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CHAPTER VII
REPAIRABLE TWO PHASE SERVICE M*/G/1 QUEUEING
MODELS WITH FINITE NUMBER OF IMMEDIATE FEEDBACKS
UNDER BERNOULLI SCHEDULE VACATION

INTRODUCTION

Queueing systems with various feedback policies have been
investigated by many authors. Kalidass and Kasturi (2013) motivated by the
transactions through ATM machine, analysed a reliable M/G/1 queueing
system, with two-phases of heterogeneous service and a finite number of
immediate Bernoulli feedbacks. The first phase consists of single service and
the second phase contains C multiple optional service facilities. All the arriving
customers are provided with the same type of service in the first phase and
after completing the first phase service, the customers will choose one of the
second optional services, which are available in the second phase of the
system. After having completed both phases of service, each customer is
allowed to make an immediate feedback. These authors assumed that the
feedback service also consists of two phases of service. In the feedback, the
first phase of service is of the same type as in the previous service and in the
second phase, the customer is permitted to choose an optional service may
be different from the one chosen earlier. They have considered a reliable and
single Poisson arrival queueing model in which each customer is allowed to

make a finite number of such feedbacks before departing from the system.

In the present chapter, the author considers an unreliable
M*/G, Gi (1<i<c/1 queueing system with two phases of heterogeneous service
in which the server operates single service in the first phase and
multi-optional heterogeneous service facilities in second phase. The arriving
customers have to undergo the first phase service and any one of the second
optional services to complete the first round of service. After completing the
first round of service, the customers may demand for re-services from the

second phase, finitely many times before leaving the system.
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The server is subject to unpredictable breakdowns during busy period
and sent for repair immediately. In breakdown queueing models, the service
interrupted customers may stay in the service facility to complete the
remaining service (or) join the head of the queue to repeat the service from
the beginning as soon as the server is fixed. In the present chapter, these two
cases are considered separately in sections 7.1 and 7.2 respectively and it is
verified that the results for both the cases coincide, if the service times follow
exponential distribution. It is further assumed that, after a successful
completion of a service (including the feedback services) of each customer
the server may take a Bernoulli schedule vacation before starting a new

service for the next customer.

SECTION: 7.1
M*/G/1 QUEUE WITH FINITE NUMBER OF FEEDBACKS AND
RESUMPTION OF INTERRUPTED SERVICE

7.1.1 MATHEMATICAL ANALYSIS OF THE SYSTEM
7.1.1.1 Model Description

The customers arrive in batches according to the time-homogenous

compound Poisson process with group arrival rate A (as in Chapter Il).

Service is provided one by one according to FCFS basis. Every
customer has to undergo two stages of services following different general
(arbitrary) distributions. The arriving customers first receive the First Phase
Service S (FPS), which is followed by any of the second phase services
(SPS) S; (1 <i<C). Customers after completing the first phase service will opt

C
for a certain i (1 < i < C) optional service with probability r; where >or=1.
i=1
The second phase service commences immediately after the first phase
service and all the services are provided by the same server. The service time

S in the first phase has a distribution function S(t), density function s(t), LST
S*(0) with finite first and second moments E(S¥), k = 1, 2. The i (1 <i < C)

optional service S; of the second phase follows a general distribution function
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Si(t), 1 <i < C, density function si(t), LST S;(0) with finite moments E(S¥),
k=1, 2. The service time of the first round of service of a customer is thus
S + S; (for some i = 1 to C) and it is termed as primary or fresh service. It is
assumed that the customer who finishes the first round of service either feeds
back immediately into any of the i type service from the second phase with
probability (f1 r) (1 <i<C) or leaves the system for ever with probability
(1 — f4). After the completion of the first feedback service, the customer may
again go in for a second feedback service with probability fo r; (1 <j < C) in the
second phase or leave the system with probability (1 — f;). This process may
continue, until the customer obtains at most m rounds of services (including
the primary service), after which the customer has to leave the system. The
next customer in the queue can go into the system only after the completion

of all the feedback rounds of the preceding customer.

The server is subject to unpredictable breakdowns while serving the
customers. The breakdowns occur according to the Poisson process with rate
a in first phase and at the rate ag’j) during the i" type " feedback service in

the second phase. As soon as a breakdown occurs, the server is sent for

repair immediately and the customer whose service is interrupted stays in the
service facility to complete the remaining service. The repair times Ry, Rg’j)
1<i<C, 0<j< m-1 are arbitrary distributed with probability distribution
functions R4(t) and R{¥ (t) according as the interruption occurs in phase 1 or
phase 2 in the i type of service due to the j” feedback. Immediately after the

server is fixed, it starts to serve the customer, whose service is interrupted

and the service time is assumed to be cumulative.

After completing a service to a customer, the server may take Bernoulli
schedule vacation with probability p or continue to serve the next customer if
any or stay idle if the system is empty with probability (1 — p). The vacation
time V has general distribution and its distribution function, density function,

LST and the first and second moments are respectively denoted by V(t), v(t),

V*(0), E(VY), k=1, 2.
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Thus each customer primarily will undergo the first phase of
service and at least one of the i optional services from the second
phase before leaving the system. The customers can use the feedback
facility only from the second phase service and can feedback atmost
m-1 times. Thus a cycle consists of primary service (phase 1 service and
any of the phase 2 service), atmost (m—1) feedback services (from second
phase), breakdown period and vacation period. We denote the model by
MX/(G,Gi(1sisc))/1/finite feedbacks/BSV/Breakdownresume service)y Where BSV

denotes Bernoulli schedule vacation.

Various stochastic processes involved in the queueing system are
assumed to be independent of each other. The customers continue to arrive
and join the system independent of the system states, following the
compound Poisson process. Using supplementary variable technique the
steady state system equations under the steady-state condition are analysed
and the PGF of the system size is obtained so that various performance

measures of the model can be derived from it.
The notations Ns(t), &, X, gk, g', X(z) are the same as in Chapter |I.

The notations of Random Variable (RV), Cumulative Distribution
Function (CDF), Probability Density Function (PDF), Laplace-Stieltjes

Transforms (LST) and its k™ moment of the RVs are listed below.

Table 7.1.1

RV CDF PDF LST k™ moments k =1, 2
Service time in first . k
phase S S(x) s(x) S (0) E(S")
.th . . .
i optional service time of . . . " Ky
the second phase S Si(x) si(X) S, () E(S;),i=1toC
Repair time in first phase R Ri(y) ri(y) R;” (0,) E(R1k )
Repair time in second i (i.j) ij iy ij .
ohase RYY R | e (y) [RU(0,) | E(RY)),0<j<m-1
Vacation time \Y V(x) v(X) V' (0) E(V)
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Let (SO(t), S°(t), RY (1), (R(zi,j))o(t), VO(t)) respectively denote the
remaining times of the random variables ; service time in first stage, second
stage, repair time in first stage, second stage and vacation time at time t.

Further the server states are denoted by the random variable Y(t) at time t.

Then the state space {Ns(t), &(t)} where 3(t) = (0, S°(t), S{(t), R{(t),

(Rg’”)o(t), V°(t)) according as Y(t) = 0, 1, 2, 3, 4 and 5 respectively follows

bivariate Markov process. The following joint probability functions are defined,

for further analysis :

PI (1) = Pr{Ns(t) = 0, Y(t) = 0}, when the server is idle.

Forn>1, attime t,

P1n(x, t) dt = Pr{Ns(t) =n, x < S°(t)< x + dt, Y(t) = 1}, a customer is
being served in the first phase service (Primary)

For1<i<C,0<j<m-1

PI(x,t)dt = Pr{Ns(t) =n, x < SP(t)< x + dt, Y(t) = 2}, a customer is
being served in the i optional service of the second

phase during the | feedback.
j = 0 corresponds to fresh or primary i second phase service.

BR1n(X, y, t) dt Pr {Ns(t) = n, S°(t) =x, y < R{(t) <y +dt Y(t) =3}, a

customer is waiting for the first phase service due to

breakdown, to complete the remaining service time.
BRID(x,y,tydt = PriNs(t)=n, S2(t) =x,y< R{f(t)<y+dt, Y(t)=4}, a

customer is waiting for the i optional service of the

second phase during the j" feedback due to breakdown.

Qn(x, t) dt Pr {Ns(t) = n, x < V°(t)< x + dt, Y(t) = 5}, when the server
is in vacation.
7.1.1.2 System Size Distribution at Random Epoch

Observing the changes of states during the interval (t, t + At) for any

time t, the steady state equations are given by :



Vacation State

d n
S —Qu(X) = A Qu(X)*+ A (1 =80n) D Qui(X)gk
dx k=1
C m-1 .
+ 3% (1-f,.0) PED,(0)p v(x), n=0
i=1 j=0

Busy with First Phase of Service

d n-1
= Hptn(x) = —(A+a)Pia(}) + A (1-81n) 2 Pyoi(X) 0k
k=1

+(1=p) s(x) i mz1 P{(0) (1= fier) + PLA gn S(X)

i=1 j=0

+ BR1q(X, 0) + Qn(0) s(x), n>1

Busy with Primary Service in the i"" Phase

d o [ [ !
- PE00 = —0or ) PEY () + 1 (1-810) 3 PE ()
1

=}

-

+ P1q(0) 1i si(x) + BRYY(x,0), <i<C, nx>1

Busy with j"" Feedback Service in the i Phase (1 <j < m-1)

d I, | 1 1
- P = - a) PR+ A (1= 81n) zpz,Pk(x)gk

C
+ 3PS ID(0)f i si(x) + BRYY (x,0), n>1
=1
Breakdown State in First Service
6 n-1
- EBRLn(Xa y) = —ABRin(Xy)+A(1-310) > BRy, (X, Y)0k
k=1

+ a1P1n(x) ri(y), n>1

Breakdown in Second Service (0<j<m-1)

0 i,j i i
- EBRE,‘?(X, y) = —ABRED(xy)+ A (1-3810) Z BRYY, (X, ¥)gk
+agl i (y) P (x), n>1

Idle State

REN

m—

Q)+ (1-p) 3.3 (1-f.,) P(0)

i=1 j=0

A PI

182
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The LST of the Steady-State equations are given by :

0 Q(8) ~Qn(0) = A Q:(8) —A(1—80n) 3 Q4 (0)ak
k=1

-

C m- ..
—pVI0) X X (1-f)Piay(0),  n20  (7.1.1)
i=1 j=0

0 PLL(0)= Prn(0) = (h+ar) Pin(0)= 2 (1 = 810) "21 P (0)gk

C m-1

—(1-p) s<e>z1 0( 1) PS4 (0) — S*(0) A PIgn
i=1 j=

— BR},(6,0)~ S*(8)Qx(0), n>1 (7.1.2)

i,0)* i ; n-1
8 P (0) - PLY(0) = (1+ al®) PEY(0) =1 (1-81a) 3 PLYL (0)ge
k=1

~ S (0)ri P1n(0) — BRI (6,0),

1<i<C,nx1 (7.1.3)
Lok P Layk n-1 sy *
0 Py (0)=PL(0) = 00+ ay”) PR (0) =2 (1-8ua) 2 Pl (0)gi
k=1

c . .
—-S/(0)fin X Py "(0) - BRSY (z,6,0),
=1
n>1,1<j<m-1 (7.1.4)

01 BR (6,6,) — BR;,(6,0) A BR(6,0,) (1 - 81,) z BR;", (6,6,) gk

—as P, (0) RI"(6,), n>1 (7.1.5)

01 BR} (0,0,) — BRG?'(6,0) = 2 BRYY ™' (6,0;)
n-1 .
~ % (1=381n) X BRYE1(0,0,) gk
k=1
al? PE" (0) R (6y),

n>1,1<i<C,0<j<m-1 (7.1.6)

-

API = Qo(0)+ i S (1-f;,1) PS(0) (1 = p)(7.1.7)

i=1 j=0
7.1.1.3 Probability Generating Functions

The following partial PGFs, are defined to obtain the generating

functions of the system size distribution of the model.
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n=0 n=0

Pi(z,6) = > P(0)z", P4z,0) = > P,(0)z"
n=1 n=1

Péi’j)*(Z,e) - i Pélr{) (G)Zn, ('J)(Z,O) = i (IJ (0) <i<C, 0 <j<
n=1 n=1

m-1

BR:"(z,6,0,)

Z BR**1 (6,6,)z", BR}(z,6,0) = > BR;,(6,0)z"

n=1

Z BR I]) 1(9’ 91)Zn’ BRg.i)*(Z, 0,0) = z BR(Zi:IJ:])*(e, 0) z"
n=1
1<i<C, 0<j<m-1

BRI (z,0,0,)

Multiplying the corresponding equations by suitable powers of z and adding
the equations, partial generating functions are derived, through some

algebraic manipulations. Equation (7.1.1) implies

0 - wx(z)) Q" (z,0) = Q(z, 0) - pV ©) i n§(1—fj+1)P§i‘j)(z,0) (7.1.8)
i=1 j=0

where wx(z) = A (1 - X(2)).

At 0 = wx(z2),

Q(z, 0) = Mi r_M —f,4) P{")(2,0) (7.1.9)

P C m-1 (ij)
E{Z (-1, )PW (2, o>j(v (Wx (2))- V" (0))

Therefore, Q" (z,0) = © 2
~Wy(z

(7.1.10)

The partial probability generating functions of the system size, when the
server is in breakdown state during the first and second stage of service are

obtained respectively by using the equations (7.1.5) and (7.1.6) and are given

by,

BR}(z,6,0) = ar P{(z,0) R} (wy(2)) (7.1.11)

BR;" (z,0,0) = 2PLEORIWLED R, (0) (7.1.12)
(01 —wx(2))

BRSY'(2,0,0) = af! P{¥(2,0) REM (wx(2)) (7.1.13)
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ay? PY" (z,0) R (wx (2)) -RE™ (6,))
(6 - wy(2)
1<i<C,0<j<m-1 (7.1.14)

BRI (z,0,0,) =

Equation (7.1.3) gives the generating functions of the system size when the
server is busy with second stage i fresh service, at the service completion

epoch and at arbitrary epoch. For 1 <i < C,

P{9(z,0) = 1 S](ha,0)(Wx(2))P1(z, 0) (7.1.15)

P§"°>*(z,e) _ P1(z,0)(S; (ha, i,0)(Wx(2))) - S; (6)) (7.1.16)
(0-hg, 0 (Wx(2)))

where h,_o)(Wx(2)) = wx(z) + a3 (1 - R§O" wx(2))) (7.1.17)

Similarly equation (7.1.4) gives the generating functions of the system size
when the server is busy with second stage i optional service at the j"

feedback, at the service completion epoch and at arbitrary epoch,

P{M(z,0) = fir S(h,,u)(Wx(2)) (z Py (g, O)J (7.1.18)
C )
- fj f (Si*(haz(i,j)(wx(z)))_Si*(e))z Pé 'H)(Z,O)
P8 (z,0) = = ,
(8 —hg,, i) (Wx(2)))
1<i<C,1<j<m-1 (7.1.19)
where h, ., (Wx(2)) = wx(z) + ay? (1 - RID™ wx(z)) (7.1.20)

By recursion, the equation (7.1.18) together with (7.1.15) lead to

P{ (z,0) re 8" (h,,( ;(Wx(z ))(H ks(z fS]f Pi(z, 0),

1<j<m-1,1<t<C (7.1.21)
C
1 S (h,, (Wx(2), 0<s<m-, (7.1.22)
=1

where ks(z)

Adding the equations in (7.1.21) over { = 1 to C and so also the equations in
(7.1.15), overi = 1to C, we have,

i P V(z,0) = [ﬁ ks(z>fs]P1(z, 0), 0<j<m-1 (7.1.23)
=1 s=0
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The PGF of the system size when the server is busy in first stage is obtained

by using the equation (7.1.2),
0 P;(z,0) —P4(z, 0)
= (A+a1) P/(z,0) - AX(z) P/ (z,0) - PI 1 X(z)S"(0) —S"(0)(Q(z, 0) — Qo(0))

_(1-p)S°(6) (i mf

. (P{(z,0)-P§9(0) z )(1—fj+1)]— BR:(z,0,0) (7.1.24)

i=1 j=0

Substituting for Q(z, 0), P{"(z,0), BR}(z,6,0) and PI from equations (7.1.9),
(7.1.18), (7.1.11) and (7.1.7) and simplifying the equation (7.1.24),
(0 — h,, (Wx(2))) Py (z,0)

- Py20) {1_S*(G)(1—p+zpv*(Wx(z)))[2(1 ) ﬁks(z)fsﬂ+s*(e)mwx(z)
a ” (7.1.25)
where h, (wy(2)) = wx(z) +ar (1~ R} (Wy(2)) (7.1.26)
Therefore at 6 = h,, (wx(z)), the equation (7.1.25) gives,
bt - 2P (—wﬂ;);;( :)w (Wx(2) 7 1om
where
D2 (2) = [z S (hy, (Wx(@) (1 —p+p V' (wy(@) S (1-£.) T ke(@)f.]
2 ” (7.1.28)

Substituting for P4(z, 0) in equation (7.1.25),

PrzE) = ZPLwy(z)(S*(0)-S"(h,, (Wx(2))) 7.1.29)
(0-h,, (Wx(2))) Di¥e(2)

Thus the partial generating functions, when the system is in different states at

arbitrary epochs are obtained using the respective equations and are given by

* L zwy(2)(S"(hy, (Wx(2))-1)
el s DEY-(2) h, (Wx(2)) (7.1.30)

For 1<i<C,0<j<m-1
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P{(z,0)

PI 21, (Wx(2))S" (h,. (Wx(2)) (S (ha, oy (Wx(2))) —1) L. H ks(2)1s

D1B,|\=/F(Z) haz(i,j)(WX(Z)) kJ(Z)
(7.1.31)
m—1 j
PI p (V' (wx(2))=1)8"(h,, (Wx(2))) ZO (1- fml‘g ks (2)fs

Q*(z,0)= = > 7.1.32

(z,0) DR 2) ( )
BRT“ (z,0,0) = a, Py (z,0)(1-R{" (wx(2))) (7.1.33)

Wy (2)
(i) pid)* _ R
BRI (2,0,0) = B P @OI-RY Wx@D) e (7.43a)
Wy (2)

where DP¥:(z) and ks(z) are given by the equations (7.1.28) and (7.1.22)
respectively with fo = 1 and f, = 0.

To derive the total PGF of the system size distribution, the following
generating functions are considered.

Pue(z) = Probability generating function of the system size when the

server is in idle state

= PI+ Q(z0)=

(7.1.35)
The PGF of the system size when server is busy or in

Pcomp(2)

breakdown state

_\

m- C s oey ke sy 3k
= P;(z,0) + BR]"(2,0,0)+ > Y (BRY "(z,0,0)+ P{"V (z,0))
=0 i=1

Pl z |® s* j
- eV Y (1=1,1)S"(h, (Wy (2) [T ks(2)fs 1 (7.1.36)
Dire(2) Li0 50
Thus the total PGF of the system size distribution is given by
PI(Z 1)8 (ha1 (WX(Z)) [2(1 fJ+1)Hk Z)f ]

j=0
D3 (2)

PE,;/ (z)= |:’Idle(z)"'F’Comp(Z) -

(7.1.37)
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PI can be calculated by using the normalizing condition PFBFV(1) =1 and found

tobe PI = 1- pf¥, where, (7.1.38)
m-1 C
P = E(X) [p E(V) + E(Hq) + Y Y r E(HSD) Hfs] (7.1.39)
=0 i=1 s=0
Hence
m—1 j
(1-p3re ) (2=1)S™ (h,, (Wx(z (1= )1 ks(2)fs)
PEY(2) = =0 =0 7.1.40
rr (2) D (2) ( )

The measures E(H)s’ are obtained by considering the following LST of the

random variables ;
Hi(z) = S"(h,, (Wx(2))) and HiY (z) = Si (N, j(Wx(2))) (1 <i<Cand

0 <j<m-1), and are given by :

E(H,) = E(S)(1+a; E(Ry)) (7.1.41)
E(HSY) = E@S)(1+ al? ERYY) (7.1.42)
E(H) = E(S)a: E(R?)+E(S?) (1+as E(Ry)) (7.1.43)
B(HE)?) = E(S) af B(REY)) + E(ST)(1+ a0 ERY))®  (7.144)

7.1.1.4 Decomposition Property

Using equation (7.1.35), equation (7.1.40) can be re-written as

j
P (z)= 2D )S )2(1 i) s:o £P|dle(z)j
2-8"(h,, (Wx(2)) ,Zo (1 —f,-+1>g (ke (2)1,) Flas (1)
(7.1.45)
where prrr = A E(X) [E(H4) + mz(:i r. E(H ”'))ﬁ f] (7.1.46)
5 c :

and E(H+) and E(Hg’j)) are given by (7.1.41) and (7.1.42) respectively.

Equation (7.1.45) shows that, under the steady state condition

pire < 1, (nence p;ee< 1) the PGF of the stationary system size of the

queueing model under consideration is, the product of the PGF of the system

size of M*/G,Gi1 <i<c)/1 queueing system with finite number of feedbacks and
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service interruption (without vacation) and the distribution of the number of

customers during the idle period given that the server is idle.

7.1.1.5 Queue Size Distribution at Departure Epoch

If =, denotes the probability that there are n customers in the system
m-1 C .
at departure epoch, then =; =Dy | > (1-f,,1) Y P{ ,(0) | ,with normalizing
j=0 =1

constant D.

The PGF =*(z) of the queue size distribution {r' ; n > 0} at departure epoch

is given by

0 D m-1 C .
n2) = Y mz' = =t X (1-f.) Y P (z,0)
n=0 Z \ j=0 i=1
= : D11) A (X(z)— 1) PEY (z)(from 7.1.23 and 7.1.27)

Z_

Evaluating D4 using normalizing condition, n*(z) = Xz2)=1) P2 (2)

E(XX)(z-1)

7.1.1.6 Performance Measures

The system size probabilities corresponding to different states of the

system are given by :
(i) The probability that the server is on vacation state Py is
Pv = Iim1 Q*(z,0) = p A E(X)E(V)
zZ—>

(i) The probability that the server is busy is

C m-1 (i
Pousy = P1+ 3 3 Py
i=1 j=0

lim P{(2,0) = 2 E(X) E(S)

where P;

. - j
P = lim P{)"(z,0) = LE(XX) [] forE(S),1<i<C, 0<j<m-1
Z—> s=0
(i)  The probability that the server is in breakdown state Py, is

C m-1 (i)
Pbr1 + Z Z Pbr’;

i=1 j=0
where P, = aiE(Ry)Psand P} =al) E(RSY)PYY

I:’br
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Mean System Size

(iv)  The expected system size of the model is given by

”n

_DBV 1
LF = [d—dZ(P.?FV (Z))L = (2(11;1::) + P (7.1.47)

where p1FF and p rr are given by the equations (7.1.39) and (7.1.46),

(~D%% (1)
= AE(X(X= 1)) [PE(V) + E(H)] + (1 E(X))? [ PE(V?) +E(H2) +2pE(V) E(Hy)]

+mZ_1 —fi1) ﬁfs Lll[ ks(Z)] z-1+20LE(X (Hk ]z1pE(V)+E(H1))
j=0 s=0

i= s=0

!

::j_.

with ( Ky ( ] z=1= Z kL (1) (Since ks(1) = 1 for every s)
s=0
ks (1) = ME(X) Z r E(HY)
i=1
[r'[ ks(z)] =Y -k, [z ki (1 J
s=0 s=0

ks(1) = LEX(X-1)) i [ E(HY )+ W E(X)* X Ir. E((H3')?)

and E(H:), E(H(Y), E(H?), E(HS?)?) are given by the equations (7.1.41),
(7.1.42), (7.1.43) and (7.1.44) respectively.

SECTION : 7.2
M*/G/1 QUEUE WITH FINITE NUMBER OF FEEDBACKS AND
REPETITION OF INTERRUPTED SERVICE

7.2.1 MATHEMATICAL ANALYSIS OF THE SYSTEM
7.2.1.1 Model Description

The model of the present Section 7.2 differs from that of 7.1, in the
behaviour of the customers during breakdown period. Whenever a service is
interrupted due to breakdowns, it was assumed in Section 7.1 that, the

service interrupted customers will resume their service, from where they got
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interrupted. In the present section it is considered that the service gets started

from the very beginning independently of the earlier amount of service.

The other assumptions regarding batch arrival pattern, finite number of
feedbacks from the multi second optional services, occurrence of the break
downs and the Bernoulli schedule vacation that the server takes between
services are as similar as in Section 7.1. Thus the states of the system
Y(t)=0, 1, 2, 3, 4 and 5 represents the server is idle, busy in first phase,
second phase, under repair in first phase and second phase and in vacation

respectively.

The notations of Random Variables (RV) Cumulative Distribution
Function (CDF), Probability Density Function (PDF), Laplace-Stieltjes
Transform (LST) and its k™ moments of the RVs are similar to Section 7.1
Table 7.1.1.

The definitions of the state dependent probabilities such as PI(t),
Pin(x, t), P3P (x,1) and Qn(x, t) are the same as in Section 7.1. The joint

probabilities corresponding to the breakdown states are explained below :

BRin(y,t)dt = Pr {Ns(t) = n, y < R{(t)<y + dt, Y(t) = 3}, n > 1, the
customer whose service is interrupted joins the head of the
queue to start a new service and the remaining repair time

lies in the interval (y, y + dt).

BRYY (y, t) dt Pr{Ns(t) = n, y < (RM) )<y + dt, Y(t) = 4}, n > 1,

0<j<m-1, 1 <i < C, the customer whose service is
interrupted repeats a new second service due to

(" feedback i service).

The LST of the steady state equations are directly given by :

6 Q(6) - Qu(0) = A Q0) A (1—B0n) 3 QL (0)g
k=1

N

C m- .
= > Y (1-f4)P{(0)p V'(8), n=0 (7.2.1)

j=0
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=}
AN

6 Py, (0) — P14(0) = (M +ar) Py (0) =& (1-3810) 2 Prny(0)gk

=
Il
N

C m-1
- §7(0)(1-p) . X P (0) (1- )
i=1 j=0
— PI % gnS"(0)- BR;,(0)S*(0) — Qn(0) S*(0),
n>1,f,=0 (7.2.2)
- . n-1
0PSO (0) - PSO0) = (v + al®) PO (0) — A (1 -810) . PSO (0
k=1
~P14(0)ri S;(0) - BRYY(0) S (0),

1<i<C, n>1 (7.2.3)

sk i s sy K n-1 e *
6 LY (0) - PI(0) = (r+ @) P (0) ~ 2 (1-810) X P\ (0)g
k=1
C ) .
— 3 P{I(0)f 1 S7(8) - BRSD(0) S;(9),
=1
1<i<C;1<j<m-1;n>1 (7.2.4)
n—1
0 BR;,(0) —BR1s(0) = A BRj,(0)— % (1—=810) Y. BR}, «(6)0k
k=1

[ [ Pia(w dwj a1 Rj(0) (7.2.5)

- .. . n-1
6 BRYD (0) - BRYJ(0) = BRg;Q 0) —(1=31n) 2 > BR('”k (0) gk
k=1

- [J Pé‘;?(w)dw] al R (0),

0

Equations (7.2.5) and (7.2.6) can be re-written as

n-1
A BRI, (0) =& (1=381n) D>, BRY,(0)0k
1

~ Pi,(0)a Rj(8) (7.2.7)

0 BR},(6) — BR1(0)

F

0 BRYJ'(0) - BREJ(0) = 2 BRED'(0) - (1-81,) z BRUJ" (0)g
~ P;,(0) alPRED(0), 1<i<C;0<j<m-1
(7.2.8)
SES (i.§)
0)+ > > (1-f)P7’(0)(1-p) (7.2.9)

i=1 j=0

-

A PI
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Proceeding as in Section 7.1, the partial generating functions corresponding
to different states at arbitrary epochs are calculated using the respective

equations and are given by

PI S*(g, 1
P (2,0) = Z(Wx(Z))I(Dg\;(QZ;(Wx(Z))) ) (7.2.10)

where g, (Wx(z)) =a1 +wx(2) (7.2.11)
For1<i<C and0<j<m-1,

P’ (2,0)

_PLZwy(2)g,, (W(2))S" (g, (Wx () (sr(gag,wa(z)»—ﬂ[ | KS(Z)fSJ

D% (2) (h ) (Wx (2))+ 7 (9,0 (Wx (2) a8 RY (wx(2)))  (s0 Ki(2)
(7.2.12)
Q*(z,0)
_ PI ga1(WX(Z))S (931 (BV\\//X(Z)))p(V (WX(Z))_1) nf (1—fj+1) ﬁ Ks(z)fs
D3 #(2) =0 s=0
(7.2.13)
BRI(20) = a; (1-Ri(wx(2)) P:(2,0) (7.2.14)
Wy (Z)
(i) (14 _ p(ij)> *
BRUV (2,0) = ay” (1-Ry7"(wx(2)) P&’ (2,0) (7.2.15)
Wy (2)
where
Do (2)

= z[h,, (Wx(2))+ S7(ga, (Wx(2))) a; Rj(wx(2))]

m-1 i
—[(1=p+pV'(Wx(2)) ga, (Wx(2)) S7(ga, (Wx(2))) _Z(; (1-f11) 11) Ks(2)fs]
i= s=

(7.2.15.1)
c I S7 (9,00 (Wx(2))) 9400 (Wx(2))
Kiz) = Y : TSI
| hagn (Wx(2)+ 87 (9,00 (Wx(2))) 5% RS (wx(2))
(7.2.15.2)
9,0s) (wx(z))= aS’S) + wx(z), 0<s<m-1
hioWx(2) = Gae)(Wx(2)) — a3 RED (wy(2))

a;
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The total PGF of the system size distribution is obtained by adding equations
(7.2.10) to (7.2.15) and

m-1 j
PI g, (Wx(2)("(@,, (x(@Nz~1) 3 (1- £ 0T Ko@)
j= s=0

D3%(2)

PP (z) =

(7.2.16)

The constant PI can be calculated by using the normalizing condition

P¢Y(1) = 1and foundtobe PI = 1— p3¥%

where
o2 = e =S @) g ERY) +p EY)
a; " (ay )
- mf1ﬁ 03 n LoS@) 1, gy

=0 s=0 i1 ! al! st (@l

7.2.2 PARTICULAR CASE
When the service times S and S; (1 < i < C) follow exponential
(Markovian) distribution with parameters p and p; (1 <i < C) respectively, it is
verified that the steady state results for the models in which the service
interrupted customers resume service or repeat service of Sections 7.1 and

7.2 coincide. The following observations show that the PGF of the system size

of both the models become equal :

For the Markovian service times,

s*(8) = -2 ;s7(0) = —5—. This implies
u +0

+6 i
Ke(2) -y b (s =0 tom-1)
s(z) = r s=0tom-
i=1 +h IS)(WX(Z))
P = p1FF-XE<X)[—<1 + a/E(Ry) + PE(V) + 3 1Fj[fs§;— (1+ a5  E(RY))
j=0 s=0 i=1 M
and
Ga, (Wx(2))S"(da, (Wx(2))) _ S (hy, (wx(2)) _ "

D3 (2) D¢ (2) [n+h, (Wx(2)]D3e(2)



