
  
 
 

    

 

 

 71 

 
 
 

 

 A Descriptive Study on Second Order Bipolar Fuzzy Structures 

 

Chapter 3 

CHAPTER – 3 

SECOND ORDER BIPOLAR FUZZY CONTINUITY AND SECOND 

ORDER BIPOLAR FUZZY PRODUCT TOPOLOGY 

 

In the first section, second order bipolar fuzzy continuity is defined. It is proved that 

the associations R1, R3 and R5 preserve continuity. It is also proved that the associations  

τ̂𝔅 → iε(τ̂𝔅), τ̂𝔅 → i∗(τ̂𝔅), τ̂𝔅 → i(τ̂𝔅), τ → ωε(τ)̂, τ → ω∗(τ)̂ and τ → ω(τ)̂ are functorial. 

 In the second section, first order bipolar fuzzy product topology is introduced and its 

properties are analysed. 

 In the third section, second order bipolar fuzzy product topology is defined. It is 

proved that the associations R1, R3 and R5 preserve product. Further the following results are 

obtained. 

(i) iε(τ̂𝔅1) × iε(τ̂𝔅2) ⊆ iε(τ̂𝔅1 × τ̂𝔅2). 

(ii) i∗(τ̂𝔅1) × i
∗(τ̂𝔅2) ⊆ i

∗(τ̂𝔅1 × τ̂𝔅2). 

(iii) ωε(τ)̂ × ωε(τ′)̂ ⊆ ωε(τ × τ′)̂ . 

(iv)  ω∗(τ)̂ ×ω∗(τ′)̂ ⊆ ω∗(τ × τ′)̂ . 

(v) S2(τ̂𝔅1) × S2(τ̂𝔅2) ⊆ S2(τ̂𝔅1 × τ̂𝔅2). 
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SECTION 3.1 

SECOND ORDER BIPOLAR FUZZY CONTINUITY 

   

Definition:3.1.1 

 Let Âbp ∈ SBPF(X) and B̂bp ∈ SBPF(Y) be two second order bipolar fuzzy sets and 

let θ: X → Y be a mapping. Then 

(i) The image of Âbp under θ, denoted by θ(Âbp) = (θ(Âbp
+
) , θ(Âbp

−
)), is a second 

order bipolar fuzzy set in Y defined as follows: for every  y ∈ Y 

 (θ (Âbp
+
)) (y) = {⋁ Âbp

+
(x), if θ−1(y) ≠ ∅x∈θ−1(y)

𝟎                                     otherwise
 

and 

 (θ(Âbp
−
)) (y) = {

⋀ Âbp
−
(x), if θ−1(y) ≠ ∅x∈θ−1(y)

𝟎                                       otherwise
 

(ii) The pre-image of B̂bp under θ,  denoted by θ−1(B̂bp) = (θ
−1 (B̂bp

+
) , θ−1(B̂bp

−
)),  

is a second order bipolar fuzzy set in X defined as follows: for every x ∈ X 

(θ−1 (B̂bp
+
)) (x) = B̂bp

+
(θ(x)) and (θ−1(B̂bp

−
)) (x) = B̂bp

−
(θ(x)). 

Definition:3.1.2 

 Let (X, τ̂𝔅1), (Y, τ̂𝔅2) be two second order bipolar fuzzy topological spaces. Then a 

function θ: (X, τ̂𝔅1) → (Y, τ̂𝔅2) is said to be second order bipolar fuzzy continuous, if the 

following condition is satisfied: 

                                         θ−1(Âbp) ∈ τ̂𝔅1, if  Âbp ∈ τ̂𝔅2 

Theorem:3.1.3 

 A function θ: (X, τ𝔅1) → (Y, τ𝔅2) is first order bipolar fuzzy continuous if and only 

if θ: (X, τ̂𝔅1) → (Y, τ̂𝔅2) is second order bipolar fuzzy continuous where τ̂𝔅1 and τ̂𝔅2 are 

from τ𝔅1and τ𝔅2, respectively, through the relation R1.  
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Proof: 

 Given τ𝔅, τ̂𝔅 = {Âbp / Abp ∈ τ𝔅}, where Âbp
+
(x)(α) = Abp

+(x)  and                     

Âbp
−
(x)(α) = Abp

−(x), for every x ∈ X and for every α ∈ I.   

Assume θ: (X, τ𝔅1) → (Y, τ𝔅2) is bipolar fuzzy continuous.  

Consider Âbp ∈ τ̂𝔅2.                                                                                                                              

Then Abp ∈ τ𝔅2  (through the relation R1).  

Since θ is bipolar fuzzy continuous, θ−1(Abp) ∈ τ𝔅1.                                                                          

Let Bbp = θ
−1(Abp) = (θ

−1(Abp
+), θ−1(Abp

−))  ∈ τ𝔅1, then B̂bp ∈ τ̂𝔅1. 

For x ∈ X and α ∈ I, consider                                                                                                 

B̂bp
+
(x)(α) = Bbp

+(x) 

                    = (θ−1(Abp
+))(x) 

                    = Abp
+(θ(x)) 

                    = Âbp
+
(θ(x))(α) 

                    = θ−1(Âbp
+
)(x)(α).  

Similarly,  B̂bp
−
(x)(α) = θ−1(Âbp

−
)(x)(α), then θ−1(Âbp) = B̂bp ∈ τ̂𝔅1. 

Therefore θ is second order bipolar fuzzy continuous.                                                                  

Conversely, assume θ: (X, τ̂𝔅1) → (Y, τ̂𝔅2)  is second order bipolar fuzzy continuous. 

Consider, Abp ∈ τ𝔅2, then Âbp ∈ τ̂𝔅2 (through the relation R1).                                                    

Since θ is second order bipolar fuzzy continuous,  θ−1(Âbp) ∈ τ̂𝔅1.                                                                                 

Let  B̂bp = θ
−1(Âbp) = (θ

−1 (Âbp
+
) , θ−1(Âbp

−
)) ∈ τ̂𝔅1, then  Bbp ∈ τ𝔅1.                                                                                                                                                                                                                             
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For x ∈ X and α ∈ I, consider 

 Bbp
+(x) = B̂bp

+
(x)(α) 

                = (θ−1(Âbp
+
)) (x)(α) 

                = Âbp
+
(θ(x))(α) 

                = Abp
+(θ(x)) 

                = θ−1(Abp
+)(x). 

Similarly, Bbp
−(x) = θ−1(Abp

−)(x). 

Therefore θ−1(Abp) = Bbp ∈ τ𝔅1. 

Thus θ is bipolar fuzzy continuous.  

Example:3.1.4  

Define θ: X → Y as θ(x) = y. Consider two first order bipolar fuzzy topologies                      

τ𝔅1 = {0bp, 1bp, Abp} and τ𝔅2 = {0bp, 1bp, Bbp} as the collection of first order bipolar fuzzy sets 

on X and Y respectively, where 

Abp
+(𝑥) = 0.5, Abp

−(𝑥) = −0.3 in X and Bbp
+(𝑦) = 0.3, Bbp

−(𝑦) = −0.2 in Y.   

Let us assume that θ is first order bipolar fuzzy continuous. 

Consider B̂bp ∈ τ̂𝔅2 implies Bbp ∈ τ𝔅2 (through R1). 

implies θ−1(Bbp) ∈ τ𝔅1 

So, θ−1 (Bbp
+(𝑥)) = 0.5, θ−1 (Bbp

−(𝑥)) = −0.3 

implies (θ−1 (B̂bp
+
)) (𝑥)(α) = 0.5, (θ−1(B̂bp

−
)) (𝑥)(α) = −0.3 

implies θ−1(B̂bp) ∈ τ̂𝔅1 

Hence θ is second order bipolar fuzzy continuous. 
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Consider two second order bipolar fuzzy topologies  τ̂𝔅1 = {0̂bp, 1̂bp, Âbp} and                         

τ̂𝔅2 = {0̂bp, 1̂bp, B̂bp} as the collection of second order bipolar fuzzy sets on X and Y respectively, 

where Âbp
+
(𝑥)(α) = 0.5, Âbp

−
(𝑥)(α) = −0.8, for every α ∈ I  and 

B̂bp
+
(𝑦)(α) =  0.5, B̂bp

−
(𝑦)(α) = −0.8, for every α ∈ I. 

Conversely, assume θ is second order bipolar fuzzy continuous. 

Consider Bbp ∈ τ𝔅2 implies B̂bp ∈ τ̂𝔅2 (through R1). 

implies θ−1(B̂bp) ∈ τ̂𝔅1  

implies (θ−1 (B̂bp
+
)) (𝑥)(α) = 0.5, (θ−1(B̂bp

−
)) (𝑥)(α) = −0.8 

So, θ−1 (Bbp
+(𝑥)) = 0.5, θ−1 (Bbp

−(𝑥)) = −0.8  implies θ−1(Bbp) ∈ τ𝔅1 

Hence θ is first order bipolar fuzzy continuous. 

Theorem:3.1.5 

 If  θ: (X, τ̂𝔅1) → (Y, τ̂𝔅2) is second order bipolar fuzzy continuous then for                   

α ∈ I ,   θ: (X, (τ̂𝔅1)α
) → (Y, (τ̂𝔅2)α

) is first order bipolar fuzzy continuous where (τ̂𝔅1)α
 

and (τ̂𝔅2)α
 are from τ̂𝔅1 and τ̂𝔅2, respectively, through the relation R3.  

Proof: 

 Any element of (τ̂𝔅2)α
 is of the form (Âbp)α where (Âbp

+
)
α
(x) = Âbp

+
(x)(α)  and 

(Âbp
−
)
α
(x) = Âbp

−
(x)(α), for some Âbp ∈ τ̂𝔅2  and for every x ∈ X.                            

Consider (Âbp)α ∈
(τ̂𝔅2)α

,  then there exists Âbp ∈ τ̂𝔅2  (through the relation   R3)                                                                                                                                                                                  

Since θ is second order bipolar fuzzy continuous, θ−1(Âbp) ∈ τ̂𝔅1.                                                        

Let  B̂bp = θ
−1(Âbp) ∈ τ̂𝔅1,  then (B̂bp)α ∈

(τ̂𝔅1)α
.                                                                                                                    
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For x ∈ X and α ∈ I, consider                                                                                                 

(B̂bp
+
)
α
(x) = B̂bp

+
(x)(α) 

                     = (θ−1(Âbp
+
)) (x)(α) 

                     = Âbp
+
(θ(x))(α) 

                     = (Âbp
+
)
α
(θ(x)) 

                     = θ−1 ((Âbp
+
)
α
) (x).                                                                                            

Similarly, (B̂bp
−
)
α
(x) = θ−1 ((Âbp

−
)
α
) (x) implies θ−1(Âbp)α =

(B̂bp)α ∈
(τ̂𝔅1)α

. 

Thus θ is bipolar fuzzy continuous.       

Example:3.1.6 

Define θ: X → Y as θ(x) = y. Consider two second order bipolar fuzzy topologies                                          

τ̂𝔅1 = {0̂bp, 1̂bp, Âbp} and τ̂𝔅2 = {0̂bp, 1̂bp, B̂bp} as a collection of second order bipolar fuzzy 

sets in X and Y respectively. For α1 ∈ I, 

Âbp
+
(x)(α1) = 0.5, Âbp

−
(x)(α1) = −0.8, for every x ∈  X  and 

B̂bp
+
(y)(α1) =  0.3, B̂bp

−
(y)(α1) = −0.5, for every y ∈  Y. 

Let us assume that θ is second order bipolar fuzzy continuous.  

Consider (B̂bp)α1
∈ (τ̂𝔅2)α1

, then  B̂bp ∈ τ̂𝔅2 implies  θ−1(B̂bp) ∈ τ̂𝔅1 

implies (θ−1 (B̂bp
+
)) (𝑥)(α) = 0.5, (θ−1(B̂bp

−
)) (𝑥)(α) = −0.8. 

Therefore, θ−1 ((B̂bp
+
)
α1
) (x) = 0.5, θ−1 ((B̂bp

−
)
α1
) (x) = −0.8. 

Hence θ−1 ((B̂bp)α1
) ∈ (τ̂𝔅1)α1

. 

Therefore θ is first order bipolar fuzzy continuous. 
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Theorem:3.1.7 

A function θ: (X, τ̂𝔅1) → (Y, τ̂𝔅2) is second order bipolar fuzzy continuous if and only 

if θ: (X, (τ̂𝔅1)c
) → (Y, (τ̂𝔅2)c

) is second order bipolar fuzzy continuous where (τ̂𝔅1)c
 and 

(τ̂𝔅2)c
 are from τ̂𝔅1 and τ̂𝔅2, respectively, through the relation R5.  

Proof: 

 Suppose θ: (X, τ̂𝔅1) → (Y, τ̂𝔅2) is a second order bipolar fuzzy continuous function.  

Any element (τ̂𝔅2)c
 is of the form (Âbp)c = ((Âbp

+
)
c
, (Âbp

−
)
c
) where    

(Âbp
+
)
c
(x)(α) = Âbp

+
(x)(1 − α) and (Âbp

−
)
c
(x)(α) = Âbp

−
(x)(1 − α), for every                

x ∈ X, for every α ∈ I. 

Consider (Âbp)c ∈
(τ̂𝔅2)c

,  then Âbp ∈ τ̂𝔅2  (through the relation R5).                                                                                              

Since θ is a second order bipolar fuzzy continuous function, θ−1(Âbp) ∈ τ̂𝔅1.                                                      

Let B̂bp = θ
−1(Âbp) = (θ

−1 (Âbp
+
) , θ−1(Âbp

−
)) ∈ τ̂𝔅1, then (B̂bp)c

∈ (τ̂𝔅1)c
.                                                                                                              

For x ∈ X and α ∈ I, consider                                                                                                 

(B̂bp
+
)
c
(x)(α) = B̂bp

+
(x)(1 − α) 

                           = (θ−1 (Âbp
+
)) (x)(1 − α) 

                          = Âbp
+
(θ(x))(1 − α) 

                          = (Âbp
+
)
c
(θ(x))(α) 

                         = (θ−1 (Âbp
+
)
c
) (x)(α).  

Similarly, (B̂bp
−
)
c
(x)(α) = (θ−1(Âbp

−
)
c
) (x)(α). 

Thus θ−1(Âbp)c =
(B̂bp)c ∈

(τ̂𝔅1)c
.                                                                       

Hence θ: (X, (τ̂𝔅1)c
) → (Y, (τ̂𝔅2)c

) is second order bipolar fuzzy continuous.                                                                
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Conversely, assume θ: (X, (τ̂𝔅1)c
) → (Y, (τ̂𝔅2)c

) is second order bipolar fuzzy continuous  

Consider, Âbp ∈ τ̂𝔅2, then  (Âbp)c
∈ (τ̂𝔅2)c

  (through the relation R5).            

Since θ is second order bipolar fuzzy continuous, θ−1(Âbp)c ∈
(τ̂𝔅1)c

.                                                        

Let  B̂bp = θ
−1(Âbp)c = (θ

−1(Abp
+)

c
, θ−1(Abp

−)
c
), then (B̂bp)c ∈ τ̂𝔅1.                                                                                

For x ∈ X and α ∈ I, consider 

 (B̂bp
+
)
c
(x)(α) = B̂bp

+
(x)(1 − α) 

                            = (θ−1(Âbp
+
)c) (x)(1 − α) 

                            = (Âbp
+
)
c
θ(x)(1 − α) 

                             = Âbp
+
θ(x)(α) 

                             = θ−1 (Âbp
+
) (x)(α) 

implies (B̂bp
+
)
c
= θ−1 (Âbp

+
). 

Similarly, (B̂bp
−
)
c
= θ−1(Âbp

−
). 

Thus θ−1(Âbp) = (B̂bp)c ∈ τ̂𝔅1. 

Therefore, θ: (X, τ̂𝔅1) → (Y, τ̂𝔅2)  is second order bipolar fuzzy continuous. 

Example:3.1.8 

Define θ: X → Y as θ(x) = y. Consider two second order bipolar fuzzy topologies 

τ̂𝔅1 = {0̂bp, 1̂bp, Âbp} and τ̂𝔅2 = {0̂bp, 1̂bp, B̂bp} as the collection of second order bipolar 

fuzzy sets on X and Y respectively. For α ∈ I,  

Âbp
+
(x)(α) = 0.5, Âbp

−
(x)(α) = −0.3, for every x ∈  X  and 

B̂bp
+
(y)(α) =  0.5, B̂bp

−
(y)(α) = −0.8, for every y ∈  Y.  

As (1 − α) ∈ I, Âbp
+
(x)(1 − α) = 0.5, Âbp

−
(x)(1 − α) = −0.3, for every x ∈  X  and 

B̂bp
+
(y)(1 − α) =  0.5, B̂bp

−
(y)(1 − α) = −0.8, for every y ∈  Y. 
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Let us assume that θ is second order bipolar fuzzy continuous. 

Consider (B̂bp)c ∈
(τ̂𝔅2)c

 implies  B̂bp ∈ τ̂𝔅2 (through R5) then θ−1(B̂bp) ∈ τ̂𝔅1 

implies (θ−1 (B̂bp
+
)) (x)(α) = 0.5, (θ−1(B̂bp

−
)) (x)(α) = −0.3 

implies (θ−1 (B̂bp
+
)) (x)(1 − α) = 0.5, (θ−1(B̂bp

−
)) (x)(1 − α) = −0.3. 

Therefore (θ−1(B̂bp))
c
∈ (τ̂𝔅2)c

. 

Theorem:3.1.9 

 If  θ: (X, τ̂𝔅1) → (Y, τ̂𝔅2) is second order bipolar fuzzy continuous, then  

(i) For ε ∈ (0,1),  θ: (X, iε(τ̂𝔅1)) → (Y, iε(τ̂𝔅2)) is continuous. 

(ii) θ: (X, i∗(τ̂𝔅1)) → (Y, i∗(τ̂𝔅2)) is continuous. 

(iii) θ: (X, i(τ̂𝔅1)) → (Y, i(τ̂𝔅2)) is continuous. 

Proof: 

(i)  Consider a basis element (LÂbp)ε
 of iε(τ̂𝔅2) where Âbp ∈ τ̂𝔅2. So, θ−1(Âbp) ∈ τ̂𝔅1.  

         Let B̂bp = θ
−1(Âbp) = (θ

−1 (Âbp
+
) , θ−1(Âbp

−
)) ∈ τ̂𝔅1. 

Therefore (LB̂bp)ε
 is a basis element of iε(τ̂𝔅1).                                                                                

Consider x ∈ (LB̂bp)ε
 

⇔(B̂bp
+
(x))

−1

(ε, 1] = I, (B̂bp
−
(x))

−1

[−1, −ε) = I                                                                                                

⇔(θ−1 (Âbp
+
) (x))

−1

(ε, 1] = I, (θ−1(Âbp
−
)(x))

−1

[−1, −ε) = I                                                                  

⇔((Âbp
+
) θ(x))

−1

(ε, 1] = I, ((Âbp
−
)θ(x))

−1

[−1, −ε) = I                                                                              

⇔ θ(x) ∈ (LÂbp)ε
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⇔ x ∈ θ−1 ((LÂbp)ε
). 

Therefore (LB̂bp)ε
= θ−1 ((LÂbp)ε

) ∈ iε(τ̂𝔅1). 

Hence θ: (X, iε(τ̂𝔅1)) → (Y, iε(τ̂𝔅2)) is continuous.          

The proof is similar for (ii) and (iii). 

Example:3.1.10 

 Define θ: X → Y as θ(x) = y. Consider two second order bipolar fuzzy topologies                      

τ̂𝔅1 = {0̂bp, 1̂bp, Âbp} and τ̂𝔅2 = {0̂bp, 1̂bp, B̂bp} as the collection of second order bipolar 

fuzzy sets on X and Y respectively. 

Let θ: (X, iε(τ̂𝔅1)) → (Y, iε(τ̂𝔅2)) where iε(τ̂𝔅1) is the topology generated by the collection 

{(LÂbp)ε
 /  Âbp ∈ τ̂𝔅1} and  iε(τ̂𝔅2) is the topology generated by the collection 

{(LB̂bp)ε
 /  B̂bp ∈ τ̂𝔅2}.  

Let (LB̂bp)ε
 ∈ iε(τ̂𝔅2), then B̂bp ∈ τ̂𝔅2. 

Since θ is second order bipolar fuzzy continuous, B̂bp ∈ τ̂𝔅2 implies θ−1(B̂bp) = Âbp ∈ τ̂𝔅1. 

Hence (Lθ−1(B̂bp))ε
= (LÂbp)ε

  ∈ iε(τ̂𝔅1). 

Theorem:3.1.11 

 If  θ: (X, τ) → (Y, τ′) is continuous, then  

(i) For ε ∈ (0,1) , θ: (X, ωε(τ)̂) → (Y,ωε(τ′)̂ ) is second order bipolar fuzzy 

continuous. 

(ii) θ: (X,ω(τ)̂) → (Y,ω(τ′)̂) is second order bipolar fuzzy continuous. 

(iii) θ: (X,ω∗(τ)̂) → (Y,ω∗(τ′)̂ ) is second order bipolar fuzzy continuous. 
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Proof: 

(i) By the definition, a base for ωε(τ′)̂  is ((K̂bp)ε
)
′

= { Âbp ∈ SBPF(Y)/ (LÂbp)ε
∈ τ′}. 

Let Âbp ∈ ((K̂bp)ε)
′

, then (LÂbp)ε
∈ τ′. 

Since θ is continuous, θ−1 (LÂbp)ε
∈ τ implies (Lθ−1(Âbp))ε

∈ τ. 

Therefore θ−1(Âbp) ∈ (K̂bp)εwhich is a base for ωε(τ)̂. 

Hence θ: (X,ωε(τ)̂) → (Y, ωε(τ′)̂ ) is second order bipolar fuzzy continuous. 

Proofs are similar for (ii) and (iii). 

Example:3.1.12 

Let X = {x1, x2} and Y = {y1, y2}. Define θ: X → Y as θ(x1) = y1 and θ(x2) = y2. 

For ε = 0.2, then 

 (LÂbp)0.2
= {

x1, x2 ∈ X ∶ Âbp
+
(x1)(α) = 0.5 > 0.2, Âbp

−
(x1)(α) = −0.8 < −0.2

 

                     Âbp
+
(x2)(α) = 0.3 > 0.2, Âbp

−
(x2)(α) = −0.3 < −0.2

} 

 (LB̂bp)0.2
= {

y1, y2 ∈ Y ∶ B̂bp
+
(y1)(α) = 0.5 > 0.2, B̂bp

−
(y1)(α) = −0.8 < −0.2

 

                      B̂bp
+
(y2)(α) = 0.3 > 0.2, B̂bp

−
(y2)(α) = −0.3 < −0.2

} 

Let (K̂bp)ε = {Âbp ∈ SBPF(X)/ (LÂbp)ε
∈ τ} is a base for ωε(τ)̂ and  

       ((K̂bp)ε)
′

= {B̂bp ∈ SBPF(Y)/ (LB̂bp)ε
∈ τ′} is a base for ωε(τ′)̂ .  

Let B̂bp ∈ ωε(τ′)̂ , then (LB̂bp)ε
 ∈ τ′. 

Since θ is continuous, (Lθ−1(B̂bp))ε
∈ τ. 

Therefore θ−1(B̂bp) ∈ ωε(τ)̂. 

Hence θ: (X, ωε(τ)̂) → (Y,ωε(τ′)̂ ) is second order bipolar fuzzy continuous. 
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Theorem:3.1.13 

 If  θ: (X, τ̂𝔅1) → (Y, τ̂𝔅2) is second order bipolar fuzzy continuous, then              

θ: (X, S2(τ̂𝔅1)) → (Y, S2(τ̂𝔅2)) is continuous. 

Proof: 

A base for S2(τ̂𝔅2) is { S2(Âbp) / Âbp ∈ τ̂𝔅2} .  

Consider a basis element S2(Âbp) of S2(τ̂𝔅2), where  Âbp ∈ τ̂𝔅2⇒ θ−1(Âbp) ∈ τ̂𝔅1. 

Let B̂bp = θ
−1(Âbp) = (θ

−1 (Âbp
+
) , θ−1(Âbp

−
)).                      

Therefore S2(B̂bp) is a basis element of S2(τ̂𝔅1).                      

Consider x ∈ S2(B̂bp) 

⇔ B̂bp
+
(x)(α) > 0, B̂bp

−
(x)(α) < 0, for every α ∈ I 

⇔(θ−1 (Âbp
+
)) (x)(α) > 0, (θ−1(Âbp

−
)) (x)(α) < 0 , for every α ∈ I 

⇔ Âbp
+
(θ(x))(α) > 0, Âbp

−
(θ(x))(α) < 0, for every α ∈ I 

⇔ θ(x) ∈ S2(Âbp)                                                                                                                                              

⇔ x ∈ θ−1 (S2(Âbp)).      

Therefore θ−1 (S2(Âbp)) is a basis element of S2(τ̂𝔅1). 

Hence θ: (X, S2(τ̂𝔅1)) → (Y, S2(τ̂𝔅2)) is continuous.    

Example:3.1.14 

 Define θ: X → Y as θ(x) = y. Consider two second order bipolar fuzzy topologies 

τ̂𝔅1 = {0̂bp, 1̂bp, Âbp} and τ̂𝔅2 = {0̂bp, 1̂bp, B̂bp} as the collection of second order bipolar 

fuzzy sets on X and Y respectively. 

Let 𝕊2(B̂bp) ∈ S2(τ̂𝔅2), then B̂bp ∈ τ̂𝔅2. 
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Since θ is second order bipolar fuzzy continuous, B̂bp ∈ τ̂𝔅2, then θ−1(B̂bp) ∈ τ̂𝔅1. 

Therefore 𝕊2 (θ
−1(B̂bp)) = S2(Âbp) ∈ S2(τ̂𝔅1). 

Hence θ: (X, S2(τ̂𝔅1)) → (Y, S2(τ̂𝔅2)) is second order bipolar fuzzy continuous. 
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SECTION – 3.2 

FIRST ORDER BIPOLAR FUZZY PRODUCT TOPOLOGY 

 

Definition:3.2.1 

Let (X, τ𝔅1) and (Y, τ𝔅2) be two bipolar fuzzy topological spaces. If  Abp ∈ τ𝔅1 and  

Bbp ∈ τ𝔅2 then the product of Abp × Bbp on X × Y is defined as follows: 

Abp × Bbp = (Abp
+ × Bbp

+, Abp
− × Bbp

−) where  

           ( Abp
+ × Bbp

+)(x, y) = min{ Abp
+(x), Bbp

+(y)}  and 

           (Abp
− × Bbp

−)(x, y) = max{Abp
−(x), Bbp

−(y)}, for every (x, y) ∈ X × Y. 

 

Definition:3.2.2 

Let (X, τ𝔅1) and (Y, τ𝔅2) be two bipolar fuzzy topological spaces. The product 

topology τ𝔅1 × τ𝔅2 on X × Y is the bipolar fuzzy topology having the collection  

{Abp × Bbp / Abp ∈ τ𝔅1 , Bbp ∈ τ𝔅2} as a basis.  

 

Definition:3.2.3 

 Let {(Xλ, (τ𝔅)λ) / λ ∈  Λ} be a family of bipolar fuzzy topological spaces and                       

X = ∏ Xλλ ∈ Λ . Let {(Abp)λ = (
(Abp

+)
λ
, (Abp

−)
λ
) / λ ∈  Λ } be a collection of bipolar fuzzy 

sets in Xλ. The product ∏ (Abp)λλ ∈ Λ is a bipolar fuzzy set in ∏ Xλλ ∈ Λ   is defined as 

                ∏ (Abp)λλ ∈ Λ = (⋀ (Abp
+)

λλ ∈ Λ , ⋁ (Abp
−)

λλ ∈ Λ ) where 

                ⋀ (Abp
+)

λλ ∈ Λ (x) = min {(Abp
+)

λ
(x)}, for every (xλ)λ∈ Λ ∈ ∏xλ and  

                ⋁ (Abp
−)

λλ ∈ Λ (x) = max {(Abp
−)

λ
(x)}, for every (xλ)λ∈ Λ ∈ ∏xλ . 

The bipolar fuzzy product topology on X is the one with basic bipolar fuzzy open sets of the 

form  ∏ (Abp)λλ ∈ Λ  where (Abp)λ ∈ τ𝔅λ and (Abp)λ = 1bp except for finitely many 𝜆’s. 
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Proposition:3.2.4 

 Let (X, τ𝔅1) and (Y, τ𝔅2) be two bipolar fuzzy topological spaces. If  Abp ∈ τ𝔅1 and 

Bbp ∈ τ𝔅2, then 

(i) Abp × 0bp = 0bp × Bbp = 0bp = 0bp × 0bp. 

(ii)  Abp × 1bp = (Abp
+ × 1bp

+, Abp
− × 1bp

−) where  

(Abp
+ × 1bp

+)(x, y) = Abp
+(x), (Abp

− × 1bp
−)(x, y) = Abp

−(x), for every x ∈ X                  

and for every y ∈ Y 

and 1bp × Bbp = (1bp
+ × Bbp

+, 1bp
− × Bbp

−) where  

   (1bp
+ × Bbp

+)(x, y) = Bbp
+(x),(1bp

− × Bbp
−)(x, y) = Bbp

−(x), for every x ∈ X                  

and for every y ∈ Y. 

(iii) ((Abp)1⋂
(Abp)2

) × ((Bbp)1⋂
(Bbp)2

) = ((Abp)1 ×
(Bbp)1

)⋂((Abp)2 ×
(Bbp)2

). 

Proof: 

(i) Let Abp × 0bp = (Abp
+ × 0bp

+, Abp
− × 0bp

−). 

Consider for (x, y) ∈ X × Y 

(Abp
+ × 0bp

+)(x, y) = min{Abp
+(x), 0bp

+(y)}  

                                   = min{Abp
+(x), 𝟎} 

                                   = 𝟎 

(Abp
− × 0bp

−)(x, y) = max{Abp
−(x), 0bp

−(y)}  

                                   = max{Abp
−(x), 𝟎} 

                                   = 𝟎. 

Therefore Abp × 0bp = (𝟎, 𝟎) = 0bp. 

Similarly, 0bp × Bbp = (𝟎, 𝟎) = 0bp and 0bp × 0bp = (𝟎, 𝟎) = 0bp. 
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(ii) Let Abp × 1bp = (Abp
+ × 1bp

+, Abp
− × 1bp

−) 

      (Abp
+ × 1bp

+)(x, y) = min{Abp
+(x), 1bp

+(y)}, for every x ∈ X and for every y ∈ Y 

                                   = min{Abp
+(x), 𝟏}, for every x ∈ X 

                                   = Abp
+(x), for every x ∈ X. 

           (Abp
− × 1bp

−)(x, y) = max{Abp
−(x), 1bp

−(y)}, for every x ∈ X and for every y ∈ Y 

                                  = max{Abp
−(x),−𝟏}, for every x ∈ X 

                                  = Abp
−(x), for every x ∈ X. 

        Similarly, 1bp × Bbp = (1bp
+ × Bbp

+, 1bp
− × Bbp

−), 

        where (1bp
+ × Bbp

+)(x, y) = Bbp
+(y) & (1bp

− × Bbp
−)(x, y) = Bbp

−(y). 

(iii) Let   (Abp)1 ×
(Bbp)1 = (

(Abp
+)

1
× (Bbp

+)
1
, (Abp

−)
1
× (Bbp

−)
1
) 

(Abp)2 ×
(Bbp)2 = (

(Abp
+)

2
× (Bbp

+)
2
, (Abp

−)
2
× (Bbp

−)
2
) 

 ((Abp)1 ×
(Bbp)1)⋂ (

(Abp)2 ×
(Bbp)2) 

 = (((Abp
+)

1
× (Bbp

+)
1
)⋀((Abp

+)
2
× (Bbp

+)
2
) , ((Abp

−)
1
× (Bbp

−)
1
)⋁((Abp

−)
2
× (Bbp

−)
2
)). 

    For (x, y) ∈ X × Y, 

   Consider 

   (((Abp
+)

1
× (Bbp

+)
1
)⋀ ((Abp

+)
2
× (Bbp

+)
2
)) (x, y) 

   = ((Abp
+)

1
× (Bbp

+)
1
) (x, y) ⋀ ((Abp

+)
2
× (Bbp

+)
2
) (x, y) 

   = min[ min { (Abp
+)

1
(x), (Bbp

+)
1
(y)}, min {(Abp

+)
2
(x), (Bbp

+)
2
(y)}] 

   = min[ min { (Abp
+)

1
(x), (Abp

+)
2
(x)}, min {(Bbp

+)
1
(y), (Bbp

+)
2
(y)}] 

   = min{ ((Abp
+)

1
⋀ (Abp

+)
2
) (x), ((Bbp

+)
1
⋀ (Bbp

+)
2
) (y)} 

 = (((Abp
+)

1
⋀ (Abp

+)
2
) × ((Bbp

+)
1
⋀(Bbp

+)
2
)) (x, y). 

Also, 
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 (((Abp
−)

1
× (Bbp

−)
1
)⋁ ((Abp

−)
2
× (Bbp

−)
2
)) (x, y) 

 = ((Abp
−)

1
× (Bbp

−)
1
) (x, y) ⋁ ((Abp

−)
2
× (Bbp

−)
2
) (x, y) 

 = max [ max { (Abp
−)

1
(x), (Bbp

−)
1
(y)}, max {(Abp

−)
2
(x), (Bbp

−)
2
(y)}] 

 = max [ max { (Abp
−)

1
(x), (Abp

−)
2
(x)},max {(Bbp

−)
1
(y), (Bbp

−)
2
(y)}] 

 = max { ((Abp
−)

1
⋁ (Abp

−)
2
) (x), ((Bbp

−)
1
⋁ (Bbp

−)
2
) (y)} 

 = (((Abp
−)

1
⋁ (Abp

−)
2
) × ((Bbp

−)
1
⋁(Bbp

−)
2
)) (x, y). 

Hence ((Abp)1
⋂(Abp)2

) × ((Bbp)1
⋂(Bbp)2

) = ((Abp)1
× (Bbp)1

)⋂((Abp)2
× (Bbp)2

). 

 

Theorem : 3.2.5 

 Let (X, τ𝔅1) and (Y, τ𝔅2) be two bipolar fuzzy topological spaces. If Abp and Bbp be 

two bipolar fuzzy closed subsets in X and Y respectively, then Abp × Bbp is a bipolar fuzzy 

closed subset in X × Y. 

Proof: 

If Abp be a bipolar fuzzy closed set in X then Abp
c
 is a bipolar fuzzy open set in X. 

Therefore (Abp
c × 1bp in Y) is a bipolar fuzzy open set in X × Y. 

Also, if Bbp is a bipolar fuzzy closed set in Y then Bbp
c
 is a bipolar fuzzy open set in Y. 

Therefore (1bp in X × Bbp
c) is bipolar fuzzy open in X × Y. 

 (Abp × Bbp)
c
= ((Abp

+ × Bbp
+)

c
, (Abp

− × Bbp
−)

c
 ). 

For (x, y) ∈ X × Y, we have 

 (Abp
+ × Bbp

+)
c
(x, y) = 1 − (Abp

+ × Bbp
+)(x, y) 

                                      = 1 − min {Abp
+(x), Bbp

+(y)} 

                                      = max {1 − Abp
+(x), 1 − Bbp

+(y)} 
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                                      = max {(Abp
+)

c
(x), (Bbp

+)
c
(y)} 

                                      = max {(Abp
+)

c
(x) ⋀ 1bp

+(y),1bp
+(x) ⋀ (Bbp

+)
c
(y)} 

                                      = max {((Abp
+)

c
× 1bp

+)(x, y), (1bp
+ × (Bbp

+)
c
)(x, y)} 

                                      = ((Abp
+)

c
× 1bp

+)⋁(1bp
+ × (Bbp

+)
c
)(x, y). 

Therefore (Abp
+ × Bbp

+)
c
= ( (Abp

+)
c
× 1bp

+) ⋁ (1bp
+ × (Bbp

+)
c
) is open in X × Y. 

Similarly (Abp
− × Bbp

−)
c
= ((Abp

−)
c
× 1bp

−) ⋀ (1bp
− × (Bbp

−)
c
) is open in X × Y. 

Thus (Abp × Bbp)
c
 is a bipolar fuzzy open set in X × Y. 

Hence (Abp × Bbp) is bipolar fuzzy closed in X × Y. 
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SECTION – 3.3 

SECOND ORDER BIPOLAR FUZZY PROUCT TOPOLOGY 

Definition : 3.3.1 

 Let (X, τ̂𝔅1) , (Y, τ̂𝔅2) be two second order bipolar fuzzy topological spaces. If 

 Âbp ∈ τ̂𝔅1 and B̂bp ∈ τ̂𝔅2 then the product  Âbp × B̂bp on X × Y is defined as follows: 

  Âbp × B̂bp = ((Âbp
+
× B̂bp

+
) , (Âbp

−
× B̂bp

−
)) such that                                                                 

(Âbp
+
× B̂bp

+
) (x, y)(α) =  Âbp

+
(x)(α) ∧ B̂bp

+
(y)(α) and                                              

(Âbp
−
× B̂bp

−
)(x, y)(α) = Âbp

−
(x)(α) ∨ B̂bp

−
(y)(α), for every (x, y) ∈ X × Y and  

for every α ∈ I. 

The product topology τ̂𝔅1 × τ̂𝔅2 on X × Y is the second order bipolar fuzzy 

topology having the collection {Âbp × B̂bp / Âbp ∈ τ̂𝔅1, B̂bp ∈ τ̂𝔅2} as a basis. 

Definition: 3.3.2 

 Let {(Xλ, τ̂𝔅λ) / λ ∈  Λ} be a family of second order bipolar fuzzy topological spaces 

and X = ∏ Xλλ ∈ Λ . Let {(Âbp) = ((Âbp
+
)

, (Âbp

−
)

) / λ ∈  Λ , where (Âbp)is a second 

order bipolar fuzzy set in Xλ}. The product ∏ (Âbp)λλ ∈ Λ  is a second order bipolar fuzzy set 

in ∏ Xλλ ∈ Λ  defined as ∏ (Âbp)λλ ∈ Λ = (⋀ (Âbp
+
)


λ ∈ Λ , ⋁ (Âbp
−
)
λ ∈ Λ ),  

for every (xλ)λ ∈ Λ ∈ ∏ Xλλ ∈Λ  and for every α ∈ I. 

 The second order bipolar fuzzy product topology on X is the one with basic second 

order bipolar fuzzy open sets of the form ∏ (Âbp)λλ ∈ Λ , where (Âbp)λ ∈ τ̂𝔅λ and              

(Âbp)λ = 1̂bp, except for finitely many ’s. 
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Theorem : 3.3.3 

Let (X, τ𝔅1) and (Y, τ𝔅2) be two first order bipolar fuzzy topological spaces. If 

(X, τ̂𝔅1) and (Y, τ̂𝔅2) be the second order bipolar fuzzy topological spaces from (X, τ𝔅1) and 

(Y, τ𝔅2) respectively, through the relation R1, then  τ𝔅1 × τ𝔅2̂ = τ̂𝔅1 × τ̂𝔅2. 

Proof : 

 Let us consider the basis element 

 (Âbp)1 ×
(Âbp)2 = ((Âbp

+
)
1
× (Âbp

+
)
2
, (Âbp

−
)
1
× (Âbp

−
)
2
) of τ̂𝔅1 × τ̂𝔅2.  

For (x, y) ∈ X × Y and α ∈ I, consider 

 ((Âbp
+
)
1
× (Âbp

+
)
2
) (x, y)(α) = (Âbp

+
)
1
(x)(α) ∧ (Âbp

+
)
2
(y)(α)   

                                                      = (Abp
+)

1
(x) ∧ (Abp

+)
2
(y) 

                                                      = ((Abp
+)

1
× (Abp

+)
2
) (x, y)                                          

                                                       = ((Abp
+)

1
× (Abp

+)
2

̂ )(x, y)(α). 

 Therefore (Âbp
+
)
1
× (Âbp

+
)
2
= (Abp

+)
1
× (Abp

+)
2

̂ . 

 ((Abp̂
−
)
1
× (Abp̂

−
)
2
) (x, y)(α) = (Âbp

−
)
1
(x)(α) ∨ (Âbp

−
)
2
(y)(α)                              

                                                     = (Abp
−)

1
(x) ∨ (Abp

−)
2
(y) 

                                                     = ((Abp
−)

1
× (Abp

−)
2
) (x, y) 

                                                     = ((Abp
−)

1
× (Abp

−)
2

̂ )(x, y)(α). 

Hence (Âbp
−
)
1
× (Âbp

−
)
2
= (Abp

−)
1
× (Abp

−)
2

̂ .                          

Thus  (Âbp)1 ×
(Âbp)2 =

(Abp)1 ×
(Abp)2

̂ ∈ τ𝔅1 × τ𝔅2̂ . 

Since (Âbp)1 ×
(Âbp)2 is a basis element of  τ̂𝔅1 × τ̂𝔅2,  
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τ̂𝔅1 × τ̂𝔅2 ⊆ τ𝔅1 × τ𝔅2̂                                                                                            (1) 

Consider B̂bp ∈ τ𝔅1 × τ𝔅2̂ where Bbp ∈ τ𝔅1 × τ𝔅2 

 Bbp = ⋃{(Abp)1
× (Abp)2

 / (Abp)1
∈ τ𝔅1  , (Abp)2

∈ τ𝔅2 & (Abp)1
× (Abp)2

< Bbp} 

 B̂bp = ⋃{(Abp)1
× (Abp)2
̂ / (Abp)1

∈ τ𝔅1 , (Abp)2
∈ τ𝔅2 & (Abp)1

× (Abp)2
< Bbp} 

  B̂bp = ⋃{(Âbp)1
× (Âbp)2

 / (Âbp)1
∈ τ̂𝔅1  , (Âbp)2

∈ τ̂𝔅2 & (Âbp)1
× (Âbp)2

< B̂bp}, 

then B̂bp ∈ τ̂𝔅1 × τ̂𝔅2. 

Therefore τ𝔅1 × τ𝔅2̂ ⊆ τ̂𝔅1 × τ̂𝔅2                                                                                     (2) 

From (1) and (2), we get 

 τ𝔅1 × τ𝔅2̂ = τ̂𝔅1 × τ̂𝔅2. 

Theorem:3.3.4 

Let (X, τ̂𝔅1) and (Y, τ̂𝔅2) be two second order bipolar fuzzy topological spaces. For 

α ∈ I, if (τ̂𝔅1)α
 and (τ̂𝔅2)α

be the first order bipolar fuzzy topologies from τ̂𝔅1 and τ̂𝔅2 

respectively, through the relation R3, then (τ̂𝔅1 × τ̂𝔅2)α
= (τ̂𝔅1)α

× (τ̂𝔅2)α
. 

Proof : 

  Consider a basis element  

(Âbp)α ×
(B̂bp)α = ((Âbp

+
)
α
× (B̂bp

+
)
α
, (Âbp

−
)
α
× (B̂bp

−
)
α
) of (τ̂𝔅1)α

× (τ̂𝔅2)α
. 

where (Âbp)α ∈
(τ̂𝔅1)α

 and (B̂bp)α ∈
(τ̂𝔅2)α

.                                                          

Then Âbp ∈ τ̂𝔅1 and B̂bp ∈ τ̂𝔅2.  

Therefore Âbp × B̂bp  ∈ τ̂𝔅1 × τ̂𝔅2. 

For (x, y) ∈ X × Y and α ∈ I, consider   

((Âbp
+
)
α
× (B̂bp

+
)
α
) (x, y)  = (Âbp

+
)
α
(x) ∧ (B̂bp

+
)
α
(y)              
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                                                 = (Âbp
+
) (x)(α) ∧ (B̂bp

+
) (y)(α)        

                                                 = (Âbp
+
× B̂bp

+
) (x, y)(α)    

                                                 = (Âbp
+
× B̂bp

+
)
α
(x, y).       

Then, (Âbp
+
)
α
× (B̂bp

+
)
α
= (Âbp

+
× B̂bp

+
)
α
  and           

 ((Âbp
−
)
α
× (B̂bp

−
)
α
) (x, y)  = (Âbp

−
)
α
(x) ∨ (B̂bp

−
)
α
(y) 

                                                 = (Âbp
−
)(x)(α) ∨ (B̂bp

−
)(y)(α)      

                                                 = (Âbp
−
× B̂bp

−
)(x, y)(α)      

                                                 = (Âbp
−
× B̂bp

−
)
α
(x, y).                                                        

Thus (Âbp
−
)
α
× (B̂bp

−
)
α
= (Âbp

−
× B̂bp

−
)
α

, 

and (Âbp)α ×
(B̂bp)α = ((Âbp

+
× B̂bp

+
)
α
, (Âbp

−
× B̂bp

−
)
α
)                                    

                                              = (Âbp × B̂bp)α
∈ (τ̂𝔅1 × τ̂𝔅2)α

. 

Therefore (τ̂𝔅1)α
× (τ̂𝔅2)α

⊆ (τ̂𝔅1 × τ̂𝔅2)α
.                                                                    (1)                                                                     

Consider (B̂bp)α ∈
(τ̂𝔅1 × τ̂𝔅2)α

, for every α ∈ I  

implies B̂bp ∈ τ̂𝔅1 × τ̂𝔅2 

 B̂bp = ∪ {(Âbp)1 × (Âbp)2 / (Âbp)1 ∈ τ̂𝔅1  , (Âbp)2 ∈ τ̂𝔅2 and (Âbp)1 × (Âbp)2 < B̂bp }             

 (B̂bp)α = ⋃{
((Âbp)1 ×

(Âbp)2
)
α
/ (Âbp)1 ∈ τ̂𝔅1 ,

(Âbp)2 ∈ τ̂𝔅2 and
(Âbp)1 ×

(Âbp)2 < B̂bp} 

              = ⋃{((Âbp)1
)
α
× ((Âbp)2

)
α
 / ((Âbp)1

)
α
∈ (τ̂𝔅1)α

 , ((Âbp)2
)
α
∈ (τ̂𝔅2)α

 , 

&((Âbp)1
)
α
× ((Âbp)2

)
α
< (B̂bp)α} 

 (B̂bp)α ∈
(τ̂𝔅1)α

× (τ̂𝔅2)α
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(τ̂𝔅1 × τ̂𝔅2)α
⊆ (τ̂𝔅1)α

× (τ̂𝔅2)α
.                                                                                      (2) 

From (1) and (2), we get 

 (τ̂𝔅1 × τ̂𝔅2)α
= (τ̂𝔅1)α

× (τ̂𝔅2)α
. 

Theorem:3.3.5 

Let (X, τ̂𝔅1) and (Y, τ̂𝔅2) be two second order bipolar fuzzy topological spaces. If  

(X, (τ̂𝔅1)c
) and ( Y, (τ̂𝔅2)c

) be the two second order bipolar fuzzy topological spaces from 

(X, τ̂𝔅1) and (Y, τ̂𝔅2) respectively, through the relation R5, then                                                         

(τ̂𝔅1 × τ̂𝔅2)c
= (τ̂𝔅1)c

× (τ̂𝔅2)c
. 

Proof : 

  Consider a basis element  

 (Âbp)c ×
(B̂bp)c = ((Âbp

+
)
c
× (B̂bp

+
)
c
, (Âbp

−
)
c
× (B̂bp

−
)
c
) of  (τ̂𝔅1)c

× (τ̂𝔅2)c
. 

where (Âbp)c ∈
(τ̂𝔅1)c

 and (B̂bp)c ∈
(τ̂𝔅2)c

. 

Then Âbp ∈ τ̂𝔅1 and B̂bp ∈ τ̂𝔅2. 

Therefore Âbp × B̂bp ∈ τ̂𝔅1 × τ̂𝔅2. 

For (x, y) ∈ X × Y and α ∈ I, consider 

 ((Âbp
+
)
c
× (B̂bp

+
)
c
) (x, y)(α)  = (Âbp

+
)
c
(x)(α)  ∧ (B̂bp

+
)
c
(y)(α) 

                                                       = (Âbp
+
) (x)(1 − α) ∧ (B̂bp

+
) (y)(1 − α) 

                                                       = (Âbp
+
× B̂bp

+
) (x, y)(1 − α) 

                                                        = (Âbp
+
× B̂bp

+
)
c
(x, y)(α). 
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 Then (Âbp
+
)
c
× (B̂bp

+
)
c
= (Âbp

+
× B̂bp

+
)
c
 and                                                                 

((Âbp
−
)
c
× (B̂bp

−
)
c
) (x, y)(α) = (Âbp

−
)
c
(x)(α) ∨ (B̂bp

−
)
c
(y)(α)          

                                                    = (Âbp
−
)(x)(1 − α) ∨ (B̂bp

−
)(y)(1 − α)      

                                                    = (Âbp
−
× B̂bp

−
)(x, y)(1 − α)         

                                                    = (Âbp
−
× B̂bp

−
)
c
(x, y)(α).             

Then (Âbp
−
)
c
× (B̂bp

−
)
c
= (Âbp

−
× B̂bp

−
)
c
. 

Thus (Âbp)c ×
(B̂bp)c = ((Âbp

+
× B̂bp

+
)
c
, (Âbp

−
× B̂bp

−
)
c
) 

                                                    = (Âbp × B̂bp)c ∈
(τ̂𝔅1 × τ̂𝔅2)c

. 

Hence (τ̂𝔅1)c
× (τ̂𝔅2)c

⊆ (τ̂𝔅1 × τ̂𝔅2)c
.                                                                    (1)                                                                     

Consider (B̂bp)c ∈
(τ̂𝔅1 × τ̂𝔅2)c

. Then  B̂bp ∈ τ̂𝔅1 × τ̂𝔅2 

 B̂bp = ⋃{(Âbp)1 ×
(Âbp)2 / 

(Âbp)1 ∈ τ̂𝔅1  ,
(Âbp)2 ∈ τ̂𝔅2 and 

(Âbp)1 ×
(Âbp)2 < B̂bp

} 

 (B̂bp)c = ⋃{(
(Âbp)1 ×

(Âbp)2)c
/ (Âbp)1 ∈ τ̂𝔅1 ,

(Âbp)2 ∈ τ̂𝔅2 & 

(Âbp)1 ×
(Âbp)2 < B̂bp} 

                 = ⋃{((Âbp)1
)
c
× ((Âbp)2

)
c
 /  ((Âbp)1

)
c
∈ (τ̂𝔅1)c

 , ((Âbp)2
)
c
∈ (τ̂𝔅2)c

& 

((Âbp)1)c
× ((Âbp)2)c

< (B̂bp)c}. 

Then (B̂bp)c ∈
(τ̂𝔅1)c

× (τ̂𝔅2)c
 

Thus (τ̂𝔅1 × τ̂𝔅2)c
⊆ (τ̂𝔅1)c

× (τ̂𝔅2)c
                                                                      (2)  

From (1) and (2) , we get (τ̂𝔅1 × τ̂𝔅2)c
= (τ̂𝔅1)c

× (τ̂𝔅2)c
. 
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Theorem : 3.3.6 

If (X, τ̂𝔅1) and (Y, τ̂𝔅2) be two second order bipolar fuzzy topological spaces, then 

S2(τ̂𝔅1) × S2(τ̂𝔅2) ⊆ S2(τ̂𝔅1 × τ̂𝔅2) 

Proof: 

For any Âbp ∈ τ̂𝔅1 , B̂bp ∈ τ̂𝔅2, consider an element S2(Âbp) × S2(B̂bp) of 

S2(τ̂𝔅1) × S2(τ̂𝔅2).  

So, S2(Âbp × B̂bp) 

     = {(x, y) ∈ X × Y / (Âbp
+
× B̂bp

+
) (x, y)(α) > 0, (Âbp

−
× B̂bp

−
)(x, y)(α) < 0,  

for every α ∈ I} 

    = {(x, y) ∈ X × Y /Âbp
+
(x)(α) ⋀ B̂bp

+
(y)(α) > 0, Âbp

−
(x)(α) ⋁ B̂bp

−
(y)(α) < 0, 

for every α ∈ I } 

    = {(x, y) ∈ X × Y /Âbp
+
(x)(α) > 0 and B̂bp

+
(y)(α) > 0,                     

Âbp
−
(x)(α) <  0 or B̂bp

−
(y)(α) < 0, for every α ∈ I } 

     = {(x, y) ∈ X × Y /Âbp
+
(x)(α) > 0 ,  Âbp

−
(x)(α) < 0 and 

B̂bp
+
(y)(α) > 0, B̂bp

−
(y)(α) < 0, for every α ∈ I } 

     = {(x, y) ∈ X × Y /x ∈ S2(Âbp) , y ∈ S2(B̂bp)} 

     = S2(Âbp) × S2(B̂bp). 

Then S2(Âbp) × S2(B̂bp) = S2(Âbp × B̂bp) ∈ S2(τ̂𝔅1 × τ̂𝔅2). 

Thus S2(τ̂𝔅1) × S2(τ̂𝔅2)  S2(τ̂𝔅1 × τ̂𝔅2). 
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Theorem:3.3.7 

 If  (X, τ̂𝔅1) and (Y, τ̂𝔅2) be two second order bipolar fuzzy topological spaces, then 

(i) iε(τ̂𝔅1) × iε(τ̂𝔅2) ⊆ iε(τ̂𝔅1 × τ̂𝔅2). 

(ii) i∗(τ̂𝔅1) × i
∗(τ̂𝔅2) ⊆ i

∗(τ̂𝔅1 × τ̂𝔅2). 

Proof : 

(i) It is enough to observe that for any Âbp ∈ τ̂𝔅1 and B̂bp ∈ τ̂𝔅2,                                   

(LÂbp)ε
× (LB̂bp)ε

= (L(Âbp×B̂bp))ε
.  

Consider  (LÂbp)ε
× (LB̂bp)ε

 

= {(x, y) ∈ X × Y / ((Âbp
+
(x))

−1

(ε, 1] = I, (Âbp
−
(x))

−1

[−1,−ε) = I ) and 

((B̂bp
+
(y))

−1

(ε, 1] = I, (B̂bp
−
(y))

−1

[−1,−ε) = I) , for every ε ∈ (0,1)} 

= {(x, y) ∈ X × Y / (Âbp
+
(x)(α) > ε, Âbp

−
(x)(α) < −ε) and 

(B̂bp
+
(y)(α) > ε ,  B̂bp

−
(y)(α) < −ε)  for every ε ∈ (0,1), for every α ∈ I} 

= {(x, y) ∈ X × Y /Âbp
+
(x)(α) ⋀ B̂bp

+
(y)(α) > ε, Âbp

−
(x)(α) ⋁ B̂bp

−
(y)(α) < −ε,       

for every ε ∈ (0,1), for every α ∈ I} 

  = {(x, y) ∈ X × Y / (Âbp
+
× B̂bp

+
) (x, y)(α) > ε, (Âbp

−
× B̂bp

−
)(x, y)(α) < −ε} 

  = {(x, y) ∈ X × Y / ((Âbp
+
× B̂bp

+
) (x, y))

−1

(ε, 1] = I, 

((Âbp
−
× B̂bp

−
)(x, y))

−1

[−1,−ε) = I} 

= (L(Âbp×B̂bp))ε
.                              

Therefore iε(τ̂𝔅1) × iε(τ̂𝔅2) ⊆ iε(τ̂𝔅1 × τ̂𝔅2). 
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(ii) The proof is similar as (i). 

Theorem : 3.3.8 

 If  (X, τ) and (Y, τ′) be two topological spaces, then  

(i) For ε ∈ (0,1),ωε(τ)̂ × ωε(τ′)̂ ⊆ ωε(τ × τ′)̂ . 

(ii) ω∗(τ)̂ × ω∗(τ′)̂ ⊆ ω∗(τ × τ′)̂ . 

Proof : 

(i) Let ωε(τ)̂ and ωε(τ′)̂  be two second order bipolar fuzzy topologies generated by      

((K̂1)bp)ε
= {Âbp ∈ SBPF(X)/ (LÂbp)ε

∈ τ} and  

 ((K̂2)bp)ε
= {B̂bp ∈ SBPF(X)/ (LB̂bp)ε

∈ τ′}. 

Consider a basis element Âbp × B̂bp of ωε(τ)̂ × ωε(τ′)̂  

implies (LÂbp)ε
∈ τ and (LB̂bp)ε

∈ τ′ 

implies (LÂbp)ε
× (LB̂bp)ε

= (L(Âbp×B̂bp))ε
∈ τ × τ′.                               

Then  Âbp × B̂bp ∈ ωε(τ × τ′)̂ .                                

Thus  ωε(τ)̂ × ωε(τ′)̂ ⊆ ωε(τ × τ′)̂ . 

(ii) The proof is similar as (i). 

 

 

 

 

 


