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CHAPTER -3

SECOND ORDER BIPOLAR FUZZY CONTINUITY AND SECOND
ORDER BIPOLAR FUZZY PRODUCT TOPOLOGY

In the first section, second order bipolar fuzzy continuity is defined. It is proved that

the associations R;, R; and Rg preserve continuity. It is also proved that the associations

tg = i (Tg), Tg = i*(Bg), Tg = i(Fg), T = w. (1), T = w,(7) and T = w (1) are functorial.

In the second section, first order bipolar fuzzy product topology is introduced and its

properties are analysed.

In the third section, second order bipolar fuzzy product topology is defined. It is
proved that the associations R;, R; and Rg preserve product. Further the following results are

obtained.
() 1e(Tpy) X ie(Ty,) S (T, X Ty,)-
(ii) i*(Rg,) X i*(Rg,) € i (Bp, X Tw,).
(iii) 0 (1) X e (T) € we(TXT).
(V) ©,(0) X w.(T) € w.(TXT).

(V) SZ("E%l) X SZ("E%Z) c SZ(?%l X ‘?%2).
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SECTION 3.1

SECOND ORDER BIPOLAR FUZZY CONTINUITY

Definition:3.1.1

Let A, € SBPF(X) and By,, € SBPF(Y) be two second order bipolar fuzzy sets and
let 6: X — Y be a mapping. Then

() The image of A, under 6, denoted by 8(A,,) = (9 (Z\bp+) , e(Z\bp')), is a second
order bipolar fuzzy set in Y defined as follows: for every y € Y

(0 (Aun")) 2 = {\i;‘ee”m Ry (0, if67() # 0

otherwise
and
—~ — _ A - . -1
(6B, )) @) = {0 Aup (9, 10710 0
0 otherwise

(ii) The pre-image of By, under 6, denoted by 6-1(By,,) = (9‘1 (ﬁbp+),e‘1(§bp_)),
is a second order bipolar fuzzy set in X defined as follows: for every x € X
(07 (Bp ")) 09 = By, "(00) and (87 (By ) () = By (00).
Definition:3.1.2

Let (X, %5, ), (Y,%g,) be two second order bipolar fuzzy topological spaces. Then a
function 6: (X, fﬂgl) - (Y, fssz) is said to be second order bipolar fuzzy continuous, if the
following condition is satisfied:

071 (App) € T, if App € T,
Theorem:3.1.3
A function : (X, tg,) = (Y, ts,) is first order bipolar fuzzy continuous if and only

if 0: (X, 25,) = (Y, %g,) is second order bipolar fuzzy continuous where %y, and g, are

from 1y, and ty,,, respectively, through the relation R;.
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Proof:

Given Ty, Ty = {App / Abp € Tg}, Where Ap, " (x) (@) = Ap,*(x) and

Rppy (@) = App~ (%), for every x € X and for every a € 1.
Assume 6: (X, tg,) = (Y, Tg,) is bipolar fuzzy continuous.

Consider Ay, € Tg,.

Then Ay, € T, (through the relation R,).

Since © is bipolar fuzzy continuous, 87*(Apy) € T,

Let By = 07" (App) = (67 (App*), 072 (App ")) € T, then By € 2.

For x € X and o € 1, consider

Bop (0(c) = Bpp* (%)

= (67 (App ) (®)

= App " (6(x))

= App (60)(@)

= 071 (Bpp ) (I,
Similarly, By, (x)(a) = 671 (Bp, )(x)(a), then 671(Ay,) = By € T,
Therefore 0 is second order bipolar fuzzy continuous.
Conversely, assume 6: (X, g, ) - (Y,%g,) is second order bipolar fuzzy continuous.
Consider, Ay, € g, then Kbp € g, (through the relation Ra).

Since 0 is second order bipolar fuzzy continuous, 6‘1(Z\bp) € g,

Let Ebp = 9_1(Abp) = (9_1 (Abp-‘-)' 6_1(Kbp_)> € %%1' then Bbp € T$1.
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For x € X and o € 1, consider

Bup (%) = By, (x)(@)
= (67 (Rrp ")) (@
=App (6(0)(@)
= App (0(%))

=071 (Abp+)(x)-

Similarly, B, ™ (x) = 871 (App ) ().
Therefore 8=1(App) = By € Ty,
Thus 6 is bipolar fuzzy continuous.
Example:3.1.4

Define 0:X—>Y as 0(x) =y. Consider two first order bipolar fuzzy topologies
Ty, = {Obps 1ops Avp } @Nd Tgs, = {Opyp, Lpp, Byp } @s the collection of first order bipolar fuzzy sets

on X and Y respectively, where

App (%) = 0.5, Ay, (x) = —0.3inXand By, (y) = 0.3, By, (¥) = —0.2inY.
Let us assume that 6 is first order bipolar fuzzy continuous.

Consider By, € Ty, implies By, € Ty, (through R,).

implies 67 (By,,) € 1y,
50,071 (Byp*(x)) = 05,07 (Bp, ™ (x)) = —0.3
implies (e-l (’Bbp+)> (@)(0) = 0.5, (67 (Byp ) (¥)(e) = —0.3

implies 671 (Byp) € T3,

Hence 6 is second order bipolar fuzzy continuous.
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Consider two second order bipolar fuzzy topologies %y, = {Opp, Ipp,App} and
g, = {Obp, Tbp, Bup} as the collection of second order bipolar fuzzy sets on X and Y respectively,

where Z\bp+(x)((x) = 0.5, A, (x)(a) =—0.8, forevery a €1 and

Byp (3)(0) = 0.5, By, (»)(a) = —0.8, for every a € 1.

Conversely, assume 6 is second order bipolar fuzzy continuous.

Consider By, € Ty, implies By, € Ty, (through Ry).

implies 61(Byp) € T,

implies (e-l (Ebp+)) (@ =05, (67(Byp ) () = ~0.8

80,071 (Byp (1)) = 05,07 By, (x)) = —0.8 implies 6~ (By,,) € Ty,
Hence 6 is first order bipolar fuzzy continuous.

Theorem:3.1.5

If  0:(X,%g,) - (Y,%5,) is second order bipolar fuzzy continuous then for
a€l, 6 (X, (f%l)a) - (Y, (?%z)a) is first order bipolar fuzzy continuous where (%, )

and (fggz)a are from Ty, and 1y, respectively, through the relation R;.

Proof:

~ . ~ ~ 4+ —~ o+
Any element of (2g,) s of the form (Ay,,)  where (Abp )a (x) = Ay, (N (@) and
(Kbp_)a(x) =App, () (@), for some Ay, € 2y, and for every x € X.
Consider (Rbp)a € (:E%Z)a, then there exists Ay, € 5, (through the relation Rs)
Since 6 is second order bipolar fuzzy continuous, 6‘1(Z\bp) € g,

Let Ebp = 9_1(Abp) € fﬁBl' then (Ebp)(x € (f%l)

o
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For x € X and o € 1, consider

(Bop") (0 =By (9
= (67 (Rpp ) (@
= App (000)(e)

= (Aop") (6G)

_ ~ o+
=67 (A ") ) .
similarly, By, ) () = 07" (Ap, ), ) () implies 671 (&y,) = (Byp), € (2a,) .
Thus 6 is bipolar fuzzy continuous.

Example:3.1.6

Define 0:X > Y as 0(x) =y. Consider two second order bipolar fuzzy topologies
g, = {Obps 1bpsApp} and Ty, = {Opp, 1pp, By} as a collection of second order bipolar fuzzy

sets in X and Y respectively. For a; € 1,

Kbp+(x)(a1) =0.5,4,, (x)(a;) =—0.8, foreveryx € X and
Ebp+(y)(a1) = 0.3, Bp, (¥)(ay) =—0.5 foreveryye V.
Let us assume that 6 is second order bipolar fuzzy continuous.

Consider (Bpy) € (Tw,)_ ,then By, € g, implies 67*(By,) € T,
1

implies (e-l (Ebp+)> (x)(a) = 0.5, (e-l(ﬁbp‘)) (x)(«) = —0.8.

Therefore, 671 ((Ebp+) > (x) =0.5,071 ((Ebp_)al) (x) = —0.8.

a1

Hence 671 ((Ebp)al) € (%%1)0(1.

Therefore 6 is first order bipolar fuzzy continuous.
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Theorem:3.1.7

A function 6: (X, %y, ) — (Y, %,) is second order bipolar fuzzy continuous if and only
if 0: (X, (fggl)c) - (Y, (fggz)c) is second order bipolar fuzzy continuous where (%g,)_and

(%ng)c are from 2y, and 2y, respectively, through the relation Rs.

Proof:

Suppose 6: (X,%g,) — (Y, %y,) is a second order bipolar fuzzy continuous function.
Any element (%, )_is of the form (Ay,,) = ((Z\bp+) ,(Z\bp_)c) where
C

(ﬁprr)c ®)(@) = Ap, ()(1 — ) and (Bpp ) 0O(@) = Ay, (0(1 — @), for every

x € X, forevery a € 1.

Consider (Ay,)_ € (f%z)c, then Ay, € £y, (through the relation Rs).

Since 0 is a second order bipolar fuzzy continuous function, 9‘1(Kbp) € g,
_ _ —~ _ -~ + _ _ - A oY 2~

Let By, = 07" (Ayy) = (07 (A, ), 07 Ay )) € T, then (By,) € (%s,)..

For x € X and a € I, consider

(Bop ") () =By (1~ )
_ (e-l (Abp+)) X - )
=Apy (6())(1 — @)
= (Brp") (60)(@
= (o (Ab;)c) ) ().
similarly, (By, ) ()(c) = (67 (Rpp )_) (0.

Thus 9_1(Kbp)c = (Ebp)c S ("f%l)c.
Hence : (X, (%531)C) - (Y, (fgz)c) is second order bipolar fuzzy continuous.
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Conversely, assume 6: (X, (s 1)C) - (Y, (%%Z)C) is second order bipolar fuzzy continuous
Consider, Ay, € Tg,, then (Z\bp)c € (%%Z)C (through the relation Rs).

Since 8 is second order bipolar fuzzy continuous, 8" (Apy)_ € (%s,) -
Let By, = 6 (Ryp), = (67" (Abp™)_ 07 (Ap, 7)), then (Byy)_ € Tu,.
Forx € X and « € I, consider
(Bop") (0@ =By (01~ )
= (67 (Rup )e) (A - @)
= (Aop") 06001 -
= App 00 (@)
=07 (Bpp ") ()
implies (Ebp+)c =91 (Rbp+).
Similarly, (Bp, )_ = 67" (App ).
Thus 67*(App) = (Bop)_ € T,

Therefore, 0: (X, %3,) = (Y,%,) is second order bipolar fuzzy continuous.

Example:3.1.8
Define 6: X —» Y as 6(x) = y. Consider two second order bipolar fuzzy topologies
g, = {Obp, 1bp Abp) and 2y, = {Opp, Tbp Bup) as the collection of second order bipolar

fuzzy sets on X and Y respectively. For o € I,

Kbp+(x)(a) = 0.5,4,, (x)(a)=—0.3,foreveryx € X and

ﬁbp+(y)(a) = 0.5, By, ()(a) =-0.8, foreveryye V.

As(1—a) €], Kbp+(x)(1 —a) =0.5,4,, X)(1—a)=-0.3,foreveryx e X and

ﬁbp+(y)(1 —a)= 0.5,By, (1 —a)=-08,foreveryye Y.
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Let us assume that 0 is second order bipolar fuzzy continuous.

Consider (Ebp)c € (f%z)c implies By, € Ty, (through R;) then 67 (By,) € 2,
implies <9-1 (Ebp+)) ()@ = 0.5, (67(Byy ) () = —
implies <9-1 (Ebp+)) x)(1—a) = 0.5, (e-l(Ebp‘)) (1 - =—

Therefore (e—l(ﬁbp)) € (%s,). -
C
Theorem:3.1.9

If 6:(X,%g,) — (Y,%s,) is second order bipolar fuzzy continuous, then

(i) Foree (0,1), 6: (X,is(f%l)) - (Y, is(f%z)) is continuous.
(i) o (X,i*(f%l)) - (Y,i*(%%z)) is continuous.

(iiy o (X,i(f%l)) - (Y,i('f%z)) is continuous.

Proof:

(i) Consider a basis element (Lgbp)s of i.(g,) where Ay, € Tg,. S0, 071 (Ay) € Ty,
Let Byp = 07" (App) = (071 (App "), 07 (Bpp )) € T,
Therefore (Lgbp)>3 is a basis element of i, (%, ).

Consider x € (Lgbp)s

-1

(B’ @) 1121 (By (0) " [-1-0) =1

(67 (Be’) ) (611 =1 (87 (A )0) -1, ) =1
o((B") 060 611 =1, (B )0G)  [-1,-8) =1
G(X)E(LAbp)
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oxeo((ia,))
Therefore (Lgbp) =07t ((Lgbp)s) € i.(%g,)-

Hence 6: (X,ig(f%l)) - (Y,ig(%%z)) is continuous.
The proof is similar for (ii) and (iii).
Example:3.1.10

Define 6: X - Y as 6(x) =y. Consider two second order bipolar fuzzy topologies
25, = {Obps Tbp Abp} aNd 2, = {Opp, 1bp Bup) as the collection of second order bipolar

fuzzy sets on X and Y respectively.

Let O: (X, is(fgl)) - (Y, is(f%z)) where i (%5, ) is the topology generated by the collection

{(Lg\bp)8 / Kbpef%l} and i.(%g,) is the topology generated by the collection

Let (Lﬁbp)s € is("f%z)’ then Ebp € ff%Z'

Since 0 is second order bipolar fuzzy continuous, Ebp € 1y, implies e—l(Ebp) = Abp € Ty,

Hence (Le_l(ﬁbp))s = (LAbp)s € is(‘?%l)-
Theorem:3.1.11
If 0:(X,t) - (Y, 1) is continuous, then

() Fore€ (0,1),0:(X ws(1)) = (Y, we(T)) is second order bipolar fuzzy
continuous.
(i)  8:(X, (1) - (Y, w(r)) is second order bipolar fuzzy continuous.

(i) 6: (X, w.(v)) = (Y, w,(t)) is second order bipolar fuzzy continuous.
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Proof:
(i) By the definition, a base for w.(t’) is ((Kbp)s)’ = { Ay, € SBPF(Y)/ (L;\bp)E et}
Let Ay, € ((Kbp)g),, then (L;\bp)E er.
Since 8 is continuous, 671 (L;\bp)S € t implies (Le-l(gbp))s €T

Therefore 6~ (&,,,) € (Kpy,)_which is a base for w, (o).

Hence 0: (X, 0, (1)) = (Y, ws(t")) is second order bipolar fuzzy continuous.

Proofs are similar for (ii) and (iii).
Example:3.1.12
Let X = {x;,x,} and Y = {y,,y,}. Define 6: X - Y as 6(x,) = y; and 6(x;) = y,.
For € = 0.2, then
X1, %, € Xt Ay (%) () = 0.5 > 0.2,Ap, (x,)(a) = —0.8 < —0.2
(LAbP)o.z - ~ o+ ~ -
App (x2)(a) = 0.3 >0.2,Ap, (x)(a) =—0.3 <—0.2

y1.¥2 €Y Bpy (7)) () = 0.5 > 0.2, By, (y1)(@) = —0.8 < —0.2

Bop (v2)(@) = 0.3 > 0.2,Bp, (y2) () = —03 < —0.2

Let (Kbp)s = {App € SBPF(X)/ (Lgbp) € 1} is a base for w.(t) and
€
((Kbp)s) = {Byp € SBPF(Y)/ (Lgbp)S € T'}is a base for w (7).
Let Bpp € we(T'), then (Lﬁbp)s eT.

Since 8 is continuous, (Le—l(gbp)) €T
€

Therefore 82(By,) € w:(T).

Hence 8: (X, 0, (1)) = (Y, w¢ (")) is second order bipolar fuzzy continuous.
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Theorem:3.1.13

If 6:(X,%g,) - (Y,%s,) is second order bipolar fuzzy continuous, then
0: (X, Sz(fﬂgl)) - (Y,Sz(fggz)) is continuous.
Proof:
A base for S,(2g,) is { S2(Rbp) / App € T} -
Consider a basis element S, (Ayp,) of S,(%g,), Where Ay, € 25,= 071 (Ayp) € Ty,
Let By, = 07 (Ayp) = (0 (Ao "), 07 (Ao )
Therefore S, (Byy) is a basis element of S, (%, ).

Consider x € S,(Byp)

& Bpy (@) > 0,By, (¥)() < 0, for every a € 1
@(9—1 (Abp+)> (x) () >0, (9"1(Z\bp_)) (x)(a) <0, forevery a € 1

PN Abp+(e(x))(a) > 0,Ap, (0(x)(@) <0, forevery a €1
& 0(x) € Sy(App)
& X e 6_1 (SZ (Abp))

Therefore 671 (SZ(Kbp)) is a basis element of S, (%, ).

Hence 6: (X, Sz(fggl)) - (Y, Sz(fggz)) is continuous.

Example:3.1.14

Define 6: X —» Y as 6(x) =y. Consider two second order bipolar fuzzy topologies
5, = {Obp, 1bp Abp) and 2y, = {Opp, Tbp Bup) as the collection of second order bipolar

fuzzy sets on X and Y respectively.

Let S,(Byp) € S;(T,), then By, € Ty,
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Since © is second order bipolar fuzzy continuous, By, € %s,, then 07 (By,,) € 2,
Therefore S, (e‘l(ﬁbp)) = S,(Bpp) € S2(Ts,).

Hence 6: (X, Sz(fggl)) - (Y, Sz(ﬁgz)) is second order bipolar fuzzy continuous.
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SECTION -3.2

FIRST ORDER BIPOLAR FUZZY PRODUCT TOPOLOGY

Definition:3.2.1

Let (X, t,) and (Y, T, ) be two bipolar fuzzy topological spaces. If Ay, € T3, and
Byp € Tg, then the product of Ay, X By, on X X Y is defined as follows:

App X Bpp = (App " X Bpp*, App~ X By, ~) Where

(Abp+ X Bbp+)(x, y) = min{ Ay, " (x), By, " ()} and

(Abp_ X Bbp_)(x, y) = max{Abp_(x), Bbp_(y)}, for every (x,y) € XX Y.
Definition:3.2.2

Let (X,tg,) and (Y,tg,) be two bipolar fuzzy topological spaces. The product
topology tg, X T, 0n X X Y is the bipolar fuzzy topology having the collection

{App X Bpp / App € T, ; Byp € Ty, } as a basis.
Definition:3.2.3
Let {(X;,(tg)) /A € A} be a family of bipolar fuzzy topological spaces and

X =Tl eaX;. Let {(Abp)}\ = ((Abp’L)A, (Abp‘)}\) = A} be a collection of bipolar fuzzy
sets in X,. The product H;\E,\(Abp)kis a bipolar fuzzy set in [, ¢ o X, is defined as

e a(Abp), = (/\AEA(Aprr)A» V)\EA(Abp_))\) where

s EA(Aprr)A (x) = min {(Abp+),}\(x)}, for every (x;)e a € [1x; and

V;\EA(Abp_)}\ x) = max{(Abp_)k(x)}, for every (x,)3e a € [1x5 -

The bipolar fuzzy product topology on X is the one with basic bipolar fuzzy open sets of the

form HAEA(Abp)}\ where (Abp)}\ € Ty, and (Abp)A = 1y,,, except for finitely many A’s.
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Proposition:3.2.4

Let (X, t,) and (Y, t,) be two bipolar fuzzy topological spaces. If Ay, € T3, and
Bpp € Ts,, then
() App X Opp = Opp X Byp = Opp = Opp X Opyp.
(i) App X 1pp = (App* X 1pp*, App~ X 1p, ) where
(App* X 1pp ") y) = App T (%), (App~ X 1pp ) (x,y) = App~ (%), for every x € X
and foreveryy € Y
and 1p, X By = (1pp " X Byp*, 1pp~ X By, ™) where
(1pp " X Bpp ") (% y) = Bpp (%), (1pp~ X Bpp ") (x,y) = By, (%), for every x € X
and for everyy €Y.
(iii) ((Abp)ln(Abp)Z) X ((Bbp)ln(Bbp)z) = ((Abp)l X (Bbp)l) N ((Abp)z X (Bbp)z)'

Proof:
() Let App X Opp = (App™ X 0pp ™", App~ X 0pp 7).
Consider for (x,y) € X XY
(App ™ % 0pp ") (5 y) = Min{Ay,* (%), 0pp " ()}

= min{A,, " (x), 0}
=0
(App~ X 0pp ") (%, y) = max{Ap,~ (x), 05y~ ()}
= max{Ay, (x), 0}
=0.
Therefore Ay, X Oy, = (0,0) = Opp,.

Similarly, Obp X Bbp = (O, O) = Obp and Obp X Obp = (0, 0) = Obp'
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(i) Let App X 1pp = (App* X 1pp " App” X 1pp7)
(App* X 1pp ") (xy) = Min{Ap,* (%), 1pp ()}, for every x € X and for every y € Y
= min{Ap, " (x), 1}, forevery x € X
= Ap, " (%), for every x € X.
(App™ X 1pp ) (% y) = max{Ap, " (x), 1p,~ (y)}, for every x € X and for every y € Y
= max{App " (x), —1}, for every x € X
= Ay, (%), for every x € X.
Similarly, 1, X Bpp = (1pp™ X Bpp*, 1pp~ X Bpp ),
where (1" X Bpp ) (%,y) = By " (¥) & (1pp~ X Bpp ) (%, y) = By~ (¥).
(i) Let (App), X (Bup), = ((Avp™), ¥ (Bop™), (Avp), ¥ (Bop7),)
(Abp), X (Bup), = ((Abp+)2 X (Bop ™), (App ), X (Bbp_)z)
((Abp)l X (Bbp)l) n ((Abp)z X (Bbp)z)
= (((ap™), % Bop*),) A ((Aop*), X (B, ). (A7), % (Bop ™), )V (A7), % (B ),))

For (x,y) EX XY,

Consider
((aup™), x (Bop*),) A ((Aop™), X (B ™)) ) C69)
= ((Abp+)1 X (Bbp+)1) xy) A ((Abp+)2 X (Bbp+)2) )
= min[ min{ (A, "), (0, (Bpp "), )} min{(Ap, ) (), (Bop ™), 1)1
= min[ min{ (App*), (), (App*), (03}, min{(Bup ™), (), (Bop ), )]
= min{ ((App*),A (Abp*),) @, ((Bop™) A (Bop™),) 303
= ("), (Aup),) X (B ), A (B ™)) ) o).

Also,
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((Canp), % (Bop ), )V (A7), X (B 7)) ) )

= ((Abp_)l X (Bbp_)l) xy)V ((Abp_)z X (Bbp_)z) xy)

= max [ max{ (App "), (), (Buop "), ()}, max{(Ap,~), ), (Bop ), )]
= max [ max{ (Ap, ), (), (App ), (0}, max{(Byp ™), ), (Bop ™), )}]
max { (A7), V (Arp7),) @, ((Bup ),V (Bop?),) 0}

= (((anp7),V (Ap7),) x (Bop ), VI(Bp ), ) ) 5.

Hence ((Abp)ln(Abp)z) % ((Bbp)1n(Bbp)2) - ((Abp)1 X (Bbp)1) n ((Abp)z X (Bbp)z)'

Theorem : 3.2.5

Let (X, T, ) and (Y, tg,) be two bipolar fuzzy topological spaces. If A, and By, be
two bipolar fuzzy closed subsets in X and Y respectively, then Ay, X By, is a bipolar fuzzy

closed subset in X X Y.
Proof:

If App, be a bipolar fuzzy closed set in X then Ay, is a bipolar fuzzy open set in X.

Therefore (Ap,° X 1p,p in Y) is a bipolar fuzzy open set in X x Y.
Also, if By, is a bipolar fuzzy closed set in Y then By,,“ is a bipolar fuzzy open set in Y.

Therefore (1bp in X X Bbpc) is bipolar fuzzy open in X X Y.

(Abp X Bbp)c = ((Abp+ X Bbp+)c' (Abp_ X Bbp_)C )

For (x,y) € X X Y, we have

(Abp+ X Bbp+)C(X: Y) =1- (Abp+ X Bbp+)(x: Y)
=1 - min{Ap,”* (%), Byp " ()}

= max{1 — Ap, " (x),1 — By, " (1)}
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= max{(App ") ), (Bop*) )}

= max{(App*) ) A Tpp (1), 1pp " () A (Bop ™) ()}

= max{((App")" X 1op ) &Y, (Lop™ X (Bop) ) x )}

= ((Anp™)" X Lo IV (1p™ % (Byp ")) i 3).
Therefore (Apy™ X Bop*)” = ((App*) X 1pp ™) V (1pp* x (Bpp*)") is openin X x Y.
Similarly (App™ X Bop ™) = ((App™) X 1pp ) A (1pp™ X (Byp™)") isopenin X x Y.
Thus (Abp X Bbp)c is a bipolar fuzzy open set in X X Y.

Hence (A, X Byyp) is bipolar fuzzy closed in X X Y.
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SECTION -3.3

SECOND ORDER BIPOLAR FUZZY PROUCT TOPOLOGY

Definition : 3.3.1

Let (X, %g,) , (Y, %,) be two second order bipolar fuzzy topological spaces. If

Ayp € T3, and By, € Ty, then the product Ay, x By, on X x Y is defined as follows:

App X Bpp = ((Z\bp+ X Ebp+),(2\bp_ X Ebp_)) such that
(Bop” X Bop") Gy (@ = Ay (x)(@) A By, (¥)(a) and

(App X Bpp )& Y(@W =24y, ()(@)V By, ()(a), forevery (x,y) € X X Y and
for every a € 1.

The product topology Ty, X Ty, 0n X X Y is the second order bipolar fuzzy

topology having the collection {Ay;, X By, / Apy € T, By € T,} as a basis.
Definition: 3.3.2

Let {(X5, %s,) /A € A} bea family of second order bipolar fuzzy topological spaces
and X = [ e X, Let {(Abp)x = ((Z\b;)x’ (Abp_)x) /A € A,where (Kbp)xis a second
order bipolar fuzzy set in X;\}. The product [, ¢ A(Z\bp))\ is a second order bipolar fuzzy set

in [Tx e o X, defined as HAEA(Abp)A = (/\AEA (Z\bp+)x; VAEA(Abp_)k)a

for every (x5)x e a € [1ea X and for every a € 1.

The second order bipolar fuzzy product topology on X is the one with basic second

order bipolar fuzzy open sets of the form erA(Z\bp)A, where (Kbp)xe%%A and

(Kbp)}\ = 1, except for finitely many A’s.
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Theorem : 3.3.3
Let (X,tg,) and (Y, ty,) be two first order bipolar fuzzy topological spaces. If

(X, %,) and (Y, %, ) be the second order bipolar fuzzy topological spaces from (X, tg, ) and

(Y, t,) respectively, through the relation R,, then Ty, X Ty, = T, X Tg,.
Proof :

Let us consider the basis element
(Bop), x (Bup), = ((Rnp”)

For (x,y) € X X Y and a € I, consider

X (Bop7) L (Bop ), X (Brp ),) of T, X T,
((Bop"), % (Bop”), ) )@ = (Bop ") (@ A (Rnp”) 3) ()
= (Abp+)1(x) A (Abp+)2(Y)
= ((Anp"), x (Aep"),) Gy)
= ((Anp™); X (Anp™),) 1@,
Therefore (App ) x (Rup "), = (Abp™), x (Anp"),.
(&5 7), x (A5 ),) (@) = (Rpp ), D@V (B, ), 3)(@)
= (Abp ), 0V (App "), ®)
= ((Abp_)l X (Abp_)z) xy)
= ((Anp), X (Anp"), ) G1(@),
Hence (Ap, ), % (App ), = (Abp_):X\(Abp_)z'
Thus (Rup), X (Rop), = (Abp), X (Avp), € To; KT,

Since (App), X (App), is a basis element of g, X Tg,,

A Descriptive Study on Second Order Bipolar Fuzzy Structures 90



Chapter 3

%231 X %%2 c ngl/x\'fggz (1)

Consider By, € Ty, X Ty, Where By, € Ty, X Tg,
Bpp = U {(Abp)l X (Avp), / (Avp), € s, »(Abp), € T, & (App), X (App), < Bbp}
ﬁbp =U {(Abp)l X (Abp)z/ (Abp)1 €Ty, (Abp)z € Ty, & (Abp)1 X (Abp)2 < Bbp}

/Bbp =U {(Kblo)1 X (Abp)2 / ("E‘bp)1 € fSBl ’ (Kbp)z € fﬂgz & (Kbp)l X (;‘:bp)z < Ebp}’
then By, € Ty, X T3,
Therefore 13, X Tg, € Ty, X g, (2)
From (1) and (2), we get

Tg, X 1, = Ty, X Tg,.
Theorem:3.3.4

Let (X, %5,) and (Y, %y,) be two second order bipolar fuzzy topological spaces. For
a €1, if (%231)0( and (f%z)abe the first order bipolar fuzzy topologies from g, and %y,
respectively, through the relation R, then (fg, X %582)0( = (%551)0( X (?232)0(.
Proof :

Consider a basis element
(Abp)a X (Ebp)a = ((Abp+)a X (Ebp+)a' (Z\bp_)a X (Ebp_)a) of (fﬂﬁ)a X (%%z)a-
where (Ap,) € (ts,)_ and (Byp)_ € (Ts,) .
Then :&bp € %531 and Ebp € ?%2.
Therefore Ay, X By, € g, X Tg,.

For (x,y) € X X Y and a € I, consider

(Bop") x (Bop") ) &y) = (Bup") A (Bop") )
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= (Rpp ") )@ A (Brp,") 1) (@)

Then, (App”) % (Bop') =(Aop" xBpp,") and

((Abp_)a X (Ebp_)a) xy) =Ry ) OV (Bop ) O
= (Bpp )@V (Byp )M(®
= (App X Bpp )Exy(@)
= (Byy” X By ) (Y.

_ —

Thus (Abp_)a X (Ebp_)a = (Bop X Bup )a'
and (Abp)a X (Ebp)a = ((Abp-’- X Ebp-’-)q, (’Abp_ X Ebp_)a)

= (Abp X Ebp)(x € (%581 X "fggz)a.

Therefore (t5,) x (%s,) < (Ts, X ts,)_- 1)

Consider (Byy)_ € (%5, X ts,)_, foreverya €1
implies By, € T, X T,
Bop = U {(Bnp). X (Rop). / (Rop). € 2, , (Bnp), € T, and (Rpp), X (Bip), < Bop)
(Bop), = U{((Abp)l X (Abp)z)a/ (Bbp), € T3, (Bup), € T, and (App), X (App), < Bup}
= U{((Abp)l)a X ((Kbp)z)a / ((Abp)l)a € (f%l)a '((Abp)z)a € (f%z)a )
&((Abp)l)a X ((Kbp)z)a < (Ebp)a}

(Bop), € (Ts,), * (T2,),
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(Re, X Tw,) < (Bs,) % (B3,) - 2
From (1) and (2), we get
(T, X 23,) = (Ts,)  * (Ts,) -
Theorem:3.3.5

Let (X,%5,) and (Y,%g,) be two second order bipolar fuzzy topological spaces. If
(X, (f%)c) and (Y, (%%Z)C) be the two second order bipolar fuzzy topological spaces from
(X,%g,) and  (Y,%g,) respectively, through the relation Rs,  then
(g, X fﬂsz)c = (fﬂsl)c X (fﬂsz)c-
Proof :

Consider a basis element
(Rbp) % (Bop)_ = ((Ab;)c x (ﬁb;)c, (Rop ), % (Bop ),) of () (fw,) .
where (Ay,) € (%s,)_and (Byp), € (Ts,) -
Then Ay, € Ty, and By, € Ty,
Therefore Ay, X By, € T, X T3,
For (x,y) € X X Y and a € I, consider

(Bop") x(Bop") ) Gey)(@ = (Rop”) 0@ A (Bop") 3@

(Bop ") 0@ =) A (B ") (A - @)

Il
>>)

bp' X Bop' ) (6 y)(1 - @)

= (Abp+ X Ebp+)c x, y) ().

A Descriptive Study on Second Order Bipolar Fuzzy Structures 93



Chapter 3

Then (Txbp*)c X (Ebp+)c = (Rop " x Ebp+)e and

((Kbp_)c X (Ebp_)c) (@) = (App ) (@) V (Byp ) ()
= (Bop )=V (Byp )OI~ )
= (Rop xBpp Jxy)A - )
= (Rop X Bop ) ¥)(®).

—~ —_

Then (Kbp_)c X (Ebp_)c = (Ap, X By, )C.
Thus (Bpp)_ X (Bop), = ((Bep X Eb;)c, (Rop X Bpp )
= (App X Bpp)_ € (Tg, X ?%Z)C.
Hence (g,) X (T,)_ < (%3, X ts,) - )
Consider (Ebp)c € (Tg, ¥ f%z)c. Then By, € Ty, X T3,
Bop = U{(Rsp), X (Rbp), / (Bvp), € Ta, »(Rnp), € T, and (Byp), X (Abp), < Bop)
(Bop), = U{((Abp)l X (Abp)z)c/ (Bbp), € T8, (Bpp), € T3, &
(Abp), % (Abp), < Bop)
= 0(Bop),), % (o), ((Bup),) € (o), (B),) € (2e,). &
((up),) % (o), < (Bup) 2

Then (Ebp)c € (fasl)c X (f‘Bz)c

Thus (2, X tg,) < (t8,)_ X (Ts,)_ )

From (1) and (2) , we get (f%l X ?gz)c = (fssl)c x (f%z)c-
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Theorem : 3.3.6

If (X,%g,) and (Y,%g,) be two second order bipolar fuzzy topological spaces, then
Sz(fﬂsl) X Sz(f%z) €S, (fﬂh X f—932)
Proof:

For any A,, €%y, , Bpp €1y, consider an element S,(Ay,) x S,(Bpp) of

S2(%s,) X S2(%s,)-

So, Sy(App X Bpp)

= {(xy) €XxY /(Bpp" x By ") G y)(@) > 0, (Bpp X By )xy)(@) <0,
for every a € I}
= {6 y) €XXY /Ap," (0(@) ABpp” (1) (@) > 0, Ay ()(0) V By (1)(0) <0,
forevery a € 1}
= {(xy) €XXY /Ay, (x)(0) > 0and By, (v)(a) > 0,
App () (@) < 0o0rBy, (y)(a) <0, foreveryael}
= {(xy) EXXY /A, ()(@) >0, Ap, (x)(a) < 0and
Bop (1) () > 0,By, (y)(c) < 0, forevery a € 1}
={(xy) €EXXY /x€S;(App),y € S2(Bpp)}

= S3(Abp) X S2(Byp).
Then SZ (Abp) X SZ(Ebp) = SZ(Abp X Ebp) € SZ(%ﬁBl X %%2)'

Thus S, (%) % S:(%,) = S2(Rs, X Ts,)-
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Theorem:3.3.7

If (X,2s,) and (Y,%g,) be two second order bipolar fuzzy topological spaces, then

(I) iE(%ﬁl) X iE(f%Z) < is(%%l X %932)'

(i) i*(fggl) X i*(f%) c i*(%ig1 X %%2).
Proof :

(i) Itis enough to observe that for any Ay, € 5, and By, € g,
(Lf‘xbp)E X (Lﬁbp)E - (L(AprEbp))s'

Consider (szbp)s X (Lﬁbp)s

— ((xy) EXXY/ ((Ab;(x))_l 1] =1, (Z\bp‘(x))_1 [-1,—¢) =1 > and

-1

-1
<(§bp+(y)> (1] =1, (Ebp_(y)) [—1,—¢) = I> , forevery € € (0,1)}

= {(xy) €XxY /(Bpp (@) > &R, (¥)(0) < —¢) and
(Ebp+(Y)(a) > ¢, By, (M ()< —s) for every € € (0,1), for every a € I}

= {(xy) €XXY /Ap, ()(e) ABpy, (7)(@) > & A, ()(0) VB, (7)(@) < -,

for every € € (0,1), for every a € I}
= (G y) €X xY/(Rpp" xByp ") xy)(@ > & (B x By )xy)(@) < —e}
= () X %Y/ ((Bop” x By ) ) (21121,
((Bop” xBop )xy)) [1,-8) =1

- (L(Abp ngp)>s'

Therefore ig(Tg,) X i¢(Tg,) S i(Ty, X Ts,)-
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(i) The proof is similar as (i).
Theorem : 3.3.8
If (X,7) and (Y, T") be two topological spaces, then
(i) Fore € (0,1),w:(T) X wc(T) € w:(T X T).

(i) @,(7) X 0, (T) € w,(TXT).

Proof :

(i) Let w.(T) and w.(T’) be two second order bipolar fuzzy topologies generated by
((Kl)bp)s = {Ayp € SBPF(X)/ (Lgbp)s € 1} and
((Kz)bp)s = (B € SBPF(X)/ (Lﬁbp)E €},
Consider a basis element Ay, X By, of w.(T) X w.(t)
implies (L;\bp)s € tand (Lgbp)s ET
implies (L;\bp)s X (Lgbp)s = (L(AprEbp))s ETXT.
Then Abp X Ebp € (,l)s(?y'f’).

Thus @, (T) X w.(T) € w(T X ).

(i) The proof is similar as (i).
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