6.

v Generalized Connected Space in Intuitionistic Fuzzy

Topological Spaces

6.1 Introduction

Balachandran, Sundaram and Maki (1991) introduced GO connectedness in
topological spaces. Narmadadevi, Roja and Uma (2013) introduced vy basically
disconnected spaces. Rajasethupathy and Lakshmivarman (1977) have introduced
connectedness in fuzzy topological spaces. Hanafy (2003) introduced the concept of
y connectedness in fuzzy topological spaces. Intuitionistic fuzzy Cs-connectedness is
introduced by Coker (1997). Ozeag and Coker (1998) have introduced connectedness in
intuitionistic fuzzy topological spaces. In this chapter we have introduced intuitionistic
fuzzy y generalized connected space, intuitionistic fuzzy y generalized super connected
space and intuitionistic fuzzy y generalized extremally disconnected space. We
investigated some of their properties. Also we have characterized the intuitionistic fuzzy
y generalized super connected space.

6.2 Intuitionistic fuzzy y generalized connected spaces

Definition 6.2.1: An IFTS (X, t) is said to be an intuitionistic fuzzy y generalized (IFyG)
connected space if the only IFSs which are both an IFyGCS and an IFyGOS are 0- and
1

Proposition 6.2.2: Every IFyG connected space is an IFCs-connected space but not

conversely in general.

Proof: Let (X, 1) be an IFyG connected space. Suppose (X, 1) is not an IFCg-connected
space, then there exists a proper IFS B which is both an IFOS and an IFCS in (X, t). That is
B is both an IFyGOS and an IFYGCS in (X, 7). This implies that (X, 1) is not an IFYyG

connected space. This is a contradiction. Therefore (X, 1) is an IFCg-connected space.
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Example 6.2.3: Let X = {a, b} and t© = {0, A, 1.} bean IFT on X, where
A = (X, (0.5, 0.4,), (0.5, 0.6,)). Then (X, 1) is an IFCs-connected space but not an IFyG
connected space, since the IFS A in 1 is both IFyGOS and IFyGCS in (X, 7).

Proposition 6.2.4: Every IFyG connected space is an IFGO-connected space but not

conversely in general.

Proof: Let (X, 1) be an IFyG connected space. Suppose (X, 1) is not an IFGO-connected
space, then there exists a proper IFS A which is both an IFGOS and an IFGCS in (X, 1).
That is, A is both an IFYyGOS and an IFyGCS in (X, 1). This implies that (X, ) is not an
IFYG connected space. This is a contradiction. Therefore (X, t) is an IFGO-connected

space.

Example 6.2.5:: Let X = {a, b} and t = {0, A, 1.} bean IFT on X, where
A =(x, (0.5, 0.4), (0.5, 0.6;)). Then (X, 7) is an IFGO-connected space but not an IFyG
connected space, since the IFS A in 7 is both IFyGOS and IFyGCS in (X, 1)..

The relation among various types of intuitionistic fuzzy connectedness is given in

the following diagram.

IFyG connected
space

/ N\

IFGO IFCs
connected space

\ 4

connected space

The reverse implications are not true in general in the above diagram.

Proposition 6.2.6: An IFTS (X, 1) is an IFyG connected space if and only if there exist no
non-zero IFyGOSs A and B in (X, 1) such that A = B®.
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Proof: Necessity: Let A and B be two IFYyGOSs in (X, t) such that A # 0- # B and
A = B°. Therefore B is an IFyGCS in X. Since B # 0-, A = B # 1-. This implies A is a
proper IFS which is both an IFyGOS and an IFYGCS in (X, t). Hence (X, 7) is not an IFyG

connected space. But this is a contradiction to our hypothesis. Thus there exist no non-zero

IFyGOSs A and B in (X, 7) such that A = B’ .

Sufficiency: Let A be both an IFYGOS and an IFyGCS in (X, 1) such that 1- # A # O-.
Now let B = A®. Then B is an IFyGOS and B # 1-. This implies B® = A # 0-, which is a
contradiction to our hypothesis. Therefore (X, t) is an I[FyG connected space.

Proposition 6.2.7: An IFTS (X, 1) is an IFyG connected space if and only if there exists
no non-zero IFyGOSs A and B in (X, 1) such that B = A°, B = (ycl(A))° and
A = (ycl(B))".

Proof: Necessity: Assume that there exist IFSs A and B such that A # 0- # B,

B =AS B = (ycl(A) and A = (ycI(B))". Since (ycl(A)) and (ycI(B))' are IFyGOSs in
(X, 1), Aand B are IFyGOSs in (X, 7). This implies (X, t) is not an IFyG connected space,
which is a contradiction. Therefore there exists no non-zero IFyGOSs A and B in (X, 1)

such that B=A’, B = (ycl(A))” and A = (ycI(B)) .

Sufficiency: Let A be both an IFyGOS and an IFYGCS in (X, t) such that 1. # A # 0-.
Now by taking B = A°, we obtain a contradiction to our hypothesis. Hence (X, 1) is an

IFyG connected space.

Proposition 6.2.8: Let (X, 1) be an IFy. T/, space, thenthe following are equivalent:

() (X,1) is an IFyG connected space,
(ii) (X, 1) is an IFGO-connected space,
(iii) (X, 1) is an IFCs-connected space.

Proof:(i) =(ii) is obvious from Proposition 6.2.4.

(i1) = (iii) is obvious.
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(ii1) = (i) Let (X, 1) be an IFCs-connected space. Suppose (X, 1) is not an IFyG connected
space, then there exists a proper IFS Ain (X, t) which is both an IFyGOS and an IFyGCS in
(X, 7). But since (X, 1) is an IFy. T, space, A is both an IFOS and an IFCS in (X, 7). This
implies that (X, 1) is not an IFCs-connected space, which is a contradiction to our
hypothesis. Therefore (X, 1) is an IFyG connected space.

Proposition 6.2.9: If f : (X, 1) — (Y, o) is an IFyG continuous mapping and (X, t) is an

IFyG connected space, then (Y, o) is an IFCs-connected space.

Proof: Let (X, t) be an IFyG connected space. Suppose (Y, o) is not an IFCs-connected
space, then there exists a proper IFS A which is both an IFOS and an IFCS in (Y, o). Since
f is an IFyG continuous mapping, f "(A) is both an IFyGOS and an IFyGCS in (X, 7). But

this is a contradiction to hypothesis. Hence (Y, o) is an IFCs-connected space.

Proposition 6.2.10: If f : (X, t) — (Y, o) is an IFyG irresolute surjection mapping and
(X,1) is an IFyG connected space, then (Y, o) is also an IFyG connected space.

Proof: Suppose (Y, o) is not an IFyG connected space, then there exists a proper IFS B
which is both an IFyGOS and an IFyGCS in (Y, o). Since f is an IFyG irresolute mapping,
f1(B) is both IFyGOS and IFyGCS in (X, 7). But this is a contradiction to hypothesis.
Hence (Y, o) is an IFyG connected space.

Definition 6.2.11: An IFTS (X, 1) is called IFyG connected between two IFSs A and B if
there is no IFyGOS E in (X, 1) such that A € E and E °B.

Example 6.2.12: Let X = {a, b} and © ={0-,G,1.} be an IFT on X, where
G =(x,(0.5,,0.4,),(0.5,,0.6;)). Then,

The IFTS (X, 1) is an IFyG connected between the two IFSs A = (X, (0.3,,0.2,), (0.7,,0.8,))
and B = (x, (0.9,, 0.8,), (0.1,, 0.2,)) as there exists no IFyGOS E such that A ¢ E and
EqB.

Proposition 6.2.13: If an IFTS (X, 1) is [FyG connected between two IFSs A and B, then it is
IFCs-connected between two IFSs A and B.

On y Generalized Closed Sets in Intuitionistic Fuzzy Topological Spaces 144



Chapter 6

Proof: Suppose (X, 1) is not IFCs-connected between A and B, then there exists an IFOS E
in (X, 1) such that A € E and E ° B. Since every IFOS is an IFyGOS, there exists an
IFYGOS E in (X, t) such that A € E and E ¢ B. This implies (X, t) is not IFyG connected
between A and B, a contradiction to our hypothesis. Therefore (X, 1) is IFCs-connected

between A and B.

Proposition 6.2.14: An IFTS (X, t ) is IFyG connected between two IFSs A and B if and
only if there is no IFyGOS E in (X, t) suchthat ACECB .

Proof: Necessity: Let (X, 1) be IFyG connected between two IFSs A and B. Suppose that
there exists an IFyGOS E in (X, ) such that A € E < B¢, then E * B and A < E. This
implies (X, 1) is not IFyG connected between A and B, by Definition 6.2.11.
A contradiction to our hypothesis. Therefore there is no IFYGOS E in (X, 1) such that
ACEc B

Sufficiency: Suppose that (X, 1) is not IFyG connected between A and B. Then there
exists an IFyGOS E in (X, ) such that A € E and E 4 B. This implies that there is an

IFyGOS E in (X, ) such that A € E € BC. But this is a contradiction to our hypothesis.
Hence (X, 7) is IFyG connected between Aand B.

Proposition 6.2.15: If an IFTS (X, 1) is IFyG connected between two IFSs A and B,
A c A; and B € By, then (X, 1) is IFyG connected between A, and B;.

Proof: Suppose that (X, ) is not IFyG connected between A; and B,, then by Definition
6.2.11, there exists an IFyGOS E in (X, t ) such that A; € E and E ° B;. This implies
EcB;and A, € EimpliesAS A, S E. Hence ASE. Since ESB,°,B; S E*, BCS B;
C E°. Hence E € B®. Therefore (X, 1) is not IFyG connected between A and B, which is a

contradiction to our hypothesis. Thus (X, 1) is IFyG connected between A; and B;.

Proposition 6.2.16: Let (X, t) be an IFTS and A and B be IFSs in (X, 7). If A ¢ B, then
(X, 7) is IFyG connected between A and B.

Proof: Suppose (X, 1) is not IFyG connected between A and B. Then there exists an
IFyGOS E in (X, 1) such that A € E and E € B®. This implies that A € B®. That is
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A ¢ B. But this is a contradiction to our hypothesis. Therefore (X, 1) is IFyG connected

between A and B.

Definition 6.2.17: An IFYyGOS A in an IFTS (X, 1) is called an intuitionistic fuzzy regular
y generalized open set (IFRyGOS) if A = ygint(ygcl(A)). The complement of an IFRYyGOS
is called an intuitionistic fuzzy regular y generalized closed set (IFRYGCS) in (X, 1).

Definition 6.2.18: An IFTS (X, 1) is called an intuitionistic fuzzy y generalized
(IFYG) super connected space if there exists no proper intuitionistic fuzzy regular

v generalized open set in (X, 1).

Theorem 6.2.19: Let (X, 1) be an IFTS, then the following are equivalent:
) (X,7) isan IFyG super connected space,

(ii) For every non-zero IFRYGOS A, ygcl(A) = 1.,

(i)  Forevery IFRyGCS A with A # 1-,ygint(A) = 0-,
(v)  There exists no IFRyGOSs A and Bin (X, 1) such that A #0- #B, A € B%

) There exists no IFRyGOSs A and B in (X, t ) such that A # 0-# B,

B = (yecl(A))", A = (vecl(B))",
(vi)  There exists no IFRYGCSs A and B in (X, t) such that A # 1.# B,
B = (vgint(A))", A = (ygint(B))",

Proof: (i) =(ii) Assume that there exists an IFRyGOS A in (X, t) such that A # 0-

and ygcl(A) # 1-. Now let B = ygint(ygcl(A))C. Then B is a proper IFRYGOS in (X, 7).
But this is a contradiction to the fact that (X, t) is an IFyG super connected space.
Therefore ygcl(A) = 1.

(ii) = (iii) Let A # 1. be an IFRyYGCS in (X, 7). If B = A °, then B is an IFRyGOS in
(X, 1) with B # 0-. Hence ygcl(B) = 1-, by hypothesis. This implies (ygcl(B))° = 0-.
That is ygint(B€) = 0-. Hence ygint(A) = 0-.

On y Generalized Closed Sets in Intuitionistic Fuzzy Topological Spaces 146



Chapter 6

(iii) = (iv) Suppose A and B be two IFRyGOSs in (X, ) such that A #0-# B, A < B
Since B is an IFRyGCS in (X, 1) and B # 0- implies B® # 1., B¢ = ygcl(ygint(B®)) and
we have ygint(B) = 0.. But A < B° Therefore 0- # A = ygint(ygcl(A)) <
vgint(yecl(B®)) = vgint(vgel(yecl(ygint(B)))) = ygint(ygel(vgint(B))) = ygint(B®) = 0-.
A contradiction arises. Therefore (iv) is true.

(iv) = (i) Suppose 0- = A # 1 be an IFRYGOS in (X, 1). If we take B = (ygcl(A)), then
B is an IFRyGOS, since ygint(ygcl(B)) = ygint(ygcl(ygcl(A))) = ygint(ygint(ygcl(A)))© =
ygint(A%) = (ygcl(A))° = B. Also we get B = 0., since otherwise, if B = 0, this
implies (ygcl(A))® = 0-. That is ygcl(A) = 1-. Hence A = ygint(ygcl(A)) = ygint(1-) = 1-,
which is a contradiction. Therefore B = 0- and A < B°. But this is a contradiction to (iv).

Therefore (X, 7) is an IFyG super connected space.

(i) = (v) Suppose A and B are any two IFRyGOSs in (X, t ) such that A # 0- # B,
B = (ygcl(A))® and A = (ygcl(B))". Now we have ygint(ygcl(A)) = ygint(B®) = (ygcl(B))*
=A A = 0.and A=1.,sinceif A=1_, then 1. = (ygcl(B))° = ygcl(B) =0-= B =0..
But B # 0.. Therefore A # 1. = A is a proper IFRyGOS in (X, 1), which is a

contradiction to (i). Hence (V) is true.

(v) = (i) Suppose A is an IFRyYGOS in (X, t) such that 0- # A # 1.. Now take B =
(ygcl(A))S. In this case we get B # 0~ and B is an IFRyGOS in (X, 1), B = (ygcl(A))° and
(vecl(B))® = (vgcl(vecl(A))°)° = vyeint(ygcl(A))® = ygint(yecl(A)) = A. But this is a
contradiction to (v). Therefore (X, 1) is an IFyG super connected space.

(v) = (vi) Suppose A and B be two IFRyYGCSs in (X, 1) such that A = 1.# B, B =
(ygint(A))® and A = (ygint(B))°. Taking C = A® and D = B, C and D become
IFRYGOSs in (X, 1) with C = 0. # D, D = (yecl(C))° = (yecl(D))°, which is a

contradiction to (v). Hence (vi) is true.

(vi) = (v) can be proved easily by the similar way as in (v) = (vi).
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