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CHAPTER -
FUZZY SOFT MATRICES

Definition: 2.1

Let U ={c4,C2...cnh } be the universal set and E = {e4, ez, e3...€,} be the set
of parameters. Let A ¢ E and (F, A) be a fuzzy soft set in the fuzzy soft class
(U, E). Then the fuzzy soft set (F, A) can be represented in matrix form as

Smxn = [@jjlmxn O Simply by S = [gi], i=1,2,....m; j=1,2,...,n, where

- ui(c;), if e;eA
' 0, if e A

Here p; (ci) represents the membership of ¢; in the fuzzy set F(ej).The
matrix Smxn is called a fuzzy soft matrix. One can identify a fuzzy soft set with its
fuzzy matrix and use these two concepts interchangeable. The set of all mxn

fuzzy soft matrices over U would be denoted by FSMpxn.
Example : 2.2

Let U = {c1, c2 ...cm) be the universal set and E be the set of parameters

given by E = {e1,e2,e3,e4,}. Let P = {e1,e2,e4} c E and (F, P) is the fuzzy soft set
(F, P) ={F(e1) ={(c1, 0.7), (c2, 0.6), (c3, 0.7), (c4, 0.5)},

F(ez2) = {(c1, 0.8), (cz, 0.6), (c3, 0.1), (cs, 0.5)},

F(es) = {(c1, 0.1), (c2, 0.4), (c3, 0.7), (c4, 0.3)}}.
The fuzzy soft matrix representing this fuzzy soft set would be represented as

0.7 08 00 0.1 0.0
0.6 0.6 00 04 0.0
0.7 0.1 0.0 0.7 0.0
0.5 05 0.0 03 00],,
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Definition : 2.3
Let A =[ajmxn, B = [bjjlmxn € FSM mxn be two fuzzy soft matrices.

1) If m=n then A is called a fuzzy soft rectangular matrix.

2) If m =n, then A is called a fuzzy soft square matrix.

3) If m=1, then A is called a fuzzy soft row matrix.

4) If n=1, then A is called a fuzzy soft column matrix.

5) Then A is called fuzzy soft dioganal matrix if m = n and a; = 0 for all
I )

6) Then A is called fuzzy soft scalar matrix if m = n and a; = 0 for all
i#janda;=Ae[01]Vi=].

7) Then A is called fuzzy soft upper triangular matrix if m = n and a; = 0

for all i > j.

8) Then A is called fuzzy soft lower triangular matrix if m = n and a; = 0 for
alli<j.

9) A fuzzy soft matrix is said to be triangular if it is either fuzzy soft lower or

soft upper triangular matrix.

10)Then A is called fuzzy soft null matrix (or zero matrix) whose elements
are all 0, denoted by [0] or O.

11)Then A is called fuzzy universal soft matrix whose elements are all 1,
denoted by [1] or U.

12)Then A is called fuzzy soft submatrix of B, denoted by A c B, if
aj < b; for all'i and j.

13)Then A is called proper fuzzy soft submatrix of B, denoted by A c B, if
aj < bjfor alli and j and for atleast one term aj; < by

14)Then A and B are fuzzy soft equal matrices, denoted by A = B, if

aij = bij.
Theorem : 2.4

Let A = [@j]mxn, B = [bjjlmxn, C = [Cijlmxn b€ three fuzzy soft matrices. Then

21



1) 0cA
2) AcU
3) AcA
4) AcB,BcC=>AcC

where 0 is a m x n fuzzy soft null matrix whose elements are all 0 and U is a

m x n fuzzy universal soft matrix whose elements are all 1.
Definition : 2.5

Let A = [ajlmxn € FSMmnxn, where a; = p; (c), then the element
a1, ai2,.....amm are called the diagonal elements and the line along which they

lie is called the principal diagonal of the fuzzy soft matrix.
Definition : 2.6 [22]

Let A = [aj], B = [bj] € FSMmxn. Then union of A, B is defined by

Amxn U Bmxn = men = [Cij]mxn ; where Cijj = ajj 0 bij =ajt bij - gj bij for all i and j

Example : 2.7
0.1 02 03 0.5 02 0.6
A=(02 0.5 0.7 and B=|0.1 03 0.2
0.0 1.0 03 0.2 0.7 0.0

0.55 036 0.72

Then A3X3UB3X3=C3X3= 0.28 0.65 0.76
0.20 1.00 0.30

Definition : 2.8 [22]

Let A = [aj], B = [bj] ¢ FSMmnun. Then intersection of A, B is defined by

Amxn N Bmxn = Coxn = [Cij]mxn, where Cjj = ajj * bij = aijj bij for all i and j
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Example : 2.9

0.1 02 03 0.5 02 0.6
LetA=102 0.5 0.7|andB=|0.1 03 02
0.0 1.0 03 02 0.7 0.0

0.05 0.04 0.18

Then A3x3 M B3x3 - C3x3 = 0.02 0.15 0.14
0.00 0.70 0.00

Definition : 2.10 [10]

Let [aj], [bj] € FSMmxn. Then the fuzzy soft matrix [c;] is called

1) Union of [aj] and [b;], denoted [a;] U [by], if ¢j = max {a;, b;} for all

i and j.

2) Intersection of [aj] and [bj], denoted [aj] N [by], if cj = min {aj, b} for all

i and j.

Definition : 2.11 [10]

Let [aj], [bj] € FSMmxn. Then [a;] and [by] are disjoint, if [a;] N [bj] = [0] for

alli and j.
Example : 2.12

[0 06 0
0.1 0 1

Assume that [a]=| 0 03 0.8 [by] =

S O O O O

Then [aij] M [bij] = [0] and
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[0 06 0.7 04]
01 02 1 1
[aij] O [bij] =0 03 08 09
07 0 05 1
0 1 0 03

Theorem : 2.13
Let A, B € FSMunxn, Then

1) AU0=A

2) AuU=U

3) AUB=BUA

4) (AUB)UC=AU(BUC)

Proof :
Let A = [@j]mxn, B = [Djjlmxn, C = [Cjjlmxn be three fuzzy soft matrices.

1) AUO = [a;+0—a;0] = [aj] = A
2) AuU=[aj+1-2a;1]1=[1]=U
3) Au B = [ajj+ bj—ajbj]
= [by+ aj — by aj]
= BUA
4) (AU B)uU C = [aj+ bj — aj bj] L [cj]
= [(ay + by —ajby) + ¢j— (aj+ bj — aj by) ;]

= [ajj + bjj + i — aj bjj — aj; Cj — by ¢jj + aj; by cj
A U (B U C) = [aj] U [bj + ¢ — bjcj]
= [aj + (b + ¢ —bjj ¢j) — aj (b + ¢ — by C;)]
= [a + by + ¢ — aj by — aj; ¢ — bjj ¢ + aj by ¢
Hence (AUB) U C =AU (B U C).
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Theorem : 2.14

Let A, B € FSMux. Then

1) An0=0

2) AnU= A

3) AnB=BnA

4) AnB)nC=An(BNC)

Proof :

Let A = [@jj]mxn, B = [Djjlmxn, C = [Cj]lmxn be three fuzzy soft matrices.

1) An0=[a;0]=[0] =0
2) AnU=[aj1]=[aj] = A
3) AnB =[ajbj]
= [bj aj]
=BnNnA
4) (AnB)n C =[ajbj] N [cj]
= [(a by) ci
= [a; (bj cj)]
= [ai] M [b ci]

=An(BNnC)

Definition : 2.15 [22]

Let A =[aj]mxn, then complement of A is denoted by AC =[c;], where
cj=1-—ay foralliandj.

Example : 2.16

09 0.8 0.0 0.1 02 1.0
Let A=(0.8 05 0.0/ then A°=(02 05 1.0
1.0 0.0 0.0 00 1.0 1.0
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Theorem : 2.17

1) (A=A
2) 0°=U

Proof:

1) Let A = [aj]mxn be a fuzzy soft matrix.
Then A®=[1 - aj] for all i and j
S(AOC=[1-(1-ay)] =[a] =A

2) (0°=[-0]=[1]=U

Theorem : 2.18

Let A = [aj]mxn, B = [bjlmxn be two fuzzy soft matrices then De Morgan’s

Laws are void for all i and j.

1) (AUB)°=A°nBC
2) (A\nB)¢=ACUB®

Proof :
1) (AU B)® = ([a;] U [by])°

= [aj +bj — a; by]°
=[1 - aj — by + ajby]
= [(1 = ay)(1 = by)]
=[1-a]n[1-by]
— AC ~ BC

2) (AnB)° =(laj] A [bi]

= [ay by]°
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=[1 - aj bj]

ACUB® =[1-a)] U[1-by]
=[1-a;+1-bj—(1-a;)1-by)]
=[1 - aj by]

Hence (A n B)® = ACUB®
Theorem : 2.19 [10]

1) [agl < [1]

2) [0] c [ag]

3) [ay] < [ai]

4) [ay] < [by] and [by] < [cj] = [ai] < [ci]

5) [aj] < [by] < [ay] N [bi] = [aj] < [aj] w [by] = [by]

Theorem : 2.20 [10]
Let [aij], [bij], [Cij] € FSmen. Then

1) [aj] = [by] and [by] = [cj] < [ay] = [ci]
2) [aj] < [bj] and [bj] < [ci] < [ai] = [by]

Theorem : 2.21 [10]

Let [aj], [bj] € FSMuxn. Then De Morgan’s Laws are valid

1) ([ag] v [by)® = [a]® N [by]®
2) ([ai] N [by])° = [a5]° U [by]®

Proof :
Foralliand j

1) ([ag] U [by])° = [max {ay, by}]®
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= [1 - max {aij, bij}]
= [min {1- aij,1— bij}]
= [a]° N [by]°

2) It can be proved similarly.
Definition : 2.22

Let A = [aj] € FSMmyxn, and k, 0 < k < 1 any number called scalar. Then

scalar multiple of A by k is denoted by kA = [Kajj]mxn.

Example : 2.23
0.1 02 03
LetA=(02 05 0.7
00 1.0 03
0.05 0.10 0.15
.. (0.5A = 0.10 0.25 0.35
0.00 0.50 0.15

Theorem : 2.24

If s and t are two scalars such that 0 <s, t< 1and A = [aj]mx is any fuzzy soft

matrix, then

1) s(tA) = (st)A
2) s<t=>sAcCctA
3) AcB = sAcsB

Proof :
we only prove (i) and others follow the similar lines
Let A = [aj]mxn

s(tA) = s(t[aj]mxn)
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= s[tajlmxn

= [s(tay)]mxn
= [(st)aijlmxn
= (st)laimxn

Definition : 2.25

Let A = [ajlmxn be a fuzzy soft square matrix. Then trA = Za" =
i=1

ajitaztasst...... +ann.
Example : 2.26
0.1 02 03
LetA=1]02 0.5 0.7
0.0 1.0 03

J.trA=01+05+0.3=0.9
Theorem : 2.27

Let A and B be two fuzzy soft square matrices of order m and k be a
scalar. Then tr (kA) = ktr A.

Proof :
Let A = [aij]mxm

we have, kA = [kau] mxm

cotr(kA) = ikaii = kiaﬁ= ktr A

i=1 i=1
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Theorem : 2.28

If A be a fuzzy soft matrix of order m x n, then (kA)T= kAT, k being any

scalar.
Proof :
Let A = [aj]mxn be fuzzy soft matrix.
We have kA = [Kaijj]mxn
S (kAT = [Kajloxm = K[@jloxm = KAT
Theorem : 2.29
Let A, B € FSMmxn, Then
1) (AuB)T=ATUBT
2) (AnB)T = ATABT
3) (A9 = (AT)®
Remark : 2.30

Let A, B € FSMpx. Then the following distributive laws are valid for max and

min operations only.

1) AU(BNC)=(AUB)N(AUC)
2) An(BUC)=(ANB)U(ANC)

Definition : 2.31

A binary operation * : [0,1] x [0,1] — [0,1] is continuous t-norm if * satisfies

the following conditions.

1) *is commutative and associative
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2) *is continuous
3) a*1=aV ae[0,1]

4) axb <cx*dwhenevera <c,b<danda,b,c,de[0,1]

A few examples of continuous t-norm are a * b = ab, a * b = min{a, b},

a * b = max{a+b-1, 0}.

Definition : 2.32

A binary operation ¢ : [0,1] x [0,1] — [0,1] is continuous t-conorm if ¢

satisfies the following conditions.

1) ¢ is commutative and associative
2) ¢is continuous
3) a00=a Vv ae[0,1]

4) a0b <c0dwhenevera<c,b<danda,b,c,del[01]

A few examples of continuous t-conorm are a ¢ b = a + b - ab,

a0 b= max{a, b}, a0 b =min{a+b, 1}.
Definition : 2.33 [22]
Let A =[aki,-] € FSMmun, k = 1,2,3,.....,L. Then the T - product of fuzzy soft

matrices, denoted by HL:1AK= Ay x Ay x Az x...xA, is defined by

n

|
A, = [Gllma, where ¢; = b 5 a,i=1,23,.....,m.

j=1
Here T = * or T = 0 according to the type of the problems.
Example : 2.34

We assume that A1, A,, A3 € FSMnx, are given as follows.
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02 0.7 0.6 0.2 04 03

0.6 04 0.1 0.6 0.3 0.1
0.3 0.6 0.8 0.5 0.3 .02
0.1 0.9 0.8 0.2 0.5 0.7

Then the * product is [ _ A, = A1 x Apx A

[0.2%0.6%0.4+0.7%0.2%0.3
0.6%0.1%0.3+0.4%0.6*0.1
0.3*0.8*%0.3+0.6*%0.5%0.2
0.1*0.8%0.5+0.9*0.2*0.7

[0.090
0.042
0.132
0.166

Theorem : 2.35
Let A, B, C € FSMqxn. Then

1) AxB=BxA
2) (AxB)xC=Ax(BxC)
3) AxBcAxC

Proof :
1) Let A =[aj], B = [bj] be two fuzzy soft matrices.

Then A xB=[> a; Tby]=[)_b; Taj] = B x A, where T= * or .
=1 j=1

Algorithim for fuzzy soft matrix decision making method by using fuzzy

soft “*” product.

Input : Fuzzy soft sets with m objects, each of which has n parameters.
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Output : An optimum set.

Step 1 : Choose the set of parameters,

Step 2 : Construct the fuzzy soft matrices for each set of parameters,
Step 3 : Compute “*” product of the fuzzy soft matrices,

Step 4 : Find the optimum subscript set Os,

Step 5 : Find the optimum decision set Oyg.

Example: 2.36

Suppose U = {c4, ¢, C3, C4, Cs} be the five candidates appearing in an
interview for appointment in managerial level in a company and
E = {es(enterprising), ey(confident), es(willing to take risk)} be the set of
parameters. Suppose three experts, Mr. A, Mr. B, and Mr. C, take interview of the

five candidates and the following fuzzy soft matrices are constructed accordingly.

[0.3 0.2 0.1] (0.7 02 0.5] [0.5 0.4 0.6]
0.5 04 02 06 04 09 04 0.7 06
A=106 05 07(B={07 08 06{andC={06 0.5 05
04 0.6 0.8 05 06 1.0 08 06 04
108 0.6 03] 104 05 0.7] 105 0.6 0.5

[0.3*%0.7*%0.5+0.2%0.2%0.4+0.1%0.5%0.6 |
0.5%0.6*%0.4+0.4*0.4*0.7+0.2*0.9%0.6
we have, AXxBxC=|0.6*%¥0.7*¥0.6+0.5%¥0.8*¥0.5+0.7*0.6*0.5
0.4*0.5%0.8+0.6*0.6*0.6+0.8%1.0*%0.4
| 0.8%0.4*0.5+0.6%0.5%0.6+0.3%0.7%0.5
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[0.151]
0.340
= [0.662
0.696
| 0.445 |

It is clear that the maximum score is 0.696, scored by c4 and the decision is in

favor of selecting cs.
Definition : 2.37 [10]

Let [aj], [bik] € FSMmxn. Then And - product of [aj] and [bi] is defined by
A 1 FSMmxn X FSMmxn = FSM_ ., [aj] A [bi] = [cip)] where cip = min {aj, bi}
such thatp =n (j-1) + k.
Definition : 2.38 [10]

Let [a;], [bik] € FSMmxn. Then Or - product of [a;] and [bi] is defined by
AV FSmen X FSmen —> FSmenz’ [ai,-] \V4 [bik] = [Cip] where Cip = max {aij, bik}

such that p = n (j-1) + k.
Definition : 2.39 [10]

Let [aj], [bik] € FSMmxn. The And - Not - product of [a;] and [bi] is defined
by K % FSmen X FSmen —> FSme 2 [a“] K [bik] = [Cip] Whel’e

n

Cip= min {aj, 1 - by} such that p =n (j-1) + k.
Definition : 2.40 [10]

Let [aj], [bi] € FSMmxn. The Or - Not - product of [a;] and [by] is defined
by v: FSMmxn X FSMpxn — FSM_ 2 [ai] v [bi] = [cip] where

n —-—

Cip = max {aj, 1 - by} such that p = n (j-1) + k.
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Example : 2.41

Assume that [aj], [bi] € FSM2x3 are given as follows

0 0 03 o5 0 02
[a“]_[o 1 0.7} [b"‘]_[o.z 0 0}

To calculate [aj] A [bi] = [cip], we have to find ¢, for alli=1,2,3,....,9.

Let us find cq7.
Sincen=3,i=1andp=7,wegetj=3andk=1from7=3(j-1) + k.
Hence c47 = min {as3, b1} = min {0.3, 0.5} = 0.3.

If the other entries of [cjp] can be found similarly, obtain the matrix as follows:

0000000.300.2]

2yl . [oad {0 000200020 0

Similarly, we can also find products [a;] v [bi], [aj] A [bik] and [aj] v [bi].
Note that the commutativity is not valid for the products of fuzzy soft matrices.

Theorem : 2.42

Let [aj], [bik] € FSMmxn. Then the following De Morgan’s types of results

are true.

1) (fag] v [bid)® = [a]° A [bid®
2) ([ay] ~ [bu))® = [ay]° A [b]
3) ([aj] v [bil)° = [ay]® & [bi]®
4) ([ai] A [bw])° = [ay]° v [bal”
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Definition : 2.43

Let [cp] € FSM_ . . Ik = {p:3,cp#0, (k1)n <p < kn } for all

n
k e I ={1,2, 3,...,n}. Then fs - max - min decision function, denoted M,,, is

defined as follows:

tk = minpelk {Cip}’ if Ik * 0
| 0, if I,=0

The one column fs - matrix My, [Cjp] is called max - min decision fs - matrix.

Definition : 2.44

Let U = {u4, uz, us,....,un,} be an initial universe and My, [cip]=[di1]. Then a

subset of U can be obtained by using [di1] as in the following way

optin(U) = {dir/u; : u € U diy # 0} which is called an optimum fuzzy set

on U.

Algorithm for fs - max-min decision making (FSMmDM) method by using

fs -max - min decision function.

Step 1 : choose feasible subsets of the set of parameters,
Step 2 : construct the fs - matrix for each set of parameters,
Step 3 : find a convenient product of the fs-matrices,

Step 4 : find a max - min decision fs — matrix,

Step 5 : find an optimum fuzzy set on U.

Assume that a real estate agent has a set of different types of houses

U = {u4, up, us, us us} which may be characterized by a set of parameters
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E = {x1, X2, X3, x4}. For j =1, 2, 3, 4 the parameters x; stand for “in good location”,

LU » o«

“‘cheap”, “modern”, “large”, respectively. Then we can give the following example.

Example : 2.45

Suppose that a married couple, Mr. X and Mrs. X, come to the real estate
agent to buy a house. If each parameter has to consider their own set of
parameters, then we select a house on the basis of the sets of partners’

parameters by using the FSMmDM as follows.

Assume that U = {u4, uz, us, ug, us} is a universal set and E = {x1, X2, X3, X4} is a

set of all parameters.

Step 1: First, Mr. X and Mrs. X have to chose the sets of their parameters,

A = { X2, X3, X4} and B = { x4, X3, X4}, respectively.

Step 2: Then we can write the following fs-matrices which are constructed

according to their parameters.

0 0 02 04 1 0 09 0.7
0 06 09 04 02 0 0 09
[ai]= |0 0.8 0.7 05 [bi]=[07 0 04 0.3
0 05 0 0 0 0 05 06
0 1 0 08] (0 0 0 1|

Step 3: Now, we can find a product of the fs-matrices [a;j] and [bi] by using

And-product as follows

0000 0 O O 0 020 02 02 04 0 04 04]
000O0OO020 0 06 020 0 09 02 0 0 04
000 O0 07 0 04 03 07 0 04 03 05 0 04 03
000O0O O OO0OSG05 0 0 0 O 0 0 o0 o0
o000 0 0 o0 1 0 O0 O O O O 0 0B8]

Here, we use And-product since both Mr. X and Mrs. X’s choices have to be

considered.
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Step 4: To calculate Mm([aj] A [bi]) = [di], we have to find diy for all
i e {1, 2, 3, 4, 5}. To demonstrate, let us find dz;. Since i = 1 and

ke{l,2,3,4},
da1 = max{ta} = max{ts1, taz, taz, tas}

Here, we have to find t3 for all k € {1, 2, 3, 4}. To demonstrate, let us find t3; and

t30.

I1={p:cp#0,0<p <4}=0fork=1andn=4and

L={p:cip#0,4<p<8}=1{57,8fork=2andn=4.
Hence t3; = 0 and ts; = min{css, Ca7, Cas} = Min{0.7, 0.4, 0.3} = 0.3
Similarly, we can find as t33 = 0.3 and t34 = 0.3. Thus,

dss = max{0.0, 0.3,0.3,0.3} = 0.3

Similarly we can find dq1 = 0.4, d21 = 0.0, d41 = 0.0 and dss = 0.0. Finally, we can

obtain the fs-max-min decision fs-matrix as

[0.4
0
Mm([aj] A [bi]) = [dir] = | 0.3

Step 5: Finally, we can find an optimum fuzzy set on U according to

Mm([aij] A [bik])-

OptMm([aij],\[bik )(U) = {0.4/u1, 0.3/ug}

where uy is an optimum house to buy for Mr. X and Mrs. X.
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Similarly, we can also use products [ai] v [bid, [ai] A [by] and [aj] ¥ [bi] for the

other convenient problems.
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