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INTRODUCTION



INTRODUCTION

The aim of this dissertation is to study the following

two articles.

1. "SEMI OPEN SETS, SEMI CONTINUITY AND SEMI
OPEN MAPPINGS IN BITOPOLOGICAL SPACES* by

SHANTHA BOSE.

2. "PAIRWISE ALMOST CONTINUOUS MAP AND
WEAKLY CONTINUOUS MAP IN BITOPOLOGICAL

SPACES" by SHANTHA BOSE AND DIPTI SINHA.

In topological spaces continuity and open sets play
an important role. Semi open sets, Semi - continuity, Semi-open
mappings are generalisations of open sets, continuity and open

mappings respectively. In 1963 N.Levine introduced the notions
of semi open sets and semi-continuity in topological spaces and
obtained a number of their properties. In 1969 N.Biswas
introduced the concepts of semi-open mappings and investigated
a few properties of such a mapping. In 1973 Takashi Noiri
investigated a few other properties of semi-open sets and semi-
open mappings. In 1963 J.C.Kelly introduced the concepts of
bitopological spaces and in 1979 Shantha Bose introduced the
concepts of Semi-open : sets, Semi—continuity and Semi open

mappings in bitopological spaces.



In the first chapter of this dissertation we study the

generalisation of the following results to bitopological spaces.

(i) A set A =X is semi-open if and only if A = A°
(ii) If A is semi-open and ACC B C A, then B is semi open
(iii) Any continuous open map takes semi open sets to semi

open sets.

(iv) Any semi continuous map of a semi continuous map is
not semi continuous etc in bitopological spaces and
finally we have the characterisation of semi-open mappings in

bitopological spaces.

In chapter II two, more extensions of continuity namely
almost continuity and weakly continuity are studied in
bitopological spaces. This was introduced by Shantha Bose and

Dipti Sinha in 1979.

Almost continuity is a generalisation of  continuity
introduced by M.K. Singal and A.R.Singal in 1968. In 1961
N.Levine introduced the concept of weakly continuous mappings
in topological spaces and obtained a number of properties.
Further properties of weakly continuous mappings are studied
by M.K.Singal, A.R.Singal and T.Noiri. In this chapter

necessary and sufficient conditions for a mapping to be pairwise




almost continuous are studied and proved weakly continuous
image of a pairwise connected space is pairwise connected and
the image of a pairwise normal space‘under a closed pairwise
almost continuous - surjective mapping is pairwise almost

normal.
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CHAPTER 1

SEMI OPEN SETS, SEMI CONTINUITY AND SEMI OPEN

MAPPINGS IN BITOPOLOGICAL SPACES

Section : 1.1

Semi Open Sets :

Definition : 1.1.1

Let (X,P,L) be a bitopological space. A is P semi
open with respect to L if and only if there exists P open
set OCX such that OCACL <l 0. Similarly ACX, is a
L semi open set with respect to P if and only if there exists

a L open set O T X such that OCACP ¢l O,

A is semi open if and only if it is both P semi open

with respect to L and L semi open with respect to P.

Theorem : 1.1.2

Let (X,P,L) be a bitopological space. Let ACX then
A is P semi open with respect to L if and only if
L cA=01L cl(PInt. A) and A is L semi open with respect

to P if and only if P ¢l. A =P «cl. (L Int. A).

Proof :
Let A be P semi open with respect to L, then there

exists a P open set O such that OCACL ¢l O.




Also OCP Int. A

L ¢l OCL «cl (P 1Int. A)

ACL «cl (P Int. A)

L ¢l ACL ¢l (P Int. A)eeunna.o (1)
Also L cl (P Int. A)CTL ¢l A...... .. (2)
From (1) and (2) L <1 A = L ¢l (P Int.A)
Conversely, we have,

P Int. ACACL ¢l A =1 'cl (P Int. A)
Now put O = P Int. A
Therefore OCACL ¢l O
Therefore A is P semi open with respect to L.
Similarly we can show that A is L semi open with respect

to P if and only if P ¢l A = P ¢l (L Int. A).

Corollary : 1.1.3
If A is P semi open set with respect to L and
A #P then P Int. A # § where ACX and (X,P,L) a

bitopological space.

Proof :

Given A # 06 =2 L cd A # #&
Suppose P Int. A = g then L ¢l (P Int. A) = # which is
contradiction to L ¢l A = L ¢l (P Int. A)

Therefore P Int. A # £




Corollary : 1.1.4

Let A be P semi open with respect to L and ACB

then ACL ¢l (P Int.. B).

Proof :
Given A C B
P Int. ACP 1Int. B
L ¢l (P Int. A)CL cl (P Int. B)
L ¢l ACL ¢l (P Int. B)
Therefore AccL ¢l ACL ¢l (P Int. B)

Therefore ACCL ¢l (P Int. B)

Theorem : 1.1.5

Let {A } be a collection of P semi oper with
o’ aelA

respect to L in a bitopological space (X,P,L) then U Aa

ach
is P semi open. with respect to L.

Proof :

For each aeA there exists a P open set Oa such that
Of=A,&= L « Oy
o

Then U 0, U (il 8] L e 0,=L 11U O
LEN @ aeAAa aceA @ ach @

Put O = adr Oy
Then O is P open and OCZU ACL o .0
aeA @

Therefore U A is P semi open with respect to L.
aed «




Theorem : 1.1.6

Let A be P semi open  with respect to L in a

bitopological space (X,P,L) and let AC B L cl A,
Then B is P semi open with respect to L.
Proof :

Given A is P semi open with respect to L.
> ?" There exists a P  open set O T X such that
OCA CL e O
Given ACBCL cl A we have O CB
But L el ACL ¢ O
Therefore BCL ¢l O
Hence OcCcBcCL cl 0

Therefore B is P semi open with respect to L.

Remark : 1.1.7
A P open (L open) set is P semi open with respect
to L (L semi open with respect to P). The converse is’

not true in general is shown in the following

Example : 1.1. 8

Let X be the real plane and T the usual topology
on X and (X, Tl) the half open rectangle space

A ={(x, y) /0<x<1} U (1,1) is

O0<y <1}



T1 semi open with respect to T but neither T1 open nor
T open.

Since (0,1) x (0,1)c[0,1) x [0,1)cl0,1] xl0,1]

Since the point (1,1) is included, A1 is not ‘Tl open and

since the point (0,0) is not included A is T open.

Example : 1.1.9

Let X be the Real line and P, the usual toplogy on
X and L the lower limit topology on X.
A ={ x/0 < x< 1} is neither P open nor L open but is L semi

open with respect to P.

Since A is closed it can be neither P open nor L open.
Since [ 0,1)C[0,1]1C P,1] » A isisLsemi open with respect

to P.

Note ;
Let us denote the class of P semi open sets with
respect to L by P S.0 (X)L and the class of all P open

sets T .
P

Theorem :1.1.10
Let B ={Ba} be a collection of sets in X such that
(1) TpC B and (ii) BE€EB and BCDC L cl B then

D €B then P S.0 (X)LC B.
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Proof :
Let A eP S.0 (X)L 2 0CACcL ¢l O for some P
open set O CC X,

Given T & B. Therefore we get O€B
Given tHat if B €B, BCD CL clBthen D € B

Therefore we get A € B by (ii)
Therefore P.S.d. (X)L B

Hence the theorem.

Theorem : 1.1.11

Let (X,P,L) be a bitopological space and let ACYCX.

If A is semi open in X, it is semi open in Y.

Proof :

A is semi open in X = There exist an open set O such

that OC AC L ch 0

Since O0C A and AC Y we have 0 C Y thus O = OoNy

or 0OCA c:Lcly 0

Theorem s 1.1.12
Let (X,P,L) be a bitopolgical space.
Let A E P S.O(X)L. Then A = OUB where (i) Oe Tp

(ii) ONB = ¢ (iii) B is L nowhere dense.
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Proof :
A e P.S.0. (X)L 2 there exists a P open set 0O such
that OcA < L <l O.

But A = OU (A~ O) If we take B = A ~ O then A

OUB
Therefore ACTL ¢l O
ie., A~OCL 1 O~ O
BCL ¢ O~ 0
Since O is open we get L ¢l O~ O is L nowhere dense and

hence B is L nowhere dense. And (i) and (ii) are obvious.

The converse of the theorem is false is shown by the

following example.

Example : 1.1.13

Let X = Reals and Tl’ the lower limit topology on X
and T2 the usual topology on X.
Let A = {x/Oix<1}U{2}.{'xlOix<1}is T1 open and
{2} nowhere dense (i), (ii) and (iii) of the theorem 1.1.12

are true but A¢ T, S.0. (x) »
1 T)_

For {x / 0< x<1}CA but A2} .

Therefore A ¢ T, S.0. (x)

1 T

%
The converse of the theorem 1.1.12 is not true even
if pairwise connectedness is imposed upon A is shown by the

following example.
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Example : 1.1.14

Let (X,T,Tl) be the space where X i_s the real plane
and T the wusual topology on X and (X,Tl) the half open
rectangle space.

Let A ={(x,y)/ 0< x<1} {(x,0) 1< x< 21}
U

0 <y <1}
A is pairwise connected condition (i), (ii), (iii) of theorem

1.1.12 are true but A€ T, S.0. (X)
1 T,

For { (x,y) /O§x<]} = A
0 <y <1}
but A¢{(x,0) /15 x<uz}

Therefore A ¢ T S.0.(X)
1 T,

Theorem : 1.1.15
Let (X,P,L) be a bitopological space and let A = QUB
where (i) O # ¢ is P open
(ii) A is pairwise connected
(iii) B! P the derived set of B with respect to the

topology P is empty. Then A is P semi open with respect

to L.

Proof :

Given A = OUB and O # a
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To prove : Ae P.S.0. (X)L ie., OCAECL 1 O

It is sufficient to show that BCTL «¢1 O
Assume BEL ¢1 0 2 BMNL ¢l O = ¢
= BM(X~L ¢10) #9

If B = B1 U B2 where B1CL ¢l O and BZC (x~ L ¢l 0)

then B, # § Now A = (OUB;) U B, where OUB, # $ and
B2 0. Since BICL cl O, OUB1CO UL el O=1Lcl 0.
Since B,'PC B'® = § and also since OUB,C L cl 0. We get

((OUBl) NP cl BZ)) U (L ¢l (OUBl) ﬂBZ)) = f contradicting
the connectedness of A.
Hence BCL ¢l O therefore A = OUBCO U L ¢1 O = L cl O.

Thus A is P semi open with respect to L.

Definition : 1.1.16
In bitopological spaces a map f : (X,P,L)—s (Y,P? ,LT)
is said to be an open map if and only if the induced maps,

f1 : (X,P)—= (Y,P!') and fZ : (X,L)=> (Y, L') are open maps.

Theorem : 1.1.17
Let (X,P,L)— (Y,P!,L') be a continuous open map. Let
A be a P semi open set with respect to L, then f(A) is P!

semi open with respect to L'.

Proof :

A is P open with respect to L = there exists an P open

set O such that OC A CL <1 O.
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Now f(O)Cf(AYCEf( L 1 0)
Since f is open map f(0) is P' open
Since f is continuous f (L cl O)CL ¢l f(O)

therefore f(A) is P' semi open with respect to L.

Remark : 1.1.18

The above theorem is not true if we drop openness

and it is shown by the following example.

Example : 1.1.19

Let X = X* = Reals. Let T and Tl be the usual
topology and the lower limit topology on X respectively.
Let f (X,T,Tl)—)(X*, T, Tl) be defined as f(x) = 1 for
every x g X. f is continuous but f is not open. X is T
semiopen with respect to T1 in X but f(x) is not T semi open

*
with respect to T1 in X .,

Here X is T semi open with respect to T

1° but
f(x) ={ 1} is not T semi open with respect to T1 as there
exist no T open set O such that OC:{l]CT1 cd O
Theorem : 1.1.20
Let {( Xos Pgy Ly )ae V} be a family of

bitopological spaces. Let (X,P,L) be the product space where

s

X =1 Xa_ P(L) is generated by P'(1 (La: 's);CtE: V and

let A = 1 Ay X X g * Then A is P(L) is semi open with

respect to L(P) in IX if and only if A is P (L,

a 3 % %

semi open with respect to La (Pa ) for every j, j = 1,2,...n.
j J
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Proof :
Necessity :

Let A be P semi open with respect to L in HXa

Then by corollary 1.1.3 1 (P Int. Aoy ) x X = 8.

5 5= Bz
consider L cl (P Int. A y x T X
=1 % % ®j " gza; B
=L (N P, It.a, ) xlXg)
=1 Y & B =5

L cl (P Int. A)

I

L «cl (A)

n

L cl A x T X

i=1 aJ aJ Bz(lj 8

Thus we get L cl (P_ Int. A, ) =L _cl A

o Pyt Bod 7 ey By

for every j = 1,2,.c0000.0n
Hence by theorem 1.1.2 we get A, is P, semi open with
respect to La. ’ !
Sufficiency :J
Let A o be Pa. semi open with respect to La.
for every j J= 1,23,....n. Then by corollary %.1.3 Aa=/= 0

for every j =1,2,....n for A # ¢

Hence by corollary 1.1.3 Poj Int A_,+# ® so that

%

n
TPy Int. Ay, xT X_ %0
=1 % % By B
Also, L cl (P Int. A)= T L, e (P, Int. A, ) xI X
=1 ™5 : ; Bza.
gﬁ L. 1 ( )J I X - ’
= c . X
= L ¢l A

Hence by theorem 1.1.2 A is P semi open with respect to
L. Similarly it can be proved that A is L semi open with

respect to P if and only if ch is Loﬁ semi open with respect
to P(l. 3 for every j = 1,2,c0.... Ne
J

B
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Remark : 1.1.21

The above theorem need not be true in the ordinary
topology
ie., I X = X1 X Xz, Xi being topological spaces and A
A € 5.0.(X) then it is not true in general that A is a union

of sets of the form A1 X A2 where A1 €S.O.(X1) and

A2 € S.O(XZ) is shown in the following example.

Example :

Let A = {(x, y) / 0<x <1, 0<y<1}U (1,1)
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Section : 1.2. Semi Conmtinuity

Definition : 1.2.1

Let £ : (X,P,L) —— (Y, PrLY) be a single wvalued
mapping. Then f : (X,P,L)— (Y, P',LY) is termed
(PP',LL') semi continuous if and only if, for .O' € P! (L")

f_l(O') is P (L) semi open with respect to L(P).

Note :
When we say that f : (X,P,L)'——> (Y, P'.L') is semi

continuous we mean that it is (PP!, LL',) semi contintous.

Remark : 1.2.2.
Continuity implies semi continuity is obvious  but

converse is not true is shown in the following example

Example : 1.2.3.
*
LetX=X={a,b,C»d}
Ai=(8, X, {(a}, {a, 9)
A1‘={,0', _X, {a} ’{b} 9{ a,b}}
Azz{ﬁ, X’ {b}’{byd}}
B'=18, X, {a},{a,b,}{b},{a,c} ,{a,b,c})
.2 :
A

! *
Let £, : (X, M1 Az y— (X, A

1 be the identity |

1’ 2)

mapping. fl is a semi continuous map but is not continuous.

*
We see the map f : (X,Al', AZ')—)(X , A l’A 2) is semi

continuous but it is not continuous as {ale AZI and {a}¢]\2
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Theorem : 1.2.4

) !
L )/ aeh}

Let {( X4 By » L) /aeh} and  {( Yy Py Ly

be two arbitrary family of bitopological spaces with the same
set of indices. Let fy : Xa—é Ya be a map for every
a € A Then the product map f : (X,P,L) — (Y,P',L'")
(Where X = T x4, , Y =T v, ) P(L) is generated by
P 1S (L %) and P' (L') is generated by P! 15 (L . 1)
] % % %

defined by f(x) = f((xa )) = (fa (xa .)) is semi continuous

if and only if f o is semi continuous for every 0el.
Proof :
Necessity :

Let f be a semi continuous map. Let OLOJG:A be

arbitrary, chosen index and U(! an arbitrary P'a open
0 0
set in Y .
a

Since U(x x Il YB is P! open in HYOL,

1 ° Bzao 1 1
£ x Iy = f = (U )y ox e " ( ) is P semi
UOLO BxaoB : O ( % ) B"afB 8
0
open with respect to L.
Hence by theorem : 1.1.20 f_1 (U ) is P semi open

with respect to L o,

Similarly if U were an L' open set, f(;l (U
0

is Ly semi
®, a ) is Lo,
0 A
open with respect to Pa . Thus fa is semi continugys and
0 0
@, being an arbitrary index, fa is semi continuous for

every ael
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Sufficiency :
Let £ o be semi continuous for every gegf . Let U be
n
a basic P' open set in I Y ie., U =1 Ua. x I Yg Where
o j=1 J Bzaj
i ', set i iy 3= 1,2,00e.
8] . 18 POLJ open set"ln YOL' for every j, j 1 n
S| n -1 -1
Now, £ = (U) =] f (U ) = Tfe0 (Y )
' 7 % oy B
TR (Uo‘j ) *grg B
f—1 (U ) is P semi open with respect to L~ for every
(Ij aj G.j o
s 3 = 1,2,000000eaen (for fais semi continuous) and hence by

- J -
theorem 1.1.20 f 1(U) is P semi open with respect to L in

I Xa . If O is any arbitrary P' open set in J] Ya y then
there exists a family { UOL lie Il of P! basic open sets
such that O =ig 1 Ui

f Loy=¢t1¢u u,)

igl

-1
L S Py

Thus, f_1 (0) being an arbitrary union of P semi open sets

with respect to L is P semi open with respect to L by
theorem 1.1.15 . Similarly if O is an L' open set is T Y
f-l(O) is L semi open with respect to P. Thus f is a semi

continuous map.

Theorem : 1.2.5

Let (X,P,L), (X Pl’ Ll) and (XZ’ P L

2’ 2)
P', L') be the product

1? be

bitopolgical spaces and let (X1 X XZ’

space where P'(L') is generated by P1(L1) and PZ(LZ)' Let

h : X —> (X1 X X2) be a semi continuous map then

a
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fi : X——>Xi, i = 1,2 are semi continuous map where
h(x) = (xq, x,) and f,(x) = x;, i=1,2.

Proof :
Given f.(x) = x x = f —l(x )
i i’ i i
and  h(x) = (x., %), x = B0 (x, %,)
1> 727 1’ 72
. -1 _ -1
If O1 is P1 open, f1 (01) = h (O1 X XZ)
If O, is P, open f—1(0)=h-1(X x 0,)
2 2 OPeh 2o 2 1 2
Therefore fi_l(oi) is Pi semi open with respect to Li
Therefore filX—->Xi, i=1,2 are semi continuous map.

Remark : 1.2.6
A semi continuous function of a semi continuous function

is not in general semi continuous is shown in the following

example.

Example : 1.2. 7

Let X_= X, = X2_= X, ={ a, b,c,d}

Let . , o
Ll ={¢’X9{ a}: {‘a’AC}}

8 (g, x, (b} {b,a}}

’

’\1'»={g, x{a, {6} , f{a,b}}

A';.. ={¢ , X, {3} ,{b} {a,h} » { a,c} s { a,b,c}}
" =i, %18 0B, (b}, (ad) s (20

*
AZ = the discrete topology on X3.
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! 1 ’
: A

* *
£, :,(X’ 1\1 , A2 y— (X, 1\1', 1\2') be identity mappings.

fl and f2 are semi continuous mappings.

* * '
flfz s (X, Al R /\2 y— (X, A, A 2) is not semi
continuous for {a,c}el\l but (flfz)_l {a,c} = {a,c}is not

¥ *
A 1 semi open with respect to A ,

Theorem : 1.2.8
Let (X,P,L) and (Y,P',L') be two bitopological spaces.
If f: X——> Y is an open map and semi continuous map the

inverse image f (B) of each P'(L') semi open set with

respect to L'(P') is P(L) semi open with respect to L(P).

Proof :

Let B be an arbitrary P' semi open set with respect
to L' in Y then there exist a P open set V in Y such that
vV CB <L eV

Since f is open we have f—l(L' cl vyccL ¢l (f—l(V))
Since f is semi continuous f—l(V) is P semi open with respect

o L and also £ 1 (V)£ NB) £ HL! ol V)CL vy

e, iy ce b By <L A (€N
Thus f_l (B) is P semi open with respect to L by therem

1.1.6. Similarly if B, were an arbitrary L' semi open set

with respect to P!, f—l(B) is a L semi open set with respect

to P.
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Section : 1.3 Semi Open Mappings
Definition : 1.3.1
A mapping f : (X,P,L) — (Y,P'L') is said to be
(PP', LL') semi open mapping if and only if for each P open
(L open) set U in X, f(U) is P' semi open with respect

to L' (L' semi open with respect to P')

Remark : 1.3.2

An open map is a semi open map but not conversely

is shown in the following example.

Example : 1.3.3

Let X = x2 = {a,b,c,d}

A {6,x {a} ,{ a,c}}
Mostd, x, Bb}b,aly

1" =8, X, {a} {1, ab})
hy=lg, X, fal, (B}, {a,b}, {a,d, {a,b,c}}
Ay =8, X, {a} , {b}, {a,b}, {a,d}, {a,b,d }}
A 2* = the discrete topology on X,.
Let £ : (X, Aqs Ay)—> X, Aq's A,') be the identity map.

Then f is a semi open map but f is not open as {a,c} ish 1

open and f ({a,c} ) ={ a,c} is not in 1\1'
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Theorem : 1.3.4

Let (X,P,L) and (Y,P',L') be two bitopological spaces.

Let f map (X,P,L)— (Y,P!,L')

1. f is semi open if and only if
f (P Int. E)CL' ¢l (P' Int. f(E)) and

f(L Int. E)CP' ¢l (L' Int. f(E)), where ECX

2. f is semi open if and only if for every G C v,
P Int. £ G)Cf Y(L' ¢l (P! Int G)) and

L Int. £ 3G < 1P o (L' Int. @)

Proof :

Assume f is semi open mapping. ie., if for each P
open set E in X, f(E) is P' semi open with respect to L!',
we have L' ¢l f(E) = L' ¢l (P' Int J(E))
f(P Int E ) = f(E) CL' cl f(E) = L' ¢l (P' Int. f(E))
Therefore f(P int E) C L' ¢l (P! Int. f(E)) - (1)
Similarly since f is semi open mapping ie., if for each L
open set E in X, f(E) is L' semi open with respect to
P'y P! ¢l f(E) = P! ¢l (L' Int. f(E))
f(L Int. E) = f(E)cP' ¢l £(E) = P! cl (L' Int. f(E))

Therefore f (L Int. E)CTP' ¢l (L' Int. £(E)) - (2)

2. Assume f is a semi open. Put E = f-l(G) in (1)

£(P Int. £ 1(G)) CL' cl (P' Int. £(£°1(G)))

1

(P Int. £75(G))C£ (L' o (P! Int. G))
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Put E = £ 5(G) in  (2)
£(L Int. £ 1(G))CP' cl (L' Int. £(f 1(G)))
L Int. f'l(G) T (L' ¢l (P! Int. G))

By theo}em_ 1.1.2 f is semi open.

Hence the theorem.

Remark : 1.3.5

The image of a semi open set under a semi open map

is not necessarily semi open as shown by the following.

Example : 1.3.6
*
Let X =X =1 a, b,c,d}
A =00, x{ e} {a,c}}
2 ={ ¢‘, X, { al, {b} . {}c}, {a,B ,{ b,c} , {a,c}, {a,b,c}}
AU gx, 6, o) a3 a3}

* *
A2 = discrete topology on X .

=

*

* *
The identity map f : (X, A ,A } — (X, A, , A 2 )
1 2

is open and hence semi open.

1

The set {a,d} is A 1 semi open with respect to A

but £( { a,d } ) ={ a,d} is not A
*

to%.

2
*

1 semi open with respect

Theorem : 1.3.7

* k%
Suppose that f : (X,P,L) —(X ,P ,L ) be continuous and
semi open. Let A be P semi open with respect to L. Then f(A)

* *
is P semi open with respect to L .
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Proof :

Given A is P semi open with respect to L there exist
a P open set such that OCCACL ¢ O
£(0) = f(A)C f(L 1 O)CL «c £ (0) = L* cd £(0),
f being continuous. |
Since f is semi open, f(0) is P* semi open with respect
*

_ * *
to L . Hence f(A) is P semi open with respect to L Dby

theorem : 1.1.6

Remark : 1.3.8
If either continuity or semi openness :s dropped from
the theorem 1.3.7, the theorem fails is shown by the following

example and by example 1.3.9 respectively.

Example :
If continuity is dropped in theorem 1.3.7
Let X = X = { a,b,c,d}
Ao=10, x {a),{ad)
A, ={ ¢, X, {a},{ b}, {c} {a,b} ,{b,c} , {a,c}, fa,b,c, }}
AS =18 X a) (e} {ael, bye ), fabed)

* *
AZ = discrete topology on X .

* * *
The identity map f : (X, A A2)—>(X A 1° I&) is open

] 1’
and hence semi open. {a,d is Al semi open with respect to
*
A 2 but f( { a,d} ) = { a,d}is not /\1 semi open with respect
*
to A .

2
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If semi openness is dropped from the theorem 1.3.7 the

theorem fails as shown in the following example.

Example : 1.3.9

* .
Let X = X = R, Let T be the usual topology on

* *
X = X = R. and T1 be the lower limit topology on X = X =R.

*
Let f:(X,T,Tl)-—_;(X ’T’Tl) be defined as f(x) =% for every

x €X. Then f is continuous but not semi open.

Here X is T semi open with respect to T. but f(x) = 1

1

for every x € X is not T semi open with respect to T1 as

there exist no T open set O such that O { %}ch cl O.
Remark : 1.3.10
A semi open map of a semi open map is not semi

open is shown by the following.

Example : 1.3.11
Let X = X; = X, = X, ={ a,b,c,d}
Ap=10, % {a},{ac })
Mov=te,x,{al, (b}, {a,b }}
Mo=g, x,{b},{b,al}
Mot =le X, CathJla,e), @) (b, ) (a,b,e))

1 ={g, x,( a}, {bt, {a,bl, {a,d, {a,b,d}}

=
|

2 = discrete topology on X3.
Let fi(Xl,Al,A 2)—> (X2 ,1\1',/\2') and
* *
fz'-(XZ,Al'/\z')—-> (X5, Al , A > ) be identity mappings. Then

f1 and f2 are semi open maps, but fzf1 is not semi open for

* *
£55; ({a,c} ) ={a,d is not Al semi open with respect to/\2 .
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Theorem : 1.3.12

Let f1 : (Xl’ P1 Ll)——>(X2, PZ’ LZ) and
f2 : (XZ’ PZ’ Lz) —_ (X3, P3, L3) be se_ml open
mappings. and let :f2 be continuous. Then fzfl is semi open.

Proof :

f1 is a semi open mapping 2 for each Pl open set U

in X1 R fl(U) is P2 semi open with respect to L2.
f2 is a semi open mapping f2 (fl(U)) is P3 semi open with
respect to L3. Therefore fzf1 : (Xl’ Pl’ Ll)—> (X3, P3, L3)

is a semi open mapping.

Theorem : 1.3.13
Let{(lXa, Py » L}/ o €A} and {(Ya » By s L)l o ea }

be two  arbitrary families of bitopolegical spaces with the same

set of indices. Let f4: Xy—> Y, be a mapping for every @ ‘€A

and surjective for all but atmost a finite number of indices.

Then the produet map f(I'[Xa = X,P,L) ( ﬁYa = Y,P',L'") where

P (P') and L(L') are generated by P_1% (P! 15) and L S(Lt 15

a Q a Q

respectively, defined by f(x) = f((xa))= (fa (xa )) is semi open

if and only if fa is semi open for every a€ A.

Proof :

Necessity :

Let GDEA be an arbitrary chosen index and UOL0 be an

arbitrary Pa open set in X a -
0 0
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Since U x 1 XB is P open in 1 Xa ,

. Qo Bzao {
f(U x T X, ) =1 _( ) x If, (X5 ) is P! semi open
Qo B#aoB Qo [&0 B?‘OL% S5
set with respect to L' in II Xa .
Since f is surjective for all but finite number of

a

indices from the theorem : 1.1.20 it follows that fao (Uao )
is P! qo Semi open with respect to Plab Thus fuo is semi open
map.

Similarly if U aois an arbitrary L open set in X , f (U)
o0

. 0’0 Qo c"0
is L! semi open with respect to P! .
o oo

Hence f(1 is semi open map. Since ao€A is arbitrary, f

0
is semi open for everya.€ A,
Sufficiency :

Let U be a basic open set inll X

n

ie., U = 1 U b4 X where Uy, is Py open
? J:l (IJ I B aJ G'J p
for every j = 1,2....n Bzo'j
n
Then we have, f (U) = Imf_ (U ) x nf, (X )
=1 % % BzSgB 8
Since all but finitely many f '°“are surjective, all but
¢
almost a finitely many fB (XB ) = YB .
n
Therefore f(U) = M (Uy ) x T Y
j:lﬁl-] J Bza 8 \
Also f (U ) is P' semi open with respect to L! for |
G 9 % a

every j = 1,2....n
"Hence by theorem : 1.1.20 £(U) is a P' semi open with

respect to L', Let O be an arbitrary P open set in My .
a



Then there exist a family {Ui/i ¢ 1} of basic open sets such
that 0 = U U, Then £(0) =, f (U) is P' semi open
with respect to L' by theorem : 1.1.20
Similarly if O were an arbitraryL open set, f(0) is L' semi
open with respect to P'. Thus f is a _semi open map.
Theorem : 1.3.14

Let (X,P,L) and (Y,P'L') be two bitopological spaces.

Let £f map X into Y. Then the following statements are

equivalent.

(i) f is a semi open mapping

(ii‘) for every AC X, f(P Int. A) Cf(A)o p'(L)
f(L Int. A) C£f(A) oL'(P')

(iii) for every X € X and each P neighbourhood (L
neighbourhood) U of x in X there exist a P' semi
neighbourhood (L' semi neighbourhood) V of f (x) with

respect to L'(P') in Y such that VC{f (U)

Proof :
(i) = (ii) follows from the fact that f(A) op' (L)
(f (A ) is the largest the P' semi open set with
O L' (P")
respect to L' (L' semi open set with respect to P'!') contained
in f(A). f being semi open map f(P Int. A) is P! semi open
with respect to- I (f(L Int. A) is L' semi open with

respect to P!).
(ii) = (iii) Let x €X and U be a P -

neighbourhood of x. Then  there exist a P open set O such

that x€ OCU.

29
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By hypothesis, we have f(0) = f(P Int. 0)CTf(0) op' (L")

Hence f(0) = f(O)O PI(L)

f(O)0 PzL,)being a union of P' semi open set with respect

to L' is P' semi open with respect to L', Thus f(0) =
(say) is P! semi open with respect to L!'.

Since x €0 CC U, f(x)€ f(0)"f (U) we have f(x) € VCf Q0]
Similarly if U were an L neighbourhood of x, there exist
L' semi open set with respect to P' (say) V such that

f(x)e VCf(U).

\Y

a

(iii) > (i) Let U be an arbitrary P open set in X. By

hypothesis, for everyy € f (U) there exist a semi open
neighbourhood with respect to L' (say) Vy such that VYC: f(U)
ie., there exist a P' semi open set with respect to L!' (say)
AY such thgt y € Ay - Vy'
f(U) = U {Ay/y € £(U) } being the union of P' semi open sets
with respect to L' is P' semi open with respect to L'.
Similarly if U is an arbitrary L open in X, f(U) is L' semi
open with respect to P!,

Hence f is a semi open map.

Theorem : 1.3.15
Let (X,P,L) and (Y,P',L') be bitopological space. A

necessary and sufficient condition for a map f : X — Y to be

semi open is that f—1 (B-P'(L'))CP cl f_l(B)
1

and f—l(B_L,(P,) )L c f " (B) for every B C Y.



31

Proof :

Let f be a semi open map.
Let B CY and U= X~ P o (£1(B)), U is P open in X.
Since f is a semi open map, f(U) is P' semi open with respect

to L1, ie., f(U) = £(X ~ P ol (£ (B)))

(X P ol £(£ N(B))

Y ~ P cl (B)

1

Y ~f(U) Y~ (Y ~ P <l B)

P clB

Therefore Y ~ f(U) is P' semi closed with respect © L'

Also BCC P ¢l B ie., B C Y ~f(U) therefore B—P'(L')C ™I (U)

Therefore B-—P'(L') is the smallest semi closed set containing B.

Therefore f—1 (B_P, (L')) _ f—l(Y ~ £(U))

c Tl .~ )
X ~U=P a (k).
Similarly we can show that,
f'l(B_L,<P,))Cf‘1(Y . fU) =P o f£(B)
Conversély, let U be an arbitrary P open set in. X.
Put B = Y ~£f (U) by hypothesis we have

£(U)N B - £(U A £ 4B

_Pl(Ll) _Pl(Ll)))
CEUNPa £im)).

Since U is P open, UN Pcl (£ 4B)) = P ol (UN £ 1(B))

Since U = X~P I £ [(B), Unf (B) = #

Thus f(U) N B =4 , BpiLny & Y ~£(U) = B

B is a P' semi closed with respect to L' in Y and hence
f(Uy = Y~ B is a P! semi -open set in Y with respect to

L'. Similarly if U is a L open set in Y, it can be shown

that f(U) is L' semi open with respect to P' in Y. Thus f

1e a cami ATYAN MAan .
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Theorem : 1.3.16
* %
Let (X,P,L), (Y,P',L'),(Z,P ,L ) be three bitopological
spaces. f:(X,P,L)—s (Y,P!',L') and
* %
g+ (Y,P',L') — (2,P »L ) be two maps.

Let gef be a semi open map

(i) If f is continuous and surjective, g is a semi
open map
(ii) If g is open, semi continuous and injective f is

a semi open map.

Proof :

(i) Let U be an arbitrary P! open (L' open) set in
Y. f being continuous, f_l(U) is a P open (L open) set. g «f
being semi open, g o f (f_l(U)) is P* semi open with respect
to L* in Z (L* semi open with respect to P*)
f being surjective, g o f (f—l(U)) = g (U) is P* semi open
with respect to L* in Z (L* semi open with respect to P*

in Z) Therefore g is a semi open map .

(ii) Let U be an arbitrary P open set in X.
gof (U) is P* semi open with respect to L*.
Since g is open and semi continuous g’l(g o f)(U) is P! semi
open with respect to L' in Y and also g is injective.
Therefore g—l(g o £)(U) = f(U).
Similarly if U were an arbitrary L open set in X, f(U) is L!
semi open with respect to P!'.

Thus f is a semi open map.




CHAPTER 1T
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PAIRWISE ALMOST CONTINUOUS MAP AND WEAKLY CONTINUOUS

MAP IN BITOPOLOGICAL SPACES

In Chapter two, pairwise almost continuous maps and
weakly continuous maps in bitopological spaces introduced by
Shantha Bose and Dipti Sinha in their article ."Pairwise almost
continuous map anvcvl weakly continuous map in bitopological spkaces"—

are studied.

Similar to ordinary topological spaces here also continuity

implies al most continuity and almost continuity implies weakly
continuity. But the reverse concepts need not be true. Here a
number of properties of almost continuous maps and weakly

continuous maps are studied.
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CHAPTER - 2

PAIRWISE ALMOST CONTINUOUS MAP AND WEAKLY CONTINUOUS

MAP IN BITOPOLOGICAL SPACES

Section z 2.1
Almost continuity in Bitopological spaces.
Definition : 2.1.1
Let (X, P, L) be a bitopological space.
A set AC X is said to be P-regularly open with respect to L

if A =P Int (L cl A)

Definition : 2.1.2
A set AC X is P-regularly closed with respect to, L if

A =P cl (L Int. A)

A set A CTX is regularly open (closed) if it is both
P-regularly open (closed) with respect to L and L-regularly open

(closed) with respect to P.

- Note :
A is regularly open if and only if = (X~ A) is regularly

closed.

Definition : 2.1.3

Let £ : (X,P,L)— (Y,P',L') be a mapping. Then f is
said to be PP' almost continuous with respect to L at a - point
x € X if and only if for every P! neighbourhood M of f (X) there

exists a P neighbourhood N of x such - that »

f(N) © P! Int (L' cl M)
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Definition : 2.1.4
A mapping f : (X,P,L ) —s (Y, P', L') is said to
be pairwise almost continuous at x € X if it is PP' almost

continuous with respect to L at x and LL' almost continuous with

respect to P at x.

We say that f is pairwise almost continuous in X if it

is pairwise almost continuousat x € X for all x € X.

Remark : 2.1.5

If £ is continuous, f is pairwise almost continuous but

converse is not true is shown in the following example.

Example : 2.1.6

Let X =X, =X,={ab, ¢, d}

P = {¢g ,X,{al{b}{a,bl}}

L = {#, X,{al,{b},{a,b}{a,c,}a,b,c}}
p! = {9, X,{a}{a,c},{2,cd}}

L' = {¢, X,{ b}, {b,d}}

Let f : (Xl’P’ L,)-——)(XZ, P!, L') be the identity

mapping. Then f is pairwise almost continuous but not continuous.

The set {a,c}e P!
“and f -1 ({a,ch=1{,cld P

Thus f is not continuous.
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Theorem : 2.1.7

For a map f : (X,P,L,)— (Y,P',L') the following are
" equivalent:

(a) f is PP' almost conti nuous with respect to L.

(b) Inverse image of every P' regularlyopen set with
respect to L' is a P open subset of X.

(c) Inverse image of every P' regularly closed set
with respect to L' is a P closed subset of X.

(d) For each x € X and each P' regularly open
neighbourhood M of f(x), there exists a P neighbourhood - N of
x such that f (N)c M. »

(&) £ HA)CP mt.{£! (P' Imt(L' ol A))}for every
P' open subset A of Y.

(f) P ol £NP' &l (L'Int B) C £ Y(B) for every P'
closed subset B of Y.

(g) For any point xeX and for any net { x, /Ae D}which
converges to x, the net {f(x )\)/)\E: D} is eventually in each P!

regularly open set with respect to L'l containing f (x).

Proof :

(a) = (b)

Let M be a P' regularly .open set of Y with respect
to L' -

Consider £ 1(M)  Let xef '(M) then f(x)eM

Since f is PP' almost continuous with respect to L there

exists a P open set N such that xeN and f(N)CP' Int (L'clM)
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Since M is P! regularly open set of Y with respect to
L', P' Int (L' cl M) = M
Therefore xef(N)CM

1

ie, xeNcf (M)

Hence f_l(M) is a P neighbourhood of x which is an

arbitrary point of f_1

(M)

Hence f-l(M) is a P open set.

(b) = (¢

Let M be any P' regularly closed set of Y with respect
to L'.

Then Y ®M is a P' regularly open set of Y with respect
to L'. (b) = that £ 1(Y~M) is a P open set of X«
ie, £ 1(Y)~£ 1 (M) is a P open set of X.
Since f : (X,P,L)—/(Y,P',L"'), X ~ fnl(M) is a P open set of

:X. Hence f—l(M) is a P closed subset of X.

(c) = (d) :
Let M be a P' regularly open subset of Y with respect . to
L's Then M = P! Int (L' ¢l M).
Therefore (Y ~ M) is a P' regularly closed subset of Y with

respect to L'.

() = £ 1(Y~M) is a P closed subset of X
f_l(Y) ~ f—l(M) is a P closed subset of X.

1

X ~f © (M) is a P closed subset of X.

f_l(M) is a P open subset of X .

Also xef—l(M) = N (say).

Then N is a P neighbourhood of x such that f(N)XM.
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(d) = (e) :
Let A be a P' open subset of Y. Then P' Int (L' cl A)

is a P' regularly open neighbourhood of f(x) with respect to L'

in Y.

(d) = there exists a P open neighbourhood N of x such that
f(N)CP' Int (L' cl A)

x eNCf !

(P' Int (L' cl A)).
Thus x ¢ P Int (f—l(p' Int (L' ¢l A)))

Therefore f_—l(A) C P Int (f_l(P' Int (LY ¢l A))).

(e) = (f) :
Let B be a P' closed subset of Y. Then (Y~ B) is a

P' open subset of Y.

(e 3 £ 1 (Y~B)CP It (£} (P Int (L' cl (Y~ B))))

Now P' Int (L' ¢l (Y ~B)) = Y~P'cl (Y~L' cl (Y~ B))

Since P' Int (L' ¢l (Y ~B)) is a P! open subset A of Y.

Since Y ~B is P' open subset of Y, Y ~ (L' ¢l (Y~ B)) is a P!
closed subset of Y.

2 Y ~(P' cl (Y~L' ¢l (Y~B ))) is a P' open subset of Y.

P' Int (L' cl (Y ~B)) = Y~P' cl (Y ~ (Y ~ L' Int B))

If xeY~L' Int B

if and only if =x'¢ L' Int B
if" and only if x ¢ B

if and only if x ¢ L'cl B
if. and only if xg Y~ L' cl B

if and only if x €L' ¢l (Y ~ B).
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There fore we have Y~ L' Int B = L' ¢l (Y ~B)
Therefore P! Int (L' ¢l (Y ~B)) = Y ~P' ¢l (L' Int B)
£ 1P Int (L' ¢l (Y ~B))) = £ 1(Y~ P' ol (L' Int B))

1

= £l )~ £ (P! a (L' It B))

= x~£ 1 (P' cl (L' Int B))

1 1

Therefore x~f - ((B) P Int (X~ f - (P' ¢l (L' ,Int B)))

Therefore f 1 (B)>x ~P Int (£ Y(P' cl (L' Int B )))

Therefore (f—l(Pl cl (L' Int B)))Cf—l(B).

(£) = () :

Let{xj\}xeD be a net converging to x in the P-topology.
Consider the net {f(xk )}>\ e D Let N be a P'-regularly open
set with respect to L' containing f£f(x). Then (Y -A-‘N) is a P!
closed.

Therefore (f) 3 P cl (f ! (P' cl(L' Int (Y ~N))))CE } (Y ~N)
Since (Y ~N) is P' regularly closed with respect to L'
Y~N=P' ¢l (L' Int (Y ~N))

Therefore P cl (£ (Y ~N)Cf © (Y ~N)

Therefore f—l (Y ~N) is P closed

1

ie, £1 (Y) ~f 1 (N) is P closed.

Thus f—1 (N) is P open.

Also Ix converges to- x in the P- iopology.

X} X €D
Hence there exists ) 0 €D such that for every ) zldo, x ¢ _f_l(N)
ie., for every A 2 )\0, f (x )\)EN'
ie., the net {f(x )\)})\ED is eventually in N, any ?' regularly

open subset of Y with respect toL'.
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() = (a) :

Let f be not PP' almost continuous with respect to L.
Therefore there exists x € X such that f is not PP' almost
continuous with respect to L at x.
ie, there exists a P! open set N containing f(x) such that for aj1
P open sets U containing x, £(U) N(Y~ (P' Int (L' cl A))) # ]

Since f(U) & P' Int (L' cl A)
ie., since f (U)N P' Int (L' c1 A) =¢
ThereforeU N f_l(Y~ (P' Int (L' cl A ))) # ¢
ie., there exists %, €U such that Xy € f—l(Y: (P'" Int (L'cl A)))
For all P open sets U containing x if
W= {allp open sets containing x }
For each U €1, choose a point X, belonging to
UN £ 5 ~P' Int (L' A))
Then {xU/ U eu} is a net converging tc¢ x and is such

tha no f(xd is in P' Int (L' ¢l A)).

Thus {f(x )} / U eu}lis not eventually in the P' regularly
open set with respeLit to L?
ie., {f(x )} /ye u}is not eventually in P' Int (L' ¢l A) which
U
is a contradiction.

Thereforefis PP' almost continuous with respect to L.

Theorem : 2.1.8

Let f be a PP' open, PP' continuous mapping of(X,P,L)
into(Y, P', L') and if g is a mapping of (Y, P', L') into
(Z,P",L") then go f is PP' almost continuous with respect tc L

if and only if g is P! P" almost continuous with respect-to L',
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Proof :

Let gof be PP" almost continuous with respect to L.
Let A be a P" regularly open with respect to L" subset of Z.

Then (gof) ! A is P open.

Since gof is PP" almost continuous with respect to L.
ie., f—l(g—l(A)) is P open in X;
Since f is a PP! opeﬁ mapping , therefore f(f_l(g_l(A))) is P!
open.
ie., g_l(A) is P' open in Y and consequently g is P' P" almost
continuous with respect to L'. Conversely assume g is an P' PV
almost continuous mapping with respect to L'.

Let A be a P" regularly open subset of Z with respect

to L. Then by the theorem 2.1.7 (b) g-l (A) is p' open. Now
-1, ~1 -1
(gof) "A = £ ° (g "(A))
Since f is PP!' continuous and g_l(A) is P! open,

therefore f—l(g_lA) is P open.

Thus gof is PP" almost continuous with respect to L.

Theorem : 2.1.9
Let £ : (X,P,L)—(Y, P', L') and x € X.
If there exists a P neighbourhood N of x such that f/N is P/NP!

almost continuous with respect to L/N. Then f is PP' almost

continuous with. respect to L at x.
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Proof :
Let U be a P' regularly open subset of Y with respect

to L' containing f(x).

Since f/N 1is P/NP' almost continuous with respect to
L/N by the theorem 2.1.7(d), there exists a P open set V such

that x EN NV and f(NNV)cU.

Since (N f1V) is a P neighbourhood of x, f is PP' almost

continuous with respect to L at x.

Corollary : 2.1.10

Let £ : (X,P,L)— (Y,P',L') be a mapping. Let{G)\: Xed}
be a P open cover of X If for each Aed, £/ G, is PP' almost
continuous with respect to L. Then f is PP' almost continuous

with respect to L.

Proof :
Let x be an arbitrary point inGy for some X € A

Since f/G}\ is PP' almost continuous with repect to-

L by theorem 2.1.9 f is continuous at x.

Since x is arbitrary f is almost continuous at every

Hence f is PP' almost continuous with respect to L.
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Therem 2.1.11

Let f : (X,P,L)-—(Y,P',L',) be a map of x into

1 2

f/X2 are PP' almost continuous with respect to L. Then f is PP!

Y and X = X, UX2 where X, and X, are P - closed and f/X1 and

almost continuous with respect to L.

Proof :

Let A be a P' regularly open subset of Y. with - respect
to L'. Since f/X1 and f/X2 are both PP' almost continuous with
respect to L, by the theorem 2.1.7(b) we have (f/Xl)-l(A) and
(f/Xz)-1 (A) are both P closed in X1 and X2 respectively.
1

Since X1 and X2 are P closed subsets of X (f/Xl)_

and (f/XZ)—l(A) are also P closed subsets of X.

(A)

Also £ 1(a) = (f/xl)'l(A) U (f/xz)'l(A).

1

Thus f (A) is the union of two P closed sets and is

therefore P closed.
Hence f is PP' almost continuous with respect to L.

Theorem : 2.1.12

If f is a mapping of (X, P, L) into (Y, P', L') and
X = X1 U X2 and if f/X1 and f/X2 are both PP! aimost continuous
with respect to L at a point x € X, n X, then f is PP' almost

continuous with respect to L at x.

Proof :
Let U be any P' regularly open subset of Y with respect
to L' containing f(x).

Since x € X1 ﬂXz and f/Xl, f/X2 are both PP'!' almost
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continuous with respect to L at x by the theorem 2.1.7(d) there

exist P open sets V1 and V2 such that x €X1nV1 and f(xlﬂVi)C U

and x €X,0V, and £(x,NV,)<U

. - U
Since X X1 X2

VanZ = VanZﬂX
= Vlnvzﬂ(X1 U XZ)
= (V{NV,NX) U (V;AV,NX,)
f(V1 ﬂVZ) = f(V1 v,n Xl) U f(VananZ)
- f(VlﬂXI) 8] f(Vzﬂ X2)
CUu.
Thus V1 ﬂVZ = V is a P open set containing x such that
f(V)c U
Therefore f is PP' almost continuous with respect to L

at x.

Theorem : 2.1.13

P L'y ) be B, P!,

Let f(x + (X o

t !
Q ’L(l )——"(Xa 9P

o
almost continuous mapping with respect to Lm for each @ € I and

T it

> X, P, L)—> (

let £ (aél o

X'P_{ ,P'y, L') where P, L are
product topoiogies generated by P, 's and L, 's respectively on
"€l X, and P', L' are product topologies generated by P', 's and

L' T's respectively on IIX',, be defined by setting
- ael ‘
- 3 t
f(x' ) = (f . (xa })) for each (xa JET XO - Then f is PP' almost

ael
continuous with respect to L.
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Proof :
Let (xa)eaglxa and let O' be a P' regularly open set
with respect to L' in I X'a . containing £(X, ). Then there is
o€l
a member [ O'& of the defining P' base of the product topology on
o€l
I x: such that f(x, ). I O0' = 0' where 0}, = X'  for all
aer  © % T * e
@ € I except for a finite number of indices Oli i = 1,2,...n

(say) and O'a i is a Py ; open subset of Xgo v i= 1,2,...n.

i
Now since O' 1is P' regularly open set with respect to
L' therefore P' Int (L' cl (I 0')) & P'Int (L' ¢l 0') = O'.
‘ Qe

. | 1 l
Thus for each . ., f’di (x ) O aiC L ai cl(0 Oti))

oi oi
Now P'a i Int O ai = Q! aiCP'-ai Int (Llai cl (O:I 1))
Therefore f i (x ai) Plui Int (L' ai cl (0! (!i)) and f ai
being P i p! Qi B almost continuous with respect to
i L o there is a P qi OPen subset U o i of X ol such that
X 4i U ai and
foai (5 g3) f4i0 G EPY gy Int (L5 el (0 ;)).
ThusaEIUa where U a= X where o # where o &+ a3’
i=1,2...n 1is a P open set containing (x a).
Therefore f ( 1T U, ) O.
ael
Hence f is PPVI almost continuous with respect to L.
Theorem : 2.L14
Let h : (X,P,L)—)(HXa s P',L') where P! and

ael
L' are the product topologies onqlé[IX generated respectively by
a

the topologies P, 's and L, 's on X, - be a PP' almost
continuous with respect to L. For eachge I, define

f(x :(X,P,L)——)(Xa , Pa s La) by setting f a(x) = (h(x)(x )

Then f 0Lis PP almost continuous with respect to L.



46
Proof :

Let P denote the projection of I X into . X.
@ ael © o
r = ; } t
Then Pao h fa , for eacha . Now p is P Pa open and P Pon
continuous for each o . and h is PP' almost continuous with

respect to L.

Therefore By theorem 2.1.8 Py oh is PPa almost continuous with

respect to L.
ie., f(x is PPOL almost continuous with respect to L.
Definition : 2.1.15
Let (X,P,L) be a bitopological space. Let A CX. Let

x € A C X. Then x is called a P boundary point of A is x ¢
P Int. A.

Theorem : 2.1.16

Let £ : (X,P,L)— (Y, P', L")
The set of all points of X at which f is not PP' almost continuous
with respect to L 1is the union of the boundaries of the inverse

images of P' regularly open subsets of Y with respect to L'.

Proof :

Assume f 1is not PP! almost continuous with respect to
L at a point x €X.

Then by the theorem 2.1.7(d) there exists a P' regularly
open set with respect to L'(say) V such that f(x)e V and for

every P open set U containing x,
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f(U)(I v
ie f(uy Nv =¢
ie f(UN(Y =V) # 8
Thus for each P open set containing x, we have
UNEL (Y ~v) # 0

ie UN (X~ £ (V) # ¢

Therefore x cannot be a P interior point of f_l(V)

ie x ¢P Int(f 1(v))

But x ef (V)

Hence x is a point in the P boundary of f—l(V) .

Now let x belongs to the boundary of f—l(G) for some P' regularly
open subset G with respect to L' of Y. Then f(x) €G.

If f is PP' almost continuous with respect to L at x by the
theorem 2.1.7(d) there exists a P open set U such that xe U and
f(U)cG.

Thus x € U L(f(U)) Cf !

(G)
Therefore x is a P interior point of f—l(G) which 1is a

contradiction to x belonging to boundary of f_l(G). Hence f is

not PP! almost continuous at x with respect to L.

Definition : 2.1.17

A bitopological space (X, P, L) is said to be P almost
regular with respect to L if for each P regularly closed set A
with respect fo L and each point x ¢ A there exist disjoint sets

U and V such that U is P open, V is L open and x €U, ACV.
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Definition : 2.1.18

Let (X, P, L) be a bitopological s‘pace. Let x,ye X
such that x # y. Then (X, P, L) is said to be a pairwise
Urysohn space if there exists a P open set U and a L open set

V such that x €U, ye Vand L ¢l UNDP el V = §.

Theorem : 2.1.19

If £f is a PP' almost continuous map with respect to L
of a regular space (X, P, L) with respect té L onto a bitopological
space (Y, P', L') and f is (PP', LL') closed such that f_l(y)
is P compact with respect to L for all y € Y, then (Y, P', L)

is P' almost regular with respect to L'.

Proof :

Let A be a P' regularly closed with respect to L'.
Then A = P! ¢l (L' Int. A)

Suppose y¢ A then f '(y) nf 1(A) = ¢

Since f is PP' almost continuous with respect to L by
theorem 2.1.7(c) we have f '(A) is P closed. Also f l(y) is P
compact with respect to L.

Since (X, P, L) is P regular with respect to L by the
definition of P almost regular, there exist a P open set G and
a L open set H such that

£ laycH, £ 1(y)=G and GNH = ¢

Now let Pl = {z/f_l(z)c:G} and Q = {z/f-l\Z)CH}
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Obviously AcCQ, vy ePl’ Pl nQ = #¢
Also Y “-P1 = f(X ~G) and Y=~ Q = f(X~ H)
Since f is (PP', LL') closed, G is P open

f(X~ G) is P' closed
= Y ~P1 is P' closed
and H is L open = f(X~H) is L' closed
= Y~Q is L' closed.
ie P1 is P' open and Q is L' open such that ye P
Therefore (Y, P', L') is P! almost regular with respect to L'.

17 ACQ, P,NQ =0

Definition : 2.1.20

Let (X, P, L) be a bitopological space. X is said to
be pairwise almost normal if given disjoint sets A and B such that
A is P regularly closed with respect to L and B is L regularly
closed set with respect to P, there exist a L open set G and P

open set H such that ACG, BCH and GNH = §.

Remark : 2.1.21
A pairwise normal (regular) space is pairwise almost
normal (regular) but not conversely is shown in the following

example.

Example : 2.1.22
Let X ={a, b, ¢, d}
={¢, X, {a} ,{ b}, {a, b},Ja, ch{a, b, c}}
1, ={p, x,{a},{b}, fa, d ,{a, b}, Xa, b, d}}
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Then (X, P, L) is a pairwise almost normal ispace but not a

pairwise normal space.

Definition : 2.1.23
A space (X, P, L) is said to be pairwise normal if given
a P closed set A and a P closed set B with ANB = (0 there exist

a L open U and P open set V such that ASU, B&EV and UNV = ¢

P closed sets

{X’ ¢, {b9 C, d},{a’ C, d}’{b’ d}{C, d}’ {d}}
{X9 ﬂ, {b; Cy d}}}[a, C, d},{C, d}’{b’ q ’{ C}}

with d N ¢ = @, then by the definition of pairwise normal

L closed sets

there exist a L open set {a, d ,{a, b, d} and a P open set
{a, ¢}, {a;, b, c}
such that {a, d}N{a, ¢ # ¢
{a, b, &N {a, b, ¢ #§
{a, d}Nfa, b, c}# ¢
{a, c}{a, b, d& # ¢

Thus (X, P, L) is not a pairwise normal space.

Theorem : 2.1.24
If f is a closed pairwise almost continuous map of a
pairwise normal space (X, P, L) onto a space (Y, P', L') then

(Y, P', L') is pairwise almost normal.

Proof :
Let A be a P! regularly closed set with respect to L'
and B be a L' regularly closed set with respect to P' and

AﬂB=q
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_1(A) is P closed and

Since f is pairwise almost continuous, f
f_l(B) is L closed.

Since (X, P, L) is pairwise normal there exist disjoint sets G
and H such that G is P open, H is L open and f_l(A) CH and
£1(B) =a. |
Now if we define P, = {z/£ 1 (z) =G} and @ =1{ z/£ }(z) CH)

the .closeness of f implies that P1 is P' open, Q is L! opeh and
ACQ, BcP1 and Pl NQ = ¢. Thus (Y, P', L') is pairwise almost

normal.
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Section 2.2 Weakly Continuous Map

Definition : 2.2.1

Let f be a map from (X, P, L)->(Y, P', L'). Then
f is said to be PP' weakly continuous with respect to L if for
each point x € X and each P'neighbourhood V of f(x) there exists

a P neighbourhood U of x such that f(U)CL' ¢l V.

Note :
f is (X, P, L)— (Y, P', L') is pairwise weakly
continuous if it is PP' weakly continuous with respect to L and

LL' weakly continuous with respect to P.

Theorem : 2.2.2
If f : (X, P, L)—/™(Y, P', L') is a PP' weakly continuous
map with respect to L and is also a PP' open map then f is PP!

almost continuous with respect to L.

Proof :

Let x € X and M be any P' neighbourhood of f(x).

Since f is PP' weakly continuous with respect to L there
exist a P neighbourhood N of x such that f(N)ZL' ¢l M.

Since f is PP' open, f(N) is P' open.
Hence f(N)<=P' Int (L' cl M)

Therefore f is PP' almost continuous with respect to L.
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Remark : 2.2.3

Every PP' almost continuous map with respect to L is
PP' weakly continuous with respect to L. The converse is not

true is shown in the following example.

Example : 2.2.4

Let X = the set of all reél numbers.-
P = {#, X, Complements of all countable subsets of X }
L = {G, X, the sets whose complements are countable}
vy ={ a, b, ¢}
p' = {0, Y,{c},{b}, {b, c}}
L' ={0, Y.,{a},{ch{a, c}}
Let £ : (X, P, L) (Y, P', L') be defined by
f(x) = {a if x is rational }
{b if x is irrational}
Th;an f is PP' weakly continuous with respect to L but not PP'
almost continuous with respect to L.
When x is irrational, the neighbourhood of b is{b, ¢}
P' Int (L' ¢l {b, c})) b, c}
when x is rational, the neighbourhood of a is {a, b}
f({a, B8 ) ={a, b}
f({a, B ) ¢ P' Int (L' cld b, c}))
ie " {a, blfAb, c}

Therefore f is not PP' almost continuous with respect to L.
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Definition : 2.2.5

A bitopological space (X, P, L) is said to be P semi
regular with respeét to. L if fovr each point x of the space and
each P open set U containing x there is a P open set V such that

x€ VCP Int (L ¢l V)CU.

Theorem : 2.2.6
If f is a PP' almost continuous map with respect to L
of a bitopological space (X, P, L) into a space (Y, P', L') which

is P semi regular with respect to L' then f is PP' continuous.

Proof :

Let x €X and let A be a P.I open set containing f(x).
Since Y is P! semi regular with respect to L' there exist a P!
open set V such that f(x) e VP! Int(L' cl V) <A

Since f is PP' almost continuous with respect to L and
since A is a P' open set containing f(x) there is a P open subset
U of X containing x such that f(x)e f(U)C P! Int(L' cl V).
Therefére U is an P open set containing x such that f(U)CCA
Therefore f(x) e f(U)CA.

1

ie xe UC £ (A)

Thus f is PP' continuous at x. Since x is arbitrary it follows
that f is PP' continuous.
Definition : 2.2.7

AC((X, P, L) is P compact with respect to L if for
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every P open covering of A, there exist a L open finite finer

covering.

Definition : 2.2.8
AcC (X, P, L) is a P almost compact with respect to L
if for every P open covering of A, there exist a P open f{inite

subfamily whose L closures cover A.

Theorem : 2.2.9
If £f is a PP' weakly continuous map with respect to L
and also one to one map of (X, P, L) onto (Y, P', L') and if

X a compact with respect to L and Y is Urysohn, f is PL' open.

Proof :

Let A be a P open set then X~ A is a P closed subset

of X which is a P compact set with respect to L.

Claim 1 :
f(X~ A) is P' almost compact with respect to L'.

Let {Va /e € Albe a P! open covering of f(X ~ A) since

f is PP' weakly continuous with respect to L for each Vg, there

exist a P open set U such that f(Uy, )CL' cl (Vg )-
a

Now {Ugy / o ¢ A} is a P open cover of (X ~A) which

is a P compact set’ with respect to L.
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Therefore there exist a L open finite finer covering (say)

{wW Ja.,eAYi= 1,2,.c..... n such that -
Q1 @ 1

f(Wo, ) S E(Ugy) CL el v

Now X~ A Ci§1 W, i

‘n
Therefore f(X~ A) £( U Wy) = U £(Wy)
i=1 i=1
C 0 L' (Vyy)
i=1
Now {Vo /aeM}i = 1,2,0cc.... n is a P' open family whose L'

i i
closures cover f(X ~A).

Hence f(X ~ A) is P' almost compact with respect to L'.
Since f is one to one, f(X~ A) = Y ~f(A).
Now Y is Urysohn and Y ~ f(A) is P! almost compact with respect

to L' since f(X~ A) is P' almost compact with respect to L'.

Claim 2 :
Y~ f(A) is L' closed
Let t¢ y~ £f(A) = B (say). Therefore t # y for ye B.
Since Y is Urysohn there exists a L' open set Uty and

a P' open set Vy such that P cl Utyn L' ¢l V_, = §.

t yt

{Vyt/y € B} is a P' open covering. of B, a P' almost compact

set with respect to L' there exists a P' open finite subfamily

{Vytlyie B,J i =1,2,u0.... n whose L! closures cover B.
n

ie, BC U L' el V ifU=ﬁU , UNB = §.
i=1 vit = vt

Also U is L' open, t # L' ¢l B ( = Y ~f(A)).
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Therefore Y ~f(A) is L' closéd
Therefore f(A) is L' open

Hence f is a PL' open map. ' N

Lemma : 2.2.10
A map f : (X, P, L)—(Y, P', L') is PP' weakly
continuous with respect to L if and only if for each P' open set

Vin Y, £ (V)P Int (£ HL' o V))

Proof :
Let f be a PP' weakly continuous map with respect to
L. Let V be a P! open set in Y.

Consider f'-1 1

(V) Let x € f (V) then f(x)e V. Therefore there
exists a P open set O containing x such that f(0)CL!' ¢l V.
Therefore x EOCf_l(L' cl V)
Therefore x €P Int (f L(L' cl V))
Therefore £ L(V)CP Int(f (L' ¢l V)).
Conversely let £ (V)P Int(f L(L' cl V))
Take U = P Int (f J(L' cl V))
Consider P Int (f L(L' ¢l V))cf N(L' ol V)
U =l a vy
f(U)cL' ol V.

Thus fis PP' weakly continuous with respect to L.
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Theorem : 2.2.11

Let (X,P,L)—> (Y, P', L') be a map and g:X—X x Y
be the graph of f given by g(x) = (x,f(x) for every x g X.
Then g:X—X b4 Y is PP* weakly continuous  with respect
to P. (Here (X x Y, P*, L*) is the product space where P*
is generated by P and P' and L* is generated by L and L'*)
if and only if f:X— Y is PP' weakly continuous with respect

to L.

Proof :
‘ *
Let g be PP weakly continuous with respect to L.
Let x€ X and V C Y be any P' open set containing f(x). Then

*
X x Visa P open set in X x Y containing g(x).

*
Since g is PP weakly continuous with respect to L

there exist a P open set U X containing x such that

g(U)CL* cd (X x V)
C X x L' el V.
(U, f(U))Ycx =x L' el V
f(U)CL' 1 V
Therefore f is PP' weakly continuous with respect to L.
Conversely, let f be PP' weakly continuous with respect
to L. Let x€ X and W be any P* open set in X x Y

containing g(x).

Then there exist a P open set UCX and P' open set

VCY such that g(x) = (x,f(x) U =xeVCW.



59

Since f is PP!' weakly continuous with respect to L then
there exist a P open set OCX containing x such that O CU
and £(0) CL' cl V.

Therefore g(0) = (0O, £(0))
CU x L'V
*
CL (U x V)
*
CL W

*
Thus g is PP weakly continuous with respect to L.

Theorem : 2.2.12
Let (X,P,L) be a pairwise connected space and let f
be a pairwise Weaikly continuous map of X onto (Y,P!',L!")

then (Y, P', L') is pairwise connected.

Proof :

Let Y be not connected then there is a seperation U,
V of disjoint non empty open subsets of Y whose union is Y.
ie., Y = A U B where A is P' open and B is L' open and
ANB = ¢

Also A is L' closed and B is P' closed. Since f is

surjective, X = £ Y(A) U £ 1(B) and £ 1(A)N £ 1(B) = 0

Since f 1is pairwise weakly continuous. by the lemma
2.2.10, £ 1(A)CP Int (f N(L' < A)) and

flmycL mt 1P o B))
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Since A is L' «closed, L' ¢ A = A and B is

P' closed, P! ¢l B = B,

Therefore f—l(A) C P Int (f—1 (A)) and

£ Byl mt (£ l®))

B -1 . -1 .

> £ (A) is P open and f (B) is L open. Also

1

X =t A U£B) and £ Nt iB) = .0

Therefore X is not pairwise connected which is a contradiction

to our assumption. Hence (Y,P',L') is pairwise connected.

Theorem : 2.2.13

Let f : (X,P,L)—™ (Y, P', L') be a LL! weakly
continuous map with respect to P then

(L a (f-l(V))C:f—l(L'clV)) for every P' open VCY.

Proof :

Let x L <l (£ (V) and x ¢f (L' cl V))
3 f(x)¢ L' 1 V.
Then there exists a L' open set W containing f(x) such that

wnv = 0. . Also V is P' open.

i}

Therefore VN P! ¢l W Q

Since f is LL' weakly continuous with respect to P and W is

a L' open set containing f(x) there exists a L open set U

such that f(U) CCP! ¢l W

Therefore f(U)NV = ¢

Also x €L ¢l (f_l(V)) and U is a open set containing x

= UNE (V) # 0 ie f(U)AV # 9 which is a

contradiction.
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Therefore L o (f 1(V)) ©f ! (L' d V) for every P' open
vCcy.
Theorem : 2.2.14
| If (Y, P', L') is a pairwise Urysohn space and

f :+ (X,P,L)— (Y, P', L') is a pairwise weakly continuous
injection then (X,P,L) is a pairwise Hausdorff space.
Proof :

L(_et Xqs dZ’ be any two distinct points of X. Sincre
f is injective f(;il) =Vf(x2) since (Y, P', L") is pairwise Urysohn

sp;lce" there exist a P' open set U and L! open set V such “that

.-

f(x;) € U and f(x,) eV apd L' l U P' ad V = g

Therefore P Int £ (L' cl U) L Int £ 1(P' el V) = 0
Since f is a pairwise weakly continuous by the lemma 2.2.10

we get x;e £ (U)CP Int (£ (L' cl U)) and

x, €f MV)CL It (1P d V).

2
Therefore (X,P,L) is a pairwise Hausdorff space.
Theorem : 2.2,.15

Let ACX and let f : X—=A be a PP' weakly continuous
retraction of X onto A with respect to L. (P! and L' are
topologies A induced respectively by P and L). If (X,P,L)
is pairwise Hausdorff then A is closed in the upper bound

topology of P and L.

Proof :
Assume that A is not closed in the upper bound topology

o P and L (denoted by T topology).
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Let x €T cl A - A. Then x ¥ A = f(x) # x.

Also since X is pairwise Hausdorff, there exists a P open set
U and a L open set V such that f(x)e U and x€ V and
unv =4¢.

Also VAL 1 U =0,

Now let W be any P open set containing X then VN W is a
T open set containing x and xe€cl A. |

Therefore (VAOW)N A # 0

Therefore exists y such that ye (WnvV) NA.

Now ye A = f(y) =7.

Also f(y) eV = f(y) gL «cl U and ye W.

Therefore £ (W)¢P cl U.

Therefore f (W)GE L <l (U 4a)

= £ (WEL' ¢l (UN A).

UANA is a P' open set and W is any arbitrary P open s et
and f (W) ¢L' cl (U NA). This contradicts the fact that f
is PP' weakly continuous map with respect to L.

Hence A is T closed. ie., A is closed in the upper bound

topology of P and L.

Theorem : 2.2.16

Let fl be a PP! weakly continuous map with respect
to L and f2 be a LL' weakly continuous map with respect to
P from a bitopologicai space (X,P,L) into a Urysohn  space
(Y, P',‘ L') then {x ¢ X/fj (x) = fz(x)} is closed in the upper

bound topology of P and L.
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Proof :
Let T denote the upper bound topology of P and L.
Suppose A denote the set {x € X/fl(x) #* fz(x)}
Let x€ X - A = fl(x) # fz(x). Since Y is a Urysohn space
there exists a P' open ;et U and a L' open set V such that

fl(x)e U and fz(x)e V, L' c1 UNP!' ¢1 V = 0.

Since fl is PP' weakly continuous with respect to L
by lemma 2.2.10 we have x €f; (U)CP Int (f; (L' ol )
and also since f2 is LL' weakly continuous with respect
to P by lemma 2.2.10 we have,

x € fz'1 (V)L Int (fz'l(pI cl V)

Let O = P Int (fl—l

(L' el U)) AL Int (£, (P' ¢l V)) then
O is T open. Also O0CX - A.
For if x €0 then,

x €P It (£, (L' cl U)) = £ (x)e L' cl U.

x €L Int (£, 1 (P! el V)) = £,(x)eP" cl V.
Since L' ¢l UN P! ¢l V = ¢, fl(x) + fz(x) =>x e X - A.
Therefore xe OCCX - A and O is open

Therefore X ~ A is T open So A is 7T closed.

Thus A is closed in the upper bound topology of P and L.

Corollary : 2.2.17

Let f1 be a PP' weakly continuous map with respect
to L and 'fZ be a LL!' weakly continuous map with respect
to P of (X,P,L) onto a Urysohn space. If B is T dense in
X ("é’ is the -upper bound topology of P and L) and f.=f_ on
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B then f1 = fZ‘
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