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INTRODUCTION

In 1966, Imai and Iseki [11] introduced new classes of abstract algebras,
BCK-Algebras and BCI-Algebras. While studying the algebraic structures of BCK and
BCI logic, many algebraic structures were studied by several authors, which are
generalization of BCI and BCI-Algebras. In 1983, Hu and Li [10] introduced the notion
of BCH-Algebras. In 1999, Neggers and Kim [24] introduced the notion of
d-Algebras which is another generalization of BCK-Algebras. In 2013, Ahn and Han [1]
introduced the notion of BP-Algebras.

In 1965, Zadeh [35] introduced the notion of fuzzy sets which give a complete
picture of uncertainty in real physical world. In 1967 Goguen [9] extended the notion of
fuzzy sets to the notion of L-Fuzzy sets where L is a Complete Lattice. The study of
fuzzy algebraic structures was started with the introduction of the concept of fuzzy
subgroups in 1971, by Rosenfeld [29]. Xi [34] applied the concept of fuzzy sets to
BCK-Algebras and got some results in 1991. In 1986 Atanassov [2] generalized the

concept of fuzzy sets into Intuitionistic fuzzy sets.

This thesis is devoted to the study of Fuzzy BP-Subalgebras and Fuzzy
BP-Ideals and Intuitionistic L-Fuzzy BP-Ideals in BP-Algebras.

The following articles are chosen for our discussion:

1) “ON BP-ALGEBRAS” by Sun Shin Ahn and Jeong Soon Han [1].

2) “-DERIVATIONS ON BP-ALGEBRAS” by N. Kandaraj and A. Arul Devi
[16].

3) “FUZZY ALGEBRAIC STRUCTURE IN BP-ALGEBRAS” by
Y .Christopher Jefferson. and M. Chandramouleeswaran [3].

4) “FUZZY BP-IDEAL” by Y .Christopher Jefferson and
M. Chandramouleeswaran [4].

5) “FUZZY T-IDEALS IN BP-ALGEBRAS” by Y.Christopher Jefferson and
M. Chandramouleeswaran [5].

6) “ON INTUITIONISTIC FUZZY BP-IDEALS IN BP-ALGEBRAS” by
R. Shalini and P. Jeyalakshmi [30].
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7)

8)

9)

“L-FUZZY BP-ALGEBRAS” by  Y.Christopher Jefferson and
M. Chandramouleeswaran [6].
“L-FUZZY BP-IDEAL” by Y.Christopher Jefferson and
M. Chandramouleeswaran [7].
“ON INTUITIONISTIC L-FUZZY BP-IDEALS IN BP-ALGEBRAS” by

Y. Christopher Jefferson and M. Chandramouleeswaran [8].

This thesis is divided into five chapters.

The first chapter deals with the study of BP-Algebras and Quadratic BP-Algebras. In

this chapter, the preliminaries of BP-Algebras and quadratic BP-Algebras are presented.

Also the relations between BP-Algebra and several other algebras are discussed.

In this chapter, the following interesting results are discussed:

(@)

(i)
(iii)

(iv)

Let (X, A, 0) be a abelian group. If x*y = xA y~', then (X, *, 0) is a
BP-Algebra.
If (X, =, 0) is a 0-commutative B-Algebra, then (X, *, 0) is a BP-Algebra.

Let X be a field with |X| >3, Then every quadratic BP-Algebra (X, *, ¢) has
of the form x*y =x - y + e, where x, y, ze X.
Let X be a field with |X| >3. Then every quadratic BP-Algebra X is a

BCI-Algebra.

In Chapter 2, the notions of f-derivations, regular f-derivations, Composition of

f-derivations on BP-Algebras and their properties are discussed.

In this chapter, the following main results are discussed:

(@)
(i)

(iii)

Every (r, 1)-f-Derivation ((l, r)-f-Derivation) of a BP-Algebra is regular.
Let 6,be a regular (r, 1)-f-Derivation on a BP-Algebra X. Then f-ideal A on X

is 6 invariant.
Let X be a BP-Algebra and 6,8} are the (I, r)-f-Derivations on X. Let
f?=fof=f, then (0,08} )isalsoa(l, r)-f-Derivation on X.
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(iv)

(v)

Let X be a BP-Algebra and6€,, @) are f-Derivations on X. Then
(fo8) ). (0,0 f)=(0,01).(fo0]).
Let X be a BP-Algebra and 6,, 8} are (I, r)-f-derivations on X. Then

0, A 0} isalso a (I, r)-f-derivations on X.

Chapter 3 deals with the study of fuzzy Algebraic structure in BP-Algebras. In this

chapter, properties of Fuzzy BP-Subalgebras are discussed and obtained some results.

In this chapter, the following important results are discussed:

(1)

(i)

(iii)

(iv)

Any BP-Subalgebra of a BP-Algebra (X, *, 0) can be realized as a level
subalgebra of some fuzzy BP-Subalgebra of X.
Let g and A be two fuzzy BP-Subalgebras of X with identical family of level

BP-Subalgebras. If Im(« ) = {¢,, ¢,,¢;,,,,t,} and Im( 1) = {s,,5,,5;,,,,5, }

where ¢, > t,>¢,> .
1) m=n

2) U(u,t,))=U(4,s,) fori=1,2,,,,.n.

3) If u(x)=+¢,,then A(x)=s,,V xeXandi=1,2,,,,n.

Two level BP-Subalgebras U(u, s) and U(u, t), (s < t) of a fuzzy
BP-Subalgebra g are equal if and only if there is no xeX such that
s < u(x)<t.

If yg,and u,are fuzzy BP-Subalgebras of X, then y= u, x u, is a fuzzy
BP-Subalgebra of X x X.

Chapter 4 deals with the study of Fuzzy BP-Ideals and Intuitionistic Fuzzy

BP-Ideals in BP-Algebras. The properties of Fuzzy BP-Ideals, Fuzzy T-Ideals, Cartesian

product of Fuzzy T-Ideals in BP-Algebras are discussed. Also we [30] introduced the

notion of Intuitionistic fuzzy BP-Ideals in BP-Algebras and studied their properties.



In this chapter, the following interesting results are discussed.

(1)

(ii)

(iii)

(iv)

If u is a fuzzy ideal of a BP-Algebra (X, =*, 0) and

U, (x)=min{a, u(x)} Vxe X anda €[0, 1], then 4, (x) is a fuzzy BP-Ideal

of X.

A Fuzzy set uof a BP-Algebra (X,*,0) is a fuzzy BP-Ideal if and only if

every nonempty level set of U( 4, ), s€ Im( # ) is a BP-Ideal.

Let f: X, > X,be an epimorphism of BP-Algebras. Let i be a fuzzy set of

X,.If f7'(u)is a fuzzy BP-Ideal of X, then u is a fuzzy BP-Ideal of X, .

Let gand A be fuzzy sets in a BP-Algebra X such that 4 x A1 is a fuzzy

T-ideal of XxX. Then

(1) Either 1 (0) > g (x)or 1 (0) > 4 (x) for all xe X.

(11) If £(0) > u(x) for all xe X, then either 4 (0) > u(x)or 1(0) > 4
(x)

(i) If 2(0) > A (x) for all xeX, then either 4 (0) > p(x) or £ (0) > 1
)

(iv)  Either g or A is a fuzzy T-ideal of X.

Chapter 5 deals with the study of L-fuzzy BP-Ideals and Intuitionistic L-Fuzzy BP-

Ideals

in BP-Algebras. The properties of L-Fuzzy BP-Subalgebras, L-fuzzy

BP-Ideals, L-fuzzy T-ideals and Intuitionistic L-fuzzy BP-ideals in BP-Algebras are
established.

The interesting results discussed in this chapter are given as follows:

(@)

(ii)

(iii)

Let gand A be two L-Fuzzy Sub algebras of X with identical family of level
sub algebras. Then Im( &) =Im(A) implies u= 1.

A L-fuzzy set p of a BP-Algebra (X, *, 0) is a L-fuzzy BP-Ideal if and only if
forany Ael, U(u,A )= {x:xeX, g(x) > A} is an BP-Ideal of X where
Ulu,A)=¢.

For any L-Fuzzy sets xand A of X, if A x u is a L-Fuzzy BP-Ideal of X,
then either A or u is a L-Fuzzy BP-Ideal of X.



(iv)

)

An Intuitionistic L-Fuzzy set A of X is an Intuitionistic L-Fuzzy

BP-Subalgebra of X if and only if the L-Fuzzy sets x,and v, are L-Fuzzy
BP-Subalgebras of X.

Let f: X—Y be an epimorphism of BP-algebra and let A = ( x,,v,) be an
Intuitionistic L-Fuzzy Set in Y. If 4/ = (w},v]) is an Intuitionistic
L-fuzzy BP-ideal of X. Then A = (u,,v,) is an Intuitionistic L-Fuzzy
BP-Ideal of Y.



REVIEW OF LITERATURE

In 1966, Imai and Iseki [11] introduced two classes of abstract algebras:
BCK-Algebras and BCI-Algebras. It is known that the class of BCK-Algebras is a proper
subclass of the class of BCI-Algebras. In 1983, Hu and Li [10] introduced a wide class of
abstract algebras: BCH-Algebras. They have shown that the class of
BCI-Algebras is a proper subclass of the class of BCH-Algebras. In 1999, Neggers and
Kim [24] introduced the notion of d-Algebras which is another generalization of
BCK-Algebras, and then they investigated several relations between d-Algebras and
BCK-Algebras as well as some other interesting relations between d-Algebras and
oriented digraphs. Also, in 2002 they introduced the notion of B-Algebras [25]. In 2006,
Walendziak [32] obtained another axiomatization of B-Algebras. In 1998, Jun, Roh and
Kim [13] introduced a new notion, called a BH-Algebras which is a generalization of
BCH/BCI/BCK-Algebras. In 2007, Walendziak [33] introduced a notion, called an
BF-Algebras. It was shown that a BF-Algebra is a generalizations of a B-Algebra. In
2006, Kim and Kye [19] introduced the notion of a quadratic BF-Algebra, and obtained
that quadratic BF-Algebras, quadratic Q-Algebras, BG-Algebras and B-Algebras are
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equivalent notions on a field X with |¥ 1> 3 and hence every quadratic BF-Algebra

is a BCI-Algebra. In 2013 Ahn and Han [1] introduced the notion of BP-Algebras.

In 1965, Zadeh [35] introduced the theory of fuzzy sets. In 1967, Goguen [9]
extended the notion of fuzzy sets to the notion of L-Fuzzy sets. The study of fuzzy
algebraic structures was started with the introduction of the concept of fuzzy subgroups
in 1971, by Rosenfeld [29]. In 1991, Xi [34] applied the concept of fuzzy sets to
BCK-Algebras and got some results.

In 1986, Atanassov [2] generalized the concept of fuzzy sets into Intuitionistic
fuzzy sets. In 2000, Jun and Kim [14] studied Intuitionistic fuzzy ideals of
BCK-Algebras. In 2010 Muralikrishna and Chandramouleeswaran [22, 23] studied
Intuitionistic L-Fuzzy subalgebras of BG-Algebras and Cartesian product of
Intuitionistic L-Fuzzy BF-Ideals in 2011.
Here we present abstract of some important articles on Various algebras related to this

topic.



1. An introduction to the theory of BCK-algebras
K.Iseki and S.Tanaka (1978) [12]

In this article, the definition of BCK-algebras and its fundamental properties are
studied.Various ideals in BCK-algebras are discussed in detailed manner. Also, the

homomorphism properties on BCK-algebras are discussed.

2. On d-Algebras
J . Neggers and He E Sik Kim (1999) [24]

In this article, the authors introduced the notion of d-algebras which is another
generalization of BCK-algebras, and investigated several relations between d-algebras
and BCK-algebras. Furthermore, they proved that the class of oriented digraphs
corresponds in a simple way to the class of edge d-algebras and that arbitrary d-algebras

also determine unique edge d-algebras in a natural manner.

3. Intuitionistic Fuzzy Ideals Of BCK-Algebras
Young Bae Jun And Kyung Ho Kim (2000) [14]

The authors considered the intuitionistic fuzzification of the concept of subalgebras
and ideals in BCK-algebras, and investigated some of their properties. The authors
introduced the notion of equivalence relations on the family of all intuitionistic fuzzy

ideals of a BCK-algebra and investigated some related properties.
4. On quadratic B-algebras

Hee Kon Park and Hee Sik Kim (2001) [27]

In this paper, the authors introduced the notion of quadratic B-algebra which is a
medial quasigroup, and obtained that every quadratic B-algebra on a field X with

| X | >3, is a BCI-algebra.



5. On Q-Algebras
Joseph Neggers, Sun Shin Ahn, And Hee Sik Kim (2001) [26]

In this article, the authors introduced the notion, of Q-algebra, which is a
generalization of the idea of BCH/BCI /BCK-algebras and they generalized some
theorems discussed in BCI-algebras. Moreover, they introduced the notion of “quadratic”
Q-algebra, and proved that every quadratic Q-algebra (X; ,e), e X, has a product of the
formx y=x-y+e, wherex,y X when Xis a field with |X| > 3.

6. On B — algebras
J. Neggers and Hee Sik Kim (2002) [25]

In this article, the authors introduced and investigated a class of algebras which is
related to several classes of algebras of interest such as BCK / BCI /BCH — algebras and
which seems to have rather nice properties without being excessively complicated

otherwise.

7. On derivations of BCI-algebras

Young Bae Jun And Xiao Long Xin (2004) [15]

The notion of left-right (resp. right—left) derivation of a BCI-algebra is introduced, and
some related properties are investigated. Using the idea of regular derivation the authors
gave characterizations of a p-semisimple BClI-algebra. They also give a condition for a

derivation to be regular.
8. On 0-Commutative B-Algebras
Hee Sik Kim And Hong Goo Park (2005) [20]

In this paper, the authors showed that if X is a O-commutative B-algebra, then
x a) (y b)y=(b a) (y x). Using this property they showed that the class of

p-semisimple BCI-algebras is equivalent to the class of 0-commutative B-algebras.



9. On Quadratic BF-Algebras
Hee Sik Kim and Na Ri Kye (2006) [19]

In this article, the authors introduced the notion of a quadratic BF-algebra, and
obtained that quadratic BF-algebras, quadratic Q-algebras, BG -algebras and B-algebras
are equivalent notions on a field X with [X| > 3, and hence every quadratic BF-algebra is

a BCl-algebra.

10. Some Axiomatizations Of B-Algebras
Andrzej Walendziak (2006) [32]

Some systems of axioms defining a B-algebra are given with a proof of the
independence of the axioms. In this article, the author obtained a simplified
axiomatization of commutative B-algebras.

11. On BF-Algebras
Andrzej Walendziak (2007) [33]

In this article, the author introduced the notion of BF-algebras, which is a
generalization of B-algebras. They also introduced the notions of an ideal and a normal

ideal in BF-algebras and investigated the properties and characterizations of them.
12. On BG-Algebras
Chang Bum Kim and Hee Sik Kim (2008) [18]

In this paper, the authors introduced the notion of BG-algebras which is a
generalization of B-algebras. They constructed a BG-algebra from a non-empty set,
which is non-group-derived. Moreover, using the notion of normal subalgebra, they

obtained several isomorphism theorems of BG-algebra and related properties.

13. Fuzzy Translations and Fuzzy Multiplications of BCK / BCI-algebras
Kyoung Ja Lee, Young Bae Jun and Myung Im Doh (2009) [21]

Fuzzy translations, (normalized, maximal) fuzzy extensions and fuzzy multiplications

of fuzzy sub algebras in BCK / BCI — algebras are discussed. Relations among fuzzy



translations, (normalized, maximal) fuzzy extensions and fuzzy multiplications are

investigated.
14. On Intuitionistic L-Fuzzy Subalgebras of BG-Algebras
M. Chandramouleeswaran and P. Muralikrishna (2010) [22]

In this article, the authors discussed the notions of Intuitionistic L-fuzzy subalgebras

of a BG-algebras and some of their basic properties.

15. Fuzzy Subalgebras and Fuzzy T-ideals in TM-Algebras
Kandasamy Megalai and Angamuthu Tamilarasi (2011) [31]

In this article, the authors introduced the concepts of fuzzy subalgebras and fuzzy

ideals in TM-algebras and investigated some of its properties.

16. Generalisation of Cartesian Product of Intuitionistic L—Fuzzy BF-Ideals
P. Muralikrishna and M. Chandramouleeswaran (2011) [23]

In this article, the authors introduced the notion of the generalization of Cartesian
product on intuitionistic L-fuzzy ideals of BF-algebra and studied some simple but

interesting properties.

17. On Left Derivations Of d-Algebras

N. Kandaraj, and M. Chandramouleeswaran (2012) [17]

In this article, the authors investigated some properties of left derivations of

d-algebras.
18. L—Fuzzy T—Ideals of p—Algebras
K. Rajam and M. Chandramouleeswaran (2015) [28]

In this article, the authors introduced the notion of L— fuzzy T—ideals of B—algebras

and investigated some of their properties.
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CHAPTER 1

Preliminaries on BP-Algebras and quadratic BP-algebras

Section 1.1:
Preliminaries on BP- algebras

Definition 1.1.1: A BCK-algebra (X, *,0) is a nonempty set X with a constant 0 and a

binary operation * satisfying the following conditions:

(BCK 1) [(x*y) * (x*2z)] * (z*y) =0

(BCK2) [x* (x*y)] *y=0

(BCK3) x*x=0

(BCK4) 0*x=0

(BCKS5) x * y=0and y* x =0 implies x =y, for any x, y, ze X.

Definition 1.1.2: A BCl-algebra (X, *,0) is a nonempty set X with a constant 0 and a

binary operation * satisfying the following conditions:

(BCI1) [(x*y) * (x*z)] * (z*y) =0

(BCI2) [x*(x*y)] *y=0

(BCI3) x*x=0

(BCI4) x *y=0and y* x=0implies x =y, foranyx, y, z € X.

Definition 1.1.3: Let X be a BCl-algebra. Two elements x and y in X are said to be
comparable if x < yory < x. Here x < y if and only if x*y = 0. Also define y* (y*x)

by xAYy.

11



Definition 1.1.4: A d-algebra is a nonempty set X with a constant 0 and binary operation

* satisfying the following axioms:

d1) x*x=0

d2) 0xx=0

(d3) xxy=0and y*x =0 implies x =y, forall x, y € X.

Definition 1.1.5: A B-algebra is a nonempty set X with a constant 0 and binary

operation * satisfying the following axioms:

B1) xxx=0

B2) xx0=x

B3) x*xy)*z=x *[z *(0 *xy)], forall x,y,z € X.

Definition 1.1.6: A B-algebra (X, *,0) is said to be a 0-commutative if for any x, y € X,
X *(0 *y) =y *(0 *x).

Proposition 1.1.7: If (X, *,0) is a O-commutative B-algebra, then we have the following

properties: for any X, y, z, w € X,

D) (x*z) * (y*w)=(w*z) * (y*x),
(i)  (x*z) * (y*z) =x*y,

(i) (z*y) * (z*x) =x*y,

(iv)  (x*z) * y=(0%2z) * (y*x),

(V) x*(y*z)=z*(y*x),

(Vi) (x*y) * z=(x*z) *y,

(Vi) [(x*y) * (x*2)] *(z*y) =0,
(viii)  [x*(x*y)] * y=0,

(ix) x*(x*y)=y,

(x) The left cancellation law holds,

(i.e) x*y=x*zimpliesy=z.

12



Definition 1.1.8: A BH-algebra is a nonempty set X with a constant 0 and a binary

operation * satisfying the following axioms:

(BH1) x*x=0,

(BH2) x*0=x,

(BH 3) x*y=0and y*x =0 implies x =y, for all x,y €X.

Definition 1.1.9: A BF-algebra is a nonempty set X with a constant 0 and a binary

operation * satisfying the following axioms:
(BF1) x*x=0

(BF2) x*0=x

(BF 3) 0 * (x*y) = (y*x), forall x, y €X.

Definition 1.1.10 A BP-algebra (X, *,0) is a nonempty set X with a constant 0 and a

binary operation * satisfying the following conditions:
(BP1) x*x=0

(BP2) x*(x*y)=y

(BP3) (x*z) * (y*z)=x*y, forallx,y,z € X,

Example 1.1.11: Let X = {0, a, b, ¢} be a set with the following table:

* 0 a b c
0 0 a b c
a a 0 C b

Then (X, *,0) is a BP-algebra.

13



Example 1.1.12: Let X = {0, a, b, ¢} be a set with the following table:

* 0 a b c
0 0 C b a
a a 0 C b
b b 0 c
C C b a 0

Then (X, *,0) is a BP-algebra.

Example 1.1.13: Let X = {0,1,2,3} be a set with the following table:

* 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

Then (X, *,0) is a BP-algebra.

Theorem 1.1.14: If (X, *,0) is a BP-algebra, then the following hold: for any x, y € X,

(1) 0* (0*x) =x,

(i)  0* (y*x)=x*y,

(iii) x*0=x,

(iv) x*y=0impliesy* x=0,
v) 0* x = 0*y implies x =y,

(vi) 0 *x=yimplies0 * y=x,

(vil) 0* x =x implies x* y=y* x.

14



Proof:

Let (X, *,0) be a BP-algebra
Then, (BP 1) x*x=0
(BP2) x*(x*y)=y
(BP3) (x*z)*(y*z)=x*y, forallx,y,z € X,
(1) Put x = 0 and y = x in (BP2), then 0*(0*x) =x.
y
(i1))  Using (BP3) and (BP1), we have
x*y = (x*x) * (y*x) = 0*(y *x).
(ii1))  Puty=xin (BP2), then x *(x *x) = x.
It follows from (BP1) that x *0 = x.
(iv)  Letx*y=0. By (ii), then 0 = 0*0 = 0*(x*y) = y*x. Thus y*x = 0.
(v) If 0*x = 0*y, we have 0*(0*x) = 0%*(0 *y). It follows from (i) that x =y.
(vi)  Let 0*x =y using (i), we have 0 *y = 0 *(0 *x) = X.
(vil) Let 0*x =x by (i1), we have x *y = 0 *(x *y) = y *x.

Theorem 1.1.15: If (X, *,0) is a BP-algebra, then (X, *,0) is a BF-algebra.
Proof: Obviously theorem 1.1.14-(ii) and (iv) X is a BF-algebra.
The converse of theorem 1.1.15 does not hold in general.

Example 1.1.16: Let X = {0,1,2,3} be a set with the following table:

* 0 1 2 3
0 0 2 1 3
1 1 0 1 2
2 2 2 0 2
3 3 1 1 0

Then (X, *,0) is a BF-algebra, but not a BP-algebra,
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Because (1#3) *(2#3)=2%2=0 #1 =1 %2,
Definition 1.1.17: A BP-algebra (X, *,0) is said to be 0-commutative if
X *¥(0*y)=y*(0*x) for any x, y € X.

Proposition 1.1.18: If (X, *,0) is a 0-commutative BP-algebra, then the following hold:

forany x,y,ze X,

(D) (x*2z) *(y*z) = (z*y) * (z*X)
(i) x*y=(0*y) * (0*x).

Proof: Let (X,*,0) be a 0-commutative BP-algebra. Then 0 * (y*x) = x *y.

(1) By proposition 1.1.14-(i1), we have
(x*z) * (y*z) = (x*z) * (0* (z*y))
=(z*y) * (0* (x*2))
=(z*y) * (z*x).
(i)  Putz=01in(i). Then
(x*0) * (y*0) = (0*y) * (0*x)
= x*y=(0*y) * (0*x).

Note: Every abelian group can determine a BP-algebra.

Theorem 1.1.19: Let (X, A ,0) be a abelian group. If we define x*y =x A y™', then
(X, *,0) is a BP-algebra.

Proof: Forany x€ X, we have x*x=x Ax"'=0
Since X is abelian, we have

Xk (x*y)=x* (x Ay )=x A(xAy™)”
=x Ay Ax™
=(x Ax"') Ay=0Ay=y.

Hence for any X, y, z € X, we have

16



(x ¥y) * (z*y) =(x Ay ) *@zAy")
=x Ay )AEAYT
=(xAy ) AyAzT)
=x A(y'Ay) Az
=xAz"

(x*y) * (z*y) =x*z,
Proving the theorem.

Theorem 1.1.20: Let (X, *,0) be a BP-algebra then X is 0-commutative if and only if
(0*x) *(0*y) =y*x for any X, yE X,

Proof: Let (X,*,0) be a BP-algebra, then 0*(0*x) = x.

Assume that (0 *x) * (0*y) =y*x for any x, y €X, by 1.1.14-(ii), we have

x* (0%*y) = (0*(0*x)) * (0*y)
= y*(0*x).
The conversely assume that (X, *,0) is a 0-commutative BP-algebra.

Then by proposition 1.1.18,
(x*z) * (y*z) = (z*y) * (z*x).
Put z = 0 then,

(x*0) * (y*0)=(0*y) * (0*x)
x*y =(0*y) * (0*x)

Thus (0*x) * (0*y) =y*x.

Proposition 1.1.21: If (X,*,0) is a BP-algebra with (x*y) * z = x* (z*y) for any

X,y,z€X, then 0* x =X for any x€ X.
Proof: Letx=z=0in(X*y) * z=x* (z*y)
Then (0*y) *0=0%* (0*y)
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By theorem 1.1.14-(i) and (iii), we have 0 *y =y.

Theorem 1.1.22: If (X, *,0) is a 0-commutative B-algebra, then (X, *,0) is a BP-algebra.
Proof: Let (X, *,0) is a 0-commutative BP-algebra.

Then (BP1) holds.

It follows from proposition 1.1.7-(ix) and (ii) that (BP2) and (BP3) hold.

Thus (X, *,0) is a BP-algebra.

Theorem 1.1.23: If (X,*,0) is a BP-algebra with (x*y) * z = x* (z*y) for any
X, y, z € X, then (X, *,0) is a B-algebra.

Proof: Let (X, *,0) is a BP-algebra with (x*y) * z=x* (z*y) forany x,y,z € X.

Then x* (z* (0*y))=x* ((z*y) * 0)
=x* (Z * y)
=(x*y)* z, forany X, y, ZE X,
Thus (X, *,0) is a B-algebra.
Note: The following example shows that B-algebra need not be a BP-algebra.

Example 1.1.24: Let X = {0,1,2,3} be a set with the following table:

* 0 1 2 3
0 0 2 1 3
1 1 0 3 2
2 2 3 0 1
3 3 1 2 0

Then (X, *,0) is a B-algebra, but not a BP-algebra with (x*y) * z = x* (z*y),

Since 0*(1%0) = 0%1 =2 #1 = 0%(0%1) and (3%1) *2 = [%#2 =3 #0 = 3%3 =
3*(2%1).
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Theorem 1.1.25: If (X, *,0) is a BP-algebra, then it is a BH-algebra.

Proof: Letx*y =0 and y*x =0 for any x, y€ X. Using theorem 1.1.14-(iii) and (BP2),

we have x =x* 0 =x* (x*y) =y.
Thus X is a BH-algebra.
The converse of theorem 1.1.25 need not be true in general.

Example 1.1.26: Let X = {0,1,2,3} be a set with the following table:

* 0 1 2 3
0 0 3 0 2
1 1 0 0 0
2 2 2 0 3
3 3 3 1 0

Thus (X, *,0) is a BH-algebra, but not a BP-algebra.
Since 1 ¥(1*2)=1*0=1 #2.

Definition 1.1.27: Let (X,*,0) and (Y,*',0") be BP-algebra. A mapping
f . X,*,00—> (Y,*,0") is called a BP-homomorphism (or homomorphism of
BP-algebra) if
f(x*y)=1f(x) *' f(y), forany x, y € X. Then
fis called

(1) A monomorphism if fis 1-1.
(1)  An epimorphism if f is onto.

(i11))  If fis a homomorphism from X into itself, then fis called an endomorphism.
Note: If fis a BP-homomorphism then f(0) = 0’.

Definition 1.1.28: A nonempty subset A of a BP-algebra X is said to be a BP-subalgebra
if x*y €AV X,y €A.
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Definition 1.1.29: A nonempty subset I of BP-algebra (X, *,0) is said to be a BP-ideal of

X if it satisfies the following conditions:
(i) 0€l
(i) x*y€landy€l = x€l, V x,y€L
Definition 1.1.30: A BP-ideal I of a BP-algebra is said to be closed if 0 *X €1, V x€1.

Definition 1.1.31: Let (X,*,0) be a BP-algebra. A nonempty subset I of X is called a

T-ideal of X if it satisfies the following conditions:

(i) Oel

(i) (x*y) *z €landye€l = x*z€l, Vx, y, zeX.

Section 1.2:

A quadratic BP-algebras

Definition 1.2.1: Let X be a field with |X| > 3. An algebra (X, *) is said to be quadratic

. . 2 2
if x*y is defined by x*y = a\x” +a,xy+a,y" +a,x+asy+a,, where a,,a,,a,,a,,

as,ag €X, forany x, ye X.

Definition 1.2.2: A quadratic algebra (X, *) is said to be a quadratic BP-algebra if for
some fixed e € X, it satisfies the conditions (BP1), (BP2) and (BP3).

Theorem 1.2.3: Let X be a field with | X| > 3. Then every quadratic BP-algebra (X, *.¢)

has of the form x *y = x - y + e, where x, y, z € X.

Proof: Define x*y = Ax> + Bxy + Cy* + Dx+ Ey + F , where A, B, C, D, E, Fe X and

X, yeX.

Consider, e = x* X
=Ax*+Bx*+Cx*+Dx+Ex+F

= (A+B+C) x*+ (D+E)x + F
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It follows that F =e, A+B+C =0 = D+E,
i.e, D=-E.
Consider, x = x *e
=Ax>+Bxe +Ce’+Dx+Ee+e.

It follows that A=0,Be+D=1and Ce’+Ee+e =0
Thus, B+C =0, D = 1-Be.

Since D = -E, we have E = -1+Be.

We have the following more simpler form:

x*y=Bxy+C»’+Dx+Ey+e
=Bxy+(-B)y’+(1-Be)x + (Be-1) y + ¢
=B(xy-»’-extey)+(x—y+e)

X*y=B(Xx-y)(y-e)+t(x-y+e).
By theorem 1.1.14-(i1), every BP-algebra satisfies the condition e * (x *y) = y*x, for any
X, yeX.

Consider e * (x*y) =B (e(x*y)) (x*y —e)+(e (x *y)+e)
=B {(e-B(x-y) (y-0)-(x-y+e)) [B(x-y)(y-e)*+(x-y+e)-e]}

+[e-B(x-y) (y-¢)-(x-y+e)te]
=B {[-B(x-y) (y-¢)-(x-y)] [B(x-y)(y-e)H(x-y)]} +[e-B(x-y)(y-¢)-(x-y)]
=-B [B(x-y)(y-e)+(x-y)] - [Bx-y)(y-e)H(x-y)]+e
=-B (x= )’ [B(y-e)+1]” -(x-y)[B(y-e)+1]+e
Since Y *x = B (y-x)(x-¢)H(y-x+e) = B (y-x)(x-e)+(y-x)*e,
We obtain, —B(x~ )’ [B(y-¢)+1]” -(x-y)[B(y-e)+1]+e = B (y-x)(x-¢)+(y-x)+e.

If we let x = e in the above identity,

Then we have,

—B(e—y)*[B(y-e)+1]” -(e-y)[B(y-e)y+1]+e = (y-e)+e.
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It follows that B = 0.
Hence C=0, E=-1and D = 1. Thus x *y = x-y+e.
It is easy to check that this binary operation satisfies (BP2) and (BP3).

Example 1.2.4:

(1) Let K = GF(p") be a Galois field. Define x*y=(x—y)+e, eeK.T hen
(K, *,e) is a quadratic BP-Algebra.
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CHAPTER 2
f-Derivations on BP-algebras

Section 2.1:
Properties of f-derivations on BP-algebras

In this chapter, assume that f be an endomorphism of a BP-algebra (X, *,0) unless

otherwise specified.

Definition 2.1.1: Let X be an BP-algebra. By a left-right f-derivation [(l, r)-f-derivation]

on X, we mean a self map 6, on X satisfies the identity
0,(x*y)=(0,(x) * f(y)) A (f(x) 6,(y)), forallx,y €X.
If 6, satisfies the identity
0, (x*y) =(f(x) * 6,(y)) ~ (6,(x) * f{(y)), forallx,y €X.

Then it is said that €, is a right-left f-derivation [(r, 1)-f-derivation] of X. If €, is both an

(r, 1) and an (1, r)-f-derivation, then 6, is said to be a f-derivation.

Example 2.1.2: Let X = {0,1,2,3} be a BP-algebra with the following cayley table:

* 0 1 2 3
0 0 3 2 1
1 1 0 3 2
2 2 1 0 3
3 3 2 1 0

1) Define an endomorphism f of X by f(0) =0, f(1) =3, f(2) =2, f(3) = 1 and a self
map 6,: X—>Xby 6,(0)=1, 6,(1)=0, 6,(2)=3, 6,(3)=2.

Then 6,is a (1, r)-f-derivation of X.
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2) Define an endomorphism f of X by f(0) =0, f(1) =3, {(2) =2, f(3) = 1 and a self
map 0,: X—>Xby 6,(0)=2, 6,(1)=1, 6,(2)=0, 6,(3) =3.

Then 6’_,‘ 1s a f-derivation of X.

Definition 2.1.3: An f-derivation &, on a BP-algebra X is said to be regular if
6,(0)=0.

Proposition 2.1.4: Every (r, 1)-f- derivation ((r, 1)-f-derivation) of a BP-algebra is

regular.

Proof: Let X be a BP-algebra and 6, be a (r, 1)-f-derivation on X.

Then for all x € X,

0,(0)= 0,(x *x)
=(fx) * 0,(x)) A (6,(x) *f(x))
=(0,(x) *f(x)) *[(,(x) *f(x)) *(f(x) * 0,(x))]
=f(x) * 6,(x)
= 0.
Let 8, be a (1, 1)-f-derivation on X.

Then for all x € X, we have

0,0)=0,(x *x)
=(0,(x) *f(x)) A (f(x) * 6,(x))
= (f(x) * 0,(x)) *[(f(x) * 6,(x)) *(6,(x) *f(x))]
= 0,(x) *(x)
=0.
The following result gives a necessary and sufficient condition for the derivation €, to be

regular.
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Proposition 2.1.5: Let 6, be a self map of a BP-algebra on X, then the following hold:

(1) If 6, is an (1, r)-f-derivation on X, then 6,(x) = 6,(x) A f(x) for all x e X if
and only if 6,(0) = 0.
(i1) If 6, is an (r, 1)-f-derivation on X, then 6, (x) = f(x) A €,(x) for all x e X if

and only if 6,(0) = 0.
Proof: Obvious.

Proposition 2.1.6: Let 6, be a (1, r)-f-derivation on a BP-algebra X.

Then 6, (a) = 0,(0) *(0 *f(a)), forallaeX.

Proof: Let 6, be a (1, r)-f-derivation on a BP-algebra X.

Now,

0,(2)= 0,(0%(0*a) (since 0*(0*x) =x)
=(0,(0) *f(0*a)) A (f(0) * 6,(0*a))
= (f{0) * 0,(0*a)) *((f(0) * 6,(0*a)) *(0,(0) *f(0*a)))
= 0,(0) *f(0*a)
= 6,(0) * (f(0) *f(a))
= 6,(0) * (0% f(a))
Proposition 2.1.7: Let 6, be a self map on a BP-algebra X and 6, be an (r, I)-f-
derivation on X. Then @, (x) = f(x), for all x e X if and only if &,(0) = 0.
Proof: Let 6, be a (r, )-f-derivation on X.
Assume that €, (0) = 0.
Now, 0,(x)= 6, (x *0) (since x* 0 = x)
=(f(x) * 0,(0)) A (;(x) * £(0))
=(0,(x) * f(0)) *(6,(x) * f(0)) * (f(x) * 6,(0))
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=1f(x) * 0,(0)
= f(x)
Conversely, assume that €,(x) = f(x).
Now  6,(0)=0,(x*x)
=(f(x) * 0,(x)) A (0,(x) *f(x))
= (0,(x) *f(x)) *[(0;(x) *f(x)) *(f(x) * O, (x))]
=f(x) * 0, (x)
= f{x) *f(x) (since 0 (x) = f(x))
=0.
Definition 2.1.8: An ideal A on a BP-algebra X is said to be an f-ideal if f(A) < A.

Example 2.1.9: Let X = {0,1,2,3,} be a BP-algebra with the following cayley table:

Consider the ideal A = {0,3} of X.

* 0 1 2 3
0 0 2 1 3
1 1 0 3 2
2 2 3 1 0

0

3 3 1 2

If 6,: X— X is defined by €,(0)=0, ,(1)=2, 6,(2)=1, 6,(3) =3 and define an

endomorphism f of X by 6,(x) = f(x).
Since f(0) =0, f(3) = 3, f(A) < A proving that A is an f-ideal on X.

Definition 2.1.10: Let 6, be a self map of a BP-algebra X. An f-ideal on X is said to be

0, -invariant if ,(A) < A.
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Example 2.1.11: Example (2.1.9), 6,(0) €A and 0,(3)=3 €A.
Hence 6,(A) < A, showing that A is 6, -invariant.

Theorem 2.1.12: Let 6, be a regular (r, )-f-derivation on a BP-algebra X. Then f-ideal

A on X is 0, -invariant.
Proof: Let €, be a regular (r, 1)-f-derivation on X.

Now, 0,(x) = 0,(x*0)
= (f(x) * 6,(0)) A (6,(x) * £(0))
=(f(x) *0) A (;(x) *0)
=f(x) A 0,(x)

= 0,(x) *(6,(x) *f(x))
=1(x), V xeX.
Lety € 6,(A) then y = 6,(x) for some x€ A.

It follows that y *f(x) = €,(x) *f(x)
=0€A.
Since x € A, then f(x) € f(A)Z A as A is an f-ideal.

It follows that y€ A since A is an ideal on X.

Hence 6,(A) < A.

Thus A is 6, -invariant.
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Section 2.2:

Composition of f-derivations on BP-algebras

Definition 2.2.1: Let X be a BP-algebra and 6,,6; be two self maps on X.

Define 0,00, : X—>Xas (6,°0; ) (x)= 0,(0; (x)) forall x eX.

Proposition 2.2.2: Let X be a BP-algebra and 6,, &) are the (I, r)-f-derivations on X.

Let f*> = fo f=f then (0,00 )isalsoa (I, r)-f-derivation on X.

Proof: Let X be a BP-algebra, and 6,, 6} are the (I, r)-f-derivations on X.

(0,00; ) (x*y)=0,(0; (x*y))
= 0,[( 0 (x) *fy) » (fx) * 0} (y)]
=0, [(fx) * 0} (y)) * (fx) * 0} (v) * (0; (x) *f(y)]
= 0,(0; (x) * f(y)) [since y*(y*x)=x]
= (0,07 () * 1) A(F(O) (%) * O,(f(y))
=0,(0; (x)* [ ()
=(0,(0; (x) *f(y))
= (f(x) * 0,(0; (y)) *[(Ex) * 0,(8; (] *[(0,(8; () *£(y)]
= (f(x) *(6,° 07 ) (y) *[(fx) *(8,° 0, ) (y) *(0,° 0} (x) *1(y)]
= (0,00, ) (x) *fy) A (f(x) * (6,°0; ) ()
Which implies that (6, © 8/ ) is a (I, r)-f-derivation on X.
Proposition 2.2.3: Let X be a BP-algebra 0, and @) are the (r, 1)-f-derivations on X

suchthat > = fo f=f Then 0,0 8} isalso a (r, 1)-f-derivation on X.

Proof: Similar to the proof of above propositions.
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Theorem 2.2.4: Let X be a BP-algebraand 6, 0 be two f-derivations on X such that

f?=f.Then 0,0 6} is also a f-derivation on X.

Proof: Obvious by above propositions.

The following proposition shows that the composition of f-derivations is commutative.

Proposition 2.2.5: Let X be a BP-algebra and &,, 0} be two f-derivations on X such

that fo €,=6, o f, 0, o f=fo @&, Then 0,00, =0; o0,
Proof: Let X be a BP-algebra and 6,, €} be two f-derivations on X.
Since 9} is a (1, r)-f-derivation on X, then for all x, y € X.

(6,007 ) (x*y)= 0,(0; (x*y))
= 0,[(0; (x) *f(y)) A (fx) * 07 (¥))]
= 0,(0; (x) *f(y)).
But 0, is a (r, 1)-f-derivation on X.
(0,005 ) (x*y)=0,((; (x)*f(y)
=(f(0; () * 0,(fy) A (0,0 () * [ ()
= (0, ) * 0,(f(y))

=(f°0; )(x) *(0; DY)

Thus we have for all x, y € X,

(0,00, Y(x*y)=(f° 0)x) *(0; © D)) wevviiiiiiiiiiiinns (1)

Also since 6, is a (r, 1)-f-derivation on X, then for all x, ye X,

(0,0 0)) (x*y) = 0 (6,(x*y))

= 6} [(f(x) * 0,(y)) A (6, (x) *£(y))]
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= 0} (fx) * 0,(y))
But 6’} is a (1, r)-f-derivation on X,
(07 ° 0,) (x*y) = [0;(f(x) * (O, (y)] A (S X) * O:(0,(y))]
= (0;(f() * (0, (y))
= (0 o H)(x) *(Fo O,)(y)
= (f° 0))(x) * (0, °D)(y)
Thus we have forall x, y €X,

(0,0 0,) (x*y)= (£ 0,)%) * (0, 00(Y) woveeoreeereeeera @)
From (1) and (2) we get for all x, y €X,

(6 °07) (x*y) = (0} © 0) (x*y).

By putting y = 0 we get forall x, y € X,

(6,°0)x)=(6;°0,) ().

Which implies that (6, © 8;)= (070 0,).

Definition 2.2.6: Let (X, *,0) be a BP-algebra and €,,0; be two self maps on X.

Define 6,.0;: X—>X as (0,.6)) (x)= 0,(x) * 0,(x) forall xeX.

Proposition 2.2.7: Let X be a BP-algebra and 6,, 0 are f-derivations on X. Then

(£00;).(0,°8)=(0;°f) (£ ° b)),
Proof: Let X be a BP-algebra and €,,0) be two derivations on X.

Since 6’} is a (1, r)-f-derivation on X. Then for all x, ye X.

(0;00) (x *y)= 0, (0} (x*y))

=0, [(0;(x) *f(y) A (f(x) * 7 ()]
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= 0, (6, (0 *(y)
But 6, is a (I, r)-f-derivation on X.
0, (07(x) *f(y)) = (£ (F;(x)) * O,(fy)) A (0, (O(x) * 17 (¥))

= (£ (07 () * 0,(f(y))
= (f° 0}) (x) * (8, °D(y)

(0,0 ) (x*y)=(fo 0))(x) *(6,°f)(y), forallx,ye X............ (1)
Also we have that &} is a (r, 1)-f-derivation on X, then for all x, y € X.
(0;20)) (x*y) = 0, (6 (x*y))

= 0, [(f(x) * 0;(y)) A(0](x) *f(y))]

= 6, (fx) * F,(y))
But 6, is a (I, r)-f-derivation on X.
0, (fx) * 0,(y)) = (6, (fx)) *£(F; () A (S (x) * 0,(0; ()]

= (6, (f0) *£ (F;(y)
(0,20, )(x*y)=(0, of )(x) *(fo €;)(y), forallx,y €X............ )
From (1) and (2) we get for all xe X_
(By putting y = x)
(f° 0))(%) * (6, D) (x) = (6, 2 D(x) *(f° O} )(x)
((fe 07) . (6, 2 D)(x) = (O, o) . (fo O})(x)
Which implies that
(fo 6}). (0, of)= (0, of) . (fo )

Notation: Der, (X)denotes the set of all f-derivation on X.

Definition 2.2.8: Let 6,, &, € Der,(X). Define the binary operation A ag

(6, 7 6,)60= 6,9 A 0} )
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Proposition 2.2.9: Let X be a BP-algebra and 6,, @, are (1, r)-f-derivation on X. Then

0, A 9} is also a (1, r)-f-derivation on X.
Proof: Let X be a BP-algebra and 6,, &) are (1, r)-f-derivation on X.
We have,

(0, 7)) (xxy) = 6, (xxy) A 6 (x*y)
= {(0,(%) *f(y)) A (fx) * 0, (Y} A {(F;() *£(y)) A(f(x) * 07 (¥)}
= (6, (%) *f(y)) » (F; (%) *£(y))}
= 0,(x) *f(y)
= (HJ',. (x) * (HJ',. (x) * Hf (x)) *1(y)
=(0,(x) A 0;(x)) *£(y)
= (0, A 0)) (%) *f(y)
= (f(x) *(0; A O,)(¥) *(f(x) *(6; A O)¥)) * (O, A )X *£(y))
= (0, A G1)X) *f(y) A (f(x) *(0; A O)Y))
This shows that (6, A }) is a (I, r)-f-derivation on X.

Hence the proof.

Proposition 2.2.10: Let X be a BP-algebra and 6,, 6/ are (r, 1)-f-derivation on X.

Then 6, A @} is also a (r, 1)-f-derivation on X.

Proof: Analogously as above proof follows.

Theorem 2.2.11: If 6, 0, € Der,(X), 0, n 8, € Der,(X),
Also (0, A (0F A O7)) (x*y)=((0, AO}) AOT)(x* ).

Proof: If O, 0, € Der,(X), then 0, is botha (I, r) and a (r, 1) derivation. Similarly &

is both a (1, r) and a (r, 1) derivation.
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By proposition (2.2.9) and (2.2.10), €, A& is both a (I, r) and a (r, 1) derivation.
Hence 8, A0} € Der,(X).

To shows the associativity, choose ¢,,0},07 € Der (X) .

(O AO)AOT) (xxy)=(0, AO7)(x*y) A(O7)(x*y)
=((07) (x = ) *((07) (x* y) * (0, A O} ) (x* y))
=0, AnO;)(x*Y)
=0,(x*y) A0 (x*y)
=[O0, () * fN) A () * 0, ONIALO; () * £ (1) A (S (%) * 04 ()]
=(0,(x)* () AO7(x)* ()

=(0,(x)* f(»)).
Also,

0y A (OF AOF)(x*y)) = (0,) (x*y) A(OF A7) (x*y)
=0, (x*y)A[0) (x*y) AOF (x* y)]
=0, (x*y)A (0] )(x*y)
=[(0, ) * fFONAS )0, WNIALEG] (xX)* f (¥ A S (x) %05 (¥))]
=0, () fF(YNA O (X)* f ()

=0, (x)* f ().
This shows that,

(O, AO)AOL)(x*xy)=(0, A(O; AOF)(x*y)
=0, NO)ANO)=(0, A(O; AOY)).
We conclude that Der, (X) is closed under the binary composition A defined in (2.2.8)

which is also associative.

Theorem 2.2.12: Der, (X) is a semigroup under the binary composition A.

Proof: Obvious by above theorem.
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CHAPTER 3
Fuzzy Algebraic Structure in BP-Algebras

Section 3.1:
Preliminaries on Fuzzy Sets

Definition 3.1.1: Let X be any arbitrary set. Let I = [0, 1] be the unit interval. Any
function #:X —[0,1] is called a fuzzy set on X. The collection of all fuzzy sets defined

on X is denoted by 1" .

Definition 3.1.2: Let #and y be fuzzy sets on X, then

(1) U=V < ux)=v(x), Vx €X,
(i1) UV S ux)<vx), Vx €X,
(ii)) (g Nv)(x) < min{x(x), v(x)/x eX},
(iv)  (u V) emaxiux), vx)/x eXj,

(v) 1< (x) e 1-pux), xeX.

Definition 3.1.3: For a family of fuzzy sets {x,},_, , the union U and the intersection

M are defined by

(10, ) () =sup {p, (x) / r< X}

(N 22,) () =inf {p, (x)/ x € X,

Definition 3.1.4: The symbol O, or ¢ will be used to denote an empty fuzzy set O is
defined as O, (x) =0 for all x e X and 7, or X denotes the whole fuzzy set where 7 is

definedas 7, (x)=1 Vx eX.

Definition 3.1.5: The constant fuzzy set denoted by « is defined as o (x)= o,V x € X.
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Definition 3.1.6: Any subset x of X can be identified with a fuzzy set y, the

characteristic function of 4 . The function y ,: X—[0, 1] is defined by,

X, X)=1if x e p
=0if x ¢ u.

Definition 3.1.7: Let u be a fuzzy set on X. The set { x e X/ u(x) >0} is called the
support of x and is denoted by supp u . If u takes only the values 0, 1 then x is called a

crisp set in X.

Definition 3.1.8: Let x be a fuzzy set of a set X. For a fixed t € [0, 1], the set

#,=U(u,t)={x eX/ u(x) 2t} is called upper level subset (or level subset) of x .

Definition 3.1.9: A fuzzy set xin X is said to have the sup property if for any subset

T < X there exists x, € X such that z(x,)=sup z(z).
tel

Definition 3.1.10: Let h be a mapping from X into Y.
1) Let ¢ be a fuzzy set in X. Then the image of ¢ under h, denoted by h( x) is the

fuzzy set in Y is defined by

sup u(z) if W7 (n)={x|h(x)=y}=¢
(h(w) (y) =110
0 otherwise
i1) Let 1 be a fuzzy set in Y. The inverse image (or pre-image) of w under h, denoted

by k' (u) is the fuzzy set in X is defined by (A~ (1)) (x) = £ (h(x)) forallx € X .
Definition 3.1.11: For any two fuzzy sets 4 and x of a set X, their Cartesian product is
defined to be the set 4 x y: XxX—[0, 1] where (4 x ¢ )(x, y) =min{ 1 (X), u (y)},

VX, yeX.
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Section 3.2:
Properties of Fuzzy BP-Subalgebras

Definition 3.2.1: A fuzzy set x4 of a BP-algebra (X, *,0) is called a fuzzy
BP-Subalgebra of X if, for all x, y e X the following condition is satisfied

“(x*y) 2 min{ & (X), & (y)}

Example 3.2.2: Let X = {0, a, b, c} be a set with the following table:

% 0 a b C
0 0 a b C
a a 0 c b

Then (X, *,0) is a BP-algebra.

Bif x=0
Define pas p(x)=.5if x=>b
4if x=a,c

Then u is a fuzzy BP-Subalgebra of X.

Theorem 3.2.3: Intersection of any two fuzzy BP-Subalgebra of X is again a fuzzy

BP-Subalgebra.

Lemma 3.2.4: Let (X, *,0 ) be a BP-Subalgebra. Let x be a fuzzy BP-subalgebra of X.

Let €0, 1]. Then

(1) U(u,a) iseither ¢ or a BP-subalgebra of X.
(11) #(0) > pu(x)forall x e X.
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Proof: For any «a €0, 1], assume that U( iz, & ) is nonempty.
Letx,y eU(u,a). Therefore u(x) > a, u(y) 2 .
Since p (x*y) 2 min{# (X), £(y)} Zmin{a, a} = .

x*y eU(u,a). Therefore U( 1, ¢ ) is a BP-Subalgebra.
Also, p(0)= p {x*x}

2 min{ # (X), x4 (X)}

4 (X).
Since x*x =0, V x €X.

Thus #(0) > u(x), V x eX.

Lemma 3.2.5: A fuzzy set u of a BP-subalgebra X is a fuzzy BP-subalgebra if and only

if for all t €0, 17, the level set of #, U(u ,t) is either empty or a BP-Subalgebra of X.
Proof: Assume that the level subset of xin X, U(u,t) # ¢ .
Then for any x, ye U(u,t), u(x)>t, u(y) > t.

Now, (X *y) 2 min{ 4 (X), #(y)} = t, which implies x * y € U(x,t) and hence
U( u ,t) is a BP-Subalgebra of X.

Conversely assume that U( x ,t) is a BP-Subalgebra of X.
Take t =min{ x (x), u# (y)} forany x,y € X,

Implies x * y € U(x,t)

Hence u(x *y) 2 t=min{# (X), ¢ (y)}.

Thus proving that u is a fuzzy BP-Subalgebra of X.
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Lemma 3.2.6: Any BP-Subalgebra of a BP-algebra (X, *,0 ) can be realized as a level
subalgebra of some fuzzy BP-Subalgebra of X.

Proof: Let A be a BP-Subalgebra of X and u be a fuzzy set in X defined by

ﬂ(x):{t if xeAd

0 Otherwise
Where te[0, 1]
Ifx, yEA then x*y€A.
Therefore 4 (X) = u(y)= u(X*y)=tand
u(x*y) 2min{ 4 (X), #(y)}
Ifbothx,y ¢ A.
Then 0= u (x*y) 2 min{#X), #(y)}
If at most one of X, ye A then also we have X*y € A.
Hence atleast one of 4 () or u (y) is equal to 0.
Therefore, u (x*y)=0 2 min{ # (X), 4 (y)}

This shows that A is a level subalgebra of X corresponding to the fuzzy BP-Subalgebra
u of X.

Theorem 3.2.7: Let A be a subset of X. Then the characteristic function X , is a fuzzy
BP-Subalgebra of X if and only if A is a BP-Subalgebra of X.

Proof: Proof follows by above two lemmas.
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Theorem 3.2.8: Let u be a fuzzy BP-Subalgebra of (X, *,0 ) with finite image.
If U( g ,8) = U(u,t) for some s, te Im( 4 ), then s =t.

Proof: Let u be a fuzzy BP-Subalgebra of X with finite image such that
U(u,8)=U(ut) for some s, teIm( )

Now, u is a fuzzy algebra of X shows that U( 1 ,s) is a BP-subalgebra.
Therefore, if x,y € U(u,t)=U(u,s) then £ (X) > tand ¢ (y) = t.

Also, x,y € U(u,t)=U(u,s) and U( i ,s) is a BP-Subalgebra shows that

x ¥y € U(u,9).

This shows that (X *y) > min{# (X), 4 ()} 2 s.

Thus we have, £ (X *y) 25 as well as 4 (X *y) 2 sas well as 4 (X*y) 2t
Whenever x, y€ U(4#, ) =U(H>$)-

Similarly, we can prove that, x (X*y) > gas well as # (X*y) = t

Whenever x, yEU(4,8) =U(H V).
This proves that s =t.

Lemma 3.2.9: Let xzand A be two fuzzy BP-Subalgebras of X with identical family of
level BP-Subalgebras. If Im( ) = {¢,, ¢,,t,,,,,¢,} andIm(4) = {s,,5,,5;,,,,5, }

where ¢, 2 t,21,2> >¢, and 5,2 5,2 5,2 > s, then

(1) m=n
(i)  U(u,t,)=U(4,s;)forI=1,2,,,.n.
() If g(x)=s,,then A (x)=3s,, V x eXandi=1,2,,,,,n.
Proof: Let xand A be two fuzzy BP-Subalgebras of X with identical family of level

BP-Subalgebras F( ) =F(A).
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LetIm(u)={¢t,t,,t,,,,,t,} where ¢, 2t,>1¢, 2 2 f (1) and

Im(A)={s,,5,,85,,,,5,} where s, 25, 25,2 28, .ccoovriiiiiiin. (2)
Therefore, U( i ,t,)cU(u,t,)cU(u,t)c......... cU(u,t) =X 3)
And U(A,s,)cU(A,s,)cU(1,5;)C eceeee. €U ,8,) =X eeeiiennnen 4)

Also F(u)=1{U(u,t,): 1< 1<n},
F(A)={U(1,s,): 1<j<m}

Assume m# n.

Then, m>n of n>m.

Let m>n.

Then U(,t,)=U(4,s,),1=1,2,...... n.

This shows that both ¢, and s, € Im( ).

For i>n we observe that ¢, ¢ Im( « ) and hence, U( u,¢,)#U( 4 ,s,) where

i=nt+l,nt+2,...m
Letn > m. Then U( x,¢,)=U(4,s,) wherei=1,2,...... m.

This shows that both #,and s, € Im(4).

For j > m we observe that s, ¢ Im( ) and hence, U( z,¢,)#U( 4 ,s;)

where 1= m+1,m+2,.....n.

From (3) and (4) implies ¢, # 5,, V 1=1,2,...... .
Hence we can find some 1 such that U( ,¢,)=U(4,s,).
This contradicts that F( ) =F(1).
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Hence we conclude that m = n.

Since ¢ and A have identical family of level subalgebras, we have

U(u,t,)=U(41,s,),1=1,2,...... n.

Hence (ii) is obtained.

(ii1) Follows from (i) and (ii)

Let p(x)=t;, implies 4 (x)=s;,fori=1,2,....n.

Theorem 3.2.10: Let xand A be two fuzzy subalgebras of X with identical family of
level subalgebras. Then Im( z ) = Im( A ) implies u=41

Proof: Let 4 and 4 be two fuzzy subalgebras of X with identical family of level

subalgebras. Let
Im(p)=Im(1)={s,,s,,5;,,,,5, ), where s, 2 s, 25,2 25

n

By lemma [3.2.9]
x € X, there exists s; such that p(x) =s;=A(x)

Thus (x) = Mx) Vx eX, proving that y= 4

Theorem 3.2.11: Two level BP-Subalgebras U(# ,8) and U(.,t), (s <) of a fuzzy
BP-Subalgebra x are equal if and only if there is no x € X such thats < u(x) < t.

Proof: Let U( «,s) and U( i ,t) be two level BP-Subalgebras of fuzzy BP-Subalgebra u
of X.

Suppose that U( z,s) = U( i ,t) for some s < t.

Suppose there is one x € X such thats < u (x)< t.

Then, x(x) 2 sand 4 (X) <t.
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That is, xe U( i ,s) and x¢ U(u,t).

This contradicts to U( z,s) = U( £ ,t).

Conversely, assume that there is no x € X such that s < ¢ (x) < t.

Such that s < 1 (x) < t.

Suppose, U(z,8) #U(u,t).

For,,xeU(u.t) > u(x) 2 t>s.

= ux)>g =>,xelU(u,s).

Since U( i ,8) # U(u,t).

Choose, U( 1 ,s) < U( u ,t).

Hence there is an , xe U( i ,s) and x¢ U( i ,t)
= u((x) 2sand y(x)<t.

Thus there exists an element x € X such that s < u (x) < t, thus contradicting our

hypothesis.

Hence U( 1z ,s) = U( u ,t).

Theorem 3.2.12: If x4, and u, are fuzzy BP-Subalgebras of X, then p= g, x u, 1sa
fuzzy BP-Subalgebra of X xX.

Proof: Forany (x,,x,)and (y,,y,)eXxX we have,

H(x,x)%(y, )] = u(x *y, x, %y,)
= (% )X, * yy, X, %y, ]
=min{,ul(x1 *yl), ,uz(xz *yz)}

2 min{min(M(?ﬁ )s 4 (y1)), min( £, (x,), 1, (¥,))}
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=min{min( g, (x, ), (£, (x,)), min(z,(y,), 1, (¥,))}

=min{( g x 4,) (¥, %,),( 44 % 1) (315 32)}

=min g2 (x,,%,), #4(1,1,)}
Hence u= pu, x u, is a fuzzy BP-Subalgebra of X xX.
Lemma 3.2.13: Let (X,,*,,0,) and (X,,*,,0,) be two BP-algebras. Let f: X, = X, be
an epimorphism. If o is fuzzy BP-Subalgebra of X, then f ' (o) is a fuzzy
BP-Subalgebra of X, .

Alternatively, we have epimorphic pre image of a fuzzy BP-Subalgebra is a fuzzy
BP-Subalgebra.

o (f(x *y))

o (f(x) *,1(y)) (since f'is an epimorphism)

Proof: (/7' (0))(x *y)

2 min{ o (f(x), o (f(y)} (since ois a fuzzy BP-Subalgebra)
min[( /7 (6))X), (f(@)x)N] VX, yeX
Thus /' (o) is a fuzzy BP-Subalgebra of X, .
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CHAPTER 4
Fuzzy BP-ideals and Intuitionistic Fuzzy BP-Ideals in BP-algebras

Section 4.1:
Fuzzy BP-ideal in BP-Algebras

Definition 4.1.1: Let X be a BP-algebra. A fuzzy set ¢ of X is said to be a fuzzy BP-

ideal of X if it satisfies the following conditions: V x, ye X.

0 w02 u®x)

(i)  u(x) 2 min{ u (x*y), u(y)}.

Example 4.1.2: Let (X = {0,1,2,3},*,0) be a BP-algebra with the following cayley table:

* 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

Define x: X—[0,1] by
09if x=0

u(x)=40.6if x=2
03if x=13

Therefore u is a fuzzy BP-ideal of the BP-algebra X.
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Proposition 4.1.3: Intersection of two fuzzy BP-ideals of X is again a fuzzy BP-ideal of
X.

Proof: Let xzand y be any two fuzzy BP-ideal of X.

(1 A )O0) = (4 Oy )(x*x)

v

min{ z (X *x), y (x*Xx)}
2 min{min{ x (x), # (X)}, min{y (x), ¥ (x)}}
= min{min{ x (x), ¥ (x)}, min{ z (x), ¥ (x)} }
=min{(# Ny )X), (4 N y)X)}
={(u Ny}

Therefore (1 Ny )0) = (1 Ny )(x)

(& 0y )(x)=min{ u (x), v (x)}
=min{min (x (x*y), £ (y)), min (y (x*y), ¥ (y))}
=min{min (x (x*y), y (x*y)), min (£ (y), ¥ (¥)}
=min{(4# N y)x*y), (£ Ny )y}, forallx, yeX.

Hence 1 n y is a fuzzy BP-ideal of X.
Proposition 4.1.4: If uis a fuzzy BP-ideal of a BP-algebra (X, *,0), then V x,y € X.

(1) 4 is order reversing. ie, x <y implies u (x) = u (y)

(i)  pxx(x*y) = u(y).
Proof: Since uis a fuzzy BP-ideal of X.
Letx <y =>x*y=0

= ux*y)= u(0)

Therefore y(x*y)= w(0) > u (x)

45



Z min{ u (x*y), u (y)}
> min{ x(0), u« (y)}
ux)= u(y).
By definition of BP-algebra x * (x *y) = y.
(x*(xxy)) * y=y*y
=>(x* (x*y)) * y=0
X*(x*y) <vV.

By (i) u 1is order reversing.

Therefore u(x*(x*y)) > u (y) V x,ye X.
Proposition 4.1.5: If uis a fuzzy ideal of a BP-algebra (X, *,0) and
p, () =min{a, u(x)}
VxeXand a €[0,1], then x,(x)is a fuzzy BP-ideal of X.
Proof: Let u be a fuzzy ideal of the BP-algebra (X, *,0) and « € [0,1].

Therefore 1 (0) > u(x) VxeX.

Now, p, (x)(0) =min{a, £ (0)}
= min{a, u (x)}
= u,(x) VxeX.
Also, u is a fuzzy ideal of X shows that
u(x) 2 min{u(x*y), u(y)} vx, yeX
M, (x) =min{a, 1 (x)}
> min{ o, min( g (x*y), #(y))}
=min{min( @, u (x*y)), min(a, £ (y))}
=min{ &, (X)(X*y), 1, X)(y)}-

= u, (x) is a fuzzy ideal of X.

Since this is true for all a € [0, 1], x, (x) is a fuzzy BP-ideal of X for all & € [0, 1].

46



Theorem 4.1.6: A fuzzy set of a BP-algebra (X, *,0) is a fuzzy BP-ideal if and only if
forany A €[0, 1], U(u,A1)={x:xeX, u(x) > 1} is an ideal of X where

UCu,2) #¢

Proof: Suppose uis a fuzzy ideal of X and U(u,4) # ¢ for 4 €[0,1].
Letx e U(u,A),u(x)>41.

By definition of fuzzy BP-ideal.

We have 4 (0)> u(x) > 4.

Thus 0eU(u,1).

Suppose x*y eU(u,A)andyeU(u,A).

Therefore, u (x*y) >4 and u(y) > 4.

By definition, we have u(x) > min{ u (x*y), u(y)} = 4.

xeU(u,A).

Hence (1, 4) is an BP-ideal of X.

Conversely, suppose that for each 4 €[0,1], U(«, A ) is either empty or an ideal of X.
Foranyxe X, let u(x)= 1.

ThenxeU(u,4).

Since U( £, 4 )# ¢ is an ideal of X.

We have 0e U(u,4 ) and hence ¢ (0) >4 = 1 (x).

Thus ¢ (0) > u(x) VxeX.

Assume x4 (x) =2 min{ u (x*y), 4 (y)} VXx,yeXisnot true.
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Then there exists x,, y, € X such that

e (xg) < ming g (xg* yy), p(vy)}

= g (x,) < Adg<min{ 1 (xq * yo), p(¥o)}

We have x,* y,, y,€U(u,4,)and U(u,4,)# ¢.
But U(u, 4,) is an ideal of X.

So x, € U(u,4,) by the definition of BP-ideal, u (x,)2 4,

contradicting (« (0) > 1 (x), VxeX).

Therefore u(x) = min{ u (x*y), u(y)}.

Theorem 4.1.7: A fuzzy set u of a BP-algebra (X, *,0) is a fuzzy BP-ideal if and only if

every nonempty level subset U( 4, s) of x,seIm( ) is a BP-ideal.
Proof: Let u be a fuzzy BP-ideal.

Claim: U( 4, s), s€Im( ) is a BP-ideal.

Since U(u,s) # ¢ there existx € U(u, ).

Such that u (x)>s.

Since u is a fuzzy BP-ideal, x4 (0) > u (x) VxeX.

Hence for this x€ U( 4, 8), 1 (0)=s which shows that 0e U(u, s).
Now, for any x, ye X,

Assume that x*yeU( 4, s)and yeU( 4, $).

x*yeU(u,s) => u(x*y) s

Also y € U(u,s) = u(y) =s
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Therefore p (x*y) =2sand u(y) = s.

=min{ u (x*y), u(y)} =s.
Since u is a fuzzy BP-ideal,
u(x) 2 min{ u (x*y), u(y)} =s.
This implies xe U( , s).
This proves that U( u, s) is a BP-ideal of X.
Conversely, let U( 4, 8), se Im( # ) is a BP-ideal of X.
Claim: x is a fuzzy BP-ideal.
Letx, yeX.
For any s€Im( # ), let s =min{ z (x*y), u(y)}.
Therefore, u(x*y) > sand u(y) = s.
This shows that x*ye U(u, s).
Since U( 4, s) is a BP-ideal we have xe U(u, s).
This proves that x (x) = s =min{ x (x*y), u(y)}
This shows that y is a fuzzy BP-ideal of X.

Theorem 4.1.8: Let x be a fuzzy BP-ideal of BP-algebra X and let xe X. Then u (x)=t
ifand only if xe U(u,t) butxeg U(u,s), Vs>t

Proof: Let x be a fuzzy BP-ideal of X and let x € X.
Assume u (x)=t. Sothat x € U( u, t).

If possible, let x € U( i, s) for s > t.
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Then u(x) >s >t.

This contradicts the fact that  (x) = 1,concludes that x¢ U( i, s), Vs >t.
Conversely, let xe U(u, t)but xg U(u,s), Vs>t

xeU(u,t)= ux) >t

Since x¢ U( i, s) Vs >t, and hence u(x)=t.

Theorem 4.1.9: Let X be a BP-algebra. Let 4 and u be the fuzzy BP-ideals of X. Then
A x u1is a fuzzy BP-ideal of X xX.

Proof: Let X be a BP-algebra and let 4 and u be the fuzzy BP-ideals of X. For any
(xX,y) e XxX.

(A4 x 1)0,0)=min{ 1 (0), 1 (0)}
> min{ 4 (x), u (x)}
= (4 x @ )(X).
Let (x,,x,)and (y,,v,)eXxX, x=(x,,x,)and y=(y,,,).
(A x u)(x)= (4 x p)(x,x,)
=min{ 4 (x;), ¢ (x,)}
> min{min(A (x, * y;), 4 (), min(u (x, * y,), 1 (3,))}
=min{min(4 (x, * y,), 4 (x, * y,)), min(1 (y,), & (y,))}
=min{(4 x g )(x, * y;, x, % y,), (A x @)y, ¥,)}
=min{(A x g )((x;, X,) *(¥;> ¥,)) (A x )y, ¥,)}

=min{(4 x p)(x,y), (4 x 1)(y)}
Thus A x uis a fuzzy BP-ideal of X x X.

Theorem 4.1.10: For any two fuzzy sets 4 and g of X, if 4 x u is a fuzzy BP-ideal of
XxX, then either A or y is a fuzzy BP-ideal of X.

Proof: Let A and u be fuzzy sets of X such that 4 x g is a fuzzy BP-ideal of X.
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(Axu)0,0) 2 (4 xpu)xy) Vx, yeXxX.
Assume A (x) >4 (0) and u (y) > (0) for some x, ye X.

Then (4 x p)(x, y) =min{ 1 (x), u(y)}

>min{ 4 (0), (0);

= (A x u)(0, 0) which is contradiction.
Thus A4 (x) 24 (0)or 1 (0)>u(x), Vx,yeX.

Letx=(x,,x,)andy=(y,,y,)e XxX.

(A4 x p)(x) 2 min{(4 x g )(x*y), (4 x p)(y)}

=min{(A x 4)(x; * yy, Xy % ¥,), (A x @)y, ¥,)}

=min{min(A (x, * y,), £ (x,* ,)), min(A (y,), 4(¥,))}
= min{4 (x,), #(x;)} = min{min(4 (x, * y;), 4 (y,)), min( (x, * y,), 12 (y,))5-
= either A (x,)= min{A (x, * y,), 1 (»,)}

Or p(x,)2 min{ g (x, * y,), 1 ()}

= Aor u is afuzzy ideal of X.

Theorem 4.1.11: Let 4 and x4 be fuzzy BP-ideals of ( X, ,*,,0,) and ( X,,*,,0,)

respectively. Then A x u is a fuzzy BP-ideal of (X, x X,, *, 0).
Proof: Let A be a fuzzy BP-ideal of X.

Let ube a fuzzy BP-ideal of X, .

Claim: 2 x y is fuzzy BP-ideals of X, x X,.

Forany (x,y) € X, x X,.

(A x 4)(0,0)=min{ 4 (0), x(0)}
> min{ 4 (x), & (y)}
= (4 x u )X, y).
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Let (x,,x,)and (y,,y,)eXxX.

(A x p)(xp,x,)=min{ A (x,), p(x,)}
> min{min(4 (x; * y,), 4 (), min(u (x, *, ,), 4 (,))}
=min{min(A (x, * y,), 4 (x, %, y,)), min(A (y,), 1 (y,))}
=min{(A x g )(x; % ¥, X% ¥,), (A xp)(y,¥,)}

=min{(A x 2 )((x;, X,)* (V15 ¥2))s (A x ) (y1,9,)}
Thus A x pis a fuzzy BP-ideal of X, x X, .

Theorem 4.1.12: Let f: (X,,*,,0,) >(X,,*,,0,) be an epimorphism of BP-algebras.
Let ube a fuzzy set of X,.If f~'(u) is a fuzzy BP-ideal of X, then s is a fuzzy BP-
ideal of X, .

Proof: Letf: X, — X, be an epimorphism of BP-algebras. Let u be a fuzzy set of X, .
Let ' (u) is a fuzzy BP-ideal of X, .

Claim: u is a fuzzy BP-ideal of X,.

#(0,)= p(f0,)= /7 (u(x,)
= 1 (f(x)) = u(x,).
Let x,, ¥, € X,. Since fis an epimorphism, x,, y, € X, such that f(x, )= x, and
)=y,
ie, x,= f(x,)and y,= f(3,).

p(xy)= p(f(x))
= [ (u(x))
> min{ £~ (p(x, % »)), /7 (u(¥)}
=min{ u (f(x, * y,), p(f{(y))}
=min{ z ((f(x,)*,f(y,)), uEy))}
=min{ x4 (x, %, y,), #(3,)}

Therefore u is a fuzzy BP-ideal of X, .
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Theorem 4.1.13: Inverse image of fuzzy BP-ideal is again a fuzzy BP-ideal.
Proof: Letf: (X, ,*,0,)—>(X,,*,,0,)be an epimorphism.
Let o be fuzzy BP-ideal of X, .

To prove: f ' (o) is a fuzzy BP-ideal of X,.Letx,ye X,.

(/7 (0))x) = o(f(x)
2 min{ o (f(x) *, f(y)), o (f(y))}
=min{o (f(x*y), o (f(y))} (since fis epimorphism)

=min{( /' (6))(x*y), (/" ()Y}
Thus f~'(o)is a fuzzy BP-ideal of X .
Section 4.2:

Fuzzy T-ideals in BP-algebras

Definition 4.2.1: A fuzzy set 1 in a BP-algebra X is called a fuzzy T-ideal of X if it

satisfies the following conditions:

® w0 2u®x)

(i)  u(&x*2z) 2 min{ ug((x*y) *2), (Y}, VX, y,z€eX

Theorem 4.2.2: Every fuzzy T-ideal iz of a BP-algebra X is order reversing, that is if
x<ythen p(x) > u(y), vx,yeX.

Proof: Let x, ye X such that x<y.
Therefore x*y = 0.

u(x)= pu(x*0)
> min{ u ((x*y) *0), ¢ (y)}
=min{ x (0%0), u(y)}

=min{ £ (0), £ (Y} = u(x) = px(y).
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Theorem 4.2.3: A fuzzy set u in a BP-algebra X is a fuzzy T-ideal if and only if it is a
fuzzy BP-ideal iz of X.
Proof: Let u be a fuzzy T-ideal T-ideal of X, x(0) > u (x).

u(xxz) 2min{ u ((x*y) *z), u(y)}, Vx,y,zeX

Put z =0, then

We get p(x) 2min{ u (x*y), u(y)}

Hence u is a fuzzy BP-ideal of X.

Conversely, u is a fuzzy BP-ideal of X.

Then, p (x*z) > min{ x (x*z) *y), u(y)}, VX, y,zeX.
=min{ u ((x*y) *z), 4 (¥)}, VX, y,zeX,

Which proves the result.

Theorem 4.2.4: Let u be a fuzzy set in a BP-algebra X and let te Im( & ). Then uisa
fuzzy T-ideal of X if and only if the level subset pt= {xe X/ u (x) > t} is a T-ideal of

X, which is called a level T-ideal of x .
Proof: Assume that u is a fuzzy T-ideal of X.
Clearly, O € g,

Let (x*y) *ze y,andye g,

Then u ((x*y) *z) > tand u(y) > t.

Now, p(x*z) > min{ u (x*y) *z), 1 (y)}
>{t,t} =t.

Hence ,is T-ideal of X.
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Conversely, let x4, be T-ideal of X for any te[0,1].
Suppose, assume that there exist some x, € X.
Such that # (0) < u (x,).
Take S="[ 1 (0)+u(x,)]
= S<u(x,)and 0< p(0)<s< 1.
= x, € u,and O¢ u_, which is a contradiction, since g is a T-ideal of X.
Therefore, 1 (0) > u(x), VxeX.
Assume that x,, y,, z, € X.
Such that,
m(xg % zg )2 ming g ((x % yo)* z4), p (o)}
Lets =% [ (x, % zo) + min{ g (x,* ¥o)* z), 4 (¥)}]
= S>u(x,*z,)
And S <min{u ((x,* y)* z,), 1 ()}
= S> 4 (x,% 7). S < {1 (%) % ¥)* 2,)} and S <t (7).
= x, * z, € u,, which is a contrsdiction, since s is a T-ideal of X.
Therefore, u (x*z) > min{ x ((x*y) *z), u(y)} Vx,y,zeX.

Definition 4.2.5: Let f: X —X be an endomorphism and x is a fuzzy set in a BP-algebra

X. Define a new fuzzy set u, in X by u,(x) = u (f(x)), for all x in X.
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Theorem 4.2.6: Let f be an endomorphism of a BP-algebra X. If uis a fuzzy T-ideal of

X, thensois u .

Proof: 4, (x)= u(f(x)) < w(0).
Letx,y,zeX,

Therefore u,(x*z) = u (f(x*z))
= p (f(x) *1f(2))
> min{(f(x) *f(y)), u (f(y))}
=min{  (f(x*y) *f(2)), u({(y))}
=min{ u (f(x*y) *z), uf(y))}
=min{ u, (x*y) *2z), u,(y)}

Hence x ,is a fuzzy T-ideal of X.

Cartesian Product of fuzzy T-ideals in BP-algebras

Theorem 4.2.7: If g and A are fuzzy T-ideal in a BP-algebra of X, then u x 4 is a fuzzy
T-ideal in X xX.

Proof: For any (x,y) € XxX we have,

(1 x2)(0,0)=min{ 1 (0), 1 (0)}

2min{ 4 (x), 4 (y)}

=(ux21)(xy)
Let (x,,X,), (¥,,y,)and (z,,z,)e XxX.
(3 Cxy 5 %)% (25 2,)]= (e x A)[(xy * 2y, x, % 2,)]

=min{ u (x, * z,), 2 (x, * z,)]

2 min{min{ g ((x, * y;)* z;), g (y,)}, min{ A ((x, * y,)* z,), 1(y,)}}
=min{min{ z ((x, * y,)* z,), A((x,* y,)* z,)}, min{ g (y,), 1 (y,)}}
=min{(x x A)((x; * y)* z)), ((xy % p,)* 2,)], (e x A)(yy,3,)}
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=min{(u x A)[(x, * y,, x, * y,)*(z,, 2,), (L x ANy, )}

=min{(u x A)((x,, )% (v, ) *(zp, 2)L (e x A) (Y1, p,)3
Hence 1 x A is a fuzzy T-ideal in Xx X.

Section 4.3:
Intuitionistic Fuzzy BP-Ideals in BP-Algebras

Definition 4.3.1: An Intuitionistic Fuzzy Set (IFS) A in a non-empty set X is defined as
an object of the form A = {< x, pu(x), va(x) >/x X} (or briefly A = (p,, v4)) where
ty X - [0,1] is the degree of membership and w4 : X - [0,1] is the degree of non
membership of the element x X satisfying 0 < prq(x) +vy(x) = 1.

Definition 4.3.2: Let A ={<x, py(x), va(x) >/x X}and

B={<x, pug(x), vg(x) >/x X} be two Intuitionistic Fuzzy Sets of the set X, then
define

(i) A={<x,v, (x),1,(x)>/xeX}

@) AcBiff u,(x)Suz(x)andv, (x)2vy(x)Vxe X

@) A=Biff u,(x)=pz(x)andv (x)=v,(x)Vxe X
(iv) AU B ={<x, max(u ,(x), £z (x)), min(v ,(x),vy(x))/x€ X}
() AN B ={<x,min(u, (x), i, (1), max(v,, (x),v, (x)/ x € X}

Definition 4.3.3: An Intuitionistic Fuzzy set A ={< x, p4(x), va(x) >/x X}inaBP-
Algebra X is said to be an Intuitionistic Fuzzy BP-Subalgebra of X if

1. Ju-f‘l(x J’) = min {#A(-"-’)a#d(}’)}
20 vy(x ¥) Smax {vu(x), va)} xy X
Example 4.3.4: Consider the BP-Algebra X = {0, 1, 2, 3} with the following cayley’s

table:
0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
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Define,

06 if x#2
Ha() =91 if x=2

and

_ 4,02 if x#2
va() = log if x=2

Then Intuitionistic Fuzzy set A = {< x, pa(x), v4(x) >/x X} of X is an Intuitionistic

Fuzzy BP-Subalgebra of X.
Lemma 4.3.5: In an Intuitionistic fuzzy BP-subalgebra A of X we have
(1) #a(0) = pa(x)
(ii) v4(0) < vu(x) Vxe X.
Proof: Let A be an Intuitionistic Fuzzy BP-Subalgebra of X. Then V x € X,
Ha0) = pax  x) Zmin{ pu(x), Ha(X)} = Ha(¥).
Similarly,
a(0) = m(x x) < max{ Va(X), 1?,1(.1’)} = vy(X).

Theorem 4.3.6: Intersection of any two Intuitionistic fuzzy BP-Subalgebras of X is

again an Intuitionistic fuzzy BP-Subalgebra of X.
Proof. Let A ={<x, py(x), va(x) >/x X} and

B = {<x,ug(x), vg(x) >/x X} be Intuitionistic fuzzy BP-Subalgebras
of Xandlet C=A n B. Forall x,y X,
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He(X Y) = Hana(X )
=min{pa(x ¥).up(x )}
= min{min(pu(x)., 1a (7)), min(ig (x). 15 (7))}
= min{min(p, (x), ps (x)), min(pa(v), s ()}
= min {pe(X), ke (V)
Va(X ¥) = Vans(X Y)
= max{vy(x ¥) vp(x ¥)}
= max {max((va(x), va(y)), max(vg(x), vg(¥))}
= max{max((va(x), vg(x)), max(va(¥) ve(¥))}
= max {v(x), ve(¥)}
Hence, C is an Intuitionistic fuzzy BP-Subalgebra of X.
We can generalize the above result as follows:

Theorem 4.3.7: Intersection of any family of Intuitionistic fuzzy BP-Subalgebras of X

is again an Intuitionistic fuzzy BP-Subalgebra of X..

Theorem 4.3.8: An Intuitionistic Fuzzy set A of X is an Intuitionistic Fuzzy
BP-Subalgebra of X if and only if the fuzzy sets p,and v,= 1-v, are fuzzy
BP-Subalgebras of X.

Proof: Let A = {x, pis(X), va(x) x X} be an Intuitionistic fuzzy BP-Subalgebra of
X. Clearly, 4 is a fuzzy BP-Subalgebra of X. Forall x,y X,

Tax ¥)=1l—w(x y)
=1 —max [vs(x), va(Y)]
= min{(1-v4(x)), (1-v4(¥))}
=min {v,(x),v,(»)}

Hence v, is a fuzzy BP-Subalgebra of X.
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Conversely, assume 4 and v, are fuzzy BP-Subalgebra of X.

Then, py(x  ¥) = Minfpq(x), pa(y)} and

Ua(x  ¥) = min{uy(x), Ua(¥)} xy X

Hence, to prove that A = {x, p,(x) va(x)/x

BP-subalgebra of X, it

is

v, (xxy) < max{ v, (), v, (»)} Vx,y e X.

Since Z is fuzzy BP-Subalgebra of X,

v, (x*y) 2min{v, (x),v,(»)}

1—v, (x*y) >min{(1-v,(x)),(1-v,(»)}

=1l-max{v,(x),v,(»)}

That is, v, (x * y)< max{v, (x),v,(y)} Vx,y € X.

This completes the Proof.

Intuitionistic Fuzzy BP-Ideals:

Definition 4.3.9: A n Intuitionistic Fuzzy set A of a BP-Algebra X is said to be an

Intuitionistic Fuzzy BP-ideal of X if,

() #a(0) = pa(x) and v4(0) < wy(x)

(i) pa(x) =min {pax  ¥), pa(¥)}

(iii) vy(x) = max {uy(x ¥), vu(v)} forallx,y X

Example 4.3.10: Let X = {0, |, m} be a BP-algebra with Cayley’s table given by

X}

enough

0 1 m
0 0 m 1
1 1 0 m
m m 1 0
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Define p4(0) = 1 and py(l) = pa(m) = t, and v4(0) = 0 and v4(0) = 0 and v,(l) =
va(m) = s, wheret,s  (0,1)and s+t=<1.

Then (g4, 4) is an Intuitionistic fuzzy BP-ideal of X.

Lemma 4.3.11: Let A= (u,,v,) in X be an Intuitionistic fuzzy BP- ideal of X

If x#*y<zthen,

o (x) 2 min {u, (), 1,(2)}
Va (X) Smax {v, (¥), v, (2)}
Proof: Letx,y,z € Xsuchthat x*y<z
Then (x*y)*z=0and thus
#q (x) 2 mindge, (x* ), 1, ()}
> min{min{z, ((x* y)*z2), 1,,(2)}, 4,(»)}

= min{min{ﬂA 0), Hy (2)}, Hy )}
=min{u, (y), 1,(2)}

Similarly, v, (x) < max{v, (y), v, (2)}
Lemma 4.3.12: Let A= (n,,v,) in X be an Intuitionistic fuzzy BP-ideal of X.

If x < ythen:

wy(x)>p,(y), v,(x) <v,(y)thatis, p, is order reserving and v, is order

preserving.

Proof: Letx,y,z Xbesuchthatx y=0

4 (x) Zminfee, (x*y), 41, (¥)}
=min{u, (0), 1, (»)}
=1,(»)
v, (x) <max{v, (x*y),v, ()}
=max{v ,(0),v,(»)}
=v,(»)
Definition 4.3.13: Let f: X - Y be a BP-Homomorphism of BP-Algebras. For any

Intuitionistic Fuzzy Set A= (un,,v,)1inY, we define a new Intuitionistic Fuzzy Set
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A'=(p},vi)in X by ) (x) = p, (F(x), vi(x) = v, (f(x)) forallx,y X.
Theorem 4.3.14: Let f: (X, *,0) - (Y, *',0") be a homomorphism of BP-algebras. If an
Intuitionistic Fuzzy Set A = (pn,,v, ) is an intuitionistic fuzzy BP-ideal of Y, then an
Intuitionistic Fuzzy Set A'= (p',v% ) in X is an Intuitionistic fuzzy BP-Ideal of X.
Proof: We have that p' (x)=p, (f(x))
<p,(0)
= 1, (f(0)
=4 (0)
Vi () =v, (f(x)
>v,(0")
=v,(f(0)
=v/(0) Vx X
Let x, ye X, Then

min{p} (x ¥), gy ()} =min {p, & ), p, EG)}
=min {p, (fx) * f(y)), n, (¥}
< p, (fx)
=y (x)
max {vj (x ¥), vi(y)} =max {v,(Ex ), v,E¥)}
=max {v, (f(x) * f(y)), v, (f(y)}
> v, (f(x)
=vi(x)

Hence A'=(p', v ) is an Intuitionistic fuzzy BP-Ideal of X.

Theorem 4.3.15: Let f: (X,*,0) - (Y,*',0") be an epimorphism of BP-algebra and let
A = (u,,v,) be an Intuitionistic Fuzzy set in Y. If 4’ =(u/,v/)is an Intuitionistic

fuzzy BP-ideal of X. Then A =(p,,v, ) is an Intuitionistic Fuzzy BP-Ideal of Y.

Proof: Foranyx Y thereexista X such thatf (a)=x.
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Then,

A ()=, (F(@) = py (@) < 5 (0) = w1, (f(0) = ,(0")
va()=v, (f@)=vi@) = vi(0) = v, (f(0)=v,(0)
Let x,y Y. Then f(a)=xand f(b) =y forsomea,b X.
Thus

Ha(x)=p,(f(a))
= 1y (a)
= min {u} (a*b), u; (b)}
=min {u, (f(a*b)), u,(f(b))}
=min {x,(f(a)*" f(b)), pr,(f (D))}
=min {u,(x*" y), 1,(y)}
va(x) = v, (f(a))
= v, (a)
< max {v/ (a*b),v’ (b)}
=max{v, (f(a*b)), v, (f(b)}
=max{v,(f(a)*' f(b)), v, (f(b)}

=max {v ,(x*"y),v,(»)}

Hence A = (u,,v, ) is an Intuitionistic Fuzzy BP-Ideal of Y.
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CHAPTER 5

L-Fuzzy BP-Ideals and Intuitionistic L-Fuzzy BP-Ideals in BP-Algebras
Section 5.1:
L-Fuzzy BP-Subalgebra in BP-Algebras

Definition 5.1.1: A lattice is a partially ordered set in which any two elements have a

least upper bound and a greatest lower bound.

Definition 5.1.2: A lattice L is called a complete lattice if every subset A={ a_, } has a sup
denoted by v a_ and inf denoted by A a, where 0= A a, is the least element of L and

1= va,is the greatest element of L30<qa and 1 >4 for every a €L.

Definition 5.1.3: Let X be a nonempty set and L:(L, <) be a complete lattice with least

element 0 and greatest element 1. A L-Fuzzy set x of X is a function x: X—L.

Definition 5.1.4: Letxzand A be the L-fuzzy set in a set X. The Cartesian product
A x u: XxX—L is defined by,

(A X)X y)={AX)A u )} VX yeX.

Definition 5.1.5: A L-Fuzzy set ¢ of a BP-Algebra (X, *,0) is called a L-Fuzzy

BP-subalgebra of X if, for all x, y € X. The following condition is satisfied,
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p(xxy)z u(x) A p(y)

Example 5.1.6: Let X = {0,a,b,c} be a set with the following table:

« | 0]lal|b]|c
0l0]a|b]|c
ala|0|c|Db

Then (X,*,0) is a BP-Algebra.

l1if x=0

Lif x=b
Define u: X—=L by u(x)= .
Lif x=a

0ifx=c
t,,t, eLandinf L<t <t,< supL
Then y is a L-Fuzzy BP-Algebra of X.

Theorem 5.1.7: Intersection of any two L-Fuzzy BP-Subalgebras of X is again a
L-Fuzzy BP-Subalgebra.

65



Proof: Obvious.

Definition 5.1.8: Let x be any L-Fuzzy set of a BP-Algebra (X,*,0 ) and lett e L. The

set U(u,t)={xe X :u(x)>t}is called a level subset of L-fuzzzy set u of X.

Lemma 5.1.9: Let (X, *,0 ) be a BP-algebra. Let L-fuzzy set u be a L-Fuzzy BP-
Subalgbra of X. Then

1. u(0) > u(x) forall xeX.

Proof:

Since x* x =0 for all xe X,

#(0) = p(x*x)
2 pu(x) A p(x)
= p(x)

YV xeX.

Lemma 5.1.10: A L-Fuzzy set u of a BP-algebra X is a L-Fuzzy BP-Subalgebra if and
only if for all te L, the level set of U (u, t) of a L-fuzzy set x is either empty or a BP-
Subalgebra of X.

Proof: Let a L-fuzzy set i of a BP-algebra X is a L-fuzzy BP-Subalgebra of X. Let te L.
Assume that the level subset of 1 in X, U( i ,t) of L-fuzzy set  in X is not empty.
Then for any x, ye U(u,t), g (X) > t, u(y) > t.

Now, p(x *y) 2 {u(x)A p(y)} 2 t, which implies x *y € U(x ,t) and hence U( x ,t)
is a BP-Subalgebra of X.

Conversely assume that U( « ,t) is a BP-Subalgebra of X.

Take t={ 12 (x) A p(y)} foranyx,y €X.
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Implies x *y € U(x,t)
Hence u(x *y) 2 t={ u(X)A 1 (y)}-.
Thus proving that uis a L-fuzzy BP-Subalgebra of X.

Lemma 5.1.11: (1)Any BP-Subalgebra of a BP-algebra (X, *,0 ) can be realized as a
level subalgebra of some fuzzy BP-Subalgebra of X.

(i1)Let A be a subset of X. Then the characteristic function X , is a fuzzy BP-Subalgebra
of X if and only if A is a BP-Subalgebra of X.

Proof: The above lemma can be proved as in the case of fuzzy BP-subalgbera.

Theorem 5.1.12: Let x be a L-fuzzy BP-Subalgebra of (X, *,0 ) with finite image.

If U(u,8) =U(u,t) for some s, tem( ), A inL thens=t.

Proof: Let ube a L-fuzzy BP-Subalgebra of X with finite image such that
U(u,8)=U(u,t) for somes, te [m(x ) in L.

Now, uis a L-fuzzy algebra of X shows that U( i ,s) is a BP-subalgebra.
Therefore, if x,y € U(u,t)=U(u,8) then 4 (x) > tand £ (¥) = t

Also, x,y € U(u,t)=U(u,s)and U( i ,s) is a BP-Subalgebra shows that

x ¥y € U(u,9).

This shows that (X *y) 2 {u(X)A p ()} 2 s.

Thus we have, (X *y) 2saswell as 4 (X *y) 2 sas well as & (X*y) >t
Whenever x,y €EU(4,t) =U(H,S).

Similarly, we can prove that, u (X*y) > gas well as # (X*y) = t

Whenever x, yEU(4,8) =U(4 > V).
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This proves that s = t.

Lemma 5.1.13: Let x and A be two L-fuzzy BP-algebras of X with identical family of
level BP-Subalgebras. If Im( ) = {¢,, ¢,,t,,,,,¢,} andIm(4 ) = {s,,5,,5;,,,,5, }

where L2t 2t 2 >t and 5,2 5,28, > s, then

(1) m=n
(i)  U(u,t,)=U(4,s;)forI=1,2,,,,.n.

(1) If g(x)=s,,then A (x)=3s,, V x eXandi=1,2,,,,n.

Proof: Let xand A be two L-fuzzy BP-Subalgebras of X with identical family of level
BP-Subalgebras F( ) =F(1).

LetIm(u)=1{¢t,t,,t5,,,,t,} where ¢, >2t,>2¢,> D P (1) and
Im(A)={s,,5,,85,,,,5,} where s, 25, 25,2 28, .ccooevriiiiiinin. (2)

Therefore, U( i ,t,)cU(u,t,)cU(u,t)c......... cU(u,t) =X 3)

And U(4,s)cU(4,s,)cU(1,5,)Ccccccc..€U(2,5,) =X oo, 4)

Also F(u)={U(u,t,): 1< 1 <nj},
F(A)={U(1,s,): 1<j<m}

Assume m# n.

Then, m>n of n>m.

Let m>n.

Then U(p,t,)=U(4,s,),1=1,2,...... n.

This shows that both ¢, and s, € Im( ).
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Fori>n we observe that ¢, ¢ Im( ) and hence, U( z,¢,)#U( 1 ,s,) where 1=

ntl,n+2,...m

Letn > m. Then U( u,¢,)=U(4,s,) wherei=1,2,...... m.
This shows that both ¢#,and s, € Im(4).

For j > m we observe that s ; ¢ Im( ) and hence, U( z,¢,)#U( 4 ,s,)

where 1 =m+1,m+2,.....n.
From (3) and (4) implies ¢, # 5,, V 1=1,2,...... .
Hence we can find some 1 such that U( ,¢,)#U(4,s,).

This contradicts that F( ) =F(A1).

Hence we conclude that m =n.

Since u# and A have identical family of level subalgebras, we have
U(u,t,)=U(41,s,),1=1,2,...... n.

Hence (ii) is obtained.

(ii1) Follows from (i) and (ii)

Let p(x)=t;, implies 4 (x)=s,;,fori=1,2,....n.

Theorem 5.1.14: Let xand A be two L-fuzzy subalgebras of X with identical family of
level subalgebras. Then Im( z ) = Im( A ) implies u=41

Proof: Let xand A be two L-fuzzy subalgebras of X with identical family of level

subalgebras.

Let Im(u)=Im(1)={s,,5,,5;,,,,5, }, Where s, 25,25, =5
By lemma [5.1.13] for any

x € X, there exists s; such that p(x) = s;=Mx)
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Thus 1y(x) = MX) Vx e€X, proving that 1= 4

Theorem 5.1.15: Two level BP-Subalgebras U(p,8) and Uz ,0), (s < t) of a L-fuzzy
BP-Subalgebra x are equal if and only if there is no x € X such that s < x (x) <t where

s, te L.

Proof: Let ube a L-fuzzy BP-Subalgebra and s, te L.

Let U( & ,s) and U( i ,t) be two level BP-Subalgebras of L-fuzzy BP-Subalgebra u of X.
Suppose that U( z,s) = U( i ,t) for some s < t.

Suppose there is one x € X such thats < u (x)< t.

Then, u(x) 2 sand # () <t.

That is, xe U( i ,s) and x¢ U( ,t).

This contradicts to U( zz,s) = U( u ,t).

Conversely, assume that there is no x € X such that s < u (x) < t.
Such that s < 1 (x) < t.

Suppose, U(u,8) = U(u,t).

For,,xeU(u.t) = u(x) 2 t>s.

= u(x)>g =>,xelU(u,s).

Since U( u,s) = U(u ,t).

Choose, U( 1 ,s) < U( u .,t).

Hence there is an , x e U( i ,s) and x¢ U( u ,t)

= u((x) 2sand y(x)<t.
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Thus there exists an element x € X such that s < x4 (x) < t, thus contradicting our

hypothesis.

Hence U( u,s) = U( u,t).

Lemma 5.1.14: If x, and p, are fuzzy BP-Subalgebras of X, then ¢ = g, x u, isa
fuzzy BP-Subalgebra of X xX.

Proof: Forany (x,,x,)and ( y,, y,)eXxX we have,

HCx X)) % (Y, Yol = 0 (X% s, X, *,y)
= (4 x )X * yp, X, % y,]
={a(x* y) A (X% yy)}
2 L (x) A (y)) A (X)) A 1, (1))}
={Ca(x) A C (o ))A (i (y DA ()}
= {0 x 1) (x,x) A (g x 1) (Y5 Y))3

={u(x,x) A u(y, ¥}
Hence p= u, x w, is a fuzzy BP-Subalgebra of X xX.

Lemma 5.1.15: Let (X,,*,,0,) and ( X,,*,,0,) be two BP-algebras. Let f: X, —> X, be
an epimorphism. If o is fuzzy BP-Subalgebra of X, then f (o) is a fuzzy BP-

Subalgebra of X, .

Alternatively, we have epimorphic pre image of a fuzzy BP-Subalgebra is a fuzzy BP-
Subalgebra.

Proof: (f'(0))(x *y)= o (f(x *y))
= o (f(x) *, f(y)) (since f is an epimorphism)
> {o(f(x) A o(f(y)} (since o is a fuzzy BP-Subalgebra)

=[S AL ENEN] VYV xy eX
Thus /' (o) is a fuzzy BP-Subalgebra of X .

Section 5.2:
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L-Fuzzy BP-ideals in BP-Algebras

Definition 5.2.1: Let X be a BP-algebra. A L-fuzzy set ¢ of X is said to be a L-fuzzy

BP-ideal of X if it satisfies the following conditions: V x,y € X.

(i) 1(0) = u(x)
(ii) ux) =2 {ux*y)a u(y);.

Example 5.2.2: Let (X = {0,1,2,3},*,0) be a BP-algebra with the following cayley table:

* 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

Define x; X—[0,1] by
1 if x=0
tif x=2

u(x)= i x=l

0if x=3
t,,t,eLandinfL<¢ <¢,<suplL.
Therefore pis a L-fuzzy BP-ideal of the BP-algebra X.

Proposition 5.2.3: Intersection of two L-fuzzy BP-ideals of X is again a fuzzy BP-ideal
of X.

Proof: Let gand y be any two fuzzy BP-ideal of X.
(O y)0)=(u N y)x=x)
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2 { p(x*x) Ay (x* X))
2 {H{u) A p@) Ay Ay}
=Hu® Ay EF A{pE) Ay}
={(u Ny)x) A (u N y)x)}
={(u Ny}
Therefore (12 Ny )(0) = (u N w)(X)
(uny)x)={uXx Ay}
={(ux*y) A p () A (wx*y) A ()}
={(uExxy) A wx=y) A (uy) A v}

={(u ny)xxy) A (uny)yl forallx,y e X.
Hence x4 m y is a L-fuzzy BP-ideal of X.

Proposition 5.2.4: If s a L-fuzzy BP-ideal of a BP-algebra (X, *,0),
then V x,y € X.

(111) M 1s order reversing. ie, x < y implies (X)) > u (y)

(iv)  pxxxxy) = u(y).
Proof: Since uis a L-fuzzy BP-ideal of X.
Letx <y =>x*y=0
= ux*y)= u(0)

Therefore p(x*y)= @ (0) > u(x)

px)  Ziux*y) A p(y)}
2{ 1 (0) A u(y)}
u(x)y= u(y).

By definition of BP-algebra x * (x*y) =y.

(x*(x*y)) * y=y*y.

=(x* (x*y)) * y=0

x*(x*xy)<y.
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By (1) u1is order reversing.

Therefore p(x*(x*y)) > u(y) V x,ye X.

Proposition 5.2.5: If uis a L-fuzzy ideal of a BP-algebra (X, *,0) and
HoX)={a r px)}

Vxe Xand a € [0,1],then x, (x)1is a L-fuzzy BP-ideal of X.

Proof: Let u be a L-fuzzy ideal of the BP-algebra (X, *,0) and a € [0,1].

Therefore 1 (0) > u(x) V xeX.

Now, u, (x)0)={a A u(0)}
2{a A ux)}
= 1, (x) VxeX.
Also, uis a L-fuzzy ideal of X shows that
) 2{p xxy) A p@)y VxyeX
e X)={a r px)}
2{a A (puEx*xy) A py)}
={(anr pux=y) A (anrp®y)
={u, XE*xy) A p, (X))}

= u, (x) is a L-fuzzy ideal of X.

Since this is true forall ¢ € L, u, (x)is a L-fuzzy BP-ideal of X forall a € [0, 1].
Corollary 5.2.6: If uis a L-fuzzy BP-ideal of a BP-algebra X and

fyy = {( (@) A p®}Y a.x eX.

Then u,,, is a L-fuzzy BP-ideal of X.
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Theorem 5.2.7: A L-fuzzy set of a BP-algebra (X, *,0) is a L-fuzzy BP-ideal if and only
ifforany 4 € [0,1],U(pu,A)={x:xe X, u (x) = 1 }isanideal of X where

U(u, A)#4¢.

Proof: Suppose u isa L-fuzzyideal of Xand U( i, 1) # ¢ for 4 € [0,1].
Letx e Ul u, ), u(x) 2 4.

By definition of L-fuzzy BP-ideal.

Wehave ¢ (0)> u(x) > 4.

Thus 0 e U( pz, 4).

Suppose x*y € U( u, A)andy e U( i, 1).

Therefore, p(x*y) 24 and u (y) =2 1.

By definition, we have p#(x) > { u (x*y) A u (y)} = 4.

xeU(u, ).

Hence ( i, A1) is an BP-ideal of X.

Conversely, suppose that for each A e [0,1], U( ¢, 4) is either empty or an ideal of X.
ForanyxeX,let u(x)= 4.

Thenx eU( i, 4).

Since U( i, 1) # ¢ is an ideal of X.

We have 0 eU( ¢, A)and hence x4 (0) > 4 = u (x).

Thus £ (0) > u(x) V xeX.

Assume u(x) 2 {u (x*y) A u (y)} V x,ye Xisnot true.
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Then there exists x,, y, €X such that

p(xg) < {u (xo* yo )N p (Yo )}

= 1 (x0) < Ag< { (X% Yo )n 1 (yo)}

We have x,* y,, v, € U(u, 4, )and U( u, 4, ) # ¢.
But U( u, 4,) is an ideal of X.

So x, € U( i, 4, ) by the definition of BP-ideal, u (x,) = 4, ,

contradicting ( 1 (0) > u(x), V xe X).

Therefore p(x) > { u(x*y) A u (y)}.

Theorem 5.2.8: A fuzzy set y of a BP-algebra (X, *,0) is a L-fuzzy BP-ideal if and

only if every nonempty level subset U( #, s) of u,s elm( x ) is a BP-ideal.
Proof: Let ubea L-fuzzy BP-ideal.

Claim: U( ¢, s), s eIm( ) is a BP-ideal.

Since U(u,s) # ¢ there existx € U(u, ).

Such that u (x)>s.

Since u is a fuzzy BP-ideal, x4 (0) > u (x) VxeX.

Hence for this x€ U( 4, 8), 1 (0)=s which shows that 0e U(u, s).
Now, for any x, ye X,

Assume that x*y€U(,s) and yeU(u, s).

x*yeU(u,s) => u(x*y) s

Also y € U(u,8) = u(y) 2s
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Therefore p (x*y) =2 sand u(y) = s.
=>{uExy)Au(y)} =s.

Since u is a L-fuzzy BP-ideal,

ux) 2{pxxy) Au(y)) =s.

This implies xe U( , s).

This proves that U( u, s) is a BP-ideal of X.

Conversely, let U( 4, 8), se Im( ¢ ) is a BP-ideal of X.

Claim: xis a L-fuzzy BP-ideal.

Letx,yeX.

Forany s €Im( #), lets={ u(x* y) n p(y)}.

Therefore, p(x*y) = sand u(y) = s.

This shows that x*y yeU( 1, $).

Since U( i, s) is a BP-ideal we have x e U( x4, s).

This proves that (x) >s={ u(x*y) A u(y)}

This shows that xis a L-fuzzy BP-ideal of X.

Theorem 5.2.9: Let 1 be a L-fuzzy BP-ideal of BP-algebra X and let x € X. Then
ux)=tifandonlyifx eU( g, t)butx ¢ U( u,s), V s>t.

Proof: Obivious.

Theorem 5.2.10: Let X be a BP-algebra. Let 4 and u be the L-fuzzy BP-ideals of X.
Then A x u is a L-fuzzy BP-ideal of X x X.
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Proof: Let X be a BP-algebra and let 4 and u be the L-fuzzy BP-ideals of X. For any
x,y) e XxX.

(A x 1)0,0)={1(0) A u(0);
2{ A(x) A u(x)}
=(4 x p)(x).
Let (x,,x,)and ( y, , ¥,) € Xx X, x=(x, ,x, )and y=(y,, »,).
(A x pu)X)=(4 x u)(x,x,)
={ A (x) A p(xy)}
2{(A(x; 2y ) A A () A (u(xyx yy ) A p(3,))}
={(ACx x y) A p (% y, ) A A(Y)A 1(y2)}
={(A x w)(x * yp A xyx yy ) A (A X))y, ¥,))
={(A4 x pw)((x;, X)) * (YDA (A x 1)y, p,)}

={(A x )X y) A (A x p )Y
Thus A4 x u is a L-fuzzy BP-ideal of X x X.

Theorem 5.2.11: For any two L-fuzzy sets 4 and u of X, if 4 x u is a L-fuzzy
BP-ideal of X, then either 4 or i is a L-fuzzy BP-ideal of X.

Proof: Let 4 and i be L-fuzzy sets of X such that 4 x x is a L-fuzzy BP-ideal of X.
(A xu)0,0) =2(4 x u)xy VxyeXxX.
Assume A (x) > A4(0)and u(y) > 1 (0) for some x, ye X.

Then (A x )X, y)={ 1 X)A u(y)}
>{A(0) A 1 (0)}
=(Ax u)0) V x,ye XxX.

which is contradiction.

Thus A1(x) 2 A(0)or #(0)> u(x), Vx,yeX.

Letx=(x,,x,)andy=(y,, y,)eXxX.
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(A x w)x) 2{(4 x p)xxy)yn (4 xp )y}

={(A x w)(x *xy, X%y ) A (A x ) y,2) )

={(A(x* y)Ap(x* ) A (A(y) A p(y))}
= {Ax)A ()} 2{(A (X% y ) A AIA (X% yy ) A u(3))}
= either A(x,)={A (x,* y, ) A A(¥)}

Or u(x,) 2{u(x,y,)n u(y,)}

= Aoru isaL-fuzzy ideal of X.

Theorem 5.2.12: Let A and u be L-fuzzy BP-ideals of ( X,,*,,0,) and (X, ,*,,0,)

respectively. Then A4 x u is a L-fuzzy BP-ideal of (X, x X,,*,0).
Proof: Let A be a L-fuzzy BP-ideal of X.

Let ube a L-fuzzy BP-ideal of X, .

Claim: 2 x u is L-fuzzy BP-ideals of X, x X,.

Forany (x,y) € X, x X,.

(A x u)0,0)={2(0) A u(0)}
2 {A(X) A u)}
=(4 x p)Xx,y).
Let (x,,x,)and ( y,, y,) e X x X.
(A xp)(xp,x)={ A(x) A pu(x,)}
2 {(A(x; % y) A A () A (e (x5 y)A 1(3,)))
={(A (x5 y) A (X% y)) A (A ) w(;))}
={(A x )X % Yy A X% Yy ) A (A p )y s ¥) )}
= (A x u)(x15 )% (Vs ) A (Axw)(y ¥y}
Thus A4 x u is a L-fuzzy BP-ideal of X, x X, .
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Theorem 5.2.13: Inverse image of L-fuzzy BP-ideal is again a L-fuzzy BP-ideal.
Proof: Let f: (X,,*,0,)—>(X,,*,,0,) be an epimorphism.

Let obe L-fuzzy BP-ideal of X, .

To prove: f ' (o) is a L-fuzzy BP-ideal of X .

Letx,ye X,.

(/7 (o)) = o (f(x)
z {0 (f(x) *,{(y)) » o (f(y);

={o(f(x*y) A oc(f(y))} (since fis epimorphism)
={(f @)%y A ()} ¥V xye X

Thus f~'(o) is a L-fuzzy BP-ideal of X .

Theorem 5.2.14: Let f: (X,,*,0,) =>(X,,*,,0,) be an epimorphism of BP-algebras.
Let ube a L-fuzzy set of X,.If f'(u) is a L-fuzzy BP-ideal of X, then uis a
L-fuzzy BP-ideal of X, .

Proof: Letf: X, — X, be an epimorphism of BP-algebras.
Let i be a L-fuzzy set of X, .

Let f'(u) is a L-fuzzy BP-ideal of X, .

Claim: uis a L-fuzzy BP-ideal of X, .

p(0y)= p(EC0)2 f (u(x)

= u(f(x)= u(x,).
Let x,, y, € X,.Since fis an epimorphism, x,, y, € X,such that f(x,)= x, and
f(y)= 5,

ie, x,= f'(xy)and y,= f' (y,)
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p(xy)= p(f(x,))
= /7 (u(x)
2 { [T (uxy s DA S (a3
=L@ Cx % ) A ()
=L (@) ECy DA w(ECy )}

={u(xy%, y,) A p(y,)}
Therefore uis a L-fuzzy BP-ideal of X, .

L-Fuzzy T-Ideals in BP-algebras

Definition 5.2.15: A L-fuzzy set x in a BP-algebra X is called a L-fuzzy T-ideal of X if

it satisfies the following conditions:

(@) u1(0) =2 ux)
(i)  pEx*z)2{p((x*y)*z)r u)} VXyzeX

Theorem 5.2.16: Every L-fuzzy T-ideal x of a BP-algebra X is order reversing if x< y

then £(X) > u(y) V x,ye X.
Proof: Letx,y € X such that x< y.
Therefore x * y=0

Now, z(x)= p(x *0)
= {p((x*y) *0) A p(y)}
={u0%0) A u(y)}
={u0) A u(y)}

=u(y)
Theorem 5.2.17: A L-fuzzy set x in a BP-algebra X is a L-fuzzy T-ideal if and only if it

is a L-fuzzy BP-ideal i of X.
Proof: Let ubea L-fuzzy T-ideal of X
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1 (0) = pu(x).
pux*z) 2{pu((x*y)*z) A u(y)}, Vv Xy zeX
Put z=0, then
Weget p(x) =2 {ux*y) A u(y)}
Hence u is a L-fuzzy BP-ideal of X.
Conversely, u is a L-fuzzy BP-ideal of X.
Then, p(x*z) 2 { pu (x*z)*y) A p(y)}, V X,y,z€X.

={u(x*xy) *2) A p(y)}, Vxy,zeX,
Which proves the result.

Theorem 5.2.18: Let x be a L-fuzzy set in a BP-algebra X and let t € Im( ). Then u
is a L-fuzzy T-ideal of X if and only if the level subset yt= {x eX/ u(x) > t}isa
T-ideal of X, which is called a level T-ideal of 4 .

Proof: Assume that z is a L-fuzzy T-ideal of X.
Clearly, 0 € 4,

Let (x*y) * ze p,andye g,

Then p((x*y) *z)> tand p(y)=> t.

Now, pu(x*z) 2 {u((x*y) *z)A u(y)}
>{t, t} =t.

Hence y,1s T-ideal of X.

Conversely, let z,be T-ideal of X for any t € [0,1].
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Suppose, assume that there exist some x, € X.
Such that ¢ (0) < u(x,).
Take S="[ 1 (0)+ u(x,)]
= S<u(xy)and0< p(0)<s<l1.
= x, € u,and 0 ¢ x_, which is a contradiction, since x is a T-ideal of X.
Therefore, 1 (0) > u(x), V xeX.
Assume that x,, y,, z,€X.
Such that,
p(xo % 2) 2 {u((Xg* o )* 2o )A ()5
Lets="2[ u(xg*zo) + { u ((xg % ¥y )* 20 )n p( 3y )}]
= S>pu(xy*z,)
And  S<{ u((x* ¥)* 20) A (%0}
= S>pu(xg*z,), S<{ pt (X% yy)* 2z, )} andS< p (y, ).
= Xx,*z, &€ U, which is a contrsdiction, since g, is a T-ideal of X.

Therefore, p(x*z) > { u (x* y)*z) A u(y)} V x,y,ze X.

Theorem 5.2.19: If g and A are L-fuzzy T-ideal in a BP-algebra of X, then ¢ x 1 isa
L-fuzzy T-ideal in X xX.

Proof: Forany (x,y) € X x X we have,

(ux4)(0,0)={u (0) A 1(0)}
2 {ux) A A}
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=(ux4)xy)

Let (x,,X,), (y,, ¥,)and (z,,z,)e X x X.

(o x D(xy, x)* (2,2,)]=(pu x A)(x; %z ,x,% 2, )]
={u(x;*z) A A(xy%2,)]

2 ((xyx y) 2 z) A p(y)f A{A(xy* yy)*2y) A A(py)})s

=H{u(xxy)*xz0 )8 A((xy % ) * 2,)F A{p(y) A A (1)}

= {Cux DCx * y)* 20 ) A (X% p)* 2)] A (ux A) (v »2))

= {Cux )x; %y, X, ¥ y,)*(2,2,)] A (ux AN, 0,))

= ux AN(x,x)* (¥, D* (20,2)] A (ux A )y, 0,8
Hence ux A is a L-fuzzy T-ideal in X x X.

Section 5.3:
Intuitionistic L-Fuzzy BP-Ideals in BP-Algebras

Definition 5.3.1: Let (L, <) be a complete lattice with least element 0 and greatest
element 1 and an involute order reversing operation N : L —L. Then an intuitionistic
L-fuzzy set (ILFS) A in a nonempty set X is defined as an object of the form A = {< x,

u,(x), v, (x)>/xeX} where u,:X—L is the degree of membership an v ,:X — L is
the degree of non membership of the element x X satisfying x, (x) < N (v, (x)).

Definition 5.3.2: An Intuitionistic L-fuzzy set A in a BP-algebra X is said to be an
Intuitionistic L-fuzzy BP-Subalgebra of X if

(i) py(xxy) 2, (xX) A g, (y)

(i1) v,xxy)<v,x) Vv v,(y Vx,yeX

Example 5.3.3: Consider the BP-algebra X = {0,1, 2, 3} with the following Cayley’s
table:
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The Intuitionistic L-fuzzy set A = {<x, u,(x), v,(x)>/xeX} of X given by

0.6if x#2

HaG) = {O.lifx=2 and

Is an Intuitionistic L-fuzzy BP-Subalgebra of X.

Lemma: 5.3.4: In an Intuitionistic L-fuzzy BP-subalgebra A of X we have
O w02,
(i1) v,0) <v,(x) VxeX.

Proof: 1, (0)= g, (x*x) 2 p,(x) A pr,(X)= 1, (X).

Similarly,

v, (0)=v,(x*x) <v,(X) v v,x)=v,X).

Theorem 5.3.5: Intersection of any two Intuitionistic L-fuzzy BP-subalgebras of X is
again an Intuitionistic L-fuzzy BP-subalgebra of X.
Proof: Let A= {<x, y,(x), v,(x)>/xeX}and B={<x, u,(x), v,(x)>/xeX } be
Intuitionistic L-fuzzy BP subalgebras of X and let C = AB. Now, for every x, ye X.
He(X*y) = py 5 (X *y)

= H (X Fy) A pp (X ry)

Z (A u, () Ay () A ug(y)
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=(u ) A X)) ACp, () A g ()
= e (X) A pe(y)
ve®Ey)= v, 5 (X *y)
=v, (X *y) v (X *y)
S, vy, ) v (v vv(y)

(v ) vvx) v (v, ) Vvv®©y)

=ve®) vve®)

Hence, C is an Intuitionistic L-fuzzy BP-algebra of X.
We can generalize the above result as follows:

Corollary 5.3.6: Intersection of any family Intuitionistic L-fuzzy BP-subalgebras of X
is again an Intuitionistic L-fuzzy BP-subalgebra of X.

Theorem 5.3.7: If A is an Intuitionistic L-fuzzy BP-subalgebra of X, then 4 is an
Intuitionistic L-fuzzy BP-subalgebra of X.

Proof: Obvious.

Theorem 5.3.8: An Intuitionistic L-fuzzy set A of X is an Intuitionistic L-fuzzy
BP-Subalgebra of X if and only if the L-fuzzzy sets x,and v, = 1- v are L-fuzzy
BP-subalgebras of X.

Proof: Let A={<x, u,(x), v,(x)>/xeX } be an Intuitionistic L-fuzzy BP-subalgebra
of X. Clearly, u ,is a L-fuzzzy BP-subalgebra of X. For all x, ye X,
v (xxy)=1-v,(x*y)
2 1-[v,(x) v v, (¥l
={(l-v,(x) A(1-v,(y)}
=v,(x) Av,(Y)
This proves that v ,is a L-fuzzy BP subalgebra of X.

Conversely, assume g , and v, are L-fuzzy BP-subalgebras of X.

Then we have, u,(x*y) 2 u,(X) A u,(y)and v, (x*y) 2V, (x) A V,(y) VX, yeX.
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Hence, to prove that A = {< x, x,(x), v,(x) >/ xeX} is an Intuitionistic L-fuzzy

BP-subalgebra of X, it is enough to prove that v, (x*y) < v (x) v v, (y) VX,yeX.

Since v, is L-fuzzy subalgebra of X,
v, (xxy) 2 V(x) v V(y)
v, (xxy) = (1-v, () A (1-v,(¥))
=1-[v,x) v v,y
Thatis, v, (x*y) <v,(x) v v,(y) VX, yeX. This completes the proof.

Intuitionistic L-fuzzy BP-ideals

Definition 5.3.9: An Intuitionistic L-fuzzy set A of a BP-algebra X is said to be an
Intuitionistic L-fuzzy BP-ideal of X if,

(@) 2,0) > g, (x)and v,(0) <v,(x)
() p, (X) 2 g, (x*y) A p, ()
() v,x) <v,(x*y) vv,(y) forallx,y e X
Example 5.3.10: Consider the BP-Algebra X = {0, 1, 2, 3} in the example of fuzzy BP-
Subalgebra. Then A = (4,,V ) defined as follows is an Intuitionistic L-Fuzzy BP-Ideal

of X. #,(0)= p,(2)= p,(1)= p,3)=1t; and v, (0) = v, (2)=0; v, () =v,3) =s

where t,s€[0,1]andt+s < 1.

Lemma 5.3.11: Let A = (#,,v,) in X be an Intuitionistic L-fuzzy BP-Ideal of X.
If x * y< z then,

(1) £, (x) 2 {Ha(x*y) N Ha(y)}

(i) Va(x) ={Va(y) ¥V Va(2)}

Proof: Letx,yz€X such thatx*y =< z,

Then (x*y) *z =0 and thus
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Ha(x) Z {Ha(x*y) N Ha(y)}
Z {H{ A ((x*y) *2) AN Ha(@)), Ha(y)}
=UHHA0) AN HA(2); A Ha(Y)s
={Ha(y) N Ha(2)]
Similarly, V.4(x) < {Va(y) V Va(2)}.
Lemma 5.3.12: Let A=(#,.V,) in X be an Intuitionistic L-fuzzy BP-ideal of X.

If x <y then:

Hyi(X) 2 Hu(y), Va(x) = V,(y) that is, 4, is order reversing and V ,is order preserving.
Proof: Letx,y, z€ X be such that x*y = 0.
Ha(x) 2 {Ha(x*y) N Ha(y)}
={H4(0) N Ha(y)}
=Ha(y)
Va(x) S{Va(x*y) YV Va(y)}
={V4(0) VVa(y)}

=Va(y)
Definition 5.3.13: Let f : XY be a homomorphism of BP-algebras. For any

Intuitionistic L-Fuzzy Set A=(#,,V ,) in Y, we define a new Intuitionistic L-Fuzzy Set
by 47 =, v, )in X by 1,/ (0 = g, (f(x)), v =V 4(f(x)) for all x, yEX.

Theorem 5.3.14: Let f: X Y be a homomorphism of BP-algebras. If an Intuitionistic
L-Fuzzy set A = (#,,V,) is an Intuitionistic L-fuzzy BP-ideal of Y, then an
Intuitionistic L-Fuzzy Set 4’ = (u},v}) in X is an Intuitionistic L-fuzzy BP-ideal of

X.
Proofs 41, (9= . (fx)) < #4(0') = i (O) = 2, (©)

v (X)= v, (f(x) = V.(0')= V,(f0) = v, (0) VxeX.

Let x, y€ X. Then
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(i eyy A" ) = L (fixxy)) A 1 ((y)))
= { L () * f(y)) A A (£(y))}
< 4 (f(x))
= u,/ (%)
v/ xy) v/ ) = v (fxxy) v Va(fy)}
= {Va(fx)* f(y)) V Va(f(y)}
= V4(f(x))
—v,/(®)
Hence A4’=(u,”,v,) is an Intuitionistic L-fuzzy BP-ideal of X.
Theorem 5.3.15: Let £ : X—Y be an epimorphism of BP-algebra and let A = (x v ,)

be an Intuitionistic L-Fuzzy Set in Y. If 4/ = (u/,v{) is an Intuitionistic L-fuzzy

BP-ideal of X. Then A = ( x,,v ,) is an Intuitionistic L-Fuzzy BP-Ideal of Y.

Proof: Forany xeY there exist a€ X such that f(a) = x.
Then,
()= p,(f@) = p, (@ < p,” (0)= 1,(f0))= ,(0")
v,(x)=v,f@)=v, (@) 2 v,/ 0)=v,(f0)=v,(0)
Let x, yeY. Then f(a) = x and f(b) = y for some a, b€ X.
Thus
w1, (x) = p,(f@) = u,’ (a)
(i, (axb) A w1} (b)}
= {p,(faxb) A g, (f(b))}
= { u,(f(a) *' (b)) A w,(fb))}
={u,x*"y) A, (y)}
v,(x)=v,f@@)=v,’ (a)

<{v,” @xp) v v (b)}

v
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={v,(flaxp) v v, (f(b))}
= {v,(f(a) *" f(b))v v, (f(b))}
={v,x*"y) vv,(y)}

Hence A = ( u,,v ,) is an Intuitionistic L-Fuzzy BP-Ideal of Y.

SUMMARY AND CONCLUSION

In 1966, BCK and BCI algebras are two classes of algebras based on
propositional calculi or logic introduced by Imai and Iseki [11]. In 1978, Iseki and
Tanaka [12] introduced the theory of BCK-Algebras. In 2013, Ahn and Han [I]
introduced the notion of BP-Algebras.

In 1965, Zadeh [35] introduced the notion of fuzzy sets. In 1967,
Goguen [9] extended the notion of fuzzy sets into L-Fuzzy sets where L is a complete

lattice. In 1971, Rosenfeld [29] initiated the study of fuzzy algebraic structures.

Xi [34] applied the concept of fuzzy sets to BCK-Algebras and got some
results in 1991. In 1986, Atanassov [2] generalized the concept of fuzzy sets into

Intuitionistic fuzzy sets.

In this thesis, we have made an attempt to study the properties of fuzzy
BP-Subalgebras and Fuzzy BP-Ideals and Intuitionistic L-Fuzzy BP-Ideals in
BP-Algebras.

In Chapter 1, the preliminaries of BP-Algebras and quadratic
BP-Algebras are presented. Also the relations between BP-Algebra and several other

algebras are discussed due to Ahn and Han [1].
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In Chapter 2, f-derivations, regular f-derivations, Composition of
f-derivations on BP-Algebras and their properties are discussed due to Kandaraj and

Arul Devi [16].

In Chapter 3, properties of Fuzzy BP-Subalgebras are discussed and

obtained some results due to Christopher Jefferson and Chandramouleeswaran [3].

In Chapter 4, The properties of Fuzzy BP-Ideals, Fuzzy T-Ideals,
Cartesian product of Fuzzy T-Ideals in BP-Algebras are discussed due to Christopher
Jefferson and Chandramouleeswaran [4, 5]. Also the notion of Intuitionistic Fuzzy
BP-Subalgebras and Intuitionistic fuzzy BP-Ideals in BP-Algebras are introduced and
studied their properties due to Shalini and Jeyalakshmi [30].

In Chapter 5, the properties of L-Fuzzy BP-Subalgebras, L-Fuzzy
BP-Ideals, L-Fuzzy T-ideals and Intuitionistic L-Fuzzy BP-Ideals in BP-Algebras are

established due to Christopher Jefferson and Chandramouleeswaran [6, 7, 8].
A deep study of Fuzzy BP-Subalgebras and Fuzzy BP-Ideals in

BP-Algebras can be extended to different types of algebras. So it provides a lot of scope

for further research.
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