of Intuitionstic L-fuzzy
Subalgebras of a BG-algebras and some of their basic properties.
10.Fuzzy BG-ldeals in BG-Algebra
Muthuraj,Sridharan and Sitharselvam, (2010) [25]

In this article, the authors introduced the concept of fuzzy BG- ideals in
BG-algebra and discussed some of their properties.
11.Some Results on Intuitionistic Fuzzy Ideals in BCK-Algebras
B.Satyanarayana and R.Durga Prasad, (2011) [37]

In this article, the auothers gave some results on the intuitionistic fuzzy
implicative ideals, intuitionstic fuzzy positive implicative ideals, intuitionstic fuzzy
commutative ideals.
12.Intuitionistic Fuzzy B-Algebras
Jiayin peng, (2012) [28]

The notion of intuitionistic fuzzy B-algebras is introduced and their some

properties are investigated. How to deal with the homomorphic image and inverse



image of intuitionistic fuzzy ideals are B-algebras. The relations between a
intuitionistic fuzzy B-algebras and a intuitionistic fuzzy B-algebra in the product

B-algebras are given.

13.Fuzzy B-Subalgebras of B-algebra with Respect to t-norm
Tapan Senapati,Monoranjan Bhowmik and Madhumngal Pal, (2012) [38]

In this article, the authors applied the concept of t-norm T to fuzzy structure
of B-algebras. The notion of a fuzzy B-subalgebra of B-algebras with respect to
t-norm is introduced and several related properties are investigated. The direct product
and T-product of T-fuzzy subalgebra of B-algebra are investigated.
14.Fuzzy Dot Sublgebras and Fuzzy Dot Ideals of B-Algebras
Tapan Senapati,Monoranjan Bhowmik and Madhumngal Pal, (2012) [39]

In this article, the notion of fuzzy dot subalgebras, fuzzy normal dot
subalgebras and fuzzy dot ideals of B-algebras are introduced and investigated some
of their properties. The homomorphic image and inverse image of fuzzy dot
subalgebras and fuzzy dot ideals are studied. Also introduced the notion of fuzzy
relations on the family of fuzzy dot subalgebras and fuzzy dot ideals of B-algebras
and investigated some related properties.
15.Anti-Fuzzy B-Subalgebras of p-Algebras
Abu Ayub Ansari and Chandramouleeswaran,(2013) [2]

In this article, the authors introduced the notion of anti-fuzzy p-subalgebras of

B-algebras and investigated some of their properties.

16.Intuitionistic L-fuzzy Ideals of BG-algebras
Monoranjan Bhowmik, Tapan Senapati and Madhumangal Pal, (2013) [13]

In this article, the authors applied the concept of an intuitionistic L-fuzzy sets
to ideals and closed ideals of BG-algebra. The notion of intuitionistic L-fuzzy closed
ideals of BG-algebras are introduced and some related properties are investigated.
Also, the product of intuitionistic L-fuzzy BG-algebras are investigated.
17.Fuzzy Closed Ideals of B-algebras with Interval-Valued Membership
Function
Monoranjan Bhowmik, Tapan Senapati and Madhumangal Pal, (2013) [14]

In this article, the concept of interval-valued fuzzy set is applied to ideals and
closed ideals in B-algebras. The notion of an interval-valued fuzzy closed ideal of a



B-algebra is introduced and some related properties are investigated. Also, the
product of interval-valued fuzzy B-algebra is investigated.

18.Fuzzy B- Ideals on B-Algebras

C.Yamini,S. Kailasayalli, (2014) [50]

In this article, the concept of B-ideals and fuzzy B-ideals are introduced.
Homomorphism and anti homomorphism functions are satisfied while applying the
fuzzy B-ideal concept. Fuzzy B-ideal is also applied in Cartesian product.
19.Fuzzy Dot p-Subalgebras of p-Algebras
Abu Ayub Ansari and Chandramouleeswaran, (2015) [5]

In this article, the authors introduced the notion of fuzzy dot B-subalgebras on

B-algebra and investigated some of their properties.
20.Intuitionistic L-Fuzzy Strong p-Filter on -Algebras
Sujatha, Muralikrishna and Chandramouleeswaran,(2015) [48]

In this article, the authors defined the notion of an intuitionistic L-fuzzy strong

B-filter on B-algebras and investigated some of their properties and results.

21.Fuzzy Filters on B-Algebras
Sujatha, Chandramouleeswaran and Muralikrishna, (2015) [46]

In this article, the authors defined the notion on fuzzy filter on B-algebras and

investigated some of their properties and results.

22.Translation of Intuitionistic Fuzzy B-Algebras
Tapan Senapati, (2015) [40]

In this article, the concept of intuitionistic fuzzy translation to intuitionistic
fuzzy subalgebras and ideals in B-algebras are introduced with several related
properties investigated. Examples are also given to illustrate results. The notion of
intuitionistic fuzzy extensions and intuitionistic fuzzy multiplications of intuitionistic
fuzzy subalgebras and ideals are introduced. Relationships are investigated between
intuitionistic fuzzy translations, intutionistic fuzzy extensions and intuitionistic fuzzy

multiplications of intuitionistic fuzzy subalgebras and ideals.



23.t-Intuitionistic Fuzzy Subalgebras of BG-Algebras
S. R. Barbhuiya, (2015) [11]

In this article, the notion of t-intuitionistic fuzzy subalgebras and
t-intuitionistic fuzzy nomal subalgera of BG-algebras are introduced. Some theorems
in t-intuitionistic fuzzy subalgebra and t-intuitionistic fuzzy normal subalgebra in
BG-algebra are proved. The homomorphic image and inverse image are investigated
in both t-intuitionistic fuzzy subalgebra and normal subalgebra..
24.Fuzzy Translation of Fuzzy Subalgebras in BG-algebras
Monoranjan Bhowmika and Tapan Senapatib, (2015) [12]

In this article, the concepts of fuzzy translation to fuzzy subalgebra in
BG-algebras are introduced. The notion of fuzzy extensions and fuzzy multiplications
of fuzzy subalgebras are introduced and several related properties are investigated.
Also the relationships between fuzzy translations and fuzzy extensions of fuzzy
subalgebras are investigated.
25.Cubic Subalgebras and Cubic Closed Ideals of B-algebras
Tapan Senapati, Chang Su Kim, Monoranjan Bhowmik and Madhumangal
Pal,(2015) [41]

In this article, the concept of cubic set to subalgebras, ideals and closed ideals
of B-algebras are introduced. Relations among cubic subalgebras with cubic ideals
and cubic closed ideals of B-algebras are investigated. The homomorphic image and
inverse image of cubic subalgebras, ideals are studied and some related properties are
investigated. Also the product of cubic B-algebra are investigated.
26.Intuitionistic Fuzzy Dot B-Subalgebras of p-Algebras
Ramesh kumar and Gomathi Eswari, (2016) [34]

In this article, the authors introduced the notion of intuitionistic fuzzy dot
B-subalgebra of B-algebras and investigated some of their properties.
27.Interval-Valued Intutionistic L-Fuzzy Strong B-Filter On B-Algebras
Ramesh and Satyanarayana, (2016) [33]

In this article, the authors defined the notion of an interval-valued intuitionistic

L-fuzzy strong B-filters on -algebra and investigated some of their properties.



28.Cubic Structure of BG-subalgebras of BG-Algebras
Tapan Senapati, (2016) [42]

In this article, the notion of cubic BG-subalgebras of BG-algebras are
introduced. The homomorphic image and inverse image of cubic BG-subalgebras are
studied and investigated some related properties.
29.Complete Ideal and n-ldeal of B-algebra
Habeeb Kreem Abdullah and Arkan Ajeal Atshan,(2017) [7]

In this article, the authors studied some types of ideals of B-algebras called
complete ideal, closed complete ideal, n-ideal and closed n-ideal. In addition, they

gave some propositions that explained some relationships between these ideals.
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Chapter-1
Fuzzy -Subalgebras of p-Algebras
Section 1.1
Preliminaries on B-algebras and fuzzy sets
Definition [1.1.1]

A BCK-algebra (X, *, 0) is a non-empty ser X with a constant 0 and a binary

operation * satisfying the following axioms:
BCK1 (x*y)*(x*2)*(z*xy)=0
BCK2. (x*x(x*xy)*xy=0
BCK3.x*x=0
BCK4.x*xy=0andy*x=0 =>x=y
BCK5 0*xx=0Vx,y ,z€eX.
Definition [1.1.2]

A BCl-algebra (X, *, 0) is a non-empty ser X with a constant 0 and a binary

operation * satisfying the following axioms:

BCIL ((x*y)*x(x*2))*x(zxy)=0

BCI2. (x*(x*xy)*y=0

BCI3. x*x=0

BCl4d. x+y=0andy*x=0 =x=yVx,y,zeX.
Definition [1.1.3]

A B-algebra (X, *, 0) is a non-empty ser X with a constant 0 and a binary

operation * satisfying the following axioms:

Bl.x+*x=0



B2.x+x0=x
B3 (x*xy)*z=x*x(zx0x*xy))Vx,y,z€eX
Definition [1.1.4]

A B-algebra is a non-empty ser X with a constant 0 and two binary operations

+ and — satisfying the following axioms:
Bl.x—x=0
B2.(0—x)+x=0
B3.(x—y)—z=x—(z+y)Vx,y,z€eX
Example [1.1.5]

Let X = {0, 1, 2,3} be a set with constant 0 and two binary operations + and -

defined on X with the cayley’s table

+ 10 (123 - 101]1 2 3
00 |1|2 3 0 |0 |1 |3 |2
111 (0|3 |2 1 (102 |3
2 12 (310 2 |2 (3 (0|1
313 (12|01 3 |32 |10

Then (X, +, - ,0) is a p-algebra.
Definition [1.1.6]

A non-empty subset A of a B-algebra (X, +, — ,0) is called a B-subalgebra of
X, if

lLx+yeA VvVx,yeAand

2.x-yeEA VX, yEA



Example [1.1.7]

Let X = {0, 1, 2,3} be a B-algebra with constant 0 and two binary operations +

and - defined on X as follow

w| N | O +
w| N k| O O
N W O | =
R O W NN
Ol | N W Ww
w| N| k| O

w| N k| O O
N[ W O | =
R O W NN
Ol | N W W

Then (X, +, - ,0) is a p-algebra.
Definition [1.1.8]

Let (X, +, - ,0) and (Y, +, - ,0) be two B-algebra. A mapping f: X— Y is said

to be a B-homomorphismif f (x +y)=f (x)+f () and f (x-y)=f X))+ f () V
x,y€EX

Note:
In a B-homomorphism f(0) =f(0")
Definition [1.1.9]

Let X be a set of universal discourse. A fuzzy set pu in X is defined as a
function u: X — [0,1]. For each element x in X, p(x) is called the membership value

of x in X.
Definition [1.1.10]

If W and p, are two fuzzy sets of X then intersection A pp of g and pp is

definedas  (paA p2y (x) = min{ pa(x), pa(x)}-

In general (Aw) (x) =inf { ni(x)/1=1, 2, 3, ....}.



Definition [1.1.11]

If uy and pp are two fuzzy sets of X then union pVp, of py and py is defined

as (n1V p) (x) = max{ pa(x), pa(x)}.

In general (Vi) (x) =sup { ni(x)/1=1, 2, 3, ....}.
Definition [1.1.12]

If uy and p, are two fuzzy sets of X then

(). m<pz  if pa(x) < po(x)

(i1). pa(x) < po(x) V x € X then pp is fuzzy extension of .
Definition [1.1.13]

Let u be a fuzzy set of X. Then the complement of p denoted by u° is defined
as p(x) = 1—p(x).

Definition [1.1.14]

Let u; and pp are two fuzzy sets of X; and X, respectively. Then the direct

product(Cartesian product) u; X pp of p; and pp be the fuzzy set of X; x X, defined
as tg X U (xlyxg) = min{ ul(x), },Lz(x)} v (X1,X2) € X1 X X,

Definition [1.1.15]

Let p be a fuzzy set of X. p is said to have the supremum property if, for any
subset A of X, there exist a ap € A such that p(ag)=sup p(a).

Definition [1.1.16]

Let X be any non-empty set. A L-fuzzy set u on X is defined as a function
u: X — L, where L is a complete lattice with glb 0 and lub 1.

Definition [1.1.17]

Let p be a fuzzy set (L-fuzzy) in a set X. For t € [0,1]{t € L}, the set
pe=U (u: t)

={x € X/ u(x) = t} is called a level subset of p. [or upper level subset of p].



Proposition [1.1.18]

If t, <t then u,, S p;, where u;,and p, are any two level subset of u where

u be a fuzzy set on a set X.
Proof:

Let x € pg, Then u(x) = to.

Butt, <t;

) =t

= X € U,

He, & Ui,
Section: 1.2

Level g-Subalgebrs of Fuzzy B-Subalgebras of B-Algebras

Definition [1.2.1]

Let p be a fuzzy set in a B-algebra X. Then p is called a fuzzy B-subalgebras of
Xif

1. p(x +y) = min {ux), p¥)}Vvx,y€eX

2. p(x -y) = min {ux), Wy)}rvx,yeX
Theorem [1.2.2]

A fuzzy set p of a f-algebra X is a fuzzy p-subalgebra if and only if the level
subset u; of u v t € [0,1] is either empty or a -subalgebras of X.

Proof:
Let u be a B-subalgebra of X. For any t € [0,1], assume that u, # @
Forany , y € u;, we have p(x) = tand u(y) > t.
Now p(x + y) = min {u(x), w(y)} = t, hence x +y € u;.

Also p(x - y) = min {u(x), w(y)} =t, hence x — y € u;.



Therefore u; is a B-subalgebra of X.

Conversely, choose , y € X such that u(x) = t; and w(y) = t,, where t,, t, € [0,1].
Thenx € p;, and y € uq,.

Assume t; < t,. Then u,, € p,,, by proposition [1.1.18]. Hence y € p,.

Since p., is a B-subalgebras of X. We have (x +y) € u,, and x -y € p, .

Thus p(x +y) = ¢; =min {p(x), w(y)} and p(x - y) = t; = min {pu(x), p(y)}-
Therefore the fuzzy set p of a B-algebra X is a fuzzy p-subalgebra of X.
This completes the proof.

Definition [1.2.3]

Let X be a p-algebra and p be a fuzzy B-subalgebras of X. The B-subalgebras
u. for t € [0,1] with t< p(0) are called a level B-subalgebras of .

Theorem [1.2.4]

Any B-subalgebra of B-algebra X can be realized as a level p-subalgebra for

some fuzzy p-subalgebra of X.
Proof:

Let A be a B-subalgebras of a given B-algebra X and let p be a fuzzy set in X
defined by

(tifx€eA
h(x) ‘{0 ifx &A

where t € (0,1) is fixed. Then u, = A.

To prove :  is a fuzzy B-subalgebra of X. Now for all , y € X.
Case: () Ifx,ye A,thex+yandx -y € A.

Hence p(x) = p(y) =u(x + y) =tand p(x — y) =t.

Therefore, pw(x + y) = t=min {t, t} = min {u(x), u(y)}



Also p(x — y) =t=min {t, t} = min {pn(x), p(y)}.
Case :(ii) If x,y & A, Then p(x) = p(y) = 0.

px +y) = 0=min {0,0}= min {p(x) . p(y)}.
Similarly, p(x — y) = 0= min {0,0}= min {u(x). p(y)}.

Case :(iii) If x € A and y ¢ A, then pu(x) =t and u(y) = 0, which implies that
min{ pw(x), w(y)}=min {t,0} =0. But w(x + y) = 0 and p(x — y) = 0.

Therefore, p(x +¥) > min {u(x), u(y)} and p(x — y) = min {u(x), p(y)}.
Case :(iv) When x € A and y € A, interchange the roles of x and y in case (iii).
Thus in all cases, p is a fuzzy B-subalgebra of X..
As a generalization of this theorem we prove the following theorem.
Theorem [1.2.5]

Let X be a p-algebra. Given any sequence {A4;} of p-subalgebras of X such
that Ay c A; c .....c A, = X, then there exists fuzzy p-subalgebras of X whose level

B-subalgebras of X are exactly the B-subalgebras of the sequence {4;}.
Proof:
Consider a set of numbers t, > t; > .... > t,, , where each ¢; € [0,1].

Let u: X — [0,1] be a fuzzy set defined by pu(4,) =ty and W4; — 4;-1) = t;,

0<i<n.
Claim: p is a fuzzy p-subalgebra of X. Now V x , y € X.

Case:(i)Ifx,yeA; —A;_1, thenx,yeA;=x+y € A;and x - y € A;. Since 4;
is a B-subalgebra of X.

Also ,y € 4; — A;; = p(x) = ;= p(y) =min {u(x), W(y)}=t;.
Nowx +y € A;and x -y € 4;

=x+tyandx-y€A; -A,_;(0nN)x+yandx-y€A;,_;



= px +y) =px —y) =t (or) plx +y) =wx —y) = ¢;.

Therefore p(x — y) > t; = min {u(x), p(y)} and p(x + y) > t; = min {u(x), p(x)}.
Case:(iiyFori>j=t; >t;, = A; c A;.

If x€A -Ai1=>ux)=t;andy €A; - A;_4

= u(y) =t; > t; = min {p(x), p(y)} =min{¢;, ; }=¢;.

Andx €A;-Aiy =x€A;andy € Aj - Aj_4

= yE€EA cA=>x,yEA.

Since 4; is a B-subalgebras of X, x + y € A; and x - y € A;.

Therefore, p(x — y) = t; = min {p(x), p(y)} and p(x +y) = ¢; = min {p(x), p(y)}-
In both cases, p is a fuzzy B-subalgebra of X.
From the definition of y, it follows that Im(p) = {ty, tq, ... t,}-

Hence u., = {x € X/ u(x) = t;}, for 0 < i < nare the level p-subalgebras of X,

Thus the sequence {u;, } of level B-subalgebras of p are of the form u;, < M, ©

e P, = X

Now p,, = {x € X/ p(x) = to}= 4y
To prove: ., = A; for0 <i<n.
Clearly, 4; © p,. If x € py,

If x € pg,, then p(x) = t; which implies u(x) € {t;, t,, ... t,} and hence x € A, or

Ay or....or A;. It follows that x € A;. Therefore y, = Afor0 <i<n.

Hence the level B-subalgebras of X are exactly the B-subalgebras of sequence {4; }.



Theorem [1.2.6]

Let X be a B-algebra and p be a fuzzy B-subalgebras of X and let u; and p,, be
any two level subset of p with t; < t,, then u, = p,, if and only if there is no x € X

such that t; < w(x) < t,.
Proof:
Assume that u;, = u., and t; < t,.
Suppose there is atleast one x € X, such that t; < w(x) < t,, then u(x) = t;

= x € p,and p(x) < t,= u(x) & t, = x & ., and therefore ., is a proper subset

of u,,. Which is a contradiction of the hypothesis.
Conversely if no x € X such that t; < p(x) < t, then we prove u, = p,.

Given t; < t,. Then u, € pe,. Then u, S u, . Let x € u,, = pu(x) = t; but by the

hypothsis no x € Xso that t; < u(x) <t, = Wx)=t, = x € Uy, = U, C [y,
Therefore u,, = u,.

Theorem [1.2.7]

Let the B-algebra X is a finite and pu be a fuzzy B-subalgebra of X with
Im(pw) = {to, ty, ... tn} then the family of B-subalgebras { u;,, 1 < i < n} will be a

the entire level B-subalgebras of pn in X.
Proof:
Given Im(p) = {ty, ti, ... tprandassumethatt; <t, <...<t,.

Lett € [0,1] and t € Im(p) and if t < t; then u, = p, orif t;_; <t<t; then by
above theorem u; = p;, or if t > t, then u, is empty and therefore . is one of the
member of the family of B-subalgebras {u;, 1 <i < n}. Hence {u;, 1 <1i<n} will

be the entire level B-subalgebras of X.



Corollary [1.2.8]

Let the B-algebra X is finite and p be a fuzzy B-subalgebras of X with Im(p) is

finite, then for any ¢;, ¢; € Im(u), p¢, = He, implies ¢; = t;.
Proof:
Let Im(p) = { t4, ty, .... tprandassumethatt; <t, <...<t,.
Suppose t; # t;. Now p(x) = t; > t; which implies that x € p;,.
Let x € X'such that t; < u(x) <t; thenx & He,-
Therefore p;, is a proper subset of He; which is a contradiction and hence t; = t;.

Theorem [1.2.9]

Let p be a fuzzy pB-subalgebra of B-algebra X with Im(p) = {¢t; /i € A;}, where
A; is any index set. Let T = {u;, / | € A;} be a family of level subalgebras of p. Then

the following are true.
i). There exist a unique t, € Im(p) such that t, > t;, Vi € A;.
). X, = pe, = A, 1 € Ay where X, = {x € X/ p(x) = p(0)}.
). X=vpy;, i € A
iv). The level subalgebras in the family t form an inclusion sequence.

v). If u contains an infimum on all B-subalgebras of X, then t contains all its

level subalgebras.

Proof:

1). If t; = w(0) and since w(0) = wWx) Vx € X, to > t;, Vi EA;.
Hence the proof.

i). ue, = {x € X/ p(x) = to}

={x eX/ux)=ty} (since to = wW0) = wx) Vv x € X).



={x € X/ux)=w0)}=X,.

Now Vi € A;, t; < to. This implies that ;) & ., Vi € A;. Then, p = A py, 1€ A;.
iii). x € X = u(x) € Im(p) = p(x) = ¢;, for some i € A;.= x € p,,, for somei € A;
=x €U, =X€Uu, = X=U py,

iv). Leti, j € A;. Since A; is an indexing set, without loss of generating we can assume

thati<j. Thent; <¢; = pi; € pe, Vv i, ] EA,.

Since this is true for any pair of i, j € A;, the family of level subalgebras form an

inclusion sequence.

V). Let u; be a level B-subalgebra of p where p be a fuzzy p-subalgebras of X.
If t =¢; for some i € A;, then p;, €. Hence the proof.

Ift+¢t;, Vi€ A;, then there is no x € X such that p(x) =t.

Let A={x € X/ u(x) > t}. Itisclear that 0 € A. Hence A + Q.

Let x, y € A. Then p(x) >t and p(y) > t.

Therefore p(x+ y) = min {pu(x), u(y)}=tand u(x — y) = min {u(x), w(y)}= t.Which
implies x+ y and x — y € A. Therefore A is a 3-subalgebras of X.

By hypothesis p contains the infimum on all B-subalgebras of X and hence on A.
Therefore there exists a y € A such that p(y) =inf {u(x) / x € A}.

which implies p(y) € Im(p) = w(y) =t¢;, forie Aj=t; > t.

Butno x € Xsuchthatt < p(x) <t; = pe = g,

Therefore t contains all its level B-subalgebras. This completes the proof.



Section: 1.3
Normal Fuzzy B-Subalgebras of g-Algebras
Definition [1.3.1]

A fuzzy B-subalgebra p of X is said to be a normal if there exists x € X such
that p(x) = 1.

Example [1.3.2]

Consider the B-algebra (X, +, —, 0) in Example[1.1.5] Define p: X— [0,1] such that

1 x=0
wx)=4 05x=1
0 x=2,3

Then p is a normal fuzzy B-subalgebras of X.
However, in the B-algebra X in Example [1.1.8]

Define p;: X — [0,1]

08 x=0
wx)= 05x=1
03 x=2,3

is not a normal fuzzy B-subalgebra of X.
Lemma [1.3.3]
A fuzzy B-subalgebra u of X is normal if and only if p(0) = 1.
Proof:
The lemma follows by definition of normal.
Theorem [1.3.4]

For any fuzzy pB-subalgebra p of X, we can generate a normal fuzzy

B-subalgebra of X with contains p.
Proof:

Let pu be a fuzzy B-subalgebra of X.



Define a fuzzy subset u* of X as u*(x) = p(x) + u(0), v x € X.
Letx,y € X
Thenpu*(x +y)=p (x + y) +u(0)
= min {p(x), p(y)}+ ©(0)
=min {p(x)+ x°(0), ny) +u(0)}
=min {u*(x), 1 (¥)}
Similarly, u*(x —y ) = min {u*(x), u* (v)}. Also u*(0) = u(0) + u(0) = 1.
Therefore u™ is a normal fuzzy B-subalgebra of X.
Clearly p c u*. Thus u* is a normal fuzzy B-subalgebra of X, which contains p .
We call u* as a normal fuzzy B-subalgebra of X generated by p.
Corollary [1.3.5]
If p it self is normal then p = u*.
Corollary [1.3.6]
If p is a fuzzy B-subalgebra of X then (u*)* = u*.
Theorem [1.3.7]

Let pu be a fuzzy B-subalgebra of X. If p contains a normal fuzzy B-subalgebra
of X generated by any other fuzzy p-subalgebra of X then p is normal.

Proof:

Let y be a fuzzy B-subalgebra of X. By theorem [1.3.4], y* is normal fuzzy
B-subalgebra of X.

Therefore by theorem [1.3.3], ¥ *(0) = 1.
Let p be a fuzzy B-subalgebra of X, suchthat y* c p. = p(x) = y*(x) ) v x € X.

In particular p(0) = y*(0) = 1.



Hence p is normal.
Theorem [1.3.8]

Let p and y be a normal fuzzy B-subalgebra of X. If u c y then X, c X,,.
Proof:
Since p and y are normal fuzzy B-subalgebra of X, u(0) =1=7y(0) and X, c X,,.
Theorem [1.3.9]

Let p be a fuzzy B-subalgebra of a p-algebra X. Let : [0,u(0)] — [0,1] be an
increasing function. Define a fuzzy set u/: X — [0,1] by u/(x) = f (u(x)),) V x € X.
Then

i). u/ is a fuzzy B-subalgebra of X.
ii). If £ (u(0)) =1, then u/ is normal.
iii). If f(a) = a, a €[0, u(0)], then pc u’.
Proof:
The result (i) follows by the definition of u/
ii). If £(u(0)) =1, then u/ (0) = 1. Hence u/ is normal.
iii). Let f(a) = a V a € [0, p(0)]. Then u/ (x) = f(u(x)) = p(x) vV x € X.
Hence p c u/.
Theorem [1.3.10]

Let X be a B-algebra. Let N = {y /y is a normal fuzzy (3-subalgebra of X} and
u be the maximal in the poset (N, ). Then p takes only the values 0 and 1.

Proof:

Let p € N. Then p is normal implies u(0) = 1. Let x € X such that p(x) # 1.

Then it is enough to show that p(x) = 0, V x € X. suppose there exists a x" € X such



that 0 < p(x") < 1. Now define a fuzzy set y: X — [0,1] by y(x) = 0.5(u(x) + w(x")),
Vv x € X. Then clearly y(x) is well defined. Also,

y(x +y)=05(nx + y) + px")
= 0.5 {min (u(x), p(y)) + p(x")}
= 0.5 (min {u(x) + p(x’) , p(y) + px")})
= min(0.5 (u(x) + u(x"), 0.5(u(y)) + p(x’))}
= min {y(x), y(v)}
Similarly, y(x — y) = min {y(x), y(»)} = v is a fuzzy p-subalgebra of X.
Now,
y*(x) = y(x) +v°(0)
=y(x) +1-y(0)
= 0.5 (u(x) + u(x")) + 1 - 0.5 (u(0) + p(x")) (since p is normal)
= 0.5 (u(x) + 1)

Therefore y*(0) = 0.5 (u(x) + 1) = 1. Hence y* is normal. Therefore y* € N. Also
Yi(x) > ux), vxeX

This contradicts the fact that p is maximal. Therefore p(x) =0, V x € X.

This completes the proof.
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CHAPTER 2
Fuzzy Translations and Fuzzy Multiplications of

Fuzzy B-Ideals of B-Algebras

Section: 2.1

Fuzzy Translations of Fuzzy B-ldeals of p-Algebras
Definition: 2.1.1

A non-empty subset | of a B-algebra (X,+, —,0) is called a B-ideal of X, if
BI 1.0 €l
BI2. x +y €l,V x,y€ |, and
BI3.If x —yandy €lthen x €IV x,y € x.
Example:2.1.2
Consider the B-algebra (X, +,—,0) in example 1.1.7

The subset I,= {0,1, } is a B-ideal of X.
But I,={0,1,3} is not a B-ideal of X,since 1+3=2 ¢ I,.
Definition: 2.1.3

Let u be a fuzzy set in a B-algebra X. Then u is called a fuzzy B-ideal of X if
FBI1. u(0)= u(x)v x e X
FBI 2. u(x + y) = min {u(x), u(»)}v x,y € Xand
FBI 3. u(x) = min {u(x —y),u(y)} v x,y € X,
Example:2.1.4

Consider the B-algebra (X+,—,0) in example 1.1.7.The fuzzy set u: X— [0,1]
such that

u(x) =0.8 if x=0,2



=0.5if x=1,3
is a fuzzy B-ideal of x.
Definition 2.1.5

Let u be a fuzzy set of a p-alggbra X and a € [0.T],
where T=1— sup{u(x)|xeX}.

Then the fuzzy set uL_X — [0,1] is called a fuzzy a-translation of u if
pl(x)=u(x) + a v x eX.
Example 2.1.6

For the fuzzy set u of X in example[ 2.1.4] T=0.2. Let « = 0.1€ [0, 0.2].
Then the fuzzy set ul: X - [0,1] given by

ub(x)=0.9if x=0,2

=06ifx=1,3

is a fuzzy a-translation of u.
Theorem 2.1.7

If u be a fuzzy B-ideal of X then the fuzzy o-translation uk of u is also a fuzzy
p-ideal of X V a€[0.T].

Proof:
Let a € [0,T] and for any x € X,
g (0)= w(0)+ a
> wx)+ a
= pa(x) 1)
Forany x,y €X, ul(x +y)=px +y)+ o

>min {p(x),u(y)} + o



= min {p(x) +a, p(y) + o}

= min{ue(x), na ()} )
For x,y € X, uL(x) = u(x)+ a

> min {p(x = y),u(y)}H a

= min{p(x — y) + o, p(y) + o}

=min {ug(x — ¥), ua(y) 3)
Hence by (1),(2),(3) u% of wis a fuzzy B-ideal of X.
Remark 2.1.8

In general for any fuzzy set p of X, the fuzzy o-translation u% of p need not be

a fuzzy B-ideal of X Va €[0,T], as shown by the following example.

Consider the B-algebra X in examplel.1.7.The fuzzy set u with u(0)= 0.08,
u(D)= 0.5, u(2)= w(3)=0.6 and the a (=0.1)-translation uZ with u%(0)=0.9, uX(1)=0.6,
uL(2)= ur(3)=0.7 are not fuzzy B-ideals of X.

Theorem2.1.9

Let u be a fuzzy set of X such that the fuzzy o-translation ul of u is a fuzzy
[-ideal of X for some a€[0,T].Then p is a fuzzy B-ideal of X.

Proof:

Assume that u? of u is a fuzzy B-ideal of X for some o€ [0,T]
Letx,y € X.
D(0) + o= uL(0)> ul(x)= u(x)+a which implies u(0) > w(x) v x € X.
iu(x + y)+o= pf(x + y) > min {uf(x), uz(v)}

= min{p(x)+a, p(y)+a}= min{p(x),u(y) o
which implies p(x + y) > min{pu(x),1(y)}-

iii)p(x) + o = ul(x) > min{ul(x — y), uZ(»)}



= min{p(x — y)+o, W(y) +a}
= min{p(x — y),1(y)} +o

which implies p(x) > min{pu(x — y),1(y)}

Hence p is a fuzzy B-ideal of X.

The following lemma shows that any fuzzy o-translation of a fuzzy B-ideal of X

is a fuzzy B-sub algebra.

Theorem 2.1.10

Let a € [0,T] and p be a fuzzy B-ideal of X. Then the fuzzy a-translation uZ of

uw is a fuzzy B-sub algebra of X.
Proof:
Let o € [0,T]

i.  Foranyx,y € X, uga(x +y)= p(x + y) +a
>min{px),u(y)} +a
= min{p(x) +o,u(y) +o}
= min{ug(x), ue(»)}

ii. Foranyx,y €X, ui(x —y) = u(x —y) +a
> min{p(x),Wy)} +o
= min{p(x) +o, W(y) +o}
= min{ug(x), ug(v)}

Hence u? is a fuzzy B-sub algebra of X.

Theorem 2.1.11

For o € [0,T], let the fuzzy o-translation u% of a fuzzy set u of X be a fuzzy

B-ideal of X. Then every non-empty level subset(ul).={x €X /u(x) > t—a} Vt€ Im(n)

with t >a is a B-ideal of X.

Proof:

Assume that the fuzzy a-translation u? is a fuzzy p-ideal of X.

Let t € Im(p) be such that t > a.



Now p(0) + 0 =ug(0) = ug(x) + a >tV x € (ug);
=0€ (ug)e 1)
Let x,y € (uL),= n(x) >t—a and
w(y) > t—a =p(x)+a >t and
uy)ta>t=>pug(x) >tand ui(y ) > t.
Now (ug) (x + y ) = min {(ud)( x)( 1g)(¥)} = min {t.t}=t
Which implies p(x + y) + a >t
Sux+y)>t—-a=x+y € (uh); )
Let x,y € X be suchthat x —y and y € (ul),
=u(x —y) >t—aand u(y)>t—a
=wx —y)+a=>tand wW(y) +a >t
= () e(x —y) = tand ((ud)(v) > t
Hence p(x) +a =pg(x) = min {ug(x — y), p&(y)}=min {tt}=t
Therefore x € (u), 3)
By (1), (2), and (3) (u%), is a p-ideal of X.
Theorem 2.1.12

Inter section and union of any two fuzzy translations of a fuzzy p-ideal p of X

is also a fuzzy B-ideal of X.
Proof:

Let ul and ul, be two fuzzy translation of a fuzzy B-ideal p of X, where
0, a’€[0,T]. Assume that o < o’ By theorem [2.1.7] u% and ul. are fuzzy B- ideal of
X..

Now (uF A u5)( )= min {uf(x), ub(x)}



=min{p(x)+a,u(x) + o’}
=u(x) + a
= pa(x)
Also (i V pg)(x)= max{ug (x), uer (x)}
= max {p(x)+0, p(x)+a'}
=ux)+a’
=ul,
Therefore ul A ul. and ul v ulare fuzzy B-ideals of X.
Theorem 2.1.13

Let p and y be two fuzzy B-ideals of X. Let T= min {T,,T,}where
T, = 1—sub {u(x) /x €X} and T, = 1—sup {y(x) /x €X}. Then the intersection of

a- translation of u and a'- translation of y for some a,a’ € [0, T] is a fuzzy B-ideal of

X. But the union need not be a fuzzy B-ideal of X.
Proof:

Let u and y be two fuzzy p-ideals of X. Then by theorem [2.1.7] uT and y?,
are fuzzy B-ideal of X. Then ul Ayl is a fuzzy B-ideal of X.

Theorem 2.1.14

Let f: X— Y be an epimorphism between two B- algebras X and Y. And
a € [0,T].Then inverse image of any fuzzy B- ideal p of Y is same as the

a- translation of the inverse image of the fuzzy p-ideal p.
Proof:

Let f: X =Y be an epimorphism between two B- algebras X and Y. And
o € [0,T]. Let p be a fuzzy B-ideal of Y. Then by theorem[2.1.7] the a- translation u?
is a fuzzy B-ideal of Y. Then f~1(ul) is a fuzzy p-ideal of X.

Also £~ (ug) (x)= pa (f (0))= n(f (x))+a



= f w(x)+o = fFH e (x)
Hence f~*(ug) =f "' (W&
Theorem 2.1.15

Let u and y be two fuzzy B-ideal of a - algebra X. Let T= min {7,,,T, }.Where
T,=1-sup{u(x)/ x €X} and T,=1-sup{y(x)/ x €X} a€[0,T]. Then the

a- translation of Cartesian product pu X y of p and y is a fuzzy B- ideal of X x X.
Proof:

Let p and y be two fuzzy B-ideals of a B-algebra X. Let a € [0,T]. Now by
theorem [2.1.7] uZand y! are fuzzy B- ideal of X. Then uk x y[ is a fuzzy B-ideal of
X x X.

Also (L X ¥)g (6,y) =X y) (x,¥)+

=min {u(x), y(y)}+a

=min {p(x) +a, y(y)+a}

=min {ug(x), vz )}

= (Ha X ¥a)(x,¥) ¥ (x, y)€ XX X
Hence (u X y)T is a fuzzy p-ideal of X x X.
Definition 2.1.16

Let i, and u, be two fuzzy sets of X such that u, is a fuzzy extension of u,. If
Uy is a fuzzy B-ideal of X implies that u, is called a fuzzy B-ideal of X, then u, is

called a fuzzy B-ideal extension of p;.
Example 2.1.17

Consider the B-algebra (X, +, —, 0) in example [1.1.7].The fuzzy sets u, and
U, of X defined as below.
08ifx=0 09ifx=0

U(x) =403if x =1,3 Ua(x) =1 06ifx=1
05ifx=2 05if x =23



are fuzzy PB-ideal of X. clearly u, is a fuzzy p-ideal extension of u;. But u, is nota

a- translation of y;.
Theorem 2.1.18

Intersection of any two fuzzy B-ideal extensions of a fuzzy B-ideal p of X is a

fuzzy B-ideal extension of p.
Proof:

Let u; and u, be two fuzzy B-ideal extensions of a fuzzy B-ideal pu of X. Then
Ui(x) = p(x) and py(x) = p(x) v x € X. Now p is fuzzy B-ideal of X which
implies y,and u, are fuzzy B-ideal of X. Then, u; A u, is also a fuzzy p-ideal of X.

Now (p1 A p2)(x) = min {uy (x), p2 ()}
= min {p(x), p(x)}
= u(x)
Hence 4 A u, is a fuzzy B-ideal extension of .
Remark 2.1.19
For any two fuzzy sets u, and u, of X,
(1 A pz)(x) = min {p; (), 2 ()} < pa (x) and pi ().

Hence u,(x) and u,(x) are fuzzy extension of (u; A uy). But py(x) and u,(x) need
not be fuzzy p-ideal extension of (u; A py).

Remark 2.1.20

Union of any two fuzzy B-ideal extensions of fuzzy set of B-algebra need not

be a fuzzy B-ideal extension. Consider the B-algebra X in the example [1.1.7].
Let the fuzzy sets u, p; and p, be defined by

0.7ifx=0 08ifx=0 09ifx=0
u(x) =403ifx =13 p)=1{ 06ifx=1 pu(x)=404ifx=13
0.5if x =2 0.5if x =2,3 0.6if x =2



Clearly p; and u, are fuzzy B-ideal extensions of the fuzzy p-ideal p.

Now (uq V 12)(0)=0.9 (pq V u3)(1) = (41 V 12)(2)=0.6 and (1 V p45)(3)=0.5.
Since, (4 V u3)(3) =0.5,
min{(uy V 12)(3—2), (11 V 142)(2)}= 0.6,
the fuzzy set u, V p, is not a fuzzy pB-ideal extension.
Theorem 2.1.21

Let p be a fuzzy B-ideal of X. For V a €[0,T] the fuzzy o- translation uZ is a

fuzzy B-ideal extension of p itself.
Proof:

If p be a fuzzy B-ideal of X then theorem [2.1.7] the fuzzy a- translation uX of
u is also a fuzzy B-ideal of X Va € [0,T]. Also uX (x) = p(x)+o = u(x) V x €X.

Therefore u? is a fuzzy B-ideal extension of .
Theorem 2.1.22

Let p be a fuzzy B-ideal of X. If a > a’ with a, a’ € [0,T], then the fuzzy

a- translation uX of p is a fuzzy B-ideal extension of the fuzzy a’-translation “Z’ of .
Proof:

Let p be a fuzzy B-ideal of X. Then by theorem [2.1.7] the fuzzy a- translation
uk and the fuzzy a'- translation u!, are fuzzy B-ideal of X. Since a > a’ implies

wx)+a = wx) + a' v x eX.
Therefore X (x) > ul (x)V x €X.

Hence u? is a fuzzy B-ideal extension of yg,.



Theorem 2.1.23

Let p be a fuzzy B-ideal of X and a' €[0,T]. For every fuzzy B-ideal extension
y of the fuzzy a'- translation Mgr of u, there exist a€[0,T] such that o = a’ and y is

the fuzzy B-ideal extension of the fuzzy a- translation uk of p.
Proof:

Let p be fuzzy B-ideal of X and a' €[0,T]. Then by theorem [2.1.7] the fuzzy

a'— translation p is a fuzzy B-ideal of X. Let y be a fuzzy p-ideal extension of .
Therefore y(x) > ,uzf(x) vV x eX.
Then choose o= a’ + minex{y(x) — pl:(x)}

Clearly o € [0,T] such that a > a’. Then u? is a fuzzy o- translation p and

Y () = pg ().

Hence v is also a fuzzy B-ideal extension of the fuzzy uZl.

Section 2.2
Fuzzy Multiplications of Fuzzy B- ideals of - Algebras

Definition 2.2.1

Let pu be a fuzzy set of a B- algebra X and y €[0,1]. Then the fuzzy set
wy':X = [0,1] is called a fuzzy y- multiplication of w if py'= p(x).y V x €X.

Example 2.2.2

For the fuzzy B- ideal p of X in example [2.1.4] the fuzzy set u)’f’ : X-[0,1]
such that

0.08if x = 0,2
M _ )
Hy () = {0.05 if x=1,3

Where y=0.1 €[0,1] is a fuzzy y- multiplication of p.



Lemma 2.2.3
If a fuzzy set u: X— [0,1] is a constant, then p is a fuzzy B- ideal of X.
Proof:
If p(x) is constant for all x €X, then p is a fuzzy B- ideal of X.
Corollary 2.2.4

Let p be a fuzzy set of X. If y=0, then the fuzzy y- multiplication ' of pis a
fuzzy B- ideal of X.

Proof:
If y=0 then 1}/ (x) = p(x) .y = 0 for all x €X.
=uy is a fuzzy B- ideal of X.

Corollary 2.2.5

Let p be a fuzzy set of X. If y= ﬁ , (u(x) >0) Vv x €X, then the fuzzy

y- multiplication uj' of p is a fuzzy - ideal of X.

Proof:

Now ! (x) = u(x).y = % =1V x eX.

Then py' is a fuzzy p- ideal of X.
Theorem 2.2.6

If p be a fuzzy B-ideal of X then the fuzzy y- multiplication p;"of p is also a
fuzzy B- ideal of X vV y €[0,1]

Proof:
Let y €[0,1] and for any x €X,
M _ - M
ty (0)= p(0). ¥y = p(x). y = py (x). 1)

Forany x,y €X, /' (x + )= u(x + ).y



= min {p(x), n(y)}- ¥
=min {p(x). y, W(y). v}
= min {u)’ (x), ' ()} ()
Forany x,y €X, w/(x)= n(x). ¥
= min {p(x — y), u(y)}. v
=min {pu(x = y).y, uy). v}
=min {uy' (x — ¥), wy' )} ®3)
Hence by (1), (2) and (3) u of p is a fuzzy B- ideal of X.
Theorem 2.2.7

Let u be fuzzy set of X such that the fuzzy y- multiplication w}of p is a fuzzy

B- ideal of X for some y € [0,1] then p is a fuzzy B- ideal of X.
Proof:

Assume that the p;"of  is a fuzzy B- ideal of X for some y € [0,1]
Letx,y e X
w0). y = ' (0) = ! (x)= n(x). v

which implies p(0) = pu(x) v x € X, 1)
uex +¥)y = wy' (x +y)

= min {w/ (x), ' ()}

=min {u().y, u().v}

=min {p(x), u(y)}-¥

which implies p(x + y) = min {u(x), W(y)} 2

n(x). y = py' (x) = min {u’ (x — y), ' (»)}



= min {u(x = ).y .u(y)- v}

= min {p(x =), W(y)}- ¥
Which implies p(x) = min {p(x — y), p(y)} ©)
Hence by (1), (2) and (3) p is a fuzzy B- ideal of X.
Theorem 2.2.8

Let y € [0,1] and p be a fuzzy B- ideal of X. Then the fuzzy y- multiplication
uy' of pis a fuzzy B- subalgebra of X.

Proof:
Lety € [0,1]
Forany x,y € X, w/(x +y)=u(x +y).v
= min {u(x), n(y)}.y
=min {p(x). y, w(y). v}
=min {u (%), ' ()} (1)
Forany x,y € X, i)/ (x — ) = w(x — y). v
= min {p(x), p(y)}- ¥
= min {u(x). ¥, n(y). v}
=min {uy’(x), iy’ )} )

Hence by (1) and (2) u’y‘/’ is a fuzzy B- subalgebra of X.



Theorem 2.2.9

Let p be a fuzzy set of X, a € [0,T]and y € [0,1]. If )/ is a fuzzy B- ideal of

X, then the fuzzy a-translation pj, is a fuzzy p- ideal extension of
Proof:

Let a € [0,T], ¥ € (0,1] and ' is a fuzzy B- ideal of X. Then by theorem

[2.2.7] the fuzzy set u is a fuzzy B- ideal of X. And by theorem [2.1.7] the
o- translation uZ is a fuzzy B- ideal of X.

Now p (x) = p(x)+a = p(x)
= x). v
= b
Hence pj, is a fuzzy p- ideal extension of .
Remark 2.2.10

If y=0 then by theorem [2.2.4] the fuzzy y- multiplication u)of p is fuzzy
B- ideal of X. also uf, is a fuzzy extension of 1} but not a fuzzy p- ideal extension.

Since ul need not be fuzzy p- ideal of X.
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CHAPTER 3
L-Fuzzy pB-Subalgebras, L-Fuzzy p-ldeals and

L-Fuzzy T-ldeals of p-algebras
Section: 3.1
L-Fuzzy B-Subalgebras of p-Algebras
Definition: 3.1.1

Let u be a L-fuzzy set in a [-algebra X. Then p is called an L-fuzzy
B-subalgebra of X if

DU(x +y) = px) Auy) Vx,y € X,
i) p(x —y) = p() A wy) vVx,y € X.
Example: 3.1.2
Consider the B—-algebra(X,+ , —,0) in example 1.1,5.

Define u: X—L such that

lifx=0
H(x)=3 sifx=1
0if x =23

where 0 <s <I. Then p is an L-fuzzy -algebra in X.
Example: 3.1.3
Consider the p-algebra(X,+, —,0) in example 1.1,5.

Define p: X—L such that

t3ifx:O
M(x) =<t if x =12
tlifx=3

where 0 < t; < t; < t3 < 1.Then p is not an L-fuzzy p—subalgebra in X. For,
H(0—-1)=p(3)=t; <t;=t3At,=p(0) A u(1) , for 0,1 € X.



Lemma: 3.1.4

If 1 and u,be two L-fuzzy B-subalgebras of X then u, A u,is also an L-fuzzy
—subalgebra of X.

Proof:

For ,y €X

(g A ) (x+y) = (x + ) Apy(x +y)

> (1, ) A ) A (B, () A, ()
> () A, DA () A, ()
= (A py) () A (pA ) ()

Similarly for x ,y € X,

(A ) =y)=p (=) Ap,(x—y)
> (1, ) A O)) A (B, () A, ()
> (py () Ay GDA (1, () Ay ()
=(A ) () A (A R,) )

Therefore,u, A u,is an L-fuzzy B-subalgebras of X.

Corollary: 3.1.5

If {u;/ 1=1,2,3....} be a family of L-fuzzy B-subalgebras of X, then (A ) is also an
L-fuzzy p—subalgebras of X.

Lemma: 3.1.6
Let X be a B-algebra of X and p be an L-fuzzy p—subalgebras of X. Then
Lux) <w0),vx € X

2. M(x) <u(x*), Vx € X ,where x*=0 —x



Proof:
Forany x €X,u(0) = p(x — x) > pn(x) A p(x) = p(x) and

H(x™) = (0 — x) Zp(0) A p(x) = p(x)
and u(0) = p(x™ — x*) = pu(x™) A p(x*) = pu(x”)
Hence p(x) < p(x*) < u(0).
Theorem: 3.1.7

Let u be an L-fuzzy B—subalgebra of B-algebra X.

Then the set X,={x € X/ u(x)=p(0)} is a p—subalgebra of X.
Proof:
Let x,y € X,,.Then by definition pu(x)= (0) , u(y) = n(0).
Now

H(x +y) = ulx) A p(y) = u(0) A p(0)= p(0) 1)
Since x,y € X and X is a of pB-algebra, x + y € X. Therefore, by lemma [3.1.6]
HO0) > p(x +y) )

Combining equations (1) and (2), we get p(x + y) = n(0)
This shows that x + y € X,,.

Hex —y) = p(x) A p(y) =p(0) A u(0)= p(0) 3)
Since x,y € X and X is a of B-algebra, x —y € X. Therefore by lemma [3.1.6]

1(0) > p(x —y) 4)
Combining equations (3) and (4) we get, u(x —y) = K(0)
This shows that x +y € X,,.

Hence x + y, x —y € X,,. Therefore X, is B-algebra of X.



Lemma: 3.1.8

Let p and y be an L-fuzzy p—subalgebras of p-algebrsa of X. If pcy and
1(0) =y(0), then X, c X,,.

Proof:
Assume thatpc y and p(0) =y(0)
If x € X, then p(x) = p(0).
Since pc y, p(x) < y(x) vx € X.
Now

v(x) = u(x) = u(0) =v(0) (%)
Now vy is an L-fuzzy B—subalgebra of p-algebra of X.
Therefore by lemma [3.1.6]

v(0)>vy(x) Vx € X. (6)

From equations (5) and (6) we obtain y(0) > y(x) > v(0) , this proves that
v(x)=7v(0) Vx € X.
Therefore x € X,,.
Theorem: 3.1.9

Let p be an L-fuzzy B—subalgebra of p—algebra of X and let f: [0, u(0)] — [0,1]
be an increasing function. Define an L-fuzzyset u/: X — L by u/(x) = f(u(x))
Vv x € X. Then u/ is an L-fuzzy B—subalgebra of X.

Proof:
Let x,y € X. Then
w(x +y) = f(ulx + y))

> f(H(x) A p())



= f(HE)) A F(HD))
=1 (x) At ().
Therefore i/ (x + y) = u/ (x) A 1/ ().
# (x = y) = f(ulx — y)
> f(H(0) A p(y))
= fFE) A F(RG))
= ul () Al ().
Therefore ,u (x — y) > 1/ (x) A 1’ (). Hence u/ is an L-fuzzy p—subalgebra of X.
Theorem: 3.1.10

If Ais a p-subalgebra of X, then the characteristic function y, is an L-fuzzy
B—subalgebra of X.

Proof:
Letx,y € X
Case (i): Letx,y e X

Since A is a B—subalgebraof X, x +y, x —y € A. Hence y,(x) =1, y4(y) =1 and
therefore y,(x + y)=1 and y, (x — y)=1.

Then,
Xax +y)>xa(x) A xaly), Vx,y €X.

and y,(x —¥) = xa(x) A xa(y), Vx,y € X.

Thus, y, is an L-fuzzy B—subalgebra of X.
Case (ii): Assume that both x,y € A.Then y,(x) =0 = y,(y).Then for V x,y € X.
Xa(x +y)20=010=ya(x) A xa(y), Vx,y € X.

and ya(x—y)=0=0A0=y, (x) A xa(y), Vx,y €X.



Xa is an L-fuzzy p—subalgebraof X.

Case(iii): Assumethat x € Aand y € A. Then y4(x) =1, x4(y) =0.
Then

Xax+y)Z1=0A1=1A0=yu(x) A xa(y), Vx,y € X.

and y (x—y)=>1=0A1=1A0 =y (x) A xa(¥),Vx,y €X.

Xa is an L-fuzzy B—subalgebra of X.

Case(iv): Interchanging he roles of x and y in case (iii) we can prove that y, is an

L-fuzzy p—subalgebra of X when x ¢ Aandy € A.

Thus the theorem is completely proved. The converse of the above theorem is also
true.

Corollary: 3.1.11

Let A be any subset of a p—algebras of X. If any characteristic function y, of A
is an L-fuzzy B—subalgebraof X, the A is a f—subalgebraof X.

Section 3.2
L-Fuzzy Level B-Subalgebras of B-Algebras
Definition: 3.2.1

Let X be a p—algebra and p be an L-fuzzy p—subalgebra of X. The B-subalgebra
of u, forte [0,1] with t < p(0), are called a level of B-algebra of p.

Theorem: 3.2.2

An L-fuzzy set p of a p-algebra of X is an L-fuzzy B—subalgebra iff the level
subset u of |, vt € [0,1] is either empty or a B—subalgebra of X.

Proof:

Let 1 of a B-algebra of X. Foranyt € [0,1], assume that u, # @.

Foranyx,y € u,, M(x+y)=p(x) Ap(y)=t Hencex +y € u,.



Also,u(x — y) = p(x) A p(y) = t. hence x —y € u,. Therefore u, is an f-subalgebra
of X.

Now choose x,y € X, such that pu(x)=t, and p(y)=t, , t;,t, € [0,1].
Then x € ue, y € py,.

If t; <t,,then n, SR, = VEN, .

Since ., is a p-subalgebra of X, we have x +y € y, andx —y € Ky, -

Thus p(x + y) > t;= p(x) A u(y) and p(x — y) >t;= p(x) A u(y) proving that L-Fuzzy
set p of X is an L-Fuzzy p—subalgebra of X.

Theorem: 3.2.3

Any B—subalgebra of a f—algebra of X can be realized as a level B—subalgebra

for some L-Fuzzy p—subalgebra of X.
Proof:
Let A be a p—subalgebra of X and let p be an L-Fuzzy set in X defined by

_(tifx €A ..
“(x)_{OifxeA t € (0,1) is fixed.

Then u,=A . Letx,y €X

Case(i):

If x,yeAthenx+yandx —y €A,

Hence p(x)= p(y)= p(x + y) and p(x — y)=t.
Therefore

Hix +y)=t=tAt>p(x) A u(y) and

H(x — y) =t= tA t = P(x) A u(y).

Case(ii):

If x,y € Athen p(x)=u(y)=0.



Thenp(x +y)>0=0A0=p(x) A u(y) and

Hix =y)20=0A0=p(x) A u(y)

Case(iii):

Ifx e Aand y € A, then p(x)=tand p(y)=0

This implies that pi(x) A u(y) = tA 0=0

But u(x + y) > 0 and therefore p(x + y) > u(x) A u(y),
Also p(x — y) > 0 and therefore p(x — y) > u(x) A w(y).
Case(iv):

If x ¢ Aand y € A, we can interchange the roles of x and y in case(iii).Thus in all

cases, u is an a B—subalgebras of X.
As a generalization of this theorem we prove the following theorem.
Theorem: 3.2.4

Let X be a B—algebra. Given any sequence {A;} of p—subalgebra of X such that
AycA; c A, c.... A,=X, then there exists an L-fuzzy p—subalgebra {'uti} of X

whose level B—subalgebras are exactly the p—subalgebras of {A;} of X.
Theorem: 3.2.5

Let X be a f-algebra and W be a L-Fuzzy B—subalgebra of X and let ptland
utzbe any two level subset of p with t; < t,, then By, = My If and only if there is no

x € X such that t;< p(x) < t,.

Proof:

Assume that He, = My, and t;<t,.

suppose that there exists atleast one x € X such that t;< p(x) < t, and then
Hx)>t; = x € He -

This implies x eutzand therefore utzis a proper subset of n @ contradiction.



Conversely, assume that no x € X such that t;< p(x) < t,.
Letx € He, = H(x)>t,.

But by the hypothesis no x € X exists so that t;< p(x) < t,.
Hence u(x) >t,

=X € ut1: He, © My,
Therefore He = My -

Theorem: 3.2.6

Let the B-algebra X be finite and p be a L-Fuzzy p—subalgebra of X with
Im()={ty, t,.....t,} then the family of B—subalgebras {,uti,O <1 < n} will be the

entire level p—subalgebras of pe X.
Proof:
Given Im(u) = {t4, t,...t,} and assume that t;< t,< tsz... < t,,.

Lette [0,1] and t € Im(p) and if t< t; then M, = b, or if t;_; < t <tjthen by
theorem [3.1.15] p, = ”ti(or) if t > t, then p,_is empty and therefore ., is one of the
member of the family of B—subalgebras {,uti 1 <i<n}, proving that {,uti 1< i< n}

will be the entire level of p—subalgebras of X.
Corollary [3.2.7]

Let the p—algebra X be finite and p be a L-Fuzzy B—subalgebra of X with
Im(p) is finite ,then for any t; , t; € Im(Q), p, =, and t; = t;.
i j

Proof:
Let Im(p) = {t,ty........... to} and assume t;<t,< tz<........ < t,.

Suppose that t; # t;. Now p(x) = t;> t; which implies that x € p, .

Let x € Xsuch that ;< p(x) < tjthen x & -



Therefore p.. is a proper subset of M, , 8 contradiction.

Theorem: 3.2.8

Let u be a L-Fuzzy B-subalgebra of p-algebra X with Im(u)={t;/ i€ A;} ,
where A; is an index set. Let = {u /i€ A;} be a family level B-subalgebras of

K. Then the following are true.
There exists a unique t, € Im(l) such that t, > t;V i€ A;.

. Xp_ = Ht0= A Wi ,|€ Ai'

1.
2
3. X=V; i€ A;.
4. The level subalgebras in the family t- from an inclusion sequence.
5

. If p contains an infimum on all f-subalgebra of X , then t- contains all its
level B-subalgebras of X
Proof:
Proof follows by the above discussions.
Section: 3.3
L-Fuzzy p-Ideals of p-Algebras
Definition: 3.3.1

Let u be a L-fuzzy set in a p-algebra X. Then p is called an L-fuzzy B-ideal
of X if

1.1(0) > pn(x) Vx € X.

2. u(x + y) > u(x) Au(y) vV x,y € X and

B HX) Zp(x — ) AWY)Vx,y €X.
Example: 3.3.2

In example [1.1.5] of B-algebra X ,define the fuzzy set p,: X—L such that

t3if.x=0

W(x) =] t2ifx =1
tl lfx: 2,3



where 0 <t;< t, <t <1,t; ,t, ,t3 € L.Then y, is an L-fuzzy p—ideal of X.
The fuzzy set p,: X—L such that
t3 lfx = 0
Mp(x) ={ tz if x = 1,3
where 0 <t;< t, <t3 <1,t; ,t, ,t3 € L isalso an L-fuzzy p—ideal of X.
Lemma: 3.3.3

Intersection of two L-fuzzy p-ideals of a P-algebra is again a L-fuzzy
—ideal.

Proof:
Let y;and p,be two L-fuzzy B—ideals of a p-algebraof X.
For x,y € X,
(1 A 12) (0) = 1e(0) A 2(0)
> (M1 (%) A pz(x))
> (WA ) (x). @
(A ) (0 +y) = w(x +y) A pp(x +y)
> (1 () A () A (uz(x) A pa(y))
> (M1 () A (A (a(¥) A 2(y))
= (A p2) (0 A (A i) () )
(K A pz) (x) = pa(x) A pp(x)
= (e =) A () A (rz(x =) A pz(y))
= (il =) A (x = YDA (1Y) A ()

= (A Hp) (x = ¥) A A 12) () 3)

Hence p;Ap,be two L-fuzzy p—ideals of X.



The above result can be generalized as
Corollary: 3.3.4

The intersection of any collection of L-fuzzy B-ideals of a B-algebra is again a

L-fuzzy p—ideal.
Remark:

Union of two L-fuzzy p—ideals of X need not be a L-fuzzy B—ideals of X . In
example [3.3.2] the fuzzy sets p;and p, are L-fuzzy p—ideals of X. But p,Vu, with

( H1VHz) (0)=ts, ( miVHz) (1)=(r1VH2) (2)=t2, ( M1VH2) (3)=ty, is not an L-fuzzy
B—ideals of X.

Theorem: 3.3.5
Let 1 be a L-Fuzzy B—ideal of B-algebra X. If x <z + y then
H(x) = w(2)Ap(y)
Proof:
Vx,v,z€X
() > u(x = y) A p(y)
> ((n(x = ¥)=2)) A w(2) A ()
= (H(x = (z + y) A @) A y)
= (1(0) A u(2)) A p(y)
= U(2)A wy)
Lemma: 3.3.6
Let u be an L-fuzzy B—ideal of a B-algebra X. If x <y then p(x) > u(y).
Proof:
Forx,y € X, x<y = x —y =0then

H(x) = p(x —y) A p(y)



= 0N u(y)
Hence the theorem.
Theorem[3.3.7]
Let A'is a subset of X. Define an L-Fuzzy set u: X—L such that

(tp if xEA
“(x)‘{tl if x g A

where ty,t; € L with ty > t;.Then u is an L-fuzzy B-ideal of a p-algebra X if and
onlyif Aisa p-ideal of X.

Proof:
Assume that p is an L-fuzzy p—ideal of X.

If x €A, n(0)>ty and if x € A, u(0)>t,
SInCe t0>t1 , M(O) > t0>t1

=H(0) = to
=0€A 1)
For x,y € A,=u(x)=ty=u(y)
Now p(x + y) > p(x)Au(y)
= to/ty
= t,
Therefore p(x + y) = t,
=x+y€EA 2
For x,y € X,
If x—yeAandy €A then
Now p(x) = p(x — y)AR(Y)

= toAte= to



=H(x) = to
=x €A 3)
Hence by (1),(2) and (3) A is p—ideal of X.
Conversely , suppose A isa p-ideal of X.
Now 0 € A=u(0) =t,
Also V x € X, Im(l) = to,t; and ty>t;.

=p(0) = p(x) 4)
Forx,ye A=x+y €A
=Hx)=u(y) = u(x +y) = to

= to/Atg

= M(x) Au(y)
Hence p(x + y)> p(x)Au(y) (5)

For xeX, If x—yeAandyeA = x €A

=U(x) = ty=toAty

= H(x —y) Au(y)

And forsomex eX if x —y¢Aandy ¢ A
=x €A (or) x¢ A
=u(x) = ty(ont,
> 1=t A= Hx — y) Awy).
Hence p(x) > p(x — y)Au(y) (6)

By (4),(5) and (6) pis an L-fuzzy p—ideal of X.



Result:

For any non-empty set A in a p—algebra X , the characteristic function y, of A

is an L-fuzzy B—ideal of X.
Theorem [3.3.8]

An L-fuzzy set p is a an L-fuzzy B-ideal of X if and only if the non empty level
subset . is a B-ideal of X, V te L.

Proof:
Assume that p is an L-fuzzy p—-ideal of X.
Now p(0) > p(x) vVx € X
=u(0)>t for anyvVteL
=0ew,VteL 1)
For anyvte€ L,u# 0
For,y € p, we have p(x) >tand p(y) >t
Now p(x +y) = p(x)Ap(y) = t.
Hence x +y € p, (2
Letx,y € X besuchthatx —y,y € ;.
Then we have p(x —y)>tand p(y) >t
Now p(x) = p(x — y) An(y)

>tAt=x € It 3)
Hence by (1),(2) and (3) p, is a p—ideal of X.

Conversely, assume that each non-empty level subset p; is a p—ideal of X, for some

L-fuzzy set p of X.
Claim: pis an L-fuzzy p-ideal of X.

Forany x € X ,let p(x)=t. Then p, is a p—ideal of X= 0 € y;



=u0)>ux)vx eX 4)
Choose x,y € X, such that pu(x) = t; and p(y) = t,, where t;,t, € L.
Then x € p,and y € py,

Assume t;<t,. Then p, €y, , hencey € p,

Since y; is a B-ideal of X, we have x +y € pg,

Thus p(x + y) = t;= HEOAR(Y). ®)

Suppose that there exits x, y € X such that p(x) < u(x — y) Au(y).

Let t'= {u(x — y) + (L) AW(Y))}

2
Clearly t' € L.
Then p(x —y) >t and p(y) > t’

=X — Y € puy and =y € py.

However, p(x) < t'At'=t’

= x & Py Which contradicts the facts that p. is a p—ideal of X.
Hence for x,y € X, p(x) > u(x — y) Au(y) (6)
Therefore by (4),(5) and (6) u is a fuzzy p—ideal of X.

Corollary[3.3.9]

If pis an L-fuzzy p-ideal of X ,then the set X,,,,={x € X|u(x)=p(y)} is a

B—ideal for any y € X.
Corollary[3.3.10]

If wis an L-fuzzy B-ideal of X ,then the set X,={x € X|u(x)=p(0)} is a B-ideal
of X.
Theorem [3.3.11]

If every L-fuzzy B—ideal p of a p—algebra X is such that |Im(p)| < oo, then

every descending chain of B—ideals of X, terminates after a finite stage.



Proof:
Let u be any L-fuzzy p—-ideal of X such that [Im(w)| < co.

Suppose a strictly descending chain X=A, > A; D A, o ... A,,... of B-ideals of X

does not terminate after a finite stage. Then define a fuzzy set p of X by
n

“(x):{n+1

lfx EAH_AH—I
1 ifxenA,

(a) Every B—ideal A, contains 0=0€ N A,=u(0) > u(x) Vx € X.

(b)Let x,y € X

If x4+ y € NA,, then p(x + y)=1> p(x) Au(y).

If x+y¢& NA,. Assume that x +y € A, — A41 for some t>1.

Then atleast one of the x or y does not lie in NA,. (since if both x and y lies in NA,

then x + y € NA, which implies x + y € NA, , Vn)
Let A, be a maximal fuzzy p—ideal of X suchthatxory € A, — Ap41-
Hence both x and y € A,,.

Ift >mthen A, € Aiy; © Acimplies x + y € A4, which contradicts to our

assumption. Hence m > t.

NOW p(x +¥) = — > == L) Au(y).

t+1 7 m+1

(c) Letx,y e X.

case(i): If x —y € A, — A;q,and y € Ay — Ay, Tor some t, k € NU{0}.
Let t>k. Then x —yandy € A;=x € A(since A; is a closed B—ideal in X).

Hence i(x +) 2 £5=H() Au().
case(ii): If x —y e NA,and y € NA,,then x € NA,,

=u(x) > 1= p(x — y) Au(y).

case(iii): If x—y ¢ NA,andIf yen A, thenx —y € Ay — Ay, for some
k € NU{0}. Thenx e n A,



k —
Hence u(x) > 3= W(x = ) Au().
case(iv): If x —yenAyandIf y€nA,theny € Ax — A, for some

k € NU{0}. Then € n Ay. Hence p(x)> k—fl = U(x — y) A(y).

Therefore W is an L-fuzzy B—ideal p of a X. clearly |Im(u)|= co. Which is a
contradiction to our assumption.
Therefore every descending chain of p—ideal X terminates after a finite stage. This

completes the proof.
Theorem [3.3.12]

Let X= Ay cA; c A, c ... A, c... be a strictly ascending sequence of p—ideals of
X and (t,) be a strictly descending sequence (0,1). Let p be a L-fuzzy set defined by

()_{ 0if x€A,VneN
M=t if xe A, —A,_,VneN

where A,=@.Then p is an L-fuzzy p-ideal of a X.
Proof:

(@) Let A=UA,. Then Ais a L-fuzzy p—ideal of a X.
Clearly p(0)=t; > p(x),v x € X.
(b) Case(i): If x,y € A, —A,_4
=x,y € A,=x +y € A,,Since A, is ap—ideal of a X.
Also x,y € Ap — Ay = U(x)=t,=l(y)
=H(x) Au(y)=ty
Now x +y € A,
=x+y€EA,—A,_0r x+y€EA _=Ux+y)=t,
Hence p(x + y) >t,
Therefore p(x + y) >t,=p(x) Ap(y).

Case(ii): For i >j=t;>t;= Aj c A;.

If x € Ai - Ai—l:U(x):ti and y € A] — Aj—l

=U)=t; >t =HU(x) Ay).

=ti/\t]' =t



Andx €EAj— A= x€Ajandy € Aj —Aj_;.

=Y € Ajc Aj=x,y €EAjthenx +y € A;.

Since it is a p—ideal of X. Therefore p(x + y) > t;=p(x) Au(y).
(c)Let x,y € X

Case(i): If x ¢ A

=x—-—yEAory¢A

=H(x) =0 =p(x — y) Au(y)

Case(ii): If x €A

=x €A, —A,_, forsomen

=x € Ajand x¢A,_,

=X — Y&A-1 OF YEAp 4

Hence p(x — y) <t, or p(y) <t,
Therefore p(x)=t,>p(x — y) Au(y).
Hence u is a L-fuzzy p—ideal of a X.

Section 3.4
L-fuzzy T-ldeals of p-Algebras
Definition[3.4.1]

A non empty subset | of pB-algebra of (X,+,—,0) is called T-ideal of X if the

following conditions are satisfied.

1.0 €l
2(x+y)tzeland y €el=(x + z) €l and
3(x—y)—zelandyel=(x—y) €l Vx,y,z €l



Example:[3.4.2]

Let X={0,1,2,3,4,5} be a set with constant 0 and two binary operations + and —

defined by cayely tables:-

+ 10 (1 ]2 (3 |4 |5 - 10 (1 1]2 (3 |4 |5

0|0 (1 ]2 (3 |4 |5 0 |01 |2 |3 |4 |5
111 (0 |4 (5|2 |3 11 |0 (4 |5 |2 |3
212 |5 |0 (4 |3 |1 2 |2 |5 |0 (4 |1 3

313 (4|5 (0|1 |2 3 |13 (4 |50 |1 2

4 |4 12 |1 |2 |50 4 14 13 |1 ]2 |0 |5

5|5 (3|3 |1 |0 4 5|52 (|3 |1 |4 |0

Then (X,+,—,0} is a p—algebra.

I, ={0,2} is a T-ideal of X while I, ={0,4} is not a T-ideal of X for (0+4)+4 =4+4
=5¢1,.

Definition [3.4.3]

Let u be an L-fuzzy set in a PB-algebra of X. Then p is called an L-fuzzy
T-ideal of X if,

1.pu(0) = p(x)
2.u(x + z) > u((x + y)+ z) A u(y) and

B Ux —y)Zp(x —y)—2) Au@)Vxy €X



Example: [3.4.4]

In the B-algebra X of example 3.4.2 the L-fuzzy set u,: X— L defined by

(tsif x=0
| tyif x=1
py(x) :4 tyif x =2
Ltzifx=3
ty if x =45

where 0 < t;<t,<t;<t,<t;<1,
t1,ty,tsts,ts € Lis an L-fuzzy T-ideal of X.
Lemma: [3.4.5]
Let i be an L-fuzzy T-ideal of a p—algebra X. If x <y then p(x) =u(y).

Proof:
Forx,y € X,x<y = x —y =0Then
H(x)= H(x — 0) = u((x — 0)=0) A p(y)

= W0 — 0)A u(y)

= n(0)A p(y)

= H(y).
Hence p(x) >u(y).

Theorem[3.4.6]
Let A be a subset of X. Define an L-Fuzzy set u: X—L such that

()_{to if x€eA
t, ifxegA

where ty,t; € L with ty > t;.Then p is an L-fuzzy T—ideal of a p—algebra X if and
only if Aisa T-ideal of X.



Proof:

Assume that p is an L-fuzzy T—ideal of X.
Ifx €A, pn0)>t,
and if x € A, u(0) > tq, Since t,>t;

=u(0) = to>t;
=Mu0)=t,=0€A
Forx,y,z€ A
=H(x)=to ,U(¥)=to and p(z)=to
H(x +2) > w((x + y)+2) A u(y)
> (Wx + ¥) A p2)A p(y)
= ((HC0) A DA mDA w(y)
= toAtoAty
= t,
Therefore p(x + z) >tp=x + z €A.
For x,y,z € A/=U((x — y)—2)=ty ,U(Y)= to.
Now p(x — y) = p((x — ¥)—2z) A p(y)= toAte/ty
=U(x —y)=ty=x —z EA.
Hence A is T—ideal of X.

Conversely, suppose A isa T—ideal of X.
Now 0 € A =u((0) =t,

Also Vx € X y |m(}.l) :{ to,t1 }and t0>t1
—1(0) = p(x).

since A is T—ideal of X,Vx,y,z € S,(x +y)+z € Aand y € A.

=>x+z,x—2z €EA.



then p(x + z) = to> w((x + 2)+2) A u(y)

similarly,u(x — z) > p((x — y)—z) A w(y).
Hence u is an L-fuzzy T—ideal of X.

Theorem[3.4.7]

An L-fuzzy set p is a T-ideal of a X if and only if the non empty level
subset p isa T—ideal of X ,vt € L.

Proof:

Assume that p is an L-fuzzy T—-ideal of X.

Now p(0) > u(x) vVx € X

=u(0)>t for anyVte L.

= 0€ ., vVteL.

For anyvte€ L,u# 0

For x,y,z € y;, we have

M((x + y)+z)>tand n(y) >t

=X +zZE€ W

Also we have p((x — y)—z)>tand p(y) >t

Hence u((x — y)—2)= p((x — y)—2z) Au(y)
>tAt=t

:)x—ZEp.t

Hence p.is a T—ideal of X.
Conversely,

Assume that each non-empty level subset p.of a fuzzy subset u of X is a
T—ideal of X.

Claim: pis an L-fuzzy T-ideal of X.



Forany x € X, letp(x)=t.

Since y; is a T—ideal of X,0 € p,

=u0)>ux)vx eX

Choose x,y, z € X, such that p((x + y) + z) = t; and p(y) = t,, where t;,t, € L.
Thenx +z € pand y € p,,

Assume t;<t,. Then u;, € p. , hencey € p,.

Since y, isa T—ideal of X.

we have x + z € y,
Thus p(x + 2) > t=p((x + ) + 2) Awy).

similarly, p(x — ) — 2) > p((x + ¥) + 2) Au(y).
Therefore p is an L-fuzzy T—ideal of X.

Theorem [3.4.8]

Let wyand p, be two L-fuzzy T—ideals in a p-algebras X; x X,. Then the

direct product p; X p,is an L-fuzzy T—ideals in X; X X, .
Proof:

For (x,y ) € X; X X,,we have
(11 X 12) (0,0) =1 (0) A 12(0)
> 1y (%) A pz(y)
>(Hy X 1) (%, Y).
Let (x1,%5),( 1, ¥1) and (21, z1) € Xy X X,.
Then(py X a) ((x1, X2) + (21, 22))
=( K1 X 1) ((e1 +24),(x2 + 25))

= (g (g +21) App(xn +22)



> (a(Ceg +y1)z0) A (v A (a2 +y2) +22) A pa(y2)
= (e (((Gex + y0)z0) A a2 +y2) +22)) A (Ma(y1) A H2(y2))
= (Ha X ) ((Cer +y1)za, (2 +y2) +22)) A (11 X 12) (Y1, Y2)
= (X M2)((Ceg +y2).(Ceg +y2))*(21 +22)) A (K1 X H2)(V1,Y2)
=( X p2) (1, %2).(y1, ¥2))) + (20, 22)) A (g X 12)(Y1,2)

Similarly (uy X pp) ((x1,%2) —(21,22)) 2(11 X W2) (((x1,%2),(y1,¥2)) + (z1,22)) A
(e X p2)(y1,¥2)

Hence p; X p, isan L-fuzzy T-ideal of a p—algebra in X; X X,.
Theorem [3.4.9]

Let p; and p,be two fuzzy sets in a p-algebra X such that p; X p,is an
L-fuzzy T—ideal of X; X X,. Then

1. Either py(0) > py(x) (0r) py(0)> pa(x)V x € X

2. If py(0)>p,(x), vVx €X then either p,(0) >y (x) or py(0) > py(x).
3. If py(0) > py(x), Vx € X then either py(0) > py(x) or py(0) > py(x).
4. Either p, or y, is an L-fuzzy T—-ideal of X.

Proof:
Let u; X py isan L-fuzzy T—-ideal of X; X X,.
Suppose that p,(0) < p;(x) and p,(0)< p,(y) for some x,y € X . Then
(1 X p2) (6, ) = () A pa(y) = e(0) A p2(0) = (g X 12) (0,0)
This contradiction yields that either p;(0)> p;(x) (or) p2(0)> p(x) Vx € X .

Given py(0)> py(x), vV x € X and assume that there exist x, y € X such that
H2(0)< py(x) and pa(0)< p(¥)Vx,y €X.

Now p(0)< py (%) < 11 (0) =12(0) < p4(0).

Then (py X p2) (0,0) =p1(0) A p2(0) = p(0).

(1 X u2) (%, y) = py (%) A ()



> 12(0) A 12(0) = 12(0)
>( 11 X p2) (0,0).
Thus (kg X 1) (x,¥) = (1 X 12) (0,0)
which is contradiction.
Hence if py(0) > py(x), V x € X then either p,(0) > py(x) or py(0) > py(x).

Similarly we can prove that if p,(0) >p,(x), vV x € X then either py(0) > py(x) or
H1(0) > pp(x).

First we can prove that p, is a L-fuzzy T—ideal of X.

Assume that p,(0) > p,(x), vV x € X.
Then it follows that either p;(0)> py(x) (or) py(0)> py(x).

If 1,(0) > py (x) for any x € X.
Then,
M2 () > 11 (0) A pp(x)
= (g X 12) (0, x)
Mo (x +2) 2 11 (0) A pp(x + 2)
= (X 12) (0, x + 2)
= (p1 X pp) (040, x + )
= (1 X 12) (0, x)+(0, 2))
> (11 X 12) ((0, x)+(0, ¥))+(0, 2)) A (1y X 112) (0, y)
= (1 X 12) (((0+0), (x + ¥))+(0, 2)) A (11 X 12) (0, y)
= (1 X 1z) (((0+0),40, (x +y) +2)) A (11 X 12) (0, y)
= (X 12) (0, (x +y) + 2)) A (g X 12) (0,y)

= ((x +y) +2) A pp(y)



Similarly we can prove that p,(x — z) > p((x — y) - 2))A ().
Hence p, is an L-fuzzy T—ideal of X. Similarly we can prove that y, is an L-fuzzy
T—ideal of X.

Theorem [3.4.10]

Let f: X—X be an endomorphism on a p—algebra. Let p be an L-fuzzy T—ideal
of X. Define a fuzzy set p;: X— [0.1] defined by pe(x)=p(f(x)), V x € X. Then ¢ is
an L-fuzzy T-ideal of X.

Proof:

Let x €X. Then pe(x) = u(f(x)) < n(0) = u(f(0)) = pe(0)
Let x,y € X.

ue (x + 2) =p(f(x + 2)) = P(f(x) +(2))

> u((f(x) +()) + f(2)) A p(f(y))

H((f(x + y)) +(2)) A u(f(y))

H(f((x +y) + 2) A u(f(y))

ue ((x + ) +2) A pe(y).
Similarly we can prove that

ue (x — 2) = pe ((x —y) — 2) A we(y).

Hence p¢ is an L-fuzzy T—ideal of X.
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Chapter-4
Intuitionistic Fuzzy p-Subalgebras and

a-Translations of p-Algebras.
Section 4.1
On Intuitionistic Fuzzy p-Subalgebras of B-Algebras
Definition [4.1.1]
An intuitionistic fuzzy set (IFS) in a non empty set X is defined by

A={{x, na(x), va(x))/ x € X}

Where py: X — [0,1] is a membership function of A and y,: X — [0,1] is a non
membership function of A satisfying 0 < p,(x) + y4(x) < 1 forall x € X.

Definition [4.1.2]

Let (X, +, —, 0) be a B-algebra. Then A = {( x, pus(x), va(x) )/ x € X} is
called an intuitionistic fuzzy (IF) B-subalgebra of X, if following conditions are

satisfied:

IFBS 1. pa(x +y) = min { py(x), ua(y)} and
Yalx +y) < max {ya(x), vaO)}-
IFBS 2. uy(x — y) = min { pa(x), pa(y)} and

Ya(x —y) < max {ya(x), va(y)}

where 0 < pu(x) + ya(x) < 1forall x € X.

Example [4.1.3]

Let X = {0, 1, 2, 3} be a set with constant 0 and binary operation + and - are
defined on X by the following cayley’s tables.



+ (0 |1 |2 |3 —_To 11 12 13
0 10 {3 ]2 1 0 [0 [3 ]2 |1
Ll |03 )2 110 [3 ]2
2121103 2 |2 [1]0 3
313 ]2 10 3 [3[2]1 0

Then (X, +, —, 0) is a B-algebra.
Now define the IF subset of X.
.8,x=0
,uA(x):{.S,x =12 and
.3, x =3
1,x=0
Ya(x) = { 5x=1,2
A, x =3
is a IF B-sub algebra of X.

Then the intuitionistic fuzzy set A = {(x, pus(x), ya(x) ) / x € X} is an

intuitionistic fuzzy B-sub algebra of X.
Definition [4.1.4]
Let (X, +, —, 0) and (Y, +, —, 0) be two B-algebras.

Let A={(x, pa(x), va(x))/ x € X}and B={(y, up(y), v5(y))/ y €Y}
be IF sets in X and Y. The Cartesian product of A and B, denoted by, AxB is defined

as follows:

AXB = {( (a4 X up)(%,¥), (Ya X vp) (%, ¥)) / x € X X Y}



where (pa X pp): XXY — [0,1] is given by (ug X pup)(x, y) = min{ 4 (x), up(y)}
and (y4 X yp): X X Y —[0,1] is given by (y4 X yp) (%, y) = max{y,(x), yg(¥)} for
allx eXandy €Y.

Theorem [4.1.5]

If A and B are two IF [B-subalgebras of X, then A A B is also an IF
B-subalgebras of X.

Proof:

Let x,y € X,

(uar pp)(x +y) = min{ ua(x +y), up(x +y) }
= min (min{ p,(x), wa(¥)} min { pp(x), up(y)3})
= min (min { p4(x), up()} Min { wa (), 1 ()3)
= min {(pa A up)(x),(tan up)(v)}-

(varyp)(x +y) = max{ya(x +¥), v (x +¥) }
< max (max{ ya(x), va(y)}, max {yg(x), yp(y)})
= max (max {y4(x), yg(x)}, max {ya(y), vs(»)})
= max {(va A vp)(x).(var vp)(¥)}-

Similarly, (us/ pp)(x —y) = min {(us A ug)(x),(1an pp)(y)} and

(Yarve)(x + y)= max {(va A ve)(x).(varve)¥)}

Hence the proof.
Note:

The above theorem can be extended for any family of IF B-subalgebra of X as

follows:

“Let {A;/ 1€} be an arbitrary family of IF B-subalgebra of X. Then A 4; is also a IF
B-sub algebra of X.”



Theorem [4.1.7]

Let X be a p-algebra. Let A = {(x, ux), y(x) ) / x € X} be an IF
B-subalgebra of X. Then

i). p(x) < pu(0) and y(x) = y(0).
ii). p(x) < (0—x) < p(0) and y(x) = y(0—x) = y(0).
Proof:
For any x € X,
To prove (i) p(0) = p(x — x) = min{ p(x), p(x)} = p(x)
Similarly, y(0) = y(x — x) < max{y(x), y (x)} = y(x)
To prove (ii) p(0—x) = min { w(0), u(x)} = p(x).
Hence, p(x) < n(0—x) < pu(0) and y(0—x) < max {y(0), y(x)} = y(x).
Hence y(x)= y(0—x) = y(0).
Theorem [4.1.8]

Let A be an IF B-subalgebra of B-algebra X. Let X, = {x € X/ uy(x) = us(0)
and y4(x) =y4(0)}. Then X4 is also a B-subalgebra of X.

Proof:
Let A be a IF B-subalgebra of a B-algebra X.
Letx, y € Xy, then p,(x) = 14(0) and y4(x) = y4(0).
1a(y) = 1a(0) and y4(y) = va(0)
For, pa(x +y) = min{ p,(x), na(y)}
= min{ p4(0), 1a(0)}
= 1a(0)

pa(x +y) = uu(0)



Now, 114 (0) = p14(0+0) = min{ 114(0), 114(0) }
= min{ us(x), ua(y)
= palx +)

= pa(x +y) = 1a(0)

For, ya(x + y) < max{ya(x), va(y)}

= max{ y4(0), ya(0)}
=va(0)
va(x +y) < va(0)
Now, y4(0) =v4(0 + 0)
< max{v4(0), va(0)}
= max{ ya(x), va(»)} = valx +)
= Ya(x +¥) = va(0).

Therefore x + y € X4, x, y € X.

Similarly, —y € X,.

Thus, X, is a B-subalgebra of X

Theorem [4.1.9]

Let A be an IF B-subalgebra of X. Let X, = {x € X/ uy(x) = uy(0) and
va(x) =1—y4(0)}. Then X, is a B-subalgebra of X.

Proof:
Let x, y € Xy, then p,(x) = p4(0) and ya(x) = 1 — y,(0).
1a(y) = 1a(0) and y4(y) =1 — y(0).
nalx +y) = min{ pua(x), na(y)}

= min{ 14(0), 1a(0)}



=14(0)
ta(x +y) = p4(0).
Now, 114 (0) = 114(0+0) = min{ 114(0), 114(0) }
= min{ ps(x), pa(y)= nalx +)
= pa(x +y) = pa(0)
Ya(x +y) < max{ya(x), va(v)}
= max{1 —ya(0), 1 — ya(0)}
=1—v4(0)
Yalx +y) <1 —=ya(0).
Now, 1 —y,4(0) =1 — y,(0 - 0)
< 1 — max{ y4(0), y4(0)}
=min{1 — y,4(0),1 — ya(0)}
< max{l — ya(0),1 — y4(0)}
= max{ y4(x), va(y)}
=valx +y)
= Yalx +y) =1 = y4(0).
Therefore x + y € X,,.
Similarly, x — y € X,,.

Hence, X, is a B-subalgebra of X.



Theorem [4.1.10]

Let A and B be two IF B-subalgebras of X and Y respectively. Then A X B is
also an IF- B-subalgebra of X x .

Proof:
A={(x, ta(x), va(x))/ x € X}
B={(y, us(v). vs(¥))/ ¥y € Y} be IF B-subalgebras in X and Y.
Take x = (x; , %) , ¥y = (71, ¥2) EX X Y
(a X up)(x +y) = (1a X pp) ((x1, %2) + (¥1,¥2) )
= (1a X pp) ((x1 + ¥1) , (%2 + ¥2))
=min{uy (x1 + y1), up (%2 +y2)}
= min {min {u, (x1), ua ()} min {up (x2), up (v2)3}
=min {min {u, (1), up (x2) 3 min {ug (1), uz (v2)3}-
=min {(us X pp) (x1, X2), (a X pg) (V1. ¥2)}
=min {(ua X pp) (x), (a X ug) ()}
Similarly,  (ua x ug)(x —y) = min {(ua x up) (x), (4 % ug) (V)}-
Also, (ya X ve)(x +y) = (va X vp) (X1, x2) + (¥1,¥2))
= (Ya X ve) (k1 + y1) . (x2 +32))
=max {ya (x1 +y1), vp (%2 +¥2)}
< max {max {y, (x1), va (vy1)}, max {yp (x2), vz (v2)}}-
= max {max {y, (x1), ¥z (*2) }» max {ya (v1), vz (v2)}}-
=max {(va X vg) (X1, %2), (va X ¥5) (¥1, ¥2)}
=max {(va X vg) (x), (va X vs) )}

Similarly, (ya X vg)(x —y) < max{(ya X vs) (x), (va X v5) ()}



Hence the Cartesian product of AxB is also an IF p-subalgebra of X x Y.
Theorem [4.1.11]

If A ={(x, us(x), ya(x) )/ x € X} is an IF B-subalgebra of X, then so is
OA, where OA = {( x, pa(x), £ (X)) / x € X}.

Proof:
Let A be an IF B-subalgebra of X.
Letx,y € X.
Hylx +y)=1—pu(x +y)
= 1 -min {u,(x), pa(y)}-
=max {1 — pa(x), 1 — ua(y)}
=min {1 = p4(x), 1 = pa(y)}
=min {u, (x), 1, ()}
Similarly, i, (x — y) = min {u, (x), u,(v)}-
Hence OA is an IF p-subalgebra of X.
Definition [4.1.12]

Let f: X — Y be a function. Let A and B be two IF B-sub algebra of X and Y.
Then the inverse image of B under f is defined as f~1(B) ={(x, f1(ug(x)),

f~1(rs(x))) / x € X} such that f ~*(up(x)) = us(f(x) and f~*(ys(x)) = vs(f(x)).
Theorem [4.1.13]

Let (X, +, —, 0) and (Y, +, —, 0) be two B-algebras and let f: X —Y be a
homomorphism. If A is an IF B-subalgebra of Y, then f~1(A) is an IF B-subalgebra of
X.

Proof:

Let A be an IF B-subalgebra of Y. For x, y € X



fH palx + ¥)) = pa(fCx + ¥))

= pa(f(x) + ()

= min {u,(f(x), na(F())}

=min {f 7 (ua(x), 7 (a)}
7 alx + ) = valf(x + )

= ya(f(x) + ()

< max {ya(f(x), va(f(»))}

=max {f "1 (ya(x), f T ra()}
Analogously, pa(x - y) = min{f ~* (ua(x).f ~* (1a(»))} and
Yalx = y) < max {f "1 (va(x), £~ (va(y)}-
Hence £~ is a IF B-subalgebra of X.
Theorem [4.1.14]

Let (X, +, —, 0) and (Y, +, —, 0) be two B-algebras and let f: X —Y be an
endomorphism. If A is IF p-subalgebra of X, then f(A) defined by

f(A) = {(x, () p(x) = pa(f(x), Wa) (%) = valf (x) ) / x € X }. Then f(A) is IF
B-subalgebra of Y.

Proof:
Letx,y € X.
(ta)r (x +¥)) = naflx +¥)) = na(f(x) + f(v))
= min {ua(f (), pa(f ()}
=min {(pa) (), (a) r(»)}-
Similarly, (na)(x —¥)) = min {us)f(x), (a) r(¥)}-

Ya)r (x+y)) =valf(x +¥)) =va(f (x) + f(¥))



< max {ya(f (x), va(f ()}
=max {ya)r(x), (va)r(»)}-
Similarly, (va)s(x — ¥)) < max {ya)r(x).(va) s(v)}-
Hence f(A) is an IF B-sub algebra of .
Section 4.2
Product on Intuitionistic Fuzzy p-Subalgebras of p-Algebras
Definition [4.2.1]

Let u, be a fuzzy set in a B-algebra X. Then u, is called an Anti fuzzy
B-subalgebra of X, if

D). pa(x +y) < max { ua(x), ua(y)} and

i).pa(x — y) < max { ua(x), pa(y)}-

Definition [4.2.2]

Let A = {(x, ua(x), ya(x) )/ x € X} be a IFs of a B-algebra X. Then A is
called an Anti Intuitionistic Fuzzy (AIF) B-subalgebra of X, if

ATFBS1) pya(x +y) < max { ua(x), pa(y)} and
Valx +y) = min {y,(x), va(y)}
AIFBS2) py(x — y) < max { pa(x), pa(y)} and
valx = y) = min {y,(x), va(y)}.
Where 0 < i, (x) + y4(x) < 1 forall x € X.
Definition [4.2.3]

Let (X, +, —, 0) and (Y, +, —, 0) be two B-algebras. Let A = {( x, uu(x),
Ya(x))/ xeX}and B={(y, ug(y), vg(y) )/ v € Y} be AlF setsin X and Y. The
Cartesian product of A and B, denoted by, AXB is defined to be the set

AXB = {( (ta X up)(x,¥), a Xve)(x,¥)) / x € XX Y}



where (g X pp): XXY — [0,1] is given by (pa X pup)(x, y) = max { us(x), up(y)}
and (y4 X yp): X X Y —[0,1] is given by (ya X ¥p)(X, y) = min{y,(x), yz(y)} for
allx eXandy €Y.

Theorem [4.2.4]

Let A={x € X/ pa(x), va(x)}and B={y € Y / up(y), vs(¥)} be any two
IF B-subalgebras of X and Y. Then (uy X ug)(x,y) and ( y,xyg )(x,y) are fuzzy
B-subalgebras XxY.

Proof:
Let AXB be an IF B-sub algebras of XxY.
Clearly, (uy X ug)(x, y) =min { uy(x), ug(y)} is fuzzy p-subalgebras of XxY.
We have, (va X vp)(x, ) = max {y,(x), vs(»)}
= 1-(va Xvp)(x,y) =1 -(max{y,(x), ys(M)})
= (72%7 )(%,Y) = min{(1 = ya()).(1 = ¥ ()}
= (72%76 (xy)=min{7,(0 75(1)}
Hence (uy X tg)(x,y) and ( 7, x 7, )( x, ) are fuzzy B-subalgebras of XxY.

Theorem [4.2.5]

If AxB is an IF pB-subalgebra of XxX, then either A or B is an IF
B-subalgebra of XxX.

Proof:
Since AxB is an IF B-subalgebra of XxX.
Take (x4, y;) and (x5, y,) € XXX.

Then (ug X pg) {(x1, ¥1) +(x2,¥2)} = min {(ua X pup)(x1, y1), (a X pg) (x2,¥2)}-

Put x;= x,= 0, we get



(a X up){(0, y1) + (0, y2)} = min {(ua X 15)(0,y1), (a X p) (0,2)}-
We have, (ua X p) ((0,0) + (y1, ¥2)) = min {(ua X pp)(0,y1), (a X uz) (0,y2)}.
So, up(y1 + y2) = min {up(y1), us(y2)}-
Similarly, yg(y1 + y2) < max {yp(y1), yp(y2)} and also,
tp(¥1 — ¥2) = min {pg(y1), #p(¥2)}

Ye(V1 — ¥2) S max {yg(¥1), ¥ (¥2)}-

Hence Bis a IF B-subalgebra of X.
Theorem [4.2.6]

In general, A; X A, X ... X A, is an IF B-subalgebra of X; X X, X ... X X,

then any one of them 4; is an IF B-subalgebra of X; x X, X ... X X,,.
Proof:

Using the above theorem

(Ha,x ayx .x a)(X1, X2, o, X)) 1, Y25 o0 V)] = {la, x ay% x4, (X1 + Y1)
(xn +yn))}

= min {pa, (X1 + ¥1), - s Ba, (6 + ¥0)}
= min {min{py, (x1), pa, 1)} o Min{pg, (n), pa, (n)}-
Putx; = y; =0, wherei=1, ..., n—1. So we get
Ha, (X + yn)= Min{uy, (xn), pa, ()}
Similarly, y,, (xn + ) < max{ya, (xn), ¥a,(»)}-And also,
Ha, (X = yn) = Min{ug, (xn), 1a, )} Va, (6 = ) < Max{ya, (xn), ¥a, ()}

Hence A4,, is IF B-subalgebra of X.



Theorem [4.2.7]

Let A and B be two AIF B-subalgebra of X and Y respectively. Then AXB is
also an AlF B-subalgebras of XxY.

Proof:
A={x €X/pu(x) ya(x)}and
B={y €Y/ us(y), vs(y)} be AIF B-subalgebras in X and Y.
Take x = (x1,%;) , ¥ = (y1,¥2) € XXY.
(a X pp)(x +y) = (1a X up) (X1, X2)+(V1, ¥2))
= (1a X pp(x1 +y1), (x2 + ¥2))
= max {ua(x1 + y1), up((xz + y2)}
< max {max {u,(x1), ua(y1)}, max{up(x2), up(y2)}}-
= max {max {4 (x1).1a(y1)} max{ up(x2), up(y2)}}-
=max {(us X pp) (X1, %2), (a X up) (y1,¥2)}
=max {(ua X pp)(x), (a X pp)(¥)}-
Similarly, (ua % pp)(x —y) < max {(us % up)(x), (na X pp)(¥)} and also,
(va xvp)(x +¥) = (va X vg) (X1, x2)+(v1, ¥2))
= (va X ¥5)((x1 + y1), (02 + ¥2))
=min{ya(x; + y1), va((x2 +¥2)}
= min{min {ya(x1), va(v1)} min{ys(x2), v2(v2)}}-
= min{min {y,(x1), vs(x2)}, min{ya(v1), v (v2)}}
=min{(ya X vg) (x1,%2), (va X &) (1, ¥2)}

=min{(ya X yg)(x), (va X v5)(¥)}.



Similarly, we provide that (y, X ¥g)(x —y) = min {(y4 X y5)(x), ¥a X ¥5)(¥)}.

Hence the Cartesian product of AXB is also an AlIF B-subalgebra of XxY.
Corollary [4.2.8]

Let A and B be two AIF B-subalgebras of X and Y respectively. Then the

Ax B isalso an IF B-subalgebra of XxY.
Proof:

By the above theorem, AXB is an AlF B-subalgebra of XxY. This implies that
Ax B is an IF B-subalgebras of XxY.

Theorem [4.2.9]

Let A={x €X/ pa(x), va(x)}and B={y €Y/ up(y), ys(y)} be any two
IF B-subalgebras of X and Y. Then (u, x5 ) (x,y) and (y4 X yg)(x,y) are anti
fuzzy B-subalgebras of XxY.

Proof:
It can be proved as the theorem[4.2.7].
Definition [4.2.10]

Let A={(x, ua(x), yva(x) )/ x € X} be an IFS defined on p-algebra X. Then

OA = {(x, ua(x), 11, (x) )} and OA ={( x, 7, (X), ya(x))} in X.

Theorem [4.2.11]

Let A={x € X / pa(x), va(x)} and B={y € Y / up(y), vs(v)} be IF
B-subalgebras X and Y. Then

O(AXB) = {( (x, ¥),(a X up)(x, ¥).( tn x p15 )(X,¥))} and

O(AXB) = {((x,¥), ( 7ax7s )(x,¥), (va X vB)(x,¥))} are IF B-subalgebra
of XxY.



Proof:

Let A and B be IF B-subalgebra of X andY. Then x,y € XXY.

). O(AXB) = {( (e, 1).( fa X 1B)06, V) pi i )X, YD)}

clearly, (1, x up) is also an IF B-subalgebra of XxY.

Now, (ua X pp)(x,y) = min {4 (x), up (¥)}-

1=(ua ¥ pp)(x,y) =1 = {min {u, (x), up(N}}

(ppx a5 )2, y) =max {(1 = 1, (), (L = 215 ()}
=max {us(x), ug(¥)}-

if). O(AXB) = {( (x, ¥), ( 74 %75 )(%,¥), (Ya X ¥5)(x, )}

clearly, (y4 X y3) is also an IF B-sub algebra of Xx Y.

Now, (ya X ¥p)(x,¥) = max {ya(x),ys(»)}-

1=(ra x vp)(x,y) =min {(1 =y, (x)), (1 = vz()}

(7ax7s)(%y)=min {7,(0), 75(¥)}

Hence O(AxB) and O(AxB) are IF B-subalgebra of XxY.

Result:

(). Let A = {x €X/ pa(x), va(x)} and B = { y € Y/ up(y), va(¥)} be AIF
B-subalgebra of X and Y. Then O(AxB) and O(AxB) are AIF B-subalgebra of

XXY.

(ii). Let A;={x € X; / pa,(x), va,(x)} be IF B-subalgebra of X;, i=1,...,n.

Then ] A is called direct product of finite IF p-subalgebra of [ X , if

i=1

f[m (i, yi) = min {f[ﬂ;\ (x2), f[ﬂ;\ (v:)} and



1_1[7'“1' (xi’yi) = max{ﬁyA‘. (xi)a _ﬁyAi (yl)}

Definition [4.2.12]

Let A;={(x,ua,(x), v4,(x) )/x € X;} be n IF B-subalgebra of X;, i=1,...,n.

Then O(J J A ) and O(J ] A ) is called direct product of finite IF B-subalgebra, if

i=1 i=1

O([TA) = txi/ [Tu / [Tan dand ATTA) = i/ TT7s /1174

Theorem [4.2.13]
If A;={x €Xi/ pa,(x), va,(x)} be an IF B-subalgebra of X; respectively, for

i=1,..,n. Then J ] A is an IF B-subalgebra of ] X,

i=1 i=1
Proof:

Let A;={x € X;/ pta,(x), v4,(x)} be an IF B-subalgebra of X;.

Let (X1, X2,..., Xp) @A (¥4, Y20 V) € [ X -

i=1

Then, [T, (G0, Xaren %) + (2, V2o Y= [ |t Gt + Vv X+ 30)
i=1

=min {,UAl(x1 + Y1) .uAn(xn + yu)}
= min{min(ua, (x1), fa, 1)), Min(ua,, (xn), ta, )}

= min{min(uy, (x1),.... K, (o) 3Min{(a, (1), 114, (V) }

= min{ [ ] sy ). [ [0, ()} and

HJ/A‘. ((x11 X210 xn) + (y11 V21 yn): HJ/Ai (xl + Vi X + yn)
i=1 i=1



=max {ya, (X1 + Y1)ss Va, (Xn + ¥}
< max{max(ya, (¥1), Ya, (1)) max(va,, (xn), ¥a, (Vn))}

= max{max(ya, (x1),-s Ya, ) 3max{(va, 1)s--¥a, )}
= max{f[h\ (xi)! ﬁyA (yl)}
Similarly, we can prove that

[Tty (Gt Xaren ) = 02, V21 7)) 2 ming [ [t ), [ Lt 003
[17, (X2 20) =0 Y2 ) 2max{[ [ 7 @), [ [ 7 00}

Hence [ | A isan IF B-sub algebraof X, .
i=1 i=1

Result:
Let A;= {x € Xi/ pa,(x), va,(x)} be an AIF B-subalgebra of X; respectively,

fori=1,...,n. Then H A is an AIF B-subalgebra of H X; .

i=1 i=1
Theorem [4.2.14]
Let A;= {x €Xi/ ua,(x), va,(x)} be an IF B-subalgebra of X;, where

i=1,..,n. Then [T A isan AIF p-subalgebra of [ X,

i=1 i=1
Proof:

By using the above theorem,

[T#4y (1 Xaree %) + O Vo )= ing [ L0, (i), [ [ty 03

1-{ HuA (1, Xaueos %) + O, Yoo Y} 1= { min{ir;[uﬁ (x2), HuA )



ljZ{(xl, Xgroo %) + (Vs Vaoos )< MAX {1—151[% (x;), 1— 151[% o
[Tn €001 %2 ) + 0 V2 30} e (] Tty 0. Ty 03 and
1ij (GRS W maX{it[“ (x), Hn\ ()}

1= L ]7y (ot 5a) + 01 o 92 1= L[ 74 0, [T 7 0093
| P CEER RIS L | PO § P
[17a €6t %2000 + 01y min ] T 7y 0, T T 75 003

Hence [ A isalso an AIF B-subalgebra of [ X,
i=1 i=1

The following results can be proved easily
Result:
(1). Let A;={x € Xi/ 1a,(x), v4,(x)} be an AIF B-subalgebras of X; respectively, for

i=1,..,n. Then [T A is an IF B-sub algebra of [ X,

i=1 i=1
(i). Let A; = {(x,us,(x), v4,(x)) /x €X;} be an IF B-subalgebras of X;.

Then O(J [A ) and O(] T A ) are an IF B-subalgebras of [T X;

i=1 i=1 i=1



Section 4.3
Intuitionistic Fuzzy a-Translation on p-Algebras

Definition [4.3.1]

Let A={x € X/ uu(x), ya(x)} be an intuitionistic fuzzy set of an B-algebra
X and o€ (0, T) where T= [0,1 - sup{ us(x)+ y5(x)} /V x € X }]. A mapping
ATy = {(ta)é » Va)&} where (u)g: X — [0,1] and (v4)é: X — [0,1] is called an

intuitionistic fuzzy a-translation of A, if it satisfies the following conditions:
). (ada (x) = pa(x) + o
). (Va)a(x) =ya(x) -aVx €X

Definition [4.3.2]

Let X be an B-algebra. Let A be an intuitionistic fuzzy set of X and a € [0, T]

where T= [0,1 - sup{ ua(x)+ va(x)} /¥ x € X}]. A mapping Ay = {(1a)a » (Va)a}
where (uy)%: X — [0,1] and (y,)T: X — [0,1] is called an intuitionistic fuzzy

a-translation on p-subalgebra of A, if it satisfies the following conditions:

). (ada (x +¥) = palx +¥) + aand (ua)z (x —¥) = palx —y) + o

). (a)a(x +¥) = valx +y) - aand (¥a)a(x — y) =valx —y)—aVx €X
Example [4.3.3]

Consider p-algebra X in Example[1.1.5].

Define A={x € X/ pus(x), ya( x)} where

0.7x=0,1

0.6 otherwise and

ma) = {

0.1x=0,1
0.3 otherwise

ya(0) = {
Let o= 0.05, then

Ae={(1a)a(x), (¥a)a(x)} where



0.12x=0,1

0.11 otherwise and

()b = {

0.05x=0,1
0.25 otherwise

ra)E) ={
Hence (A)Z is an intuitionistic fuzzy a-translation on p-subalgebra of X.
Theorem [4.3.4]

If A is an IF B-subalgebra of a B-algebra X, then A is an intuitionsitic fuzzy
a-translation of X for all a €[0,1 - sup{ us(x)+ y4(x)}.

Proof:
Let x,y € X and a €[0,1 - sup{ pa(x)+ ¥4 (x)}.
Then,
ua(x +y) Zmin{ps(x), pa(y)}and ya(x +y) < max {ya(x), va(y)}
Now, (ka)a(x +¥) = palx +y) +
= min { ps(x), pa(y)} +
=min { pa(x) + o, pa(y) + o}
=min {(ua)z (x), (a)a)}
similarly, (1a)z (x —¥) = min {(ua)a (x), (a)z (»)} and
(ada (x+¥) = valx +y) —
< max {ya(x), va()} — «
= max {ya(x) + o, ya(y)— a}
= max {(ya)z (), (¥a)a()}

Similarly, (va)z(x —y) < max {(ya)z (x), a)e(®)}-

Hence A is IF a-translation on p-subalgebra of X.



The following results can be proved easily
Result:

(i). If AL = {(un)%, (¥2)%} is an intuitionistic fuzzy o-translation on B-subalgebra of
X, then A is an IF B-subalgebra of X.

(ii). If AT is an intuitionistic fuzzy a-translation on B-sub algebra of p-algebra X, then
). (ada (x) < (ma)z (0)
ii). (Ya)a(x) = (¥a)a(0)-

(iii). If AL is an intuitionistic fuzzy a-translation on B-subalgebra of B-algebra X, then
). (ha)a(x) < (ha)a (x = 0)
ii). (Va)a(x) = (Ya)a(x — 0).

Definition [4.3.5]

Let f: X —Y be a function. Let A and B be two IF a-translation on

B-subalgebras in X and Y respectively. Then inverse image of B under f is defined by
f1B) ={f " (up)a(x), f ' (vp)a(x) /x € X} suchthat

f (u)a(x) = us(f (x) + @) and f~ (yp)a(x) = v (f (x) — @).
Theorem [4.3.6]

Let X and Y be two B-algebras. Let A and B be two IF a-translation on
B-subalgebras. Let f: X —Y be a homomorphism. If A is an IF a-translation on
B-subalgebra of Y. Then f~1(A) is a IF a-translation on p-subalgebra of X.

Proof:
Let A be an IF a-translation on B-subalgebra of Y and x,y € Y.
Then, f 7 (ua)a(x +¥) = 1 (ua)x +¥) +
=ua (f(x +y)) + o

=ta(f(X)+ f(¥)) +



= min { pa(f (x) + o), pa(f (v) + o)}

=min {f " (ua)a(x), £~ (ma)a )}
Also, fH (ma)a(x — y) = min {f 7 (ua)a(x), £ (La)a )}
Similarly, f~'(va)a(x +y) < max{f ' (va)a(x), f (¥a)a (»)} and
frrix —y) < max{f *(r)a), f7 )&}
Hence f~(A) is an IF o-translation on B-subalgebra of X.
Theorem [4.3.7]

Let X and Y be two pB-algebras. Let A and B be two IF a-translation on
B-subalgebras. Let f: X —Y be a epimorphism. If A is an IF a-translation on
B-subalgebras of X. Then f(A) is IF a-translation on -subalgebra of Y.

Thatis f(up)e(x) = up(f (x) + @ and f(yp)y (x) = vp(f (x) — o).
Proof:

Let A be an IF a-translation on B-sub algebra of Y and x,y € Y.

Then, f(ua)a(x +¥) = f (1alx +)) + @

= (fx+y) +a

=pa(fO)+ f() + o

> min {pua(f (x) + ), pa(f ) + @)}

=min {f (a)a(x), f(ta)a )}
Also, f(ua)e (x = y) = min {f (ua)a(x), f (ka)a ()}
Similarly, f(va)a(x +y) < max{f (va)a(x), f (va)a(y)} and

fra)ex —y) < max{f (va)e(x), f(a)e)}.

Hence f (A) is an IF a-translation on B-sub algebra of .
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SUMMARY AND CONCLUSION

The notion of BCK-algebras was proposed by Imai and Iseki [17] in 1966. In
the same year, Iseki introduced the notion of a BCl-algebra which is a generalization
of a BCK-algebra. Since then numerous mathematical papers have been written
investigating the algebraic properties of the BCK/BCl-algebras. After that, many
researchers considered the publication of ideals and subalgebras in
BCK/BCl-algebras. In 2002, Neggers and Kim [26] introduced the notion of
B-algebras, which is another generalization of BCK-algebras. Also they introduced
the notion of B-algebras[27] where two operations are coupled in such a way as to
reflect the natural coupling, which exists, between the usual group operation and its

associated B-algebras, which is naturally defined by the group.

The concept of fuzzy sets was introduced initially by Zadeh [52] in 1965,
several researchers explored on the generalization of the notion of fuzzy sets. In 1986,
the concept of intuitionistic fuzzy set was first published by Atanassov [10], as a

generalization of the notion of fuzzy sets.

In this thesis, we have made an attempt to give a discussion about the Fuzzy

B-Subalgebras and Fuzzy B-Ideals in 3-Algebras.

In chapter 1, the preliminary definitions and results on B-algebras and fuzzy
sets are presented due to Neggers et al [27] and Zadeh[52]. The properties of level
B-subalgebras and normal fuzzy B-subalgebras of a [-algebra are established due to

Abu Ayub Ansari and Chandramouleeswaran.[3].

In chapter 2, the notion of fuzzy translations, fuzzy extensions and fuzzy
multiplications of fuzzy B-ideals of P-algebras are introduced and some of their

properties are investigated due to Abu Ayub Ansari and Chandramouleeswaran.[4].

In chapter 3, the properties of L-fuzzy -subalgebras, L-fuzzy B-ideals and
L-fuzzy T-ideals of a p-algebras are discussed due to Rajam and
Chandramouleeswaran.[29,30,31,32].

In the last chapter, the properties of intuitionistic fuzzy -subalgebras and the
product of intuitionistic fuzzy B-subalgebras of a (-algebra are discussed. Also the

concept of an intuitionistic fuzzy a-translation for some a€[0,1] on B-subalgebras of a



B-algebras are studied and investigated some of their properties due to Sujatha et al.
[44,45,47].

We hope that, a deep study of Fuzzy B-Subalgebras and Fuzzy B-Ideals in
B-Algebras can be extended to some other algebraic structures. So it provides a lot of
scope for further research.
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